
Upwind stabilization of Navier-Stokes solvers

François Beux, Stephane Lanteri, Alain Dervieux, Bernard Larrouturou

To cite this version:

François Beux, Stephane Lanteri, Alain Dervieux, Bernard Larrouturou. Upwind stabilization
of Navier-Stokes solvers. [Research Report] RR-1885, INRIA. 1993. <inria-00074787>

HAL Id: inria-00074787

https://hal.inria.fr/inria-00074787

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
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PfKNU��F¤rW�H%t9K?l�ILK7M9RNPhZgPhK7M9O%Z[W9b?ZklXH$ILK7M9OePaRTHVU%W�HVU[H�b?UYH¥��Pf�NHVM s q�¦¨§ª©«|��h}N�¬i©�®7| � b?M9R
¯u°±©²}�|N|7|��'�/MTPhZgPSb5c�chq7�CZ[W�H$j�U[HVHyOgZ[U[H�b�_³ILK7M9RNPhZgPhK7M9O$b�U[H�bNO[Og]�_$H�R´Z[K)v�UYHV�db5P�c�b5c�c�Kd�NHVUwZ[W�H
t9Kdl%�£¤pW�HJb5PhUgj�K?P�cFPSOCPh_$v�]TcSOQPh�7HLchq�O`Z�b?U[Z[H�R¥PfM±]�MTP�jµK7UY_�t9K?lw��¶·K7UrZ[W�HJb s K?�7H\t9Kdl�ILK7M9RNPhZgPhK7M9O¸�
OQPh_�P�cab�U�OQPhZ[]9b?ZgPhK7M9Onb7OuZ[W�KTOgH�RTH�OYILUgP s H�R´PhM���~7~5�/��W9b��NH s HVHVM�HL¹£WTP s PhZ[H�R s q�¶Db?U[W9b?Z��F¶·HVºVK7]TP
b?M9R)»Fb�M^Z[HVU`PPhM¨��¼��/��¤rW�HwILK7_nv�]�Z�b?ZgPhK7M9b5c½_$H�OgWyW9b7O�®·}7}V¾�M�K£RTH�Okb?M9R±¿7|7À7¿%HLchHV_$HVMTZ�OV�
G�H�v�U[H�O`HVM^Z�brMT]�_ s HVU-K�j·OQPh_�]TcSb?ZgPhK7M%U[H�Og]TchZ�OÁPfM%Z[W�H�j�K7U[_ K?j9RTHVM9OQPhZgqwb?M9Rw��b7IYWwILK7MTZ[K7]�U�O

b?ZrZgPh_$H�ÂC©#®¢j�K7U�OgHV�7HVU�bdcK?j-ZYW�H�K7v�Z`Pf_ib5cMT]�_$HVUgPSIVb5c-O[IYW�HV_$H�O�RTHVUgPh�7H�RnPhM � H�ILZgPhK7M�}7�h}N�7G�H
Ã U�OgZ¥ILKN_$v9b?U[H�Z[W�H$HL¹�Z[U[HV_nH�IVb7OgH�OÄK s Z�b5PhM�H�R�jµK7UwÅÆ©�|��-Ç�©�|yK7U$}ib?M9R�È © }® É Z[W�H�OgHZelrK$O[IYW�HV_$H�O\W9b��NHwb$Og_�b5c�cFc�PhM�H�b?UuRNPSOgv9HVU�OePf�NH¥HVUYU[K7UuÊ/K�j Ã jµZYW)K7U�RTHVUpPfM¨}�Ë%Ì3b?M9RyH�OYOgHVM^Z`PabdcÍchq
RNPÍÎFHVU s q%Z[W�HLPhU3MT]�_$HVUgPSIVb5cÁRNP�ÎF]9OQPhK7MF�TorH�Og]TchZ�O3b�U[H�OgW�K?l�M�K7M$¶�Ph�7]�U[H�O<¾wb?M9R�À��7¤rW�H�ILHVMTZ[HVU[H�R
O[I[W�HV_nHyÊeÇi©�|TÌ�W9b7OuIYchH�b?U`cfq´�7HVU[q)�NK^K�R�b7IVIL]�U�b7ILq�v�U[K7vDHVU[ZgPhH�OkPhM�ZYW�H$�7PSO[ILKN]9Ouv9b?U[ZuK�jXZ[W�H
t9Kdl�bNO\PfZ�IVb?M s H�OgHVHVM�K7M�Z[W�Hi��bNI[W�ILK7MTZ[K7]�U�O É M�HV�7HVUYZ[W�HLchH�O[OV�FZYW�H�b s OgHVM9ILH$K�jXMT]�_$HVUgPSIVb5cRNPÍÎF]9OQPhK7MÏPhM Z[WTPSO�OYI[W�HV_$H�chH�b7R�OiZ[K�Z[W�H±�7HVM�HVU�b?Z`PfKNM�K?jwOgv�]�UgPhK7]9OiK^OYIYPÍc�cSb?ZgPhK7M9O±b5lpb5q�j�U[K7_
Z[W�H s K�RTq�l\W�HVU[H�Z[W�H%t9Kdl¢PSOuILK7MT�7H�ILZgPhK7M�RTK7_�PhM9b?Z[H�R'�'zuO\j/b?UJbNOklXH�b?U[H%PhM^ZYHVU[H�OgZ[H�R�PhM�Z[W�H
M^]�_$HVU`PaIVbdc<OQPh_�]TcSb?ZgPhK7M±K?j3�7PSO[ILKN]9Ort9K?l�OV�TZ[W�H%U[H�Og]TchZ�O\K s Z�b5PhM�H�R�lrPhZ[W)Z[WTPSOkILHVM^ZYHVU[H�R)O[IYW�HV_$H
IVb?M s H�ILK7M9OePaRTHVUYH�R�b7O\U[HLj�HVU[HVM9ILH$U[H�O`]TcfZLOkj�K7U�ZYW�H s K7]�M9R�b?U[q±cSb5q7HVUuU[H�OgK�cf]�Z`PfKNMF�½{3K7MT�7HVU�OgHLchq7�
Z[W�H�]�v^lrPhM9R�OYI[W�HV_$H�ÊeÇn©�}?ÌCPSOwOgZ�b s cfH s ]�ZÄPfMTZ[U[K�RT]9ILH�OkZ[KTKy_�]9I[W�MT]�_$HVUgPSIVb5cXRNP�ÎF]9OQPhK7M�PhM
Z[W�Hu�7PSO[ILKN]9O�v9b?UYZ�OrK?j�Z[W�Hkt9K?lw�
¤rW�HVU[Hyb?U[HiOgHV�7HVU�b5crl�b�q�O\j�K7U¥RTH�ILU[H�bNOQPhM���Z[W�HiM^]�_$HVU`PaIVbdc\RNP�ÎF]9OQPhK7M¨PhMTZ[U[K�RT]9ILH�R s q�Z[W�H

