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In a recent paper lkema [3] successively attempts to apply the

two-dimensional factor price frontier to prove some basic
theorems in the pure theory of international trade. The factor
price frontier (FPF), which gives the relationship between the wage
rate and the profit level or rate of interest has received a good
deal of attention from the pure theory of capital and growth (See
Burmeister [1] Hicks [2], Samuelson [7].), while this idea has by
and large been ignored in the pure theory of international trade.
To my knowledge, recent tasks by Shimomura in [8], Steedman-
Mainwaring-Metcalfe in [9], and Kouri in (6], following Kemp
[5], Jones [4], and Ikema [3], constitute a few exceptions to this
neglect.
1t has been demonstrated by Ikema that the FPF is a promising
tool with several advantages also in the analysis of international
trade. Indeed, more attention should be paid to the application of
this concept from trade theorists. In this context, Some analyses
in Steedman [9] must be remarked.

The FPF is not an unambiguous concept. For example, if
both factor prices are deflated by the price of the same commodity,
the FPF depends only upon the production function for that commo-
dity. Given the assumption of linear homogeneous production
functions, each price of commodity turns out to be a linear homoge-
neous function of each factor prices. Nonetheless, replacing the
market structure under consideration, then it follows that the FPF
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has no longer the property of linear homogeneity. This paper is
intended not as further analysis using the FPF, but as examining
the implications of monopoly on the FPF.

On the other hand, the assumption of perfect competition has
long since been a major part of the corpus of trade theory. A
more interesting approach would be start with the assumption that
product markets are now characterised by imperfect competition.
This paper will thus serve as a preliminary analysis of the impact
of product market imperfections on the contents of international
trade theory, by use of a well-defined FPF.

I

We first present the Samuelson-Kemp type model under
monopolistic conditions. The jth production relationship is written

X;=F;(K;, Li)=L;f;(ks) (1

where f;(kj)=F;(k;, 1) and k;=K;/L;. It is assumed that F; is
homogeneous of the first degree in L; and Kj. Under the as-
sumption of monopolistic product markets, the reward of each factor
is not equal its marginal value product, but its marginal revenue
product, which, in turn, equals the marginal revenue times the
marginal product. If we denote by p; the price of the jth commo-
dity, by r the rental per unit of capital, and w the wage rate, each
in terms of some arbitrary unit of account, the required equalities
may be written as

w=p;(1-1/)(fi—kifi")
r=p;(1=1/&;)f;’ {2)

It follows that the wage-rental ratio is equal to
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o=w/r=fi/f;")—k; (3)

It is also assumed that all marginal products are positive but dimi-
nishing, so that f;’(£;)>0, if ;>0 and f;”(k;)<0.

In view of the restrictions placed on f;(%;), Egs. (3) determine k;
uniquely in terms of », with

dki/de=—(f;")/fifi">0 (4)

We are now ready to derive the FPF in the presence of product
market imperfections. However, at this point it would be convenient
to summarize the results of the previous studies. Those analyses
tell that the FPF has some fundamental properties. That is to
say, first, the FPF, r=r; (w) is convex to the origin, and its
negative slope indicates the capital-labour ratio. Furthermore, it
is also clear that there is a close connection between the elasticity of
the FPF and the competitive distribution of income. Secondly, p;
is homogeneous of the first degree with respect to w and 7.

We can imagine the following function.

pi=p; (w, 1) (5)

We define the FPF as the relationship between w and r at constant
prices p;. Thus, Differentiating Eqs.(5) totally, and setting dp; =
0, we obtain

dr/dw=—(8p;/dw)/(8p;/0r) (6)

Here, we must explore the effect of changes in individual factor
rewards on commodity; price. For this purpose we need refer
only to Egs. (2). Differentiating, first with respect w and then
with respect to » , and solving, we can get
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& . 1
9p; _ &i—1 Si
dw - + 1 Pi 0&; (72)
1t -1 T op;
E; ~ ki_
9p; &—1 """ fi
or 1 P50 (7b)
1+ &€;—1 &j 0p;
Hence Eqgs. (6)may be rewritten
dw/dr=—£k;<0 (6")

Another important feature is the fact that the elasticity of the function
ri(w) is equal to the ratio of the two factor’s income shares. By
using Egs. (6’) we have

(w/r) (dr/dw)=(w/r)/(—k;)=—(wL;)/(K;) (8)

We are now in a position to prove the convexity of the FPF.
Since it is apparent that

d*w/dr*=(w/r*)(8k;/0w) >0 (9)

Thus, it can be easily concluded.

