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1. A real algebraic integer a (> 1) is said to be a PV-num-

ber if any conjugate (4= a) of aare in the unit circle \z\ <1. Let'

S be the set of all PV-numbers and S' the set of all accumulation

points of S. Since S is closed ( (3) ), we have S'cS. Dufrenoy and

Pisot found the least element of S' and proved that the elements of

S' which are less than 1.8 are only two : 7?,=(l-f/5~)/2=l.618--

zero of 1+z-z2, and %=1.754--- , zero of 1-z+2z2-z3( (1] ).

In this paper we shall show that the number of the elements of S'

which are less than 1.84 is at most five, and give the unique ex-

pansions of A(z)/Q(z) corresponding to these elements.

2. Let ebe a PV-number. Let P(z) be the irreducible polyno-

mial of d:

F(z)=po+piz + •E•E•E+ pa_lZ*-1 + £2S(A>0, £=+1),

and Q(z) the reciprocal polynomial :

Q (z) = e z>P(±-).

z

For a number 0eS, 0belongs to S'. if and only if there exists a

polynomial A(z) e Z iz) such that

|A(z)|^|P(2)I on |z|=1,

where the equality holds only at finite points on | z \ =1( (3) Th.1).

Assume that d e S' and let P(z), Q{z) and A(z) be the polyno-

mials corresponding to 0. We can assume that A(0)>0. Then it is
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easy to see that A(z)/Q(z) has a single pole of order 1 at II B in 

I z 1::;;:1. Therefore we have the power·series expansion of 

A(z)/Q(z) at zero: 

A(z) 
Q(z) 

We briefly denote this expansion by (vo, VI, ... , v n , ••• ). 

The following was proved in (2J. For any natural number n, 

there exist polynomials En(z) and E~(z) (EQ(Z), of degree n) such 

Dn(z) . ( ) the· expansion of En(z) at zero IS Vo, VI, .. , , Vn -}, Wn , ... and 

D~(z) 
that of E;(z) is (Vo, VI, ... , Vn-I, W};, ... ), where Wn and wn* are 

uniquely determined. Then the following relations holds. 

(1) Wn + 1 ::;;: Vn ::;;: wn* -1, except the case (1,1,1,,,,), (n :2 3). 

Dn+2(Z)=(1 + z)Dn+l(z) - Z 
Vn+l -Wn+l 

Vn - W I1 

(2) 

(3) W ll +1 -Wn+l 
- 2 Dn +1(1) 
- Dn(1) 

(Vn -wn) 

Wn+l =4 
(w~ -Vn) (Vn - W n ) 

-Wn+l 
(Wn' -Wn) 

(4) 

If B < 1.84, then 

(5) Vn+l -Wn+l < 2.84 

1.84 
Dn+I (1.84) 

Dn (1.84) 

Dn(z) 

The sequence w;:' - Wn is monotone decreasing, i. e., 

(6) W~+I - Wn+l ::;;: w;:. -WI/.' 

(n :2 1). 

(n :2 1). 

(n :2 3). 

(n :2 1). 

Hence, if wn* -wn <3 then Vn> Vn+l, Vn+2, ... are determined from (1) 

without ambiguity. 

3. Let B be any number of S I which is less than 1.84. We 

shall give an expansion (v o, VI, ... , Vn, ... ) of A(z)/Q(z) correspond-
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ing to B. 

We have Vo = 1, DI (z) =l-z z:.;1 = 0 and VI = lor 2, in 

a similar way to (1J. Therefore we have only to consider two 

cases, i. e., the case (1, 1, ... ) and the case (1, 2, ... ). 

( I) The case (1, 2, ... ). 

As it is hnown ( (2J p77, p79) 

(7) D2 (z) =Vo + VI 2 
--Z-Z, 

l+vo 
W2 = v~ -1 + Vl 

l+vo ' 

we have 

Dz(z) = 1+z-z2, W2 = 2. 

Hence, from (5) it follows V2 - W2 < 2.005 ... , so V2::;::: 4. On 

the other hand, since W2 ::;::: Vz ( (1J p56), we obtain 

V2 = 2 or V2 = 3 or Vz = 4. 

The case V2 = 2 corresponds to T}I; if V2 = 3 there does not exist 

B which correspond to (1, 2, 3, ... ) ( (1J ). 

For the case (1, 2, 4, ... ), we have D3(Z) = 1 + z + Z2 - Z3 

from (2). As E3 (z) = 1 - (z +Z2 +Z3), we have 

D3 (z) 
E3(z) 

1 + 2z + 4Z2 + 6z3 + . 

so it follows W3 = 6. On the other hand, the formula (5) implies 

V3 - W3 < 0.02 ... , hence V 3 ::;::: 6. This contradicts to (1). So there 

is no element in S' corresponding to (1, 2, 4, ... ). 