]�v^lrPhM9R±O[I[W�HV_nHulrPhZ[W�K7]�ZrchKTK^OQPhM��$PhZ�O\OgZ�b s P�c�Phº�b?ZgPhK7M)v�UYK7v9HVU[Z`PfH�O¸��z Ã ULOgZ�K7M�HwILK7M9OePaO`Z�OCPhM�RTHVm
ILU[H�b7OQPhM��$Z[W�Hk�dbdcf]�HuK�j-Z[W�Hkv9b?U�b?_$HVZYHVUXÈ É M�HV�7HVU[ZYW�HLcfH�OYOV�NPÍj�Z[W�Hk�db5ch]�H�O\K?jFZ[W�Huv9b?U�b�_$HVZ[HVU�OCÅb?M9R$Çub?U[H\U[H�Ogv9H�ILZ`Pf�NHLcfqi�7HVv�ZCH�Ð7]9b5c'Z[Kw|wb�M9Ry}w�?Z[W�HVMiZ[W�H�K s Z�b5PhM�H�R�OYI[W�HV_$H\lrP�cÍc s HJRNPSOgvDHVU[m
OQPh�7H7�-¶·K7UuZ[W�H�v�U[H�OgHVMTZ¥OQPh_�]TcSb?ZgPhK7MF�½I[W9b?ULb7ILZ[HVUgPhºVH�R s q�bi_$K£RTHVULb?Z[H��db5ch]�HiK?jXZYW�H�orHVqTM�K?cSR�O
M^]�_ s HVU5�'Z[W�H%PfMTt9]�HVM9ILHyK�j3Z[WTPSOwRNPSOgv9HVULOQPh�7H�HVUYU[K7UkZ[HVU[_ÑPSOkM�K7Zuv�U[H�RTK7_¡PfM9b�M^Z��'�Òj�lXH�RTKyM�K7Z
lpb�M^Z$ZYK�b5chZ[HVUiZ[W�H�RNPSOgvDHVU�OQPh�7H�v�U[K7vDHVU[ZgPhH�OiK?juZ[W�H�O[IYW�HV_$H7�CZ[W�HVM�lrH�IVb?M��7HVHVvÏZ[W�H)�?b5ch]�H
È�© }® b?M9RiRTH�ILU[H�b7OgHuZYW�H��?b5ch]�HwK?j-ZYW�H�v9b?ULb?_$HVZ[HVU�Ç$��¶�Ph�7]�U[H�Or¿�b?M9R±¼uv�U[H�OgHVMTZ�OQPh_�]Tcab�ZgPhK7M
U[H�Og]TchZ�OCK s Z�b5PhM�H�R¡jµKNUXÇ%©=}kb?M9R�È�© }¿ b?M9R¡jµKNUXÇÄ©

}
~ b?M9RnÈ�©

}
® �7zuOCHL¹£vDH�ILZ[H�R¡jµU[KN_�Z[W�H}�Ë b?M9b5chq�OQPSO�M�K�OePf�NMTP Ã IVb�M^ZuRNP�ÎÁHVUYHVM9ILH�O�HL¹TPSOgZ s HVZglXHVHVMyZYW�HwK s Z�bdPfM�H�R±OQPh_�]Tcab�ZgPhK7M)U[H�O`]TcfZLOV�

x\Kdl%�-ZYW�H�ÐN]�H�OgZgPhK7M�PSOVÓ<W�Kdl�_¥]9IYW#IVb�M�lXH�RTH�ILU[H�b7OgH±Z[W�Hy�dbdcf]�H�K?juZ[W�H±v9b?U�b?_$HVZYHVU¡Ç
lrPhZ[W�K7]�ZwRTHV�7U�bNRNPfM��yZYW�H s HVW9b5�7PhK7UuK?j3ZYW�Hwt9K?lw�·Z[W9b?Z\PaOklpPfZYW�K7]�ZkPhM^Z[UYK£RT]9IYPhM���O`v�]�UgPhK7]9OkK^Ogm
IYPÍc�cSb?ZgPhK7M9O¸��¤rW�H�b?M9OglrHVUnPSOyIYcfH�b�Ugchq�v�U[K s chHV_$m/RTHVvDHVM9RTHVM^Z�b?M9R IVb?M s H�v9b�U[ZgPSb5c�chq��?Ph�7HVM s q
ILK7M9OQPSRTHVUgPhM���OgHV�NHVU�b5cFchK?lrHVU��db5ch]�H�OkK?j�Z[W�H%v9b?U�b?_$HVZYHVU�Çy�9¶�Ph�7]�U[H�Ok�ib?M9R)Ô�v�UYH�OgHVM^ZuOQPh_�]TcSb?m
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ZgPhK7M)U[H�O`]TcfZLOrK s Z�b5PhM�H�R�jµK7UkÇu© }¾ K7U
}
� b?M9RyÈ´©

