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Abstract. We study the existence of positive solutions for second-order differential
equations with separated integral boundary conditions. The nonlinear part of the
equation involves the derivative and may be singular for the second and third space
variables. The result ensures existence of a positive solution when the parameters are
in certain ranges. The proof depends on general properties of the associated Green's
function and the Krasnosel’skii-Guo fixed point theorem applied to a perturbed Ham-
merstein integral operator. Both numerical and analytical examples are constructed to
illustrate applications of the theorem to a group of equations. The result generalizes
previous work.
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1 Introduction

We are interested in the following singular Boundary Value Problem (BVP) for second-order
differential equations with non-local boundary conditions involving integrals:

u"(t) + f(Lu(t),u'(t)) =0, telo1],
Ou(0) — au’(0) = fol ¢1(s)u(s)ds, (1.1)
yu(1) + B’ (1) = [y ga(s)u(s)ds,

where the parameters 6,a, > 0, > 0. The nonlinear function f is continuous, non-negative
on [0,1] x (0,00) x (0,00) and may be singular at zero on its space variables.
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When ¢ = 0, BVP (1.1) reduces to the problem studied in [17]. It also includes the anti-
symmetric boundary conditions u(0) = u/(0),u(1) = —u/(1) [13]. The local singular BVP
studied in [16] is a special case of the boundary conditions of (1.1) when ¢y =0,and g1 = g» =
0 as well. Similar boundary conditions have been studied for fractional differential equations
in [2] which assumed that 0 = y and « = —f.

In the study of BVPs and their applications, nonlocal boundary conditions usually involve
discrete multi-point boundary conditions. Previously, the following three-point BVPs have
been extensively studied [3-5,10,12]:

u(0) =0, u(l)=au(y),

' (0) =0, u(l)=au(y),

where 0 < 7 < 1, a is a parameter. Later, the boundary conditions were further extended
to involve integrals and functionals [7-9,13-15]. In particular, in [14], existence of multiple
positive solutions for nonlocal BVPs involving various integral conditions were obtained for
the case that the nonlinear function f does not involve the first-order derivative. On the other
side, results on non-existence of positive solutions for different types of nonlocal BVPs were
discussed in [11].

Our main result on the existence of positive solutions of BVP (1.1) is proved by using the
similar techniques that were applied in [17] and originally developed by Webb and Infante
[13]. The idea is to restrict the singular function f to a subset [0,1] X [p1,00) X [p2,00) of
[0,1] x (0,00) x (0,00), where p1, 02 > 0 are properly selected such that problem (1.1) can be
converted to the following perturbed Hammerstein integral operator of the form

Fu(t) = [ G(t,9)f(s,u(5) ! ())ds + r(t)lu] + w(t)Elu], (12)

where 7[u] and ¢[u] are positive linear functionals on C[0,1], r and w satisfy certain upper
bound conditions. Then existence of a positive solution for problem (1.1) is equivalent to a
fixed point problem for the operator F.

For convenience, we give the following definition of an order cone P in a Banach space
and the well-known Krasnosel’skii-Guo fixed point theorem on a cone P that will be applied
to prove the existence result in Section 3.

Definition 1.1. A cone P in a Banach space X is a closed convex set such that Ax € P for every
x € P and for all A > 0, and satisfying P N (—P) = {0}.

For any r > 0, we denote ), = {x € X : ||x]| < r} and 0Q, = {x € X : ||x|| = r}.

Theorem 1.1 (Krasnosel’skii-Guo [6]). Let T : P — P be a compact map. Assume that there
exist two positive constants 7, R with r # R such that

| Tu|| < ||u| for every u € P with |[ul| =7,

and
| Tul| > ||u|| for every u € P with ||u|| = R.

Then there exists 1y € P such that Tuy = g and min{r, R} < ||up|| < max{r, R}.

