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ABSTRACT

The neutron electric dipole moment (EDM) experiment has played a unique role in examining the violation
of fundamental symmetries and understanding the nature of electroweak and strong interaction. A
non-zero neutron EDM is one of direct evidence for CP and T violation and has the potential to reveal the
origin of C'P violation and to explore physics beyond the Standard Model.

A new neutron EDM experiment will be built to improve a factor of 100 by using a novel technique of
ultra-cold neutrons(UCN) in superfluid He at the Spallation Neutron Source (SNS) at the Oak Ridge
National Laboratory (ORNL). In the experiment, He in the measurement cell will be used as a neutron
spin analyzer and a comagnetometer. The absorption between UCN and *He atoms will emit scintillation
light in the superfluid “He depending on the angle between nuclear spins of two particles. Consequently,
the neutron precession frequency can be derived by the scintillation light amplitude. Furthermore, the 3He
precession frequency can be measured by the superconducting quantum interference device (SQUID).

A dressed-spin technique will also be applied to measure the small precession frequency change due to a
non-zero neutron EDM. The dressed-spin technique is used to modify the effective precession frequencies of
neutrons and 3He atoms to make them equal by applying an oscillatory field (dressing field) that is
perpendicular to the static magnetic field. The phenomenon of the dressed spin for *He in a cell should be
demonstrated before the proposed neutron EDM experiment. A successful measurement over a broad
range of the amplitude and frequency of the dressing field was done at the University of Illinois. The
observed effects can be explained by using quantum optics formalism. The formalism is diagonalized to
solve the solution and confirms the data.

In addition, the application of the dressed-spin technique was investigated. The modulation and the
feedback loop technique should be considered with the dressed-spin technique for the measurement of the
small EDM effect. The modulation of the dressing field arbitrarily changes the relative precession
frequency between UCN and 3He. Through the feedback loop, the effective neutron precession frequency
can be measured. The corresponding sensitivity of neutron EDM will be estimated. A future neutron

EDM experiment could be improved if the dressed-spin technique can be carefully considered and applied.
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CHAPTER 1

INTRODUCTION : THE DREAM BEYOND THE STANDARD
MODEL

The search for violation of fundamental symmetries is one of the most important methods in
understanding nature. Most notably, tests of the discrete symmetries, charge conjugation (C), parity (P),
and time reversal (T) have played a significant role in the development of the Standard Model. C, P and T
had been respectively considered to be good symmetries. In 1956 Lee and Yang [47] first proposed the
possibility of the P violation in the weak interaction and suggested some experiments to examine. Later in
1957, the first P violation was experimentally discovered by Wu et al. [87] in the 8 decay of %°Co while C
violation was also clearly observed in meson decays. However, the combination of C' and P had been
considered to be invariant until 1964 when the first C'P violation in the decays of neutral kaons was
discovered by Christenson, Cronin, Fitch and Turlay [16]. The result can be explained by the
Kobayashi-Maskawa mechanism [42] which directly motivated the experiments of the C'P violation in the
B meson decay at Belle (at KEK, Japan)[l] and Babar (at SLAC, USA)[4].

One important reason to study C'P violation is the matter-antimatter asymmetry in the Universe, the
so-called baryon asymmetry of the Universe (BAU). The asymmetry can be defined in terms of the
baryon-to-photon ratio n = ng/n., where np is the net baryon density and n. is the photon density at
freeze-out. The Wilkinson Microwave Anisotropy Probe (WMAP) measurement of the cosmic microwave
background and Big Bang Nucleosynthesis (BBN) both determined n ~ 10719 [25]. In 1967 Sakharov [74]
pointed out the three key ingredients for the BAU: (1) a violation of baryon number (B) conservation; (2)
a violation of both C' and C'P symmetries; and (3) interactions under thermal non-equilibrium. Here the
second condition will be addressed. There must be new physics beyond the Standard Model (SM) to
account for the extra C'P violation, since the BAU cannot be explained by the currently observed
C P-violating sources in the kaons and the B mesons.

If the CPT symmetry [10][46][76] is conserved, the evidence of the C'P violation implies T violation.
The search for permanent electric dipole moment (EDM) becomes attractive since a non-zero EDM implies
T violation. Therefore, the discovery of permanent EDMs could indicate new sources of C'P violation. Any
new physics beyond the SM has to pass the test of EDMs. Therefore, EDM searches remain compelling
even after the Large Hadron Collider (LHC) at CERN produces evidence for new physics beyond the
Standard Model.

In this chapter I will present the reason why EDM violates time reversal symmetry and the theoretical



background of the neutron EDM.

1.1 Overview of electric dipole moment

If an elementary particle has a nonzero EDM, the EDM must be parallel to the spin direction, which is the
only direction available for describing the particle. The EDM d can be written as

i= /d?’rpe(F)F: g (1.1)

|5

where S is the spin and pe() is the charge distribution. Eq. [ relates a vector d to an axial vector 3.
Under the parity (P) transformation, the spin stays the same and d becomes —d. Under time reversal (T)
transformation, the neutron spin S becomes —3 and d stays the same. Therefore, a nonzero EDM violates
both parity and time reversal symmetries.

The test of the parity symmetry was one of the purposes of EDM searching, suggested first by Purcell
and Ramsey [65] in 1950 and again by Lee and Yang [47] in 1956. However, after Smith et al. [84]
published the upper limit of the neutron EDM, a puzzle arose as to why EDMs are so small while parity
violation is huge in the weak interaction. Later, Landau [45] pointed out that a non-zero EDM also
violates the time reversal symmetry. If the CPT symmetry is conserved, the T violation implies C'P
violation. C'P violation is known to be very small; therefore, it is reasonable to have such small values of
EDMs even if the parity violation is huge.

A permanent EDM can exist in a composite system such as a molecule due to its internal structure. It
is important to understand why these EDMs do not violate time reversal symmetry. We consider a
diatomic molecular consisting of two different atomic species. Two atoms can have an EDM along the axis
linking two atoms. Meanwhile, the rotational angular momentum of the diatomic molecular is

perpendicular to this axis. Therefore, d is perpendicular to S , and it does not violate T' symmetry.

1.2 Neutron EDM (nEDM) in Standard Model

There are two sources of C'P violation in Standard Model (SM) which can generate EDMs, the strong
interaction and the electroweak interaction. For the strong interaction, a nontrivial structure of vacuum in
Quantum Chromodynamics (QCD)[6] allows a term in the QCD Lagrangian, called #-term, which violates
both P and C'P symmetries. For the electroweak interaction, the complex phase in the
Cabibbo-Kobayashi-Maskawa (CKM) matrix[42] can also generate C'P violation leading to non-zero EDMs.
The total QCD Lagrangian can be divided into two distinct parts: £ = Lg + L9 where the first term,

Ly, describes the quarks and gluons together with their interactions. The second term, called the #-term, is



given by
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G* is the gluonic field strength tensor analogous to the electromagnetic field tensor F* and the dual field
tensor is defined by G;w = %ewaﬁGo‘ﬁ. The GWG”‘” term is analogous to FWFW in quantum
electrodynamics (QED) which is proportional to E-Bin electromagnetism. Since E-Bis CP-odd, this
term violates C'P symmetry. However, the term FWF # is a total four-divergence so that it generates no
observable effects in electromagnetism. In QCD, however, unlike the QED, the GW@”” term has nonzero
net contribution to the QCD Lagrangian because of contribution from the interactions of the gluon.

The magnitude of the parameter 6 is unknown; it seems natural to choose # = 0 as it cannot be
determined by the theory itself. However, when the Higgs field acquires its vacuum expectation value, the
Yukawa couplings with fermions produce the quark mass matrices. The diagonalization of these matrices

produces a shift in 6, yielding
0 =60 — ArgDet[M,] (1.3)

where M is the original (nondiagonal) mass matrix. The effective § term can generate a neutron EDM at
the order of # x 1071 e em/[6][23]. The upper limit of the neutron EDM of |d,,| < 2.9 x 10726 e cm [5]
implies |§] < 107!, This extremely small value requires a huge fine tuning of a pure QCD angle # and the
phases of the quark mass matrices. This is the strong C'P problem [14]. There are two main ideas to solve
the problem: relaxation and cancellation. Peccei and Quinn proposed a solution involving an additional
symmetry[58][59] to “relax” the angle to zero. This symmetry, however, predicts the existence of a light
pseudoscalar, called axion, which has been sought after extensively without success for many years [89][90)].
Another proposal by Nelson [54][55]and Barr [7][8] is to choose an appropriate quark mass matrix with a
real value determinant. Because of the cancellation of the phases from the quark mass matrices, one can
take the original QCD vacuum angle § = 0. Both Peccei-Quinn and Nelson-Barr’s ideas can be extended in
supersymmetric models. The strong C'P problem remains a considerable enigma of the SM.

In the electroweak interaction of the SM, the single complex phase in the Cabibbo-Kobayashi-Maskawa
(CKM) matrix[13][42] can also contribute to the neutron EDM. The neutron is composed of three valence
quarks u, d and d, which can have non-zero EDMs. However, the single-quark EDM can only come from
diagrams involving at least three-loop due to the unitarity of the CKM matrix |79]. This brings the quark
contribution down to ~ 10734 e ¢m. One could also consider all three quarks simultaneously instead of
dealing with a single quark. The diquark moments were analyzed by Nanopoulos et al. [52]. They obtained
a larger numerical estimate for the neutron EDM at ~ 1073 e c¢m since the two-loop diagrams can now

contribute to the EDM when two quarks are involved. This value is six orders of magnitude below the



experimental upper limit [5].

1.3 Physics beyond the Standard Model

One advantage of using EDMs as a probe for new physics beyond the SM is that any signal of an EDM at
a level greater than the SM prediction can be identified as a signal of physics beyond SM. Therefore,
EDMSs have been searched for in various systems extensively. The physical systems include point particles
like e, u, 7, nucleons like neutron, proton, atoms like Hg, Xe, Ti, Cs, Rn, Ra and molecules like TiF, YbF,
PbO, etc., where each object has its own particular advantages|39]. The SM predictions for the magnitude
of EDMs are far below the sensitivity of present measurements. However, several theories can induce larger
EDMs through different mechanisms or a combination of them for fundamental particles and composite
systems. Fig. [[LT]39] shows the relation between theoretical models and observed EDMs in various systems.
The benefit of using neutrons is that the neutron is neutral and relatively simple, containing the
information of quark and strong C'P violation. Together with lepton experiments, which have dominant
contributions from the electroweak, one may determine the origins of the EDM. The full set of EDM
studies provides a powerful tool for understanding CP violation. Together with LHC studies, EDM
searches may reveal the mystery of BAU.

One example of new theories is the minimal supersymmetric Standard Model (MSSM) of which the
mass parameter space is shown in Fig. The red region has been excluded by the Large Electron
Positron Collider(LEP) at CERN, while the light blue region is ruled out by existing limits on the electron
EDM. Black hashed regions are those that would lead to the observed BAU in the MSSM. The region that
the LHC and the neutron EDM experiments can respectively access are also displayed. Consequently, the
absence of the MSSM signal at the LHC would not exclude the possibility of MSSM. The destiny of MSSM

could still be determined by future precise EDM experiments.
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CHAPTER 2

EXPERIMENTAL TECHNIQUES FOR NEUTRON EDM

Almost all electric dipole moment (EDM) experiments detect EDM via the tiny Stark splitting [85] linearly
induced by an electric field. The electric field (Ep) is either parallel or antiparallel to the constant
magnetic field (By). The Hamiltonian of the system is

o

H = —(uBy + dEj) - (2.1)

Uy

where d and p are the electric and magnetic dipole moments, and S is the angular momentum of the
particle. For the ordinary magnetic Zeeman effect, an energy splitting due to the magnetic dipole moment
and the magnetic field in the different directions (By || S or By || —S) can cause a resonant frequency
(Larmor precession frequency) at wg = 2#BO = vBy, where v is the gyromagnetic ratio. A change in the
Larmor precession frequency due to the electric field can reveal the EDM value. The resonant frequency is
given by

%(uBO + dEy). (2.2)

Wres =

The difference in the precession frequencies of neutrons placed in a strong EO field parallel or antiparallel

to Bg is Awyes = 4%, so that the value of the EDM is given by

o hAwres

d= 2.

For a typical experiment, a number of polarized particles (V) are stored in a cell and uniform magnetic
and electric fields (Eoi are applied. The particle will precess for a certain amount of time (7). Using the

uncertainty principle 11, the statistical uncertainty of the EDM, dd, is given by

h

6d= ——"
2E,TvV/mN

where m represents the number of separate complete measurements [40]. Therefore, the goal of all
experiments is to measure a small change in the Larmor frequency due to EDM and to reduce the

systematic uncertainties such as the coupling of the magnetic dipole moment to the magnetic field.

1See Appendix [Al



The neutron EDM has been sought after for more than half a century. Purcell and Ramsey first
pointed out the possibility of EDM [65] and used the data of Havens, Rabi and Rainwater’s neutron
scattering experiment [37] to get an upper limit of neutron EDM at 3 x 10~*8¢ em. Seven years later,
Smith, Purcell and Ramsey [84] published the improved upper limit of neutron EDM at 5 x 1072%¢ em by
using a neutron-beam magnetic resonance method which was invented by Alvarez and Bloch [3]. The
precession frequency can be accurately measured by using the technique of the separated oscillatory field
developed by Ramsey [67][72]. Since then, several neutron EDM experiments have been done and have
improved the upper limit of neutron EDM significantly. For example, Shull and Nathan obtained an upper
limit of 5 x 10722 e em by using the method of Bragg diffraction of polarized neutrons off a CdS
crystal [82]. Most later experiments used the neutron-beam magnetic resonance technique until the
ultra-cold neutrons were introduced. The historical development is shown in Fig. 2.1] and the experiments
are described in [62]. This chapter will review the main features of experimental techniques of the neutron

EDM experiment proposed at the Spallation Neutron Source(SNS) at Oak Ridge National Laboratory.
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Figure 2.1: Upper limits of neutron EDM as a function of year of publication.

2.1 Separated oscillatory fields

Smith, Purcell and Ramsey’s pioneering neutron EDM experiment [84] used the Separated Oscillatory
Fields technique [6&][69][70] to free neutrons. The idea apparently arose when Ramsey was teaching

undergraduates about the Michelson interferometer [60]. The technique is like a two-slit experiment with



the slits separated in time rather than in space [36].

The technique can be treated semiclassically. First, we discuss the 7/2 pulse. Imagine a neutron with
its magnetic moment (parallel to the spin) aligned parallel to a static homogeneous magnetic field, EO, in
the longitudinal direction Z. A transverse oscillatory field B (t) = By cos (wt) Z is applied to the system.
Then the total field is

B = By 2 + B cos (wt) i. (2.5)

Ramsey solved the dynamics of the spin by using the semiclassical approach [83]. B, can be decomposed
into two rotating components, one rotating clockwise and the other counterclockwise, denoted in two

equations:

= B
Bgr = é(coswt & + sinwt §), (2.6)

. B
By = é(coswt & —sinwt §). (2.7)

By using Bloch equations [11],

dii
d—'l; =i X y[By 2+ By coswt &]

B B
=@ xvBy 2+ é(coswt & + sinwt §) + é(coswt & —sinwt §)], (2.8)

where i is the magnetic moment and ~ is the gyromagnetic ratio, the equation of motion of i is obtained.
If the system is transformed from the lab frame into the rotating frame at a frequency, w, the equation
becomes
di B B
d—’; — [i x y[(Bo — %) &b S @ (cos 2wt @' — sin 2wt §)) (2.9)
In the situation B; < By, the counterclockwise field at 2w is ignored in the “rotating wave approximation”
(RWA), which ignores the high frequency term. Then
di wy ., B, 5
— =g x~vy[(By——) 2+ — 2| =i X yBeyt. 2.10
7 MW[(OV)Z+2$]N7eff (2.10)
If By(t) is at the resonance of the Larmor frequency , i.e., w = wg = vBy , the effective field is simply
% 2’/. The neutron in the rotating frame will see a fixed horizontal field and begin to precess about it. A
magnetic moment at ’-axis would precess in the ¢ — 2’ plane about Z’-axis at frequency vB1/2 in the

rotating frame. A 7/2 pulse, which is applied for a period of time 7 given by

™ s
T T 2.11
Ty T T T By (2.11)



can rotate the magnetic moment by 90° from the Z-axis to the £ — ¢ plane.

“Spin up”
1. neutron... o
=
90° spin-flip %
2. pulse applied... —
>

3 »
; KC__ —> precession...

Second 90°
spin-flip pulse

Tl
% i

Figure 2.2: Ramsey’s technique of separated oscillatory fields [36].

After the introduction on the principle of the 7/2 pulse, we can discuss next the separated oscillatory
fields technique. Following Fig. [36], let us imagine a polarized neutron with a magnetic moment along
Z enters a region of static homogeneous magnetic field By 2. At the entrance, a 7/2 pulse is applied, and
the magnetic moment starts to spiral. Once the magnetic moment is reoriented to & — ¢ plane (—¢’-axis in
the rotating frame), the oscillatory field B, would be turned off. The magnetic moment starts to freely
precess about the static field By 2 for some time 7' >> 7 before a second /2 pulse is applied, which is
coherent with the first one. If the frequency of the oscillatory fields matches the neutron’s precession
frequency (Larmor frequency), the second pulse will completely flip the magnetic moment of the neutron
by another 7/2 so that the magnetic moment will be aligned antiparallel to 2-axis.

If the frequency of the oscillatory fields and the Larmor frequency are slightly different, the magnetic

moment will be off the —2-axis in the end. Following the discussion in [40], one can derive that the



magnetic moment will precess about the effective field in the rotating frame:

3 B .
Bers = (Bo— %)2’ + i = ABY + 2,

_ B4
|Begsl =/ (AB)? + (57)% (2.12)
If AB < By, the first /2 pulse still can rotate the magnetic moment roughly from 2-axis to & — § plane.

After the By (t) is turned off, the effective field in the rotating frame is
Bejs = ABZ, (2.13)

and the magnetic moment will precess about the 2’-axis at frequency YAB. For a time period T, a phase
difference ¢ ~ yABT will be accumulated. Therefore, the magnetic moment would not be perpendicular to

the transverse field along &’ in the rotating frame. The magnetic moment vector will be

i = p(—cos ¢y’ + sin ¢1’). (2.14)
After the second 7/2 pulse, only the component at —¢’-axis of the magnetic moment can be rotated from
x’-y’ plane to —2’-axis. The projection of the magnetic moment along the —2’-axis will be —p cos ¢. At the
end of the second 7/2 pulse, a spin analyzer for the Z-component of the magnetic moment is applied. Thus
we can determine the precession frequency relative to the oscillatory fields by measuring the final
polarization of the neutrons.

For a real measurement, a polarized neutron beam with a velocity ¥ passes through two oscillatory
fields, generated by RF coils separated by a distance L. The frequency of the two oscillatory fields is
varied. Only when the frequency matches the Larmor frequency of the neutron, the flip of the magnetic
moment of neutron is 7 or 180°, i.e., two m/2 pulses. Once the frequency is off the resonance frequency, the
projection of the magnetic moment along the 2-axis is proportional to cos ¢ as described before. Fig. 2.3l
shows an example of an actual measurement. The oscillations are called fringes in analogy to an
interferometer. The phase difference between two fringe peaks is A¢ = 27. The frequency difference would
correspond to Aw - T = 27 and T is the time period for neutrons passing between two oscillatory fields,

given by T = L/v. It shows that better frequency determination can be obtained,

Aw 1
Afpr=22 =12

v
o =T (2.15)

if the neutron is slower. When AB > B; where AB = By — %, the 7/2 pulse is no longer effective. The
initial spin-flip probability will be reduced and then the oscillation fades. More details would require

quantum mechanics calculation of the transition probability [66][69][70)].

10



24000

. VL
| & 8 & %
22000?%?%%%%%%;%%%%?%
- ,‘ 8 Q od 7S I C’>O 03 Q1 )
o 200004 938 g,i I3 CC,,;? Yo 97 sl o Is 10 1o 89
@ P ob T X7 99 68 0L 19 71 1 43 0% ¢
2 peyrb JE s Iy [ETL T s pe g
:18000—(l%?gmog,cl,)f?fc‘,géél,égg S &
S {eivtroeldndgglpdlelyeql e
16000 & 9 °ooé|i’c’>°i|?‘?é?009°
(- §’ 'c')' ‘Cl) C,’ol* 5 79 IOC,> Qe %
o 19 82 9 el (o d70r 7L 9d g bl &
£ 14000 - %§§8 TRTRS BIETEINE: %é @
i 8 17 oo Lo 99 ol \| QT |
(0] ) 99 <|3, Q| C|>c,> 3% og 9% s
Z 12000 - Yoo 38 %9 31 ¥ ¥ 8
] B ¥ 8 s % 8 8
10000 - - : § ¢ b ¢
X = working points A Resonant freq.
T T T T T T T T T T
29.7 29.8 29.9 30.0 30.1

Applied Frequency (Hz)

Figure 2.3: The number of neutrons remaining with their spins unflipped after application of Ramsey
separated oscillatory fields, as a function of the frequency [33].

Following the inaugural work done by Smith, Purcell and Ramsey M], several experiments had been
done by using the separated oscillatory fields for decades [62]. The upper limits were pushed by researchers

minimizing the statistical and systematic errors. The statistical uncertainty in d,, is

R —
" EyLP\/$,T

(2.16)

where v is the average velocity, 7" is the running time, Ejy is the electric field, L is the distance between RF
coils, P is the polarization of the neutrons, and ¢,, is the neutron flux. Additionally, several systematic
errors have been identified . One of dominant systematic errors is ¥ x E, called the motion field effect,
which will cause an additional magnetic field B,, = %U x E viewed in the neutron rest frame, where ¥ is
the neutron velocity in the lab frame. If E is not perfectly parallel to ]§0, the consequent B,, will have a
nonzero component along the Eo which will mimic the EDM effect. To overcome this issue, the use of the

ultra-cold neutrons(UCN) is essential.

