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Abstract: The frequency based substructuring method considering elastic joints (FBSM-CEJ) is reformulated according to Sherman-Morrison-Woodbury Formula (SMWF) 
in this paper, the derivation process of which is more concise and the order of the matrix that requires inversion in the corresponding derivation result is lower comparing to 
the existing FBSM-CEJ. Meanwhile, the reformulated FBSM-CEJ possesses more applicability and operability that can be used to directly and efficiently calculate the 
frequency response function (FRF) matrix of complex structure no matter the impedance matrix of the elastic joints is singular or not. Last but not least, via using none-mass 
spatial beam element to simulate the dynamic properties of elastic joints, the performance of the reformulated FBSM-CEJ is verified through numerical simulation. All the 
achievements obtained from this work will provide a theoretical basis for analysing the dynamic properties of a complex structure considering elastic joints. 
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1 INTRODUCTION 
 

In pace with the rapid development of science and 
technology, the engineering structure, such as aircraft and 
spacecraft, is becoming increasingly complicated. Thus, 
instead of traditional finite element method (FEM), 
dynamic substructure method is more and more widely 
used to analyse the dynamic properties of the complex 
engineering structure, [1-2]. According to solution domain, 
the dynamic substructure method can be divided into 
component mode synthesis (CMS) in time domain and 
FBSM in frequency domain. With regard to CMS, there are 
three different widely used methods, namely fixed 
interface component mode synthesis (FiICMS), free 
interface component mode synthesis (FrICMS) and hybrid 
interface component mode synthesis (HyICMS), [3]. In 
regard to FBSM, both impedance coupling method (ICM) 
and receptance coupling method (RCM) are frequently 
used in actual engineering [4, 5]. Based on the structural 
dynamics theory, the frequently used dynamic substructure 
methods can be demonstrated as in Fig. 1. 
 

 
Figure 1 Schematic diagram of dynamic substructure method 

Generally, the sophisticated CMS is appropriate for 
dealing with the substructure synthesis between the 
theoretical models established via FEM. Along with the 
continuous improvement of both test equipment and test 
method, the substructure synthesis between test-test 
models or test-theoretical models is becoming more and 
more common, where the test models are obtained by 
experimental test. The FBSM was more suitable for 
dealing with the substructure synthesis between test-test 
models or test-theoretical models, [6]. The ICM is the 
initially proposed method of FBSM. Due to the inverse 
operation of the full FRF matrix of the substructure being 
required, both the calculation accuracy and efficiency of 
ICM are poor. Additionally, the ICM will be no longer in 
force when the full FRF matrix of the substructure is 
singular [7]. Since only the FRF matrix of the interfacial 
degree of freedoms (DOFs) of the substructure is needed to 
be inversed, the calculation accuracy and efficiency of the 
RCM, another method of FBSM and developed by 
Jetmundsen et al., are dramatically improved comparing 
with ICM, [8]. However, the RCM is only suitable for 
dealing with the substructure synthesis between two 
independent substructures. Based on the RCM, a more 
widely used method named generalized receptance 
coupling method (GRCM), was present to deal with the 
substructure synthesis among several non-independent or 
independent substructures by Ren et al., [9]. One 
significant point to be reminded is that the application area 
of GRCM is only within the situation when all the joints 
between substructures are rigid. However, most of the 
joints existing in actual engineering structure are elastic, 
[10]. Then, according to GRCM, the existing FBSM-CEJ 
is formulated via considering all the elastic joints between 
two substructures as an independent substructure [11-13]. 
Nevertheless, the derivation process of the existing FBSM-
CEJ involves a large number of matrix operations, and the 
corresponding derivation result is incapable of 
synthesizing the substructures connected via elastic joints 
with singular impedance matrix directly. 

Meanwhile, how to reasonably simulate the dynamic 
properties of elastic joints is an important factor affecting 
the accuracy of FBSM-CEJ. In references [3, 4, 10] and 
[14], 6-DOFs scalar spring system was employed to 
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simulate the elastic joints for investigating the FBSM-CEJ. 
With regard to this simulation method, nevertheless, the 
stiffness coupling between DOF of the elastic joints node 
was not taken into consideration, which is quite different 
from the elastic joints in actual engineering. Zou [15] and 
Li [16] believed that comparing with 6-DOFs scalar spring 
system, the stiffness matrix of spatial beam element was 
more suitable for simulating the stiffness of the elastic 
joints because of the existing stiffness coupling between 
the vertical translation and bending DOF of spatial beam 
element node. 

