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1. Consider the bounded variable integer programming problem

n
minimize z=y, €;X;
J=1
subject to Z a;x; (=,=,<)b; 1<i<m)
i=1
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where ¢; €ER, a;; € R, b; ER, 1,€2(1<i<m, 1<j<n). Rand Z denote the set

of all real numbers and the set of all integers, respectively

The above problem can be written in the form

n
minimize z=. ET
j=1
n
subject to > a;%;>b; a<i<m)
=1
0<x;<1;, x;€E2Z (1<j<n),

where ¢; >0 (1<i<n).

If there exists r such that ¢,<<0, replace the variable x, with another variable y,:

v, =1l,—x,,
then we have
z=y c;x;te,x, =2, c;x+ (¢ )y, te
J*r J*r
and
0<y,<1,, y,EZ

LT}

n n
The inequality Z a;; x; < b; 1s equivalent to > (—a;;)x; =-b;, and the equality
7=l 7=l .

j=1

are u equalities

n n n )
> a;;x;=bj is equivalent to two inequalities > a;x;>bjand > a;x;<b;. If there
=1 IE



n .
2. a;%;=b; 1<£iLy),
7=

we can replace the equivalent (u+1) inequalities :

Y a;x,=0, 1<i<u),
it

U n u
22 a;%, <) b
i=1j=1 i=1

If x is a bounded variable with 0<{ x <[, substitute

k=l k-l

x=2 2"y, +(1-2 2) y;,

f=0 f=o0
where k is the smallest integer such that [<{ 2*"—1, and y, is a binary variable
(0<t<Rk). Hence any bounded variable integer programming problem can be reduced
to a 0—1 integer programming problem, so it can be solved by the implicit enumeration
for 0—1 variables. In this paper we apply the implicit enumeration method to the

bounded variable integer programming problem without transforming to 0—1 variables.

2. Consider the 0—1-2 integer programming model
minimize z=05x, +4x,+ 3x,
subject to @,=5-2x,+5x,—3x,2>0
Q,=—3+4x, +x,+3x,=>0
@Q:=~1+x,+tx,=>0
0<x,<2,x,6Z (1<) <3).

Step 1
If we put x, =x,=x;=0 then
z=0
& =5>0 .
@,=—3%0
Q=-1 iO ’

so constraints @, and @, are violated. Consequently the solution x, =x,=x,=0, which
corresponds to node 1 in Figure 1, is not feasible. We determine if further branching

can be done from node 1.

Step 2
Let T, be the set of all variables with positive coefficients in some violated constraint :
T,={x,,x,,x;}. We choose a variable in T} that would minimize the total distance

from feasibility as a partitioning variable.



For variable 1 (x,=1): @ =

For variable 2 (x,=1): @ =10

(x,=2): @ =15

For variable 3 (x;=1): @ =2

(x;=2): @=-1

Therefore we choose x,.

Step 3

Distance from

feasibility
0
0
1
0
0
1
Total =2
0
2
0
0
1
0
Total =3
0
0
0
1
0
0
Total =1
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x5 1is specified to be 1, and x;, and x, are still free to take on 0 or 1 or 2, which cor-

responds to node 2 in Figure 1.

Step 4
Put x, =x,=0 (and x,=1), then we have
z2=3
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Q=20
Q,=0>0
Q,=0=0

Thus x, =x,=0, x,=1 is a feasible solution with z=3. Let z,,=3. This is the best
value to date. Since all coefficients c; of the objective function are non-negative, z=3
1s the minimal value among all the solutions with x,=1. It is not necessary to examine

any solution from node 2.

Step 5
Go back to node 1 and specify x,=2, and x, and x, are still free variables, which cor-

responds to node 3 in Figure 1.

Step 6
Put x,=x,=0 (and x,=2), then
‘ z2=6
Q=-1 +0
Q,=3=>0
Q;=1>0,

so @, is a violated constraint.