2.2 Ultra-cold Neutrons(UCN)

Enrico Fermi first realized that neutrons with very low energy can be stored in bottles. For ultra low
energy neutrons with large de Broglie wavelengths, the effective potential, called Fermi potential Ur, of

many materials, is repulsive. Therefore, the neutrons can totally reflect from the material’s surface.
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Consequently, neutrons with very low energy can be stored in the bottle. Those very low energy neutrons
are called ultra-cold neutrons (UCU). UCN have the Fermi potential Ur ~ 200 neV, velocities of order of
5 m/sec, wavelengths of order 500 A and an effective temperature of order 2 mK [40].

There are two dominant limitations in the neutron EDM searches using thermal or cold neutron
beams—the motion field effect, 7 x E, and the relatively short transit time (T) of neutron beams between
two RF coils. In 1968, Shapiro [80] proposed the use of UCN to search for neutron EDM. The much lower
velocity of UCN will highly suppress the effect of o' x E and increase the coherence time T of UCN in a
storage bottle to the order of 102 — 103 sec. The increasing of 7' and the suppression of ¥ x E can improve
the sensitivity for EDM signals a factor of 10* — 10° related to both the statistic and systematic errors.
However, the trade-off is the low flux of UCN relative to the flux of cold neutron beams. In this section, we
will discuss the production of UCN and the effort of increasing the density of UCN.

The energy spectrum of the neutrons in thermal equilibrium with the moderator follows the

Maxwell-Boltzmann distribution. The density distribution between velocity v and v + dv can be written as

p(v)dv = — — exp (——)—, (2.17)

where @ is the total thermal flux of neutrons, o = (2kpT,/m)? and T}, is the neutron temperature [32].
The relative fraction of UCN in the Maxwell-Boltzmann distribution is tiny. Using F = %va, the density
distribution, Eq. 217 is integrated up to energy E = Ur and, for v < «, the density of neutrons with

E <Upis

20y, Up 3
Y 2. 2.18
PUCN 3 a (kBTn ( )
For T,, =300 K, a = 2.2 x 10%cm s~ and Up = 2.5 x 1077 eV for Beryllium,
puen = 107B3dg em 3. (2.19)

For reactor-based sources, the neutron flux ®y = 10*® n/(ecm? s) gives a maximum UCN density of
102 em 3.

The UCN density in the momentum phase space can be increased by using various devices such as
neutron turbines. However, the Liouville’s theorem dictates that the neutron density is a constant within a
closed system. In order to overcome this limitation, the system has to be allowed to interact with another
system inelastically. In 1975, Golub and Pendlebury pointed out that higher density of UCN can be
obtained by using inelastic down-scattering process in specific materials [30]. The idea is to bombard a
high intensity cold neutron beam on a suitable material such that the neutron energy is almost completely
exhausted via an inelastic scattering process. An ideal material is superfluid *He [31]. As shown in

Fig. 2] the energy-momentum dispersion curves for a free neutron and for a superfluid *He cross at the
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wavelength A = 22 = 8. 94. A neutron of incident momentum %k; is inelastically scattered off superfluid
4He to a momentum of hkf and excites a phonon with energy E in superfluid *He. With energy and

momentum conservation,

Q =k —ky, (2.20)
h2k2 h%?
t=—+<*+F 2.21

while C} is the momentum transfer and E(Q) is the energy-momentum dispersion relation for superfluid
4He (Landau-Feynman dispersion curve). At a certain beam momentum, the incident neutron can transfer
practically all its momentum and energy to the phonon of the superfluid *He and emerge as an ultra-cold
neutron. This occurs at k; = 0.7038 A~! (X = 27” = 8.9284), the critical momentum k.. We use a linear
dispersion relation for the superfluid 4He elementary excitations, F(Q) = hw = hcQ, where c is the phonon
sound velocity (c ~ 2.383 x 10* em/sec). If the neutron beam is limited in the region, k; = k. + kycon + 0k

where kycn =~ 200 neV and k. = 2 mc/h, energy conservation shows that

[k — k3] = c|k;

[(k: + kvon + 5k) — kQUCN} = c|ke + kuon + 6k — kuen

§T|°§T|°§°‘m

[(ke + 0k)? £ 2kpen (ke + 0k)] = ¢

[ke + 0k + 2kpon] = 1

?IH

—0k = +2kyon. (222)

In reality, the angle between l% and Ef should be considered. Numerical calculation shows a very
narrow region to produce UCN with energy less than 200 neV and the production is angle-dependent. At
0 = 0°, k¢ is always equal to k;, corresponding to an elastic scattering. For k; > k., all scattering angles
are allowed and for k; < k., only 8 < 90° is allowed. For k; < 0.3777;1_1, no inelastic scattering is allowed
and the neutron beam will traverse the superfluid *He without attenuation. The group velocity dw/dk for
free neutrons is equal to k; = 0.3777A~" and below this momentum, phonons travel faster than neutrons.
Even when the neutron beam is at the critical momentum, from the detailed calculation [12], only around
0.07% of the scattered neutrons eventually become the UCN. The rest of the neutrons would not stay in

the bottle because their energy is higher than the potential of the wall.
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Figure 2.4: Dispersion curves for superfluid *He and for free neutron.

2.3 Comagnetometer

One important systematic error originates from the drift of the magnetic field, By. In Eq. 2.2 if the
magnetic field By has a fluctuation, the effect could cause a frequency shift mimicking the neutron EDM.
One way to reduce this systematic error is to add a comagnetometer, which monitors the magnetic field
fluctuations. A comagnetometer is usually a polarized atomic species, having much smaller EDM(or smaller
upper limits) than the neutron. The nuclear magnetic resonance of the atoms can be measured at the same
time and in the same region as the UCN. By measuring the polarization or precession frequency of the
atoms, one can monitor the magnetic field experienced by the atoms and correct for neutron measurement.

Lamoreaux |43] suggested the use of 1%°Hg as a comagnetometer and Pendlebury [61] later implemented
it. First, the experimental upper limit of 1% Hg EDM [34] was much better than the level of the sensitivity
of the neutron EDM. Besides, '°Hg can be optically pumped and its polarization can be optically detected
with 254 nm resonance radiation.

Subsequently, the ILL experiment |5] demonstrated the effectiveness of 19°Hg as a comagnetometer. In
Fig. 25 the raw data in blue dots can be corrected to red dots by using the comagnetometer data. The
electric field is around 10 kV/cm and the magnetic field is around 10 mG. Each cycle yielded about 14000
UCN counts. The density of '%Hg is 3 x 10'° atoms/cm?® and 7, /v, = —3.842. By comparing the
precession frequencies of neutron and *°Hg, the ILL group published the result of the room-temperature
EDM experiment in 2006 and pushed the upper limit to |d,| < 2.9 x 10726 ¢ em [5].

The use of 3He as a comagnetometer was first mentioned by Ramsey in 1984 [71]. However, the
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Figure 2.5: Neutron resonant frequency, measured over a 26 hour period, before and after magnetic field
drift corrections [33]. The frequency shift is about 1073 Hz while the magnetic field drift is around
5 x 10~* mG. After the correction, the frequency shift can be reduced to 104 Hz.

difficulty measuring the polarization of *He prevented its implementation. Nevertheless, *He was proposed
by Golub and Lamoreaux [29] as a comagnetometer for the new neutron EDM experiment at SNS [12].
The precession of >He atoms can be determined directly by using SQUID magnetometers sensitive to the
changing magnetic field caused by the rotating magnetization of the 3He. Another advantage of this
method is that it can overcome the technical difficulty in the extraction of UCN from the bath. A dilute
admixture of polarized 3He atoms in the superfluid *He bath will be applied. The fractional density of 3He
x=N(He)/N(*He) ~ 10719 will be used in the future neutron EDM experiment at the SNS. The

following sections will focus on the experiment at SNS.

2.4 Measurement of the neutron precession frequency at SNS

Some interesting characteristics of 3He atoms allow them to be used to analyze neutron precession

frequency. First, UCN can be detected through the following reaction
n+3He—p+3H + 764KeV. (2.23)

The charged particles, proton and triton, produced in this reaction will interact with liquid helium to
produce scintillation light (~ 80nm) [57]. If the measurement cells are coated with a wavelength shifter,
deuterated tetraphenyl butadinene (dTPB), the scintillation light is converted to blue light which can be
detected by photomultiplier tubes (PMT).
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A crucial feature of the n+3He absorption is that the reaction only occurs when the total spin of

neutron and 3He is equal to 0 (J = 0). At UCN energy, the absorption cross section can be written as

1 —cosf,3

et (2.24)

g = 0y

where 09 = 11.0 barns and 6,3 is the angle between neutron spin and the 3He spin. Consequently, the
observed rate of scintillation depends on the relative angle between the neutron and *He spins and is

proportional to
1 — P3P, cos|(y3 — n)Bot]- (2.25)

where P; and P, are the polarizations of the 3He and the neutrons respectively, and vz and ~,, are the
gyromagnetic ratios of the 3He and the neutrons respectively. Together with the information of the >He
precession, the precession of neutron can be exquisitely measured.

Instead of using “SQUID” to monitor the precession of 3He, an alternative method, called “the dressed
spin technique”, was also proposed to search for the neutron EDM by Golub and Lamoreaux [29]. The
main reason to use the technique is to reduce the systematic error from the magnetic field By. The
scintillation light depends on the angle between neutron and 3He, i.e., 8,3 = (73 — 7, ) Bot, where By can
have a significant drift. If v3 — 7, can be minimized, the error from By drift will also be minimized. To
reach this goal, a RF field, called “dressing field,” can be applied to modify the magnetic moment of a
particle. The particle is then “dressed,” yielding an effective gyromagnetic ratio given by

”YBd)

v =do(—

(2.26)
Wd

where By and wy are the amplitude and the frequency of the RF field, and Jj is the zeroth order Bessel
function. Neutron and *He can be made to precess at the same precession frequency by applying a proper

dressing field so that

'7an

wq

B
wq

Yndo( )- (2.27)

This situation is called “critical dressing.” How to apply this property when searching for the neutron

EDM will be the subject of this thesis. More details will be discussed in later chapters.

2.5  Measurement cycle at SNS

Following Fig. [38], the proposed measurement cycle at SNS will now be summarized. The duration of

each step remains to be optimized to reach the maximal sensitivity.
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The conceptual design of the proposed apparatus is shown in Fig 2.7 [38]. The apparatus is divided
into two parts: the lower cryostat for the measurement and the upper cryostat for the >He injecting into
the cells and removing from the cells. Both lower and upper cryostats are surrounded by four layers of
p-metal magnetic shields to shield the apparatus from the ambient magnetic field and its temporal change.

The cutaway view of the lower cryostat is shown in Fig. [38]. Two measurement cells are placed in
the gaps between the high voltage(HV, 50 kV/cm) system and ground electrodes in opposite directions.
Each cell is a rectangular acrylic tube of a dimension of 7.62cm x 10.16¢m x 50cm. The inner walls are
coated with deuterated polystyrene to minimize neutron absorption by hydrogen. The deuterated
polystyrene is loaded with deuterated tetraphenyl butadinene(dTPB) which serves as the wavelength
shifter for the scintillation light from the neutron absorption of 3He. The converted light is guided through
the light guides and detected by PMTs.

The measurement cells, the light guides, the electrodes, and the variable capacitor are all immersed in a
1200 liter bath of superfluid “He. Any heat sources in the measurement cell can induce phonons
generating a non-uniformity in *He concentration. The superfluid “He bath can keep the temperature
across the cells uniform and eliminate potential heat sources.

The measurement cells are initially filled with isotopically pure superfluid *He at 300 mK . Polarized
3He atoms are accumulated and dissolved in the “*He cell at a concentration of 1071 [86]. The expected
density of 3He will be 10*2/cm?. After the transmission, the *He polarization is kept along the By
magnetic field direction in the measurement cells(Polarization 99%).

Polarized 8.9 A cold neutron beam will be injected into the superfluid *He cell to produce polarized
UCN [12]. The production rate of UCN is expected to be 0.3 UCN/cc/sec. If the storage time in the cell is
500 sec, the expected density will be 150/e¢m? and the total UCN number will be at the order of 10°. The
UCN are polarized parallel to the By field(Polarization 96%). The goal for the mean life of neutrons in the
cell is about 500 sec as a result of 3 decay, wall interactions and 3He capture, etc [53].

Ar/2 pulse is applied to simultaneously rotate the neutron and *He spins into the plane
perpendicular to the By field [2]. The difference in the precession frequencies of neutron and 3He atoms is
measured by detecting the scintillation light (the spectrum is centered at 80 nm from the spin-dependent
UCN-3He capture process). Two methods can be used to overcome the drift of By. The precession
frequency of He can be monitored by the SQUID pickup loop. In addition, an alternative method of the
dressed spin technique will be considered.

After the precession measurement, the depolarized >He atoms due to the spin relaxation are removed
from the measurement cells. The electric field will be flipped periodically. Then the measurement cycle will
be repeated.

The goal of the neutron EDM experiment at SNS is to search for the neutron EDM with a sensitivity

two orders of magnitude better than the present limit. Various R&D studies have been pursued to

2A detailed calculation is performed in Appendix [Bl
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Figure 2.6: Ilustrative description of a proposed measurement cycle. The duration of each step remains to
be optimized to achieve maximal sensitivity. [3d)].
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Figure 2.7: The schematic overview of the full detector apparatus @] The upper cryostat includes the
3He system and the dilution refrigerator. The lower cryostat is the main part of the measurement,
including the measurement cells, the neutron guides, the high-voltage, and the magnetic coils, etc.
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Figure 2.8: The central region of the detector illustrating the measurement cells, electrodes, light guides,
HV generator and magnetic shields ﬂﬁ] The SQUID magnetometers are mounted on the ground plates.

optimize the final design of the experiment. The purpose of the dressed spin technique is to reduce the
systematic error of the magnetic field drift. If this method can be shown to be feasible, the neutron EDM
experiment could significantly benefit from it. Therefore, careful studies of the sensitivity for the dressed

spin technique are necessary and will be described in this thesis.
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CHAPTER 3

MEASUREMENT OF THE DRESSED SPIN IN A *HE CELL

The dressed spin has been studied in several earlier experiments. Muskat et al. [51] used a polarized
neutron beam and Esler et al. [26] used a polarized *He beam with the Ramsey separated oscillatory
(SOF) field method [68]|69][70]. Both measurements demonstrated that in the weak field limit, when the
Larmor frequency is much smaller than the dressing field frequency, the modified effective gyromagnetic
ratio becomes 7' = vJy(x) where Jy is the zeroth-order Bessel function of the first kind. Esler et al. |26
also observed the deviation from the Bessel function once the Larmor frequency was not so small
comparing it with the dressing frequency.

The dressed spin technique is an important element for the neutron EDM experiment at SNS [29].
Since the EDM experiment will involve *He and neutron in a superfluid *He cell, it would be interesting to
study the dressed spin phenomenon in a >He cell instead of using a *He beam, as in the experiment by
Esler et al. [26]). An experiment has been carried out at UTUC to study dressed spin phenomenon using
polarized 3He in a room temperature cell. In this chapter, I will describe the experimental setup, the
data-taking, the data analysis, and the results. The results will be compared with theoretical calculation

presented in Chap. @ A paper reporting the results of this study has been published [17].

3.1 Experimental method

The experimental setup is shown schematically in Fig. Bl A cylindrical Pyrex cell of 2.5 ¢m radius and
5.7 em length, filled with 3He gas of ~ 1torr 48], is located in a uniform magnetic field By along the
2-axis. The magnetic field is provided by a Helmholtz coil of 50.8 ¢m radius. Another Helmholtz coil along
the 2-axis provides a homogeneous static magnetic field, By, to compensate the Earth vertical field. The

parameters of both coils are shown in Tab. Bl Four 80-turns rectangular pickup coils of 5.08 ecmx 6.35 cm

Radius[M] | Distance[M] | Turns | R[Q] | Amplitude[mG]|
By 0.508 0.5207 15 1 261.5xT1
B, 0.254 0.244 6 0.8 212.4x1I

Table 3.1: Geometric parameters of homogeneous static magnetic field coils. I is the input current with
the unit of Amp.
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Figure 3.1: Schematic plot of the apparatus used for measuring the *He precession frequency.
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Figure 3.2: A schematics for the metastability exchange optical pumping of 3He. The left diagram shows
the nine optical transitions between the 23S and 23P states of 3He. Top-right: The optical pumping
scheme of metastable *He atoms with impinging right-handed (o) circular polarized light for the Co
transition. Bottom-right: The height of the light (dark) shaded columns indicate the distributions of the
mp levels for a nuclear polarization P=0.50 (0.33). The plots are from [64].
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frequencies. The peaks correspond to transitions from 23S states to 23P states. The first peak from the left
is the Cy transition and the second peak is Cg, and so on.

in the Z — Z plane surround the cell.

The ®He gas is polarized using the optical pumping and the metastability spin exchange method @, IB]
with a circularly polarized laser light entering the cell along the holding magnetic field axis, 2. The GaAs
semiconductor laser diode (Eagleyard photonics TO-3) delivers light at a wavelength near 1083 nm with
maximum output power of 100 mW. The left plot of Fig. shows nine transitions of *He atoms from the
metastable states 235; to excited states 23P. The Cy transition, which was used for the optical pumping,
can be pumped by the laser from the metastable 235; (F = %) state to the 23 P (F = %) state, where F’ is
the sum of the total angular momentum of atoms and nucleus. As shown in the right-top plot of Fig. B.2
the right-handed circularly polarized light (o) can only excite the transition of Amp = 41 for
235, — 23P, where mp is the z component of F. In contrast, the de-excitation is distributed uniformly
over all transitions of 23P — 235;. Therefore, repeating the process can depopulate the lower mr levels so
that the population distribution is shifted towards the higher mp levels, as shown in the right-bottom plot
of Fig. Subsequently, through the so-called metastability exchange collisions via the process,

SHe* +3 He —3 He +% He* (3.1)

where the arrow means the polarized 3He and the star means the excited state (metastable state) of *He,
the polarization of the metastable atoms is transferred to the nuclear spin of the ground state atoms.

Consequently, the nuclear spin of 3He can be polarized. A polarization of 20 % of He can be achieved in
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our setup [56].

An RF electric field, applied to two electrodes on the outside surface of the cell, can generate a weak
electrical discharge exciting He atoms from the ground state to the metastable states. The frequency of
RF is around 10~20 M Hz. The amplitude of RF should be kept within a proper range with the output
power around -20~-25 dBm, depending on temperature and other environmental situation. It cannot be so
large as to destroy the pumping process, nor so small as to cease the optical pumping. Besides, the
amplitude is modulated at a 40% level with a 670 Hz frequency for optical signal measurements. The RF
is turned off during the NMR measurements.

An optical signal of a wavelength around 1083 nm is produced via the 23P — 238 de-excitation
process. The optical signal is modulated at the RF modulation frequency so that the signal can be
measured using a lock-in amplifier. A photo diode is installed beside the cell to detect the modulated
optical signal. The signal decreases if 3He atoms are polarized along the laser polarization direction
because polarized atoms can no longer interact with the circularly-polarized laser light [48]. Before doing
the NMR measurements, laser tuning and Larmor frequency scan were carried out using the optical
signals. Fig. [3.3] shows that various transitions can be observed depending on the laser frequency, which
can be tuned by varying the temperature of the laser [64]. The first peak from left is the Cy transition and
the second is the Cg transition. The rest are C7 — C transitions which have very similar energies. The
scanning range of temperature for transitions of 235; — 23P is around 25 — 36°C and the Cy transition is
located at ~ 29 — 31°C.

A pair of coils for an oscillatory magnetic field, By cos(wt)#, is placed near the *He cell and along
Z-axis. At the nuclear Larmor frequency w = wg = By, the macroscopic nuclear magnetization precessing
about the oscillatory magnetic field becomes alternatively parallel and antiparallel to the light beam,
z-axis. Therefore the oscillatory magnetic field modulates the relative metastable level populations and the
optical signal intensity at the frequency yB;. The optical signal amplitude will be maximal when the
frequency, w, is at the Larmor frequency since more *He atoms can be optically pumped. Therefore, by
varying the frequency, w, the Larmor frequency can be determined. The oscillatory optical signal can also
be used to calibrate B;. The calibration of B; will be discussed in Sec. [3.41

Once the Larmor frequency is determined, a nuclear magnetic resonance (NMR) measurement can be
performed. If Bj cos(wot)Z is applied for a duration 7, the magnetization vector rotates by an angle ’7%7‘.
Therefore, by applying a § pulse for 7 = 7”?1, the polarization of 3He atoms can be rotated from 2-axis to
% — g plane. *He atoms then precess at the Larmor frequency wg = vBy in the & — ¢ plane. The precessing
magnetization induces a current in the pickup coils, and the 3He precession frequency can be determined
by analyzing signals of the pickup coils via a lock-in amplifier. The output signal from the lock-in amplifier

decays exponentially with a time constant T5, the transverse relaxation time, as shown in Fig. B4lad. The

1 isn=r1.% — @ _ Bo
The number of cycles isn =7 3% = BT T 3B

2The data of T» are listed in Appendix[Cl The magnitude of NMR signals is estimated in Appendix [Dl
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Figure 3.4: (a) Output of the lock-in amplifier averaging over 5 measurements. The dash line is the fitted
curve. The parameter “A” corresponds to the amplitude of the signal which decays exponentially with
time. (b) Pickup coils signal amplitude (A) vs. reference frequency. The resonance frequency shifts with
the magnitude of the dressing field By (r = vBg/wq). For these data By = 387.7mG, wo /27 = 1257H z,
and wgq/2m = 7152.5Hz (y = 0.176).

lock-in reference frequency is varied until maximal signal amplitude is found. This occurs when the
reference frequency of the lock-in amplifier is the same as the *He precession frequency. The widths of the
signal peaks in Fig. B4lb are mainly due to the bandwidth of the lock-in amplifier H Another pair of coils
providing a dressing field, By cos(wat)Z, is placed near the 3He cell and along the #-axis. When the
dressing field is applied, the 3He precession frequency shifts to a different value, as demonstrated in

Fig. B4lb. From these measurements, the effect of the dressing field can be detected.