The remainder of this article proceeds as follows: 
section 2 briefly introduces the existing FBSM-CEJ; 
section 3 demonstrates the reformulation of FBSM-CEJ 
according to SMWF, and indexes the advantages of the 
reformulated FBSM-CEJ; section 4 describes the use of 
non-mass spatial beam element to simulate the elastic 
joints; section 5 validates the reformulated FBSM-CEJ 
through numerical simulation; section 6 summarizes the 
paper and states the conclusions drawn from this work; 
finally, section 7 lists the references. 
 
2 BRIEF INTRODUCTION OF EXISTING FBSM-CEJ 
 

As mentioned above, the existing FBSM-CEJ is 
derived based on the GRCM, in which all the substructures 
are required to be considered as a substructure system for 
processing, [9]. The schematic diagram, used to derive the 
existing FBSM-CEJ, can be illustrated as in Fig. 2, [9-10]. 
 

 
Figure 2 Schematic diagram used to derive the existing FBSM-CEJ 

 
In Fig. 2, a  and a denote the internal DOFs of the 

substructure system and coupled structure, respectively, 

( b , c ), ( b , c ) and ( b , c ) yield the interfacial DOFs of the 
substructure system, elastic joints and coupled structure, 
respectively. As a consequence, the FRF matrix of the 
substructure system and the impedance matrix of the elastic 
joints can be defined as follows: 
 

      
             
            

a aa ac a aab

b ba bb bc b b
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x H H H f f

x H H H f H f
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                      (1) 
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where x , f , H  and Z  represent the displacement 

vector, force vector, FRF matrix and impedance matrix, 
respectively, all the subscripts are corresponding to them 
demonstrated in Fig. 2. Meanwhile, H  and Z  yield the 

FRF matrix and impedance matrix of substructure system 
and elastic joints respectively. 

Via introducing the conditions of force equilibrium 
and displacement compatibility, the FRF matrix of the 
coupled structure EH  can be illustrated as, [12, 13]: 

 
T

1
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where the expression of the matrix EΔ  is given by: 

 
1
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E
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                                    (4) 

 
By observing Eq. (3) and Eq. (4), a significant point 

that should be reminded is that the existing FBSM-CEJ will 
be no longer applicable when the impedance matrix of the 
elastic joints is singular. 
 
3 REFORMULATION OF THE FBSM-CEJ 
 

The schematic diagram illustrated in Fig. 2 will be 
used to reformulate FBSM-CEJ since the reformulation 
process is based on the GRCM as well. According to Eq. 
(1) and Eq. (2), the FRF matrix of the substructure system 
H  and the impedance matrix of the elastic joints Z  can 
be obtained as follows: 
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Matrix extension will be applied on Z  firstly so that: 
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where P  and Q  are both extension matrices, the 

expressions of which are given by: 
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where I  indexes the identity matrix. By substituting Eq. 
(7) into Eq. (2), an achievement can be reached that: 
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Since the internal DOFs of the substructure have no 

change after the substructure synthesis, it can be 
confirmedly obtained that: 
 

, a a a ax x  f f                                                               (11) 

 
In addition, the conditions of force equilibrium and 

displacement compatibility are given by: 
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Thus via substituting Eq. (11) to Eq. (13) into Eq. (1) 

it can be obtained that: 
 

1
         
                     
                  

a a a
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0 0

                               (14) 

 
Then by substituting Eq. (10) into Eq. (14), the relation 

can be noticed that: 
 

 1
   
       
      

a a

b b

c c

f x

f H Z x

f x

                                                     (15) 

 
Consequently, the FRF matrix of the coupled structure 

will be obtained: 
 

   1 11 1     RH H Z H PZQ                                 (16) 

 
where RH  denotes the FRF matrix of the coupled 

structure. 
Observing Eq. (16), the expression of the right side is 

similar to that of SMWF, which is given by [17, 18]: 
 

    11 1 1 1 1 1        A MBN A A M B NA M NA      (17) 

 
In Eq. (17), B  is a non-singular matrix whereas 

matrices M  and N a re of rectangular shape. Then, 
observing Eq. (8) and Eq. (9), both P  and Q  are matrices 

of rectangular shape. However, the singularity of Z  
depends on the structural properties of the elastic joints. In 
order to meet the requirements of the SMWF, singular 
value decomposition (SVD) will be used to deal with the 
impedance matrix of the elastic joints. The SVD of Z  is 
given by [19]: 
 