In Section 2, we first prove some properties of the Green’s function G in (1.2) that are
essential in the construction of the cone for our proof.
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2 Preliminaries

Let iy (t) = y(1 —t) + B, ha(t) = a4+ 60t and m = 6y + 0B + ay. The following assumption
ensures that problem (1.1) is non-resonant [5]:

1 1 1 1
(H1) <m - /0 g1(s)n (s)ds) (m - /o gz(s)hz(s)ds> — /0 gl(s)hz(s)ds/o 22(s)hy(s)ds # 0.
This condition implies that BVP (2.1) has only the trivial solution:

u"(t) =0, telo,1],
0u(0) — ar'(0) = [ g1(s)u(s)ds, 2.1)
yu(1) + pu'(1) = fol 22(s)u(s)ds.

Under condition (H1), BVP (1.1) can be converted to a fixed point problem for the nonlinear
operator F in (1.2), where G is the Green’s function of the problem

6u(0) —au'(0) =0, (2.2)

and

u'(0) =0, (2.4)

ha(s) ¢ L 0<s<t<1,
G(t,s) = m 2.5
) ha(t) () 0<t<s<1 2
m 7 —_

Condition (H1) is equivalent to

<1 - /01 gl(s)r(s)d5> <l - /01 gz(s)w(s)ds> - /01 g1(s)w(s)ds /01 2 (s)r(s)ds #0.  (2.6)
Lemma 2.1. Let ®(s) = G(s,s), then
co®(s) < G(t,s) <PD(s), for0<t,s<1,

where
‘X“W, v=0 or <'y7é0,and€—%21),
co = ,;;,ﬁ Y #0, i—gﬁg—l, 2.7)
19
@G YF0 Tl<gmg <L
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Proof: For both cases of 0 < s <t < land 0 < t <
G(t,s) < G(s,s) from the inequalities: hy(f) < hy(s) for 0
0 <t <s<1. Now consider

G (s,s) = =07+ (10 + 0 —ay)s +aly + )

< 1, we can easily verify that
s

s
<s <t <1and hy(t) < hy(s) for

m
1) If y =0,
(0G(s,5) = C0(959+ ) - co(Ge-l- ) % < (zx-i-f)te(or s)) _ G(ts).

() If v # 0, let h(s) := —0ys? + (v + BO — ay)s + a(y + B). Then k has the critical point:

1 1/8 «
272 (7 ) 9) |
Assume that g — & > 1, max{h(s),s € [0,1]} = h(1),

co(a+6)B _ cola+0)(B+v(1—t(ors)))

So =

coG(s,s) < <
m m
< (a+0s (ort))(y+p—7t(ors)) _ G(ts).
m
On the other hand, if £ — & < —1, max{h(s),s € [0,1]} = h(0),
(0G(s,5) < coa(y + B) < co(a+0s (ort))(v+ B)
m m
_(tbs for )y +p—vt(ors) _ o
m
In the case of —1 < g — 7 <1, we have —ay <70 — pb,
0+ BO — ay)?
max{h(s),s € [0,1]} = a(y+B) + G +597 “7) a(y+p) + 6.
Therefore,
coh(s) < co(w(y+pB)+67) = <ﬁ+—ﬁv>
TP
< 06/5 < (a+0s (or t))(y+p — 7t (ors)),
and 0 t t
c0G(s,s) < (e £ 05 (or ))(Zfﬁ —atlors) G(t,s).
O
The following simple property of the constant ¢y will be useful in the sequel.
Property 2.2. Let ¢ be defined as (2.7). Then ¢y < min {4, %}
Proof: 1f 'y = 0, it is true since ¢g = {3 < 1. It is also clear for the case of 'y # 0 and
-1< é — 4 < 1. Assume that v # 0 and é — % = 1. Then ﬁ g implies ﬁ+7 < m Hence
co = %Jre < IHLW Similarly, it can be shown that ¢p = Miv < 44 with the assumption of
E_s<1 O
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3 Main result