We now will summarize the NMR measurement procedure. The holding field By is always on. The
optical pumping and metastability exchange are run for about 30-40 seconds to polarize the nuclear spin of
3He atoms. After 3He atoms are polarized, the RF is turned off. Then the 5 pulse is applied to rotate the
3He polarization from 2-axis to & — ¢ plane. The duration of B; depends on the amplitude and the Larmor
frequency. After the 5 pulse, 3He atoms precess freely for 1 second until the RF quiets down. Subsequently,
the dressing field By coswgtZ and the data-taking are both turned on. Data-taking takes 10 seconds due to
the limitation of the relaxation time, T5. The data from the pickup signal are stored in a computer through
the PC DAQ board and await further analysis. Then the next measurement cycle is ready to start. The

signals of the pickup coils are averaged several times(around 10 times) in order to reduce the noise.
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X Y

3.2 Electronics

We briefly will describe the electronics we used. The laser temperature is controlled by Laser Diode
Temperature Controller ITC 502. The holding field is provided by the Agilent N6702A Low Profile
Modular Power System Mainframe, 1200W. The Earth compensating field is provided by the power supply
HP - Agilent 6253A. Wavetek 2410 1100 MHz RF Signal Generator is used to generate RF signals and
amplified by the Amplifier Research 50A220. Both B; and By are controlled by the Agilent 33220A
Function/Arbitrary Waveform Generators and By is amplified using the PV 900 Watt Stereo power
amplifier. The lock-in amplifier is the Stanford Research System SR830 Lock-in Amplifier. The electronics
diagram is shown in Fig.

3.3 Data

Measurements are performed at different By, and the dressing field frequencies wy and magnitudes By as
shown in Tab. At each dressing field frequency, the magnitude of the dressing field is varied over a

broad range. Two dimensionless parameters which characterize various dressing field configuration are

3See Appendix [El
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Figure 3.6: Effective precession frequency ratio vs. x for (a) y < 1 (b) y > 1. The dashed curves are
numerical calculations described in Sec.

y @ ] [ S | [y | e | 5]
0.15 1271 8473 1.1 1267 1151.8
0.3 1272 4240 1.5 1267 844.7
0.5 1267 2540 2.5 1267 506.8
0.8 1271 1588 4.5 1267 281.5
0.9 1271 1412 7.5 1270 169.33

Table 3.2: List of wp, wg, and y = wp/wq for all sets of measurement. By and x = vBy/wy are varied over a
broad range for each set.

defined as
vBa
='"¢ 3.2
T (3.2)
and
B
y =120 (3.3)
wq

The results of our measurements are shown in Fig. as functions of z and y. When y is close to 0, the
effective precession frequency follows the Bessel function of x; however, as y increases, the deviation from
Bessel function is clearly observed. When the dressing field frequencies are higher than the Larmor
frequency, i.e., y < 1, the effective precession frequencies (w®f/) are smaller than the Larmor frequency
(wo) as shown in Fig. B.6la. The reverse is true for y > 1, where w®/f becomes larger than wy, as shown in

Fig. B@b. All dashed lines are numerical calculations to be described in the next chapter.
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Figure 3.7: Optical signal while applying B (t). top) wo/2m = 7153 Hz. bottom) wy/27 = 2950 Hz.

3.4 Calibration

The optical signal can be used to calibrate oscillatory magnetic fields. The optical signal maximizes when
an RF pulse is applied to orient the magnetization of *He antiparallel to the By axis, making the optical
pumping maximally efficient. Several oscillatory optical signals in different setups are shown in Fig. 3.7
The amplitude of the oscillation damps as >He depolarizes. The separation in time between adjacent peaks

is equal to
2 4

Al =—— = —
vB1/2 B

(3.4)
By measuring At in Fig. 3.7 and listed in Tab. [3.3] the magnetic field can be obtained via the equation

47

B =—.
! ~yAt

(3.5)

The relations between B; and the function generator voltage V},, are obtained as

By = (19.809 £ 0.1162) X V,,, mG for wy /27 = 7153 Hz and By = (21.898 £ 0.1943) x V,,, mG for

wo/2m = 2950 H z, as shown in Fig. B.8 The calibration of By does not impact on the dressed spin
measurement. It determines the exact angular solution for the 7 pulse and affects the amplitude of NMR
signal, but does not affect the frequency shift due to the dressing field.

Using similar method, we can calibrate the dressing coils By. To reach larger values of By, an amplifier
is added between the function generator and the dressing coils. However, the response of the amplifier is
not as linear as the function generator. We measure the relation between the optical signal, which is
related to By, and the corresponding current through a 52 resistor connected to the dressing coils. In the

range shown in Fig. B.10l and Tab. B4} the relation between V,, and the current I is still linear so that we
can get By = (837.167 4+ 9.244) x I mG. During the NMR measurement, we also measure the current
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Figure 3.8: By vs. Vp,p. For wo/2m = 7153 Hz, By = (19.809 £ 0.1162) X V,,, mG. For wy /27 = 2950 Hz,
By = (21.898 % 0.1943) x V,, mG.

Fo = 715317 Fo = 2950[11Z]

Vop[V] At [sec] B At [sec] B
0.5 0.0607842 10.14911381 0.056209 10.97514
0.6 0.0503265 12.25807007 0.046405 13.293989
0.7 0.0431371 14.3010486 0.040385 15.27577
0.8 0.0392157 15.73109146 0.034615 17.82171
0.9 0.0339869 18.15128074 0.03013 20.4748

1 0.0317308 19.44185975 0.026923 2291371
1.1 0.0294117 20.9748421 0.025 24.67623
1.2 0.026282 23.47255777 0.024039 25.66324
1.3 0.0237179 26.01013426 0.021795 28.30518
14 0.0217949 28.30505134 0.020192 30.55154
1.5 0.0211539 29.16274367 0.017308 35.64363
1.6 0.0192307 32.07921518 0.01859 33.18535
1.7 0.0192307 32.07921518 0.017308 35.64343
1.8 0.0173076 35.64363421 0.015385 40.09865
1.9 0.0160256 38.49501818 0.015064 40.95205

2 0.0153846 40.09891472 0.014103 43.74412

Table 3.3: The calibration data of B;. Vj), is the voltage of function generator output. For fy = 7153 Hz,
fitting V,,, and By gives the relation By = (19.809 & 0.1162) x V,, [mG]. For fo = 2950 Hz, fitting V,,, and
By gives the relation By = (21.898 +0.1943) x V,,, [mG]
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VoplV] | T[A] At [sec] By[mG]
0.01 0.016 | 0.048739998 | 12.65707405
0.02 0.0312 | 0.025079999 | 24.59751953
0.03 | 0.0464 0.01668 36.984759
0.04 | 0.0608 | 0.012579999 | 49.03861643
0.05 0.076 0.01014 60.83883306
0.06 0.0912 | 0.008300002 | 74.32597849
0.07 | 0.1056 | 0.006979999 | 88.38192955
0.08 | 0.1216 | 0.006037998 | 102.1705753
0.09 | 0.1304 | 0.005417999 | 113.8622967

Table 3.4: The calibration data of By using optical signal. For fy = 1257 Hz, By = (837.167 +9.244) x I
mG. The amplifier is set at 32 dBm.

VooV | TA] [ u | BamG]
0.05 0.076 | 70 | 63.03464
0.1 0.1504 | 34 | 129.7772

Table 3.5: The calibration data of By using NMR signal at fo = 7152.51 Hz. The amplifier is set at 32
dBm.

through the resistor to get the value of By, which is the dominant uncertainty of our measurement.

Z coil to rotate

We can also use NMR signal for calibration. The dressing coil is used as a 3

magnetization of *He. Using different pulse duration 7 for By, the NMR signal amplitude (A) will be
different so that we can fit A vs. 7 to obtain the oscillation period. The period T} is related to the By as

4
By = —

=T (3.6)

Combining results from the above two methods, we obtain By = (842.969 + 7.782) x I mG.

3.5 Systematic uncertainties

Many possible sources should be considered as systematic uncertainties. The left plot of Fig. B.4] shows a 2
Hz measurement step. It gives ~ 1 Hz error for measuring the effective precession frequency, which is
around 1000 Hz. It will contribute a 0.1% error. The drift of By will contribute 0.5% error due to the
power supply current stability limitation which has noise of ~ 4.5 mV compared with the operating
voltage 1 V. The drift of By amplitude and frequency due to a function generator can be ignored here.
The error of By due to the calibration is set at 1% by fitting the calibration data in Fig. The total
error is about 2%. Adding 2% error for  and 0.5% for the ratios, the results are shown in Fig.
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Systematic uncertainty (%)

fers 0.1%

BO drift 05%
B, calibration 1%

total 1.12%

Table 3.6: Systematic uncertainties.
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CHAPTER 4

THEORY OF THE DRESSED SPIN

The dressed spin system was first studied by Cohen-Tannoudji et al. [19]]20][21][35][63]. If a particle with a

spin S = % is placed in a uniform field By and an RF field B, that is perpendicular to By, the precession
frequency will be modified by the RF field, i.e., the “dressing field”. A spin with the modified precession
frequency is called “the dressed spin”. The spin is “dressed” since its precession frequency is modified. In
this chapter, first we use a classical picture to explain the dressed spin — a larger or a smaller modified
precession frequency. Then a quantum mechanical approach will be presented [19]]20][21]63], in which the
Hamiltonian can be written in terms of creation and annihilation operators of photon and other

terms |81][88]. The eigenvalues can be calculated numerically for given By and By. The modified precession

frequency will then be obtained from the set of eigenvalues and compared with the experimental data.

4.1 Classical treatment

If a particle has a spin §, its magnetic dipole moment (i is proportional to S ,
ii=~8, (4.1)

where the proportionality constant v is called the gyromagnetic ratio. When this particle is placed in a
magnetic field B , it experiences a torque, [ X B. T herefore, the motion of a spin can be treated
classically [83] as
as o . =
i S x (vB(t)). (4.2)

If the particle is in a uniform magnetic field ByZ, the transverse component of the spin precesses about By

at the Larmor frequency wy = vBy. Adding an RF field,

By cos (wqt)z, (4.3)
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the precession frequency of the spin will be modified, which is called the “dressed spin”. The RF field can

be seen as a linear combination of a right-handed and a left-handed rotating fields,
.1 N . L .
B cos (wat)& = B [Ba(coswgtT + sin wgty) + Ba(coswqt — sin wgty)]. (4.4)

In the frame rotating along 2 at the frequency wy, the RF field becomes

1
3 [Ba + Ba(cos 2wgtd’ — sin 2wqty’)]. (4.5)

By using the rotating wave approximation, the second term can be ignored due to its high frequency. The

total magnetic field becomes a static field (By — £4)2 + Ba3’ in the rotating frame. Two parameters are

defined as ¢ = yBy/wq and y = vBy/wgq. The spin in this rotating frame precesses at a frequency

7\/ (Bo— 222 + ()2 = s lw =1 + ()7 (16)

Going back to the lab frame, if (x/2)/(y — 1) < 1, the precession frequency becomes

$2

. X
W~ wg + wa =1+ G Hwatwilly =1+ go—py

] = wo + 7By (4.7)

x
8(y—1)
Eq. A7 shows that when y > 1 (y < 1), the effective w®// is bigger (smaller) than wy.
Numerical calculation using Eq. [Bl for different dressing field conditions have been carried out. The
calculation will help us to visualize the behavior of spin in response to the dressing field. The

corresponding Monte Carlo study will be described in Chap.

4.2 Quantum mechanical approach

An RF field, By(t), will be applied to the system of a uniform holding field By. The quantized vector
potential [2175] of the RF field can be written as

A= Z i [aage}ei’g'? + alggeﬂgefﬂgf], (4.8)

where €, the photon polarization vector, is a unit vector whose direction depends on the propagation
direction & and ¢ = 1,2 is the polarization index parameter. For a given E, €1 and €5 can be chosen so that

(€1, &, k/|k|) form a right-handed set of orthonormal unit vectors. aj ¢ and aTE ¢ are annihilation and
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creation operators. « is a constant proportional to the strength of the RF field. Thus the magnetic field is
> 2 . o o - .]*C'Vﬂ oz - _,Evﬂ
Bi=V x A= —’LZZ ﬁ[aﬁ,éeﬁ X ke — ay. € X ke™* 7. (4.9)
ko€

If only a single mode of the field is present (only one E), the polarization €z x k is equal to € and the

Wd

module is the wave vector |E| = “4. Summing over &, the magnetic field can be simplified to

Bi= 7, (4.10)
(To eliminate the imaginary 4, set 7= 75 + p'and kro = 5.) Since atomic dimensions are much smaller

than the wavelength of the RF field, we can set ¢*7 = 1 and the magnetic field can be written as

- « o
By = —[aé+ ale]. 4.11
d \/E[ ] (4.11)

Coupling the magnetic dipole moment i = *yhg to the magnetic field B , the classical interaction potential

is Vo =—ji-B=—hS- gd(t), which can be quantized as

V = MiS - [ae+ alé?], (4.12)
where \ = —%. For the polarization of € = Z, the potential can be written as
. Mo N Ao - 1

V. = AhSpla+al] = S lasy + atS_] + S las- + alS.] = E[VH + Vol (4.13)

V' is the sum of two terms, corresponding to right-hand and left-hand circular by polarized photons

respectively.

4.3 Uniform magnetic field as a perturbation

In 1965, Polonsky and Cohen-Tannoudji[63] derived the analytical solution when y is close to 0, which
means the holding field can be treated as a perturbation. We will summarize their derivation in this
section.

Ifa spin—% particle with the gyromagnetic ratio v is located in a uniform magnetic field ByZ and an RF

field as Eq. 4.3 the Hamiltonian is written as
H = wgha'a + wohS, + /\hS’z(a + aT), (4.14)
where the magnetic dipole moment coupling to the uniform field By is i - By = ”yhngo = wohsS., the
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photon energy from the RF field is wqfiata and the magnetic dipole moment coupling to the RF field is
V. = MiS,(a + at) where X is a coupling constant related to the strength of the RF field. If the quantum

state is set as a coherent state o for the RF field [28], then
ala) =ala), and [a,a'] =1, (4.15)
The parameter « is simply related to the average number, n > 1, of the RF photons,
i = (ala'ala) = o?. (4.16)
The interaction term is related to the RF field such that
Mala® +ala) =2 a = 20/7 = vBy (4.17)

Consequently, A = vB;/2v/n. The creation and the annihilation operators can be expressed in terms of the

normalized position and momentum operators, X and P, as
a=X+iP/2, af =X —iP/2. (4.18)
Then the Hamiltonian can be written as

H = wah(X?% + P?/4) + S, (2X) + wohS. = wahP?/4 + wah(X? + QS;X) + wohS.,
wd

. N A A A h N
= wghP?/4 4+ wah(X + —8,)? + wohS, — —(ASy)?. (4.19)
wd wd
Two new operators are defined as

A U A,
b=X+ 28, +iP/2=a+ =8, (4.20)
Wd Wd

b= X + ié‘m —iP/2=a'+ iS*z (4.21)
wq wd
so that the Hamiltonian can be rewritten as
: LY RY
H = wghb'b + wohS, — —(\Sy)". (4.22)
wq

The last term only depends on S, and a constant for eigenstates of b (or a). The eigenstates of the first
term are |np); however, what we really want is the eigenstates of a. A unitary transformation of b to a is

needed so that we can treat it as the translation from X to X + ﬁgw We assume a unitary operator
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f—a) — e_iX'I5 so that

U(x) = ext®
FO) =UT(x)aU(x) = b (4.23)

The derivative of f(x) with respect to x is

= U'(x)(aa" = a'a)U(x) = U (x)([a,a DU (x) = 1 (4.24)
Thus f(x) = x + constant and f(0) = a = constant. Therefore x can be solved by using
vtat bt 8 _ A
f)=x+a =b=a"+—-5,=>x="—-5; (4.25)
wq Wy

Consequently, the unitary transformation operator is exp[widS’z (at —a)].

If we treat the wohS. term as a perturbation (By < Bg)[20], the unperturbed eigenstates are

In,mz) = [nq) Imy) = UT(X) 1) [me)

A oA Ay
= expl=-8ula’ — )] ) ) = expl -~

(af = a)] ) [ma)

= |, ) M) - (4.26)
The eigenvalues of energy are
E = nwah — h(AS,)? Jwg = nwah — h(Amg)? /wa (4.27)

so that the states m, = :I:% are degenerate. The eigenstates |n,, ) satisfy

fa2x,n) = <n+% (n— q)_%> = (n|exp2x(a’ — a)]|n —q) (4.28)

dfq(2x,m)

g~ (nlewlx(a’ - ol - a)[n—q)

= <n ‘exp[Qx(aT —a)y/n—q+ 1‘ n—q+ 1> —(n |exp[2x(aT —a)lVn—q|n—q-1)
= \/n_Q+1fq—l(2X7n)_ \/n_qu+l(2X7n) (429)
where 2x = M wq.

The solution is obtained by expanding the exponential operator in a series which is equivalent to the

expansion of the Bessel function J;(2Ay/n/wq) in the case when n,n — ¢ > = where yBgq = 2X\y/n. The
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definition of the Bessel function of the first kind is

_ - (_1)5 E q+2s
B = (—1)° x 25 x2 x*
4,2
(2zy/n) =1—2°n+ +oe- (4.32)
Since
eAeB — ATB+3[A.B] (4.33)
A A A A2
Z(al = - Zaf - _
expl (ol — )] = expl -l expl - Sl expl 5 . (134)
we can get
A A A A2
gt — _ — 2t - _ 2 In-
(el 2o = (n = 0)) = (o |espl ol expl el explg5 0 —a)

G/T a
— expl- 22<‘ZA Iy

n— q> . (4.35)
We need <n |(aT)mas} n— q> # 0 so that n — m = n — ¢ — s which implies m = ¢ + s so that

)

:exp[_%]Z(_l)s\/n(n_1)"'(n_q_8)\/(n_Q)(n_q_1)"'(n_q_s)(l)q+2s

2w3 (g +s)!s! Wy

A gras (@) (a)?
Wy (g +s)!s!

NZ )‘\/_ q+25 1

(g + s)ls!

— Ty (20 fe0a), (4.36)

ifn>z= exp[—Q’zJ—zz] — 1 where YBg = 2M\\/n and © = vBg/wg.
d
Since the states are degenerate for a fixed n, we calculate the effect of the perturbation wohS. by

calculating its matrix elements

(n, m'z|w0h5'z|n, Mmy) = <m

mm> Jn/fn((m; —mg)(x))wo. (4.37)
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Since

1 1 1 0
My =+= )= Jme =—= ) = (4.38)
2 0 2 1
) 10\ . 0 1) . 0 —i
Gy = Oy = 0, = (4.39)
0 -1 1 0 1 0

in our |m,) representation, the off-diagonal terms are <:|:|S’Z|$> = Fij.
Only m,, = m, + 1 is available because of the selection rules on S.. Since Jo(z) = Jo(—z), for the first

order perturbation, the correction term of the Hamiltonian can be written as

v =

n

: (4.40)

which can be diagonalized by transforming the eigenstates of S, |m,), to the eigenstates of S., |m.). The
first order energy shift will be
EWM = wohJy(x)m., (4.41)

where m, = :I:% and the factor Jy(x) represents the modification of the magnetic moment by the dressing
field. In the presence of an EDM interaction, wy will be replaced by wo + 2dFE/h. The eigenstates in |m)

basis can be written as

|n7mz> =

My = —|—1> +imﬁ‘mw = —1>), (4.42)

1 —
E(|“+> 5 5

with energy given by nwah + m wohJy(x) — h()\mm)2 Jwq. For the second order perturbation, the second

order energy shift is

R 2
wohS, |mm,n)’

E® = Z ’<m;, s _ Z (FigJo—n(Ex)woh)?

0 _ 0 —
s#n,my—mg==1 Es —En s#En,ml,—mg==%1 (s —nJwah
1 (woh)? J2(2) 1 (woh)? = J2(x) T2, ()
T2 3 > =0. 4.43
2 wah 2 q 2 wah . T (4.43)
s—n=q#0 q>0

The energy shift in the third order is proportional to woh(wo/wq)? which is extremely small if wg/wq < 1.

