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Abstract

After the global financial crisis, very low interest rate policy, which

includes a zero interest rate policy (ZIRP) or a quantitative easing poli-

cy (QEP)，spread throughout the United States, Japan, and Europe.

International capital movements did not respond to returns sufficiently,

because international investors had become more sensitive to risks dur-

ing the financial crisis. In this paper, we construct a two-country model

with imperfect capital mobility and the difference of the price-adjust-

ment speed between countries. We characterize the optimal response of

monetary policies to an asymmetric productivity shock by conducting

numerical analyses. There were three primary results of our analysis.

First, there exists a policy objective trade-off between output stability

and optimal allocation of resources. The slightly tight monetary policy

was found to be optimal, in the sense of the marginal cost equalization of

the two objectives. Second, the higher the sensitivity of international

capital mobility to a difference of returns, the smaller the interest cut

necessary. Third, if capital is completely immobile between sectors, the

policy rule insisted by Aoki (2001) is the optimal response.
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1 Introduction

In Japan, the extremely lower interest rate policy, which includes zero in-

terest rate policy (ZIRP)，has been continued since the latter half of the

1990s. This event inspires the economists to explain the effects of the mone-

tary policy under the zero lower bound of the nominal interest rates. Krug-

man (1998) pointed out that the equilibrium real rate of interest (or the

natural rate of interest) is negative in the late of 1990s in Japan. Then, other

economists developed some theories on the effectiveness of the extremely

lower interest rate policy without capital accumulation*1．Some researchers

criticize those theories for the dynamic inefficiency. Recent researches are

developed including the factor of capital accumulation*2．

Some of senior officials in the Bank of Japan (BOJ) and some economists

are afraid that the current stance of monetary policy is excessively easy, as

those theoretic analyses on the monetary policy under very low interest rate

are progressed. In the beginning stage of the zero interest rate policy, some

policymakers including the then-BOJ governor Hayami and some economists

shared the idea that the deflation with relative-price changes was not always

harmful to macroeconomic conditions because of the price reduction in some

sectors with high productivity growth. The deflation became more serious

after the ZIRP was abandoned in August 11th，2000，the idea of the“good

deflation”lost favor with the public.

On the other hand, a lot of researches focused on the supply-side of the

economy, because the stagnation has lasted for the most period of the 1990s.

*1 Eggertsson and Woodford (2003)，Jung et al．(2006)，and so on analyze the optimal

monetary policy under the zero lower bound of the nominal interest rates.

*2 For example, the researches are of Woodford (2003，Chapter 5)，Woodford (2005)，

Takamura et al．(2005)，and so on.
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Especially, many economists and commentators shared the idea that the eco-

nomic system which had supported the rapid growth in the post World War

II era caused the economic inefficiency as the economy matured. For exam-

ple, Peek and Rosengren (2003) show that the Japanese financial system

and banking supervision have promoted for commercial banks to accommo-

date credits to the inefficiently operated firms, and prevented restructuring

the corporate sector. The“structural reconstruction”by the former Koizu-

mi administration is supposed to be followed that perspective.

We construct a two-country model to investigate the changes in the real

exchange rate and the international allocation of resources, for the back-

ground mentioned above. In particular, we suppose the incompleteness of

the international capital mobility in the two-country model, and then inves-

tigate the optimal responses of monetary policy to the relative productivity

shock between the countries.

This paper is constructed as followings. In the section 2，we construct a

two-sector model with incomplete capital mobility between sectors. In the

section 3，the structural equations are derived by the log-linear approxima-

tion of the model constructed in the section 2．Then, we derive the objective

function of the monetary authority, and specify the optimal responses of

monetary policy to the shock that needs some relative-price change. We con-

clude this analysis in the section 5．

2 The Model

In this section, we explain the structure of our model. The main assumptions

of the model are as follows. First, there are many firms in the economy and

each firm supplies differentiated goods. The firms are divided into the home
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(H) and foreign (F) country. The firms in the foreign country are assumed

to be able to adjust the price of their products any time in response to

changes in the demand and supply condition. On the other hand, a longer

period of time is required for the firms in the home country to adjust the

prices of their products*3．

Second, we assume incomplete capital mobility between the countries.

Each firm produces goods with labor and capital stock. Labor is a firm-

specific factor. Capital stocks can be rented in the rental market. The in-

tegration of the rental market occurs between home and foreign countries.

The arbitrage is incomplete between the two countries, because of the mo-

bile cost of capital.

We investigate the behavior of the agents in the factor and goods markets

in the following subsections. For this purpose, we first depict the behavior of

the agents in the factor markets. We then investigate the effects of imper-

fect capital mobility on the markets. Finally, we examine the demand and

supply factors in the goods market.

2.1 Factor markets and capital mobility

Capital should move from a country to another to achieve the optimal capital

allocation internationally. In our model, however, the optimal allocation is

not realized because capital mobility is incomplete.

