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Abstract

In this note we shall consider the problem of finding the radius of convexity in some

univalent region for functions f(z)=z+a2z2+‥‥which are analytic and satisfy

Re {f'(z)/(λf'(z)+(1-λ)φ'(z))}>β for |z|<1, 0≦β<1, 0≦λ<1

where φ(z)=z+b2z2+‥‥ is analytic, univalent and convex of order α, 0≦α<1.

Finally a distortion theorem for f(z) is shown.

1. Introduction

Let k(α) denote the class of functions analytic in |z|<1 and of the form

φ(z)=z+b2z2+‥…,

such that Re {zφ〝(z) φ′｡読>α for jzi<^1 and O≦α<1・

Then φ(z) is said to be convex of order α・

we say that an analytie function f(z)-z-fa2z2+ - is in the class C(α,β) if there

exists a function φ(Z)∈k(α) such that

Re{f′(z) φ′(z)サβ, 0≦β<1・

Kaplan 〔2〕 proved that C(0, 0), the class of close-to-convex functions, is univalent in

l*<1-

In this paper we shall consider the radius of convexity of f(z) under the conditions

which are pointed out in abstract. And finally we state on the distortion theorems for

f(z)-

2. Proof of the theorems

In proving the theorems we will make use of the following lemmas.

* Some of these results had been reported in the Kyushu branch of Mathematical

Society of Japan. (September 22, 1973 in Saga university).
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Lemma 1. 〔5〕・ If h(z)-l+dlz+ -- is analytic for z|<1 and Reh(z)>α,

0≦α<l,then

1-(1-2α) z

1+2
≦Reh(z)≦ h(2) ≦J土卓二些) z

1-izL

Lemma 2. 〔4〕 Let p(z) be analytic for |z[<1, p(o)-l.

Then Re p(z)>β, 0≦β<!, if and only if

p(2)-
1 + (1-2β)サOO

1-の(z)

where也j(z) is analyitc, <o(o)-0 and | <a(z) |<1 for回<1・

Lemma 3. Letp(z)-1+Cjz+ - is analytie and Rep(z)>β,then O≦β<1,forjzl<1:

(トλ凧z)l)-] ≦(1- zl)/(!蝣λ-d+(ト2β)λ)fz!)

forlzJ <
1-λ

1十(1-2β)λ

Proof. Using Lemma 1,

-λ lP(z)

for回<
1-λ

<1, where O≦λ<1.

_1-z.

-2β)tz1 1-λ-(1+(1-2β)λ)|z
1^91勾

1-λ

l+U-2β)λ
<1・

Lem-a 4. 〔3〕 With the same hypothesis as in Lemma 3, we have

zp'(蝣/.)

P(z)

2γ

(1-γ){i+r+-i-覧(トγ))
forz γ<1・

Lemma 5. 〔1〕. Let φ(z)∈k(α). Then

Iφ′00 ≦

for z γ<1・

(1-γ)2(卜α)
Iφ′(z) ≧

1

(l-:-γ)2日:a)

Theorem 1. Let f(z)-z+a2z2+ be analytic for |z;< l and φ(z)∈k(α).

If Re{f′(z)/(λ買z)+(l-λ)φ′(z))サβ,

0≦β<i, o≦λ<1 for zi <1,thenRe

1-λ

(l+(l-2β)λ)
for z <R*--7

Proof. Let

CD P(2)-f′(z) /

1=(至と

φ′(z)
>0

(λf′00+(i-λ)φ′(Z))-1+C!Z+

then p(z) is analytic and Re p(z)<β for izI <1.

Now from (1),

(2)
(1-λ)p(z)

1-λP(z)
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The expression (2) is valid for those z for which 1-λP(z)キO for !zI<1.

Since |p(z) ≦ l+(l-2㌢1 ,トλP(z)≒O in particular if |zj <^

FromLemma2,bySchwarz'slemma,

(3)l<w(z)I≦z[.

UsingLemma2and(3),

Re謁-Re(1-X

l-J-(l-2も)λ

(4) ≧
1-λ

(l+(l-2β)λ)2

(

11λ一一2.73-:-(i

-2β)の(Z)
1-λ

1-.-(1-2β)λ
- o>(z)

7

1二軍β)(l+(l-2β)λ)回2

- Q)(Z)

Using the righトhand part of inequality in (4), we obtain that

Re宣告>O fo中<R*<1.
This shows that f(z) is univalent and close-to-convex for z <R*.

Theorem 2. With the same hypothesis as is Theorem 1, f(z) maps the disk|z[< R

onto a convex domain, where R is the smallest positive root of the equation

q(γ, α, β, λ)-0, where

q(γ, α, β, λ)-(トα) 〔(1-λ)+2{(トλ)α-(1十(ト2β)λ)lr

｣(トλ)(ト2α)+4α(β+(ト2β)λ)+4(トβ)+(l-2β)(!+(ト2β)λ>}蝣

+2(1-2α)(1-2β) (l+(l-2β)λ)γ4

Proof. Now from (1),

(5) f′(z)-((l-λ)φ′(z)p(Z) /(トλP(z)),

for !z! <R*<1.