4.4 Matrix elements

Eq. T4 shows the Hamiltonian in the uniform magnetic field and the RF field is

H = wghata 4+ wohS, +V,, = Hy+V,,. (4.44)
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To find the eigenvalues of the Hamiltonian, the matrix elements will be calculated first. |n, +) are the set
of eigenstates of Hy where n signifies the oscillating quanta of the dressing field and +/— denotes the spin

up/down state. The eigenvalues of Hy are given by:

A h
(n, +| Ho |n, %) = (n, +|waha'a + wohS. |n, £) = walin + w%. (4.45)

The spin operators, the creation and the annihilation operators can be applied to eigenstates so that

s = D) - EhEhm =15, (1.46)
allny =vn+1|n+1), (4.47)
aln) =+/nin—1). (4.48)

For the linear oscillatory field perpendicular to By, using Eq. [£.I3] the matrix elements will be

1 Ah
n+1,F Vs, n,£) = 7 (n+1L,F| Vox|n,£)+{(n+1,F|Vo_|n, L)) = 5 vn +1, (4.49)
1 b
(= LF Vo, In. ) = = (0 = LF| Vo Ino ) + (0= LF| Vo . £)) = v (4.50)
in the basis of
In+1,+)
|7’L—|— 17_>
n, +
| ) (4.51)
|n7_>
|7’L— 17+>
|7’L— 17_>
Using
vBa
A= —— 4.52
N (4.52)

two dressing parameters are defined as z = L—Bd and y = 282 a5 well as Eq. and Eq. B3 The
d Wd

Hamiltonian can be written as matrices so that Hg is



(n+1)+% 0 0 0 0 0
0 (n+1)—4% 0 0 0 0
0 0 n)+ 4 0 0 0
Hy = hwq (m)+3 (4.53)
0 0 0 (n) — ¥ 0 0
0 0 0 0 (n—1)+4% 0
0 0 0 0 0 (n—1)—%
and V,, is
02 00 00 00
L0 00 200 0
000 %2 00 00
002 000 %20
Vo, = hwa (4.54)
02 00 02 00
000 0 %2 0 00
000 %2 00 0 %
000 0 00 2 0

where ,/"TJrl — 1 if n > 1. Therefore, eigenvalues can be obtained by diagonalizing the matrix of the
Hamiltonian.
Using the perturbation theory, the first order of the energy shift is zero and the second order of the

energy shift is

Z [, mi Vinma) P Jhwaw/42 |hwaz/4]?

En,mz - Es,m’z En,mz - En-l—l,—mz En,mz - En—l,—mz

1 1 T 1 1
)—h’YBdE(

s#n,m.,—m,==%1

- |ﬁwd§|2( ). (4.55)

2m woh — wqh + 2m woh + wqh 2m.y — 1 + 2m.y + 1

The precession frequency is proportional to the energy difference AE = E; — E_ between the spin up and

spin down states. Therefore, the frequency shift becomes

At = — (B, —AE®) ) = WBagc— ) (4.56)

1
h
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Figure 4.1: Energy diagrams for different x, i.e., different Bg.

which is compatible with Eq. 47

4.5 Eigenvalues of the matrices

A 122—by—122 matrix with maximum An = 30 was formed by inserting the elements of the matrices in
Sec. 14l The matrix is then diagonalized to obtain the eigenvalues of different x and y. One example of
the spectrum of eigenvalues is shown in Fig. &Il The red solid curves show the eigenvalues with the RF
field By and the green dashed curves show the eigenvalues without the RF field, which is just the Zeeman

splitting diagram.

4.6 Precession frequency calculation

How can one determine the precession frequency of particles in the dressing field? Fig. shows an
example of the spectrum of the energy eigenvalues F as a function of y = vBy/wy for © = yBg/wg = 1.57.
The energy difference AE = E; — E_ defines the effective precession frequency, w®// = AE/h. It shows
how the Zeeman splitting in the uniform field(green dashed lines) is modified by the presence of the
dressing field (red solid lines). Without the dressing field, the gyromagnetic ratio for the Zeeman splitting

is given by v = AE/hBy which is just a constant independent of By, and the precession frequency is equal
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Figure 4.2: Sample energy diagram of the dressed spin system calculated as a function of y, for dressing
parameter x = 1.57. Dashed lines indicate the Zeeman splittings in the undressed system (Ep = i%wdh).
The energy scale is given in units of the dressing field photon energy hwg .

to the Larmor frequency, wg = vBy. Adding the dressing field, Fig. shows that F is changed to E’ and
v now becomes 7' = AE’/hBy; the new effective precession, we//, is defined by the new energy slitting
AE' such that AE'/AE = w®/f Jwg. Tt is interesting to note that for y < 1, AE’ < AFE and 4/ is smaller
than . In contrast, for y > 1, AE’ > AE and 7/ is now greater than ~. Fig. &3 shows w®f/ /wg as a
function of x for different y. If y is close to 0, the effective precession frequency is following the Bessel
function as the result in Sec. Now we can compare the precession frequency of the data with the
prediction. The dashed curves in Fig. are the calculations for w®// /wy = 7'/~ using the quantum
mechanical method. The good agreement between the data and the calculation shows that the observed

deviation can be quantitatively described in this quantum mechanical approach.

4.7 Critical dressing between UCN and *He

One motivation to study the dressed spin for the neutron EDM experiment is to determine the optimal
setting for the dressing field. Using the quantum mechanical approach, we show some examples of the
effective precession frequencies for UCN and ®*He in various regions (for y < 1 in Fig. 4l left and for y > 1
in Fig. B4l right). Fig. B4 shows that critical dressing, where w®// for 3He and neutron are identical, can
occur for various values of y and is not limited to the weak field (y < 1) condition. Fig. la shows the

first critical points, x., as a function of y = vBy/wy. Fig. EL5lb shows the corresponding values of wef/ /wq
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Figure 4.3: w®// Jwy vs. x for different y. The deviation from the Bessel function Jo(z) can be observed
when y is not close to 0.
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Figure 4.4: The effective precession frequency ratios vs. x = vBg4/wgq. The curves with the initial value of
we¥f Jwy = 1 show neutron’s effective precession frequency ratios and the curves with the initial value of
Wt Jwy ~ 1.112 show 2He’s.

at the first critical point x.. To determine the optimal setting for the dressing field, we need to consider
various issues such as the power dissipation, spin relaxation, the stability of the critical point, and the
implication on the systematic errors. Fixing By = 10 mG, Fig. shows the corresponding By and wy for
the first critical point. Fixing wg = 3000 mG, Fig. 7 shows the corresponding By and By for the first

critical point.
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Figure 4.6: Fix By = 10 mG. (a) The first critical points By vs. wq (b) The effective precession frequency
ratio at the first critical point . vs. wy.
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Figure 4.7: Fix wg = 3000 Hz. (a) The first critical points By vs. Bp (b) The effective precession frequency
ratio at the first critical point x. vs. Byp.
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CHAPTER 5

SIMULATION OF THE DRESSED SPIN TECHNIQUE

The dressed spin technique for the nEDM experiment was first introduced by Golub and Lamoreaux in
1994 [29]. Precession frequencies of neutron and *He can be modified to become identical by applying an
RF “dressing” field. In this chapter, we will discuss the simulation of the dressed spin technique. First, the
EDM effective field and the pseudomagnetic field will be discussed. Second, some simulation tools will be
described. Third, a simple review of the dressed spin technique in [29] will be given. The corresponding
Monte Carlo will be generated using the parameters in the proposed neutron EDM experiment at the
Spallation Neutron Source (SNS) at the Oak Ridge National Laboratory (ORNL) |12]. The difference
between the idea in |29] and the proposed experiment [12] will be addressed. The statistic sensitivity will
be estimated using the Monte Carlo. In the end, some possible systematic errors for the dressed spin

technique will be discussed.

5.1 Electric dipole moment

In the presence of parallel (antiparallel) magnetic (By) and electric (Fp) fields, the Hamiltonian of a

particle is defined as

—

He=—(i-By+d-By) = —(1hS - By + dg By) = —hS - (By + %E@ (5.1)
Y

where p and d are the magnetic and electric dipole moments (EDM). An effective magnetic field due to
EDM, called B., is defined as

. d - 2 -
Ey=ZF,. (5.2)

Be=——Fg=
YhS 0 vh
A shift in the precession frequency due to EDM will be

2dF,
=

wez"yBe:
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For a neutron EDM experiment with Fo = 50 KV/cm and v = v, = —27 X 2.91647 Hz/mG, the effective

magnetic field for d = d,, = 10726 ¢ cm is

~ 2x 10726 ¢ ¢m x 50 KV em™!

B, = = —8.29053 x 10~% m@G, 5.4
—2.91656954 x 21 s—1 mG—1 x 6.58211915 x 10~19 KeV s x mn (54)

and the frequency shift is

We = YnBe = 1.51927 uHz. (5.5)

5.2 Pseudomagnetic field

The pseudomagnetic field could lead to some systematic errors for the neutron EDM experiment. This field
will mimic a small but non-negligible magnetic field along the spin orientation of *He. We will first
estimate the magnitude of the pseudomagnetic field in this section. The effect of the pseudomagnetic field
will be included in the n+2He simulation described later.

The pseudomagnetic field is originated from the real part of the spin-dependent scattering length. The
scattering of a neutron by a single nucleus can be described by the Born approximation, and the Fermi

pseudopotential is

2 h?
Ve = 28

bo(r), (5.6)

m

where r is the position of the neutron relative to the nucleus, m is the neutron mass, and b is the bound
scattering 1engthE| which is in general complex b = b —ib’ [78]. The effective scattering length between a
neutron and a nucleus includes various interactions [77].

The neutron has a spin S and the nucleus has a spin I. The Fermi pseudopotential is generally

spin-dependent so that the most general expression for b is

2b;
b=be+ —r5.T, (5.7)
I(T+1)

|
1

where b, and b; are called the bound coherent and incoherent scattering lengths [91]. Since the neutron

spin is S = %, the total spin of neutron and nucleus is J = [ + % The corresponding scattering lengths are

T+1 jj
bo=bo—\/=F=bi. by =bot it (5.8)

1The relation to the scattering length a of a nucleus free to recoil is b = %a, where A is the nucleus/neutron mass

ratio [41].

by and b_, given as [91]
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If we consider the propagation of slow neutrons through a macroscopic sample, the non-absorptive part
of VF is given by

’

2h? . 27h? 2b, > o _
Ve = b, + S5-I —ji-B. 5.9
T e T T ) a (59)

where b/c is the real part of b, b; is the real part of b;, p is the number density of the nuclei and m is the
neutron mass [91]. The first term is due to the spin-independent neutron-nucleus scattering. The third

term is due to the neutron magnetic moment fi. The second term, the pseudomagnetic term, can be

rewritten as

orh? 20, I - T . onh . [ I T
Ve pm = ST (~NS) D = —(ABS) - [l e ——
Fip m P 7179 7 =-(hS)- | m,yplx/prl]]

. 2wh 1 =.

=g [ phy ]/ ——P
u[mym 7717

=—ji-B (5.10)

a

where the neutron magnetic moment i = Whg H, the nuclear polarization P= ; and the pesudomagnetic

field

och o [ T =
" b, . (5.11)

I = % for the *He nucleus. Using data in |78], the bound scattering lengths in unit fm are

be =5.74 —1.4837, b, = —2.5+ 2.568i. (5.12)
The pseudomagnetic field is
5] 22 2 1/2 5] 22 3\ p
B, = —(2.15885 x 10°“ fm* mG)p(—2.5 fm) 3—/2P = (3.11603 x 10** fm?>)pP. (5.13)

For a *He densityH of p=p3 =1.653 x 10727 fm~3 and P = P; = 1, the magnitude of B, is
B, =5.15x 1075 mG. The corresponding precession frequency is w, = an?a =21 x0.1502 mHz ~ 1mHz.

5.3 Simulation tools

Detailed simulation has been performed to understand the roles of the dressing field for the nEDM

experiment. We will describe how to simulate the spin dynamics in a time-dependent magnetic fields.

2y = yp, = —2.91656954 x 21 Hz/mG.
3Use the equation, 1/73 = p30ovn, in Sec.3.3 of [29], where T3 = 500 sec, o9 = 5.5 % 103 barns is the average absorption cross

section of neutron and 3He when neutron velocity is v, = 2200 m/s. The density of 3He is p3 = 1/(1300vn) = 1.653x 1012 cm 3.
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Several techniques are used in this study, including the numerical method for solving differential equation,

and the Monte Carlo method.

5.3.1 Bloch equation

The Bloch equation,

%ﬁ” = ~5(t) x B(t), (5.14)

is used to simulate the spin dynamics in a time-dependent magnetic field. The Bloch equation can be
solved numerically to obtain the time-dependences of the three spin components. In Eq. [B.I] the

gyromagnetic ratio, «y, of neutron (n) and *He (3) are

Vo /21 = —2.91647 Hz/mG (5.15)

v3/2m = —3.24341 Hz/mG (5.16)

given by CODATA H B(t) is a time-dependent magnetic field including:

e The constant holding field, B2z,

e The dressing field, By coswgtz,

e The modulation field of the dressing field, B,,Sign(coswmt) coswqti,

e The time-dependent pseudomagnetic field, By (t) || Ss(t),

e The EDM effective field, B.Z.
The modulation field may have other forms. Therefore, the expression for B (t) is

B, = (B4 + B, Sign(coswpt)) cos (wat) + Ba,»(t)

By = Ba,y(t)

B, = By + Be + By 1 (). (5.17)
The relative angle between neutron and *He is defined as

08 Oz = <Sn : 5*3>. (5.18)

4http://physics.nist.gov/cuu/Constants/index.html
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5.3.2 Runge-Kutta method

A popular method to solve a differential equation is the fourth-order Runge-Kutta method, which evolved

from the simple Euler method. In the Euler method,

which advances a solution from x,, to z,4+1 = x, + h. The fourth-order Runge-Kutta formula is

kl = hf/ (:Enu yn)

/ h k

k2 = hf (xn + 573/71"" ?1)
/ h k

k3 = hf (xn + 573/71"" ?2)

ks = hf (@n + R, yn + k3). (5.20)

and the value of y,41 at x,41 is
1
Yn+1l = Yn + g(k}l + 2ko + 2ks + k4) (521)

The Runge-Kutta method was applied to solve the Bloch’s equation. The procedure is

1
1

k1= At~ S, x B(t)
ky = At v (§n+%) x B(t+ %)
ks = At v (}+E—22) ><§(t+%)
ks = Aty (S, + k3) x B(t + At), (5.22)
and the value §n+1 is given as
Spi1 =5, + %(El + 2Ky + 2k3 + Ka) (5.23)

where we use a time step At = 107° sec.

5.3.3 Scintillation light rate

The interaction between neutrons and 3He atoms will emit scintillation light in liquid *He, through the
reaction in Eq.[2:23] The scintillation light signal depends on the relative angle between the polarizations

of neutron and 3He, ﬁn and ﬁ3. To obtain the distribution function of the scintillation light, the UCN loss

49



is written as

dNUCN _ deall stin,weak stin,abs
dt_(dt+dt+dt)’

(5.24)

where Nycy is the UCN number, Nyqy is the number of neutrons absorbed by the wall, Ngin weak is the
number of scintillation light signals due to the weak decay of neutrons (known as § decay) and Ny abs 1S

the number of the scintillation light signals due to the absorption of 3He. Various terms in Eq. [5.24] are

dNyq 1
7 £ Nycon(t), (5.25)
t Twall
stin wea 1
— Y = —Nyenl(t), (5.26)
t T3
stin abs 1
T*b = —Nyen(t)(1 — P(t) cos 0,3(1)), (5.27)
t T3

where 7’s are decay constants for various effects, P(t) is the product of the polarizations of neutron and
3He as a function of time. The total loss of UCN becomes
dNycn 1 1 1

o= _NUCN(TMH + o + 7_—3(1 — P(t) cos 0,3(t))) (5.28)

and the number of UCN is

! +1+1)t+1/th()cos6‘ (7] (5.29)
-+ = - TP(T 3 (T .
Twall ] T3 73 °

Nuen = Noexp [—(

where Ny is the initial number of UCN. The scintillation light rate is

dd _ stin _ stin,weak + stin,abs

dt dt dt dt
1 1 1 1/t
= Nypexp[—( +—+ —)t+— [ drP(7)cosbp3(T)]x
Twall T8 73 73 Jo
1 1
—+ —(1 - P(t 0,3(t
(; + 7 (1= Pt costs (1)
1/t 1 1
— Noexp[-Tupet + - / drP(r) cos Oy (1) (- + L (1= P(t) cosbus(8))),  (5.30)
T3 Jo T3 T3
where I' ;. is defined as
Fave = i + i + 1 . (531)

T3 T3 Twall
Eq. 530 will be used as the distribution function to generate Monte Carlo. Besides, the corresponding
cos O3 will be calculated using the Bloch equation. The scintillation signal will be simulated for different

magnetic field setups.
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5.4 Free case (without the dressing field)

In a uniform magnetic field By, neutron and 3He precess at their Larmor frequencies, w,, = v,Bg and

w3 = v3By. The relative precession frequency is
w =27f; = wp — w3 = (Y — 73)Bo = 27 X 0.327(Hz/mG) x By (5.32)

and the relative angle will be

On3(t) = wit + bo, (5.33)

where 6 is the initial phase difference between the polarizations of neutron and >He. To simplify the
equation of the scintillation light rate in Eq. 530, the polarizations of both neutron and 3He are set to one

(P(t) = 1). Then, the scintillation light rate becomes
dd

1 1 1
— = Nyexp [Tyt + —— ((coswit — 1) sin b + sinw;t cos0p)](— + — (1 — cos (wit + 0p))).  (5.34)
dt T3Wi T8 T3

If the initial relative angle is zero (6y = 0), the scintillation light rate will be simplified as

dd sinwt., 1 1
2 Nyexp[~Tanet + (1= coswit)). 5.35
7 oexp| P~ ](Tﬁ 7_3( coswit)) (5.35)

For a fast precession wy, for example By = 10 mG and w; ~ 20.7 Hz, the term

sin(wyt)

’ < 0.0001 (5.36)

wiT3
can be ignored. Therefore, the scintillation light rate becomes

dd 1 1
Z ~ Nge Tavet(— 4 — (1 — t 5.37
7 o€ (75 + Tg( coswit)), (5.37)

where Ny = 1.68 x 10, 75 = 885 sec, T3 = 500 sec and 7.y = 1150 sec for the Monte Carlo [|9].

5.4.1 Monte Carlo simulation of the free case

Monte Carlo of 10 runs are respectively generated for two cells placed in opposite electric field directions.
The result will be compared with the sensitivity estimated using the method in [15].

The generating function is Eq. 530 where the term % fg d7P(7) cos 0,3(7) is also integrated step by
step. An EDM effective field B.Z was added so that the relative precession frequency in cell 1 (cell 2)

becomes w; — we (w; + we) where we = 100 pwHz. The Bloch equation simulation will be applied to obtain
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cos ((w; + we)t). The generated Monte Carlo can be fitted by using the function

f(t) = e 7' [py — pa cos (27 (ps + pa)t + ps)] + ps (5.38)

where pg is the total decay constant, p; and ps are related to the product of the total neutron number and
the decay constants, ps is fixed as the relative precession frequency f;, ps is the relative precession
frequency shift, ps is the initial relative phase shift and pg is the constant background. The standard
deviation of p4 is related to the statistical sensitivity of EDM. One example of the fitting is shown in

Fig. B.Iland the fitted parameters are listed in Table. 5.1l Fig. shows that the standard deviation of py
is around 2.7 uHz for Ny = 1.68 x 106 H

timel 0 run0:cell 1 | timel 0

Entries 1201251 Entries 1201251
Mean 171.9 * 150 Mean 1.024
RMS 131.4 E E | rRMs 0.5987
X2/ ndf 1.006e+04 / 9994 & C X2/ ndf 1.006e+04 / 9994
po 0.003976 + 0.000014 400 [ PO 0.003976 + 0.000014
p1 262.8 + 0.4 E p1 262.8+ 0.4
p2 159.9 £ 0.5 3501 p2 159.9 0.5
p4 9.877-06 + 2.465€-06 E p4 9.877-06 + 2.465€-06
PS5 1.029 + 0.003 E PS5 1.029 + 0.003

-1.364 + 0.297 300 p6 -1.364 + 0.297

250

| | 100 L L 1 L L 1 L 1 1 |
100 400 500 (o) 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (sec) Time (sec)
run 0: cell 2 time2 0 [runo:cell2 ] time2 0
Entries 1290389 Entries 1290389
450 Mean 171.8 3450 Mean 1.032
E RMS 131.2 s F RMS 0.6047
1400 X2/ ndf 1.027e+04 / 9994 G400 X2/ ndf 1.027e+04 / 9994
PO 0.004009 + 0.000014 E PO 0.004009 + 0.000014
p1 262.4%0.4 E Pl 262.4%0.4
p2 161.7 + 0.5 350 p2 161.7+ 05
p4 -1.289e-05 + 2.460e-06 = p4 -1.289e-05 + 2.460e-06
PS5 1.026 + 0.003 300 PS5 1.026 + 0.003
-0.7106 + 0.2925 p6 -0.7106 + 0.2925
250
200
150~
| | | 1001, I I I I | I I I 1 |
100 200 300 400 500 (0] 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time (sec) Time (sec)

Figure 5.1: Fitting of the Monte Carlo. The fitted parameters of f(t) are shown in Table 5.1l The right
figures show the fits in a smaller time window.

51n fact, since only the time window t = [0, 500] sec is used, the total neutron number is around 1.2 x 106.

Table 5.1: The fitted parameters of f(¢) for one Monte Carlo run.

Celll Cell 2

Di error Di error
Do 0.00397632 1.37748x107° Do 0.00400904 1.37388x107°
P1 262.844 0.430667 p1 262.432 0.430569
D2 159.853 0.502974 D2 161.682 0.504257
3 3.26941 fixed 3 3.26941 fixed
ps | 9.87702x107° | 2.46506x10~° pa | -1.28949%x107° | 2.45966x10°
D5 1.02947 0.00337528 s 1.02576 0.00334389
D6 -1.36403 0.297069 D6 -0.710624 0.292453
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Figure 5.2: The distribution of ps. The total RMS of 20 runs is 2.594 x 10~® Hz which is consistent with
the estimation of Eq. The mean difference is Aw = 197.1 pHz.