The setting of our model is as follows. First, the firms that produce

differentiated goods are represented by a continuum of [0,1]．The firms of

a continuum of [0,γ) belong to the home country, while those of a continu-

um of [γ,1] belong to the foreign country. Second, each firm receives a

*3 This set of assumptions is the same as those developed by Aoki (2001)．In this investi-

gation, however, we remove the assumption of fixed capital to investigate sectoral capital

mobility.
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specific amount of capital stock K that they use to produce goods or rents for

other firms in the rental market*4．The capital stock completely depreciates

in one period. We define the aggregate function of the capital stock as

K＝∫
1

0
kt(i)di， (1)

KHt＝
1
γ∫

γ

0
kt(i)di，and KFt＝

1
1－γ∫

1

γ
kt(i)di，

where kt(i) represents the amount of the capital stock that firm i uses in the

production. KHt and KFt represent the aggregate capital stock in the home

(H) and foreign (F) countries, respectively.

We shall now explain the rental markets of the capital stock. There are

two rental markets; each corresponding to the home and foreign countries.

The arbitrage is complete in each national rental market. The national rental

pricesρHt (in the home country) andρFt (in the foreign country) are then

formed in each market. Arbitrage is possible internationally. Capital moves

from the low rental price country to the high rental price country, but the

arbitrage is incomplete. We formulate this relationship as

KHt

KFt
＝μ(ρHt/ρFt)， (2)

where the derivative of this function meets，μ(1)＝1，andμ′(1)＝εμ*5．

*4 Recently, some research investigations about capital accumulation applied an optimal

monetary policy analysis. Takamura et al．(2005) develops an optimal monetary policy

analysis with capital accumulation and assumes that firms can rent their capital stock in

the rental market. On the other hand, Woodford (2005) supposes that capital stock is the

firm-specific factor. The assumption of imperfect capital mobility in this paper is the in-

termediary between the perfectly integrated rental market, as in Takamura et al．(2005)，

and the firm-specific capital stock as in Woodford (2005)，though we eliminate capital

accumulation to focus our analysis on the effects of capital mobility.

*5 Casas (1984) formulates the factor mobility to meet the constant elasticity of substitu-

tion. Our functional form is consistent with the formulation of Casas (1984)．
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The parameterεμ represents the sensitivity of capital mobility to the differ-

ence in the national rental prices at the symmetric steady state equilibrium

KH＝KF＝K. The magnitude of the parameterεμ indicates the smoothness

of capital mobility.

Next, we shall investigate the factor demand of each firm. Each firm uses

capital stock and labor, which is the firm specific factor. The production

function of the firm is represented as

yt(i)＝kt(i)・f(At(i)ht(i)/kt(i))， (3)

where ht(i) is labor employed by firm i. At(i) represents the country-specific

total factor productivity shock. As a result of the cost minimization problem

of the firm, which is subject to the restriction of the production function, as

Equation (3)，factor demand becomes

st(i)＝
wt(i)

At(i)・f′(At(i)ht(i)/kt(i))
,

ρt(i)＝st(i)
┌
│
│
└

f(At(i)ht(i)/kt(i))－
At(i)ht(i)

kt(i)
・f(At(i)ht(i)/kt(i))

┐
│
│
┘
，

where st(i) is the Lagrange multiplier of the production function. st(i) is as-

sumed to be the marginal cost of production, because the multiplier

represents the marginal effect of the change in the products on the produc-

tion cost．ρt(i)，which is the rental price of the capital stock, is derived by

the equalization of the factor price ratio with the marginal rate of technical

substitution.

We define household i's life-time utility as

E0
∞

∑
t＝0
βt[u(C i

t ;ξt)－ v(ht(i);ζt(i))] (4)

to derive the labor supply of the household i to the firm i. C i
t and ht(i)
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represent the consumption and labor supply, respectively．ξt is the ag-

gregate demand shock andζt(i) is the country-specific labor supply shock.

As a result, the labor supply condition of the household i is derived as

wt(i)＝vh(ht(i);ζt(i))/λi
t， (5)

whereλi
t＝u(C i

t ;ξt) is the marginal utility of consumption and wt(i) is the

real wage rate.

Substituting Equation (5) into the factor demand conditions mentioned

previously yields

st(i)＝
vh(f－1(yt(i)/kt(i))kt(i)/At(i);ζt(i))

At(i)・f′(At(i)ht(i)/kt(i))・λi
t
， (6)

and

ρt(i)＝
vh(f －1(yt(i)/kt(i))kt(i)/At(i);ζt(i))

At(i)・λi
t

f －1(yt(i)/kt(i))[φh(yt(i)/kt(i))－1]，(7)

where f－1(・) is the inverse function of the production function, and

φh(yt(i)/kt(i))＝
f(f－1(yt(i)/kt(i)))

f－1(yt(i)/kt(i))f′(f－1(yt(i)/kt(i)))
．

Equation (7) is derived from the equalizing condition of the factor price ratio

with a marginal rate of technical substitution ofρt(i)．

2.2 Demand for the goods

Before it is revealed to which country each household belongs, the house-

holds purchase insurance by which the idiosyncratic risks are averted. This

implies that the condition of the complete market is met*6．In addition, if the

initial wealth of all households is equal, they would face the common inter-

temporal resource allocation problem. Therefore, the Euler condition of the

*6 This assumption is the same as that of Aoki (2001)．
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inter-temporal consumption substitution implies that

