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Abstract. The paper is concerned with nonautonomous generalised Nicholson sys-
tems under conditions which imply their permanence: by refining the assumptions for
permanence, explicit lower and upper uniform bounds for all positive solutions are
provided, as well as criteria for the global exponential stability of these systems. In
particular, for periodic systems, conditions for the existence of a globally exponentially
attractive positive periodic solution are derived.
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1 Introduction

In a recent paper [9], the permanence for a family of multidimensional nonautonomous and
noncooperative delay differential equations (DDEs), which includes a large spectrum of struc-
tured models used in population dynamics and other fields, was investigated. Once the
permanence is established, several question about the global behaviour of solutions arise. To
further analyse the stability and other features of such models, it is, however, clear that the
conditions to be imposed depend heavily on the shape and properties of the nonlinear terms.

Nicholson-type systems constitute a specific case included in such family. Here, we
consider a nonautonomous generalised Nicholson system with bounded distributed delays
given by

X() = — di(B)xi(t) + iaij(t>xj<t>
L

t (1.1)

;i
+ Z bik(t)/ /\ik(s)xi(s)e’cik(s)xi(s) ds, t>tg,i=1,...,n,
k=1 t

—Tix(t)

where all the coefficients and delays are continuous, nonnegative and satisfy some additional
conditions described in the next section.
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Since the introduction of the classic Nicholson’s blowflies equation
X' (t) = —dx(t) + px(t — 1)e~* (a,d,p,T > 0), (1.2)

by Gurney et al. [12], as a model based on the experimental data of Nicholson [18] and con-
structed to study the Australian sheep blowfly pest, the original equation (1.2) as well as
a large number of modified and generalised scalar models have been extensively used in
population dynamics and other mathematical biology contexts — yet, many open problems
concerning the asymptotic behaviour of solutions to scalar Nicholson equations remain un-
solved [1]. In recent years, Nicholson-type systems have received much attention in view
of their applications as models for populations structured in several patches or classes (see
e.g. [2] for some concrete applications). Significant progress has been made, addressing top-
ics such as the extinction, permanence, existence of positive equilibria or periodic solutions,
stability of solutions, global attractivity of equilibria or periodic solutions. Systems with au-
tonomous coefficients (and either autonomous or time-dependent delays) were investigated
in [2,3,6,7,11,14,25], whereas the works [4,8-10,15,16,21,22,24] were concerned with nonau-
tonomous versions of such systems.

The purpose of this paper is to complement the studies in [8, 9], with more results on
the large time behaviour of solutions to (1.1), by providing criteria for their global exponen-
tial stability, as well as explicit uniform lower and upper bounds for all positive solutions.
The results on stability are obtained by refining the assumptions for permanence established
previously in [9]. In [8], the existence of a positive periodic solution for periodic Nicholson’s
blowflies systems was analysed, and, in the case of systems with all discrete delays multiples
of the period, criteria for the global attractivity of such a positive periodic solution established.
Here, we provide sufficient conditions for the exponential stability of any positive solution of
(1.1), without any constraint on the type of delays.

We emphasize that, in spite of the recent interest in nonautonomous Nicholson systems,
only a few authors have exhibited criteria for their stability, usually for periodic or almost
periodic Nicholson equations or systems with discrete time-delays; see [5,8,13,15-17,21,23,24]
and references therein. Typically, conditions have been imposed in such a way that convenient
lower and upper bounds for all solutions hold. Here, as we shall see, the permanence is still
a key ingredient to prove the stability, however, only an explicit upper bound for solutions of
such systems will be required. The criteria enhance and extend some recent achievements in
the literature in several ways: not only are the imposed assumptions less restrictive than the
ones found in recent papers, but (1.1) is much more general: namely, it incorporates distributed
delays, not all coefficients are required to be bounded and the global exponential stability is
studied for a model that is not necessarily periodic or almost periodic.

This paper is organized as follows: Section 2 is devoted to the study of uniform lower and
upper bounds for the positive solutions of (1.1). Section 3 addresses the global stability of
(1.1). Examples and a comparison with recent results in the literature [13,16,21,23] are also
given, in particular for periodic systems. A brief section of conclusions ends the paper.

2 Permanence: uniform bounds for the solutions

For simplicity of exposition, and without loss of generality, take ty = 0 in (1.1) and let
T=sup{tg(t) : t >0,i=1,...,n,k =1,...,mj} > 0. Take C := C(|—7,0];R") with the
supremum norm |[¢|| = maxge|_,0) [¢(6)| as the phase space. In abstract form, system (1.1) is
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written as the DDE

xi(t) = +Za1] B+ filt,xiy), t>0,i=1,...,n, (2.1)
where the nonlinearities take the form
i(t xit) Z bi(t / ( )/\Z-k(s)xi(s)e’cf’f(s)x"(s) ds, i=1,...,n. (2.2)
=Ty (t

For (1.1), define the n x n matrices

D(t) = diag (d1(t), ..., du(t)), A(t) = [aij(t)}
B(t) = diag (B1(£), ..., Bu(t)), >0,

where we may suppose that a;;(t) = 0 (since a;;(t) may be incorporated in d;(t)) and B;(t)
denotes

(2.3)

Zblk / /\ik(s)ds, t>0, i=1,...,n
t le(t)

The following assumptlons will be considered:

(h1) d;(t),a;j(t), bi(t), Tik(t), Aix(t),cix(t) are continuous and nonnegative with d;(t) > 0,
cir(t) > ¢i > 0,Bi(t) >0, Tye(t) € [0, 7], cix(t) are bounded, fori,j =1,...,nm,k=1,...,m
and t > 0;

(h2) there is a positive vector u such that liminf; . [D(t) — A(t)]u > 0;

(h3) there are a positive vector v and T > 0,& > 1 such that B(f)v > a[D(t) — A(t)]v for
t>T.