Using the analytical expression by Chibane et al. [15], the frequency variance can be estimated [9] as

1 11
— (= + — 5.39
1 — e Tavel ‘' + TB) (5.39)

E(E
w2 T

UJ% - )2Fave

where T is the period of the measurement for a single run. Using 75 = 885, 73 = 500, Tyqu = 1150 and
T =500, o5 = 2.97 x 1072 Hz which is consistent with the sensitivity obtained from our Monte Carlo
study(Np ~ 1.2 x 10° so that o¢/v/Ny = 2.7 x 1076 Hz).

Different pseudomagnetic fields are also examined in simulation. Fig. shows pseudomagnetic fields
at level of 10~* mG will cause a frequency shift at order of 1078 Hz, which is much smaller than the
sensitivity at order of 1078 Hz. Besides, the effect of the pseudomagnetic field is independent of the

direction of electric fields. The effect will be further suppressed from a comparison between the two cells.
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Figure 5.3: Pseudomagnetic field versus frequency shift. The slope is about 3.2 x 1078 Hz.

5.5 Dressed spin

Here we briefly will review the dressed spin technique for the neutron EDM experiment. A particle with a
spin S = % in a constant magnetic field ByZ, called the holding field, will precess at the Larmor frequency

wo = 7Bo. Then, an oscillatory RF field like B4(t) = By coswgti in Eq. [£3] called the dressing field, is
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added to the system perpendicular to the holding field where By is the dressing field amplitude and wy is
the dressing field frequency. Two dressing parameters are defined as x = W’Zd—fd and y = 7’;—?0 as well as
Eq. and Eq. 3.3 where v, is the gyromagnetic ratio of neutrons. The precession frequencies of neutron
and 3He can be modified by tuning these two parameters. If the dressing field frequency wy is high enough
comparing with w,, (y = wp/wq << 1), Fig. B4 shows the precession frequency is modified following the

Bessel function [19]
V3B
Wq

(7"_Bd) d

, Wy = W3J0( ) (540)

wz = w,Jo
The relative precession frequency between neutron and *He will be

B 3By
Wy = wg - wg = "YnBOJO(FYZ)d i )

d) —v3BoJo(
W

(5.41)

There are critical points of = and y where neutron and 3He precess at the same frequencies, called the
critical dressing, i.e.,

wy =wl —wi=0. (5.42)

), the solution of the lowest critical point is at 2, = % ~ 1.189,

Solving ~,, BoJo (2 de

w

) = 73 BoJo (224
where By . is the critical dressing field. The advantage of applying the dressed spin technique is to
eliminate the systematic error from a drift of By. If w, is close to zero, the systematic error due to the
drift of By will be strongly suppressed .

The dressing parameters are set at y = 0.01 and z = 1.189 and By = 10 mG for the neutron EDM

experiment at the SNS. However, in reality, there is always a finite offset of the relative precession

frequency. For example, for x = 1.189, w, is

wy = 7 BoJo(1.189) — yg,BOJO(:—?’Llsg) =3.14547 x 107 Hz (5.43)

n

which is not zero. It is impossible to sit precisely at the critical dressing point in the real experiment.
Nevertheless, the offset of the dressing field can be dealt with by applying a feedback scheme which can
adjust the dressing field to correct for the offset.

5.5.1 Analytic solution of the dressed spin

Now we can consider the time dependence of (7). We take an initial state with (&) pointing along the &

axis in the presence of the dressing field B;. The matrix elements of 6,, 6,6, in the basis of the

6The necessary uniformity of the magnetic fields is described in Appendix [E]
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Figure 5.4: :—Z = Jo(x) and Zj = ,’:—3J0(:YY—3:E). wy, is defined by w,, = v, By. It shows that the effective

precession frequencies of neutron and 3He can cross at several places. Usually we use the first point at
z. ~ 1.189 as the dressing point.

eigenstates Eq.[4.42 can be calculated. For &,, we have

’

exp [—i(n wq + %mwoJo(:zr))t] (n

/

1
,m/ |Gz |n, m) exp [i(nwy + EmwoJo(x))t]

:%[<n;|n+> — (im)(im)(=1){n"_[n_)] exp [i((n — n )wa + %(m —m YwoJo(2))1]
=0, 5(1 —mm) exp [%(m —m woJo(x)1]
0, m=m

0,,.n' €XP [%(m — m/)woJo(a:)t], m # m

For &,, we have

7

’ 1 ’ YR . 1
exp [—i(n wq + 3m wodo(x))t](n",m'|Gy|n, m) exp [i(nwq + §mw0Jo(x))t]

:1[<n'+|n_>zm — <n’_|n+>iml] exp [i((n — n,)wd + %(m — m,)woJo(:C))t]

[,

[J_g(x)im — J_y(—z)im'] exp [i(quaq + %(m —m YwoJo(z))t]

_(@)im—J_ (—x)imJexp[i((n — n )wa + %(m —m YwoJo(z))t]

T a)im — (~1)0 g (x)imJexp [i(gwa + g (m — m Yo Jo )]

’

J_g(x)i[m —m (—1)?] exp [i(qwa + %(m —m woJo(z))t] (5.44)

IR NN~ -
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and finally, for 6., we have

’

exp [i(n'wa + 5w o)) Tn

:%[<ng_|n_>m + <n/_|n+>m,] exp [i((n — n,)wd + %(m — m,)wOJO(:E))t]

=S U alwhm Ty (—aym Y exp i((n — n et + g (m —m o Jo ()]
=S g(@hm + (1)1 (e)m T explilgea + g (m —m Yoo o(a))]
1

’ . 1 /
=57 g(@)m+ ' (~1)7 exp [i(awa + 5 (m — m Yo Jo (@)1
If the initial state is set as a coherent state with spin along the 4z axis,

Z G —= |n m) exp [i(nwq + ;WWOJO( Nt

n,m=d=

the time dependence of the expectation value of G, is

(W) 62 [9(t)) = (62(1))

= Za 16, v cos (woJo(z Z lan|? cos (woJo(2)t) = cos (woJo()t),

nn

the expectation value of &, is

()] 6y [1(2)) = (6,(1))

= 3 Saang T gf@)ilm—m (<1)7]exp [ilgwa + 5 (m —m e o(x))]

’
n,n' ,m,m’

1

= > @ —qn 3 J—q(@)i[2 exp [i(qua + woJo(2))1] — 2exp [i(qwa — woJo(2))1]]

n,qg=even

= Z ay,— gnd—q(2)i exp [iqugt]i sin (woJo(z)t)

n,q=even

= — Jo(z) sin (woJo(2)t) — Z ay,— qnJq () cos (qwat) sin (woJo(x)t),

n,q>0,even
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o Ty exp [inasa + 3o o))
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and the expectation value of &, is

(W)l o= () = (0:(1)

= 3 ST g@lm o m (<1)expilawa + 5 (m —m Yo o())]

n

’
n,n" ,m,m

= Y ah_gand_q(x) exp [i(qua)t]i sin (woJo(2)t)

n,q=odd

= Z Qy,— g Jg () (—isin (quat))i sin (woJo(z)t)
n,q>0,0dd

= > a0 Jy(z)sin (quat) sin (woJo(x)t) (5.49)
n,q>0,odd

For the SNS nEDM experiment, the absorption scintillation rate is related to the polarization of two

particles, given by

- —(1-B, B, 5.50
Tabs TB( 3) ( )

where 1/73 = N3ogv,, N3 is He number density (for 73 = 75/10, N3 &~ 10'3/cm3 is required), and 74 is
the effect of wall loss and /3 decay, v, is the neutron velocity and og is the *He absorption cross section
(00 = 5.5 x 103 b, v, = 2200m/s and both the neutron and 3He are unpolarized). Eq. shows that the
absorption rate depends on the expectation value of 6, - 73.

Using Eqs. 5474549 the time dependence of &, - '3 can be calculated as

(Onz03:) = cos (wpt) cos (wst), (5.51)

(Onyosy) = Z Z (a:L—qan)UCN (a;;’,q’ Ay’ )HeJq(xn)Jq’ (23)

n,q>0,even ' ¢’ >0,even

cos (qat) cos (¢ wat) sin (wnt) sin (wst), (5.52)

(onz03:) = Y Y (@ _gan)von(al_pay)medq(za)dy (@)

n,q>0,0dd n,,qIZO,odd

sin (quqt) sin (¢ wat) sin (wyt) sin (wst). (5.53)

where x,, = v, Bo/wq and x3 = y3By/wq. Using ¢ < n, Y, |a,|*> = 1 where a, is a slowly varying function

of n, Eq. B.521 and Eq.[5.53] can be simplified to

(OnyOsy) = Z Jq(zn)d (23) cos (quat) cos (¢ wat) sin (wnt) sin (wst) (5.54)
q,q’ >0,even

(Onz032) = Z Jg(zn)J s (23) sin (quqt) sin (¢ wat) sin (wnt) sin (wst). (5.55)
q,q4' >0,0dd
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Averaging over the fast frequency qwg(q > 1), then eventually

(OnyOsy) & sin (wpt) sin (wst) x (Jo(xn)Jo(z3) + 2 Z Jg(xn)Jy(23)) (5.56)
q>0,even
(Onz032) =~ sin (wnt) sin (wst) x 2> Jo(wn)Jy(@s). (5.57)
q>0,0dd

Therefore the dot product of the spin of two particles will be

<5n : 33> = <Unz : 0'31> + <Uny . 03y> + <Unz : 0'3z>
= cos (wpt) cos (w3t) + sin (wpt) sin (wst) Jo (T, — x3),

1 1
=3 [cos (wp, + w3)t + cos (wy, — w3)t] — 3 [cos (wp, + w3)t — cos (wy, — w3)t]Jo(xs — x3)

= %[1 — Jo(zy, — x3)] cos (wp, + ws)t + %[1 + Jo(xpn — x3)] cos (wy, — w3)t. (5.58)

where x,, At the critical dressing, x,, ~ 1.189, z3 ~ 1.32229, w, = w3 ~ 12.3985B, and

Jo(zn — x3) = 0.995563. (7, - 0'3) is very close to one since Jy(x, — x3) is very close to 1.

5.5.2 Bloch equation simulation of the dressed spin

The Bloch equation simulation has been performed to calculate cos#,3. The result of the simulation is
shown as the black curves in Fig. The red curve corresponds to the calculation using Eq. The
oscillatory pattern of the red curve is from the first term of Eq. It is interesting to note that neutron
and 3He do not precess exactly together even at the critical dressing; in fact, they precess forward and
backward within a small angle. The angle is related to the amplitude of the oscillatory red curve,

1 — Jo(x, — 23), so that the small angle is equal to Cos™!(Jo(x, — 23)) = 5.4°. Besides, the simulation also
shows another oscillatory pattern at a high frequency equal to the dressing frequency, as shown in the
bottom plot of Fig. It requires extremely high timing resolution of the scintillation light signal to
observe this effect. A film of the dressed spin dynamics of neutron and *He has been made and can be
viewed at http://www.youtube.com/watch?v=xBL_jDjtojc. It shows that the spin is wobbling vertically
such that the time average of the precession in the x-y plane becomes slower when the dressing field is

applied.

5.5.3 Extraction of the neutron EDM in the dressed spin system

For an extremely small w, the initial phase 6y, which is the angle between the UCN and 3He spin, is a

dominant factor affecting the sensitivity. This can be explained by considering the signal and background
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Figure 5.5: Simulation of cos#,3(t). By = 10 mG, y = 0.01 and « = 1.189. Black curve is Bloch equation
simulation and red curve is Eq.[5.58 The simulation also shows another oscillatory pattern at a high
frequency equal to the dressing frequency.

ratio when 6y = 0, the background function fg(t) and the signal function fs(t,w,) can be defined as

(L 1 1

fo(t)=e T ma) = (5.59)
T8
(L 1 1

fs(t,wy) =e (5 Foai )t—(l — cos (wqt)). (5.60)

73

fB(t) and fs(t,wy) are plotted for different w,’s in Fig. 5.7 The integrations of the background and the

signal over the measurement period ¢ = [0, 500] sec are defined as

500
BEA fe(t)dt, (5.61)

500
S(wy) = ; fs(t,wy)dt. (5.62)

The ratio of S(wy)/B is plotted in Fig. 5.8l We can see a turning point once f, is smaller than 1000pHz,
which reflects the poor sensitivity at smaller frequencies.

How can one observe EDM signal if the dressing field is applied? Inspired by [24] and [44], the neutron
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Figure 5.7: fp(t) and fs(t,wy) for w,=1,100,1000, 10000pH z.

EDM signal can be derived from the number of scintillation signals integrated over the measurement

period T [18]. The initial phase 6 is considered for a small w, so that Eq. [(5.:34] becomes
dd t 1 1
o ~ Ngexp [—Tapet + . cos 90](% + 7_—3(1 —cos by + wytsinby))
= Ny exp [—At](B + Cw,t), (5.63)

where A =Ty, — %, B = % + %3(1 —cosfy) and C' = % The number of scintillator signals

integrated over the measurement period T is

T
dd B C
O(T,wy) = | —=dt = No[—2(1 - e A7) + wy (1= (14 AT)e 4T)]. (5.64)
0

d

If an EDM effective field is added, cell 1 (cell 2) has the relative precession frequency: w. +w? (wy —wd) so
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Figure 5.8: S(fy)/B and S(fy)/S(fy) + B vs. fy
that the total event number difference between two cells is proportional to w?:

A(I)sz-QNOC

=1-0+ AT)e A7), (5.65)

A parameter is defined as S = ]% which is independent of the initial neutron number Ny. The frequency

variance can be calculated as

o2 0% dS -2 S [ﬁrQ 1
-~ (2m)2 dwd

0% = il W[WZ = 2(1 - e*AT)/(%u — (14 AT)e 4T))2. (5.66)

Using 73 = 885 sec, 13 = 500 sec, Tweu = 1150 sec and T' = 500 sec, Fig. [5.9] shows jT% and oy as a
function of 8y. Comparing with Eq.[5.39, the dressed spin technique can compete with the free case if the
initial angle is tuned. Here we do not consider other parameters, like the continuous background, the
polarization of neutron and 3He, the efficiency of the PMTs, etc. Those parameters should be optimized to

achieve the maximum sensitivity.

5.5.4 Monte Carlo simulation of the dressed spin system with an initial relative angle
0o = 90°

In order to check the validity of Eq.[5.66, we have carried out Monte Carlo simulation. Monte Carlo are

generated for the parameters of 8y = 90°, 754 = 885 sec, 13 = 500 sec, Tyau = 1150 sec, T' = 500 sec,

Ny =1.68 x 10% and = = 1.189, y = 0.01. The Bloch equation is applied to calculate cos 8,3 in the cell 1

(cell 2) with the frequency w, + w? (wy — wd), where wd = 1076 x Jy(1.189) Hz. The integration of the

function Eq. 530 over the measurement period is

500 AP + d
Ny = / %dt. (5.67)
0
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Figure 5.9: Left)% and Right) o, versus 6y which is in radian. The black curve is Eq. 5.66 and the red

curve is Eq. [£.39

For each run, the number of event will be randomly given by using the Poisson distribution. Fig. E.10]
shows the distribution of the total event number of 10 runs for cell 1 and cell 2 within ¢ = [0, 500] sec and

the standard deviation is og &~ 1146. From Eq. [5:64] the standard deviation of ® is

o
op = ng% = (0, x Jo(1.189)) - 2.22 x 10% ~ 1146 (5.68)
and the value of oy, is around 7.63 pH z for the initial neutron number Ny = 1.68 x 10°. The calculation

using Eq.[5.66lis 0, = 5.2 pHz. The discrepancy is due to the offset of the dressing field shown in
Eq. [543 The offset would cause a significant variation for the total event number.

celll [cell 2] cell2
Entries 10 Entries 10
* 10p Mean 1.176e+06 ® 10p Mean 1.176e+06
5 b RMS 1294 5 of RMS 974.7
& Tk X2 ndf 1.818/1 & Tk X2 I ndf 6.522e-11/0
o= Prob 0.1775 == Prob 0
= po 4,558 + 6.400 E po 5.073 % 2.247
7 pl 1.177e+06 + 991 = pl 1.176e+06 + 490
E p2 1080 + 1530.5 E p2 1256 + 562.4
6; 6;
5E 5E
“E ns
3 3
2F 2F
1= 1=
B L R R Y [0 e AN 1 Jxae®
Q1 1.165 117 1.175 1.18 1,185 119 Q1 1.165 117 1175 1.18 1.185 119
Total Event # Total Event #

Figure 5.10: Event number for cell 1 and cell 2. The mean difference is 495 so that the frequency difference
is Awe ~ 3.3 uHz.

The sensitivity of the dressed spin technique is comparable to the free case if the initial angle 8y is not
close to zero. However, for the method utilizing the total event number described above, it will not be easy

to determine w, directly from the data without knowing precisely the distribution function of the data and
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other parameters, like neutron density, etc. In the next sections other methods will be introduced to

overcome the difficulty.

5.6 Modulated dressing field

It is clear that when the system is at the critical dressing where neutron and 3He have the same precession
frequency with 6y = 0°, there is no absorption signal. This problem can be solved by modulating the
dressing field so that x can deviate from the critical point x. and the relative angle 6,3 between neutron
and 3He is varied periodically. The variation of 8,3 will affect the rate of the scintillation light. The
difference of the scintillation light signal between the first and the second half cycles will reveal a non-zero
EDM plus an offset from the critical point x..

Upon the application of a square-wave modulation field, the dressing field becomes
B(t) = [Bg,c + BmSign(cos(wmt))] coswqt, (5.69)

where By . is the critical dressing field, By, is the modulation field and wy, = 27 f,,, = 27/7,, is the

modulation frequency. A modulation parameter is defined as

an
g = 20T (5.70)
wq
The relative precession frequency at the positive modulation field is
wZO = wp[Jo(ze + ) — ado(a(ze + zm))], (5.71)
and at the negative modulation field is
W, o= wn[Jo(xe — 2m) — ado(a(ze — zm))]- (5.72)

Fig. 61Tl shows an example of the relative precession frequency and the relative angle as a function of time.
The sequence of a single cycle of the modulation is as follow: first, the B,, is applied for a duration %Tm,

then —B,, is applied for a duration %Tm and finally, B,, is applied for another %Tm. The cycle is then

repeated. The corresponding angle 6,,, between neutron and He is shown in Fig. 511l We can see the

modulated angle increasing and decreasing as a function of ¢. For a small modulation (6,, < 1), the

scintillation rate d®/dt < 1 — cosfp3 =1 — (1 — %) ~ 1602
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The relative precession frequency for a small modulation x,, is around

lwiol = |w ol = |wallJo(z) = ado(a@)]| = |wn[Jo(ze + m) — ado(a(ze + m))]|
~ |Wn|[J(;(xC)$m - aJ(l)(a:Cc)me = |wp[=J1(zc) + a2J1 (aze)]wm]
= |wy, X 0.156077 X 2|, (5.73)

where a = v3/v,. If the system is at the critical dressing point, the relative angle between neutron and *He
varies equally in the positive and negative modulation. However, if there is an offset Az from the critical

point, then |wZO| is not equal to |wz_ ol- For example, the relative precession frequency w., as a function of

Az is
wy(Az) = wy[Jo(z + Az) — ado(a(z + Ax))] (5.74)
and then adding a modulation z,, = 0.05, the frequency is
in(Ax) = wp[Jo(z + Az £ ) — ado(a(z + Az £ 2))]; (5.75)

At Az =0, Aw, = |Wj.,0| — |w ol = 0 which means = is still close to the critical dressing. However, if

Az = 0.05, then Aw., /27 ~ 0.45 which means there is a phase difference Aw,7,,/2 after a cycle of the
modulation. This difference is related to an EDM effective field or an offset of the dressing field. Both w,
and Aw, are shown in Fig. as a function of Az.
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Figure 5.11: wy and 6,, for the modulation field of the cosine square wave. B,, = 0.0584 . = 59.45mG,
fm=1Hz By =10 mG, y =0.01 and = = 1.189.

5.6.1 Effect of the neutron EDM with the modulated dressing field

An alternative idea to derive a neutron EDM is to use the modulation signal. The modulation signal with

an offset is a linearly increasing first harmonic signal. If there is an offset of w,, the relative precession
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Figure 5.12: Left)The red curve is w, versus Az and the green curve is Oprqr = wy X 7 /4 where

Tm = 1 sec. It can be roughly described by the

function: f(Az) = —1.012Az3 + 0.368412Az? + 4.53535Az + 0.00524344 where z = 1.189. Right) Aw,
versus Az. w, can be roughly described by the function: f(Az) = 9.1247Az + 0.0017485. The constant
term 0.0017485 is from the offset for z = 1.189.

frequency for cell 1 becomes

wio(Aaz) = wplJo(x £ xm) — ado(a(z £ x4))] + we (5.76)
and for cell 2 it becomes

wa(Ax) = wplJo(x £ xm) — ado(a(z £ x4,))] — we (5.77)

as shown in Fig. The offset of the w. will accumulate a phase difference between two cells. Since the
scintillation light is proportional to cosf,3, the difference of cos 8,3 between two cells is shown in Fig. 5.14
where the oscillation frequency depends on the modulation frequency. It shows that the scintillation signal
is a linearly increasing first harmonic wave with the slope proportional to EDM (w7, ). Fig. shows the
difference of cos#,3 between two cells for different modulation frequencies. Therefore, the slope of signal is
related to the value of EDM. However, the real scintillation signal is not linearly increasing because of the

neutron decays. We will apply the time evolution operator to describe the modulation signal in Sec. [£.6.2]

5.6.2 Time evolution of the UCN spin with the modulated dressing

One approach to treat the dressed spin is to use a density matrix formulation. Here we summarize the
calculation in [29]. The pseudomagnetic field of *He will also be addressed H Since the number of *He in
the system is always much greater than UCN, the polarization of 3He can be taken along the & axis in the

3He rotating frame. In addition, the modulation field in the +2 direction is +w, o as mentioned in Eq. .73

"The calculation without considering the neutron EDM is described in Appendix [Gl
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Figure 5.14: c0s 0,3 ceii1 — €08 03 cennz for different w, with 7, =1 sec.