}
® �

G�H Ã M9b5c�cfq%v�U[H�OgHVMTZ-bkOQPh_¥]TcSb?Z`PfKNM¥UYH�Og]TchZFj�K7UFZ[W�HC_$K�RNP Ã H�R%_�bNO[O'_�b?ZYUgP�¹ÄO[IYW�HV_$HkÊeÅ�© }~ �
Çi©�}�b?M9R�È�© }¿ Ì��·jµKNUul�WTPSI[W�ZYW�H¥ZYWTPfULRTm�K7U�RTHVUwRNPSO[OQPhv9b?ZgPh�7HiHVU[U[KNU�Z[HVUY_ RTK^H�OkM�K7ZuRTHVv9HVM9RK7M�Z[W�H��dbdcf]�HiK?jrZ[W�H�v�W^q�OQPSIVb5cX�NPSO[ILK^OQPhZgq�!�ÊQZ[W�HVU[H�PSOkM�K�RTHVvDHVM9RTHVM9ILq�KNM�ZYW�H¥�?b5ch]�H�K�jXZ[W�H
_$H�OgW�orHVqTM�K?cSR�OwMT]�_ s HVUkPhM�Z[W�H�HL¹�v�U[H�O[OQPhK7M Ê�}�¿TÌ[ÌCK?j�"$¾D�F¤rW�H%cÍPhM�H�b?U�Ogq�OgZ[HV_�Okb?v�v9H�b�UgPhM��
PfM´Z[W�H$ZgPh_$H�PhMTZ[HV�7U�b�ZgPhK7M�v�U[K£ILH�OYO�Ê�}�®£Ìpb?UYH¡b�v�v�U[K5¹^Ph_�b?ZYHLcfq�OgK�cf�NH�R�lrPhZ[W�}�~iOglrHVHVv9OuK�jXZ[W�H
#7b7ILK s PDPfZYHVU�b?ZgPh�7H�_nHVZ[W�K£R'�7opH�Og]TchZ�Orb?U[H�OgW�K?l�M�K7M�¶�Ph�7]�U[H%}�|��?x�K�OQPh�7MTP Ã IVb?M^ZCPh_$v�U[K?�7HV_nHVM^Z�O
b?v�v9H�b?U$b?M9R�PhZ$OgHVHV_�O%Z[W9b?Z%Z[W�H�IYW�K^OgHVM¨�db5ch]�HyK?j�Z[W�Hiv9b?U�b?_nHVZ[HVU¥Å l\WTPaIYW¨PSO s b7OgH�R´K7M�b
K7M�HVm/RNPh_$HVM9OQPhK7M9b5cFOgZ[]9RTq7�5PSO½M�K7Z�Og]TPhZ[H�R�Z[KkZglXKNm/RNPf_nHVM9OQPhK7M9b5c�]�M9OgZ[U[]9ILZ[]�UYH�Rw�NUgPSR$OQPh_�]Tcab�ZgPhK7M9OV�
�/ZulrK7]TcSRyW�K?lrHV�7HVU s H%PhM^Z[HVUYH�OgZgPhM��yZ[Kiv9HVUgj�K7U[_ b?M�bNIVIL]�U�b7ILq�b�M9b5chq£OQPSOkK7M±ZglXKNm/RNPf_nHVM9OQPhK7M9b5c
OgZ[U[]9ILZ[]�UYH�RiZ[UgPSb?M��7]TcSb?U��NUgPSRiPhM)K7ULRTHVUXZYK$HL¹£WTP s PhZkZ[W�HwILK7U[U[H�ILZ\v9b?Z[Z[HVU[Mnj�K7U�Z[W�HwILK7M9O`Z[U[]9ILZgPhK7M
K?j�ZYW�Hu_$K£RNP Ã H�R±_�b?ZYUgP�¹%$�&��
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G�H)M�K?l	ILK7M9OePaRTHVUyZYW�H�OgZ[H�bNRTq OQPh_�]TcSb?ZgPhK7M�IYW9b?U�b7ILZ[HVU`PfºVH�R s q�¦¨§ ©ª|·���7À���¬Ï© |7�yb?M9R
¯u°u©#~N|7|7|��?zuOCZ[W�H�ZYHV_$v9K7ULb5c-b?v�v�U[K5¹^Ph_�b�ZgPhK7M�PSOrK?jFchH�O[O<Ph_$vDK7U[Z�b?M9ILHkPhMyZ[W�HuIVb7OgHkK?j-OgZ[H�bNRTq
OQPh_¥]TcSb?Z`PfKNM9OV��lrHJO`W9b5c�c�I[W�KTK^OgHub�O[IYW�HV_$HulrPhZ[Wy�7KTK£RnZ[HV_$vDK7U�b5cFRNPSO[OQPhv9b?ZgPh�7H%v�U[K7v9HVUYZgPhH�OV�9¤rW�H
RNPaOYOQPhv9b?ZgPh�7Huv�U[K7vDHVU[ZgPhH�OrK?j'chK?l�OgZ[K7U�b��7H�or]�M��7HVm��k]�Z[Z�b�O[IYW�HV_$H�OCK?j-ZYW�HrjµKNU[_�Ê�}5®TÌ-W9b5�7H s HVHVM
OgZ[]9RNPhH�R±Êeb?_$KNM��uK7Z[W�HVU�OLÌ s q$»FbdcÍchHV_�b�M9R��h}��5��PhMiZ[W�H�IVb7OgHkK?jFZ[W�H��<]TchHVUXH�ÐN]9b?ZgPhK7M9O¸�^G´H�OgW9b5c�c
ILK7M9OQPSRTHVUwW�HVU[H�K7M�H�K?j3ZYW�H¡OYI[W�HV_$H�Okv�UYH�OgHVM^ZYH�R±PhM �a}��5��HV�7HVM�Z[W�K7]��7W�M�KyOQPh_�P�cab�U¥OgZ[]9RTq±W9b7O
s HVHVM�RTKNM�H s q�Z�b��7PhM���PhMTZ[K�bNIVILK7]�M^ZrZ[W�H�RNP�ÎÁ]9OePf�NHut9]T¹�H�OV�
�/ZrPSOkb%jµKN]�U��£OgZ�b��7HJOYI[W�HV_$H$Ó
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��,�+ �d1�5�EF@	6�7N692?2?>983BQ6;:XE=< 7N692?A3BÒ4�2
¶�K7UCZ[WTPSO�Z[H�OgZ3IVbNOgH7�7lrH�ILK7_nv9b?U[H�Z[W�H\U[H�Og]TchZ�O½j�K7U3orHVqTM�K?cSR�OrMT]�_ s HVU3H�ÐN]9b5c'Z[Ku¾^|7|ub?M9R±}�|7|N|��
G�HuW9b5�7Hu]9OgH�RyW�HVUYH¥b?MiPh_$vTc�PSIYPhZwO[I[W�HV_nHwlrPhZ[W�b¥O`v9b?ZgPSb5c�OgH�ILKNM9RTm�K7U�RTHVUub7IVIL]�U�b7ILq7�
¶�PfULOgZ3lrH�b?UYHrPhM^Z[HVUYH�OgZ[H�RnK7M$Z[W�H��?b?UgPSb?ZgPhK7Myb5chK7M���Z[W�H�ILHVMTZ[U[HpcÍPhM�H � ©#|·��À±K?jZ[W�HkW�K7UgPhºVK7MTZ�b5c
ILK7_$v9KNM�HVM^Z�K?j'Z[W�Hr�7HLchK£IYPhZgq7�7�QM�¶�Ph�7]�U[Hu}�¿��?lrHrvTchK7Z��5j�K7U�buorHVq^M�K�caR�OCMT]�_ s HVU�H�ÐN]9b5c9Z[K$}�|7|N|��
Z[W�HuHV�7K?ch]�ZgPhK7MyK?j½Z[W�HwOgK?ch]�ZgPhK7MylrPhZ[WyZYW�H�_$H�O`W���OrU[H Ã M�HV_$HVMTZ���¤rW�HwOgK�cf]�Z`PfKNM9O�b?U[HuILK7MT�7HVU[�7H�R
b?Z3HLPh�7WTZ�K7U�RTHVULO�K?j-_ib?�7MTPhZ[]9RTH\jµK7UCZ[W�H�}�~�}Vm�M�K�RTH�Orb?M9R$¾N¾9}Vm�M�K�RTH�O3_nH�OgW�H�OV��b?ZXO`HV�7HVM�KNU�RTHVU�O
jµK7U\Z[W�H$}�¿7��}¸m�M�K£RTH�Or_nH�OgW)b?M9R)b�Z Ã �NHwK7U�RTHVULO�j�K7U�ZYW�Hu¾^¿7~7À?m�M�K�RTH�OrK7M�H7�
G�H$v�U[H�OgHVMTZuPhM�¶�Ph�7]�UYH�}?¼�byILKN_$v9b?UgPSOgK7M s HVZglrHVHVM�K7]�UwlrK7UY�)lrPhZ[W�KN]�U Ã M�HVU¥_nH�OgW�Ê/¾^¿N~7À
M�K£RTH�OLÌ�b�M9R)RNP�ÎFHVU[HVM^ZuOgZ[]9RNPhH�O\j�K7UuorH?©w}�|7|7|·Ó9Z[W�H%lrK7U[��OrK?j	��WTPSbnHVZJbdcÒ�½�h}�®5�CÊ�}�Ô7�N~TÌ���¶�Ëu�
lrPhZ[W�K7]�Zi]�v^lrPhM9RNPhM��#b�M9R=}5~7�±¹=}�~7��M�K£RTH�OV��xkb5c�cSb7O[b?_�q�HVZyb5c/��� ~7|5�wÊ�}5ÔT¼7¼7Ì���¶�Ëu� lrPhZ[W
]�v^lrPhM9RNPhM��wb?M9RuÀ7|X¹ÄÀ7|pM�K£RTH�OV� �kK7M9RTK�HVZ-b5c/�T�h}?¼V�TÊ�}�Ô7�N�TÌ�lrPhZ[Ww¶ �3�!Z[WTPhU�RTm�K7ULRTHVUF]�v^lpPfM9RNPhM��
b?M9Ri¾^|Ä¹�¾^|%M�K�RTH�OV�9¤½b s b?Z�b�b?Z�b5c/�'��~7�5�½Ê�}�Ô7�N�TÌ-lrPhZ[W)¶ �C� Z[WTPhU�RTm�KNU�RTHVU�]�vTlrPhM9RNPfM��yb?M9Ry~?¾
¹�~?¾uM�K�RTH�OV�TG�H�IVb?MiK s OgHVU[�NH�bu�7KTK�R�b?�NU[HVHV_$HVMTZ�v9b?U[ZgPSIL]TcSb?U[q$lpPfZYW��kWTPab%HVZrb5c/�7l�WTPSIYW�W9b5�7H