Et{Qt,t＋1Πt＋1}＝βEt{λt＋1/λt} (8)

where Qt,t＋1 represents the stochastic nominal discount factor from the

period t to period t＋1 and satisfies 1＋it＝(Et{Qt,t＋1})－1．Pt is the general

price level andΠt＝Pt/Pt－1 represents the gross rate of general price infla-

tion. In Equation (8)，the superscript i ofλt is ignored, because all types of

households plan the same pattern of consumption by the ex ante complete-

ness of the market.

To determine the consumption demand for each of the differentiated

goods, we define the functional form of the consumption basket Ct as the

constant elasticity of substitution (CES) type. The elasticity of substitution

between the countries is unity. The elasticity of the substitution among the

differentiated goods in each country isθ＞1．The price index, which cor-

responds to the consumption basket defined above, is derived as

Pt＝PγHt P
1－γ
Ft ， (9)

PHt＝
┌
│
│
└

1
γ∫

γ

0
pt(j)

1－θdj
┐
│
│
┘

1
1－θ

， PHt＝
┌
│
│
└

1
1－γ∫

1

γ
pt(j)

1－θdj
┐
│
│
┘

1
1－θ

，

where PHt and PFt are the average prices of the home and the foreign coun-

tries, respectively, and pt(j) is the price of the differentiated goods produced

by the firm j.

The government's consumption basket Gt is defined in the same manner

as for Ct. The government collects corporate income tax at the rateτ(if the

parameter is negative, it is a transfer to the firms) to finance its expendi-

tures.

The series of assumptions mentioned above implies the demand for each
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category of differentiated goods as

yt(i)＝(pt/PHt)
－θx－1Ht Yt， for i∈[0,γ)， (10)

yt(i)＝(pt/PFt)
－θx－1Ft Yt， for i∈[γ,1]， (11)

where Yt＝Ct＋Gt, and xHt＝PHt/Pt, xFt＝PFt/Pt represent the real exchange

rates of the home and foreign countries, respectively. They are defined as

the real exchange rates of each country.

2.3 Supply of the goods

Being subject to the demand for its products, each firm maximizes the after-

tax profit. Thus, the problem of the representative firm in the foreign coun-

try is described as

max
pt(i)
(1－τ) pt(i)

PFt
yt(i)－wt(i)ht(i)－ρFt kt(i)，

s.t. yt(i)＝(pt(i)
PFt )

－θ

x－1Ft Yt， for i∈[γ,1]．

Solving this problem and using Equations (3)，(5)，and (6)，we obtain the

profit-maximizing condition of the firm as

pt(i)
PFt

xFt＝(1－Θ)
－1st(i)， for i∈[γ,1]， (12)

where 1－Θ＝(1－τ)(θ－1)/θ．Equation (12) implies that the representa-

tive firm sets the price of its products following the mark-up principle at the

rate (1－Θ)－1．

In the home country, it is assumed that in each period, a fraction 1－α of

firms get to set a new price, while the remainingαmust continue to sell at

their previously posted prices*7．The firms that get to set new prices are

*7 This assumption follows Calvo (1983)．It is also adopted by Rotemberg and Woodford
(1997)，Woodford (2003)，and others．
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chosen randomly each period, with each having an equal probability of being

chosen. The firms must count the case that they will not get to change their

prices for a while. As a result, the price set by the representative firm satis-

fies the profit-maximizing condition that

∞

∑
j＝0
αjEt

�
�
�

Q r
t,t＋1

pt(i)
PHt＋j

xHt＋j �yt＋j(i)
�
�
�
＝(1－Θ)－1

∞

∑
j＝0
αjEt{Q

r
t,t＋1 �st＋j(i) �yt＋j(i)},

for i∈[0,γ)， (13)

where Q r
t,t＋1 is the stochastic real discount factor and �yt＋j(i),�st＋j(i) are de-

mand for the firm's products and the marginal cost of production at the price

pt(i)，which is set in the period t.

2.4 Deterministic steady state

Here we suppose the symmetric steady state in which no exogenous stochas-

tic shocks and price changes occur. In this equilibrium, the following equa-

tions are satisfied:

kt(i)＝ �K， for ∀i, t，

xF＝xH＝1，

�i＝(1－β)β－1．

As a result, the supply condition in common with both countries is

(1－Θ)uC(・)＝
vh(f

－1(・)K;0)
f′(f－1(・)) ．

This equation can then be rearranged as

(1－Θ)YuC(・)＝φhhvh(・) (14)

by using the following equations:



Very Low Interest Rate Policy under Imperfect Capital Mobility ���

Y＝f(f－1(・))K, h＝f－1(・)K．

3 Log-Linear System

In this section, we log-linearize the developed model to obtain the system of

structural equations. For this purpose, we first examine the factor market.