The particular case of (1.1) with cj(t) =1 for 1 <i <mn, 1 <k < m;, is expressed by
xi(t) = —di(t)x;i(t) + Zaij(t )+ Z bix () /t (t))\ik(s)h(xi(s)) ds, 1<i<n, (24)
j=1 Tik

for h(x) = xe™*, x > 0. Note that the nonlinearity 4 is unimodal, e~! = h(1) = max,>¢ h(x),
h(oo) = 0 and x = 2 is its unique inflexion point.

We now set the usual orders in R"” and C. IR" may be seen as the subset of constant
functions in C. We suppose that R" is equipped with the maximum norm | - |. Let Rt = [0, c0).
A vector v € R" is nonnegative, with notation v > 0 (respectively, positive, denoted by
v > 0), if v € (RT)" (respectively v € (0,00)"). We denote T = (1,...,1). Consider the cone
Ct = C(]—7,0]; (R*)") of nonnegative functions in C and the partial order in C yielded by
C™: ¢ < ¢ifand only if  — ¢ € CT. Thus, ¢ > 0 if and only if ¢ € C*. We write ¢ > 0 if
$(0) > 0 for —t < 6 < 0. The relations < and < are defined in the obvious way. For u,v € R"
with u <o, [u,v] C C denotes the ordered interval [u,v] = {p € C:u < ¢ <v}.

Due to the real-world interpretation of our models, we take

Cy ={peC":¢(0) >0}

as the set of admissible initial conditions, and only consider solutions x(t) = x(t, to, ¢) of (1.1)
with initial conditions x;, = ¢, ¢ € Cy . It is clear that such solutions are defined and positive
on RT.

The definitions of permanence and global stability are recalled below.
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Definition 2.1. Consider a DDE x'(t) = f(t,x;) in C for which all solutions x(t) = x(t,0,¢)
with ¢ € C; are defined on R*. The DDE is said to be permanent if there exist positive
constants 7, M such that all solutions x(t) = x(t,0,¢) with ¢ € C; satisfy

m < liminfx;(t), limsupx;(t) <M fori=1,...,n.
f—o0 t—ro0

For short, we say that x/(t) = f(t, x;) is globally attractive (in C;) if all positive solutions are
globally attractive: for any ¢, ¢ € Cy,

x(t,0,¢) —x(t,0,¢) — 0 ast— oo;

and the DDE x'(t) = f(t,x;) is said to be (eventually) globally exponentially stable if there
exist 6 > 0, M > 0 such that, for any ¢ € Ca' , there is T > 0 such that

|x(t, to, ) — x(t,to, )| < Me 21| p —y||, fort>to>T, y € Cy.
Note that §, M do not depend on ty, ¢, though a priori T depends on ¢.

Although the nonlinear terms in (1.1) are nonmonotone, results for cooperative systems
from [19] will be used.

Definition 2.2. A DDE x/(t) = f(t,x;) is cooperative if f = (f1,..., fu) satisfies the quasi-
monotone condition (Q) in [19], as follows:

if p,p € C™ and ¢ > ¢, then fi(t,¢) > fi(t, ) for t > 0, whenever ¢;(0) = 1;(0) for
some i.

In [9], the permanence of generalised Nicholson systems was established.

Theorem 2.3 ([9, Corollary 3]). Assume (h1)—(h3) and that B;(t) are bounded on R™. Then (1.1) is
permanent.

Remark 2.4. When liminf;_,. d;(t) > 0, for all i, Theorem 2.3 is still valid if one replaces
(h2) by the assumptions D(t)u > aA(t)u,t > 1, for some vector u > 0 and constant « > 1.
Similarly, (h3) can be replaced by the condition liminf;, [B(t) — D(t) + A(t)]v > 0, for
some vector v > 0, when B;(t) are all bounded. In fact, if B;(¢) are bounded below and above
by positive constants, for all i, conditions liminf;_, [B(f) — D(t) + A(f)]v > 0 and (h3) are
equivalent. See [9] for details.

Remark 2.5. In fact, instead of (2.1), more general Nicholson systems with possible delays in
the linear terms were considered in [9]:

n
xl((t) = —di(t)xi(t) + ZLij(t)xj,t +fj(t, xi,t), t>0,i=1,...,n, (2.5)
=1

where f; are as in (2.2) and L;j(t) are linear bounded functionals, nonnegative (i.e. L;;(t)(y) > 0
for ¢ € C([—7,0];R")) and continuous in t. With ||L;;(t)|| = a;;(t), the permanence of such
systems was also established in [9], if in addition to (h1)-(h3) a;;(t) are bounded and p;(t)
bounded below and above by positive constants.
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When (h2) and (h3) are satisfied simultaneously by a same vector v = (vy,...,v,) > 0,
there are ¢, « such that

.. .. Bi(t)v; .
llpglf (dl(t)vl Ej Lll](t)v]) 0 >0, 11¥nmf (0o, Z]' llij(t)vj a>1, i=1,...,n

This motivates the following definition: for f > 0 and v = (vy,...,v,) > 0 such that
[D(t) — A(t)]v # 0, set

Bit)o i=1,...n (2.6)

i) = G0 — v 0 (0o

For the particular case v = 1 := (1,...,1), we obtain

7 Bi(t) i—1.

vi(#) :=7i(t,1) = a0 — (D)’ S M. (2.7)

Next result gives sufficient conditions, expressed in terms of v;(t,v), for the positive in-
variance of some specific intervals under (1.1), and also provides explicit uniform lower and
upper bounds for all solutions.

Theorem 2.6. For (1.1), assume (h1), and that c;y(t) are bounded below and above on R™ by positive
constants, and denote c;, ¢; such that

0<c <cy(t) < forte R, 1<i<n 1<k<m,.

