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émanant des établissements d’enseignement et de
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a�b�~�g��w{w�"�deXfI�}n�����fIgyf��}n?g�� hv�GfZ�"~�Q� É �d���`ny~�df���ÊV|�~�eX~��d��ny~�{^��/ëh É Ê10��^|�¢}{^��~®n�b�e:°±{}���w~�g�n?���d��f
��{^�dgxny�?��~��}n?gX²�~®n�b ���d��f��yn��^~��`ny~�fIg�~�� nyb�fI~��³�d���?��e�f"n�f��?g�¶32¹f�°±{��"�dg�{}� n�b�~�gXn�uv�Gf�{�°#��{^�dgxny�?��~��}n?g
zGfI�I���dgyf�{�°Gnyb�fI~����dgyf"°±��|���fIg�g����d��n�b�f�~���gy~�eX�d|�~��"~�n¾u}¶=k»���`u����y{}z�|�f�e¬g�~��¬�����}��n�~���f����^��zGf�f"´w����fIg�gyfI�
zvuN��~�gxn��^�d�"f¡��{^�dgxny�?��~��}n?g4/ëgxf�f65 ��780�¸�°±�y{}e�e�{^|�fI����|��^��z�~�{^|�{^¢}u9/:5<;^¸=;I��7#0	n�{��y{}zG{�n�~��Ig4/:5<;?>�7#0"¶

½¾�}nyfI�y����|6�"{}�dg�n����^~��`n8����{^�Q��¢}��ny~�{^�@/:5Û�w¸d�A780	~�g���²�~��wf�|�u³�dgxfZ�³nyfZ��bd��~��`��fl°±{}��gx{}|��v~���¢7n�b�fIgyf#��|��}gyg
{^°�����{^z�|�f�e¬gI¶¹a�b�~�g7n�fI�?b���~��`��f���|�|�{(²�g7{^��fNny{���fI�w�d��f³nybdf��w{^e¬�^~��dg�{�°�������~��^z�|�fIg�~��v�^{^|��^fI� ~�� �
��{^�dgxny�?��~��}nl²�~�n�b�{^�wn¡|�{}gy~��d¢����vu¯gy{^|��wny~�{^�4¶�2 b�fI�¹~®n¡~�g#��{^����|�fI�»²�~�n�b¹��z�~�gyfI��n�~�{}�¹��|�¢^{^��~�nyb�e�¸6�^�
�}���"���?�©n�f��yfI|�~���zd|�fi{^�wn�f��8�����d�y{(´w~�e¬�©n�~�{^��{^°+n�b�flgy{^|��wny~�{^�dg	���^�³zGfq�^�?b�~�f��^fZ�B/C5D;Z A780�¶Vk¯���`u�~��}nyfI�y����|
��{^�dgxny�?��~��}nyµKzd�}gxfZ�»gy{^|��^f��?gE/Øf^¶ ¢d¶³½:FHG#· hv{}|��^fI�65D;(�I7Ñ¸�o���e�f���~�����5<;Z�A7#0#~�eX�d|�fIeXfI�}n�n�b�~�g7���d���y{`�^�?b4¶
a�b�f�e¬��~�� �^�w�����`n���¢}f³{^°�nyb�fZgxf�e�f"nybd{w��gX~�g�ny{¹¢^f���fI����nyf���gyf"n�{�°izG{(´wfIg�²�b�~��?b �J	��K�L�
��M����N�#M��
OQP
fI�d�"|�{}gyflfI�}��b�gy{^|��wny~�{^��²�~®n�b��X¢}~��^fI������fI��~�gy~�{}�4¶(R�{©²	f��^fI�I¸w²�b�f����^����|�~�fZ�Nny{¬���y{}z�|�f�e¬g8²�~�nyb���{}�wµ
~�gx{}|���nyfZ� gx{}|���ny~�{^�dg7nyb�fIu z�~�gxfZ��n¬��¢}�^~�� �^�d� ��¢`��~��2n�b�f�zG{Z´wfZg7~��d�"|��d�wfZ� ~��dgy~��wfNn�b�f�gx{}|���ny~�{^� gxf�nI¸
|�fI�}�w~��d¢»ny{2~���f�¼³�"~�f��}n³��{^e����wn?�©n�~�{}�dg����d� ����{©�`~��w~���¢�f��Q�"|�{}gy���yfZg7nybd��n¬�^�yf�fI~®n�b�f��¬����{^b�~�z�~�ny~��^f�|�u
�^fI�yzG{`gxfl{^���G{v{^��|�u¬~���°±{^��e���ny~��^f^¶

a�b�f���f��^�yf��w~DSGfI�yfI�}n8gx~�ny�d��ny~�{^�dgV²�b�fI�yfi�#����{^z�|�f�e.bd�}g��d{^�wµÑ~�gy{^|��©n�fI�Xgy{^|��wn�~�{}�dg�¸}f^¶ ¢d¶�~��dfI�`�d��|�~�n¾u
��{^�dgxny�?��~��}n?g(/C5 �}�v¸T;Z�A780+{^�<��{^�dgxny�?��~��}n?g6²�~®n�b¡f"´w~�g�n�f��}n�~��^|�|�ul�`�d���`ny~�dfI�#�d�^���^eXf�nyfI��g(/Øf^¶ ¢d¶$����{^�dgxny�?��~��}n
{}��������~��^z�|�f

x ∈ U |�~�¿^f
(∃a ∈ a)(c(a, x))

²�b�f���f
a
~�g¡�^��~��}n�f����©�^|�0"¶X½¾�2�d���yny~��"��|����Z¸4������{^zd|�fIe

°±{}�ye�fI��z`u��w~�gxn����Q�"f¬�"{}�dg�n����^~��}n�gl²�~�nyb2���d��f��yn��^~��`ny~�fIg#bd�}g#��{^�wµÑ~�gy{^|��©n�fI��gx{}|���ny~�{^�dgI¶�a�bd��n¡e�fI���Qg
n�b�f³gy{^|��wn�~�{}�2gyf"n�{^°	n�b�f³����{^z�|�f�esbd�}g�����{}�wµÑ�`��|�|V�^{}|���e�f}¸$�^�d��nyb�fI�yf�°±{^��f¬��z����^�d�?b2���d�¹��������f
�^|�¢}{^��~®n�b�e��^����|�~�fZ�Nny{�nyb�~�g�����{^z�|�f�e*²�~�|�|4z�~�gxfZ��ni��¢`��~����^�d���^¢}��~��Nnyb�f¡zG{(´wfIg�~��d�"|��d�wfI��~��dgy~���fln�b�f
gy{^|��wny~�{^��gxf�nI¶�a�b�~�g8gy~�ny�d��ny~�{^�����^�³zGf#g�n��y{}��¢^|�uX~�e�����{©�^fI�¬�dgy~���¢X�¡n�fIgxn	°±{}���wf"n�fI��n�~��d¢�~�����f���zG{Z´wfIgI¸
gy{�n�bd�©n�zG{(´wfIg�²�b�~��?bO����fl����{(�^fZ�³ny{¬|�~�f#~��dgy~��wfln�b�f�gx{}|���ny~�{^��gxf�n�²�~�|�|4��{^n�zGf¡z�~�gxfZ��nyfZ���^�`u³e�{}�yf^¶

½¾�}nyfI�y����|4�^�y~�n�b�eXf�ny~���g��I����zGf7gx�d�I�"fZgygx°±��|�|�uN�dgyfI��°±{}��z���~�|��w~���¢Ngx�d�?b �#� �V�
�XWJ	LYZ���
��� ²�~®n�bOgy{^e�f
n�uv�GfIg8{�°��"{^�Qg�n����^~��`n�gI¶$½¾���d�^�xn�~�����|����Z¸}~���fI�`�d�^|�~�n�u³�"{^�Qg�n����^~��`n�g	{�°4n�b�fq°±{^��e

c(x) : f(x) ♦ 0
/Ø²�b�f���f

♦ = {>,≥, <,≤} 0�²�b�f��¬nyb�fq�"{}�dgxny�?��~��}nVbQ�^gV��{�f"´w~�g�n�f��`ny~���|�|�uX�`�d�^�}n�~®dfZ���d�^���^eXf�nyfI��gI¶�F4f�n ρc

zGf
n�b�f�gx{}|���ny~�{^�Xgxf�n={^°dnybdf��"{^�dgxny�?��~��}n

c(x)
¸}���d��|�f�n

x
zGf��qzG{(´6¶�F<f"n

f(x)
zGf8nyb�f �#�$���L��M���O$�LM���OQ[ ���!�%	��

	C�
f(x)

�#�
x
¶=a�b�fi��{^e��d����~�gx{}�

f(x) ♦ 0
���^��zGf��dgxfZ���^g��¡gx��¼¬��~�fI�}n	��{^�d�w~�n�~�{}��\8{�°+nyb�f�~��d�"|��dgy~�{}�

x ⊆ ρc

¸��^�d�Nnybdf���f"°±{^��f^¸��^g��^��~����df���zQ{(´³n�fIgxn�°±{^��n�b�f��"{^�Qg�n����^~��`nI¶
�	{^�dgxny�?��~��}n?g¡²�~®n�b f�´v~�gxnyf��`ny~���|�|�u¹�}�Q���}n�~®QfI�2�d�^���^e�f"nyfI��g�����f¬eX{}�yfN�"{^e���|�~����©n�f^¸�zGfI�I���dgyf�n�b�f

�#�$���L��MA��O'�
M���OQ[ ���N�%	�� �w{wfIg���{�n�n?��¿^f�~��}ny{ �^����{^���`nNn�b�fIgyf»n�uv�GfIg�{^°��}�Q���}n�~®Qf��?g�¶ºÊV�^fI��n�b�{^��¢}b
n�b�f���{^e��d����~�gx{}�

f(x) ♦ 0
�I��� zGf��dgyfI� �}g7~�����f��XzG{(´2nyfZg�nZ¸=n�b�~�g7n�fIgxn�°Ø��~�|�g�~�� e�{}gxn����}gxfZg7����f

n�{¯f"´w~�gxnyf��`ny~���|8�`�d���`ny~�df��?g�¶¯Ëq~�g�n?���d�"f���{^�dgxny�?��~��}n?g¡²�~�nyb �d�d�"f��yn?��~��}ny~�fIg�����f³��|�fZ����|�u�{}��f³{�°�nyb�fZgxf
��|��}gygyfIg8{^°=�"{^�Qg�n����^~��`n�gI¶

½¾� nybd~�g��w{��"��e�f��`nI¸�²	f»���y{}�G{}gyfO� e�f�nyb�{w� °±{^���?b�fI�?¿v~���¢ ~®°7� zG{(´ ~�g³~��d�"|��d�wfZ� ~��dgy~���fOn�b�f
gy{^|��wny~�{^�»gyf"nl{^°����w~�g�n?���d��f���{^�dgxny�?��~��}nq²�~�nyb�f"´w~�gxnyfI�}n�~��^|�|�uO�`�d���}n�~�dfI�¯�d�^���^eXf�nyf��?gI¶�2¹f7°±{w�"�Qgi{}�
�`�d�^�}ny~�dfZ���w~�gxn��^�d�"f���{^�dgxny�?��~��}n?g<²�bdf���f�n�b�f8������~��^z�|�fZg$�^�yf�n�b�f���{v{^�?�w~��d�©n�fIg<{^°Q�q�G{^~��}n

x ∈ U n
¶=�ig

f�´v~�gxnyf��`ny~���|�|�u��`�d���}n�~�dfI���Q���?��e�f"n�f��?g�¸v²	f#bd�(�^flnyb�f��"{w{^�?�w~��Q�©nyfZg	{^°=����{^nyb�fI���G{^~��}n
a ∈ U n