Next we investigate the goods market, obtain the aggregate demand and

supply, and investigate the equilibrium that would be achieved if all prices

are flexible. These steps are conducted to obtain the natural level in which

the Pareto optimal allocation is achieved. Using the previously calculated

results, we obtain the structural equations as the difference between the log-

linearized system and the natural level.

3.1 Factor markets

We log-linearize the equations associated with the demand and supply condi-

tions in the factor market. To accomplish this, we first log-linearize Equation

(7)，which represents the optimal substitution between the factors of

production in order to obtain

�ρt(i)＝ρy �yt(i)－ρk �kt(i)－ωqt(i)－ �λt， (15)

where qt(i) represents the supply shock, defined as

qt(i)＝ω
－1
┌
│
│
└
(1＋ν) �At(i)－

vhζ(・)
vhh(・)

�ζt(i)
┐
│
│
┘
．

The supply shock qt(i) indicates the change in the marginal cost when the

supply condition is modified by the changes in productivity or the prefer-

ence. Our assumption of the rental markets of the capital stock implies that
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�ρt(i)＝
�
�
�

�ρHt for i∈[0,γ)，

�ρFt for i∈[γ,1]．

Equation (15) implies that the rental price of capital in each market would

decline if the positive supply shock occurs. Using the fact that �YHt＝ �Yt＋
1－γ
γ

�xFt and �YFt＝ �Yt－ �xFt, we can take the national aggregation on Equation

(15) to obtain the national rental prices as

�ρHt＝ρy

┌
│
│
└

�Yt＋
1－γ
γ

�xFt

┐
│
│
┘
－ �ρk �KHt－ωqHt－ �λt， (16)

�ρFt＝ρy[ �Yt－ �xFt]－ �ρk �KFt－ωqFt－ �λt． (17)

We log-linearize Equation (2)，which represents international capital

mobility in order to obtain

�KHt－ �KFt＝εμ[ �ρHt－ �ρFt]，

whereεμ is the parameter associated with the sensitivity of capital mobility

to the international difference in the rental price. The larger the value of this

parameterεμ，the smoother the international capital mobility is. Interna-

tional capital mobility does not occur if the parameter approximates to zero,

and then the international difference of rental prices remains. Substituting

the equation of the definition of the parameterεμwith Equations (16) and

(17) implies that

�KHt－ �KFt＝
1
γ
εμρy

1＋εμρy
�xFt＋

εμω
1＋εμρk

(qFt－qHt)． (18)

This equation implies that capital mobility depends on the real exchange

rate, and the asymmetric supply shock, qFt－qHt.
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3.2 Goods market

We investigate the structure of aggregate demand and aggregate supply in

the goods market. First, on the demand side component, the definition ofλt

implies that

�λt＝σ
－1[ �Yt－gt]， (19)

where the demand shock for the aggregate economy is defined as

gt＝ �Gt－
uCξ(Y;0)
uCC(Y;0)

�ξt，

where �Gt＝dGt/Y and �ξt＝dξt/Y, respectively.

Equation (8)，which represents the Euler condition of consumption, is

log-linearized as

Et �λt＋1－ �λt＝－ �it＋Etπt＋1． (20)

Equation (9) implies that

πt＝πHt＋
1－γ
γ Δ �xFt． (21)

This implies that general price inflationπt can be divided into core inflation,

πHt, and the change in the real exchange rate, Δ �xFt．

Log-linearizing Equations (10) and (11) yields

�yt(i)＝ �Yt＋
1－γ
γ

�xFt－θ�pHt(i)，for i∈[0,γ)， (22)

�yt(i)＝ �Yt－ �xFt－θ�pFt(i)，for i∈[γ,1]， (23)

where �pHt(i)＝log(pt(i)/PHt) and �pFt(i)＝log(pt(i)/PFt).

Next, we investigate the supply side of the economy. Log-linearizing Equ-

ation (6)，which represents the marginal cost of production, yields
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�st(i)＝ω�yt(i)－(ω－ν) �kt(i)－ωqt(i)－ �λt． (24)

The third term on the right-hand side of Equation (24) represents the supply

shock; the positive supply shock reduces the marginal cost of production.

In the foreign country, substituting Equations (15)，(17)，(23)，and (24)

into the log-linearized version of Equation (12) yields

�pFt(i)＝(1＋(ρy－ω)νθ
ρk )－1[(ω＋σ－1) �Yt－(1＋ω) �xFt－(ω－ν) �KFt－ωqFt－σ

－1gt].

The prices the firms in the foreign country determine are the same because

the firm index number i is not seen in the right-hand side of this equation.