The Hamiltonian for the interaction of neutron and 3He in the 3He rotating frame @] can be written as

T N N h1 P N N N
Hy = —ih= + Vipm + w2 0hS, + wihS, = —i=[— — =26,] + wahSy & w. 0hS, + wihs.,
2 ’ ’ 2 T0 T3 ’
where % = % + Tis, wd = weJo(xe) and w, = vB,P3. The Pauli matrices &; are
A 01| 0 —i 1 0
O = y Oy = y 0z =
1 0 i 0 0 -1

and Sl =

h1 1 0 ho| £(w.oxwd)
2

!/

P:
W= w, —I—iT—3 = vB,P3 ~|—i7_—3,
3 3
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Figure 5.15: cos 0,3 ceri1 — €08 0p3 ceni2 for different 7,,, with we =1 p Hz.

where 73 is roughly 500 sec and 27/vB, ~ 27 /vB, = 1/(0.3 x 1073) = 3333 sec. Then, using

the time-evo

Using St =

H
Us = exp (—i—-t) ~ exp (—5 —)

exp (—igd - n) = Icos¢ —id - usin ,

lution operator is

-

H 1t - V-
Uy(t) =exp (—i%t) = exp (—5—)[ICOS Vit —id - V—i sin Vi ¢,

T0 +
( 1 ¢ ) cos Vit Fid <= ‘O,iw‘f sin Vit —z%v— sin Vit
- exp o /
70 —z%;—i sin Vit COSVitizl%smVﬂf

- 1 1

Vi = :I:i(wzﬁ +wd)z + 54;.);:13

1
Vi:§\/(wzoj:w§) + (w))? 2\/wzo—|— 12 4+ 2, g,

Siri/‘ft, Eq. 683 becomes

1t exp (Fid(wz,0 £ wd)t) —itwh Sy
70 —izwh St exp (i1 (w20 + wd)t)
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Thus U_4(27) =U_Uy is

_ 2 d
. e zw T w/ S S+ —z%w ezzwz ()T(S’ e zQwCT+S ez w ‘r)
v =ep(-2)| y 2
T0 —z2w’ e—zzwz QT(S e zzwer +S ez We ‘r) ezw T w/ S S+
[ —iwdr itw, oT - d itw, oT
T e We betzw=, T 1 —iwr  be'2¥=
~ ~ €
~exp (——) N . ~exp (——) n ,
T0 be~t3wW=,0T elweT T0 be~t3wW=,0T 1+ng7'
. i1
T 1 0 —zw‘ZT betzw=,0T
= exp (——)( + )
T —itw, o7 )
0 0 1 be*2w=0 WweT

—

= exp (=) + B 5],

70
where
/
b= _Z2wz10 sm(§wz707),
5 o 1 . 1 Y
B -6 =bcos iwz,oTom — bsin sz’OTay —WTG,
7B & B —iwdT /b elaw=oT
B =1/b?+ (wir)? ~ b and bp=2""~2 2 N /
B b e~ 12w=0T T /b
Now
nT. . n
U, = exp (——T)[I + Bop|" ~ exp (——T)[I + b6 p]"
70 70
nr,, 1 " . 1 " "
=exp (——)(U5[(1+0)" + (1 =0)"+5p5[(1+b)" = (1 -b)"])
T0 2 2
1 T Fy — F_iwlr/b  F_exp (itw.o7)
= lep(-2
2 270" | F_exp(—il sw.0T)  Fy + F_iwlr/b
where

Fy = exp(—ia) £ exp (ia).

The cosine square-wave modulation is applied so that the total time-evolution operator becomes

H_ 1
Utot(T) = Un exp (—275)
d (1 wz,07)

1 T F+6(l wz,07) + F_M%é F_e(i%wz,m-)

~ - €xXp (__ “ d (—idw, g7)
279 Fe(—itwz07) Fpe(-itwsom) _  wee wféz*o
a
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The final state is

1 T exp (itw, o7)
Y4 (T) = Uit (T)Y+(0) =—+= eXP(—2—)((F+ ) *
2v/2 70 + exp (—itw. 07)
d exp (11w,
+F e %P (Fgw=om) |y (5.94)
wg0 Fexp (—iiwz,m’)

The expected value of o, is

(02) s = Vhouy

1 T 1
= —exp (——)[(Fy £ F_)*(£2cos ~w, o7)
8 T0 2 ’
+(Fy £ F)*(F we (23 sin 2w, 07) + (Fy + F_)(F we ) (20 sin 2w, o7)"]
TS p W OT) AT =TS g =07
e 1
= +e 7 [cos(ngyoT)ei'yT + wiTn. sin §wz,o7’] (5.95)

where

(€T — cos QT) £ Qsin QT
= (@2 12T '

(5.96)

Fig. 5.16] shows how 7. and the coefficient of w? are affected by the pseudomagnetic field. The EDM signal
will be diluted by the strong pseudomagnetic field. If the pseudomagnetic field becomes zero, i.e., Q = 0,

i'yT_l

~T

e

Nt = (5.97)

. d — L (T
The coefficient of w¢ becomes e~ o >

rate for UCN in the state with o, = + is

sin %wz)m' and the signal will linearly increase. The absorption

No(t) — No(t) 5 B

Ry =W _ W BB
Tabs 73
Nog _ 1
= 0% [T (1 F Ps cos sz’oﬂ + P3wiTn. sin szﬁor]. (5.98)
73

The scintillation rate S for an initial UCN polarization P, is

1 1

1Ny 1 1 1
— 20,5 [(1 = P3P, cos —w. o7)(?T + e 7T) + (P, — Pycos —w, o7)(e?? — e 7T)
2 T3 2 = 9%
1
+ P3wiT sin sz70T(77+ + -+ Py(ny —n-))], (5.99)
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where

y(eT +e T —2c0sOT)

_ = ~~T 5.100

Ny +1 AT ol ( )
(T — e T) +2Qsin QT

—n_ = ~ 2 5.101

N+ n (Q2 +’}/2)T ( )

if T'— 0. It shows that the EDM signal will appear even if the polarization is zero, i.e., P, = 0, because
the spin-dependent neutron capture makes the neutron polarized during the measurement. The w? term is
proportional to vT + 2P, T. Ignoring T? term, the EDM signal, the w? term of the scintillation light rate,

becomes

No _z 1
Seim = ~2e7% PP, sin swsor - Wi T. (5.102)
T3

In the next section, we will show how to use it as the input for the feedback loop and as the monitor of the

linearly increasing signal in the other cell.
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5.7 Feedback method

The idea of the feedback loop is to keep the linearly increasing term in Eq.[(.99 i.e., Eq. B.I02 zero by
adjusting the dressing parameters. If a system is at the critical dressing, the relative angle between
neutron and 3He will be varied equally by the modulation, i.e., |Wj,0| = |w_ |- However, if |Wj,0| # |w;ol,
the variation won’t be the same in different modulation directions. The difference will be used as the input
to the feedback loop. The modulation cycle will be repeated with the modified dressing field. After one
more cycle, the new angular difference will be used as a new input. The cycle will be repeated until the
system becomes stable. For a real experiment, it is not easy to measure the relative angle directly. What
we can measure is the number of events (scintillation lights) detected in each half cycle. The details will be
simulated in Sec.

By measuring the dressing parameters as a function of the electric field, the neutron EDM can be
determined. Since the applied field E determines the relative angle, the UCN-3He system is
mathematically equivalent to a voltage-controlled oscillator of a phase-locked-loop(PLL), which can be
referred in [27], with the first harmonic signal equivalent to the voltage output of the PLL phase detector.
The PLL technique can be applied to the neutron EDM search [29].

One point should be emphasized for the two-cell system. Since the two cells share the same dressing
coils but have different electric field directions, the dressing field for both cells will be modified at the same
time so that only one cell will be kept at the critical dressing. The signal in another cell will have the
increasing term as Eq. 5102, which is proportional to 2w?. Here we apply the feedback to cell 1 and use

cell 2 as a monitor.

5.7.1 Systematic uncertainties in the feedback system

The linearly increasing term in Eq. and Eq. is proportional to the EDM effective field, w?.
Theoretically, the measurement of the linearly increasing signal, like Fig. [5.16] should be enough to
determine the EDM value. However, there are two dominant systematic errors affecting the final result.
First, the pseudomagnetic field will change the slope of the increasing signal or even dilute the signal as
shown in Fig. The angle between neutron and >He cannot be controlled better than 1072 rad. If the
pseudomagnetic field has a component along Z at an order of 0.1%, the frequency shift will be at the level
of 1076 Hz which is at the level of 1072%¢ cm H Second, the offset of the dressing field will create a
frequency shift between two particles which is described in Eq. and Sec. However, it is
independent of the electric field direction and should be able to be cured by the feedback. Here we focus on
the discussion of the pseudomagnetic field.

In the ideal situation, the applied correcting field w, should be able to cancel w? so that w, = w? — w.

8In Sec. 5.2 the pseudomagnetic field is around By ~ 5 x 1075 m@ so that the possible frequency shift due to the vertical
component of By is Aw = vBg X 1073 ~ 1 wHz.
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becomes zero and w,. = w? is the EDM signal. However, the pseudomagnetic field and the offset of dressing
field will bias the measurement. How can one estimate the systematic error? First, let us consider a system
of the critical dressing in the *He rotating frame (the frame rotates at wg = y3ByJo(az.) around 2). The
pseudomagnetic field B, is along & and initially the residual field along the Z-axis is the EDM effective field
B.. The corresponding frequency is w, = 7, Ba and w? = 7, BoJo(z.). !, is the effective frequency of the
neutron in the rotating frame and 1), is the angle between the direction of the total B field,

Biot = Ba? + B.Jo(z.)%, and Z-axis so that
2 wd
wh =1 w2+ (wd)” ~w, and tan), = —<. (5.103)
Wa

A new coordinate can be defined such that

7/ costy, 0 sinty, z
i | = 0 1 0 g (5.104)
2! —siny, 0 cosv, z
The spin orientation of the neutron is initially along the Z-axis and
St=0)=8(t=0)+S5.(t=0), (5.105)
where §|| (t) is along Bio: and independent of time,
Syt =0) =S| cos @’ and S (t =0) = —|S|siney,’ (5.106)
where we set |§ | =1 for convenience. S 1 will rotate along Etot so that
S1(t) = (—|S|sinhy, ) (cos (), t)2" — sin (w',t)7) (5.107)

The total spin is

S(t) = Sj(t) + SL(t) = |S] cos @ — (|S]sineh,)(cos (whyt)2' — sin (wh,t)7)
= 15| cos thn (cos Pn + sinhn 2) — (|S] sin v )(cos (w',t)(— sin P d + cos b, 2) — sin (w',t)§)

= |5|[(cos? ¥y, + sin® h,, cos wl,t)Z + sin by, sinw!, £ + (sin b, cos iy, (1 — coswh,t)Z]. (5.108)

For a duration 77, (the loop response time), the spin projection along the Z-axis is

2

d ’
. . o 1
S, = S(r1) - 2 = |S|(sin v, cos b, (1 — cosw,, 7)) ~ 1 - %:—/(1 —(1- %)) = iw‘:waTg, (5.109)
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which is Eq. 5.37 in [29]. The § projection of S(7) is

@ Q

S, = g(TL) = |§|(sinwn sinw/, 1)~ 1- w—(w;TL) = wirg. (5.110)
w

=

For the feedback loop system in an equilibrium state, the initial situation w, = w? would become
w, = w? — w,. where w, is the residual field, i.e., the EDM effective field minus the correction field, along 2

The final spin will lie along the net field

S || wa + w2 (5.111)
so that
S, ~ | _»|& = lwdw 72 and w, = lwdszz (5.112)
z Wa 9 e alls z 9 e*a L- .
The EDM signal w, = w?(1 — $w27?) will have an error dw. = swlw?7?. It represents an error in the

feedback signal due to the pseudomagnetic field. However, it is very small. If w? ~ 107¢ Hz,

we ~ 1073 Hz and 77, ~ 10 sec, then dw, ~ 107 1% Hz which can be ignored in the measurement. On the
other hand, if the pseudomagnetic field has a vertical component at order of 10~2 rad, it will directly make
a frequency shift 10™3w,. Fortunately, it is independent of the electric field direction. A possible solution is

to compare signals between two runs with different electric field directions.

5.7.2  Density matrix simulation of the feedback system

It won’t be easy to analytically solve the feedback loop. A better method is to simulate the feedback loop.

One quick method is to apply the time-evolution operator discussed in Sec. Instead of using the

calculation in Sec. [(5.6.2] however, the simulation can be simplified by using the secular approximation

method which is mentioned in Sec.5.3 of |29]. The density matrix p(t) can be numerically calculated by
(H)

using the time-evolution operator U(t) = exp(—i-3*t), where (H) is the time average of the

Hamiltonian(the secular approximation). The density matrix at ¢t = 0 is

$(14 P, 0
p(0) = 2 ) ) . (5.113)
0 5(1=Pp)
The time dependence of the density matrix is
plt) = U (1) p(0)U (). (5.114)
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The “secular approximation” will be applied to getH

<§n : §3> = (cos Op3) (5.115)
and then Eq. becomes
h. 1 P 1 1 1
(Hy, = _ii[% — T—j (cosOn3) 6] + §wah (cosb,3) 6, + §wz70h6z + iwzh&z, (5.116)

where w, ¢ is defined in Eq. 573, w, = w? — w, and w, is the correction field. Using the secular
approximation, the only important factor is the average value of cos,3. Thus we can use any type of
modulation, like sinusoidal, square wave, etc.

A feedback loop is designed as follow:

e Initially, w, = w? = 0.

o w, = wg — we. The w, is equal to the difference between wg and w,.

o p(t+7) = Ul (T)p(#)U (7). Use the new w, to rotate spin of neutron in positive modulation direction.
o (sz), =Trlp(t + 7)o,]. Get the spin projection in Z-axis.

e p(t+27) =U' (r)p(t + 7)U_(7). Use the new w. to rotate spin of neutron in negative modulation

direction.
o (s,)_ =Tr[p(t+27)o;]. Get the spin projection in Z-axis.

e 0(t) = (sz);, — (sz)_. The difference between these two spin projections will be used as the feedback
input.
o w¥ =wl+ a((sz), — (sz)_). The a term is the integrated feedback for the whole measurement.

o w? =B((se), — (sz)_) . The S term is the instantaneous feedback based on a single cycle.

e w.=w? +wl. Two terms should be considered together. The optimal values of a and 3 should be

determined by simulation.
e w! =w?. Reset the value of w?, the integrated value of w.
o W, = wg — we. The new value of w,.

e Continue the loop.

95 means the polarization direction of particle, not spin operator.

(0]



To calculate the time-evolution operator U(t), we define four terms corresponding to the various terms in

Eq. 5110

Uy (1) = exp [—i(—im)t] = Fexp[~ ],

27’0 27‘0
P - P P
Us(t) = exp [—i(i—> (o8 Op3))64t] = I cosh[—= (cos O,3) t] + G4 sinh[=—> (cos Opn3) 1],
27’3 27’3 T3

wq (cosbp3) t],

N =

1 - 1
Us(t) = exp [—i(gwa (cos On3))o,t] = Icos[iwa (cos Op3) t] — i64 sin]

1 A 1 1
Uss(t) = exp [—ii(:lzw270 +w;)6,t] = Icos[i(wao +w,)t] Fid, sin[g(w270 + w,)t] (5.117)
Uyi(t) = Ui (t)Us(t)Us () Uygs (1) (5.118)
where the o; are
1 0 0 1 0 —
Or = ,Oy = , Oy = . (5.119)
0 -1 1 0 i 0

following the definition of Eq. 5113l

The practical value of parameters are

wz,0 = 0.5m Hz, corresponding to the modulation amplitude.
o T = %Tm = 0.5 sec, one-half of the modulation period.

sin 2w, o7
o (cosf,3) = 252207 ~ (0.974495.

SWz,0T

o wl=r~,B.Jo(x.) ~ 1 pHz, the EDM effective precession frequency.

Wa = YB, &~ 2 mHz, corresponding to the pseudomagnetic field.

73 = 500 sec, the absorption decay time.
e P3 = P, = 1, the polarization of *He and neutron.

The following study will depend on those parameters. The method is efficient for studying the effect of
each parameter.

One should pay attention to those parameters, like w,, which are difficult to control. First, we consider
the system without decay, i.e., Uy = Us = 1. Fig. 517 shows one example of the feedback loop. Several
points should be emphasized. First, w, will be eventually close to zero as expected. The nonzero final
wy ~ 2.02 x 1077 reflects the effect of pseudomagnetic field discussed earlier. Second, S, approaches a

different constant from one. The polarization S is rotating about an axis having £ and Z components.
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Using Eq. 5117 the ratio of two spin components and two effective fields are

92)

> 0.000135025

ZE o TR 146152 x 1078 5.120

S, 0.923866689 x (5.120)
. 2.0229345 x 107

Z‘j— = 0.00; — 104 (5.121)

showing the polarization is (roughly) along the axis w,Z + w.2. For the pseudomagnetic field, Fig. 518
shows the effect is at the level of 3 x 10~7 Hz. Using Eq. we have S, = %wgwaTz = 0.000135025,
7L ~ 367 sec. Therefore, w, = Jwlw?r? = 2.7 x 1077 which is consistent with the simulation result of w..
The analytical expression is just an approximation. This would explain the small difference between the
expression and simulation. When the decay is considered, i.e., U; # 1,Us # 1 | Fig. shows the

feedback loop can still work.
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Figure 5.17: S and w,. Uy =U; = 1. wg =1pHzand wy, =2mHz, a=0.1,and 8 =1. 7, = 1 sec and
wz 0 =0.5m Hz.

In ], the dressed spin technique with the feedback method is demonstrated to be comparable with
the free case(the SQUID method) . However, the model assumes neutron and 3He both precessing at the
horizontal plane, and also assumes the symmetry between the two sides of the critical point. In reality,
Bloch equation simulation shows the precession is not at the horizontal plane. Even at the critical dressing,
neutron and *He cannot precess exactly together. The pseudomagnetic field could affect the final result.

Besides, the decay and the absorption of the neutron will change the input signal of the feedback loop. All

of these issues will be discussed in the next two sections.

10The details of the sensitivity calculation can be referred in Appendix [Hl
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Figure 5.18: w, versus w,. f(z) = 2.6792 x 10~ 722 — 5.08636 x 10~8x — 2.68027 x 10~%. The
pseudomagnetic field effect is at level of 10~7 Hz which is smaller than w? = 1076 Hz.

5.7.3 Monte Carlo simulation of the feedback system

The Monte Carlo of the scintillation light signals were generated, called ®, to simulate the real experiment.
The collection of the scintillation light in the first half and the second half of a modulation cycle are ® ;
and ®_ ;. The difference, A®; = ¢, ; — ®_ ;, will be used as an input to the feedback loop for a real
experiment. The feedback loop will enable A®; — 0 by modifying the dressing field. The detailed

procedure for the simulation is the following:
1. The initial value of By is By .

2. For a given By ;, the Bloch equation is used to calculate cos#,3 within a modulation cycle,

t= [ti,ti =+ Tm].
3. cos B3 is inserted into Eq. 530 %.

4. The collection of the scintillation light is calculated:

titTm/2 AP
(I)-‘ri = / _dtu
ti

’ dt
ti+T
7 m d@
;= / = at, (5.122)
titrm/2 At

5. Monte Carlo is generated with a randomization using Poisson statistics , i.e., Ni; = Poisson(®4 ;)

and N_ ; = Poisson(®_ ;)

HTf the expected number of occurrences in this interval is A, then the probability that there are exactly s occurrences (x
being a non-negative integer, k = 0,1, 2,...) is equal to
Aret

K!

f(s,A) =

(5.123)
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Figure 5.19: S and w,. Uy # 1 and Uy # 1. wg =1puHzand w, =2 mHz,a=0.1,and 8 =1. 7, =1 sec
and w, o = 0.57m Hz.

6. The difference is calculated: AN; = Ny ; — N_ ;.
7. The feedback loop process is run and a modified dressing field is obtained.

e Low Pass Integrator: B. oo = Bd,0, Be,i,a = Be,i—1,a — @AN;.
e Amplifier: B.; g = —f x AN;.

e Modified field: Bd,iJrl = Bc,i,a + Bc,i,ﬁ-
8. Go to 2 and repeat the loop.

The Bloch equation simulation uses the following parameters. The time step is At = 1076 sec. The
dressing parameters are y = 0.01 and x = 1.189. The holding field is By = 10 mG. The modulation field is
set at By, = €Bg,0, where € = 0.05 is the modulation ratio. The modulation period is 7,,, = 1 sec like

Fig. B.I1l where 0p74x ~ 0.5 rad. The feedback loop parameters are named a and 3. « is for the
integrated effect of the whole measurement period, while § is for a single modulation cycle. It is necessary
to have both terms. They can balance the fast and slow response of the feedback loop.

It is difficult to analytically optimize the feedback loop parameters. We have empirically tried several
conditions of different modulation field magnitude B,, and frequency f,,. 7 = 1/ f should be kept much
smaller than the decay constant in order to reduce the decay effect. Larger B,, may cause a larger offset.
Ref. ﬂﬂ] assumes a slow decay constant for the loop. If the modulation period is too long, then the decay

would bias the feedback loop final values. However, if it is too short, the loop may not work either due to
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small statistics. It is not easy to balance these two situations. The proper « and 8 are also chosen so that
they can give the most stable cosf,3. The average value of cosf,3 is w;i% where w; o is given in
Eq. BEEland 7 = %Tm. Thus, the value of cos 8,3 also depends on B,,, and fp,.