Suppose that there are constants a,b with 0 < a < b, ty > 0 and a vector v = (vy,...,v,) > 0 such
that

e < (t,v) < e, 1<i<mn t>t, (2.8)
and define
C=C(v) := min (civi), €= C(v) := max (o). (2.9)
Then:

(a) The ordered interval [méilv,g_lebflv] ={p=(¢1,...,¢u) €C: méflvi <P < Cleb 1y,
i=1,...,n} C C, where mC~'C € (0,1) is such that
m<a and h(mcﬁ-vigfl) < h(cﬁ-vigfleb_l), i=1,...,n, (2.10)
is positively invariant for (1.1) and t > ty.

(b) If Bi(t) are also bounded below and above by positive constants, any positive solution x(t) =

(x1(£), ..., xn(t)) of (1.1) satisfies

mf_lvi < li¥ninfxi(t) < limsupx;(t) <et"'C v, i=1,...,n (2.11)
— t—o0

Proof. (a) Write (1.1) as x'(t) = F(t, x;), with the components F; of F given by

Fi(t, (P) = —di(t)q)i(O) + Za,-]-(t)qu(o) + % bik(t)/o ))\l-k(t—I—s)hik(t +s, q?l(S)) ds, i=1,...,n,
] —1
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where hj(s,x) := xe Cx(8)x et ¢i,¢ibe such 0 < ¢; < ci(s) < ¢ fors € RT and all ik,
and take the functions h; (x) = xe %%, hf (x) = xe %*. For h(x) = xe ™ as before, we have
hy (x) = () *h(cx), b (x) = (¢;) " 'h(cix). Clearly, h; (x) < ,k(s,x) hf(x) < (cie)™?, for
s, x > 0.

We know already that the set (0, 0)" is forward invariant. We now compare the solutions
of (1.1) from above with the solutions of the cooperative system x'(t) = F"(t,x;), where the
components of F* are given by F/'(t,¢) = —d;(t)¢:(0) + ¥; a;;(£)9;(0) + Bi(t) (cie) ™ L. Clearly
Fi(t,¢) < F!(t,¢) for all ¢ € C™. From [19], this implies that x( t,t ,<p, F) < x(t, to, ¢, F"),
where x(t, to, ¢, F) and x(t,to, ¢, F*) are the solutions of x'(t) = ( ,x¢) and x'(t) = F*(t, x¢)
with initial condition x;, = ¢ € Cy, respectively. If ¢ € [0,C 'e’1v] and ¢;(0) = C 't~
for some i, the use of (2.8) implies

Fi(tg) < e~ (o + L Joj | + Bi(t) (cie) ™
[ Zal] H C e 494t v) (cjvie) ™ 1}
< el [di (H)o; — Y _aji(t) v]} (—=C '+ (cioi)~h) <.
j

From [19, p. 82], the set (0,C~'e" 0] C C is positively invariant for (1.1).

Next, we start by observing that, for any 4,b > 0 with 2 < b, we have a < e 1 < b1 for
all 2 # 1. By considering the cases a < P l<1l,a<1<elorl<a<el? itis possible to
choose m € (0, Qf_l) such that conditions (2.10) are fulfilled. We get

h; (Q‘leb’lvi) = (¢)) th(Cc! e i) > (6) th(mC ;) = hi’(mg_lvi).

As 1 > mc;v;C! and & is increasing on (0, 1), for ¢; such that mé_lvi < Pi(s) < Cleb1o; we
therefore obtain

hi (¢i(s)) = by (mC™'o;)
and Pi(t,¢) > Fil(t, (P) = —di(t)¢i(0) + Z] aZ](t)qu(O) + ,Bz(t)hl_ (mQ’lvi) fori=1,...,n.
Consider the interval [ = [mf_lv, C'et=1v] C C. For ¢ € I with ¢;(0) = mC v for
some i, the lower bound in (2.8) leads to

Fl(t,¢) > [ Z“Z] } [—mé_l + 'yi(t,v)vi’lhi’(mf_lvi)}
> [di(t)v; — Zaij (t)v;] [—mf_l —|—'yi(t,v)(via)’lh(mf_lavi)}
=mC 2111] [ 1+ 7i(t,0)e _méila”f}

> mC Zal] [—1+¢e% "] > 0.

Hence, from [19] it follows that [ is positively invariant for (1.1).

(b) Next, assume also that 0 < § < B;(t) < B for t > 0. From (2.8),

v; — Zaij(t) “'Boi, Bi(t)oi > € Zal]
j
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hence (h2)—(h3) are satistied. From Theorem 2.3, (2.4) is permanent.
Fix any positive solution x(t) of (2.4), define

% = limsupx;(t), i=1,...,n,
t—00

and let maxj(vj’lxj) = v;'%; for some i. By the fluctuation lemma, there exists a sequence
ty — co such that x;(fy) — %; and x/(t,) — 0. Without loss of generality, we can also suppose
that vi’lxi(tk) = maxi<j<u v].’lx]»(tk) for k large — otherwise, we choose t; — oo such that, for

some subsequence, v; x;(fy) = maxj <j<, MaXe [k, (k-+1)7] vj’lxj(t). Thus, reasoning as in (a),
xi(te) < —di(ti)xi(t) + Zflz; te)o; 1o (t) + Bite) (cie) !
—xi(t) + 7i(4,0) (cie) 7|

(2.12)

o (it i)
1 (dl Z% )v; ) —x;(t) + eb’l(ﬁvi)’lvi}
o ity o)

_ — xi(tk) + €b_127101‘:| .

Consider a subsequence of (fx), still denoted by (tx), for which d;(tx) — Yiiq aij(tx) — £ > 0.
By letting k — oo, we obtain 0 < —%; 4+ " 1C 1v;, thus %; < e?'C 1v;. For j # i, it follows
that f]' < Ujvflfi < eb_lgflv]-.

