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Abstract. The well known A-Lemma has been proved by J. Palis for a hyperbolic fixed
point of a C!-diffeomorphism. In this paper we show that the result is true for some
cases of nonhyperbolic point.
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1 Introduction

The well known A-Lemma [9] gives an important description of chaotic dynamics. A basic
assumption of this theorem is hyperbolicity.

Theorem 1.1 (Palis). Let f be a C' diffeomorphism of R" with a hyperbolic fixed point at 0 and m-
and p-dimensional stable and unstable manifolds WS and WY (m + p = n). Let D be a p-disk in WY,
and w be another p-disk in WY meeting W® at some point A transversely. Then |J,~q f" (w) contains
p-disks arbitrarily Cl-close to D.

Generally, for C! diffeomorphism f of compact manifold M periodic point z is called
hyperbolic if there exists a splitting T,(M) = E° & E* with constants k > 0 and 0 < A < 1
such that

I(Df)|esl] < kA" (n>0),
I(Df el < kA" (n>0).

Here E° and E* are called stable and unstable subspaces of f, respectively. If z is nonhyperbolic
this splitting can be written as T,(M) = E° @ E" @ E¢, where E° and E" are the same as above
and E° is called the center subspace of f.

Some extensions of this lemma can be found in the [1-4,11]. One question that arises is
whether it is possible to put weaker conditions in this lemma instead of being hyperbolic. In
this paper we append some new cases in which we have affirmative answer. We think these
cases can be used in extending the connecting lemma of Hayashi[5]. Our result can help to
generalize [7,8] to some new cases.
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Definition 1.2. We say that a nonhyperbolic periodic point z satisfies the invariant conditions
(IC) if there is a local chart (U, ¢) at z such that in ¢(U) one of the following is true:

I;) E° @ E* is invariant under f;
Ib) E¢® E° is invariant under f;
I3) E°® E* is invariant under f.

Notice that f in Iy, I, and I3 is in fact f = ¢f¢~".
Let us give an example of a system which satisfies in IC.

Example 1.3. Let R3, be the compactification* of R3. As known this is a C* manifold with
two charts, one at the origin and the other at co. We define the diffeomorphism

fxy.2) = (2x,3,2)

It is easy to see that the axes are the three invariant manifolds of the origin and the whole of
coordinate surface are invariant under f. But, origin is not hyperbolic.

2 Preliminaries

Let A = Df(0) and Let p be a nonhyperbolic fixed point of f satisfying IC, i.e. f satisfies
either Iy, I, or Is.

First assume I; is true. Since f is locally invariant on E° @ E¥, if W} (0) and W} (0) are the
graphs of ¢° and ¢" respectively, then locally we can write

¢ B —E* and ¢":BY — E.
Here ¢° and ¢* are C", D¢°(0) = 0, D¢"(0) = 0, ¢*(0) = 0 and ¢*(0) = 0. Consider the map
¢:B ®B'PE — E°®E"@®E

(x5, Xy, xc) = (x5 — ¢* (x1), x4 — ¢°(x5), Xc)-

It is clear that ¢ is C" and D¢(0) is a the identity and ¢ is diffeomorphism when restricted to
some neighborhood of 0. Let f = ¢f¢~! then f is a diffeomorphism on a neighborhood of 0
and f(0) =0, Df(0) = A and E°, E* are local stable and unstable manifold of f. It is clear that
E® @ E" is still invariant. This shows that in this case we can always assume that local stable
and unstable manifolds of f are discs in E° and E¥, respectively.

Let B° C E° and B* C E" be such that B° C W} (0) and B* C W} (0). Let B® be the
intersection of local chart containing z, with E°.

Now we can rewrite the proof of A-lemma in [10] as the following lemmas.

Lemma 2.1. Let z be a nonhyperbolic fixed point of f which satisfies I. Let V. = B® x B* x B¢, and
let D be a disc transversal to B® at q with dim(D) = dim(E"). If D, is the connected component of
f"(D) NV to which f"(q) belongs, then for any given small positive € we can find n such that D,, is
e-C! close to B".

*We have to suppose compactification because in the definition of a hyperbolic fixed point that was mentioned
above we need a compact manifold.
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The proof is very similar to the proof of A-lemma in [10]. Notice that the existence of E¢
does not change the the main flow of the original proof, since E® © E* is invariant under f.

Let I be true. We get the C" map ¢" : B* — E° @ E° that its graph is W} _(0). Thus,
D¢"(0) = 0 and ¢"(0) = 0. Assume that ¢*(x,) = (¢**(xy,), ¢*“(xy)). Consider the map

¢: B OE'@®E — EGE'@E,

(s, 2, Xc) = (x5 — " (%), Xu, Xc — ¢ (xc)),
where ¢ is C" and D¢(0) is identity. Thus, ¢ is a diffeomorphism defined on a neighborhood
of 0. Let f = ¢f¢~!, then f is a diffeomorphism of a neighborhood of 0 with f(0) = 0, and,
Df(0) = A. Moreover, E* and E° @ E° are invariant under f. This implies that for every f
which satisfies I for a nonhyperbolic fixed point, we can find a local chart such that E* and
E® @ E° are invariant with respect to f.