Let C1[0, 1] be the Banach space of continuously differentiable functions with the norm ||u| =
max { ||ul[e, [|1]|0} and [[ull = max{|u(t)| : t € [0,1]}. Following similar approaches of
[13,17], we consider the BVP for f, the restriction of f on [0,1] x [p1,00] X [p2, 0], where
01 > 0, 02 > 0:
u”(t) + f(t, u( ),u'(t)) =0, te€][0,1],
0u(0) — o' ( fo g1(s)u(s)ds, (3.1)
yu(1) + Bu' (1) = [y ga(s)u(s)ds.
If ug is a positive solution of the regular BVP (3.1), then ug(t) > p1 > 0 and uy(t) > p2, so ug

is a positive solution of (1.1). In addition to (H1), we introduce more assumptions on function
f and the coefficients 6, «, v and B that appear in (3.1). Let

1 1
h :/o <1(s)ds, 12:/0 <2(s)ds,

and m = 0(y + B) + ary as defined in Section 2. Assume there exist 0 < r < R and K,k > 0
such that:

(H2) comin {1,%}r > p;and cmin {1, 5} r > p;

(H3) f(t}g’v) <K< %W for (t,u,v) € [0,1] x [Regmin {1, §},R] X [Remin {1, 5} ,R];

t Fltuo) 2(m—cofminy 1,5 1 —co(a+6) min{ 1,5 )
(H4) [022) > j > opmind 9(}zi+e§5 L)

[rcmm {1,5},7]

for (t,u,v) € [0,1] x [reomin {1, %} ,7] x

(H5) (0l — yli) min {1, %} r — RKy(6 4+ a) > 0.
Of conditions (H2)—(H4), the constant c is defined as

_ —RKy(0+a)+ (6l —yl1)min {1, 5} r
(a4 0) (v + BRK+ [(v+ Bl + (« + )L R

Since
14
0, — 7l < (v + B)h + ( +0)l, min {1, 5} r<R,

We have

(61, — ’yll)min{l,g} r— RKy(0+a) < (¢ +60)(y+ B)RK + [(7 + B + (x + 6)1o] R

6
Condition (H5) implies that 0 < c < 1.

Theorem 3.1. Under the assumptions (H1)-(H5), the regular BVP (3.1) has a positive solution
u satisfying
co min {1,%} r<u(t) <R,

and
o
i “lr<u(t) <R
cmm{l,e}r_u(t)_R
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Proof: Similar as (1.2), we consider

1

Fu)(t) = [ Glt)f s u) (s +7(1) [ sa(s)uls)ds + ) [ gafopuls)ds  (32)
and its derivative
(Fu)'( / Mf(s u(s), ' (s))ds + / 1 Wﬂs,ws),u/(s))ds
81 s)ds + — / g2(s
Define the cone P of C![0,1] as
P={uec01]:u(0) = 5lwlle '(t) 2 cllulle, u(t) = collull, € 0,1}, 33)

Notice that the constant ¢ in P involves the upper bound RK and the lower bound rk of fon
the closed subsets. If u € P, then

0
u(t) = collulleo = cou(0) = cog||ulleo-

Hence
LTI,
u(t) = max {collulleo, co [’}

> comin{l,%}max{HuHoo, [/ [|oo} = comin{l,%} )]

Also N
w(t) = elluflo > e[t

Therefore N "

u'(t) > cmax{HuHoo, EHu’Hoo} > cmm{1,§} |-
Let

O ={uecC0,1]:|ul| <r} and Oy = {ucC'0,1]: ||u| < R}.
We show that F: PN (Q \ Q) — P. If u € PN (O, \ ), then Fu € C'[0,1], and

S

collﬁu]|oo < ¢ /1 G(s,s)f(s,u(s) u'(s))ds —|—c

2 ['siom

< [ 6tt.9)fts uo)u <>>ds+ﬁ”,§}‘” [ si(sputs)as

+6t 1
+“m /ng(s)u(s)ds

= Fu(t). (34)

+C0

Next, conditions (H3) and (H4) imply that f(t, u,v) < RK for (t,u, v) € [0,1] x [Rco min{1, §}, R] x
[Remin{1,4}, R] and f(t,u,v) > rkfor (t,u,v) € [0,1]x [rcomin {1,5},7] x [remin {1, 5} ,7].
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For u € PN (Qy\ Q1), we obtain that