�^�d���
�w~�gxn����Q�"f

r ∈ U ¶=a�b�f��<¸�nyb�f��w~�gxn����Q�"f���{^�dgxny�?��~��}n�d´vfZg�n�b�f��w~�gxn��^�d�"f�zGf�n¾²8f�f�� a
���d�

x
n�{#zGf�fI�`�d�^|

] ä�ß�×ëÒ�Þ�ÝqÚ©Ô?Ö±àKÙÛÐ:^(ÓÕÔ?Ö�ÐxÔ?×KÝ�×C_a`<Í(Ý�ß³àKÍZÝlí�Ô?ÖØÙÕÔ�b(ÓÛÝ
x
Ô?Ú(Ú�ÝxÔ?Öë×iÒ�ß(Ð�Ý#ÙÛß¬àKÍZÝdc<^Zß(Ð¾àKÙÛÒ�ße_+àKÍZÝ#ÐxÒ�Þ�Ú(Ô?ÖëÙÛ×ëÒ�ßNÐxÔ?ßfb�Ý

Ð�Ò�ß(×KÙÛì(Ý�ÖØÝ�ì8Ô?×wÔ<ßZÝxÐ�Ý�×ë×ÑÔ?Ö8g	Ô?ß(ìV×N^?h�Ð�ÙÛÝxß"àwÐ�Ò�ß(ì(Ù àëÙÛÒ�ße_�bA^ZàwÙÛß�Ü�ÝxßZÝxÖëÔ?Ó�_?àëÍ(ÙÛ×vÐxÒ�Þ�Ú(Ô?ÖëÙÛ×ëÒ�ßVÙÛ×vÒ�ß(Ó g�Ô4×N^Ih�ÐxÙÛÝ�ß"àwÐ�Ò�ß(ì(Ù àëÙÕÒ�ß
Ò�c

x ⊆ ρc i
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n�{
r
¶=½¾�³{}���	eXf�nyb�{��6¸v�7gy�GfI�"~���|G�`�d���`ny~�df��	fI|�~�e�~��d��ny~�{^�N�^|�¢}{^��~®n�b�e.~�g��dgyfI�¬~��³{}���wfI�Vny{�n����^�dg�°±{}�ye

���`�d�^�}n�~®dfZ�2�w~�gxn?���d�"f³�"{}�dg�n����^~��`n¡~��`ny{¯���2fI�`��~��©��|�f��`n¡��{}�2�`�d�^�}ny~�dfZ�¹��{^�©�����Q��ny~�{^��
©�w~�g±���d�d��n�~�{}�
{^°=�"{^�dgxn����^~��`n�g8²�b�~��?b��I����zGf#fI�©�^|��d��nyfZ�N�dgy~���¢¬��|��}gygy~��q~��}nyfI�y����|4����~®n�b�e�f"n�~��Ig�¶

a�b�f7�yfZg�ni{^°=n�b�~�gl�w{w�"�deXfI�}nq~�gi{^��¢}�^��~��IfI���^g�°±{}|�|�{(²��hvfZ��n�~�{}�»�¬���yfZgxfI�}n�g�nyb�f����y{}z�|�f�e-g�n?�©nyf�µ
e�f��`n�~��2��e�{^��f�°±{^��e¬��|�²8�Zu}¶¬hvfI�"ny~�{^�2������fIgxfI�}n?gqn�b�f¬zd�^gy~��Igl��f�|��©nyfZ�¯ny{�~��}n�f����©��|V���d�^|�uwgy~�gl�^�d�
�`�d�^�}ny~�dfI�¡f�|�~�eX~��d��ny~�{^�4¶�hvfZ��ny~�{^� � ���yfZgxfI�}n�g��Ohv�GfZ�"~���| É �d�^�}ny~�dfI�¡ÊV|�~�e�~��d�©n�~�{}� ��|�¢^{}�y~�nyb�eC~�� �
n�²	{¡���d�7n�b��yfIf��w~�e�fI�dgx~�{^�d�^|�gx�d�}�"f^¸^�^�d�Xgx{}eXf�{^�wn�~�e�~��I��ny~�{^�7°±{}�=�Q���yny~��"��|��������}gxfZg�¶=hvfI��n�~�{}�� l��{^eXµ
e�f��`n�g¡�d�yf�|�~�e�~��d�^�yu¯��fIgy��|®n?g#{^zwn?��~���fI�¹²�~®n�b2{^���¡~�eX�d|�fIeXfI�}n?�©ny~�{^�<¶�F$�^gxnI¸�hvfI�"ny~�{^����gx��e�e¬����~���fIg
n�b�f¡²	{^��¿ � g���{^�`ny��~�z���ny~�{^�4¶

�OÇ ¦I¨w¦�� Ç�� ¥�� {^|�|�{©²�~���¢X/:5<;��I7#0"¸�g����^|��^��g<�^�d�¡�^fZ��n�{^�?g<�^�yf	�wfI��{�n�fI��z`u¡|�{(²	fI�����}gxf�|�f"nynyf��?gI¶<½¾�`nyf����©�^|�g
�^�yfl�wf��d{�nyfZ�Nz`u¬zG{}|��v°Ø�}�"fl|�f�nxn�f���gI¶�a�b�fl��fI��|+�©��|���fIg

x
���Q�

x
�wf���{^nyfqnybdfl|�{(²	fI�8zG{^���d���^�d�³�d���Gf��

zG{}���d� {^°7��� ~��`nyf����©�^|
x
¸i��fIgy�GfI��n�~��^fI|�u}¶ F<f"n

ε = {e1, ..., en}
zGf¹����{}����f��yfZ� gxf�n�{^°�~��d�w~��"fIgI¸

n�b�f³�^fI��n�{^�
(xe1

, ...,xen
)
~�g��wf��d{�nyfZ�¹z`u

xε

¸�gy{�nybd��n
(x1, . . . ,xn)

~�g��wfI��{�n�fI�¹zvu
x[1..n]

¶�½Ñ°��d{
��{^�w°±�dgy~�{}��~�g��G{}g�gx~�z�|�f^¸vnybdf¡�dgx�d�^|6��{^n���ny~�{^�

x
²�~�|�|6zGf¡�dgyfI��~�����|��}�"f#{^°

x[1..n]

¶

� � ��% ���"�� �����#�$�� !�����

a�b�f¡ÊV�d��|�~��wfI�^�O�w~�gxn��^�d�"f#zGf�n¾²8f�f���n�²	{��G{^~��}n?g
a ∈ U n

���Q�
x ∈ U n

~�g���f"d��fZ��z`u

d(a, x) =

√

√

√

√

n
∑

k=1

(xk − ak)2
/C;I0

���³ÊV�Q�"|�~��wfZ���N��~�gxn��^�d�"fq�"{^�Qg�n����^~��`nVnybd��n	�yfI|���nyfZg�n¾²	{7�G{^~��}n?g
a
�^�d�

x
²�~®n�bN�7�w~�gxn?���d�"fi�©�^|��df

rzGf"n�²	fIf��³nyb�fIe�¸w�����³zGfqf"´w����fIg�gxfZ�¬�^gV°±{}|�|�{(²�~���¢�
ca,r,x :

∑n

k=1(xk − ak)2 = r2 ¶���|�|G�©�^|��dfIg�¢^~��^f��zvu7�q�d�y{}z�|�fIe��^�yf��I��|�|�fZ�7�d���?��e�f�nyf��?gI¸©���Q��n�b�f�u��"{^����fIgy�G{^�d�¡ny{#¿v��{(²��X�©��|���fIgI¶=hv{^e�f"n�~�eXfZg�¸�nyb�fZgxf
�d�^���^e�f"nyfI��gq�©�^|���fZgl�^�yf��d{�n#f�´��^��n�|�uO¿v��{©²��4¸4z��wn#n�b�f�u»�^�yf�zG{}���d�wfZ�»zvu¯�`�d�^�}n�~®n�~�fZg#���Q��������zGf
f�´v�d�yfIg�gyfI�N~���n�b�f#°±{^��e�{^°�~��`nyf����©�^|�gI¶

hv{d¸$¢^~��^f��2���wµÑ��~�e�f��Qgx~�{^�d�^|�~��}n�f��y����|��^fZ��n�{^�
a
�^�d�2���¹~��}n�f����©�^|

r
¸$²	f³����f�~��`nyfI�yfIgxn�fI�¹~��¹n�b�f

°±{}|�|�{(²�~���¢¬�}�Q���}n�~®QfI����~�gxn��^�d�"f¡��{^�dgxny�?��~��}n�

ca,r(x) : (∃a ∈ a)(∃r ∈ r)(
n

∑

k=1

(xk − ak)2 = r2)
/K�T0

½Ñnie�fI�^�dgI¸Q��|�|4nybdf��G{^~��}n?g
x ∈ U n

n�bd�©nl����f��©nq�³�w~�g�n?���d��f
r
°±��{^e*n�b�f��G{}~��`n

a
¶�a�b�f7gyf"ni{^°

x²�b�~��?b³gy��ny~�g�QfIg /K�T0�~�g���f���{^nyfI��zvu
ρc

¶ � ~�¢^����f';�����fIgyf��}n?g�gx{}eXf�f"´���e���|�fIgV{�°4�`�d�^�}ny~�dfZ�¬�w~�gxn?���d�"fZg
��{^�dgxny�?��~��}n?g����d��nyb�f�~��igx{}|��wn�~�{^�dgI¶

½¾�2nyb�~�g�²8{^��¿G¸$²8fN����f¬~��`nyf���fIgxnyfZ�2~�� �¯gx��¼¬��~�fI�}nX�"{}�d�w~�ny~�{^�2°±{^��nyb�fN~��Q�"|��dgx~�{^�
x ⊆ ρc

¸$nybQ�©n
e�fI�^�dg�¸<¢^~��^f��¹���wµ¾�w~�eXfI�dgy~�{}�d��|�~��`nyf����©�^|=�^fZ��ny{}�

x
¸<²	f�bQ�Z�^f

(∀x ∈ x)(ca,r(x))
~�glny����f^¶¬o�{^ny~��"f

n�bd�©n��qgy�w¼³�"~�f��}n���{^�d��~®n�~�{}���wfIgy~�¢}��fI�¡°±{}��{^��f8�`�d�^�}n�~®dfZ�7��~�gxn��^�d�"f8��{^�dgxny�?��~��}n=���^�7�^|�gy{izGf8�dgyfI�¡°±{}�
���"{}�©�����d�"ny~�{^�¹{^°��`�d���`ny~�dfI�¹��~�gxn��^�d�"f¬��{^�dgxny�?��~��}n?g

C =
∧

k∈[1..m] c
(k)
a(k),r(k)

(x)
¶¬½Ñ°8f"´w~�g�n�f��`ny~���|�|�u

äêã�è4äêé
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(a) (b) (c)
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1
2
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3
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� ~�¢^����f ;� �a	��6�6�JYe�����VOD�
�E	:���L[ ���$�!� � � � �������-���V�J� �J	��K���!�"���#� �������Z�#) �
�#�X�L	�OQ[ �N�%	�� �	��

� /Ø�e0 	��$OQP
�8)K���K���"���E�L���L� � )K�A�f���3�#� �-�
��M���O�M���OQ[ ��

ca,r(x)
&(�#�8)

a = (0, 0)
�����

r = [4, 5]
��
�� /±z$0 	��$OQP

�8)K���K���"���E�L���L� � ) �A� ���B�#� �-�L��MA��OVM���O [ ��
ca,r(x)

&(�#�8)
a = ([−1, 1], [−1, 1])

�����
r = 4.5

��
�� /Ø�?0
W�	��8)�� ���"���6�L���L��� ) ��M��X�#� �-�
��M���O MA��OQ[ �
�	

ca,r(x)
&(�#�8)

a = ([−1, 1], [−1, 1])
�����

r = [4, 5]
¶

�`�d�^�}ny~�dfZ�¹�d�^���^eXf�nyfI��g¡����f���{^n7gybd�^�yfZ��zGf"n�²	f�fI� �w~ S+f���f��`n��"{}�dg�n����^~��`n�gI¸<²	f³bd�(�^f�nyb�f¬°±{}|�|�{(²�~���¢
~�e���|�~�����ny~�{^� 