Fromequation(5),wehave

zf*(z)-
F(z)>'(z)+票㌢

In〔1〕,itisshownthat

・6)Re雫等う≧一一㌔㌢

FromLemma4,weobtain

(7)|Z-P-^f
IP(z)
I,

i

2(1-β)γ

(1-γ)(1+(1

Using (6), (7) and Lemma 3,

1

uBS屈監

forlz -γ<1・
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(8)ReJl+^H≧1-等(岩)-γ2(i-fl)r

(i+(i-2/?)r)一・一i二LI

forzくR*<1.

Simplifyingtherighトhandsideof(8),weobtain

(1+γ)(1+

q(γ, α, β, λ1

(1-2β)γ){1-λ-d+d-2β)λ)γ1

Since q(O, α, β, λ)>O,

q(R* α, β, λ)<O,

and q(R, α, β, λ)-O,

it follows that f(z) maps the disk回<^R(<¥R*<]1) onto a convex domain.

This completes the proof.

Remark. If α-β-0, λ-0, we see that f(z)∈C(0, 0). The Koebe function

z

z(l-z)"2 is in C(0, 0) relative for二㌃ and the least positive root of

q(γ, 0, 0, 0)-γ4-2γ3-6γ2-2γ+1 is 2-Vすthe radius of convexity

for the class S. (S is the class of normalized univalent functions analytic in ¥z I <10

Theorem 3. Let f(z)-z+a2z2+.‥‥ be analytic for !z| <1 and φ(Z)∈k(α).

・f Re {f′(z)/(λf′(z)+(l-λ)φ′00) }>β, 0≦β<i, o≦λ<1 fo再<C1, then -e

have for向くR*

f′(z)≦-(i-x)(i+(i-2｣)rl-

(i-xj-(i+(i-2/9)¥)r

f'(z)≧て(ir20(W-iji2｣)rL
i-x)+(i+(i-2/9)x)r

1

(11γ)2＼- a)

1

d+r)2(卜a)

Equalityholdsin(9)forthefunction

z・<z)-/一書貴‡(l--2^)t)-

(i-2/3)X)t
0

andequalityholdsin(10)forthefunction

Zfa(z)-千(l-?0(l-(l-2/?)t)

(1-A.)+(1+(1-2/3)¥)t-
0

(ll)

1

(l-t)=1 α) dt

1

(1+t)i(1二a)

Proof. Using Lemma 2, we put

f′00 1+(1-2β)G(z)

秤oo ‾1-G(i)λf′(Z)十(1-

where G(o)-0言G(z)1 <1 for回<1・

Therefore by Schwarz's lemma, (ll) yields

dt
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J二廷二些吐≦
1+γ

Or

1+γ

(12)了二行二師デ≧

f′(Z)

λf′(z)+(l- λ)φ't(､去) -

+(1-λ)φ′(z)

f′(z)

Using (12) and Lemma 5, the result follows.

Now, let

fW-;
(1-λ)(1+(1-2β)t)
(1-λ)-(1+(1

≦ i+(i-2/3)r回-γ<1),
1-γ

1-γ

≧ 1-1-0-2β)T I

二2β-)λ)t 'Ll二t)2C1-ふ)
dt

9

and

z

φォー/-(1二t)2(l-a)- dt
0

For φ(z), we can able to show that φ(Z)∈k(α), and for f(z), φ(z), it is shown that

Re
λfi(z)+(l- i.)φ- ′

r(z-)
_､‥,､ -Re l+(ト2β)Z
00 1-z

>β.

Therefore fi(z) satisfies the conditions of Theorem 3. The proof that fz(z) satisfies

the conditions of Theorem 3. is similar, with

z

1

<｣(サ-/ (l-ft)2(l-ォ) dt
o

Theorem 4. With the same hypothesis as in Theorem 3, we have for回<R*
r

(13) if(z) ≦子
⊂)

(14) f(z):S/

(1-λ)U+(l-2β)t)

(1-λ)-(!+(!-2β)λ)t (l-t)2(一二α)

(1-λ)(l-(l-2β)t)

(1 -,tt了1 (1∴2/d'!/V.hトーn-- `I)

一一dt.

dt

Equality holds in (13) for fi(z) in Theorem 3. and in (14) for f2(z) in Theorem 3.

Proof. To prove (13), let z-γe'fl. Then

r

1 f(γe'ォ) i ≦ Jげ′(te'ォ)I dt
0

<

r

∫
()

(1-λ)(1+(1-2β)t)

(1-λ)-(1+(1-2β)λ)t (l-t)ォトα)

1

... ∴.. -､ dt

Toprove (14), let z｡, izc ～ - γ be chosen in such a way that if(Z｡) ≦圧(Z)ら

forallz言zi - γ.

If L(zo) is the pre-image of the segment o, f(zo), then

!f(z) ≧ f(zo) ≧f序′(Z)吊zj
L(Zo)
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This completes the proof.

Toshiaki Yoshikai

(1-λ)(1-(1-2β)t)

(1-λ)+(!-(!-2β)λ)t
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