� ���������
	����� ����� ����� ��� ������ �  � � � �
	�� ��� �����	 �	� �����
� ®7~

HV_$vTchKdqNH�RyZ[W�H Ã M�HVUk_$H�OgWF�
�/M)ZYW�H¥O[b?_nHulpb5q7�TlrHwILK7_$v9b?UYH7�TjµKNU�orH?©�¾^|7|·��K7]�U�U[H�O`]TcfZLO�ILK7_nv�]�Z[H�RilrPhZ[W�b�M�}�¿7��}Vm�M�K�RTH�O
_$H�OgW�b�M9RyRNPÍÎFHVU[HVMTZ�lrK7U[��OC]9OQPhM���ILHVMTZ[HVU[H�R±O[IYW�HV_$H�O�b?M9R�jµHVl�M�K�RTH�OkÊ/HL¹9ILHVv�Z\jµK7U��C]�U[�7�NU�b5j
��~?�'l�W�K$W9b5�7Hu¾^|¥¹�¾^|%M�K�RTH�OLÌu��~7Ô5�/��¤rW�H¥ILKN_$v9b?UgPSOgK7MiPSO\vTchK7Z[Z[H�RnPhM�¶�Ph�7]�UYH�}����
G�H$v�U[H�OgHVMTZwM�K?l�b±Og]9IVILH�O[OQPhK7M¨K?jpILKN_$v9b?UgPSOgK7M s HVZglrHVHVM�¤F]9b�M�M�b?M9R �rcSOgK7M�� OuU[H�Og]TchZ�On��®7|?�
Ê�}�ÔT¼7¼NÌÁb?M9RnK7]�UCU[H�Og]TchZ�O�lpPfZYW�b?M±}�¿7��}Vm�M�K�RTH�O½_$H�OgWiK7M�PSOgK s b?UgPSIrc�PhM�H�Orb?M9R¡cÍPhM�H�OCK?j-ILK7M9OgZLb?M^Z
�7HLchK£IYPhZgq¨jµKNU¡opHVq^M�K?cSR M^]�_ s HVUnH�Ð7]9b5ckZ[K�¾^|7|�b?M9R }�|7|N|��-¤�]9b?M�M�b?M9R �rcSOgK7MÏ]9OgH)b Ã MTPhZ[H
HLcfHV_nHVM^Z½_$H�OgW%lrPhZ[W¥�7ÀC�7HVUYZgPSILH�O-b?M9Rn}�®7~CZ[UgPSb?M��N]Tcab�U-HLchHV_$HVMTZ�O É H�bNI[W%HLcfHV_nHVM^Z½W9b7O�}��\RTHV�7U[HVH�OK?j-j�U[HVH�RTK7_ jµK7U\Z[W�HwOgZ[U[H�b�_�jµ]�M9ILZ`PfKNMiPfMTZ[HVU[vDK?cSb?ZgPhK7MF�
¤rW�HJO`K?ch]�ZgPhK7M9Orb?U[H�vTchK7Z[ZYH�R�PhMy¶�Pf�N]�U[H�Ok}�Ô%Êe¤�]9b?M�M�b�M9R �rcSOgK7M'Ì3b?M9Ri~7|kj�K7UXopH?©�¾^|7|��Tb?M9R%PhM
¶�Pf�N]�U[H�O�~�¾�Êg¤F]9b?M�M�b?M9R �rcSOgK7M'Ì�b?M9Ry~7®%j�K7U�orH?©w}�|N|7|��9x\K7ZgPSILHwZYW9b?ZCjµK7U\Z[W�HkPSOgK s b?UgPSIJcÍPhM�H�O
lXHuW9b5�7HkZ�b?�NH $(© $ � $��#l\W�HVU[H $��±PSO�Z[W�Hkv�U[H�O[O`]�U[Hwb?ZrZ[W�HwILHVMTZ[U[HuK?j-ZYW�H s K7Z[ZYK7_�lpbdcÍcK?jFZ[W�H�IVb5�7PhZgq%PhM�K7ULRTHVU�Z[K¥IVb?MiILK7_$v9b?U[H�R¡lrPhZ[W�¤�]9b?M�M�HVZrb5c/���C]�Z3lrH�RTK%M�K7Z3W9b5�7HrZ[W�HkO[b?_$H
M�K7U[_�b5c�PSO[b?Z`PfKNMyK?j-Z[W�Hkv�U[H�O[Og]�UYH7� � K�K7MTchqiZ[W�H\PaO`K?c�PfM�H�H�ÐN]9b5cZYK¥ºVHVUYK¡ILKNU[U[H�OgvDK7M9R�OrHL¹9b7ILZgchq�PhM
Z[W�H s K7ZYW�IVb7OgH�O¸�
¶�K7U<PaO`Kd�NK7U[ZgPSIYPhZgq���O�c�PfM�H�O¸�^lrHuILK7_$v9b?UYH�lrPhZ[WiZ[W�H�ILHVMTZ[HVU[H�R Ã MTPfZYHuHLcfHV_nHVM^Zr_$HVZ[W�K�RnK?j-¶�K7U[Z`PfMF�
�½HVq^U[HVZ$b?M9R�¤�HV_�b?_ �h}5|��Q�-G´H�M�K7Z`PaILHyZYW9b?Z%PfM�ZYW�Hyv�U[H�OgHVMTZ[H�R�OgZ[]9RTq�lrHy]9OgHyb?M�]�MTP�j�K7U[_
}�¿7��}Vm�M�K�RTH�O\_$H�OgW�b7OpPfM��h}5|��Q�9¤rW�H$O[b?_$H%�db5ch]�H�OÄK?j-PSOgK?�7KNU[ZgPSIYPhZeq�b?U[H%]9OgH�R�jµK7U\K7]�UJO`K?ch]�ZgPhK7M
b?M9RiZ[W�Hu¶�K7U[Z`PfMF���½HVqTU[HVZ�b?M9Ry¤�HV_�b?_�K7M�H�ÊeOgHVHu¶�Ph�7]�U[H�O�~·}7�^~7~Äj�K7U�orH?©�¾^|7|nb?M9R�~NÀ���~7¿ÄjµK7U
orH?©w}�|7|7|£Ì��
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4625 nodes

41 X 41 : 1681 nodes

21 X 21 : 441 nodes

11 X 11 : 121 nodes

¶�Pf�N]�U[H�}�¿ Ó�orH © }�|7|7|ÏÓ���UYK Ã chH�K?j¥W�KNUgPhºVK7M^ZLb5cw�7HLchK£IYPhZgq�b5chK7M����NHVU[ZgPSIVb5c¥ILHVMTZ[U[H±c�PfM�H�Ó
Ë\PÍÎFHVU[HVMTZ�_$H�O`W�H�O