∧

k∈[1..m]

x ⊆ ρc(k) =⇒ x ⊆ ρC

/ë� 0

� ,;�7�����¡��%7�����B����� 5 ��
����?���"%���3

½¾��nyb�~�gigxfZ��n�~�{}��²	f�����fIgyf��}ni��zd�y~�f"°=~��}n��y{w���d��n�~�{}��n�{¬½¾�}n�f����©�^|4�i�d��|�uwgx~�g����d� É �d�^�}n�~®dfI��Ê�|�~�e�~��Q�©µ
n�~�{}�4¶VhvfI��n�~�{}�N��¶<;�~��}n��y{w�w�Q�"fIg	gy{^e�fi��{^�d��f��wn?g	�^g �#� �-�
��M���OQ� �^�d� �#� �-�
��M���O=�����#�8)��6�L�!�%�
� ¸w�^�d�¬�yfI|���nyfIg
n�b�fIgyf���{^�d��f��wn?g�²�~®n�b¬{^���V²	{}�y¿+¶=hvfI�"ny~�{^�³��¶Û�q~��}n��y{w�w�Q�"fIg=n�b�f �L[ ��� �N� �1�L� �
OQ��� �#�����!�%	������"	 W
O<�	� �^�d�
b�{©²\~®ni�I����zGf¡�^����|�~�fZ�Nny{³���`�d���}n�~�dfI���w~�gxn��^�d�"f¡��{^�dgxny�?��~��}nZ¶

����� �! #"%$'&%(�)+*-,. �)+*0/21�3�1
½¾�`nyf����©�^|`�i�d��|�uwgx~�g /:5Û����¸e;(�I7804²��^g$zG{^����~���nybdf8 }� � g$��~�e�~��d¢i��~�¢^{^��{^�dg<�"{}e����wn���ny~�{^�dg$²�~�nyb����d��f��yn���~��
�`�d�^�}ny~�ny~�fIg����d�����wn�{^e¬�©n�~��#�"{^�`ny��{^|+{^°<n�b�f#fI�y��{^�?g�~������"{^e�����nyfI���yfIgy��|�nI¶�½¾�w°±{^��e¬��|�|�u}¸w�^� �#� �-�L��MA��O
~�g���gyf"n�{�°��yfZ��|��©�^|��dfIg#��f�����fIgyf��`nyfI��z`u»n¾²8{�zG{}���d��gI¶Na�b�fIgyf�zG{}���d��g��^�yf�f�|�f�e�f��`n�g�{�°��Ogxf�n54�¸
n�bd�©n�~�g�� gy��zdgyf"n�{�°#nyb�f»��fI��|i�`��e7zGfI��gI¶ ½¾��� �"{^e�����n��©n�~�{^�d��|i~�eX�d|�fIeXfI�}n?�©ny~�{^�<¸�nybdf»gyf"n64 ~�g
¢}f���f��?��|�|�u�nyb�f�gyf"n�{^°87d{}��ny~���¢X�G{}~��`n�g��`��e7zGf��?g8n�bd�©n�n�b�f¡��{^e����wn�f����I�����yfI����fIgxfI�}nZ¶ � {^��f"´��^eX�d|�f}¸
�dgy~���¢N����~®n�b�e�f"n�~��Ig�²�~�nybOnybd�yf�f�gx~�¢^�d~®Q�I���`nq�w~�¢}~®n?g�¸G²	f7�I���O��f�����fIgyf��`ni�¬����|���f √

2
z`u�n�b�f7~��`nyfI�y����|

[1.414, 1.415]
���d�X¢^�Q���?���}n�f�f	n�bd�©nVnyb�f�e���nyb�fIe¬�©ny~����^|�|�u��"{^����fI��n��yfZgx�d|®nV~�g�~��dgy~��wf�{�°Gnyb�fi�"{}e����wnyfZ�

~��}n�f����©��|K¶=½¾����°±{}�ye¬��|6²8�(u}¸���� �#� �-�
�
MA��O ���^��zGf¡�wf�d��fI���}g8°±{^|�|�{©²�~��d¢ 
9�Ã!: � �±¦�� Ç��<;>=@? � ¦ Ã §�A�¨ "CB � � �#� �-�L��MA��O

x = [x, x] D &(�#�8) x
�����

x ∈ 4 D ���1�8)K�1�L�L�=	C���"����O � [%�6WJ�L���
{r ∈ U | x ≤ r ≤ x} �

è$è ß�j k�l�l�m
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a�b�f	gxf�n<{^°w~��}n�f����©��|�g4²�~®n�b�zG{^�d�d��g<~���4X¸©�wf��d{�nyfZ�¡z`u�� U ¸(~�g<�d���yny~���|�|�ui{}����f���fI�lz`u¡gxf�n$~��d��|��Qgx~�{^�4¶�.�8���ynyfIgy~���������{w�w�Q��n�{�°
n
~��}n�f����©��|�g

b = x1 × · · · × xn

~�g��I��|�|�fZ��� WJ	?Y ¶�a$²	{¬zG{Z´wfZg
b1
���Q�

b2�^�yf#g���~����w~�gØ��{^~��}n�~�°
b1 ∩ b2 = ∅ ¶½¾�}nyfI�y����|`�^�y~�nybdeXf�ny~���g$����{(�v~��wfIg$�qgxf�n�{�°d{^�GfI����ny{^�?g6nybd��n=��|�|�{(² {^��f�ny{l��{^e����wn�f	~��`nyfI�y����|}��fIgy��|�n�gI¶

2 b�fI��f��^fI�i�^��{^�GfI����ny~�{^��{^����fI�^|�g�~�g�gy�GfI��~®dfZ�6¸�n�b�f7�"{}�y��fIgy�G{^�d�w~���¢�{^�Gf��?�©n�~�{}��{^��n�b�f�~��i~��`nyf����©�^|�g
~�g�f"´wfZ�"�wn�fI�6¶ F<f"n

a
���Q�

b
zGfNn�²	{�~��}n�f����©��|�gI¸��^�d� |�f�n

♦
�wf���{^nyfZg�{^��f�{�°�n�b�fN°±{}��������~�nyb�e�f"n�~��

{}�Gf�����ny{}��g {+,−, ∗, /} ¶�a�b�f#{}�Gf��?�©n�~�{}� a♦b
~�g��wf�d��fI��zvu�

a♦b = {a♦b | a ∈ a ∧ b ∈ b},
²�~®n�b

a/b
�d�d�wf"d�dfI�¬~�°<� ∈ b

¶=a�bd~�g	�wf�d��~�ny~�{^�³fI�dgx�d�yfIgVnybd��n�nyb�fq�yfIgy��|�ny~���¢�~��}n�f����©��|
a♦b

�"{^��µ
n?��~��dg8�^|�|+�G{}g�gy~�z�|�fq{^��n��"{}e�fIg�°±��{^e������d|�uv~���¢

♦
²�~®n�b�{^�GfI���^�d��gV°±��{^e

a
�^�d�

b
¸vz���n8n�b�f#�wf"Q��~®n�~�{^�

�w{wfIgV��{�n8gyb�{(² b�{©² n�{7��{^e����wn�f�~�nI¶�a�bdf���fIgy��|�ny~���¢�~��`nyf����©�^|d~�g�fI�}gx~�|�u�{^zwn?��~���fI���dgy~��d¢¡nyb�fizG{}���d��g
{^°$nyb�f¡~��`�^{}|��^fZ�N~��}n�f����©��|4�}g�gyb�{©²���~�� / � 0�¶

a ⊕ b = [a + b, a + b]

a 	 b =
[

a − b, a − b
]

a ⊗ b =
[

min(ab, ab, ab, ab),max(ab, ab, ab, ab)
] / � 0

a � b = a ∗
[

1/b, 1/b
]

2�f��dgyfI�»nybdf�{^�Gf��?�©n�{^�?g {⊕,	,⊗,�} b�fI�yf}¸+n�{�fIe���bd�^gy~���f�nybdf¬�w~DSGf���f��Q�"f�zGf"n�²	f�fI� �#�$���L��M���O
	 �K�
�"���!�%	��K� ���Q� �"����O1	 �K�L�"���N�%	�� � ¸$z��wn¡°ê��{^eCb�f���fX{^�»nyb�f¬��|��}gygy~��I��|���{^n��©n�~�{}� {+,−, ∗, /} ²�~�|�|�zGf�dgyfI�6¶
9�Ã!: � �±¦�� Ç���� =�� � "�"	¨�����§ Ç�	 � � ¨�¦ � Ç�� B�
 �
�

S
W�� �6��[ W
�L�
� 	C� U ���) ���'[ O#O�� � ���"	?YT���6���N�%	�� 	C�

S D � �
�V	��-� � �S D ���'�8)K� � �E��O#OD�
���1�#�$���L��MA��O x ��[ ��) �8)K���
S ⊆ x

�

��� �#� �-�L��MA��O �"Y �-�
� ���%	�� {�°
f : U n → U ~�g��»e¬���d��~��d¢

f :
� U n → � U gy�d��b nybd��nX°±{^���^|�|

x1, . . . ,xn ∈ � U : x1 ∈ x1, . . . , xn ∈ xn ⇒ f(x1, . . . , xn) ∈ f(x1, . . . ,xn)
¶���� ���C����P ~��}nyfI�y����|

{}�Gf�����ny~�{^�
�
~�g�����|�|�fI�»n�b�f �V���N[ �C��O(�#�$���L��M���O1�JY ���L� ���%	�� {�°���� ���C����P �yfZ��|�{^�GfI����ny~�{^�

♦
~®°�°ê{}���^|�|

x1, . . . ,xn ∈ � U : �(x1, . . . ,xn) = �({♦(x1, . . . , xn) | x1 ∈ x1, . . . , xn ∈ xn}
¶»a�b�f �����![ �"��O

�#�$���L��MA��O �"Y �-�
� ���%	�� {^°���°±���d��n�~�{}�
f : U n → U ~�g¡nybdf³~��}n�f����©�^|�°±���Q��ny~�{^� {}zwn��^~���fZ�¹°±�y{}e

f
zvu

��f���|��^��~���¢NfI�^�?b»�"{}�dg�n?���`n
r
z`u

�r
¸+fI�^�?b¯�©�^�y~���z�|�f�z`uO�^�¯~��`nyf����©�^|$�©����~���z�|�f^¸G���d�¯fI�^�?b¯{^�GfI����ny~�{^�

zvu¯~®n?g#�d�©n����?��|=~��}nyfI�y����|=f�´`n�f��dgy~�{^�4¶ � �y{}e b�fI�yf�{^�»n�b�f �#� �-�L��MA��O��LMA��OQ[ ���N�%	��+	:���'��[ ���L�!�%	��
f(x)&(�#�8)

x ∈ x
�wf���{^nyfZg=n�b�f�fI�©��|��d��ny~�{^�X{^°Gn�b�f��d��ny���?��|�~��}n�f����©�^|�f"´vnyfI�dgx~�{^��{^°

f(x)
�dgx~���¢¡nyb�fi~��`nyf����©�^|

x
°±{^��n�b�f¡�©����~���z�|�f

x
¶

½¾�}nyfI�y����|�����~�nyb�e�f"n�~��Ig��I���XzGf�gx�d�I�"fZgygx°±��|�|�u7�dgyfI�X�}g��#gy�w¼³�"~�f��}n	�"{^�d��~®n�~�{}�X{�°Gnyb�f�~��d�"|��dgy~�{}�
x ⊆