The final step is to investigate the linear homogeneity we are
heavily concerned with. The answer for this question is derived
from the results of Egs. (7), with making use of Eqgs. (2), that is,

8p; T 0p; ., w_ 1
or Pi + ow P 1+[ 1 Pi 0

(10
E,—1 "¢, apj]
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Egs. (i0) indicate that a commodity price is no longer homogeneous
of degree one in factor prices. As long as 86;/0p;50, a 1%
change in factor prices will not induce the same 1% change in a
commodity price.

I

For expositional purposes, we turn now to consider the same
problem in an alternative model, which we call the Amano-Jones
type model in turn. We begin to tell the story in the case of perfect
competition.

In a competitive equilibrium with both output being positive,

these unit costs equal market prices, as in Egs. (11).

apswtagir=p; (1)

where a,;; denotes the quantity of factor ¢ required to produce a
unit of a commodity j. Differentiating Egs. (11) totally, and using the

minimum unit cost conditions, wda,;+rdag;=0, yield

apjdwtagjdr=dp; (12

Apparently, this expression provides the negatively sloped FPF.
Now it can be easily derived that

(w/r)(dr/dw)=—(way;)/(rag;) {13

Let us us now identify the validity of the convexity. It is shown
in Eqgs. (14.

dhw/dr*=(w/r*)(8(axj/a.;)/0w] (14
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Substitute the definition of the elasticity of substitution between labor
and capital in each sector (e.g.oj="(ag;*—a,;*)/(w*—r*)) to obtain

d*w/dr*=(oy/r)(ax;/aL;)>0 (147)

Finally, we consider the linear homogeneity.  For this purpose
we only need an inspection of Egs.(ll). Suppose that w and r
increase by factor ». Then the wage-rental ratio » remains uncha-
nged, it is reduced that p; increases by the same factor ». The
fact can be sufficiently proved if we recall that in a competitive
equilibrium the input mix used in production depends solely upon
the ratio of factor prices.  The expression for the relative change
in a;; and ag; can be obtained by the interaction of the minimum
cost conditions and the definitions of the two factor elasticities of
factor substitution ¢;. It proves convenient to write cost minimiza-
tion in relative terms (denoted by an asterisk). Thus a.;* is
dagj/a;;. It entails that

priari¥+pgiagi*=0

where p;; is the 7/th factor distributive share in the 7th commodity,
for example, u.; is wa;j/p;. The solutions for the a,;*’s can then
be as follows.

api*=—pgo;(w*—r¥*)

agi*=ppj0;(w—r*)

Let us turn now to the case of monopoly. We concentrate on
the linear homogeneity, which is a major concern throughout the
entire analysis. The price equations now include monopoly profits.
Let a.; stand for monopoly profits per unit of output is the jth
sector. Then
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apjwtagir+az;i=p; (15)

where a.;j=p;i/E;.

With monopoly, we have the problem of determining €; in the
context of general equilibrium. We assume that the social utility
function is of C. E. S.

U=(axlﬁ-+bx2‘ﬁ)'1/ﬂ’ a, b>0y _1<B’ B%O
where assumed a/b=1 for the sake of simplicity. Solving the

above function for &; and restating the results in equations of
change, we obtain

= —B%p’ (P PP p _
= T G p0F I L1 tanteT ] @ =
AR (162)
" Dt ot )

L1+ @/ p) #pl [ 1 +op(pe/ p)%
=‘92<P2*_P1*) (16b)

where o, is the elasticity of substitution between two commodities in
consumption. Differentiating Eqgs. (5 totally and using the minimum

unit cost condition, we obtain

prywtprt=p*(1 —pog) Fpe 6% (18"

where pri=a-;i/p;j=1/€;. Substituting Egs. (16a) and (16b) in
Eqgs. (15’), and solving those two equations together, we have

P/ wr=|pl/[| pl+ A] (172)

p/ri=ul/Upl-0] (17b)
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where lp| is the notation for the matrix of production coefficients
shown in (157),

Hrn Pga
ln|=
Hre Hge

and A=A =pr) g1t gz + gt z0:1/ | 1]
= [(1—/1‘7r2)pL1+’LL21L1':101+F'L1/'L1:202]/ [u]

From Eqgs. (17a) and (17b) we have

Pﬁff + _b* e+ A4l

w*F e 1+ |e?+(a—11) | pl— all g

By similar methods we can also obtain the expressions concerning
(po*/w*) +(p*/r¥). An inspection of Eq. (18) reveals that each
commodity price is no longer homogeneous of degree one in factor

prices once again.
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