(Fu)'( / Mf(s u(s),u'(s)) ds+/1 Wﬁ(s,u(s),u’(s))ds

7 g1 s)ds + — /gz

1 1 _
ZRKWW/ WﬁvsdH/ 181(5) +082(5) o) 1
m t m 0 m

m m 2m m

|
——

_ rkby 2 rkG(’y—i—ﬁ)t B RK—'y(oc—i—Q) N rk6(y + B) _rk97'y
2m m m m 2m
O — vyl . oy
+ Trmm {1, 5} = H(t). (3.5)
If y =0, then
rk6B ~ rk6p 0l . «

H is decreasing for t € [0,1]. The minimum occurs at t = 1. When 7 # 0, H is a quadratic
function with the critical point L;rﬁ > 1. For t € [0,1], the minimum also occurs at t = 1.
Hence

—RKy(a+0) + (02 — yly)r min{1, §}

(Fu)(t) > H(1) = 2 36)
On the other hand,
cFulle < e [ CHOTER Fs u(6),ut))ds + 2B [ (0putsas
+et 0 spus)ds
RO (DR, (0K, )
_ —RKy(0+a)+ (91;1— yl) min {1,%} r (37)
From (3.6) and (3.7), we have
(Fu)'(t) > c[|Fullo > 0, t € [0,1]. (3.8)
The non-negative property of (Fu)’ ensures that
ll (Bl = 5 max (Fu) (1)
< [P Fo o) ))ds — 8T [ gr(shulehas + & [ gaspus)as
< [P fo o) wisds + TP [ oputsyis + & [ ga(siuts)as
= Fu(0). (3.9)

Combining (3.4), (3.8) and (3.9), we obtain that F maps P N (0, \ ;) to P.
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Next, for u € PNoQy, ||u]| =R

Rcomin{l,%} <u(t) <R and Rcmin{l,%} <u'(t) <R.

IFu(t) ]l = Fu(1)
—/ (1,s) su)(ds+ﬁ/g1 s)ds

“td /0 2(s)u(s)ds

m
< KR /1 G(1,s)ds + %zl +
— KR <“ﬁ ,3> n BRIy + (a + 0)Rl,

m

_|_

(x+6)R
AL
m

7
and

|(Fu)' (1) ||oo < /1 wf(s,u(s),u’(s))ds _r 1g1(s)u(s)ds

0 m m Jo

9 1
+ %/0 Q2(s)u(s)ds
1 _
< KR / a(r+p=1s) 0, Ohp
0 m m

_ KR(% +6B) + 6l
- .

Thus, (H3) implies

I (Fu)(8)]] = e { || Fullo, || (Far) [ }

K(% + 6B+ apB) + Bl1 + (0c+(9)lzR
m

<R = [u].
Foru € PNaQYy, ||u|| =7,

rcomin{l,%} <u(t)<r and rcmin{l,g} <u'(t) <r.

From (H4), we obtain

[[Ful| > ||Ful|oo

z/()'lc(l,s)f( u(s), u ds+ﬁ/ a1(s ds+—/ ga(s

e /1 L, s)ds + Breo mu’\n{l, £ h N (& + 0)rco r;un {1,511
0

- <D¢5 95> . Breomin {1,%} I + (a + 0)rcomin {1, %} I
m = 2m m

k(@B + %)+ (Bmin {1,%} I, + (« +6) min {1, ))cg
m

It can be shown that F is compact on P N (0, \ ;) following the standard arguments. Theo-
rem 1.1 ensures that F has a fixed point in PN (O \ Q). O
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4 Examples

We construct two examples to illustrate applications of Theorem 3.1. Example 4.1 represents a
group of BVPs satisfying the conditions of Theorem 3.1 but results of [17] can not be applied.
Example 4.3 shows that it is possible for BVPs satisfying all conditions of Theorem 3.1 to have
multiple solutions including negative solutions.