(II) The case (1, 1, ... ). 

From (7), we h~lVe 

1 D2 (z) = 1 + 2".z - Z2 , Wz = 1 
2 . 

From (5) it follows that V2 - Wz < 2.69 ... , so we have V2 ::;::: 3, 

hence 
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Vz = 1 or Vz = 2 or Vz = 3. 

The expantions (1, 1, 1, ... ) and (1, 1, 3, . ) correspond to II 1 

and 112, respectively ( [1) ). Therefore we have only to deal with 

the case (1, 1, 2, ... ). 

In this case, we obtain D3 (z.) 

E3 (z) = 1 - z - Z3 and 

1 + Z2 - Z3 from (2). As 

1 + Z + 2Z2 + 2z3 + .. 

we have W3 = 2. It follows V3 - W3 < 2.91 .. , from (5), so 

V3 :::;;: 4. From (1) we have 

V3 = 3 or V3 = 4. 

For the case V3 = 3, i. e., (1, 1, 2, 3, ... ), we only obtain (1, 1, 2, 

3, 5, 8, . . . ), (1, 1, 2, 3, 5, 9, 16, ... ) and (1, 1, 2, 3, 6, ... ) which 

correspond to llh ll2 and 113' respectively, where ll3 = 1.839 ... , 

zero of 1 + Z + Z2 - Z3 ( [1) ). 

Therefore it is enough to deal with the case (1, -1, 2, 4, ... ). 

From (2), we have 

D (z) 1 - lz + lz' 2 + --±-Z3 - Z4 ~u 17 
4 = 3 3 3 ,&4=T 

From (3) it follows that W4 - W4 = 1
3
6, so W4 = 11. Hence we 

obtain 7 :::;;: V4 :::;;: 10 by (1). As V4 - W4 < 2.73. .. from (5), we 

have 

V4 = 7 or V4 = 8 

If V4 = 8, then we calculate Ds (z) by (2), from which we 

have W5 = 13.5 and Ws = 18.75 : 15 :::;;: V5 :::;;: 17. But we have 

V5 = 15 using the formula (5). Next we calculate Ddz) by (2), 

from which we have W6 = 26.71 . " and wi = 30.99 ... : 28 :::;;: V6 

:::;;: 29. This contradicts (5), hence V4 = 7. 
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From (2) and (4), we have 

D5 (z) = 1 + Z3 + Z4 - Z5, W5 = 11, W5* = 15. 

So it follows V5 = 12 or V5= 13 or v5=14 by (1). If V5 = 12, then it 

corresponds to TJ2 ( (1). If V5 = 14, we have V6 = 27 by (1), which 

contradicts (5). 

Therefore we have only to deal with the case (1,1,2,7,13, .. ). 

Since 

it follows 23::;: V6 ::;: 25 from (1). On the other hand (5) implies 

V6 = 23 or V6 = 24. The number () corresponding to the case V6 = 

23 does not exist (d. (n ). Hence we have V6 = 24. Next we have 

W7 = 42.5, wi = 46.5, 

so it follows V7 = 44 or V7 = 45. If V7 = 45, then we have V8 = 

83 and Vg = 154 which contradicts (5), so V7 = 44. 

For the expansion (1, 1, 2, 4, 7, 13, 24, 44, ... ) we have 

W8 = 78.875, Ws = 82.625, 

which gives V8 = 80 or Vs = 81 by (1). 

If Vs 81, in a similar way, we have a contradiction. 

If Vs 80, then we calculate Dg (z), from which we have 

Wg = 144.5, while (3) gives W9 = 147.65. Hence it follws Vg = 146. 

Furthermore we calculate DIO(z), from which WIO = 265 and wio = 

268.14 ... , so we have VIO = 266 or VIO = 267. 

For VIO = 266, it follows wil - WII > 2.72. 



96 KEIEI TO KEIZAI 

from (4), then VIl, VIZ, . are uniquely determined by (6). 

For VlO = 267, it follows Wtl - Wll < 2.90. .. from (4), then 

v ll, v 12, • .. are uniquely determined. 

Therefore we obtain that the unique expansions of A (z) /Q (z) 

corresponding to the numbers of S: which are less than 1.84 are at 

most the following : 

CD (1, 2, 2, . ), 

@ (1, 1, 1, . ), 

® (1, 1, 3, .. ), 

@ (1, 1, 2, 3, 6, ... ), 

® (1, 1, 2, 3, 5, 8, ... ), 

® (1, 1, 2, 3, 5, 9, ... ), 

(J) (1, 1, 2, 4, 7, 13, 24, 44, 80, 146, 266, ... ), 

® (1, 1, 2, 4, 7, 13, 24, 44, 80, 146, 267, ... ), 

where CD, @ and ® correspond to TIL, ® and ® to r;z, and @ to 

Tj3. 