Proceeding as in (a), in a similar way one can now show that liminf;_,c x(t) > mC v for
all positive solutions. This proves (b). O

Remark 2.7. For the simpler case (2.4), where the nonlinearities are all given in terms of
h(x) = xe™*, under (h1) and
< y(t)<el, 1<i<n t>t (2.13)

(ie., v = 1in 9,(t,v)), we have C = C = 1; thus, the interval [m,e?1]" is forward invariant,

where m > 0 is chosen so that m < 1,m < a and h(m) < h(e’~1).
We also derive the following auxiliary result.

Lemma 2.8. For (1.1), assume (h1) and that 0 < ¢; < cy(t) < G fort e RT,1 <i<n, 1<k < m.
Suppose also that there are a vector v = (vy,...,v,) > 0,t > to and a constant vy such that

0<7i(to)<v, 1<i<n t>t. (2.14)

For C,C as in (2.9), the interval (0,~(Ce)~'v] C C is positively invariant for (1.1) (t > ty). In
particular, if (2.14) holds with

v < 2eC Eil,
there exist solutions of (1.1) such that 0 < x;(t) < 2(¢;)™ 1, t > to, i=1,...,n

Proof. The invariance of the interval I := (0,y(Ce) o] for (1.1) was shown in the above proof.
If in addition ¢ < 2e fol, then I C (0, 26710), and in particular the solutions with initial
conditions ¢ € I satisfy 0 < ¢;x;(t) <2fort>0,1<i<n. O
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Remark 2.9. Consider e.g. the Nicholson system (2.4). If 0 < ;(t,v) < ePv; for all i, for some
b > 0 and a vector v = (vy,...,v,) > 0, from the proof of Theorem 2.6 the interval (0, et~ 1v]
is positively invariant. With v = T and 0 < 7,(t) < 7 < e and the boundedness conditions
in Theorem 2.6 (b), limsup, . x;(t) < ve! < 1 for all positive solution; this means that
(1.1) has a cooperative behaviour, because the nonlinearity #(x) is monotone on [0, 1]. Note,
however, that (2.8) with e.g. v = T and e < 7y = € does not imply that the interval [1,b]" is
positively invariant. In fact, for simplicity take n = 1 and consider the Nicholson equation
xX'(t) = —d(t)x(t) +ebd(t)x(t — T)e *=7), for some b > 1. For an initial condition 1 < ¢ < b
such that ¢(0) = b and ¢(—7) = 1, then x/(0) = d(0)[—b + e*~1] = d(0)e’[~h(b) + h(1)] > 0,
thus x(t) > b for t > 0 sufficiently small. Nevertheless, we conjecture that if (2.13) is satis-
fied with v < €2 and all coefficients are bounded, then all positive solutions of (2.4) satisfy
limsup,_, ., x;(t) < 2 for all i. See also Remark 3.9.

3 Stability

In this section, sufficient conditions for the global exponential stability of Nicholson systems
(1.1) are established.
In the sequel, the following auxiliary lemma will play an important role.

Lemma 3.1 ([8]). Fix m € (0,1) and define G, : (0,2) x [0,00) — R by

H-he)

Gnlxy) = {(1 y__jc)e*x y=x

where h(x) = xe™*,x > 0. Then, G,,(x,y) is continuous and, for any x € (0,2), there is M, (x) :=

maxy>n |Gn(x,y)| < e

As a consequence, for a function h.(x) := xe~* = ¢~ h(cx) for some ¢ > 0, it follows that
for any fixed x € (0,2c"!) and m € (0,c~!), we have

|he(y) — he(x)| < My(cx)|y — x| forally > m, (3.1)

where M, (x) is the function defined in the lemma above. Moreover, 9, : (0,2) — (0,e72) is
continuous.
We first establish a criterion for the global attractivity of (1.1).

Theorem 3.2. Consider (1.1) under (h1)—(h3) and suppose that the coefficients B;(t),ci(t) are all
bounded below and above by positive constants on R™, for all i, k. Assume in addition that there exists
a positive solution x*(t) such that

limsup ey ()xj(t) <2, i=1,...,n, k=1,...,m. (3.2)

t—o0

Then, any two positive solutions x(t),y(t) of (1.1) satisfy

lim (x(t) — y(t)) = 0.

t—o0

Proof. From Theorem 2.3, system (1.1) is permanent. Let hy(t,x) = xe ()~ for t,x > 0 and
all 7, k.
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Write 0 < B < Bi(t) < B,0 < ¢ < ci <ci(t) <G < cfort e RT and all i,k. From the
permanence of (1.1), there are m, M with 0 < m < 1 < M, such that any solution x(t) =
x(t,0,¢) with ¢ € CO+ satisfies m < x;(t) < M fori =1,...,nand t > T, for some T =
T(¢) > 0. Fix a positive solution x*(t) as in (3.2), let my := c¢m and € > 0 small, so that

mo < cp(t)xf(t) <2—eforalli=1,...,n,k=1,...,m;and t > 1. In Lemma 3.1, take the

function M := My,
Effecting the changes of variables z;(t) = ji((tt)) —1(1 <i<n),system (1.1) becomes

! 1 / *\/
24 = {0 - GO (0]
:g@{—ﬂmmo+;%wﬁmaw 63

+Zm [W@@W@wmumm%m@wm%}

fori=1,...,n,t >0, where
t) =Y aij(t)x;(t) + E b (t /t T (t)/\ik(s>hik (s,x7(s)) ds.
]' ik

Let z(t) = (z1(t),...,zx(t)) be any solution of (3.3) with initial condition zg > —1, z(0) >
—1. Define —v; = liminf; . z(f),u; = limsup,_, z(t). From the permanence of (1.1), in
particular —1 < —v; < u; < co and, as observed, x;(t) > m and x;(t)(1+ z;(t)) > m for
t > 0 large. Consider u = max; u;, v = max; v;. A priori, —v, u can be both nonnegative, both
nonpositive, or have different signs, nevertheless it is sufficient to show that max(u,v) = 0.

Let max(u,v) = u. In this case, u > 0. Assume for the sake of contradiction that u > 0.
Choose i such that u = u; and take a sequence f; — oo with z;(ty) — u,z!(tx) — 0.