ρ
~���gy{^e�fln�uv�GfIg�{�°=�`�d�^�}n�~®dfZ����{^�dgxny�?��~��}n?g�¶ � {^��f�´���e���|�f^¸��^��~��`nyfI�y����|6f�����|��d�©n�~�{}��{�°=�X°±���d��n�~�{}�

f(x, y) : 3x2 − 2y + 9
²�~�nyb

x ∈ [−1, 3]
���Q�

y ∈ [−2, 4]
���^��zGf#�dgyfI�N°±{^������{©�v~���¢�nyb�~�g�~��d�"|��dgy~�{}�

~�������{^�dgxny�?��~��}n
f(x, y) > 0

¸�zGfZ�����Qgxf
f([−1, 3], [−2, 4]) = 3 · [−1, 3]2 − 2 · [−2, 4] + 9 = [1, 40]

¶
�qg8n�b�f¡f�����|��d�©n�~�{}�N{^°$nybdfl°±�d�d��n�~�{}�

f
~�g�~��dgy~���fln�b�f¡~��`nyf����©�^|

[1, 40]
¸wn�bd�©n�e�fI�^�dg

(∀x ∈ [−1, 3])(∀y ∈ [−2, 4])(3x2 − 2y + 9 > 0)

äêã�è4äêé
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½¾� gy{^e�f¬�`�d�^�}n�~®dfZ�2�w~�gxn����Q�"f³�"{}�dgxny�?��~��}n�gI¸4nybd~�g�~��d�"|��dgy~�{}� ����� �^|�gy{�zGf³gy�d�I�"fIg�g�°±�d|�|�u»����{©�^fI�6¸
²�b�fI�Nf"´w~�g�n�f��}n�~��^|�|�u¬�`�d���`ny~�dfI�³�Q���?��e�f"n�f��?g�����fi��{�n	n?��¿^f��N~��}ny{��^����{^���`n	~��³nybdfqf�����|��d�©n�~�{}�¬{^°6n�b�f
°±���d�"ny~�{^�4¶ � {^��f"´���e���|�f^¸���{^�dgy~��wf���nyb�f#°±{}|�|�{(²�~���¢¬�"{^�Qg�n����^~��`n

(∃r ∈ r)(x2
1 + x2

2 = r2)

²�~�nyb
x1 = [1, 2]

¸
x2 = [−1, 1]

¸=�^�d�
r = [1, 3]

¶BF4f"n
f(x1, x2) = x2

1 + x2
2

zGfN��°±���d��n�~�{}� �^�d�
��{^�dgy~��wfI��n�b�f7~��}n�f����©�^|<fI�©��|��d��ny~�{^�O{�°

f(x1,x2) : ([1, 2]2 + [−1, 1]2) = [1, 5]
¶ � �y{}e nyb�f��G{}~��`nq{�°

�v~�f�²\{�°�~��}n�f����©��|4�^�y~�nyb�e�f�ny~���gI¸w²	f#bQ�Z�^fln�b�f#°±{^|�|�{©²�~��d¢X~��}n�f������yf�n���ny~�{^� 

(∀x1 ∈ x1)(∀x2 ∈ x2)(∃z ∈ [1, 5])(x2
1 + x2

2 = z)

½¾���d�^�xn�~�����|��^�I¸w~®°
[1, 5] ⊆ r

2 nybdf#°±{^|�|�{©²�~��d¢X����{^�G{`gx~�ny~�{^��~�g���|�gy{X�^f���~®QfI� 

(∀x1 ∈ x1)(∀x2 ∈ x2)(∃r ∈ r
2)(x2

1 + x2
2 = r2)

hv{d¸4nyb�f¬~��d�"|��dgy~�{}�
x

2
1 + x

2
2 ⊆ r

2 ~�g���gy�w¼³�"~�f��`n�/ë���d�¹��fI�"fZgyg�����u}¸+~���n�b�~�g¡�I�^gyfI0l�"{^�d��~®n�~�{}��{^°
x ⊆ ρ

¶
½¾�¹��e�{^��fX¢^f���fI���^|=���}gxf /Ø�`�d�^�}ny~�dfZ����~�gxn��^�d�"f���{^�dgxny�?��~��}n#|�~�¿^f /K�T0"0�¸4nyb�f�~��}n�f����©��|=fI�©��|��d��ny~�{^�

~�g�|�fIg�g8fLSGfZ��ny~��^f^¸�zGfZ�����Qgxf#f"´w~�gxnyfI�}n�~��^|4�}�Q���}n�~®QfI���d�^���^eXf�nyfI��g8�^�yfl~��dgy~���flnyb�f¡f�����|��d�©n�fI�³°±���d�"ny~�{^�4¶
� {^��f"´���e���|�f^¸d�"{^�Qgx~��wf���nyb�f���{^�dgxny�?��~��}n

(∃a1 ∈ a1)(∃a2 ∈ a2)(∃r ∈ r)((x1 − a1)
2 + (x2 − a2)

2 = r2)

²�~�nyb
x1 = [3, 6]

¸
x2 = [−1, 1]

¸
a1 = [−1, 1]

¸
a2 = [−1, 1]

¸4���d�
r = [4, 5]

¶#½Ñ°�²8fX�"{^�Qgx~��wf��qnyb�f
°±���d�"ny~�{^�

f(x1, x2, a1, a2) = (x1−a1)
2+(x2−a2)

2 ¸Znybdf�~��`nyfI�y����|^fI�©��|��d�©n�~�{^�#{�°
f(x1,x2,a1,a2)

~�g
([3, 6]−[−1, 1])2+([−1, 1]−[−1, 1])2 = [4, 53]

¶�a�b�f�~��d��|��dgy~�{^�
[4, 53] ⊆ r

2 ~�g6�d{�n6n��y�df^¸(gx{�n�b�f�nyfIgxn°Ø�^~�|�g�¶i�;�"|��^g�gy~��¡~��`nyf����©�^|<f�����|��d�©n�~�{}�O���^����{�nq���y{©�^f¡nybd��ninyb�f7~��}n�f����©�^|<�^fI��n�{^�
x = ([3, 6], [−1, 1])~�g�~��dgy~��wf�{�°�nyb�f�gy{^|��wn�~�{}� gxf�nX{�°�n�b�f���{^�dgxny�?��~��}nZ¸=z��wn�~�nX~�g�¶2a�b�~�g7°Ø����|�nX~�g���{�n��w�dfNny{�~��}nyfI�y����|

�^�y~�nyb�e�f�ny~���g³zd�wnNn�{ � �"{}�d�"f���ny�d�^|i����{^z�|�f�e ~���~®n?g������d|�~�����ny~�{^�4¶ � {^�³n�²	{ ~��`nyfI�y�©�^|�g
x
�^�d�

a
¸

½¾�`nyf����©�^|V����~®n�b�e�f"ny~��¬��{^e����wn�fIg����¹~��}n�f����©��|���fIgy��|�n
z
n�bd�©n�fI�d�"|�{}gyfIglnyb�fN�"{^e7zd~��d��ny~�{^�dg#zGf�n¾²	fIf��

�^�`u �©��|���fN°±��{^e
x
���d� ���`u ����|���fN°±��{^e

a
¶ a�bd��nXe�fZ���dg

(∀x ∈ x)(∀a ∈ a)(x♦a ∈ z)
¶ hv{d¸

n�b�fl~��`nyf����©�^|
a
~�g	�d{�n���{^�dgy~��wf���fI�³�}g	�^�Nf"´w~�g�n�f��}n�~��^|�|�u¬�`�d�^�}ny~�dfZ�³�d�^���^eXf�nyfI��zd�wn��^g8�7���d~��^fI��g���|�|�u

�`�d�^�}ny~�dfZ� �©����~���z�|�f^¶O½¾� gxfZ��ny~�{^� ��¶Û��²	f�gxb�{©²Áb�{©²ºn�b�fIgyfNf�´v~�gxnyf��`ny~���|�|�u �}�Q���}n�~®QfI� �d�^���^eXf�nyfI��g
�I����zGf#fI|�~�e�~��Q�©nyfZ�N°±��{^e�nyb�f¡fI�©��|��d�©n�~�{^��{�°=��°±���Q��ny~�{^�<¶

����� ��� )  " 3�� $ &�� *@3
	 3@ �)�" 3��  
½¾�w°±{}�ye¬��|�|�u^¸`nyb�flzQ�^gy~��ie�{�n�~����©n�~�{}�³{^°4nyb�f¡�}�Q���}n�~®Qf��8fI|�~�e�~��Q�©ny~�{^��~�g	n�{ �LOQ��� �#�����-� ���`²8�^�}n�fI�N�©�^�y~�µ
�^z�|�fZg¡°±�y{}em��� �^|�¢}f�z��?��~����wfZgy���y~��wn�~�{}�2{�°�gy{^e�fNgy~®n��d�©n�~�{}�4¶Oa�b�fZgxf³������~��^z�|�fIg¡e��(u���f�����fIgyf��`n��d��µ
�?��e�f"n�f��?g#{^°��OeX{��wf�|K¸�{^�7��fI��|	�}�Q���}n�~®n�~�fIg¡n�bd�©nX���^����{�n7zGfNeXfZ�^gy���yfZ�¹~�� ��� f"´��}��n7²8�(u3/Ø�©�^|���fZg
²�~�nyb¬���d�"fI�xn?��~��}n�~�fZg�¸�°±{^�Vf"´��^eX�d|�fA0�¶=k¯���vu7e¬�©nybdf�e¬�©n�~��I��|����y{}z�|�f�e¬g����^�XzGf���bd���}gxfZ�X�^g��`�d�^�}n�~®dfI�
fI|�~�e�~��d��ny~�{^������{^zd|�fIe�g'/ëgxfIfE5<; � ¸Q� ;
7#0"¶

a�b�fXd�?gxn#��fI�^|��`�d�^�}ny~�dfI�¡f�|�~�e�~��d�©n�~�{}�¹���y{��"fI�w�d�yfX²�b�~���b2bd�^g#zGfIf��¹~�e���|�fIe�f��}n�fI�¹²��^g#~��`ny��{�µ
�w�d��fI��z`u¬�	{}|�|�~��dg�~��B;?> �^�X/ëgxfIf'5  �7#0"¶=a�b�~�gVe�f"nybd{w�XzQ�^gyfI�X{^� �LP�OQ�#�������%�J��O=��O � �IWL�"���%� � �J��	�� �K	A���8�!�%	��

è$è ß�j k�l�l�m
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/Ñ�8�iË40¬~�g³²	{^�?g�nyµÑ�I�^gyf��w{}��z�|�u f"´w�G{}��f��`ny~���|i~�� n�b�f¯�v��e7zGf���{�°¡�©����~���z�|�fIgI¶ hv{}eXf¯e�f"n�b�{w��g¬°±{}�
gy{^|��v~���¢Nn�b�f��`�d�^�}n�~®dfI�lfI|�~�e�~��Q�©ny~�{^������{^z�|�f�e bQ�Z�^fXzGf�f��¹���y{}�G{}gyfI�¯�^�d�»~�e���|�f�e�f��`nyfZ�¹gx~��d�"f�n�b�f
~��}n��y{w���d��n�~�{}��{�°$n�b�f7�8�qËÀzd�}gxfZ����|�¢^{}�y~�n�b�e /Øgyf�f É Ê��8�8�iËX5 �A7Ñ¸d��Ê�ËdF,G#· 5 >�7Ñ¸d���d� É Ê������ 5 ��7#0"¶
� ¢^{w{w��gx�����^f�u³{�°$n�b�fIgyf¡eXf�nyb�{w�dg��I����zGfl°±{}���d��~�� /:5<;I��780�¶