Thus, �pFt(i)＝0 ∀i∈[γ,1] is satisfied and we obtain the supply condition

of the firms in the foreign country as

�xFt＝(1＋ω)
－1[(ω＋σ－1) �Yt－(ω－ν) �KFt－ωqFt－σ

－1gt]． (25)

Here, we derive the supply condition of the representative firm in the

home country. The definition of the expected demand for the products in the

period t＋j implies

Et ��yt＋j(i)＝Et
�
�
�

�Yt＋j－ �xHt＋j－θ( �pHt(i)－
j

∑
l＝1
πHt＋l)���．

Substituting this equation along with Equations (15)，(16)，and (24) into

the log-linearized version of Equation (13)，which represents the supply

condition of the representative firm, yields the inflation dynamics of the

home country. Substituting the supply condition in the foreign country, Equ-

ation (25)，into the inflation dynamics obtained above yields the supply con-

dition of the representative firm in the home country as

πHt＝γ－1κ[(ω＋σ－1) �Yt－ωqt－σ
－1gt]＋βEtπHt＋1， (26)



Very Low Interest Rate Policy under Imperfect Capital Mobility ���

where κ＝(1－α)(1－αβ)α (1＋(ρy－ω)νθ
ρk

)－1．

3.3 Flexible price equilibrium

In this subsection, we describe the equilibrium achieved when it is supposed

that all prices including the home country are flexible. The values of the en-

dogenous variables, derived from this equilibrium, are referred to as the

natural level of the variables. The flexible price equilibrium of the supply

condition in the foreign country is straightforwardly derived from Equation

(25) as

�x n
Ft＝(1＋ω)

－1[(ω＋σ－1) �Y n
t －(ω－ν) �K

n
Ft－ωqFt－σ

－1gt]． (27)

Referring to the supply condition of the foreign country, Equation (27)，

the flexible price equilibrium of the supply condition in the home country is

obtained as

－1－γγ
�x n
Ft＝(1＋ω)

－1[(ω＋σ－1) �Y n
t －(ω－ν) �K

n
Ht－ωqHt－σ

－1gt]．(28)

The definition of the aggregate function of the capital stock implies

γ �K n
Ht＋(1－γ) �K

n
Ft＝0， (29)

and rearranging Equation (18)，derived from the capital mobility condition,

we obtain

�K n
Ht－ �K n

Ft＝
1
γ
εμρy

1＋εμρk
�x n
Ft＋

εμω
1＋εμρk

(qFt－qHt)． (30)

Next, rearranging the conditions mentioned above, we indicate the natural

values as the combination of the supply and demand shocks. Taking the

weighted average of Equations (27) and (28) and rearranging the results by

using Equation (29)，we obtain the natural level of output as the linear com-
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bination of the demand and supply shocks, that is,

ωqt＋σ
－1gt＝(ω＋σ

－1) �Yn
t． (31)

By substituting this equation into Equation (26)，we obtain the core-infla-

tion dynamics or the“new Keynesian Phillips curve”of the home country

as

πHt＝γ
－1κ(ω＋σ－1) �Yt＋βEtπHt＋1， (32)

where �Yt＝ �Yt－ �Yn
t represents the world GDP gap.

Subtracting Equation (28) from Equation (27)，we derive

�x n
Ft＝－

γ
1＋ω[(ω－ν)( �K

n
Ft－ �Kn

Ht)＋ω(qFt－qHt)]， (33)

and substituting Equation (30) into Equation (33) to eliminate �Kn
Ft－ �Kn

Ht, we

obtain

γωψ2(qFt－qHt)＝ψ1 �x
n
Ft， (34)

whereψ1＞0 andψ2＜0．Equation (34) implies that the natural level of the

real exchange rate depends on the asymmetric supply shocks between the

countries. Substituting the loglinearized version of Equations (1) and (18)

into Equation (25) to eliminate, and rearranging the result using Equations

(31) and (34)，we obtain

�xFt－ �x n
Ft＝ψ

－1
1 (ω＋σ

－1) �Yt． (35)

This equation implies that the real exchange rate gap is proportionate to the

output gap.

Equations (19)，(20)，(21)，and (35) imply
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�Yt＝Et �Yt＋1－ση
－1
┌
│
│
└

it EtπHt＋1－rn
t－
1－γ
γ EtΔ �x n

Ft＋1

┐
│
│
┘
， (36)

whereη＝1＋1－γγ ψ－11 (1＋ωσ)．This is the dynamic IS equation of this

model.

Therefore, we can obtain the system of the structural equations in our

model, which contains Equation (32)，which represents the“new Keynesi-

an Phillips curve”in the home country; Equation (35)，which implies the

relationship between the real exchange rate gap and the output gap; and E-

quation (36)，which represents the aggregate demand condition, the so-

called dynamic IS equation. Placing the interest rate rule of the monetary

policy into this system, we obtain the equilibrium path of our model.