From (3.1), we have

hip (s, %7 (s) (1 + 2i(5))) — hip (s, x?(S))} < M(cip(s)x; (s)) 7 (5)]zi(s)],

for1 <i<mnl1<p<mands > 0 sufficiently large. As previously, for k large we may
suppose that z;(t ) < zi(tx) for all j, and from (3.3) we get

(0 < 5oty [ 100+ a3 100

F L) [ A (5131 (5)x ()il

p=1 te—Tip (t)
1
— () blt/ Aip(s)hip (5, x5 (s)) d 34
0 Lo [ dalog (o9 o
b L b [ eIy ) () o) s
p=1 te— Tlp(tk)

= (1 )ﬁ biy(tr) /ttk A,’p(s)x?(s)[—zi(tk)eC"P(s)xf(s)—I—Sﬁ(cip(s)x;"(s))\zi(s)| ds.

k_Tz'p(tk)
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By the mean value theorem for integrals, we obtain

tr

1 i
zi(ty) < —— Y x7(Skp) Brpbip(t / Aip(s)ds, (3.5)
(te) X (tk)p; (Sk,p) Bepbip () — p(s)

where
Bip — _Zi(tk)efcl-p(sk,p)x?‘(sk,p) +m(cip(sk,p)x;<(5k,p))‘Zi(sk,p)‘/
for some Sk,p € [tk — Tip(tk)r i’k].
For some subsequence of (si,)ken (1 < p < m;), still denoted by (si,), there exist the
limits limy ¢;p (sk,p) %] (Sk,p) = Cp € [mo,2 — €] and limy z;(s;,) = wp € [—v,u]. Since M(x) is
continuous, this leads to

likm By = —ue 7 + M (&p)|wy| < (—e & +M(E,))u <0,

since Lemma 3.1 asserts that M(¢) < e~¢ for any ¢ € (0,2). In particular, By, < 0 for k large,
p=1,...,m;, and from (3.5) we derive that

’ m 5 m
%t < M il k)lép?(mi kp M—ﬁllgo?(mi kp

By letting k — oo, this estimate yields
0 < max (— e~ %r +9ﬁ(§p))u <0,

1<p<m;
which is not possible. Thus, u = 0.
Similarly, consider the situation when max(u,v) = v (which implies v > 0), and suppose
that v > 0. By choosing i such that v = v; and a sequence t;, — co with z;(t;) = —v,z/(t) — 0,
for any € > 0 small and k sufficiently large, reasoning as above we obtain

zi(be) > — %1 %bip(tk) /ttk Aip(8)x7 (s) zi(ty)e (% () + M (cip(s)x7 (s)) |zi(s)] | ds

k*Tip(tk)

Bi(tx) | max, Crps

2_

2=

where now
Crp = zi (b )e i (k)i (Sip) 4 M (Cip (Sk,p) X7 (Skp)) |2i (k)|

for some subsequences si, € [t — Tiy(fx), ). In an analogous way, by taking convergent
subsequences of the sequences c;,(sk,)x; (skp) and z;(s,), we obtain a contradiction from
Lemma 3.1. Consequently, v = 0. This completes the proof. ]

Note that hypotheses (h2), (h3) in the statement of Theorem 3.2 were imposed only to
derive the permanence of (1.1). In fact, the above proof applies if, instead of the permanence,
all solutions are bounded and persistent; in other words, if for any ¢ € Car there are constants
m(¢), M(¢), such that 0 < m(¢) < liminf;, x(t,0,¢) < limsup, . x(£,0,¢) < M(¢p).

We are ready to state our main result, on the global exponential stability of (1.1).

Theorem 3.3. Suppose that the hypotheses of Theorem 3.2 are satisfied. Then, (1.1) is (eventually)
globally exponentially stable: there exist 5 > 0,L > 0 such that, for any ¢p* € CJ, there is T = T(¢*)
such that

|x(t, to, ) — x(t,to, ¢*)| < Le °~10)||x, (0,¢) — x4, (0,¢")||, t>to>T, ¢ €Cy.  (3.6)
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Proof. As in the proof of Theorem 3.2, take m, M so that any positive solution x(t) of (1.1)
satisfies

m < liminfx;(t) <limsupx;(t) <M, i=1,...,n,

t—o00 t—rc0

and consider the previous notation for B, mg := ¢m and 9 := My,,. Since M({) < e ¢ on
(0,2), from the continuity of 911 it follows that, for any & > 0 small, there is 6 = J(¢) > 0 such
that .

5+Mgpmaﬁhwf]<ofmamepmg—q. (3.7)

From Theorem 3.2, if x*(t) is a solution as in (3.2), any positive solution of (1.1) also satisfies
(3.2).

Fix any positive solution x*(t) = x(t,0,¢*) of (1.1) with ¢* € Cg, and take T = T(¢*) > T
and ¢ > 0 in such a way that m < xf(f) < M,my < ci(t)x/(t) <2—¢eforallt > T —1,i =
1,...,n, k=1,...,m;. Consider any other positive solution x(t) = x(t,0,¢) with ¢ € C/, and
any to > T; in particular note that x*(¢) > 0 for t > t.