Finally, HITAC M-280H in Computer Centre University of 

Tokyo was used in order to determine Wn from Dn(z). The pro-

gram and its application to the case (1, 1, 2, 4, 7, 13, 24, 44, ... ) 

will be shown. 'DN(Z)" 'C(Z)" 'E(Z), 'W(Z), and 'W8' in the list in

dicate Dn(z), 1 - En(z), 1/En(z), Dn(z)/En(z) and ws, respectively. 

In this case, 

n = 8, 

Dn(z) = 1 - l Z - ~ ~2 + ~ Z3 + ~ Z4 + ~ Z6 + ~ Z7 - z~ 

1 - En(z) = ~ z + ~ 22 + ~ z4 + ~ Z5 - ~ Z6 - l Z7 + Z8, 

1 = 1 + 2 z + ~ 22 + 265 Z3 + 1903 Z4 + 
En(Z) 4 16 64 256 

+ 5298671 8 
65536 z + ... , 
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~:~j = 1 + z + 2Z2 + 4z3 + 7z4 + 13z5 + 24z6 + 44z7 

+ 6~1 2 8 + . 

W 
- 631 

8 - 8 . 

1 ( 

2 

3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
1 5 
16 
1 7 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

PV-NUMBER 
INTEGER*8 AUO),8 (20) ,(C20) ,[)(20) ,E(20), 
F C 2 J) 
"INTEGER*8 CC(20),DDC20),AAC20),BAC20) 
INTEGER*8 C1(20),D1C20) 
REAoC5,1000) N 
REAO(S,1100) (A(I),R(I),I=l,N+l) 
WRITEC6,2000) N 
WRITEC6,2500) 
WQITEC6,3000)(A(I),B(I),1=1,N+l) 
C (1) =0 
oCl)=l 
00 10 I=2,N+l 
CCI)=A(N-I+2) 
OCI)=f3CN-I+2) 

10 CONtINUE 
'wRITEC6tll11> 
WRITEC6,3000)(CCI),D(I),1=1,N+1) 
E(1)=l 
F(n=1 
00 20 1=2,N+l 
E ( 1 ) =0 
F(J)=l 

20 CONTINUE 
CALL ADOPLY(N,E,F,C,D) 
DO 25 l=l,N+l 
C1<1)=CCI> 
01 ( I ) =0 ( I ) 

25 CONTINUE 
DO 30 JJ=2,N 
CALL PRDPLY(N,Cl,Dl,C,D,CC,DD) 
CALL ADOPL¥CN,E,F,CC,OD) 
DO 30 I=1,N+l 
C1<1)=CC(J) 
01CI)=00(1) 

30 CONTINUE 
'I"IRITE(6,1200) 
WRITE(6,3000)(E(I),F(I),I=1,N+l) 
CALL PRDPLYCN,A,B,E,F,AA,BB) 
WRITE(6,1300) 
WRITEC6,3000)(AA(I),BS(I),I=1,N+l) 
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41 W R I T E ( 6 , 5000) r~ , A A ( N + 1 ) ,8 B ( N + 1 ) 
42 1000 FORMAT(I3) 
43 1100 FORMAT(1615) 
44 1111 FORMAT(1HO,'C(Z)=') 
45 1200 FORMAT(1rlQ,'E(Z)=') 
46 1300 FORMAT(1HO,'W(Z)=') 
47 2000 FORMAT(1Hn,'N =',13) 
48 2500 FORMAT(1HO,'DN(Z)=') 
49 3000 FORMAT(1H ,130,'/',130) 
50 5000 FORMAT(1HQ,'W',12,' ='/1H ,130,'/',130) 
51 STOP 
52 END 
53 SUBROUTINE PRt)PLY(N,A,P"C,I),E,F) 
54 INTEGE~*8 A(20),3(20),C(20),D(20),E(20), 

F (2 () 
55 INTEGE?*x EE,FF 
56 INTEGER*8 LA,L~,LC,LD,LE,LF 
57 DO 20 K=1,f\+1 
58 EE=O 
59 FF=1 
60 00 30 J=1,K 
61 LA=A(J) 
62 Lf3=B(J) 
63 LC=C(K-J+1) 
64 LD=D(K-J+1) 
65 CALL DROD0(LA,LR,LC,LD,LE,LF) 
66 CALL ADD@(EE,FF,LE,LF) 
67 ~a CONTINUE 
68 E(K)=EE 
69 F(K)=FF 
70 20 CONTINUE 
71 RETURN 
72 END 
73 SU8ROUTINE PROCTP(M,N,A,B,C,p.E,F) 
74 INTEGER*8 A(ZO),3(20),C(20),D(20),E(20). 