��� � � ; � ��¨ � ¦ � :�Ã §�� " � ��� � ¨w¦ � Ç���� § Ç ¤ " Ã �
� �y{}e.�¡eX{}�yf�°±{}�ye¬��|d�G{^~��}n�{�°6�v~�fI²¡¸�n�b�f���fI�^| �
[ ��� �N� �1�L� �
OQ��� �#�����!�%	����V�"	TWLOD�	� �����¬zGf���b��?�^gyfI���^g
°±{}|�|�{(²�g �·l~��^fI�O��°±{}�ye7�d|��

F
²�~®n�bO�`�d�^�}n�~®dfZ���©�^�y~���z�|�fIg'/±���d~��^fI��g���|�|�u ∀ �^�d��
({}��f�´w~�gxnyfI�}ny~���|�|�u ∃ 0�¸d�d�³�#°±{}�ye7��|��

F
~��³²�b�~���b³��{��©�^�y~���z�|�fIgV����f��`�d�^�}ny~�dfZ�6¸`�^�d�XnybQ�©n	zG{�n�b

F
���d�

F
�^�yf�fI�`��~��©��|�f��`n

~���n�b�f��w{^e¬�^~��7{�°�n�b�f8�yfZ��|`�`��e7zGf��?gI¶
F
~�g=���^|�|�fI�¡nybdf	~�������n�°±{^��e7��|���¸����d�

F
n�b�f�gx{}|���ny~�{^��°±{^��e7��|��d¶

� {^��f�´w�^e���|�f}¸w{^�df¡gx{}|��wn�~�{^��°ê{}�ye7�d|���°±{^�
F : (∃x)[ax2 + bx + c = 0]

������zGf�

F : b2 − 4ac ≥ 0 ∧ [b 6= 0 ∨ a 6= 0 ∨ c = 0]
½¾�Nn�b�f¡�I�^gyfq{^°��w~�g�n?���d��f#��{^�dgxny�?��~��}n?g�¸w�7°±{}�ye7��|��

F : (∃r ∈ [1, 2])[x2 + y2 = r2]
~�g�fI�`��~��©��|�f��`n

n�{Xnyb�f#°±{}|�|�{©²�~���¢¬�`�d���`ny~�df��yµë°±��f�fl°±{^��e7��|�� 

F : (x2 + y2 ≥ 1) ∧ (x2 + y2 ≤ 4)
pigy~���¢Onyb�f É ÊV�8�8�iË ~�e���|�f�e�f��`n���ny~�{^� {�°�nyb�fN�`�d�^�}n�~®dfI��f�|�~�eX~��d��ny~�{^� �^|�¢}{^��~®n�b�e /Ø�(�©��~�|���z�|�f

~�� 5 � 780�¸	~�n¬~�g��G{}g�gx~�z�|�f�ny{¹ny�?���dgx°±{^��e � ��Ë �`�d�^�}ny~�dfZ� �w~�gxn����Q�"f���{^�dgxny�?��~��}n�~��}ny{ �2gxf"n¬{^°q��{}�wµ
�`�d�^�}ny~�dfZ����{^�dgxny�?��~��}n?gN~�� {}��|�u gy{^e�f�gyfI��{^�d��gI¸�z��wn�~���nyb�f¹¢^fI��f��?��|l���^gyf^¸�n�b�f¹�}Ëm�`�d���`ny~�dfI�
�w~�gxn����Q�"f���{^�dgxny�?��~��}n��I������{^n�zGf�ny�?���dgx°±{^��e�fI�	�©¶=½¾��nyb�fi��f"´vn	gyfI��n�~�{}�dg�²	figyb�{©² n�bd�©n	~®n	~�gV�G{`gygy~�zd|�f
n�{�ny�?���Qg�°±{}�ye zG{�n�b¡n�uv�GfIg${�°d��{^�dgxny�?��~��}n?g4~��}n�{q�qgxf�n${^°���{^��µÑ�`�d�^�}ny~�dfZ���"{^�dgxn����^~��`n�g4~��7|�fZgyg<nybd�^��{}��f
gyfI�"{}�d�6¸6�dgx~���¢���hv�GfI��~®Q� É �Q���}n�~®Qf��lÊV|�~�e�~��d�©n�~�{}�¹��|�¢^{}�y~�nybde-zd�}gxfZ�O{}�»¢^�?���db�~����"{^�Qgx~��wf��?�©n�~�{}�4¶
kO{}�yfI{(�^fI�I¸�n�b�~�glgxf�nq{^°V��{}�wµÑ�`�d�^�}n�~®dfZ�¯�"{}�dg�n����^~��`n�gq�����¯zGf�f�����|��d�©n�fI�O²�~®n�b»~��`nyfI�y����|�����~®n�b�e�f"n�~��Ig
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ca,r(x) : f(a, x) = r2 �}g8°±{^|�|�{©²�~��d¢ 

ca,r(x) : (∃a1 ∈ a1)(∃a2 ∈ a2)(∃r ∈ r)((x1 − a1)
2 + (x2 − a2)

2 = r2)
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(∃r ∈ r)(f(a, x) = r2) ⇐⇒ f(a, x) ≤ r
2 ∧ f(a, x) ≥ r

2 /ë  0
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ca,r(x) : f(a, x) = r2�}g	°±{}|�|�{©²�~���¢�

ca,r(x) : (∃a1 ∈ a1)(∃a2 ∈ a2)(∃a3 ∈ a3)(∃r ∈ r)(

3
∑

i=1

(xi − ai)
2

= r2)
/ ��0
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OQ[ ���%	�����	�� ���N�"���#�$�%���
	��XW
[ �#O����#� �
ci
a,r(x)

�

a�b�f�¢^�?����bX{^°Qn�b�fIgyf�zG{Z´wfZg=~�gVgxb�{©²���~��XQ¢^����f� �¶,2¹f���{^ny~��"f�nybQ�©n�gy{^e�f�¢}���Qg�����f�g�n�~�|�|d���yfZgxfI�}nI¸
��°ênyf���n�b�f���zG{©�^f��wfI��{^e��G{}gy~®n�~�{}�4¶2a�b�fIgyf���f�e¬��~���fI� ¢}�^�dg�����f³d|�|�fZ� ²�~�nyb nyb�f�°±{}|�|�{(²�~���¢¯n�²	fI|��^f
��u`|�~��d�w��~��I��|4�"{^�dgxn����^~��`n�g4/±nybd��ni�"{}�y��fIgy�G{^�d�¬n�{Xnybdf#fZ�w¢^fZg�{�°$n�b�f¡¢^�?����b�{^°

ci
a,r(x)

0 

äêã�è4äêé



���������
	��������������������	�� ���!�"���#�$�%�'&(�#�#)+*,�����
���-���#�$�!�%�
� ;I�

;Z��¶
(x1 ∈ a1) ∧ ((x2 − a2)

2 + (x3 − a3)
2 ≤ r

2)

;I�d¶
(x1 ∈ a1) ∧ ((x2 − a2)

2 + (x3 − a3)
2 ≤ r

2)

; � ¶
(x1 ∈ a1) ∧ ((x2 − a2)

2 + (x3 − a3)
2 ≤ r

2)

;Z��¶
(x1 ∈ a1) ∧ ((x2 − a2)

2 + (x3 − a3)
2 ≤ r

2)

;I d¶
(x2 ∈ a2) ∧ ((x1 − a1)

2 + (x3 − a3)
2 ≤ r

2)

;��w¶
(x2 ∈ a2) ∧ ((x1 − a1)

2 + (x3 − a3)
2 ≤ r

2)

;I�d¶
(x2 ∈ a2) ∧ ((x1 − a1)

2 + (x3 − a3)
2 ≤ r

2)

;?>d¶
(x2 ∈ a2) ∧ ((x1 − a1)

2 + (x3 − a3)
2 ≤ r

2)

���d¶
(x3 ∈ a3) ∧ ((x1 − a1)

2 + (x2 − a2)
2 ≤ r

2)

� ;}¶
(x3 ∈ a3) ∧ ((x1 − a1)

2 + (x2 − a2)
2 ≤ r

2)

�^��¶
(x3 ∈ a3) ∧ ((x1 − a1)

2 + (x2 − a2)
2 ≤ r

2)

���d¶
(x3 ∈ a3) ∧ ((x1 − a1)

2 + (x2 − a2)
2 ≤ r

2)
� ~��d�^|�|�u^¸Vnyb�f�¢^�?����b {^°

ci
a,r(x)

~�g�fZ�`��~�����|�f��}nXny{�nyb�fO�w~�gØ�����d�"ny~�{^� {^°�n�b�f�n�²	f��`n¾u`µKnyb���f�f���{^��µ
�`�d�^�}ny~�dfZ���"{}�dg�n����^~��}n�g����yfI�v~�{}�dgx|�u¬�d�yfIgyf��`nyfZ�6¶

� � � � � ����Ã ª Ç�� ¥�¦I§©¨ � � ¦
ce
a,r(x)

�qg�~�� nybdfNn¾²8{��w~�e�f��dgy~�{^�d�^|8���}gxf}¸�nybdf�¢^�?����b {�°�n�b�f��"{}�dgxny�?��~��}n
ce
a,r(x)

~�g�fI�}gx~�|�u¹{^zwn?��~���fI� zvu
~��}n�f��?gxfZ��ny~���¢�gx{}e�f³~���fI�`�d�^|�~�ny~�fIgI¶»½¾� nyb�fNnybd�yfIf��w~�e�fI�dgx~�{^�Q��|8���}gxf}¸�nyb�fZgxf�~���fZ�`�d��|�~®n�~�fZg7�yfI����fIgyf��}n
fI~�¢}b}n�{}�Gf���gy��b�f���fIgI¸����d��e¬�(u³zGf���bd�^���}��n�f���~��IfI�N�}g8°±{^|�|�{©²�~��d¢ 

;^¶
(x1 − a1)

2 + (x2 − a2)
2 + (x3 − a3)

2 < r
2

�w¶
(x1 − a1)

2 + (x2 − a2)
2 + (x3 − a3)

2 < r
2

��¶
(x1 − a1)

2 + (x2 − a2)
2 + (x3 − a3)

2 < r
2

� ¶
(x1 − a1)

2 + (x2 − a2)
2 + (x3 − a3)

2 < r
2

�w¶
(x1 − a1)

2 + (x2 − a2)
2 + (x3 − a3)

2 < r
2

 �¶
(x1 − a1)

2 + (x2 − a2)
2 + (x3 − a3)

2 < r
2

�v¶
(x1 − a1)

2 + (x2 − a2)
2 + (x3 − a3)

2 < r
2

��¶
(x1 − a1)

2 + (x2 − a2)
2 + (x3 − a3)

2 < r
2

o�{�n�~���f���¢`��~���nybd��nin�b�f�zG{^���d�d����u�~�gi��{^nq~��d�"|��d�wfZ�O~��¯nyb�f�¢^�?���db�{^°
ce
a,r(x)

¶la�b�f���{^�dgxny�?��~��}n
¬ce

a,r(x)
~�g8nybdf�����f�����fIgyf��}n�fI���^g8nyb�f���~�gØ�����d��n�~�{^��{�°�fI~�¢}b}n /Ø��{^��µÑgxny��~��"n�0	~���fZ�}�Q��|�~®n�~�fZg�¶

è$è ß�j k�l�l�m
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½¾�7{}����h É Ê»~�e���|�fIeXfI�}n?�©ny~�{}�7²	f	��f�����fIgyf��`n��q�"{}�dg�n����^~��`n$~���nybdf�°±{}�ye {^°Q��n��yfIf^¶��ig�~��`nyfI�y�d�^|`��{w�wfZg
{^°�nyb�f¡n��yfIf¡²	f�bd�(�^f#|�{}¢^~��l{^�GfI����ny{}��g ����� ���d� 	�� ¶��ig�nyfI�ye�~��d��|<��{w�wfZg�¸d²	f�bd�Z�^f¡�d{^�wµ¾�`�d���}n�~�dfI�
��{^�dgxny�?��~��}n?g8{^��~��}n�f����©��|6~��d�"|��dgy~�{}����{^�dgxny�?��~��}n?g�¶ � ~�¢^�d�yf �7gyb�{©²�g��X¢^fI��f���~��in��yfIf#{�°$nyb�f��`�d���`ny~�dfI�
�w~�gxn����Q�"f¡�"{}�dgxny�?��~��}n

ca,r(x) : (x1 − a1)
2 + (x2 − a2)