¶�Pf�N]�U[H�}?¼�Ó�orH © }�|7|7|ÏÓ���UYK Ã chH�K?j¥W�KNUgPhºVK7M^ZLb5cw�7HLchK£IYPhZgq�b5chK7M����NHVU[ZgPSIVb5c¥ILHVMTZ[U[H±c�PfM�H�Ó
{3K7_$v9b?U`PaO`K7MylrPhZ[W)KNZ[W�HVU�OCU[H�Og]TchZ�O
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¶�Pf�N]�U[H�}��iÓ9opH$©�¾^|7|�Ó£�<U[K Ã chHwK�j�W�K7U`PfºVKNM^Z�bdcÁ�NHLcfK�IYPhZgq)b5chK7M��$�7HVU[Z`PaIVbdc�ILHVM^ZYU[Hkc�PfM�H
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¶�Pf�N]�U[Hw}�Ô�ÓT¤F]9b?M�Mib?M9R �rcSOgK7M�Ó5PSOgK s b?UgPSIpc�PfM�H�O\Ê/KNM$Z[W�HrchHLj�ZVÌ�b?M9R¥cÍPhM�H�OCK?jFILK7M9OgZ�b?MTZ��7HLchK�IYPfZgq
Ê/K7MyZ[W�HuUgPh�7WTZVÌ�j�K7U�orHn©=¾^|7|

¶�Pf�N]�U[Hw~7|iÓT�eOgK s b�UgPSI\cÍPhM�H�OÄÊ/K7MyZ[W�H\chHLjµZ¸ÌXb?M9Rnc�PhM�H�O�K?j�ILK7M9OgZ�b?MTZr�7HLchK£IYPhZgq±Ê/K7MiZ[W�HuUgPh�7WTZVÌ½jµK7U
orH$©�¾^|N|iÊ�}�¿7�·}Vm�M�K£RTH�OC_$H�O`W'Ì
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¶�Pf�N]�U[H�~�}%Ó7¶�K7U[Z`PfMF�T�½HVq^UYHVZ��7¤FHV_ib?_�Ó^»DPhM�H�OCK?jFH�ÐN]TPf�NK7U[ZgPSIYPhZgqwj�K7UrorHu©�¾^|N|%Ê/¾9}C¹$¾9}�M�K�RTH�O
_$H�OgW'Ì

0

0
0

¶�Ph�7]�U[Hw~7~yÓ�»DPhM�H�OkK?j�H�ÐN]TPf�NK7U[ZgPSIYPhZgqijµK7U�orHn©=¾^|N|$ÊQ¾9}\¹�¾9}ÄM�K£RTH�O\_$H�OgW'Ì
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¶�Pf�N]�U[H�~7®�ÓT¤F]9b?M�Mib?M9R �rcSOgK7M�Ó5PSOgK s b?UgPSIpc�PfM�H�O\Ê/KNM$Z[W�HrchHLj�ZVÌ�b?M9R¥cÍPhM�H�OCK?jFILK7M9OgZ�b?MTZ��7HLchK�IYPfZgq
Ê/K7MyZ[W�HuUgPh�7WTZVÌ�j�K7U�orHn©�}�|7|N|

¶�Pf�N]�U[Hw~?¾yÓT�eOgK s b�UgPSI\cÍPhM�H�OÄÊ/K7MyZ[W�H\chHLjµZ¸ÌXb?M9Rnc�PhM�H�O�K?j�ILK7M9OgZ�b?MTZr�7HLchK£IYPhZgq±Ê/K7MiZ[W�HuUgPh�7WTZVÌ½jµK7U
orH$©�}�|N|7|iÊ�}�¿N��}Vm�M�K�RTH�O3_nH�OgW'Ì
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¶�Pf�N]�U[H)~7À�Ó�¶·K7U[ZgPhMF���½HVq^UYHVZ���¤FHV_�b�_ Ó�»DPhM�H�O�K�j�H�Ð7]TPh�7KNU[ZgPSIYPhZeq´j�K7U$orH�© }�|7|7|�Ê/¾9}¡¹ ¾9}
M�K£RTH�O\_$H�OgW'Ì

0

0 0

¶�Ph�7]�U[H�~7¿iÓ9»DPhM�H�OkK?j-H�ÐN]TPh�7K7U[ZgPSIYPhZgqijµKNU�orH$©�}5|7|7|nÊ/¾9}k¹y¾9}kM�K�RTH�O�_$H�O`W'Ì
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��,04 � 5�6D1F476�7N69:��VA�6&<)>/1C:=8 6�6�77EF8 5�?
�/MiK7U�RTHVU3ZYKwOgZ[]9RTq�Z[W�H�HLÎFH�ILZ3K�jZ[W�H�MT]�_$HVUgPSIVb5c-RNP�ÎF]9OQPhK7MiK7M�OgZ�b s PÍc�PSO[b?Z`PfKNM�K?j-b7RT�NH�ILZgPh�7H�b?M9R
v�U[H�O[Og]�U[H%Z[HVU[_�O¸�^lrHwRTH�RT]9ILHÄjµU[KN_�ZYW�H �kb?U[Z[HVM �3b?M�»ÁHVHVUrt9]T¹yjµ]�M9ILZ`PfKNM�RTH Ã M�H�RiPhM � H�ILZgPhK7M
®�b±v9b?UYZgchq^m�]�vTlrPhM9R�b?v�v�U[K5¹TPf_ib?ZgPhK7MF�½�/M¨Z[WTPSO�l�b5q7�FlrH$PhMTZ[U[K�RT]9ILH)by_�b�Z[UgP�¹ ��¨�Fl\WTPaIYW¨PhM
� H�ILZgPhK7M#®�b?M9R���b?ULb?�7U�b?v�W´¾9��~�PSO�Z[W�HiPSRTHVM^Z`PfZgq¨K7v9HVULb?Z[K7U��½b?M9R�RTH Ã M�H�R s q¨Z[W�H$j�K?c�chK?lrPhM��
HL¹£v�U[H�OYOQPhK7M�Ó

�� © �
XYYYYY
Z

| | |
| } |
| | }

[Q\\\\\
]

�  "