Step 7
Let T be the set of all free variables which have an objective coefficient less than z,,;,— 2,
and a positive coefficient in some violated constraint. In this case we have T= ¢, so

there is no feasible solution with x;=2 and z<{3, Hence node 3 is fathomed.

Step 8
Go back to node 1 and specify x,=0, which corresponds to node 4 in Figure 1.

Step 9

Put x,=x,=0 (and x;=0), then
z=0
@,=5=>0
Q=-3%0
@:=-1%0,

so constraints @, and @, are violated.

Step 10

We have T'= &, so there is no feasible solution with x,=0 and z<(3. Hence node 4 is
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fathomed.
Step 11

Thus x, =x,=0 and x;=1 is an optimal solution with z=3.

F={x,%}
Feasible solution

F={x,x,}
No feasible solution with z<<3

F={x,x}
No feasible solution with z<<3

Figure 1

3. Consider the bounded variable integer programming problem

n

minimize z=z CjX%;
j=
n
subject to Qi=—b;+2 a;x; >0 1<i<m)
7=t
0<x;<1l;, x;€EZ 1<j<n),

where ¢; =0 (1<0j<n).

We denote by F the set of variables that have not been specified, by NF the set of
variables whose value has been specified, and by z,,, the value of the objective func-
tion corresponding to the best feasible solution to date.

Let x; be any variable in F. x; is a bounded variable with 0 << x,<l;. Let d be
any integer with' 0 <<d <I,. Evaluate each constraint @, (1< i< m) using the variables
in NF with their specified values, x;=d, and the remaining variables in F each set equal
to 0. Let denote by @;(d) the value of @;:

Q;(d) =—b,-+x§NFa,-jxj+ a;d.
7

Define
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IS m
D) =Y 3 1Q:(d)]
dild<o

to be the total distance from feasibility of x,.

The implicit enumeration algorthm is as follows :

Step 1 (Initialization)
At node 1, set F={x,,x;,...,x,}, NF=& and z,,,=°. Go to Step 2.

Step 2 (Calculating bounds)

At node k, 2=, c;xj. If NF=¢g, then we put z=0. Go to Step 3.

ijNF

Step 8 (Fathoming)
Evaluate the constraints @, (1 < i<{m) putting the variables in NF with their specified

values and the variables in F with value 0: @;=—b;+ 2, a;jx;. Let VC be the set of
ijNF

violated constraints. If VC=¢& and z>z,,;,, node k is fathomed, so go to Step 4.
If VC=¢ and 2<<z,,;,, we put z,,,=z and node % is fathomed, so go to Step 4. If
VC=¢ &, go to Step 5.

Step 4 (Backtracing)
If no live node exists, go to Step 6. Otherwise branch to the live node and go to Step 2.

Step 5 (Partitioning and branching)
Put B==
in some violated constraint and an objective function coefficient less than B:
T={x;EF: Q€ VC, a;;>0,
and c;<< B}.
If T= g, there is no feasible solution with z<<z,,;,, so it is fathomed and go to Step 4.

min— 2. Let T be the set of the free variables that have a positive coefficient

If T &, evaluate each constraint @; in VC using the variables in NF with their speci-
fied values, the variables x; in T with value [, and the remaining variables in F with
value O
Qi=—b;+2 a;x;+2 ail;.
xjENF xET
If any of the constraints are still violated, it is fathomed, so go to Step 4. Otherwise,
we choose a variable x, in T that would minimize the total distance from feasibility

as a partitioning variable. Branch to x, with a specified value. Go to Step 2.
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Step 6 (Termination)
If z,,,= °°, there is no feasible solution. If z,,;,<<c°, that feasible solution which yielded

Zmin 18 Opital.