TZ UΔV                                                                      (18) 
 

where Δ is the positive singular value matrix of Z , 
both U  and V  are orthogonal matrices. Substituting Eq. 
(18) into Eq. (16), RH  can be redefined as: 

 

    1
1 T

   RH H PU Δ V Q                                        (19) 

 
Since Δ is a diagonal matrix and all the elements on 

the diagonal are positive, Δ  is a non-singular square 

matrix. Meanwhile, both PU  and TV Q  are rectangular 

matrices. As a consequence, according to Eq. (17), the FRF 
matrix of the coupled structure can be rewritten as: 
 

  11 T T  RH H HPU Δ V QHPU V QH                 (20) 

 
Substituting Eq. (1), Eq. (8) and Eq. (9) into Eq. (20) 

it can be realized that: 
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where the expression of RΔ  is defined as: 

 

1 T  
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R
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H H
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                                        (22) 

 
By observing Eq. (21) and Eq. (3) it can be obtained 

that the expression of RH  is similar to that of EH . 

However, comparing to the existing FBSM-CEJ, the 
derivation process of RH  is more concise and the 

corresponding derivation result can be used to directly 
calculate the FRF matrix of a complex structure 
considering elastic joints with no matter singular or non-
singular impedance matrix. In addition, since Δ  is the 
positive singular value matrix of Z , it can be confirmedly 
obtained that: 
 

   R RΔ Z                                                                      (23) 

 
where R  yields the order of the matrix and the equality is 
true only if Z  is a non-singular matrix. Via observing Eq. 
(4), thus, it can be concluded that the order of the matrix 
that requires inversion in calculating RH  is not greater 

than it in calculating EH , namely: 

 
   R RR EΔ Δ                                                             (24) 

 
From what have been discussed above it can be 

concluded that comparing to the existing FBSM-CEJ 
illustrated in Eq. (3), the reformulated FBSM-CEJ 
possesses not only higher efficiency, but also 
more applicability and operability, which can be used to 
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directly and higher-efficiently calculate the FRF matrix of 
a complex structure considering elastic joints with no 
matter singular or non-singular impedance matrix. 
 
4 SIMULATION METHOD OF ELASTIC JOINTS 
 

Since the mass of the elastic joints is far less than that 
of the structure, the effect of the elastic joints mass on the 
dynamic properties of the structure is so small that it can 
be ignored,[15, 16]. As a consequence, the mass matrix of 
the elastic joints M  can be defined as: 
 

M 0                                                                             (25) 
 

In references [15, 16] it is believed that the stiffness 
matrix of spatial beam element is more appropriate to 
simulate the stiffness of the elastic joints instead of 6-DOFs 
scalar spring system. The stiffness matrix of spatial beam 
element is given by [20]: 
 

 T  
    
    

bb bc bb cb
b

cb cc cb cc

K K K K
K

K K K K
                               (26) 

 
where bK  is the stiffness matrix of spatial beam element 

that is a singular matrix. Meanwhile, the expressions of 
matrices bbK , cbK  and ccK  can be found in reference 

[21]. From the specific expression of bK  it is obviously 

observed that the existence of the stiffness coupling 
between the vertical translation and bending DOF makes 
the stiffness matrix of spatial beam element more 
appropriate to simulate the stiffness of the elastic joints in 
actual engineering. 

Supposing that all the elastic joints are independent of 
each other, the stiffness matrix of the elastic joints K  can 
be obtained as: 
 

 T diag   b bK G K , ..., K G                                        (27) 

 
where G  is the transformation matrix whose expression is 
defined as: 
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where 6I  yields the 6-order identity matrix. Meanwhile, 

assuming the damping of the elastic joints C  is Rayleigh 
damping, namely: 
 

  C M K                                                                        (29) 

 

where   and    are the proportional coefficients of 

Rayleigh damping. 
As a consequence, on the basis of using none-mass 

spatial beam element to simulate the elastic joints, the 
impedance matrix of the elastic joints can be defined as: 
 

 2 1j j       Z M C K K                                    (30) 

 
where   and j   present the angular frequency and the 

imaginary unit, respectively. 
 