¤rW�Hut9]T¹iPSO�Z[W�HVMy��Pf�NHVM s q�Ó
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r�=^` Ì
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��#RTH Ã M�H�R±v�U[HV�7PhK7]9Oecfq�ILK7U[U[H�O`v9K7M9R�OpPhMyj/b7ILZ�Z[K$ZYW�Hu_$K£RNP Ã H�R�t9]T¹yj�]�M9ILZgPhK7M�K?j<opK^H ����� RTHVmÃ M�H�RiPhMyZ[W�HwILK7_$v�UYH�O[OQP s chH¡IVbNOgHwÊgOgHVHuU[HLcSb?ZgPhK7M9OkÊg®�}?Ì��·Êe®7~TÌ½PhM)��b?U�b?�NU�b?v�W	�LzJILKN]9OgZgPSIuR�b?_$v�m
PfM���
$K?j � H�ILZgPhK7M�}7��~£Ì��7G�H�IVb?M)M�KNZgPSILHwZ[W9b?Z\lXHuW9b5�7HuM�KNZ�ILK7M9OQPSRTHVU��'W�HVU[H7�Db?M^qilrHLPh�7W^ZuILKTHLjµm
Ã IYPfHVMTZ�OV�·P/� H7��lrHwb?U[HkPhM±Z[W�HwIVb7OgH=Ç%©(}7�
¤rW�Hyv�]�U[v9KTOgHyK?juZ[W�HyZglXK�jµK�cÍchK?lrPhM���v9b?ULb?�7U�b?v�W9OÄPSO�Z[K´M^]�_$HVU`PaIVbdcÍchq¨PhMT�7H�OgZgPh�^b?ZYHyl�W�HVZ[W�HVU
Z[WTPSO3M�HVl v9b?UYZgchq^m�]�vTlrPhM9R�b�v�v�U[K5¹^Ph_�b?Z`PfKNM$PSOrbwOgZLb s chH�K7M�Hub?Z�chK?l�_$H�O`W�orHVqTM�K?cSR�OrM^]�_ s HVU�OV�
G�Huv�U[H�OgHVMTZJILKN_$v9b?UgPSOgK7M9O s HVZglrHVHVMijµ]Tc�chq)]�vTlrPhM9R)O[IYW�HV_$H�Okb?M9Riv9b?U[Z`cfqTm�]�vTlrPhM9R)KNM�H�OV�
¤rW�Hw_$H�O`Wy]9OgH�RiPSOkb?My]�MTP�jµK7UY_�Z[UgPSb?M��7]TcSb?U¨¾9}��¾D}�M�K£RTH�Op_$H�OgWF�

��������� � �0�$+ ���O# ��� )=� ��� ���c�*�=� ) )��/'"),�$� % )�����+
G�H�]9O`HJb?MnHL¹£vTc�PSIYPhZJO[IYW�HV_$HklrPhZ[WybwOgv9b?Z`Pabdc Ã U�OgZYm�K7U�RTHVU�b7IVIL]�U�b7ILq$b?M9RnlrPhZ[WybuZgPh_$H\PhM^ZYHV�7U�b?m
ZgPhK7M$v9HVU`jµK7UY_$H�R�]9OQPhM��¥b\j�K7]�U[m/O`Z�b?�7H<cfK?l�m/O`Z[K7U�b?�NHpop]�M��7H��k]�Z[Z�buOYI[W�HV_$H7�T¤rW�H�or]�M��7HVm��k]�Z[ZLb
ILK^H ��IYPhHVMTZ�Okb?U[Hu�?Ph�7HVM s q'Ó
� " © |��h}7}C� �-, ©#|·��~T¼d¿7¿\� �&. © }~ � � % ©=}¶�K7Uyb�orHVqTM�K?cSR�OyMT]�_ s HVU)H�ÐN]9b5cwZ[K }�|7|7|·��lrH�ILKN_$v9b?U[H�Z[W�H�K s Z�bdPfM�H�RÏU[H�O`]TcfZLOylrPhZ[W Z[W�H
v9b?U[ZgchqTm�]�v^lrPhM9RNPhM��)O[IYW�HV_$H¥b�M9RiZ[W�HuPhMTPhZgPSb5c�K7M�H7�
¤rW�H¥RNP�ÎFHVU[HVMTZ�OgK?ch]�ZgPhK7M9Okb?U[HwILK7MT�7HVU[�NH�Ryb?Z�OQP�¹)K7U�RTHVU�OrK�j�_�b��7MTPhZ[]9RTH7�
G�H)ILK7_$v9b?UYH�Z[W�H s KNZ[W�HL¹£vDHVUgPh_$HVMTZ�O$b?M9R Ã U�OgZ[m�KNU�RTHVU�U[H�Og]TchZ�O�K s ZLb5PhM�H�R s q�¤½b s b?ZLb)HVZ$b5c
��~7�5��PhM�¶�Pf�N]�U[H�~T¼$l�W�HVUYH$PSOuvTchK7ZYZ[H�R�ZYW�H Ã U�OgZwILK7_nv9K7M�HVMTZwK?j�Z[W�Hn�7HLchK£IYPhZgq�PhM�j�]�M9ILZgPhK7M¨K?j
� j�K7U � © |���À��½G�HyM�K7Z[Hyb±�7U[H�b?Z$RNP�ÎFHVU[HVM9ILH)lpPfZYW�Z[W�H)O`H�ILK7M9RTm�K7U�RTHVU�bNIVIL]�U�b7ILq¨U[H�Og]TchZ�OÊeOgHVH$¶�Ph�7]�U[H�O%}�¿�b�M9R�}�¼7Ì��9b?M9R�PhM±jÒbNILZ��"!g]9OgZub�OecÍPh�7WTZwRNP�ÎFHVU[HVM9ILH s HVZglrHVHVM s K7ZYW Ã ULOgZ[m�K7U�RTHVU
b7IVIL]�U�b?Z[HwOYI[W�HV_$H�O¸�
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OgK)lrH�IYW�K^KTOgH$Z[W�Hyor]�M��7H �k]�Z[Z�b±ILK^H ��IYPhHVMTZ�OÄPhM�j�]�M9ILZgPhK7M¨K?j�È�ÊeOgHVHnZ[W�H)}Vm/Ë�b�M9b5chq£OQPSOÄPhM
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K7U�RTHVU�OrK�j�_�b��7MTPhZ[]9RTH7�
G�H�ILKN_$v9b?U[HiZ[W�HiU[H�Og]TchZ�O%K s Z�b5PhM�H�R�P�jJlrH$v�]�Z�Z[K±ºVHVU[K�Z[W�H�HLPh�7HVMT�dbdcf]�H�ILK7U[U[H�O`v9K7M9RNPhM���b?Z
Z[W�H¥b7RT�NH�ILZgPh�7H�v9b?U[Z�K?j3ZYW�HwMT]�_$HVUgPSIVb5cXRNP�ÎF]9OQPhK7M�lrPhZ[W�Z[W�HwK7U`Pf��PfM9bdc�K7M�H�O¸�b?M9R�Z[WTPSO\jµKNU�ZglXK
�db5ch]�H�OnK?j�È�Ó }¿ �
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® �½G�H)ILK7_$v9b?UYH�Z[KTK�lrPhZ[W�¤�]9b?M�M�b?M9R �rcSOgKNM�U[H�Og]TchZ�O���®7|5�kÊeOgHVHyZ[W�Hv�U[HV�7PhK7]9OÄv9b?U�b?�NU�b?v�W�¾9��~TÌ�b?M9R±PSOgK s b?UgPSI�c�PhM�H�O�b?M9R�c�PfM�H�O%K?j�ILK7M9O`Z�b?MTZ��7HLchK�IYPhZeq¨b?U[H�vTchK7Z[Z[H�R