Lemma 2.2. Let z be a nonhyperbolic fixed point of f which satisfies I, and D be a transversal disc to
E¢® E® at q € E° and D" C E* a disc containing 0, then for an arbitrary small positive €, there exists
n such that a section of f"(D) is e-C! close to D",

Proof. Let A = Df(0) and A® and A" be respectively restriction of A to subspaces E® =
E° @ E° and EY, thus f on a neighborhood V of origin becomes:

f(xes, xu) = (A%xcs + Pes (Xes, Xu), Axy + Pu(Xes, X)),

whence
(Df)o = (A%, A"), x5 €B®=VNE®, x,€B"'=VNEY,

A% <1, A" za>1,
aquS — a(PM — O
axu Bu asz Bes ’

From above and continuity of partial differential we can find 0 < k < 1 such that k < %z} and
for V' CV,
%,

<k, i,j = cs,u.
ax]‘

maX = ‘
\d

Let g € V', B C V' take arbitrary unit vector vg in (TD),. Because V = B x B" then
il
gl

vy = (v§,vg). If A is the slope of vy then Ag . In this fraction ||vf|| # 0 because D is

transversal disc to B.

qm=f(q), v1 = Dfy(0)
92 = f(qm), v2 = Dfy,(01)

Gn = f(qn-1), Un = va/nq(Unfl)-

@ % % CS
orio = (" ED D) (4)

0 At S (A
_ <A“vﬁs + 5= (g)05 + %ﬁ(q)vs>

for g € 0B

A" + 5 (9)0f

u
dxy,
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Thus ; ;
gl AT+ e+ Ee e
1 pum— pu—
o | HA”Z)O + 5 i e (7)vg
The numerator of above fraction is less than
d
a0+ | 32 ares + | S| < (2 + W+ Kl
S u
and its denominator is greater than
4ol = | 324 gyo8| > (o~ R8I,
then
(1+k)Ao+k 14k k
< < -
M = —k)‘”a—k’
N gl - A+A+k _ (1+k i 1+k
Pl = ek T \a-k =
N 1+k 1+k 1+k\" a—k
A < LR 2=k
" o]~ \a— 1+kZ a—k) T a1k
Because (”k) Ag — 0, then there exists 9 € N such that for n > ng we have A, < .
Consider the number k; such that 0 < k; < min(e, k). Because %‘ﬁf g = 0 and B" is

compact, there exists < € such that V; = B x B* C V so

9.,

Xu

< k.

max
1%

Let 0B be a ball with radius J times radius of B® . We can assume that v is a vector in
(TD), that has maximal slope, so for n > ng the slope of all unit vectors in (TD,),, is less

than kzk For a properly chosen 1y we have q,, € Vi. From the continuity of the tangent

space Dy,, we can find a disk D embedded in D,, with center gy, such that for all p € D the

slope of all unit vectors in (TD),, is less than 112_(‘11:"2),{

[[o°]

Let v € (TD), be a unit vector. If v = (v, v") and its slope is An, = o] then

€S 11CS a¢c€ cs | 9¢es u
Df, = (AT F e P o (Pt
% (p)Z)CS+AuZ) + 47u (p)vu

Thus
HACSZ)CS _|_ 34755 (P)vcs + Pcs (p)v”

axy

The numerator of above fraction is less that (1 + k)|[v®|| + ki |[o"|| and its denominator is
greater than

/\I’lg-f—l

0 (p)oss + Aot 4 98 (p)or

W (o

0Xcs

0
a5 > (a—B)lo*] - ko=,
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Thus

A (1+k))\n0+k1 < (1—|—k)/\n0—|—k1
M= T k= kA g — K — (2R

a—1-2k
(1+k)Ap, + k1

—  (a—k)(a—1-4k) ~
a—1-2k

Letb = %. It is easy to see that k +1 < b. Therefore we have
1+k\" b
pwin = (5) A+ b g

Then there exits 7i such that for n >

Ao = 6(” (b—1—l;<)(k+1))'

This shows that for n > 7i the slope of nonzero tangent vectors to f"(D) N V; is less than
given €.

Now we show that the length of any tangent vector to f*(D) N V; is growing as n is
increasing. We denote the image of (v, v};) under Df as (v, v}, ), thus

N

VI P+ ot I o) 1522,

VIoEI? + ([0l loill Vo 1+A%

1744
o3l

But

>a_k_An.

As n is growing, A, and A, 1 become small enough; then the length of the tangent vectors
to f"(D) N Vj are increasing with ratio 2 — k > 1. This fact and tendency to zero of the slope
of the tangent vectors imply that for n > i the f"(D) N V; are approaching in C! topology
to BY. O

Finally suppose that condition I is true, we replace f by f~!, then condition I, is true for
f~! and using the above lemma we have:

Lemma 2.3. Let z be a nonhyperbolic fixed point of f that satisfies Iz and D be a disc transversal to
E* @ E€ at g € E* and D° C E° a disc containing 0, then for an arbitrary small positive € there exists
n that f~"(d) is e-C! close to D°.

As a consequence of the above lemmas, the following proposition can be obtained. We
first need the definition of forwardly related from [6].
For any C! diffeomorphism f of compact manifold M and p € M the forward orbit of p is

O;:{xEM: dneZ st. f'(p) = x}.

Definition 2.4. A point p € M is called forwardly related to g € M if q ¢ (’);(p) and
there exists a sequence diffeomorphisms {f,} such that f, — f and a sequence of strings
Yu = {fK(pn) :k=0,...,5,} such that p, — p and f;"(ps) — 4.
Proposition 2.5. Let z be a nonhyperbolic fixed point satisfying IC, let p € W}, (z), and, g € W} .(z).
Then p is forwardly related to q.

All the above results are true for periodic point p. It is sufficient to replace f by f" where n is the
period of p.
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