Example 4.1. Consider the boundary value problem

W () + ®5t+1)(%7+0wm>::a telo1],
u(0) —u'( fo g1(s)u )ds (4.1)
0.01u(1) —|—4u = fo 22(s)u(s)ds,

where the parameters « =6 =1, p =4, v = 0.01. Let g1, g2 be selected such that I; = % and

I = 1. We can find that ¢cg = 0.5, m = 4.02. For example, for g(s) = §, g2(s) = 2s, we can
verify that (H1) is true. Let R = 2 and r = 0.1. Condition (H3) is satisfied if

t — Bl — l
f(/zuf”) <K< M PR oy
2 + 9,5 + OC,B
for (t,u,v) € [0,1] x [1,2] x [2¢,2], where ¢ = %. Since c is decreasing with respect

to K, by calculation, we have ¢ > 0.011. From

1 . 1
ww+n@3+m?><am for (£,u,0) € [0,1] x [1,2] x [2¢,2],

we know that (H3) and (H5) are valid for K € [0.01,0.22].
To find k satisfying condition (H4), we calculate that

m—co(Bmin{1,§} 11+ («+6)min{1,5}»)

0.5 >
0
%t ap

> (0.49.

As LE42) > 1,01 for (t,u,0) € [0,1] x [0.05,0.1] x [0.1¢,0.1], (H4) is satisfied for k € [0.50,1.01].
By Theorem (3.1), BVP (3.8) has a positive solution u € C![0,1] such that 0.05 < p; < u(t) <2
and 0.0011 < pp < u/(t) < 2.

Remark 4.2. More generally, for all x = 6,8 = 4,7 = 0.01,]; = 1, the calculation of Example
4.1 works as long as /1 is small enough. The extreme case is g1(s) = 0. Then the first boundary
condition is reduced to u(0) — u/(0) = 0. We can verify that cp = 0.5,m = 4.02«. Select the
same values of R and r as that of Example 4.1, we can find the intervals for K € [0.01,0.25]
and k € [0.51,1.01]. The solution and its derivative are still in the same range as obtained in
Example 4.1.

Example 4.3. The following problem is in the form of BVP (1.1):

In(t+2) 1 0.98u'(t)
u'(t) + w5 2ran + o Tz = O
u(0) —u'(0) =& fol su(s)ds, (4.2)

10~ %u(1) +u'(1) = & fol su(s)ds
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where 0 = a = 1,7y =10"% B =1, g1(s) = &s and go(s) = &as. Select & = #ﬁm'

& = 7500(33j§137§;?f1n256), then 0.1979 < I; < 0.1980, 0.3413 < I, < 0.3414. It is easy to find
that ¢ = %, and m = 1.0002. Let r = 0.02, R = 1, we can verify that all conditions (H1)-
(H5) are satisfied. In fact, equation (4.2) is exact, we can find that uq(f) = 0.1In(f +2) and
up(t) = —0.11n(t 4 2) are two solutions of problem (4.2). This shows the existence of multiple
and negative solutions.

Different from Example 4.3, Example 4.1 cannot be solved analytically. In order to validate
this result of Example 4.1, we use the sinc-collocation numerical method based on the deriva-
tive interpolation to obtain a numerical solution of BVP (4.1). The sinc-collocation method is
a highly efficient numerical technique with exponential rate of convergence. The details of
the approach can be found in [1]. The numerical algorithm is coded in Python. The graphs
of the obtained solutions u and u’ for both cases of g1(s) = 0 and g;(s) = § are depicted in
Figures 4.1 and 4.2 respectively. Clearly they all satisfy the bounds obtained from Example
4.1.

164 0.814
151 0.812
141

0.810
131

u(t)

124

u'(t)

0.808
1114

0.806 -
1.01

0.9 0.804

0.8

T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.1: Numerical solution of BVP (4.1) (g1 =0, g2 = 25)

0.45 0.230
0.225 1
0.40 0.220 |
0.215 1
= 035 1 =
s £ 0.210
0.205
0.30 -
0.200 1
0.25 0.1957
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.2: Numerical solution of BVP (4.1) (g1 = §, §2 = 25)
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