5 NUMERICAL SIMULATION 
 

In this part, based on using the none-mass spatial beam 
element to simulate the elastic joints, an example structure 
with elastic joints is designed to verify the performance of 
the reformulated FBSM-CEJ through comparing the FRF 
calculation results obtained via the reformulated FBSM-
CEJ with those achieved by FEM. The schematic diagram 
of the example structure is demonstrated in Fig. 3. 
 

 
Figure 3 Schematic diagram of the example structure 

 
As demonstrated in Fig. 3, the example structure is 

composed of three parts, namely P, Q and elastic joints C. 
P and Q are exactly the same two rectangular cross-section 
beams (0.02 × 0.04 m2 in cross-section area and 0.5 m in 
length); C is the elastic joints which is simulated by two 
same circular cross-section short beams (0.005 m in cross-
section diameter and 0.05 m in length). Moreover, spatial 
beam element is used to mesh P and Q, none-mass spatial 
beam element is used to mesh the elastic joints C. The 
element properties are listed in Tab. 1. 
 

Table 1 Element properties of P, Q and elastic joints C 

Structure 
Young's 
modulus 
E / GPa 

Poisson's ratio 
μ 

Density  
ρ / kg/m3 

Element 
length 
L / m 

P and Q 70 0.3 2700 0.05 
Elastic joints C 210 0.3 0 0.05 

 
Assuming that the damping of the example structure as 

illustrated in Fig. 3 is Rayleigh damping, the proportional 
coefficients can be defined as follows: 
 

3 65 10 5 10     ,                                                    (31) 

 
By using the reformulated FBSM-CEJ to calculate the 

three translational direction FRFs between node u and node 
v as shown in Fig. 3, the example structure is divided into 
three substructures (namely substructure-P, substructure-Q 
and substructure-C) and the former 40 order modes of both 
substructure-P and substructure-Q are reserved to calculate 
their respective FRF matrices. Via using the FEM to 
calculate the corresponding FRFs, all the modes of the 
example structure are taken into consideration. 
Additionally, for structure with Rayleigh damping, the 
calculation formula of its FRF matrix is given by [2]: 
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T

2
1

w

i i i ik j c m


 


 

 i iφ φ
H                                            (32) 

 
where iφ , im , ic  and ik  denote the i-th order mode and 

its corresponding modal mass, modal damping and modal 
stiffness of the structure, respectively. Meanwhile, the 
comparison results of the three translational direction FRFs 
between node u and node v, obtained via the reformulated 
FBSM-CEJ and FEM respectively, are illustrated in Fig. 4. 
 

 
(a) X-axis 

 
(b) Y-axis 

 
(c) Z-axis 

Figure 4 Comparison results of the three translational direction FRFs between 
node u and node v 

 
A significant conclusion can be drawn from Fig. 4 that 

the calculation results achieved via the reformulated 
FBSM-CEJ are in good agreement with those obtained by 
the FEM. Consequently, the reformulated FBSM-CEJ in 
this work has the advantages of both high precision and 
high efficiency. 

6 CONCLUSIONS 
 

According to all discussions above, the following 
conclusions can be formulated as: 

(1) The FBSM-CEJ is reformulated according to 
SMWF in this paper. Comparing to the existing FBSM-
CEJ, the derivation process of the reformulated FBSM-
CEJ is more concise and the order of the matrix that 
requires inversion in the corresponding derivation result is 
lower. More important, the reformulated FBSM-CEJ 
possesses more applicability and operability, which can be 
used to directly and high-efficiently calculate the FRF 
matrix of a complex structure considering elastic joints 
with no matter singular or non-singular impedance matrix. 

(2) Because of the existence of the stiffness coupling 
between the vertical translation and bending DOF in the 
stiffness matrix of the spatial beam element, the stiffness 
matrix of spatial beam element owns a higher accurate than 
6-DOFs scalar spring system to simulate the stiffness of the 
elastic joints. In addition, as the mass of the elastic joints 
has almost no effect on the dynamic properties of the 
structure, using the none-mass spatial beam element to 
simulate the elastic joints is a more appropriate choice. 

(3) Based on designing of an example structure with 
elastic joints, the performance of the reformulated FBSM-
CEJ is verified via numerical simulation. All the simulation 
results show that the reformulated FBSM-CEJ is able to 
calculate the FRF matrix of a structure considering elastic 
joints precisely. 

In conclusion, all the achievements obtained from this 
article will provide not only high-efficiency, but also wide-
applicability and facile-operability method for 
investigating the dynamic properties of the increasingly 
complex engineering structure considering elastic joints. 
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