2 = r
2 ¶

��
��
and

�
�
�
�
�
���
��

or
,

,
,

,
,

,,
(x1 − a1)

2 + (x2 − a2)
2 ≤ r

2

������
(x1 − a1)

2 + (x2 − a2)
2 ≤ r

2

(((((((x1 − a1)
2 + (x2 − a2)

2 ≤ r
2

hhhhhh (x1 − a1)
2 + (x2 − a2)

2 ≤ r
2HHHHHH x ∈ ([a1 − r, a1 + r],a2)

l
l

l
l

l
ll x ∈ (a1, [a2 − r, a2 + r])

B
B
B
B
B
B
B
B
B
��
��

or
������ (x1 − a1)

2 + (x2 − a2)
2 ≥ r

2

(((((((x1 − a1)
2 + (x2 − a2)

2 ≥ r
2

hhhhhh (x1 − a1)
2 + (x2 − a2)

2 ≥ r
2HHHHHH (x1 − a1)

2 + (x2 − a2)
2 ≥ r

2

� ~�¢}����f �  � �
�V�
�
�8� �T���J	����K	����#�N�%	����!�"���X	:�'�#) �X��	�� ���N�"���#�$�
ca,r(x)

�

·l~��^fI�³���¬~��}nyfI�y����|d�^fI��n�{^�
x
���d�¬���wfI��{^e��G{}gy~�ny~�{^�Xny��f�f}¸^nyb�fq��|�¢^{}�y~�n�b�e.�"{}eX�d�wnyfIg	���¬~��}nyfI�y����|

fI�©��|��d�©n�~�{^�2{�°�nyb�fN|�f"°ên�gx~��wfN{�°�fZ�^�?b ��{^�dgxny�?��~��}n����Q� �"{}eX�Q����fIg#nybd~�g7fI�©��|��d��ny~�{^�2²�~�nyb n�b�fN�y~�¢^b`n
gy~���f^¶=½Ñ°���n�|�fZ�^gxn8{}��fl��{^�dgxny�?��~��}n8~�g8�^fI�y~�dfI�N~���fZ�^�?bNz��?���d�?bN{^°4n�b�fl��{��wf

and
¸w�^|�|+�G{}~��`n�g8~��

x
�^�yf

gy{^|��wny~�{^��{�°$n�b�f��"{}�dg�n����^~��}n
ca,r(x)

¶Va�bQ�©n�e�fZ���dgI¸vnybdf¡zQ{(´
x
~�g��^��~����df���zG{(´N{^°

ca,r(x)
¶

äêã�è4äêé



���������
	��������������������	�� ���!�"���#�$�%�'&(�#�#)+*,�����
���-���#�$�!�%�
� ;Z�

����� � � 	 $���� " 3
	 3�� )�" 3��  1
½¾� {}���¬~�e���|�f�e�f��`n��©n�~�{}� {^°qn�b�f�hv�GfI�"~���| É �d���`ny~�df��³ÊV|�~�e�~��d�©n�~�{}� �^|�¢}{^��~®n�b�e ²	fO�dgyf¯gy{^e�f�{}�wµ
n�~�e�~��I�©n�~�{}� {^°�n�b�f��wfZ�"{^e��G{}gy~�ny~�{^�4¸�zd�^gyfI� {}� nyb�f��`��e7zGfI�X{�°i~��`nyf����©�^|�g7~��

a
���Q�2nybdf�~��X�©��|���fIgI¶

� {^�lf"´��^eX�d|�f}¸+~®°	{}��|�u
a1
�^�d�

r
����f7~��}nyfI�y����|�gq�^�d�

a2
~�g#�N�yfZ��|��©�^|���f}¸Gnybdf��"{^�Qg�n����^~��`n

ci
a,r(x)

~�g
�?bd���?�^�"nyf���~���fI�Nz`u³nybdf¡��~�gØ�����d�"ny~�{^��{�°$n�b�f#°±{^|�|�{©²�~���¢�n�b���f�f¡��{^�dgxny�?��~��}n?g 

;^¶
(x1 − a1)

2 + (x2 − a2)
2 ≤ r

2

�w¶
(x1 − a1)

2 + (x2 − a2)
2 ≤ r

2

��¶
x ∈ (a1, [a2 − r, a2 + r])

kO{^��f�{©�^f��I¸+~�°
(2r ≤ a1 − a1)

¸6n�b�f���nybdf���{^�dgxny�?��~��}n
ce
a,r(x)

~�gl��{^n¡��{^�dgy~���f���fI� /±zGfZ�����Qgxf�n�b�f
¢}���^��b�{�°

ca,r(x)
bd�^g���{³¢}����~���nyb�f7e�~����w|�fI0"¸G�^�d��n�b�f7��fI�"{}e��G{}gy~®n�~�{}��~�g�z���~�|®nl�}g��¬�w~�gØ�����d��n�~�{}�

{^°�{^��|�u¬n�b�f¡|��}g�n�n�b���f�f#~���fI�`�d�^|�~�ny~�fIgI¶

� � �������� !�"���¡�
	�� ��3$���?��3

½¾�¹nyb�~�g�gyfI��n�~�{}��²8f�����fIgyf��`n��w~DSGfI�yfI�}n7���}gxfZgl{^°��}�Q���}n�~®QfI�¹��~�gxn��^�d�"f¬��{^�dgxny�?��~��}n?gl~�� �^Ë �^�d�¹�^Ë�¸
�^�d� nyb�f���fIgy��|®n?gX{�°l�����d|�uv~���¢¹�¹��|��}gygy~��N~��}n�f����©�^|�gy{^|��^f�� /±²�~�nybd{^�wn¬~�����fI��zG{Z´ nyfIgxn�0"¸8��� ~��}nyfI�y����|
gy{^|��^f��V²�~�nybN�¡zd�}gx~���nyfZg�nZ¸v���d�¬�^�¬~��`nyfI�y����|Qgx{}|��^fI���"{}e7z�~��d~���¢��¡~��d��f��	zG{Z´XnyfIgxn	zd�^gyfI��{}�¬{^���8h É Ê
�^|�¢}{^��~®n�b�e�¶=a���z�|�fE;#����fIgxfI�}n?g��X|�~�gxn�{^°=�`�d���`ny~�dfI���w~�gxn��^�d�"fZg��"{^�Qg�n����^~��`n�g8~��¯��Ë�¶

 Ç�� ¥�¦I§(¨ � � ¦ �¡¨w§ �Ø¨�¤�" Ã � ¨�§(¨ � Ã ¦ Ã §©¥
c1
a,r(x) x = ([−10, 10], [−10, 10]) a = (0, 0)

r = [4, 5]

c2
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−1, 1], [−1, 1])

r = 4.5

c3
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−1, 1], [−1, 1])

r = [4, 5]

c4
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−2, 2], [0, 0])

r = [2, 5]

c5
a,r(x) x = ([−10, 10], [−10, 10]) a = ([−0.1, 0.1], [−0.1, 0.1])

r = [3, 5]

a$�^z�|�fE;  �a	��6�X�JYe�����VOD�
��	:���L[ ��� �N� �1� � �������-���V�J�
����	��K���N�"���#� �!�4�#���I-�

a�b�f#d�?g�n�nyb���f�f��"{}�dgxny�?��~��}n?g���{^���yfZgx�G{^�d�³n�{Xn�b�f¡f�´���e���|�fIg��d�yfIgyf��`nyfZ��~���d¢^����fE;�/ØgyfI��n�~�{}�O� 0�¶
�	{}�dg�n����^~��`n

c4
a,r(x)

~�g��Ogx�GfZ�"~���|Vf"´���e���|�f¬²�b�f���fXn�b�f³¢^�?����b¹{�°8n�b�f³gy{^|��wn�~�{}�2gxf�n�bd�}g¡��{O¢}���¹~��
n�b�f¡e�~����w|�f^¶ � ~��d��|�|�u}¸d�"{}�dgxny�?��~��}n

c5
a,r(x)

~�g�����f"´���e���|�f#²�~�nyb¯�Xz�~�¢¬���d�"fI�xn?��~��}n�uN~���nyb�f7�w~�g�n?���d��f
�d�^���^e�f"nyfI�=���d�X�q|�~�nxny|�f����d�"fI�xn?��~��}n�u�~���n�b�f��"fI�}n�f����d���?��e�f�nyf��Z¶$a�b�fIgyf8f�´���e���|�fIg=�^|�|�{(² �dg�ny{¡gyb�{(²
n�b�f¡�Gf��y°±{^��e��^�d�"fl{^°$nyb�f��^|�¢}{^��~®n�b�e¬g	~������y{}z�|�f�e¬g�²�~®n�b���~ S+f���f��`ni�wf�¢}�yfIfl{�°����d��f��yn��^~��`ny~�fIgI¶

è$è ß�j k�l�l�m
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a$�^z�|�f����d�yfZgxfI�}n�g��X|�~�g�n�{�°=�`�d�^�}n�~®dfZ���w~�gxn����Q�"fIg���{^�dgxny�?��~��}n?g8~����}Ë7¶

 Ç�� ¥I¦�§©¨ � � ¦ �#¨�§��ë¨w¤ " Ã � ¨w§©¨ � Ã ¦ Ã §(¥
c6
a,r(x) x = ([−10, 10], [−10, 10], [−10, 10]) a = ([−0.1, 0.1], [−0.1, 0.1], [−0.1, 0.1])

r = [4, 5]

c7
a,r(x) x = ([−10, 10], [−10, 10], [−10, 10]) a = ([−2, 2], [−2, 2], [−2, 2])

r = [4.4, 4.5]

c8
a,r(x) x = ([−10, 10], [−10, 10], [−10, 10]) a = ([−2, 2], [−2, 2], [−2, 2])

r = [3, 6]

a$�^z�|�f��  �a	��6�X�JYe�����VOD�
��	:���L[ ��� �N� �1� � �������-���V�J�
����	��K���N�"���#� �!�4�#���?-�

� z����^�d�?b³�^�d�¬�d�y����fl��|�¢}{^��~®n�b�eº��{^e7z�~���~���¢�d|�nyfI�y~���¢X���d�¬zd~�gyfI�"ny~�{^�¬n�fI�?b���~��}�dfIg	²8�}g��dgxfZ��°±{}�
d�d��~���¢Onyb�fNgy{^|��wny~�{^� gxf�n�{�°�fI�}��b �"{^�Qg�n����^~��`nI¶Na�b�f¬~�����fI��zG{(´»nyfIgxn�²��^g�������|�~�fI�¹fI�}��b¹ny~�e�f�n�b�f
d|�nyfI�y~���¢���bd�}gxfX°Ø�^~�|�fI�¹~��2�yfZ�w�d�"~���¢�nyb�f³�w{}e¬��~���{^°	nyb�f¬������~��^z�|�fZg�¶�a$�^z�|�f¬��gyb�{©²�gqn�b�f³�"{}e����wnxµ
~���¢���fIgy��|�n�g���{^°�nybdf�f"´w�Gf���~�eXfI�}n?�©ny~�{}�dgq²�~�n�b�{^�wn��dgx~���¢�~�����fI�¡zG{Z´¯nyfZg�n�/%2 ~®n�b�{^��n7a<fZg�n�0�¸<�dgy~���¢O�
zd�}gx~��inyfZg�n�zd�}gxfZ�³{}���"|��^g�gx~��i~��}n�f����©�^|+f��©�^|��d��ny~�{^� /����^gy~��la$fIgxn�0�¸d���d�N�Qgx~���¢�n�b�f¡gx�GfZ�"~�Q�l�`�d�^�}n�~®dfI�
fI|�~�e�~��d��ny~�{^��zd�}gxfZ�³n�fIgxn�/ëh É Ê a$fIgxn�0"¶