jµK7Ukb5c�c-Z[W�H�OgH�O�RNP�ÎFHVU[HVMTZJIVbNOgH�OV�
G�H�K s Z�b5PhM�b$�NK^K�R�b7IVILK7U�R�b?M9ILH%lrPhZ[W�Z[W�H�U[HLj�HVU[HVM9ILH�OkU[H�Og]TchZ�O%Êe¶�Ph�7]�UYH�Ou~7���9~7Ô£Ì��9GÏPhZ[W�Z[WTPSO
cfK?l�orHVqTM�K?cSR�OuMT]�_ s HVU��'lrH�IVb?M�M�K7ZJRNPSOgZ`PfM��N]TPaO`W s HVZelrHVHVM�Z[W�H�U[H�Og]TchZ�OkK s Z�b5PhM�H�R�lrPhZ[W�Z[W�H
v9b?U[ZgchqTm�]�v^lrPhM9RNPhM���O[I[W�HV_nH)Êe¶�Ph�7]�UYH�O¥®N|��-®7~£ÌJb?M9R´Z[W�HnPfMTPhZgPSb5ckK7M�H)Êg¶�Pf�N]�U[H�Ow®�}N�-®7®TÌL�-¤rW�H
HL¹£vDHVUgPh_$HVM^ZLO�lrPhZ[W!È�© }® OgHVHV_�OrZ[K s HuchH�O[O\v9HVU[Z[]�U s H�R'�
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�/M�ZYWTPaOnlrK7U[�'�½lXHyW9b5�7Hyv�]�Z s KNZ[W¨PhM9ILK7_$v�U[H�O[OeP s chH�b�M9R�ILK7_$v�U[H�O[OeP s chH±t9]TPSRÏ_$K£RTHLcSO¡PhM#b
W^qTv9HVU s K?c�PSI�j�U�b?_$H7�r¤rWTPSOyb5c�chK?lXH�RÏZ[K¨v�U[K7vDK^OgH�b�j/b?_�P�chq K?jw]�v^lpPfM9R¢O[I[W�HV_nH�O$U[HLchqNPhM���K7M
¶�cf]T¹�m/Ë\P�ÎFHVU[HVM9ILHVm � vTc�PfZYZgPhM9��b?M9Rnbu¶ �3���d¶ �u�!jµKNU[_�]Tcab�ZgPhK7M�j�K7U�]�M9OgZ[U[]9ILZY]�U[H�R�_$H�OgW�H�O¸�^¤rW�H
U[H�Og]TchZgPhM��J��� � {X»'m/¶ �C��OYI[W�HV_$H�O½b?U[H½j�K7U[_ib5c�cfquOgH�ILK7M9RTm�KNU�RTHVU�bNIVIL]�U�b?Z[H½j�K7U-b5c�c7PhM9RTHVvDHVM9RTHVM^Z
�db?UgPSb s chH�OV� s ]�Z s K7Z[WiPhMT�7K?ch�7H%q7HVZrZ[K^Kn_¥]9IYWyMT]�_$HVUgPSIVb5c��7PSO[ILK^OePfZgq7�
�/M9RTHVH�R'�<PhM�Z[W�H)IVbNOgH)K?juOg] s OgK7MTPSI�t9K?l�OV�½lrHyW9b��NHyHL¹£WTP s PhZ[H�R Ph_$v�U[K?�7H�R�b7IVIL]�U�bNILq¨jµK7U

�7HVU�OQPhK7M9OiZ[W9b�Z�b?UYH)chH�O[O�]�v^lpPfM9RTH�R É Z[W�K^OgH±�7HVU�OQPhK7M9O±ILK7]TcSR s H�IVb7O`ZiPfM�b´cSb?U[�NH)j/b?_�P�chq K?jO[I[W�HV_nH�OFZ[W9b�Z�ILK7]TcSR s HCZ[WTPhU�RTm�K7U�RTHVU�KNUFHV�7HVM%jµKN]�U[Z[W�m�K7U�RTHVU½b7IVIL]�U�b?Z[H<PhM¥ZYW�H3K7M�HVm/RNPh_$HVM9OQPhK7M9bdc
]�MTPÍj�K7U[_nm�_$H�OgW�H�R�IVb7OgH7�
�/ZuOgW�K7]TcSR s H�M�K7Z[H�RyZYW9b?Z�ZYW�H¥O[b?_nHwU[HV_�b�U[�£OkILK7]TcSR s H�RTKNM�Huj�K7U s K7Z[W±PhM9ILK7_$v�U[H�OYOQP s cfH

b?M9RyILK7_$v�U[H�OYOQP s cfH�IVb7OgH�OVÓNPhM s KNZ[W�IVbNOgH�OrHL¹TPaO`ZXZglrKw�NPhM9R�O�K�j Ã U�OgZ[m�KNU�RTHVU�RTHVUgPh�db?ZgPh�7H�O¸�9b7RT�7H�ILm
ZgPhK7M�Z[HVU[_�Oub?M9R�PSOgK7ZYU[K7vTPSI�K7M�H�O\PhMT�7K?ch�7H�R±PhM�Z[W�H�v�U[H�OYOg]�U[H$b?M9R�ILK7MTZgPhM^]TPhZgq^m�H�ÐN]9b?ZgPhK7M´K7M�H�OV�
�/M¨Z[W�H�IVb7OgHnK?j�Og] s OgK7MTPSI¡t9KdlkOV�DPhZ¥OgHVHV_�OÄZ[W9b?Z�RNPÍÎFHVU[HVMTZwZYU[H�b?Z[_$HVMTZ�O\j�K7UuZ[W�H�OgHnZelrKyZgqTv9H�O
K?jXZ[HVUY_�O�O`W�K7]TcSR s UgPhM��)OgKN_$H%Pf_nv�U[K?�7HV_$HVMTZ��'�/M�Z[WTPSOuv9b�v9HVU��'lrH�W9b5�7H�M�K7Z[H�R±Z[W9b?Zk�7PSO[ILKN]9O
Z[HVU[_�O�ILKN]TcaR±OgZ�b s P�c�PhºVHiÊ/H�O[OgHVMTZgPSb5c�chq s ]�Z�M�K7ZkILK7_$vTchHVZ[HLchq9Ì�b7RT�7H�ILZ`PfKNMF�
¤rW�HVM�KN]�Uwv9K�PfMTZ�K?jX�NPhHVl�ILK7M9OQPSOgZ�OÄK?j�Z[U[qNPfM��±Z[KyU[H�RT]9ILHiM^]�_nHVUgPSIVb5cpRNPSO[OQPhv9b?Z`PfKNM s q�U[HVm

