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§ |. Introduction
Let O be a bounded domain in R with smooth boundary 8. In this note

we consider the initial-boundary value problem of the form
(1. 1) oW/ ot?— Au+ G(u) =0, xeQ, t>0,
(1 2) ulx, t) =0, xeadQ, t=0,
U(X, 0) =U0(X), XE\QA
(1.3)
du/otlx, 0) =ufx), xel.

When the non-linear term G is Holder continuous, J. C. Saut gave
existence of global solutions of the above problem in [3].
The purpose of the present note is to extend a part of the Saut’s re-

sults. We make on a continous function G the following condition
(1. 4) |G )| = kolul"+k;, 0< @< 1,
Where kg, k; are positive constants.
Remark 1.1. If G is Holder continuous, then G satisfies (1.4).
We shall deal with real valued functions and use the notation in the book
of J. L. Lions [2] and prove the following

Theorem. Suppose that ugeH(l)(Q), uiel?(Q). Then there exists a function

u such that
(1.5) UGLw(Oy T; Hé(ﬂ)); T>07
(1.6)  ou/ oteL™(0, T; LXQ)), T >0,

and which satisfies (1.1) in a generalized sense and (1.3).

Remark 1.2. The boundary condition (1.2) is implied by (1.5).
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Remark 1.3. It follows from(1.5) and(1.6) that u is continuous from
[0, T] to L*Q), possibly after a modification on a set of
measure zero and from (1.5), (1.6) and (1.1) that Su/ ot

is continuous from [0, T] to H™'(Q).

§ 2. Existence of an approximate solution
Suppose that 0 < @ < 1. We shall use the Galerkin’s method. Let {w;}i=12-
be a complete system in Hi(Q). We look for an approximate solution um (x, t)

of the form
2.1) un (t) ———‘zmlg'm (t) wi, gneC2([0, T]).

The unknown functions g are determined by the system of ordinary

different al equations

(), w,) +ala(t), w)+ (Gun(t), w)=0,

with initial conditions
(2.3)  un(0) =uom, u0m=§l a,w—u in Hi(Q) as m— oo,
2.4)  ui(0) = un, wn = 3 Aawi—u, in LAQ) as m— oo
Here u'=3u/ot, u’=du/a¢ (u v) =/, uvdx,
(2.5) alu, v) =3 f{au/ ax)(av/ ax)dx.

By general theory on the system of ordinary differential equations, there
exists a solution of (2.2), (2.3) and (2.4) in an interval [0, tn], tn > 0.

A priori estimate in §3 assure that tn=TT.

§3. A priori estimate

Multiplying (2.2) by gn(t) and summing over j from 1 to m, we get
3.1) (1/2)(d/dt) (ua ()P4 llun (D12 4 (G @ (1)), ua(t)=0,

Where [ul?= (u, u), [lull>=a(u, u).

Using (1.4), Holder’s inequality and Sobolev’s inequality, we have
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(1/2) @/ db) (ua®)PHlua (1) < kelual lun [+ kslul
(3.2) < ke (uz)™ + llum 1) + ks (by Young’s inequality)
< ket (1/2) (P4 Nual % + kg

Where ks, -+, ks are positive constants.

We define e. (t) by
(3.3)  en() = (1/2) (ua P+ 1u. (DI,

then by integrating with respect to t and using (2.3) and (2.4), we have an

integral inequality

v ke
(3.4) en(t) = c<>+mt+czf0em ®(s)ds,

Where cq, 1, c2 are positive constants independent of m.
From the results of integral inequalities (see [1]),
we obtain

(3.5) en(t) = co+ c1t+M(t).

Here M(t) is the maximal solution of ordinary differential equation of the form
(3.6) y' (t) = calco+ cit+y) H—;,
with initial condition

3.7 y(0) = 0.

Since 0 <5 <1, the above maximal solution M(t) exists in the large.

Hence
3.8) 1/2) (un (O P+ ua(D?) =c(T),
and ¢(T) is a constant independent of m.

This a priori estimate shows tn=T.

§4. Existence of global solutions
From a priori estimate (3.8) and Rellich’s theorem, we can find a function

u and a subsequence {u. of {u.} such that
(4.1) uw.~u in L7(0, T; Ho(Q)) weakly star,

(4.2) wi—uv in L7, T;L%Q)) weakly star,
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4.3) u.—u in L%O, T; L¥Q)) strongly and a.e. in Q X [0, T].
By (4.3),(1.4) and a well-known lemma (see Lemma 1.3 [2]), we have
(4.4) G (u) =G @) in L0, T; L*(Q)) weakly,

Which implies the function u satisfies (1.1) in a generalized sense.
We next prove that u satisfies (1.3). From (4.1),(4.2) and Lemma 1.2

[2], in particular
4.5) u. (0) =u(0) in L¥Q) weakly
and since u, (0) =uo — u in Hy(Q), we have
4.6) u(0) = w.
Using (2.2), 4.1), (4.2) and (4.4), we get
@7  (lw)— @ w) in L0, T) weakly.
It follows from (4.2) (4.7) that
@.8) (W0, w) = (W, wi)leo= W(0), wi) Vj.
Since (wl(0), w;) = (uw, w;) = (u, w;) Vj we have
4.9) w0 =u.
This completes the proof of theorem when 0 < a <1.

Remark 4.1. When @ =1, we can more easily prove the existence of

global solutions.
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