��{(² � ���E� �d�yfZgxf��`n�g�n�b�fN�������d~���¢¯n�~�e�f�~�� gyfI�"{}�d��gI¶»��{©²�g�� 	LY �
� �^�d� 
��$���L� ����fIgyf��}n7n�b�f
n�{�n��^|<�v��e7zGf��q{�°VzG{Z´wfIgi�^�d��n�b�f7�`��e7zGfI�q{�°�~�����fI�izG{(´wfIg�°±{^���Q�6¸G�yfZgx�GfZ��ny~��^f�|�u}¶ � ~��?g�nq{�°V�^|�|K¸Q~�nq~�g
��|�fZ���Vnybd��n�nyb�fi�Qgxfi{�°6~�����fI��zG{(´XnyfIgxn�g	�w�?�^gxn�~��I��|�|�u��yfZ�w�d�"fZg�nyb�fq��{^e����wn�~��d¢¡n�~�e�fi~��N��|�|Qgy~�ny�d��ny~�{^�dgI¶
2¹fi��{^ny~��"f�n�bd�©n�n�b�f#h É Ê a$fIgxn	~�gVn�b�fqzQfZg�n	nyfIgxn	~��³e�{}gxn	{�°<���}gxfZgVz��wn8~����"{^�dgxny�?��~��}n

c1
a,r(x)

¶(R�{©²
²	f�f�´v�d|��^~���fZ��~��¯gyfI��n�~�{}�O��¶<;^¸�nybdf7gy~�e���|�f�~��}nyfI�y����|4fI�©�^|��d��ny~�{^��nyfIgxni~�gi���dfI�"fZgyg�����uN�^�d�Ogx�w¼³�"~�f��`n
��{^�d�w~�ny~�{^� {�°

x ⊆ ρc

¸�gy{¯nyb�f�nyfZg�nXzQ�^gyfI� {^� {^���¬h É Ê.���^����{�nX~�e�����{(�}f¬n�b�f���{^e����wn�~��d¢¯n�~�e�f}¶
�i�`uv²8�(u^¸+nyb�f���{^e����wn�fI�»�yfZgx�d|®n?gq{�°	zG{�nyb»nyfZg�n?g#����f�n�b�f�g���e�f^¶ � ~�¢^����fX��gxbd{(²�gin�b�fIgyfX�yfZgx��|�n�gl~��
�N¢^�?���db�~���²��Zu}¶4F<f"°ên¡gy~��wfX��~��"ny����fXgyb�{©²�g�n�b�f�gx{}|���ny~�{^�»gyf"n¡�"{}eX����nyfI�»²�~�nyb�{}�wn#�dgx~���¢����vu�~�����f��
zG{(´³nyfZg�nZ¶V��~�¢^b`n�gy~��wf#��~���n����yf�gxbd{(²�g8nybdf¡gy{^|��wn�~�{}��gyf"ni�"{}eX����nyfI���dgy~��d¢¬����~�����f���zG{Z´NnyfZg�nZ¶

2�f���{�n�~���f8nybd��n�{^�d|�u�~���gx{}e�f8�d�^�xn�~�����|��^�=�I�^gyfIgI¸©|�~�¿^f���{^�dgxny�?��~��}n?g
c1
a,r(x)

¸
c4
a,r(x)

¸
c5
a,r(x)

¸}���Q�
c6
a,r(x)

¸vnyb�fl~�����fI�8zG{(´�n�fIgxn�zd�^gyfI�³{}���"|��^g�gx~���~��}n�f����©��|GfI�©��|��d��ny~�{^�N���^���wf"n�fI�"ny~���¢X~����df���zG{Z´wfIgI¶�½¾�
e�{}gxnX{�°�n�b�fIgyf����}gxfZg�¸=nyb�f��wfI¢^��f�fN{�°�n�b�f��d�d�"fI�xn?��~��}ny~�fIg�~�� n�b�f��"f��`nyf����d���?��e�f"n�f���~�gX|�{©² /Ø²�~®n�b
��fIgy�GfI��nqny{�nyb�f��wf�¢}�yfIf7{�°Vn�b�fX��~�gxn��^�d�"f��d�^���^eXf�nyfI��0"¸+���d�On�b�f7n�fIgxn#�I�����wf"n�fI�"n#�³°±fI²��`��e7zGfI�l{^°
zG{(´wfIgI¶ � ~�¢^����f6>�gyb�{©²�g¡��¢^�?���db�~����"{}eX�Q����~�gy{^��zGf"n�²	f�fI�¹nyb�f³gy{^|��wn�~�{}�2gxf�n���{^e����wn�fI�¹²�~�nyb¹n�b�f
zd�}gx~���~�����f��lzG{(´�n�fIgxn /Ø|�f"°ên¡gx~��wf���~���ny�d�yfA0i���d��n�b�f���fIgy��|�n�gi{}zwn��^~���fZ�O²�~�nyb¯nybdf7nyfZg�nlzd�}gxfZ�O{^�On�b�f
h É Ê /Ø��~�¢}b}n�gx~��wf���~���n����yfA0�¶�½¾��nyb�f�d��gxn����^gyf^¸�nyb�f�nyfZg�n	�����d��{�n��wf"n�fI��n�~�����f��VzG{(´wfIg=~��¬�#z�~�¢�gy���y°Ø�^�"f
/ë�w��f#n�{�nyb�f�f"´w~�g�n�f��}n�~��^|4�d���?��e�f"n�f��?g8~���n�b�f¡|�f"°ênqgy~���f¡{�°$n�b�f���{^�dgxny�?��~��}n�0�¸d���d��nybdf���f"°±{^��f^¸�~®nqgx��|�~�n�g
n�b�f#zG{(´wfIg8~��dgy~���flnyb�~�g ��{^�dfl���`ny~�|<������~��v~���¢7ny{Xnybdf#¢^~��^fI������fI�"~�gy~�{}�4¶�Gq��nybdf#{^nyb�f���bd�^�d�6¸vn�b�f#nyfIgxn
zd�}gxfZ��{}��n�b�f�h É Ê ��f"nyfZ��n?gqgy�d�I�"fIg�g�°±�d|�|�u�n�b�f�~����df��qzG{(´wfIgi~��dgy~��wf�n�b�~�glgy���y°Ø�^�"f}¸G�^�d��nyb�f��v��e7zGf��
{^°�zG{Z´wfIg���fIfI�wfZ�N°±{^����fIg��"��~�z�~���¢Xnyb�f�gy{^|��wny~�{^��gyf"n�~�g�gx��zQg�n?���}n�~��^|�|�u³|�{©²	f��Z¶
� â�bZàÑÔ?ÙÛß(Ý�ì#Ò�ß¡Ô�ÌwÝxß"àëÙ ^(Þ ä � m�������`<Ù àKÍ4k! #"%$'&�Ò�cGè4é�$ Ô?ß(ì  i k���&�Ò�cQ×!`6Ô?Ú#Þ�Ý�Þ�Ò�Ö%g
_(Ö!^Zß(ß(ÙÛß(Ü�äêÐ�Ò�×ëé�ÓÛÙÕÔ?×í
	 i "�b���Ô	àëÒ�Ò"Ó`ÙÛßqì(Ý¾í"Ý�ÓÛÒ�Ú(Þ�Ý�ß�à$ÙÛßlá6Ò�Ú(ÖØÙÛßlÚ(ÖØÒ�ØÝ�Ð¾à��4Ò�ß#Ô��vÙÛßL^��iÒ�Ú�Ý�ÖKÔ�àëÙÛß(Ü�×%gZ×ØàKÝ�Þ i
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	��������������������	�� ���!�"���#�$�%�'&(�#�#)+*,�����
���-���#�$�!�%�
� ;��

�V��fI��~�gy~�{}�
ε = 2e−2 � �±¦ �$Ç �$¦ �8Ã ¥�¦ �X¨�¥��Øª �8Ã ¥I¦ � � � �8Ã ¥I¦

c1
a,r(x)a�~�e�f�/Øg�0 � ¶Û� ;Z  ��¶ �}�^� ��¶ �^  ;
�	{(´wfIg ;I� �v¸  }��> �v¸ �}�^� �v¸ �}�^�
½¾����f�� � ��¸ �^� > ��¸ �^� >

c2
a,r(x)a�~�e�f�/Øg�0 � ;}¶ > �   �^��¶ �©�^� ��¶Û���`�
�	{(´wfIg � ;Z��¸ �^� � �K;I�d¸ �^�^  >�¸Û� � �
½¾����f�� � � � ¸Û�^�K;

c3
a,r(x)a�~�e�f�/Øg�0 �K;}¶   � � �^�d¶<;Z� ; ��¶Û� ;(�
�	{(´wfIg ��� � ¸ �© ^� �^� � ¸ �© ^� >�¸Û�^�T>
½¾����f�� � � � ¸Û�^�^ 

c4
a,r(x)a�~�e�f�/Øg�0 ;?>d¶ ��  � ;I�d¶ � � � ��¶Û��>}�
�	{(´wfIg � ����¸ ���©  � ;I�d¸ � ;Z� �w¸ �T>} 
½¾����f�� � ;^¸ �}�^� �w¸ ���� 

c5
a,r(x)a�~�e�f�/Øg�0 � ¶ � � � �w¶Û��>}� ��¶ � ; ;
�	{(´wfIg ;�����¸Û� ; � ���d¸ �^�^� �v¸<; � �
½¾����f�� � �w¸  ^� � ��¸Û��>}�

�V��fI��~�gy~�{}�
ε = 2e−1 � �±¦ �$Ç �$¦ �8Ã ¥�¦ �X¨�¥��Øª �8Ã ¥I¦ � � � �8Ã ¥I¦

c6
a,r(x)a�~�e�f�/Øg�0  �¶ ��� � �w¶ �   > � ¶ � �^�
�	{(´wfIg ;Z� � ¸ �^�}� > �w¸ �^� � � �d¸ � ���
½¾����f�� � ;Z��¸  K;I  ;Z��¸ �K;I�

c7
a,r(x)a�~�e�f�/Øg�0 ���d¶ ��  �  }��¶  ^� � >�¶ �^�`�
�	{(´wfIg ;^¸<;I `�w¸ � �©  ;^¸<;I `�w¸ � �©  >T>d¸ �`� �
½¾����f�� � � �^��¸ �   �

c8
a,r(x)a�~�e�f�/Øg�0 ��>d¶ �^ ^� � � ¶Û��> � ;I�d¶ �^�^�
�	{(´wfIg ;^¸Û��>`�w¸ � �©  ;^¸Û��>`�w¸ � �©  ; � �v¸   � �
½¾����f�� � � � �w¸ > >^ 

a���z�|�f��  ��	�� ��[ �N�#� � �"�
��[ OQ�!� 	:�X�8)K���"Y	�K�L�����E�L�$�%� ��� O8O(�J	��K���!�"���#� �!���#� �A ���"����	�� ��[ �-� �Z&(�#�8) �
�V�C���L�����%	��

ε = 2e−2
��� �"�J�L�����%	��E�
	��X��	��K���N�"���#� �!�4�#���? &����

ε = 2e−1
�

hv~�e�~�|��^�l��fIgy��|�n�gl�I���»zGfX{^zQgxfI�y�^fZ�O~��»n�b�f�nybd�yfIfX�w~�e�f��dgy~�{}�d��|����}gxfIgI¸+z��wn#nyb�f��Gf��y°ê{}�ye¬�^�d�"f7{^°
n�b�f�~�����f��lzG{(´�n�fIgxnl~�gq|�{©²	f��Z¶i½Ñn#~�gq~�eX�G{}�xn?���`niny{���{^ny~��"f7nybd��nl~����³n¾²	{��w~�e�f��dgy~�{}�d��|=gx�Q�^�"f}¸+���vu