As an example, we show the results are otained with parameters B,,/Bgo = 0.05, f,, = 0.5 Hz,
a=5x10"% and 8 =5 x 107%. Fig. shows the modified dressing field with (black curves) and
without (red curves) fluctuation, i.e., the randomization using Poisson distribution in Step (5). The left
figure of Fig. shows the pattern if the initial By is set at 1189 mG for run 0 and the right figure is the
pattern of run 1 if its initial By is the final value of run 1. Fig. 52Tl shows cos 6,3 of cell 1 and cell 2 for
run 1. cosf,3 of cell 1 can be largely kept at a constant while cos 6,3 of cell 2 will linearly increase.

Fig. shows the time spectrum of scintillation light signals for cell 1 and cell 2. The signal for cell 1 is
kept at the critical dressing and for cell 2, the linearly increasing first harmonic signal is observed.

Fig. £.23] shows the signal difference between two cells, which should be compared with Fig. 516l Fig. 524

shows another example of the signal difference between two cells.
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Figure 5.20: By as a function of time for the first run (run 1) and the successive run (run2).
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Figure 5.21: cosf,3 as a function of time for cell 1 and cell 2. cosf,3 for cell 1 can be kept at a constant
by the feedback. cos@,3 for cell 2 is linearly increasing.
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Figure 5.22: The time spectrum of scintillation light signals for cell 1 and cell 2.
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Figure 5.23: The time spectrum difference between cell 1 and cell 2. The right plot is the rebinned
histogram of the left plot (100 bins), showing linearly increasing pattern is not clear.

5.7.4 Extraction of the neutron EDM in the feedback system

If the feedback loop works, the modified dressing field should be able to keep the system at the critical
dressing so that the correction field can compensate the frequency shift due to a nonzero neutron EDM.
Therefore, by measuring the change of the modified dressing field, the neutron EDM can be determined.

We consider a frequency shift Aw., due to the correction field which causes a shift Ax = v, B, /wq:

Aw’y = WO[JO(*TC + ASC) - ’73/’771&70(’73/’771(‘@0 + A:C))]

~ woAx[—Jy(ze) + (73/7n)?J1 (V3 /Yne)] = 0.156077w, Az. (5.124)
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Figure 5.24: By,/Bao = 0.05, fr, =1 Hz and o = 1075, 8 = 1073, The time spectrum difference between
cell 1 and cell 2. The right plot is the rebinned histogram of the left plot (100 bins), showing linearly
increasing pattern.

When the correction field cancels out the EDM effective frequency shift w?,

nBc
Aw,y ~ wl = 0.156077wn7w = —0.02860078, (5.125)
d
so that we can get the relation
B, = —34.9642w¢ (5.126)

where the unit of B, is mG and the unit of w? is Hz.

Except for the first run, the final stable By ¢ can be obtained by fitting the By(¢) time spectrum within
t = [0 — 1000] sec. To study the sensitivity, 90 runs for each cells were generated. The fitted
B. = Bg,f — Bgq,0 is shown in Fig. The mean of 90 runs for w, = 100pH z is —0.396 mG and for
we = —100pH 2 is —0.401 mG and the standard deviation is around op, ~ 2.49 x 10~* mG. The difference
AB,. = 5.0 x 1072 mG corresponds to Aw, = 5.0 x 1073/(34.9642 x Jy(1.189)) = 211.4 uH 2z which is

consistent with the input. The standard deviation of f4, which is related to w?, is

Owd 1

74 = 9 1o(1.189)  34.9642 x 27Jo(1.189)

op, =1.68 x107°% Hz. (5.127)

For t = [0,500] sec, oy, =2.77 x 107°% Hz.

5.7.5 Systematic uncertainties in the feedback system using Monte Carlo simulation

We have shown that the statistical accuracy for the feedback method is comparable to that of the SQUID
method. The systematic uncertainties should also be carefully studied. Several initial parameters have

been varied for different studies. The fluctuation of holding field is one of the dominant errors the dressed
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Figure 5.25: The correction field B, = By y — By, for we = 100pH z (left) and we = —100pH z (right). The
mean difference is AB, = 4.74 x 1073 mG. The standard deviation op,_ is 2.49 x 10~* mG.

spin technique is designed to suppress. We assume that the holding field By has a Gaussian distribution
and the mean value is mG with a width of ABy. By value is randomized for each run. To see the effect
from the fluctuation of the holding field, the same random seed is applied to each run. Correction field
versus A By is shown in Fig. It shows that the dressed spin technique is not sensitive to the holding
field drift as well as the analytic prediction in Appendix [F] showing the deviation in the correction field is
about 1 % due to the drift of the holding field. Correction field versus the variation of neutron density is
shown in Fig. without and with the fluctuation. The simulation shows that the effect is about

1 x 107°, 10% of the statistical sensitivity. Correction fields versus the magnitude of pseudomagnetic field
is shown in Fig. without and with the statistical fluctuation. The simulation shows that the effect is
proportional to B2 in agreement with the exepctation [29]. If there is a nonzero initially relative angle
between neutron and 3He in the & — § plane, called ¢, Fig. shows the effect for different
pseudomagnetic fields. If there is an initially relative angle between neutron and 3He along 2 axis, called 6,
Fig. shows the effect for different pseudomagnetic fields. The systematic error caused by nonzero 6 is
larger than that of nonzero ¢. It is clear that additional study of systematic uncertainties is required

before the final design of the nEDM dressed-spin system.
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Figure 5.26: The correction field B, = Bq s — Bg,0 versus fluctuation of By.
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Figure 5.27: The correction field B. = By ; — Bqg,o versus initial densities of neutron without(left) and
with(right) statistical fluctuation. The error bars in the left plot show the statistical uncertainty.
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Figure 5.28: The correction field B. = By,; — Ba,o versus pseudomagnetic fields without(left) and
with(right) statistical fluctuation.

5.8 Summary of simulation studies

In Sec. 5.4l we have seen the analysis of the free situation is straightforward. The sensitivity of the relative
precession frequency is at the level of 107¢ Hz. The dressed spin technique is more complicated. The idea
is to apply the dressing field to modify the precession frequency of neutron and 3He so that they can
precess together. The modulation field varies the relative angle between the two particles and enough
input signals are collected for operating the feedback loop. The feedback loop corrects the dressing field
amplitude so that two particles can eventually precess at the critical dressing. The correction field is
related to the neutron EDM plus the offset from the dressing field. The neutron EDM can be derived from
the difference in the modified dressing field between two runs with different electric field directions. The
linearly increasing signal in the other cell will be used as a monitor. The statistical sensitivity of the
dressed spin method is shown to be comparable to the SQUID method. The systematic sensitivity for some
parameters is also studied. The drift of the holding field and the initial neutron density variation are
shown not to be an important issue. The effect of the pseudomagnetic field depends on the 3He density,

the polarization and the initially relative angle which should be studied experimentally.
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CHAPTER 6

SUMMARY

The observation of the neutron EDM remains a major challenge in physics. The potential of the neutron
EDM for revealing new physics has attracted physicists into this field from generation to generation. The
journey started sixty years ago with Norman F. Ramsey’s first neutron EDM experiment. The size of the
neutron EDM is still a puzzle waiting for people to solve, even though the experimental sensitivity has
been improved by six orders of magnitude. Many novel ideas have been proposed and applied to improve
the sensitivity. The goal of the next generation of experiments aims at a two orders of magnitude
improvement. An original idea using the UCN production in superfluid helium together with the dressed
spin technique was developed by Golub and Lamoreaux in 1994 [29]. Based on this idea, a neutron EDM
experiment was proposed at the Spallation Neutron Source (SNS) at the Oak Ridge National Laboratory
(ORNL) [12]. Ultracold neutrons are produced in the superfluid *He, and *He will be used as a spin
analyzer and a comagnetometer. The spin-dependent absorption of neutrons by >He atoms emits
scintillation light, which can be used to measure the relative precession frequency between neutron and
3He. The shift of the relative precession frequency in electric field will be a signal of the neutron EDM.
One of the dominant systematic errors is from the drift of the holding magnetic field, which affects the
relative precession frequency. The method of the dressed spin can change the precession frequencies of
neutron and >He. At the critical dressing condition, neutrons and >He can have identical effective magnetic
moments. Therefore, the dressed spin technique, in principle, can strongly suppress the effect from the
fluctuation of the holding magnetic field.

The goal of this research is to understand various aspects of the dressed spin technique in the proposed
neutron EDM experiment. We first demonstrated the phenomenon of the dressed spin using a room
temperature cell filled with polarized 3He. 3He nuclei were polarized through the metastability spin
exchange process with optical pumping. Modification of the 3He precession in the presence of dressing field
was obtained for a broad range of the magnitude and frequency of the dressing magnetic field. The data
have been compared with calculation using the quantum mechanical approach. The positive agreement
between the theory and the experiment gives us confidence that the optimal configuration for the dressing
field can be selected based on the existing theoretical formula.

In order to apply the dressed spin technique to the neutron EDM experiment, detailed simulation is

necessary. When the system is at critical dressing condition with no relative initial angle, there are no
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absorption signals. The authors in |29] suggested applying a modulation field with the feedback loop to
measure the neutron EDM. The modulation field can cause the relative spin between neutrons and *He to
move forward and backward. The difference in the scintillation light signals in different modulation half
cycles can be used as an input to the feedback loop. The final correction in the dressing field is related to
the neutron EDM. The idea of the modulation and the feedback loop has not been checked with detailed
simulation, especially for the two-cell design of the proposed nEDM experiment. The two cells share the
same dressing coils so that the dressed spin technique can only correct for one cell. The dressed spin
technique needs significant modification from what we presented in [29]. Based on extensive Monte Carlo
simulation, we demonstrated that the dressed spin technique can have a competitive statistical sensitivity
compared with the case without the dressing field. The systematic error from the drift of the holding field
is suppressed with the dressed spin method. Studies of systematic errors from other sources, such as the
pseudomagnetic field, the non-zero initial angles between UCN and ®He spins, and the fluctuation of the
UCN intensity have also been carried out with detailed simulation. We believe this study has contributed
to our understanding of various aspects associated with the application of the dressed spin technique,

which may affect future neutron EDM experiments.
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APPENDIX A

SENSITIVITY LIMIT DUE TO THE UNCERTAINTY
PRINCIPLE

From the uncertainty principle, the sensitivity limit for energy determination, JE, is given as

EXT=héf xT=h (A1)
1
6f = 5= (A2)
hf. = 2edE (A.3)
1 1
. = 2(edd)E/h = = =3.1 1074H A4
Ofe =UdEIh = 505 = 5 o0, — o183 x 107 Hz (A4)
—22
cod— 0582 X 107 TMeVs ) 2164 % 10-23¢ - em (A.5)

9ET 2 x 50KVem—1 x 5005

where we use measurement time of 500 sec and 50 K'V/em E field. Repeating the measurement N times
will allow determination of the frequency with and uncertainty of § f/ V'N. Instead of repeating the
measurement N separate times, we can consider an ensemble of N uncorrelated systems measured
simultaneously, and the same v/N reduction in frequency uncertainty results. This demonstrates the

advantage of working with the highest possible number of systems. The relation in Eq. becomes
(edd) = — —= (A.6)

where m represents the number of separate complete measurements of the N uncorrelated systems. Using

m = 1000 and N = 106,

1
§f. =3.183 x 10—4W =10%Hz=10"uHz (A7)
X
1
(edd) = 1.3164 x 10—23W =4.1628 x 10~ *%¢ - em (A.8)
X

We may consider the realistic particle N and the effective T to use here. Comparing the integral of
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500 1 1
Ns00 = Noe Favel(— 4 —)dt = 10° (A.9)
0 T8 T3
1,1 1
= No (= + =)(1 — e ?0hee) (A.10)
Fave T8 73
= Ny x 0.758983 = 10° (A.11)
Ny = 1.31755 x 10° (A.12)
> 11
Now = Ny x / e Tovet( Ly Loy (A.13)
0 T8 T3
= 1.31755 x 10° x 0.87587 = 1.154 x 10° (A.14)

where Ny is the initial UCN number, N4 is the total number of UCN absorbed by 3He or decay and Nxgg

is the number of observed UCN in 500 seconds. The particle number for n+3He capture should be

1

295
N3 = N500 X i n T 10° x 134 679724. (A15)

T3 T3

Taking the particle decay into account, the effective T we put in Eq. is

3% te-Tevt L ph=(1 = s (14 50T s0)

T _Jo _ I (A.16)
ave 500 _ 1 1 — —500T e
ST Tt Lt FL (1= e

36842.8

= 5513 = 171.258 (A.17)
The estimation based on uncertainty principle becomes
1 1 1 1

Ofe = = A18
J 20T v/mN 27 x 171.258 1/103 x 679724 ( )
= 3.56453 x 1078 Hz = 3.56543 x 10 ?puH 2 (A.19)

The calculation here shows the sensitivity 3.6 x 1072y Hz, in qualitative agreement with the Monte

Carlo result of 8.5 x 1072y Hz.
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APPENDIX B

/2 PULSE STUDY

A 7/2 pulse is to rotate atoms polarized vertically into the horizontal plane. An rf field perpendicular to
the holding field is applied at the resonance frequency, the Larmor frequency, of the atoms. The

mechanism can be described using the Bloch equation [11],

—

%§:§xw§@) (B.1)

where S is the spin of the atoms, v is the gyromagnetic ratio and B (t) is the time-dependent magnetic
field. However, the resonance frequency of the rf field is not the only solution to rotate the atoms from the
vertical axis to the horizontal plane. The solution can be generalized to off-resonance frequencies using the
Bloch equation. Inspired by the neutron EDM experiment at the Spallation Neutron Source in the Oak
Ridge National Laboratory [29], a 7/2 pulse can also be applied simultaneously to two atomic species with
different gyromagnetic ratios. We will generalize the idea of the 7/2 pulse to two atomic species in this
paper, providing a numerical method to solve the corresponding problems.

We consider a system with a static uniform magnetic field, By, keeping the spin orientation of polarized
atoms along the Z-axis. If the atoms are not along the Z-axis, the atoms precess about the 2-axis at the
Larmor frequency, wg = vBy. To apply the 7/2 pulse, an oscillatory rf field perpendicular to the holding
field, B(t) = 2B; cos(wt)Z, is applied as shown in Fig. Bl For a typical 7/2 pulse, the rf frequency w is
set at Larmor frequency of the atoms. The linear oscillatory magnetic field can be expressed in terms of

two rotating components:
B,f(t) = 2B cos(wt)& = Bi(cos(wt)Z + sin(wt)y) + Bi(cos(wt)E — sin(wt)y) (B.2)

In a frame rotating counterclockwise at w along 2, the first component is a static field while the second
component rotates at 2w. It will be convenient to use the “rotating field approximation” to ignore the high

frequency term. In this rotating frame, the atoms will precess about the total magnetic field

Em:u%—%v+3@:3@. (B.3)

To rotate exactly 90° from the Z-axis to the & — ¢ plane, a duration 7 = (7/2)/vBj of the rf field will be
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Figure B.1: Schematic plot. It shows the total magnetic field in the rotating frame at frequency w;f.

applied.

Biot = (Bo — %)2 + Bz,

and the effective Larmor frequency is

w
wo =" (BO—;)2+Bf

_ _ W By

We also define v as the angle between the direction of the étot and Z so that

Bo—w/'y_Bol w

tany = = - —).
v B, Bl( 730)
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If the rf field is not at the resonance, i.e., w # wyp, the total magnetic field in the frame rotating at w is

(B.4)



A new coordinates is defined as

T cosyp 0 sing T
gl=] o 1 0o || (B.7)
5! —siny 0 cos® 2
The polarization of the atoms is initially along the Z-axis and
St=0)=8(t=0)+5.(t=0), (B.8)
where §|| (t) is along the Bio: and independent of time,
Sj(t = 0) = |S]sinpi’,
S1(t=0) =9 cospz’. (B.9)
5’1 will be rotating about gtot so that
S (t) = (|S] cos ) (cos (wht) 2" — sin (wht)d') (B.10)
The total polarization is
S(t) =8 (t) + S..(1)
= |S|sin @’ + (S| cosp)(cos (wht)2 — sin (wht)i')
= | S| sin ¥ (cos Yz + sinhz) 4 (|S] cos ¥)(cos (wht)(— sin @ + coshZ) — sin (wht))
= |S|(sin ¥ cos (1 — cos wht)E — cos b sin whti + (sin? ¢ 4 cos? 1 cos wht)2) (B.11)

For a duration 7, the rf pulse can rotate the atoms from the vertical axis to the horizontal plane such that

S(7) - 2 = sin® ¢ + cos? ¢p coswhr = 0

coswyT = — tan? 1. (B.12)

For any given wy and 7, we can find out solutions of B; and w satisfying this relation. In addition, if we

consider a (n + %)ﬂ' pulse, Eq. [B.12] can be generalized to
cos(wyT 4+ nw) = — tan? 1. (B.13)

We will discuss a (n + 3)7 pulse for two atomic species later.

A neutron EDM experiment [29] was proposed to use *He as a spin analyzer and a comagnetometer.
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The 7/2 pulse is needed to rotate simultaneously the spin orientation of polarized *He and neutrons from
z-axis to -9 plane together. The gyromagnetic ratios of neutron and 3He are v, /27 = —2.91647 Hz/mG
and ~y3/2m = —3.24341 Hz/mG. The analytic calculation was first studied in [12] for a rotating rf field.
Inspired by this experiment, we will derive more general solutions for two atomic species with different
gyromagnetic ratios. The condition to have the 7/2 pulse is to have simultaneous duration of ratating for
two atomic species. Assuming two atomic species have gyromagnetic ratios 1 and 72, and their Larmor

frequencies are wp,1 = 1By and wg 2 = 72 Bp, the duration 7 will be

cos~!(—tan?(¢1))  cosi(—tan?(¢q))

= = B.14
! W6,1 w6,2 ( )
We define the parameters: R = %, z = g—‘f and y = m Eq. [B.14] becomes
o s LYo} -
w071\/(1—§(1+§)) ra2 wo/(1—F(1+R))?+a?

The solutions exist when

1 1+ 22(1 -
cos ! (—x?(1 — i 2 R\/

S0+ )= cos™t (—22(1 — %(1 +R))?). (B.16)

To find out solutions, x, y and R are varied step by step. The difference between the left side and the right
side of Eq. is defined as A. First x and R are fixed and then y is varied step by step. If the sign of A
is changed, the corresponding z, y and R are recorded. Fig.[B.2 shows solutions of the rf frequency verse
the rf amplitude for different R. The time duration 7 for R = ~3/~, is also shown in Fig. To
generalize the 7/2 pulse to two arbitrary atomic species having different gyromagnetic ratios, we vary R
step by step to calculate possible solutions. Fig. [B.3 shows the range of R verse x and y while solutions can
only exist between 0.707 < R < 1.415. When R — 1, the 7/2 pulse can work for all z > 1 and y < 1. We
can conclude that the amplitude of the rf field cannot be larger than the holding field and the frequency
has be smaller than the average of two Larmor frequencies. Next we consider the cases if n =1 which can
be called a %w pulse and n = 2, called a gw pulse, shown in Fig. [B.3l The %w pulse has a small range of R,
0.94 < R < 1.06 while the %ﬂ' pulse has a much smaller range of R, 0.97 < R < 1.03.

To confirm the solutions, the Bloch equation is applied to simulation the spin dynamics of two atomic
species, for example, neutrons and >He, for both the rotating rf field and the linear rf field. The
Runge-Kutta method is applied and the time step of the simulation is At = 1076 sec. In order to find out
solutions, we scan all possible values of the rf field amplitude, B;, and frequency, w. First B; is fixed and
then w is varied. When the spin of neutrons is rotated into the horizontal plane first time, i.e., the vertical
component of spin, S, , becomes negative from positive, the vertical spin component of *He, S, 3, is

recorded. The difference between spin of two species is defined as AS,; = S, 3 — S . We record the
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Figure B.4: The solution of B; and w for neutron and 3He. The Bloch equation simulation is applied for
both the rotating rf field and the linear rf field.

corresponding w if the sign of AS, is changed. Next we vary By a small step and repeat the scan of w until
no solution.

The rotating rf field is
B, = B sin (wt), B, = By cos (wt), B, = By, (B.17)
and the linear rf field is
B, = 2B cos (wt), By =0, B, = By, (B.18)

where By = 10 mG. The spin is counterclockwise rotating around 2-axis and 3He is running faster than
neutron. In Fig. B4l the solutions of the rotating rf field using the Bloch equation are consistent with the
numerical solution in Eq. [B.16] and Fig.[B.2l However, the linear rf field will be used in the experiment, not
the rotating rf field. The solutions of the linear rf field, shown in Fig. [B.2 are different from the solutions
of the rotating rf field, containg an interesting pattern. After a /2 pulse, the corresponding vertical
components of spins of neutrons and 3He for different = and the corresponding y are shown in Fig.
AS, can be improved if we use finer time step for the Bloch equation simulation and finer small step of w
to search for solutions. The relative angle between neutron and He after a 7/2 pulse, A¢,3 , is shown in
Fig. One advantage is we can choose the proper A¢,3 if we need different initial angle for the neutron
EDM measurement.