Next, effect the changes of variables z;(t) = e’ ( i((t)) 1) (1 <i < n), where § > 0 satisfies
(3.7). Keeping the notations in Theorem 3.2, the transformed system is

240 = 050) + 1 |~ H OO + Ty (00
)

m; t
+ﬁzm@/
k=1 b=

We now claim that the solution of (3.8) with initial condition z;, = ¢ satisfies

(3.8)
09 (5,37 (5) (1 ¢ 52i(5))) = (5,7 () | ds},

Tik
z(t to, )| < lpll, = to. (3.9)
Otherwise, suppose that there exist t; > tp and i € {1,...,n} such that

z(t)] = lzi(t)| > Nlgll,  [z(D] <lzi(t)], fortefto—7,8), 1<j<n

Consider the case z;(t1) > 0 (the case z;(t;) < 0 is analogous). From the definition of t;, we
have z/(t;) > 0. On the other hand, from (3.7), (3.8) and reasoning as in (3.4), we obtain

0 < 1oty | [55 00 = (80 - Dyt ) e

i

i t1
+e Yy bik(fl)/

Nie($) I (cie(s)7 (5)) e x5 (5) (s >|ds},

=1 1 =Ty (t1)
1 *
< ) {[ szk t1) /t1 le(tl)/\ik(s)hik(srxi (s)) ds} zi(t)
et zmao / " Aik<s>sm<cik<s>x:‘<s>)x;-*<s>|zz-<s>\ds}
- tl*Tik(tl)
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which is a contradiction. Thus (3.9) holds.
Going back to the solution x(t), for t > tpand i = 1,...,n we have

Stlv (1) _ +* _ ok ‘ — (to+6) M_ )}
() = 0] = O] <yl = sup {tor) (SO

M "
< e[|y (0, ) — x1, (0,7
The proof of (3.6) is complete. O

From the above results, a pratical criterion to deduce the global exponential stability of
(1.1) is given below.

Theorem 3.4. For (1.1), assume (h1), suppose that B;(t),ci(t) are all bounded below and above by
positive constants. Assume also that there are a vector v = (vy,...,v,) > 0 and constants a, 7y such
that

l<a<7(to)<y<2eCC ', 1<i<n t>1, (3.10)
where 0 < ¢; < cj(t) < T fort € R and all i,k and C = C(v) C = C(v) are as in (2.9). Then, (1.1)
is (eventually) globally exponentially stable.

Proof. Clearly, Bi(t) > Bi > 0on RYand 1 < a < 7;(t,v) < (1 <i<n)imply that (h2), (h3)
hold. The result follows immediately from Theorem 3.3 and Lemma 2.8. O

Remark 3.5. If all the coefficients are bounded, one can easily check that Theorems 2.6, 3.3
and 3.4 are still valid for systems of the form (2.5).

For Nicholson systems (2.4), the above results are written in a simpler form.

Corollary 3.6. For (2.4), assume (h1) and suppose that there are a vector v = (vq,...,0,) > 0and a
constant ¢ < 2e|v| ! 11111<r1 v; such that
Sisn

0<7i(tv) <y, 1<i<n t>1, (3.11)

where |v| = maxi<j<, v;. Then, there are positive solutions of (1.1) satisfying x;(t) < 2 for all
t>0,i=1,...,n. Ifin addition, B;(t) are bounded below and above by positive constants and

vi(to) >a>1, 1<i<n t>1],
for some w, then (2.4) is is (eventually) globally exponentially stable. In particular, this is the case if
l<a<y()<y<2e 1<i<n t>1. (3.12)

Example 3.7. Consider the planar system

xy(t) = —tTxy (t) + (#7 — 1)xa(t) + (71’8(t) /ttm(l‘) x1(s)e ¥16) ds,

t t>1, (3.13)

x5(t) = —tTxp(t) + (F1 — 1)xq1 () + ‘B/ Xy (s)e 20 ds,
o2 (t) t—0o(t)
where 7 > 0,8 > 1, the delays o;(t) are positive, continuous and bounded, i = 1,2. With
the previous notations, d;(t) = t7,a;(t) = 0,B;(t) = B > 1,i = 1,2 and app(t) = ax(t) =
t — 1, thus 71(t) = 72(t) = B. For this concrete example, if B € (1,¢?), there exists a
positive equilibrium x* = (log B,log B) < (2,2). From Theorem 3.3, we deduce that all positive
solutions x(t) converge exponentially to x* as t — oo.
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In the case of periodic Nicholson systems, we also obtain the following result.

Corollary 3.8. Consider a periodic Nicholson system (1.1), with d;(t), a;j(t), bi(t), T(t), Ai(t),
cik(t) continuous, nonnegative and w-periodic functions (for some w > 0), with d;(t), Bi(t), ci(t)
positive, for all i, j, k. If there exist a vector v > 0 such that

min v;(t,v) > 1,

te[0,w] . ‘ (3.14)
max v;(t,v) <2eCC , 1<i<mn,
te[0,w]

then there exists a positive w-periodic solution of (1.1), which is globally exponentially stable.

Proof. By [8], it turns out that the sufficient conditions for permanence also imply the existence
of a positive periodic solution. The result is an immediate consequence of Theorem 3.4. [

Remark 3.9. For the periodic Nicholson system with discrete delays multiple of period
given by

xXi(H) = —d;()x;(t) + iaij(t)x]-(t) + Bi()x;i(t — mjw)e~ixll=miw) — 1 <j < (3.15)
j=1

with m; € N,w > 0and d;(t) > 0, a;;(t) > 0, B;(t),c;(t) > 0 continuous w-periodic functions,
the existence and global attractivity of a positive periodic solution was proven in [8] under the
condition

min v;(t,v) > 1,

te0,w]

— 1 ) (3.16)

max v;(t,v) <exp(2CC "), 1<i<mn,

tel0,w]
for some vector v > 0 and C, C defined as in (2.9). Clearly, ex < e* for x > 0. We conclude that
Corollay 3.8 extends the result in [8] to more general systems (1.1) — with global exponential
stability, rather than global attractivity —, however, under the more restrictive assumption of
Vi = maXee(o ) Vi(t,v) < 2eC 6_1, instead of ; < %€ . The key point to establish the result
in [8] under the latter assumption was the following: as the delays are multiple of the period,
an w-periodic solution x*(t) for (3.15) is also an w-periodic solution for the corresponding
ODE

xXi(t) = —d;i()x;(t) + iaij(t)xj(t) + Bi(H)x;(t)e s xB) 1 < i< np, (3.17)
j=1

From this fact, one easily deduces that max;>o (c¢;(t)x}(t)) < 2 for all i, provided that (3.16)

i

holds. Whether Theorem 3.4 is still valid for a general system (1.1) with (3.10) replaced by

——1
1<0¢§’yi(t,v)§’y<ezgc , 1<i<n, t>1,

(conf. Remark 2.9) is an interesting open problem. We conjecture that the answer is affirmative,
at least if some further constraints on « are prescribed.