è$è ß�j k�l�l�m



;Z� � �"�����������	���LMA�L[

� ~�¢^����fq�  � �"� �K) �%� �"�C�V�"���L�L� �-���N�%	��@	C� �#) �d�
	�OQ[ �N�8	�� �
�L��	C� �#) � �J	�� ���!�"�����$�
c1
a,r(x)

�J	����V[ ��� � &(�#�8) �
	�[ �,[ ���#� �X�#� �V�
� W�	LYE���
��� � O<�%���H��� � �#���%�L�N[ �C��� D ������[ ���#� �X�8)K� �-����� �
	�� �T�L�-�J�L�!�#� �X�#�$���L� WJ	?Y ��� � ��� �A) ���� �T�����%�L�![ �"��� �

� ~�¢^����f >  �V) �E�L	�O [ �!�%	�� �L�L� 	:� �8)K� ��	�� ���N�"���#�$�
c5
a,r(x)

��	�� ��[ �-� � &(�#�8)��8)K� WJ�����8� �#� ���L�6WJ	?Y9���
���
� OD�!������� � �2���%�L�N[ �"��� D ������[ ���#� ���8)K�����
��� WJ���L� �Z	��9�,��� � ��� �A) �1��� � �2���%�L�N[ �C��� �

~��}n�f����©��|=zd�^gyfI��gx{}|��^fI�qe7�dgxn��wfIg��"��~�zGf�nyb�f�zG{^�?�wf��l{^°Vn�b�f�gy{^|��wn�~�{}��gxf�n6/Ø��|�~���fI0q²�~®n�b�zG{(´wfIgI¸6�^�d�
n�b�fIgyf�zG{Z´wfIg#²�~�|�|�bd�(�^f�n�b�f�¢}~��^fI�����yfZ�"~�gx~�{^�<¶�½¾�¹��nyb���f�f¬�w~�e�f��dgy~�{}�d��|Vgx�Q�^�"f}¸4�^��~��}n�f����©��|�zd�^gyfI�
gy{^|��^f���e7�dgxn8��fIg��"��~�zGfi�7gy���y°Ø�^�"f�/±nybdfizG{}����f���{�°6n�b�fqgy{^|��wn�~�{}�³gxf�n�0V²�~®n�b¬n�b�flgy�^eXfi����fI�"~�gy~�{}�4¶�a�bd~�g
~�g���²8fI��¿v��fZgygX{�°in�b�f�~��`nyfI�y����|�zd�^gyfI� �^������{}�^�?b4¸Vf��^fI� nyb�{}��¢^b �^� {^�wn�~�e¬�^|�~�����f��¬zG{(´ nyfZg�n¬zGf
�^����|�~�fZ�6¶

�ig³²8fObQ�Z�^f»gxb�{©²�� ~���gyfI��n�~�{}���w¸�~®°¡f�´w~�gxnyfI�}ny~���|�|�u �}�Q���}n�~�dfI� �d���?��e�f�nyf��?g¬�^�yfO��{^n�gxbd�^�yfZ�
zGf"n�²	fIf��¯�w~DS+f���f��}nl�"{}�dgxny�?��~��}n�gI¸�²8f7�����O�dgyf#n�b�f7~����df��izG{(´Nn�fIgxn�°±{}�i�³�"{}�©�����d��n�~�{^�O{�°V�`�d���`ny~�dfI�
�w~�gxn����Q�"f	��{^�dgxny�?��~��}n?g�¶ � {^�$f�´���e���|�f^¸©��{^�dgy~��wfI�4n�b�f�°±{^|�|�{(²�~���¢i���y{}z�|�f�e\°±{}�ye�fZ�¡z`uln�b��yfIf	�`�d���`ny~�dfI�
�w~�gxn����Q�"f¡�"{}�dgxny�?��~��}n�g 

x2 + y2 = [2, 2.25]2

(x − [3, 3.5])2 + y2 = [2.95, 3.05]2

(x − [−2.5,−2.25])2 + (y − 2)2 = [3.25, 3.5]2

äêã�è4äêé
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	��������������������	�� ���!�"���#�$�%�'&(�#�#)+*,�����
���-���#�$�!�%�
� ;?>

pigy~���¢��¯z��?���d�?b ���Q�2��������f��^|�¢}{^��~®n�b�em���d�2n�b�fN~�����fI��zG{Z´¹n�fIgxn�zd�}gxfZ�2{^� h É Ê�²	f�gy{^|��^fZ�
n�b�~�gq����{^zd|�fIe�~�����¶ � �^��gyfI�"{}�d��gi²�~®n�b»�³�d�yfZ�"~�gx~�{^�

ε = 1e−3 ¶la���z�|�f � ����fIgyf��}n?gq�³�yfZgx��e�f7{�°�n�b�f��fIgy��|�n�gI¶
� � � �8Ã ¥�¦

a�~�e�f�/Øg�0 ��¶ � ���
a${�n��^|6zG{Z´wfIg �w¸ � �K;
½¾����fI��zG{Z´wfZg �w¸Û�^���
a${�n��^|6�^{^|���e�f ��¶Û� ;(���^ 
��{^|���e�f#~�����fI��zG{(´wfIg ��¶Û� ; ;I�^�

a���z�|�f �  ��	�� ��[ �N�#� �d�"�
��[ OQ�%�1	C� �����T�����T� � �%�����"	TWLOD� � �
	�� �6� �'WLP �L[ ��� �N� � � � �������-������� ��	�� ���!�"���#�$�%� �

��{(² � 	�����O�M�	�OQ[%�6� ��f��d�yfZgxfI�}n�glnyb�f¬�^{^|���e�f�{�°��^|�|VzG{Z´wfIgl°±{^�d�d�6¶³��{©² �$	�O [%�E���#� �V�
��W�	LY �
�
��f�����fIgyf��`n�n�b�f7�^{}|���e�f7{�°=n�b�f7~�����f��qzG{(´wfIgi�wf"n�fI�"nyfI�4¶�½Ñ°V��{³~�����fI�izG{(´�nyfIgxnq~�g�~�e���|�f�e�f��`nyfI�4¸Qn�b�f
|��^gxn¬�}{^|���e�f�e7�dgxnNzGf¯�wfZgy���y~�zGfI� zvu zG{(´wfIg¬{�°lnyb�f»gy~��If

10−3 × 10−3 ¸8nybQ�©n³~�g 211, 030
zG{(´vfZg

�^�����y{(´w~�e���ny~��^f�|�u^¶ � ~�¢}����f ;Z�Xgyb�{(²�g8n�b�f���zG{©�^fl��fIgx�d|®n?g�~��O�X¢^�?���db�~��q²��Zu}¶

� ~�¢^����fE;I�  � �"� � ) �%� �"����[ OQ�!� 	:�'�#) �X��O � 	����#�#)%� �#����� �T�����T� � �%�E�JY ��� ��OD���

è$è ß�j k�l�l�m
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� 9;%����	�"��3<�"%7��3

�	{}�dg�n����^~��`n�g+²�~�nyb¡f�´v~�gxnyf��`ny~���|�|�uq�`�d���`ny~�dfI�#�d���?��e�f"n�f��?g�¸�~K¶ f}¶$�"{}�dg�n��?��~��}n�g6|�~�¿^f
(∃a ∈ a)(f(a, x) = 0)

¸
¢}f���f��?��|�|�u�bQ�Z�^fl����{}�wµÑ�`��|�|G�^{^|���e�flgx{}|���ny~�{^�Ngyf"nZ¶�a�b�f���f"°±{}�yf}¸`���vu�z�~�gxfI�"ny~�{^����|�¢^{}�y~�nybdeÁ�wfI�w~�����nyfZ�
n�{�nybdf7�����d�y{(´w~�e¬�©n�~�{}��{^°�nyb�fI~��qgy{^|��wny~�{^�Ogyf"nqgyb�{^��|���~��d�"{}�y�G{}���©n�f#��nyfIgxn�°±{^�q��b�fZ��¿v~���¢¬~�°��¬zG{Z´�~�g
~��d�"|��d�wfZ��~��dgy~���fXn�b�f³gx{}|��wn�~�{}�¹gyf"nZ¸<����|�fIg�g#~�n�²�~�|�|�gy�Gf��d��e�{`g�n¡{^°	nyb�f�n�~�e�f¬z�~�gxfZ��n�~���¢¯��¢}�^~��¹�^�d�
�^¢}��~���zG{Z´wfZg8~��d�"|��d�wfZ��~���nyb�f�gy{^|��wn�~�{}��gyf"nZ¶

2�f�bd�(�^f�gxb�{©²��¡b�{(²2~��}nyfI�y����|}����~®n�b�e�f"n�~��Ig<�����¡zGf	gx�d�I�"fZgygx°±��|�|�ul�dgxfZ�l°±{^�$�wf�nyfI�"ny~���¢i~����df��<zG{(´wfIg
~���gy{^e�f�n�uv�QfZg	{�°$�"{}�dgxny�?��~��}n�g	�^�d�³²�b`uXn�b�~�g8�^�y~�nyb�e�f�ny~���g	~�g	|�fIg�g	f
S+fI��n�~��}fq~�����e�{^��fi¢^fI��f��?��|G���}gxf
{^°��}�Q���}n�~®QfI����{^�dgxny�?��~��}nZ¶V½¾�¯�^����~®n�~�{}�4¸d²	f¡����fIgyf��`nyfI��n�b�f7�`�d���`ny~�dfI��f�|�~�e�~��d�©n�~�{}�����y{}z�|�f�e�¸d�^�d�
b�{©²\nybdf7gx{}|���ny~�{^��{�°=nyb�~�g�����{^z�|�f�e����^��zGf��dgxfZ��²�~�nyb¯~��`nyf����©�^|<����~®n�b�e�f"n�~��Ig�~��O{^�?�wf���n�{¬~�e�����{(�^f
n�b�f¬�wf�nyfI�"ny~�{^�¹{^°	~�����f��¡zG{(´wfIgI¶X�Ágy�GfI�"~���|V�`�d���`ny~�dfI��f�|�~�eX~��d��ny~�{^�2��|�¢^{^��~�nyb�e zd�}gxfZ�»{^��¢}���^��b�~��
��{^�dgy~��wfI����ny~�{^��²��^gV��|�gx{#����{^�G{`gxfZ�6¶$a�b�~�gV�^|�¢}{^��~®n�b�e;��|�|�{(²�g={}��f�ny{#ny�?���Qg�°±{}�ye;�`�d�^�}n�~®dfZ���w~�g�n?���d��f
��{^�dgxny�?��~��}n?g8~��`ny{³��gxf�n�{^°���{^�wµ¾�`�d���`ny~�dfI����{^�dgxny�?��~��}n?g8~���|�fIg�g8nybd�^��{}��f¡gxfZ�"{}�d�6¶

hv{^e�fNf"´��^eX�d|�fZg��dgy~��d¢»��~ S+f���f��`n7n�uv�GfIg�{�°i�`�d���`ny~�dfI� ��~�gxn��^�d�"f��"{}�dgxny�?��~��}n�g�bQ�Z�^fNzGf�fI� ����f"µ
gyf��`nyfI��~���{^�?�wf��	n�{Xf�´w��|��^~���nyb�f¡�}�w�©�^�}n��^¢^fZg�{^°<nybd~�g��^������{}�}��b4¶=����f"´���e���|�fl²�~�nyb��X��{^�©�����Q��ny~�{^�
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