RT]9IYPfM��nZ[W�H�]�vTlrPhM9RNPhM��$K?j-b7RT�7H�ILZ`PfKNM�Z[HVUY_�O�Z[W�UYK7]��7W�bÄ_$K£RNP Ã IVb?Z`PfKNMyK?jFZ[W�Hrt9]T¹�m/RNPÍÎFHVU[HVM9ILH
OgvTc�PfZYZgPhM��9�9¤rWTPSOCv9K?PhMTZ�K?jF�NPfHVl¢lpbNO3b5cSOgK%Ph_$vTchHV_$HVMTZ[H�RnPhM)b¥O`HV_�Phm Pf_nvTcÍPSIYPhZwILK7MTZ[HL¹�Z s q ��]TP�chm
cab�U�R�b�M9R$¶�HVU[M9b�M9RTHVº¥���5�·PfMil�WTPSIYW�Z[W�HpPf_nvTcÍPSIYPhZuRNPaOYOQPhv9b?ZgPhK7M)RNPSR$M�KNZXb?v�vTchq$Z[KwbNRT�7H�ILZgPhK7MnjµK7U
O[b5�7PhM���b7IVIL]�ULb7ILq7�T�/MyK7]�U�O`Z[]9RTq7�TZ[W�HwILK7U[U[H�O`v9K7M9RNPhM��yb?U[ZgP Ã IYPSb5cF�7PSO[ILKTOQPhZeq)ILKN]TcaR s HwOglrPhZ�IYW�H�R
K?Î�lrPhZ[W�K7]�Z½chK^OYO½K?jÁOgZLb s P�cÍPhZgq7� s ]�Z�ZYW�HpbNIVIL]�U�b7ILquPh_$v�UYKd�NHV_$HVM^Z½W9b7O s HVHVM$U�b?Z[W�HVU3RNPSO[b�v�v9K?PhMTZ[m
PfM��D�
¤rW�HVU[HLj�K7U[H%Z[WTPSOwOgZY]9RTq)IVb5c�caO%OgH�ÐN]�HLcaO¸ÓFl�WTP�chH�OgW�K�I[��OuOgZgP�c�c3M�HVH�R Ã U�OgZ[m�KNU�RTHVUwI[W9b�U�b7ILZ[HVUgPhZgPSI

]�v^lrPhM9RNPhM��9�'U[HV�N]Tcab�U�v9b?UYZ�OrK?j�Z[W�Hut9K?l=ILKN]TcaR±_�]9IYW s HVZYZ[HVU�b?v�v�U[K5¹TPh_�b?Z[H�R s q Ã M9RNPhM��)OgZ�b�m
s PÍc�PhºLPhM��)Z[HVUY_�Orb7R�RTU[H�O[OQPhM��yb7RT�7H�ILZgPhK7M)b�M9Ryb7ILK7]9OgZgPSIVOkOgHVv9b?U�b�Z[HLchq É j�U[K7_�Z[WTPSOrvDK?PhM^Z\K?j��NPhHVlw�M�HVl�t9]T¹�OgvTc�PhZ[ZgPhM���b�U[H�Z[K s H�RTHVUgPh�7H�R'��z�cSOgKD�-ZYW�H�chHV�7HLcXK?j�]�vTlrPhM9RNPhM���b?M9R�Z[W�HiOglrPhZ�IYW�Z[K
OgW�K£IY�Tm/IVb?v�Z[]�UgPhM��nt9]T¹£H�O\W9b5�7HuZ[K s H�IYcfHV�NHVUgchq)_$K7MTPhZ[KNU[H�R'�
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G�Hwb?M9b5chq�OgHJb�M9RyRNPaOYIL]9O[OrPhMyZ[WTPSO�b�v�v9HVM9RNP�¹)Z[W�HuRNPÍÎFHVU[HVMTZ�WTq^vDHVU s K�cÍPSI�Ogq�OgZ[HV_�O<l�WTPSI[W�b?U[K^O`H
PfM � H�ILZgPhK7M�®·�h}kPhM)Z[W�Hkj�U�b?_nHVlXKNU[�$K?j-ZYW�H¥ILK7M9OgZLb?M^Z�RTHVM9OQPhZgq)b?v�v�U[K5¹TPh_�b?ZgPhK7MF�
»'HVZ�]9O s HV��PfM±lrPhZ[W�b¡�7HVM�HVU�b5c-UYHV_�b?U[�'ÓTZ[W�HkPhM^�7H�O`ZgPh�^b?ZgPhK7M±K?j�ZYW�H�OgHuW^qTv9HVU s K?c�PSI$Ogq�OgZ[HV_�O

PaOCK?j'PhMTZ[HVU[H�OgZ<jµK7Urb s HVZ[Z[HVUr]�M9RTHVU�OgZ�b�M9RNPfM���K?jFZ[W�Hk]�vTlrPhM9R$MT]�_$HVUgPSIVb5cF_$HVZ[W�K�R�O�]9O`H�R�PhMyZ[WTPSO
lXKNU[�� �C]�ZrPhZrPSOCPh_$vDK7U[Z�b?MTZ�Z[K��7HVHVv�PhMy_�PhM9RyZ[W9b?ZrZ[W�H�O`H¥Ogq�OgZ[HV_�b?U[HuM�KNZpILKNU[U[H�ILZrj�U[K7_�Z[W�H
v�W^q�OQPSIVb5cFv9K?PhMTZ�K?jF�NPfHVl%�9OQPhM9ILHuZ[W�HVq�b?UYH s b7OgH�RiK7MiZ[W�Hub?U[ZgP Ã IYPSb5c-ILK7_$v�UYH�O[OQP s P�cÍPhZgq)b?v�v�U[KTb7I[WF�
zJOubiILK7M9OgH�ÐN]�HVM9ILH7�FZ[W�HLPhUwOgK�cf]�Z`PfKNM�lrP�c�cXOgK7_$HVZgPh_$H�OkHL¹�WTP s PhZ¡O`K7_$Hw]�MT]9Og]9b5c s HVW9b5�7PhK7]�U��'zuO
b?M�HL¹9b?_$vTchH7�ÁPfZ�lrP�c�c�b?v�v9H�b�U¥ZYW9b?ZuZ[W�HyOQPh_$vTchH�OgZ$Ogq£O`Z[HV_�ÊeÀN|TÌ s HLcfK?l�RTKTH�OuW9b5�7H�OgK�cf]�Z`PfKNM9O
lrPhZ[W O`W�K£IY��l�b5�7H�Okv�U[K7v9b?�Tb?ZgPhM���b?Z�b?MTq�M�KNM�ºVHVU[K�Ogv9HVH�R��N� s ]�Z$IVb?M�M�K7Z%W9b5�7H�b)O`K?ch]�ZgPhK7M
lrPhZ[W�b�OgZ[H�b7RTq�O`W�K£IY��l�b5�7H��C¤rWTPSO$OgZ[U�b�M��7H�j/b7ILZ%PaO¡K7MTchq�vDK^O[OQP s chH s H�IVb?]9OgHyZYW�H)b?U[ZgP Ã IYPSb5c
ILK7_$v�U[H�O[OeP s P�c�PhZgq s U[H�b��£OkZ[W�H��^bdcÍP�chH�b?M´PhM^�?b?UgPSb?M9ILHiK?jXZ[W�H�K7U`Pf��PfM9bdcXOgq£O`Z[HV_ l�WTPSI[W¨RTH�O[ILUgP s H�O
Z[W�Hkt9K?lw�
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G�HuHL¹·b�_�PhM�HwW�HVU[HuZ[W�HwO`K?ch]�ZgPhK7MyK?j3b¥oXPfHV_ib?M�M)v�U[K s cfHV_�j�K7UrZ[W�HuK7M�HVm/RNPh_$HVM9OQPhK7M9b5c3Ogq�OgZ[HV_)Ó� AFN � ÊOA , � D'Ì9E�© |y�D=N � $ , AFE�©	|y� ÊeÀ7|TÌ

Z�b?�7HVMij�U[K7_�Z[W�H�Ogq£O`Z[HV_ÑÊ/¾^|TÌ�K s Z�bdPfM�H�R s qiZ[W�H�b?U[ZgP Ã IYPSb5c�ILK7_nv�U[H�O[OQP s P�c�PfZgq�b?v�v�U[K^b7IYWF�
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