We now apply our results to Nicholson equations and systems with discrete delays, and
compare the above criteria with some more results in the literature. The corollary below
addresses the scalar case, a similar one can be written for systems with n > 1.
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Corollary 3.10. Consider the scalar Nicholson equation
x'(t) = )+ Z Br(t)x(t — T (t) e kBx(=n() (3.18)

where d, By, T, cx : RT — RT are continuous functions and d(t) > 0 on RY, 5 (¢) € [0, T] (for some
T > 0) and ci(t), B(t) := Y[ Bk(t) are bounded above and below by positive constants. If

m t min c
Yie Pe(t) <q< Zeﬂ, t>0, (3.19)

1<a< =
- d( ) maXlSkgm Cr -
where cx = infi>q ck(t), Cx = sup,~ cx(t), then (3.18) is globally exponentially stable.

If all the coefficients and delays d, Bk, Tk, cx are w-periodic, Corollary 3.8 implies the ex-
istence of a globally exponentially stable w-periodic positive solution to (3.18). We stress
that the periodic equation (3.18) was studied in [16] and its stability established. Denote
k € (0,1),& € (1, 00) the constants which satisfy

W(k)=—1(2), h(x)=h(g) (3.20)

The approximate values of x, & were evaluated in [23]: k¥ ~ 0.7215, & ~ 1.3423. Assuming that

Yi Br(t) 5
B OES <es, tel0,w], (3.21)
and that there is M > x such that
K
1< i < < — 22
< B, 5 S BT S 62)
and - Bi(t) ﬁ
1 k(t oK k
J— 2
k§:1 0 <d E 0, w], (3.23)

Liu [16] used a Lyapunov functional to show that there exists an w-periodic positive solution
of (3.18) which is globally exponentially stable. A similar approach was used by Liu in [17],
for an almost periodic version of (3.18) with a nonlinear density-dependent mortality term
—d(t) + da(t)e 1), instead of —d(t)x(t).

In fact, in order to prove the above exponential stability under the conditions (3.21)—(3.23),
Liu [16] started by establishing that the ordered interval [x, M] in C = ([—7,0];R) is positively
invariant. For the periodic case, by itself, the constraint (3.21) is weaker than the second
inequality in (3.19). However, not only is the requirement (3.22) a strong restriction to the
application of Liu’s criterion, but, if (3.22) holds, our assumption (3.19) simply reads as

eMZZ’Bk <Zﬁ’" €0l

In this situation, we always have Y ;" | Bx(t) > e * Y1, f : ((tt)) ; if one can choose M in (3.22) such

that & < 2M, i.e., if maxj<p<, ¢ < 2/% &~ 1.490, then 57", Be(t) < 4 ity C:((:)), and
our result strongly improves the criterion in [16]. For instance, with ¢ (t) = 1, our hypothesis
(3.19) reads as

< Li-1 Bi(t)

10 <2e forte|0,w];
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on the other hand, we may take M = & in (3.22), and conditions (3.21), (3.23) are equivalent to

e < Z;‘n:dl(f)k(t) <ek forte|0,w],

which is much more restrictive than (3.19).

More recently, Wang et al. [23] generalised the scalar version (3.18) by considering the
following multi-dimentional model with patch structure:

n

x(0) = ~d(Ox() + Y ag(Dx() + 1 Bip(Dx(t =Ty (1)e w0, =1, o,
p=1

j=1j#i
(3.24)
where d;, a;j, Bip, Tip, Cip : R — R are continuous, pseudo almost periodic functions, d;(t) > 0
and satisfies some further properties, and infi>y, B;(t) > 0 where B;(t) := Y ;' 4 Bip(t), for

all i,j,p. With x,& defined as in (3.20), in [23] the authors assumed the following set of
assumptions, for 1 <i <n,1 <p <m:

1 <infc;,(t) <supcp(t) < M™%, for some M > «,
teR teR

, - . 1 ﬁip(t)
ek { A j_;j#a”(t) Y p; Cip(t) } <0 (3.25)
1 . - .. —K - 51'P<t>
tlél]lg{ —d;(t) —I—jlz,];# a;(t) +e ;;;1 (D } >0,

and showed that:
(i) all solutions x(t) = x(t, to,¢) of (3.24) with initial conditions ¢ € C; satisfy

k <liminfx;(f) <limsupx;(t) <M, i=1,...,n; (3.26)
t—roo t—roco
(i) there exists a positive pseudo almost periodic solution x*(f) of (3.24), which satisfies
Kk <x(t) <Mforalltc Randi=1,...,1;
(iii) x*(t) is globally exponentially stable.
See also [5,24] for similar criteria. Recently, some of the constraints in [23] were slightly
loosened in [13].
With our methodology, under the condition inf;cr ¢;p(t) > 1 and taking e.g. v = 1in (3.10),
from Theorem 3.4 we obtain that system (3.24) is globally exponentially stable provided that

m
—1 Bip(t
e DB
R di(t) = L ji (1)
<i< . o7
sup p—1 Bip(t) 20 1<i<mn t>1 (3.27)
teR dl(t> - }/l:l,]‘#l‘ a,](t) H}EX Stle’l]lg Cip(t) ’

As in the previous scalar case, one easily verifies that for most situations conditions (3.27) are
less restrictive than (3.25).
We finish this section with a couple of simple examples.