4. Example
minimize z=6x; +3x,+x;+ 5x,
subject to Q=-6+5x,+2x,+x,+3x,>0
Xy, %,,%3,%,=0o0r1or2.
Step 1
At node 1, F={x,,x,,%;,%,}, NF=8, z,,,=
Step 2
At node 1, 2=0.
Step 3
Q=—-6*0, VC={(Q}.
Step 5
B=o, T={x,x,,%;,%,}. Choose x,.
Step 2A
At node 2, F={x,,%,,%,}, NF={x,}, x,=2, z=12.
Step 3A
Q=4>0, VC=4, x,,=12, and node 2 is fathomed.
Step 4A
Branch to node 3.
Step 2B
At node 3, F={x,, x;,x,}, NF={x,}, x,=1, 2=6.
Step 3B
Q=-1%0, VC={Q}.
Step 5A
B=12-6=6, T={x,,%;,%,}. Choose x,.
Step 2C
At node 4, F={x,,x,}, NF={x,,x,}, x,=1, x,=2, z=8.
Step 3C
Q=1=>0, VC=9&, 2<z,,, Dut z,,=8.
Step 4B

Branch to node 5.
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Step 2D

At node 5, F={x,,x,}, NF={x,,x}, x,=1, x;=1, z=T1,
Step 3D

Q=0, VC=¢&, 2<z,,,, put 2,;,=17.

Step 4C

Branch to node 6.

Step 2E

At node 6, F={x,,x,}, NF={x,,x,}, x,=1, x,=0, z=6.
Step 3E

Q@=—1%0, VC={Q).

Step 5B

B=7-6=1, T= &, so node 6 is fathomed.

Step 4D

Branch to node 7.

Step 2F

At node 7, F={x,,x,,%,}, NF={x,}, x,=0, z=0.

Step 3F 7

R@=-6%0, VC={Q}.

Step 5C

B=7-0=7, T={x,,%;,%,}. Choose x,.

Step 2G

At node 8, F={x,,x;}, NF={x,,x,}, x,=0, x, =2, z=10.
Step 3G

®=0, VC=g, z=2z,,,, so node 8 is fathomed.

Step 4E

Branch to node 9.

Step 2H

At node 9, F={x,,x;}, NF={x,,%,}, x,=0, x,=1, 2=5.
Step 3H

Q=-3, VC={Q}.

Step 5D

B=7-5=2, T={%3}, Q=—6+2+83=-12% 0, node 9 is fathomed. .
Step 4F

Branch to node 10.

Step 2I

At node 10, F={x,,x;}, NF={x,,%,}, x,=0, x,=0, 2=0.
Step 3I
Q=-6%0, VC={Q}.



F={x;,%;, 2}
Feasible

F={x,,x,}
Feasible

z2=8

F={x,,x,}
Feasible
z=17

F={x,,%,}

No feasible solution with z2<C7

F={x,,x3}
No feasible solution with z<<7

F={x,,%;}
No feasible solution with z<<7

x2=z/®F={xa}

No feasible solution with 2<<7

x,=0

F={ %3}
No feasible solution with z<<7

F={x,)}
No feasible solution with z<<7

Figure 2
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Step 5E

B=7-0=17, T={x,,x,}. Choose x,.
Step 2Jd

At node 11, F={x,}, NF={x,,%,,%,}, x,=0, x,=2, x,=0, z=6.
Step 3J

Q@=-2%0, VC={Q}.

Step 5F

B=7-6=1, T=¢, node 11 is fathomed.
Step 4G

Branch to node 12.

Step 2K

At node 12, F={x;}, NF={x,, %,,%,}, x,=0, x,=1, x,=0, 2=3.
Step 3K
QR=—-4%0, VC={Q}.

Step 5G

B=7-3=4, T={x,}, Q=—6+2+2=—223 0, node 12 is fathomed.
Step 4H

Branch to node 13.

Step 2L

At node 13, F={x,}, NF={x,,%,,%,}, x,=%,=%,=0, 2=0.
Step 3L

Q=-62%0, VC={Q}.

Step 5H

B=17, T={x,}, =—6+2=-42% 0, node 13 is fathomed.
Step 41

No live node exists.

Step 6

x,=1, x,=0, x,=1, x,=0 is an optimal solution with z=7.
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