4 Optimal Monetary Policy under Imperfect Capital

Mobility

In this section, we describe the optimal monetary policy under imperfect

capital mobility between the countries. For this purpose, in the first subsec-

tion, we derive a welfare criterion from the representative agent's utility

function. Next, the asymmetric shock used in our analysis is specified. In the

last subsection, we derive the optimal response of monetary policy to the

asymmetric shock under imperfect capital mobility and examine a numerical

analysis to confirm the implications of the results of our analysis.

4.1 Social welfare criterion based on the utility function

The welfare criterion based on the agent's utility function is defined as

W0＝E0
∞

∑
t＝0
βt�

�
�

u(Ct;ξt)－∫
1

0
v(ht(i);ζt(i))di

�
�
�
． (37)
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Following Woodford (2003，Ch．6)，the second-order Taylor expansion is

applied to Equation (37)．Aggregating the result with respect to the individ-

uals, we can derive the welfare criterion. We accomplish this by first ap-

plying the Taylor expansion to the term u(Ct;ξt) as shown below:

u(Ct;ξt)＝u(Yt－Gt;ξt)

�uC(・)dYt＋
1
2[uCC(・)dY 2

t－2uCC(・)dYt dGt＋2uCξ(・)dYt dξt]＋t.i.p.＋O(‖ �ξt‖
3)

＝12YuC(・){(1－σ－1) �Y 2
t＋2σ

－1gt �Yt＋2 �Yt}＋t.i.p.＋O(‖ �ξt‖
3)． (38)

On the other hand, we take the Taylor expansion to the term as follows:

v(ht(i);ζt(i))＝v(f－1(yt(i)/kt(i))kt(i)/At(i))

�

1
2φhhvh(・)

�
�
�
(1＋ω) �yt(i)

2＋φh－1
φh
(ρk－1) �kt(i)

2－2(ω－ν) �yt(i) �kt(i)

－2ωqt(i)
┌
│
│
└

�yt(i)－
φh－1
φh

�kt(i)
┐
│
│
┘
＋2
┌
│
│
└

�yt(i)－
φh－1
φh

�kt(i)
┐
│
│
┘

�
�
�

＋t.i.p.＋O(‖ �ξt‖
3)． (39)

Aggregating Equation (39) for the agents and substituting the results, along

with substituting Equation (38) into Equation (37)，gives

W0＝－YuC(・)E0
∞

∑
t＝0
βtLt＋t.i.p.＋O(‖ �ξt‖

3),

where Lt is the loss function as

Lt＝
1
2

┌
│
│
└
(ω＋σ－1)( �Yt－ �Y*t)

2＋γθκ－1π2Ht＋
1－γ
γ

�ψ1( �xFt－Ψ �x n
Ft)
2
┐
│
│
┘
，(40)

where �Y*t is the efficient level of output, and the parameters are
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Ψ＝ψ1
�ψ2

�ψ1ψ2
， �ψ1＝ψ1－

(ω－ν)εμρy

(1＋εμρk)2
， �ψ2＝ψ2＋

(ω－ν)εμ
(1＋εμρk)2

.

The third term of Equation (40) represents the“real exchange rate gap.”

Although the term implies that the deviation of �xFt from the natural level �x n
Ft

has an effect on the social welfare, the coefficient of the natural level of the

real exchange rateΨ depends on the smoothness of the capital movement

εμ．If the capital movement is impossible internationally, that is，εμ＝0，

thenψ1＝ �ψ1，ψ2＝ �ψ2 would be satisfied, and therefore, the parameter satis-

fiesΨ＝1．In this case, the third term of Equation (40) reduces to the nor-

mal real exchange rate gap. If international capital mobility is perfect, that

is，εμ→∞，the coefficient of the natural level of the real exchange rate

would satisfiesΨ＝1.

In case the value of the parameterεμ is finitely positive, the value of the

coefficientΨ is smaller than one. Figure 1 illustrates the result of the calcu-

lation of the coefficientΨ to the different values of the parameterεμ．The

coefficientΨ is the smallest value 0.45 atεμ＝5，and approximates to unity

as the parameterεμ increases.

Fig．1 The Coefficient of the Natural Level of the Real Exchange Rate in the Loss

Function
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4.2 Real exchange rate adjustments under imperfect capital

mobility

In this subsection, we examine how much price adjustment is required to

respond to the asymmetric supply shock under imperfect capital mobility.

We can indicate the adjustment of the natural level of the real exchange rate

as �x n
Ft.

