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Consider the mixed integer programming problem (Py)
minimize z=c'x
subject to Ax=0>5
0 <x¢R"
weZ (1<j<m)
where A is an R-component m X n matrix, b is a vector in R™, ¢ is
a vector in R” and » and#, are integers with 0 < #; < . R and Z

denote the set of all real numbers and the set of all integers, respec-

tively.
Let X be the set of all feasible solutions:
X1
X:{x: e Rr; Ax=b, x20, x ¢ Z(1§j§nl)}.
Xn
Let ai, ..., a, be the column vectors of A: A =(a, ... an), where

a;=(a,; ... an;). We denote by V the abelian group generated by
a, ...,an, b i e,
V=a1Z+ ... +a,, Z +bZ C R"
Let / be a real valued function defined on V, satisfying
o) + flve) = Ao + v2)
for any v, v; € V, then f is called a subadditive function on V.
Let 7 be a vector in R” and 7, be a real number. An inequal-
ity m'x = m,. is called a valid inequality for X if every xe€ X satisfies

mix = 7.

THEOREM 1. Lel f be a subadditive function on V satisfying f(0)
= (. Then, for any x€ X,

S fladz+ S 3 )= 7(b)

J=ni1+1

Proof. For any zi,..., z,, € Z, we have
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n ni

Zlf(aj) 2; = f(Elaj z;)

J= =

(See the proof of Theorem 1 in [4]).
For any x¢ X, we have Ax=5, 1. e,
n

n
Zlanj'i‘ 2 a;x;=0Db,
=

J=n1+1

SO
ny n
f(glajxj'*‘ .:’;H a; x;)
< aix) + (2 asw)
Ji=1 J=n1+1
ny n
<D fladxs+ (2 a;x),
J=1 J=n1+1
hence

ni

ZIf(aj)xmL f(j=%+1 a;x;) = f(b).

J=

For an integer /(> 1), we denote by Z, a complete residue sys-
tem modulus / : Z, ={0, 1, ..., /-1}. We define the function f; : Z—Z,
as follows: for any ac< Z, there exists the integer 5 such that ¢ = b
(mod /) and be Z, ; we define f(a)=b. Then f, is a subadditive
function on Z and on any subset of Z.

Further we define the function p; : Z+—Z as follows: for any
(a@)125:€ Z% pi(a;))=a; We put fi=fop;; then ff is a subadditive
function on Z* and on any subset of Zt.

Now, we consider the mixed integer programming problem (Py).
We assume all of the components of A and b are integers. This is

actually equivalent to assuming the components rational.
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THEOREM 2. Let i be an integer with 1< i<m. If a;=0 for

any j(n, +1<;<n), then

B = fi(b)

J 1+1

%lfl (aw)x; +

is a valid inequality for X.

Proof. We should notice that V=a,Z+ - +an, Z+bZC Z"

By Theorem 1, we have for any xe¢ X,

Jg’l fila)x; + fi (Jﬂi a;x;) = fi(b),

1+1

since f7 is a subadditive function on V. So it follows

n

,-ngll‘fl (@) x+ Li( 2 auxs) = £ (b).

Jj=ni1+1

We have

£l

J=

M=

n
aisxs) < _nZ‘. aiiX;

+1 J=ni+1

by our assumption. Therefore

;gllﬁ(az'j)xj‘l’ é a,-,szf,(bl.)

J=ni1 +1

is a valid inequality for X.

EXAMPLE.
minimize z=x; +2x2+3x3 +4x, +5xs
subject-to 3x; +x2 +5x3 —2x4 —4dx5=15
5x14+x2—x3+4x4—5x5=10
0<x;6 Z (1g/<4)
0<x5¢ R

xz :0, x3 -_—‘ﬁ

The solution x; = 65 33

287

, % =0, %5 =0 with z=-57£

is

optimal for the associated linear programming problem without the
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integrality restrictions.
X

3 1 5 -2 -4 15 Xy
Put A= , b= and x=1{ %3
5 1 -1 4 -5 10 X4

X5

We multiply both sides of the equation Ax=5b on the left by the

3 1\!
matrix . Then we have
51
X1
1 -2 0 6 —6 1\ [ x, ’_ 1 5
2 X3 - 2 3
0 -2 —28 22 5 X4 —45
X5
S0

—2x1  +6x3—6x5+x5 =5
—2x —28x3 +22x4 +5x5 = —45.
The coefficients of x5 are non-negative, so we obtain the following

valid inequalities by Theorem 2:

for /=1 and /=2 x5 =>1

for 7/=1 and /=3 X1+x5 =2

for /=1 and /=4 2x142x342x4+ 2521
for /=1 and /=6 dx, 4+ x5 =5

for /=2 and /=2 5x5>1

for /=2 and /=4 2x2+2x4+5x5 =3
for /=2 and /=6 4xo+2x3+4x4+5x5 =3
for ;=2 and /=7 Sx2+xs+5% 24

The first, 5th, 6th and the last of these inequalities are cuts.
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