The simulation shows we can find out solutions of the /2 pulse for different setups of By and w. The
potential of using the (n + %)w pulse needs further study. If we consider different number of cycles for two

atomic species, we may rotate simultaneously two atomic species with very different gyromagnetic ratios to
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Figure B.6: The relative angle difference between neutron and He after a 7/2 pulse, Ad,3, verse z.
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the horizontal plane. It may provide a broader range for choosing the angle A¢,3.
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APPENDIX C

T, STUDY

C.1 Data

One interesting question is how the 75 relaxation time is affected by the uniformity of dressing field. The
left plot of Fig. shows a measurement of the 75 relaxation for various values of x and y. It is
interesting that T deteriorates rapidly when y approaches 1, shown in the right plot of Fig. Future

simulation work as well as laboratory tests are expected.

C.2  McGregor’s study

McGregor [50] shows how a magnetic field gradient affects transverse relaxation rate of spin-polarized *He.
The T5 is
11 v LA (8HZ )2 772a4(3Hz)2
T, 2Ty 120D Ox 96D * Oy

(C.1)
for a cylindrical cell whose axis is parallel to & and perpendicular to the HyZz. The 75 for spherical cell is

1 1 8y2L* 9H.

T, 2T, 1750 a5 )

. (C.2)

We consider the following case. Diffusion constant of 3He, D = 1370.2cm?/s for 1 Torr and 300K, is
proportional to T%/P. Gyromagnetic ratio of 3He, =, is 0.2037 Sec™' nT~!. We ignore T} term

(Ty ~ 2 x 107) and ‘9;;2 term. The cylindrical cell length is L = 12.35 ¢m. The spherical cell radius,

R =4.96/2 ¢m. The pressure of the cylindrical cell is 5 Torr so that D’ = D/5. The pressure of the

spherical cell is 10 Torr so that D’ = D/10. Fig. reproduces McGregor’s result.

C.3 Calculation of the holding field B,

The NMR system at UTUC has a (rough) Helmholtz coil consisting of two identical circular magnetic coils
that are placed symmetrically on both sides of the experimental area along a common axis(Z) and

separated by a distance h = 20 + 0.5 in. = 0.508 + 0.0127 m equal to the radius R = 20 in. = 0.508 m of
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Figure C.1: Left) T versus « for various values of y. Right) The slope of T3 verse x plotted as a function
of y. It shows the steep slopes as y approaches 1.

the coil. Each coil has N = 15 turns and with the current I = 8 Amp. Assume the width of the wire is
0.001 m and the total width of the coil is 0.015 m. The center is located at perfect Helmholtz coil position.
We divide the ¢ of the coil into 180 pieces as in Fig. The cylindrical ®He cell placed at the center
along the Helmholtz coil (2) has length L = 0.057 m and radius r = 0.025 m. We divide the ¢ into 180
pieces, p into 20 pieces and z into 20 pieces. Fig. presents the space division of the cell.

We use the Biot-Savart law to calculate the magnetic field at each point, as described above, of the

experimental area between two coils.

-

B Nk INdfx (z:f/|f_f|)
(7) %;(M) 7y

: (C.3)

where dl is along the current segment, po/47 =47 x 1077 /47 =1 x 107" NA~2 and B is in unit [Tesla].
Fig. and Fig. show the magnetic field distribution at some location in the experimental area. We
can use the same method to calculate the magnitude and the gradient of the magnetic field, shown in

Tab. 3.1l which compensates the Earth vertical field.

C.4 Calculation of the T5

T, depends on the gradient of the magnetic field and the geometric structure of the cell. Using the method

in [49], we get
11
T, 2T

y2L* OH,

( 772a4 0H,
120D " 0z

( 0H.
96D ox

dy

)+ )+ () (C.4)

where the length of the cell L = 0.057 m and the radius of the cell a = 0.025 m.
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Figure C.2: Transverse relaxation time of spin-polarized >He as a function of the magnetic field gradient.
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Figure C.3: Helmholtz coil in unit [m].

Considering the gradient of the holding field and the field compensating the vertical component of the
Earth field, we get the Tb result in Fig. at £ — ¢ plane and Fig. at £ — 2 plane. To find out the T%
for the cell, we average the Ts through the whole volumn. The result is around ~ 0.9 sec which seems to

be consistent with the measurement. The effect of the dressing field to the T3 is still an open question.
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Figure C.4: The cylindrical cell in unit [m].
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Figure C.5: Magnetic field distribution of B, at z = 0 and & — g plane .
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T2XY,0 ——

T2(X,Y,0) (sec)

— /
.~:-.-.~.-.~.7[’ \
el “ -
=N
)

<z
R
=

=

S
R
R

\&
= = IO e
b = O e
S NN
12 | St 1 N N S =T
R L A N N NN e
SRR f R L N N O R RN e
W e RIS S
8 XK =

= e
—_——

6 F ===

-2.
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APPENDIX D

SIGNALS OF THE PICKUP COILS

It is of interest to estimate the magnitude of signals of the pickup coils, which helps the design of the coils.

For a magnetic moment (i lying along the Z-axis, the magnetic field is given by

= [0 f va
B( 13 B )7 = [

=)
|

(F-M)F=px-(cose T +sing g)(cose &+ sin¢ )

= pi(cos® ¢ & + cos ¢sin ¢ )

B(7) = 4:;){3 [31(cos® ¢ & + cospsine ) — p 7]
= 4’;01/;3 [(3cos® ¢ — 1) & + 3cospsin e §)]

The flux of B through a loop of area A with outward normal is proportional to

® o B = 2L (30053 ¢ — cosd + Beos dsin® §] = (2 cos g].

AT R3 AT R3

Therefore the flux is

A
O(p) = 570:;3 cos ¢

The loop rotates around (i in the & — ¢ plane at freqency w so that

do(9)  dbdp  pouA

at dpdt  an@p Snow
The induced emf for one loop is
de(t)  popd |
emf = Ty sin¢ - w.

(D.3)

(D.6)

Assuming the loop has C turns, n pickup coils, N atoms contributing to the B field and the average
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projection of their spins onto Z-axis is P, the net signal is
) wopCnNPA | .
€(t) = ————=—wsinwt.
2w R3
topuCnN P Aw
€ =
RMS vn

We can use the following values for Eq.

po =41 x 107 TN A2
=6.7x 107" MeVT !

vh 21 x 32.434MH2T ' x 6.582 x 10" 22MeV s
- 2

)
80

i
C
n=4

PV Ttorr x (w(0.025)%(0.057))m?

N = — =

kT 1.38 x 10-23JK -1 x 291K
 133.322Nm~2 x 1.11919 x 10~*m®  1.49213 x 10~2Nm
B T 401.58 x 10-23J

401.58 x 10=23.J

= 3.71565 x 10'8

P =20%
A =0.05 x 0.0635m2 = 3.175 x 10~>m?

w =21 x 1200Hz = 7539.82H 2

R =0.025m.

=5.52342 x 10~ "Volt

We will get egars is
kg -m?
C - s2
(D.9)

erms = 3.45214 x 10 x 1.6 x 10713

= 0.552342uV.

The impedance of the pickup coils is 65.7 2.
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APPENDIX E

SIGNALS OF LOCK-IN AMPLIFIER

The width of signals in Fig. 3.4 can be well explained by considering the function of the Lock-in Amplifier.
We use a function generator to test the width of lock-in amplifier output. The function generator generates
a sine wave at 1200 Hz and 1 Volt. If the reference frequency of the lock-in amplifier is set at 1200 Hz, we
will get a DC signal at 0.7053 Volt, consistent with the rms of the amplitude. Next we vary the function
generator frequency. For different time constants 7 and different roll-off’s, Fig. [E.T] shows the correponding
output voltage versus the frequency shift.

The Lock-in amplifier sets a bandwidth of low-pass filter by changing the time constant which is simply
1/27v. To understand the relation between the time constant and the bandwidth, we introduce a

differential equation as
— + — = f(t) = Ae™. (E.1)

where 7 represents the exponential decay constant and V' is a function of time ¢. The right-hand side is an
external driving function, which can be regarded as the system input, to which V(t) is the response, or the

system output. The general solution, assuming V(¢ = 0) =V}, is

¢ .
V(t) = Voe 7 + Ae” 7 / dt'e ™t
0

. A
= Voe 7 +
0 iw—+ L

T

(et — e~ 7). (E.2)

At large t, the decaying exponentials become negligible and the steady-state solution is

eiwt

The magnitude of this response is

Vao (£)] = 4 S (E4)

W+ T @

The bandwidth of this system is the frequency where |V, |? drops to half-value, or where wr = 1.
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Figure E.1: The output voltage versus the frequency shift.

For a RC filter, the voltage transfer function, A, is

v, 1
V;  1+iwRC’

At w. = 1/RC = 1, the power ratio is

AP = =
T @ 1 @?

which can be expressed as a loss,
L = —10log|A|* = 10log (1 4+ w?) =~ 10logw? = 20 logw
The roll-off is given by

AL = 20log 2.

w1

(E.5)

(E.6)

(E.8)

If wo/wy =2, AL is equal to 20log 2 = 6dB/oct which means the power drops 6 dB where the frequency

drops half. We can normalize Fig. [E1l by v_34p which is defined as the —3dB frequency of the filter when

the power is half. Fig. shows the gain, which is defined as (V/V (v = 0))?2, versus v/v_zqp. For

6dB/oct, we can see gain is equal to 0.5 at v/v_zqp = 1. Higher order roll-off can be achievable. The
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Figure E.2: (V/V (v = 0))? verse v/v_34p.
digital signal processor can achieve up to four filter stages at 24 dB/oct of roll-off.

Therefore, the width of signals in Fig. B4l can be well understood from the consideration of the time

constant and the roll-off.
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APPENDIX F

SENSITIVITY AND THE REQUIRED UNIFORMITY OF THE
MAGNETIC FIELDS

The neutron and 3He absorption signal depends on the relative precession frequency between two particles.

The relative precession frequency can be described as
wy =27 fy = (3 — Yn)Bo £ 2Ed, /h, (F.1)

where 3 is for 3He and n is for neutron. From measuring the frequency difference, we can determine
neutron EDM value. The drift of By is a source of systematic error. The ILL collaboration showed that
their By = 10mG has a drift around 5 x 10~* mG shown in Fig. .5, which can cause a relative precession
frequency shift of Af, = 164uHz. The frequency shift from the EDM is w. = 2Ed,, /h. If
dp =6 x10"%%c . em and E = 50KV /em, we = 27 x 1.45uHz. The ILL applied the comagnetometer °°Hg
to monitor By in order to reduce the effect of By drift.

An alternative method is to apply the dressed spin technique. The statistical sensitivity with and
without dressed spin should be comparable |29, |44]. However, to apply the dressed spin technique, we also
need to consider the uniformity of the magnetic field to achieve the critical dressing field condition.

When the dressing field is applied, Eq. [E.I] becomes.

21 fy = (Y3 — ) Bo £ 2Edy [l = f,(z,y) £ 2Ed,, /h,

At oy) = (B, g 4 (PR (F2)

Assuming we can make the dressing field frequency very stable, we only consider possible drifts of the

magnetic fields. The ILL group shows that the drift at By = 10mG can be on order of 5 x 10~ 4mG. We

assume the same relative drift for both By and By. If x = 'yan L and y = 'yan 0 we can get
AB;  ABy, 5x107*
Bll - BOO - X1o =5x1077, (F.3)
A A
_I — _y =5 x 1()75, (F4)
T Y
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F.1 B() drift

The Hamiltonian in unit of fw for a particle with gyromagnetic ratio v subjected to a constant magnetic

field Bpz and a linearly polarized rf field By coswtZ can be written as

6, +a'a+—=6,(a+al), (F.5)

where S, = %:fz and S, = %a} are the spin operators along & and Z respectively. The first term in Eq.
is the Zeeman interaction of the spin with By, and the second term is the energy of the dressing field (rf
field) with creation and annihilation operators &' and a. The final term describes the coupling between the
spins of the particles and the rf field with strength A = vB;/2v/n, where 7 > 1 is the average number of
photons. This interaction term allows the particle to absorb or emit photons and exchange energy and
angular momentum with the rf field. Because the rf field is perpendicular to By and can be decomposed
into a superposition of right- and left-handed circularly polarized fields, only Am, = +1 transitions are
allowed.

In the weak-field region, i.e., By < w/v (y < 1), Eq. [F.5] can be solved analytically with the result
v = ~vJo(z) [63]. The precession frequency becomes

well /B,

o ~Bo = Jo(x), (F.6)

which only depends on the dressing strength x = vB; /w.

In reference [29], the higher-order corrections to the eigenvalues were also shown. They are given as:

EO =p (F.7)
B, = Smo(a) (F.8)

m ,n #n
_ y? %(mQJq(xf + m/QJq(_x)2 + 2mm/Jq($)Jq(_$))
2y q
m' n' #n
[ Jq(I)2
— Za\ F.
8y Z q 0 (F.9)
q#0
m = J,(2)?
B~ =g v’ o)) o (F.10)
q=1

where m = +1. E®) =0, since the sum extends over all +¢ # 0.
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Figure F.1: f,(zc,y) vs. y

To calculate the precession frequency, we have

. 27Tf0
==,
w
fneutron = fn = (%) : (E+ - E_) = Esrl) — E(J) + Ef) — E(})
2 0 2
y Jq(x)
= fodo(z) — fozjo(iv) q; qu : (F.11)

The precession frequency between neutron and 3He at the critical point x. shown in Fig. will be

2 o) 2 REPAY >~ J (ﬁx )2
y J Zc ( n y) ’Y q n ¢
fv(iﬂmy)=f3—fn=fn,0—J0(£Cc)Z q(2 ) — fz0—2 Jo(—gwc)27v2
4 a=1 q 4 n ) q
~ 2.035y> (F.12)
and
Aw, = 27Af, =27 x 2.035 x 2 X y x Ay =~ 87 x y*(Ay/y)(pHz). (F.13)
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Figure F.2: Af,(Az/x) v.s. y. We obtain the fitting
function: f, (z, = 1.18,y) = —0.0367783 — 0.0492097y + 3.20374>

Eq. [E-13] shows that for y = 0.01 and Ay/y =5 x 1075, Af, = 0.02uHz. One can conclude that the
effect due to shift in y (originating from shifts in By or w) is small, provided that y is small.

If we set x. = 1.18, we can find out the relative precession frequency versus y. To fit the data as shown
in Fig. [[2] we obtain the function f,(z.,y) = —0.0367783 — 0.0492097y + 3.20374y%. When y = 0.115099,
fy(ze,y) = 0. The corresponding drift is given as
Afy(e,y = 0.115) = (—0.0492097y + 6.40748y%)(24) = 0.0792206(5L).

v

F.2 B drift

Assuming we can fix y at the Bessel function limit, we now examine how the relative precession frequency
would shift due to the drift of x, Axz. We consider the situation at the critical dressing field,
r. = 1.188682344. We have

”YBJO(z_i(fEc - AI)) - 'YnJO(xc - Ax)
0 27
~ 4.5679Ax (F.14)

f+(Az,y - 0)=B

Fig. [F.3] shows the frequency shift f,(Az) v.s. Az.
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Figure F.3: f,(z. + Ax) v.s. Az

If we assume Az = 5 x 107 %z, the frequency shift will be 0.000027149H 2 = 271.5uH z. If we need to
fix at the critical point at less than 1 pHz, the Az has to be smaller than 2 x 10 5z.

Comparing Fig. [.3] with Fig. [l we conclude that B; needs to be much more stable than By. It
seems a challenge to keep the dressing field very stable. But the requirement is much less severe as long as

the two cells experience the same fields.
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APPENDIX G

TIME EVOLUTION OF THE UCN SPIN IF w — 0

Set V = t3w02 + 3wpd, V = 51 /wl+ (w))? & Sw. o and define € = W} /w. ¢ which is at 1% level.

2
Eq. B.83 becomes

1t exp ($i%w270t) —iesin %wzﬁot

Ui(1) = exp (—i%t) = exp (_5_)

70 —iesindw; ot exp (Figw. ot)

1

Apply the field +w. ¢ for time 7 = 3

Tm followed by the field —w, ¢ for time 7 to produce one
modulation period of length 27 = 7,,,. Ignoring € terms, the time-evolution operator for one modulation

period 7, will be

T 1 —i2€ exp (ilwzﬁm') sin lwzyoT
U-4(27) =U-(NUx(1) =exp(-—) | . . 2 ?
70 —i2eexp (—izw, 0T)sin 3w 0T 1
(G.2)
~ exp (——)(I + béy) (G.3)
70
where
1 0 ex ilwz T
= —i2esin-w, o7 and J, = P (i3w=07) (G.4)
2 exp (—i%wzm') 0

Apply U_4(27) n times and get

Uy = (U_4(27))" = exp (—Z—Z)(f + béy)"
= exp (=20 )(E3[(L+B)" + (1= D))+ g (145" = (1= 8)"]). (G.5)
Use
(1+£0)" = (1 F 2ie sin(%wLOT))" A exp (Fie sin(%wLOT)%) = exp (Fia) (G.6)
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where n = 5- and
. (1 )T T
a = esin(=w, =7—.
9207 27
Thus,
1 nT., . . . . ) .
Un = 5 exp (=—)[I[exp (—ia) + exp (ia)] + Gy[exp (—ia) — exp (ia)]]
0
1 ( T ) FJr F_ exp (i%wz,OT)
= Zexp(——
2 270" | F_exp(—ik tw.0T) Fy
where

Fy = exp (—ia) +exp (i).

Consider the cos square wave modulation,

1 T F exp (ilwz 0T) F_exp (ilwz 0T)

. T
Uio(T) = Upexp (—iH_2) = exp (-

2 27’0

The neutron initial states for parallel or antiparallel to >He which is along to -axis are

pa0)= - |
+ = =
V2| 11
Then the final state is
1 T exp (ilwz 0T)
Yo (T) = VoI (0) = 5= exp (— 5 )(Fy + F)
2v2 70 +exp (—itw. o7)

The expected value of &, is

1 T 1
(02)y = wlaaﬂ/’i =3 exp (_7’_0) |Fy + F_|2 (£2 cos(zw,,07))

2

T 1
= & exp (——) cos(5ws,07) [exp (Fia)|?.

70
Define
1
sin(sw., P
§= 1(2 ’OT),QEwad, and v = =24.
5Wz,0T T3
Calculate
T W ? T Q 1 ?
lexp (Tia)|® = |exp (Fi2—— —% sin =w. o7)| = |exp (:FZQ + sin W= oT)| =exp [T
2T Wz,0 2 ’ Wz, 05
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F_exp(—ifjw.or) F}exp(—izws.oT)

(G.7)

(G.10)

(G.11)

(G.12)

(G.13)

(G.14)

(G.15)



The time dependence of (o) is not affected by the pseudomagnetic field, which is proportional to w,. Since

T 1 : 1
cos(sw, ot)dt W
<COS€n3> _ fO (QW ,0 ) _ S1H1(2W ,OT) — 57 (G16)
T sz707_
we can have
_T 1
<Uz>i — 4 7 e*%(l1P3)(Cosen3> COS(§wz10T). (G.17)

118



APPENDIX H

NOISE ANALYSIS IN THE FEEDBACK SYSTEM

To analyze the feedback loop, a useful tool is the Laplace transform. We use the modulation signal of
Eq. as the input to the feedback loop. Since its coefficient depends slowly on time, treat

Vo = JX—;G_%P:;PH sin %wzym' as a constant for a short modulation period. The feedback adds a correcting
field w, so that w, = w? — w, becomes the new input. Then the Laplace transform of the input for a unit
step w.u(t) L is

w1 Wy
LIVow,t| =Vo——=1L — H.1
Vowt] = Vo—~ = Lu(s)~ (H.1)

where s = iw, i is the imaginary number /—1. The correcting field w, is

wWe = B+ Vowst + « /Ot Vow,7dr, (H.2)
Liwd] = BLl(s)% + %Ll(s)% = Lg(s)Ll(s)%. (H.3)

So that the gain is
Hs) = we(s) _ Lolyw./s Lolhw,/s Lol _ BVos + aVy (H.4)

wi/s  w./s+we(s) w./s+ Lolyw,/s 14+ LaLy 2+ BVos+aVy’

The natural frequency is

wn, =V aVW, (H.5)
and the damping factor is

c= L /B (HL6)

Finally the gain is

2Cwn s + w?

H(s) = —%n8T %
() $2 4+ 2Cwn s + w2

lu(t) =1ift > 0; u(t) =0if t <O0.
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Using the final value theorem , one obtain

Wi
lim w.(t) = lim[sw.(s)] = lim [S(H(S)f)] =wd. (H.8)

t—o0 s—0 s—0

It shows at sufficiently long period (long than the inversus of the loop natural frequency), the loop tracks

the input variables exactly. If a white noise n(t) is added to the input as
Vi(t) = Vowdt + n(t). (H.9)

The Laplace transform gives

Vils) _ Vowd/s  n(s) _ Vo wd  ns)

Loy Dy = 0 Fe 4 H.10
s s s s(s+V0) s(s+s> ( )
where n; = Vion The variance of n; is
2 |s|*on
O, = , (H.11)
%2
and the variance of n, is
2 2 17200y |5|2 2 772
0y, =0, H(s) = —50,H"(s). (H.12)
Vs
For sufficiently small w,
2
2 wWm 9
O, R —50,. (H.13)
V§

On the other hand, the variation in scintillation rate ®q in a time 7T is

58 = /Do /T. (H.14)

The angular frequency bandwidth is B; = w/T. The variance of the input white noise is

2
o2 = (ff;gz = %. (H.15)

The variance of n, is

2 N@ow2

O'no ~ ?W, (H16)
0

2The theorem can be referred in the wikipedia http://en.wikipedia.org/wiki/Final_value_theorem!
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which is exactly equal to Eq. 6.19 in [29]. The noise analysis shows a quite competitive sensitivity for the

dressed spin technique.
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