Example 3.11. Consider the following w-periodic Nicholson-type system with discrete delays:
X () = —di()x1(t) + b (H)x2(t — o1 (t)) + c1 ()21 (£ — T ())e 1700

1 (3.28)
xé(t) = —dz(t)Xz(f) + bz(t)Xz(f — Uz(t)) + Cz(t)XQ(t — TZ(t))e_xZ(t_TZ(t)),
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where d;(t),bi(t),c;i(t),0i(t), Ti(t) (i = 1,2) are positive, continuous and w-periodic functions.
Applying Corollary 3.8 with v = (1,v;) (conf. also Remark 3.5)), we derive that (3.28) has a
globally exponentially stable positive w-periodic solution if there exists a positive constant v,
such that

c1(t) min{1,v,} ca(t)vn min{1,v;}
1 2 1 2 t .
RO -h0n ~ Cmale) | G0on b < Cmax(le) €0
In particular, this assertion is valid if
1«80 o el iz12 (3.29)

di(t) — bi(t)

In the case of (3.28) with 0;(t) = 0 and a unique constant delay in the nonlinear part,
ie., 7(t) = T > 0, by using the continuation theorem of coincidence degree and a Lyapunov
functional, Troib [21] established sufficient conditions for the existence and global attractivity
of a positive w-periodic solution. As analysed in [8] with more detail, we can assert that the
results in [21] not only do not apply to the framework of nonconstant delays 7;(t), nor to other
simple situations, but also the assumed constraints are more restrictive than (3.29).

Example 3.12. As a particular case of (3.28), consider the 7r-periodic system
X (1) = —(1 + cos? ) xq (t) + c1(1 +sin ) xa () + B1(1 4 cos? )xy (£ — 7y (t))e 1 (-0 E) 330
xXh(t) = —(14sin? ) xp(t) + ca(1 + cos® )x1 (£) + Ba(1 +sin® ) xa (t — 1o (£))e 2= 2(0)

where ¢;, B; > 0 and the delays 7;(¢) are 7m-periodic, continuous and nonnegative, i = 1,2.
With the previous notation, for v = (1,v;) > 0 we have

B1(1 + cos?t)

1+ cos?t — vaci (1 +sin’ t)
5202(1 + sin® t)

v2(1 4 sin?t) — cp(1 + cos? t)’

11(t,0) :=
(3.31)

’)/2(1‘, U) =

If 4c1co < 1, choosing v, such that 2¢c; < v2 < (2¢1) 7!, we obtain
0<a; <7i(t,v) <7y, fortel0,m],i=1,2,

where

271 ﬁllvc ’ 71_7'51 062_7'82 1 72—7'82
— 50201

X1 - ’ — _ s - — .
1—205¢1 1- 30,0 1-20,'

In particular, with ¢; < %, i = 1,2, one can take v, = 1; if in addition ¢; < 2(2¢ —1)(8e —
1)~! ~ 04277 and B; is chosen so that 1 — 3¢; < B; < 2e(1—2c;) for i = 1,2, we obtain
1 < a; <7 <2ei=1,2, therefore there exists a positive 7r-periodic solution x*(¢) which is
globally exponentially attractive.

4 Conclusions

This paper concerns the global asymptotic behaviour of positive solutions for a very broad
family of Nicholson systems (1.1). Uniform lower and upper bounds for all solutions, as
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well as their global exponential stability are established, which generalise most of the results
in recent literature. We observe that systems (1.1) incorporate distributed delays, whereas
most authors only consider systems (3.24) with discrete delays. Moreover, as mentioned in
Remarks 2.5 and 3.5, if a;i(t) are bounded, all the results apply to systems (2.5) with delays
in the linear terms. The assumptions and proofs presented here rely heavily on the special
properties of the Ricker nonlinearity #(x) = xe™*, x > 0.

Some authors [7,15,24], have considered autonomous or nonautonomous Nicholson sys-
tems with discrete delays under restrictions on the coefficients implying that the systems have
a monotone behaviour. In recent papers [5,13,16,21,23], conditions have been imposed for
systems (3.24) in such a way that the estimates (3.26) should hold, where 1 < inficRr c;,(t) <
sup, g Cip(t) < M~ for some M > «x, for x,% defined in (3.20), — and thus all positive
solutions must satisfy

x < liminfc;, (t)x;(t) < limsupc;,(t)x;(t) <&,
t—o0

t—o0

for all i, p. These estimates have been used in order to derive that, since h(x) > h(x) and
|W'(x)| < e2 for x € [k,&], any two solutions x(t),y(t) must satisfy

|hip(t,xi(s)) — hip(t,yi(s))| < e 2|xi(s) —yi(s)|, i=1,...,n,

forall t and s € [t — 7, t], where h;,(t,x(s)) = x(s)e=»¥)  Our approach is essentially new:
assuming the permanence, the exponential stability of (1.1) is proven using solely an explicit
upper bound for solutions of such systems. Basically, we only need to assert the existence of (at
least) one positive solution satisfying limsup,_, , ¢, (t)x;(t) < 2 for all i, p. In Theorem 3.4 we
have imposed condition (3.10), which guarantees that such a solution exists. As mentioned in
Remark 3.9, an interesting open problem is whether such a condition can be replaced by the
less restrictive assumption 1 < a < 7;(t,v) < ¢ < ezgc”

Clearly, the method developed here can be further exploited, to study the global attrac-
tivity and exponential stability of other systems with patch structure — such as Mackey—Glass
type systems —, or modified Nicholson systems with either nonlinear density-dependent mor-
tality terms or harvesting terms, as in [5,20,22,25]. In other words, under the conditions for
permanence established in [9] and with suitable changes, the approach herein carries over to
more general settings, and can be used to treat n-dimensional systems

xi(t) = —d;(t, x;(t +ELZ] )xjp+ filt,xig), t>0,i=1,...,n,

where d;(t, x) > 0,d;(t,x) = O(x) at zero, the linear functionals L;;(t) are nonnegative and the
nonlinearities f; incorporate one or several monotone, or unimodal terms.
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