The exogenous shocks r n
t and �x n

Ft are in the dynamic IS equation (36)．

These are the linear combinations of the underlying shocks such that

r n
t ＝
ωσ－1

ω＋σ－1 Et{γΔqHt＋1＋(1－γ)Δ �xFt＋1－Δ�t＋1}＋(1－β)β
－1，(41)

EtΔ �x n
Ft＋1＝γωψ

－1
1 ψ2 Et{ΔqFt＋1－ΔqHt＋1}． (42)

For the purpose of our analysis, we focus on the asymmetric shocks on the

productivity. First, the definitions of the supply shocks are

qHt＝ω
－1
┌
│
│
└
(1＋ν) �AHt－

vhε(・)
vhh(・)

�ζHt

┐
│
│
┘
,

qFt＝ω
－1
┌
│
│
└
(1＋ν) �AFt－

vhε(・)
vhh(・)

�ζFt

┐
│
│
┘
．

For simplicity, we focus on the productivity shocks �AHt and �AFt. Equation

(42) is then rearranged by using the abovementioned equations as

EtΔ �x n
Ft＋1＝γ(1＋ν)ψ

－1
1 ψ2 Et {Δ �AFt＋1－Δ �AHt＋1}.

Thus, the shocks, which require the real exchange rate adjustment, are

caused by the international difference in the productivity growth rates.

Through the process such that the productivity difference is transformed to

the real exchange rate shock �x n
Ft, the smoothness of the capital movementεμ

has an effect on the parametersψ1 andψ2．Figure 2 depicts the effect of the
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asymmetric shock �AHt－ �AFt on the natural level of the real exchange rate

�x n
Ft，with respect to the value of the parameterεμ．This figure shows that

the effect of the constant asymmetric (productivity) shock on the natural

level of the real exchange rate is decreasing as the smoothness of the capital

movementεμ increases.

Fig．2 The Effect of the Asymmetric Productivity Shock on the Natural Level of

Real Exchange Rate

The adjustment mechanism from the asymmetric productivity shock to

the natural level of the real exchange rate is as follows. One can ensure that

the technological change in our model is the Harrod neutral from the produc-

tion function defined by Equation (3)．In this type of production function,

the growth of the total factor productivity tends to reduce the rental price of

the capital. This is confirmed in Equations (16) and (17).

Suppose that the productivity in the home country is improved. This

shock reduces the rental price in the home country in comparison with the

one in the foreign country. Then, as in Equation (18)，the capital stock
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moves from the home country to the foreign country. Thus, the world

economy is adjusted in response to the asymmetric productivity shock by the

real exchange rate changes and the capital movements. The magnitude of

the capital movements is defined by the parameterεμ．Equation (34)

means that the range of the real exchange rate adjustment in response to the

asymmetric productivity shock depends on the sensitivity of the capital

Table．1 The Basic Parameters in the Numerical Analysis

α 0.66 β 0.99 γ 0.50 σ－1 0.16

θ 7.67 ωp 0.33 ν 0.11 φh 6.50

Table．2 The Parameters of the Shocks in the Numerical Analysis

Initial value of shocks AR parameter of shocks

�AHt 0.5 0.8

�AFt －0.5 0.8

Fig．3 Adjustment Process to the Asymmetric Shock
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mobilityεμ through the parametersψ1 andψ2．

Figure 3 illustrates the adjustment process mentioned above under the set

of parameters shown in Tables 1 and 2．In case the asymmetric productivity

shock increases the international difference in the rental prices, following E-

quation (18)，the capital stock moves to adjust the rental price difference.

Panel (a) shows the rental prices and Panel (b) shows the national share of

the capital stock in Figure 3.

In caseεμ＝0，without capital movements, the rental price adjustment

depends only on the autonomic decrease in the relative supply shock qHt－qFt

and the real exchange rate changes. As a result, the adjustment is very slow.

In case the rental markets are integrated completely，εμ→∞，the rental

price difference diminishes quickly, as shown in Panel (a) of Figure 3．At

the same time, massive capital movement occurs as shown in Panel (b)．In

case of imperfect capital mobility, the result is intermediate between the two

cases mentioned above.

4.3 Optimal monetary policy under imperfect capital mobility

In this subsection, we specify the optimal responses of the monetary policy

to the asymmetric productivity shock under imperfect capital mobility and

investigate the effect of the monetary policy on social welfare. For simplici-

ty, we adopt the following assumptions. First, the inefficiency associated

with the monopolistic power of the producers can be removed by the tax or

subsidy, that is， �Y*t＝0 is held. Second, we ignore the lower bound of the

nominal interest rate for a while.

The loss function defined in Equation (40) is the welfare criterion in our

analysis. The monetary authority minimizes this welfare loss by subjecting it

to the restrictions, including the core-inflation dynamics shown in Equation
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(32)，the real exchange rate gap shown in Equation (35)，and the dynamic

IS equation shown in Equation (36).

The supposed first-best solution is that all the terms in the loss function

are zero, that is, the output gap �Yt, the domestic inflation in home country

πHt, and the real exchange rate gap in the loss function �xFt－Ψ �x n
Ft are zero.

However, stabilization of the output gap �Yt and the real exchange rate gap

�xFt－Ψ �x n
Ft are generally inconsistent. The first-best solution is achieved only

in case of no capital movementεμ＝0 or the case of perfect capital mobility

εμ→∞.