F(20) 
75 INTEGER*8 EE,FF 
76 INTEGER*8 LA,LB,LC,LO,LE,LF 
77 00 10 I=M+2,~+N+1 

78 A<I)=O 
79 '3<1)=1 
80 10 CONTINUE 
81 DO 15 I=N+2,M+N+1 
82 C(I)=O 
83 D<I)=1 
84 15 CONTINUE 
85 DO 22 I=1.M+1 
86 CALL TSURUN(A(I).B(I» 
87 22 CONTINUE 
88 DO 33 I=1,N+1 
89 CALL TSUBUN(C(I),D(I» 
90 33 CONTINUE 
91 DO 20 K=1.M+N+1 
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92 EE=O 
93 FF=1 
94 DO 30 J=1,K 
95 LA=A(J) 
96 LB=B(J) 
97 LC=C(K-J+1) 
98 LD=D(K-J+1) 
99 CALL PRODQ(LA,LB,LC,LD,LE,LF) 

100 CALL ADDQ(EE,FF,LE,LF) 
101 30 CONTINUE 
102 E(K)=EE 
103 F(K)=FF 
104 ?O CONTINUE 
105 RETURN 
106 END 
107 SUBROUTI~E ADDPLY(~,A,B,C,D) 

1 08 IN T E G E R * 8 A ( 20 ) ,B ( 20) , C ( 20) ,D ( 20 ) ,E ( 20 ) , 
F(20) 

109 DO 30 I=1,N+1 
110 CALL AOOQ(A(I),B(I),C(I),O(I» 
111 30 CONTINUE 
112 RETURN 
113 ENO 
114 SUBROUTINE PROOQ(LA,LB,LC,LO,LE,LF) 
115 INTEGER*8 LA,LB,LC,LD,LE,LF 
116 IF(LA.EQ.O.O~.LC.EQ.O) GOTO 9 
117 CALL TSUBUN(LA,LB) 
118 CALL TSUBUN(LC,LO) 
119 CALL T5UBUN(LA,LO) 
120 CALL TSUBUN(LC,LB) 
121 LE=LA*LC 
122 LF=LB*LD 
123 RETURN 
124 9 LE=O 
125 LF=1 
126 RETURN 
127 END 
128 SUBROUTINE ADOQ(EE,FF,LE,LF) 
129 INTEGER*8 EE,FF,LE,LF,LCOMM 
130 CALL EUCLIO(FF,LF,LCOMM) 
131 EE=LF/LCOMM*EE+FF/LCOMM*LE 
132 FF=FF/LCOMM*LF 
133 CALL T5UBUN(EE,FF) 
154 RETURN 
135ENO 
136 SUBROUTINE TSUBUN(LA,LB) 
137 INTEGER*8 LA,LB,LC 
138 IFCLA.EQ.O) GOTO 99 
139 CALL EUCLIDCLA,LB,LC) 
140 LA=LA/LC 
141 LB=LB/LC 
142 RETURN 
143 99 LB=1 
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144 
145 
146 
147 
148 
149 
150 
151 
1 52 
153 
154 
155 
156 
157 
158 
159 

N = 8 

ON Cl) = 

(Cl)= 

E(l)= 

RETURN 
END 
SUBROUTINE EU(LID{A,B,C) 
INTEGER*8 A,B,C 
INTEGER*8 LA,LB,LQ,LR 
LA=ABSCA) 
LB=ABS(B) 
LQ=LA/LB 
LR=LA-LB*LQ 
IF(LR.EQ.O) GOTO 9 
LA=LB 
LB=LR 
GO TO 1 

9 C=LB 
RETURN 
END 

1 / 
-1 / 
-1/ 

5/ 
1 / 
0/ 
71 
5/ 

-11 

0/ 
51 
7/ 
01 
11 
5/ 

-11 
-11 
1/ 

11 
5/ 

391 
265/ 

19031 
14025/ 

1007()3/ 
726649/ 

5298671/ 
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1 
4 
8 
8 
8 
1 
8 
4 
1 

1 
4 
8 
1 
8 
8 
8 
4 
1 

1 
4 

16 
64 

256 
1024 
4096 

16384 
65536 
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W(z>= 
1 1 
11 
21 
41 
71 1 

1 31 1 
241 1 
441 1 

6311 8 

W 8 
6311 ~ 

REFERENCES 

C 1) J. Dufresnoy et C. Pisot, Sur les elemenls d'accumulation d'un ensemble 

ferme d'entiers algebriques, Bull. Sc. Math., t. 79, 1955, 54-64. 

C 2) ]. Dufresnoy et C. Pisot, Etude de certaines fonctions meromorphes bor

nees sur Ie cercle unite, Ann. Sc. Ec. Norm. Sup., t. 72, 1955, 69-92. 

C 3) J. Dufersnoy et C. Pisot, Sur un ensemble ferme d'entiers algebriques, 

Ann. Sc. Ec. Norm. Sup., t. 70, 1953, 105-133. 