Under the assumption of discretionary monetary policy, the central bank

re-optimizes in each period. Being subject to Equations (32)，(35)，and (36)，

the monetary authority minimizes the loss function represented as Equation

(40)．The first-order conditions of this optimization problem are

(ω＋σ－1) �Yt－γ
－1κ(ω＋σ－1)φπt－ψ

－1
1 (ω＋σ－1)φxt＝0， (43)

γθκ－1πHt＋φπt＝0， (44)

(γ－1－1) �ψ1( �xFt－Ψ �x n
Ft)＋φxt＝0， (45)

whereφπt andφxt are the Lagrange multipliers associated with Equations

(32) and (35)，respectively.

Eliminating the Lagrange multipliersφπt,φxt and the real exchange rate �xFt

in Equations (35),(43),(44)，and (45)，we obtain

�η �Yt＋θπHt＝(γ
－1－1)( �ψ1ψ1－

�ψ2
ψ2) �x

n
Ft， (46)

whete �η＝1＋(γ－1－1)
�ψ1
ψ21
(ω＋σ－1)．Substituting Equation (32) into Equa-

tion (46) to eliminate �Yt, we obtain

EtπHt＋1＝BπHt＋Γ �x n
Ft， (47)
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where

B＝β－1[1＋γ－1θκ(ω＋σ－1)]，Γ＝β－1γ－1(γ－1－1)κ(ω＋σ－1) �η－1( �ψ1ψ1－
�ψ2
ψ2)．

Given the path of the exogenous shock �x n
Ft, we can derive the unique solution

of domestic inflation in the home countryπHt, which is described in Equation

(47) as

πHt＝－Et

∞

∑
j＝0

B－j－1Γ�x n
Ft＋j． (48)

We can then obtain �Yt, �xFt, it from Equations (46),(35)，and (36)，respec-

tively.

Now, in caseεμ＝0 orεμ→∞,Γ＝0 is satisfied, and we can derive

πHt＝0，∀t,

and then we can obtain �Yt＝0, �xFt＝ �x n
Ft for any period. The first-best solution

Fig．4 The Optimal Responses of the Monetary Policy
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Fig．5 The Dynamics of the Selected Variables in the Optimal Monetary Policy

without welfare loss is obtained because the parameterΨ＝1 is satisfied.

Figures 4 and 5 show the dynamics of the optimal responses of monetary

policy, including the case that the value ofεμ is positively finite. Panels (a)

and (b) in Figure 5 show that the output gap and the real exchange rate gap

are negative, because the trade-off between the output gap stabilization and

the real exchange rate gap stabilization arise. The interest rate gap in Equa-

tion (36)，it－EtπHt＋1－r n
t －(γ

－1－1)EtΔ �x n
Ft＋1，is positive, as shown in

Panel (c) in Figure 4．In the case of imperfect capital mobility, the moneta-

ry policy is tightened for softening the real exchange rate change. In this

case, the rental price of the foreign country �ρFt is relatively higher in Equa-

tion (17)．As a result, the capital movement from the home to the foreign

country is accelerated and the welfare loss is averted by the substitution of

the factor.
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Panel (a) in Figure 4 shows that the larger the smoothness of the capital

movementεμ，the narrower the reduction in the nominal interest rate, as

the optimal monetary policy responds to the asymmetric shock because the

adjustment to the asymmetric shock is partly attributed to the capital move-

ment. In case of perfect capital mobility, the nominal interest rate is not

negative.

5 Concluding Remarks

In this paper, we examine the optimal monetary policy under imperfect capi-

tal mobility. First, we construct the two-country model with different adjust-

ment speeds of prices and imperfect capital mobility between the countries.

Second, we derive the welfare criterion on the basis of the agents' utility

function. Third, we specify the exogenous asymmetric shock process to re-

quire the real exchange rate adjustment. Finally, the optimal monetary poli-

cy responses to the asymmetric shock are specified as the paths of the nomi-

nal interest rates under different smoothness of capital mobility. In addition,

the optimal paths are compared with each other.

The main results of our analysis are as follows. First, in the cases with no

capital mobility or perfect capital mobility, the optimal paths without welfare

losses can be achieved unless the lower bound of the nominal interest rates is

bound. The former case is the same as that developed by Aoki (2001)．Se-

cond, the higher the sensitivity of capital mobility to the difference of the

returns, the smaller the reduction in the interest rate necessary as the op-

timal response to the asymmetric shock. This result is consistent with the

capital accumulation research (e.g., Takamura et al.，2005)．Third, in the

case of imperfect capital mobility, the trade-off between the minimization of
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the output gap and the smooth capital movements occurs. It is easily con-

firmed in the loss function in the welfare criterion to be impossible to meet at

the same time of the term of the output gap and that of the real exchange

rate gap. More formally, the real exchange rate adjustments needed to

reduce the output gap increase the cost of the capital movements because

the capital movements depend on not only the difference in the supply shock

between the countries but also the real exchange rate of the goods. There-

fore, the optimal response of the monetary policy should balance the cost of

the output gap with the cost of the movement of the capital.
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