View metadata, citation and similar papers at core.ac.uk

-

P
brought to you by .. CORE

provided by HAL-Ecole des Ponts ParisTech

HAL

archives-ouvertes

Long-time convergence of an Adaptive Biasing Force
method
Tony Lelievre, Felix Otto, Mathias Rousset, Gabriel Stoltz

» To cite this version:

Tony Lelievre, Felix Otto, Mathias Rousset, Gabriel Stoltz. Long-time convergence of an
Adaptive Biasing Force method. 2007. <hal-00153946>

HAL Id: hal-00153946
https://hal.archives-ouvertes.fr /hal-00153946
Submitted on 12 Jun 2007

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://core.ac.uk/display/48356585?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.archives-ouvertes.fr
https://hal.archives-ouvertes.fr/hal-00153946

hal-00153946, version 1 - 12 Jun 2007

Long-time convergence of an Adaptive Biasing Force method

Tony Lelievre®? | Felix Otto®, Mathias Rousset»? and Gabriel Stoltz(1?)
(1) CERMICS, Ecole Nationale des Ponts (ParisTech), 6 & 8 Av. B. Pascal, 77455 Marne-la-Vallée, France.
(2) INRIA Rocquencourt, MICMAC project-team, B.P. 105, 78153 Le Chesnay Cedex, France.
(3) Institute for Applied Mathematics, University of Bonn, Wegelerstrasse 10, 53115 Bonn, Germany.
{lelievre,rousset,stoltz} @cermics.enpc.fr ~ otto@iam.uni-bonn.de

12th June 2007

Abstract

We propose a proof of convergence of an adaptive method used in molecular dy-
namics to compute free energy profiles (see [ﬂ, E, ]) Mathematically, it amounts
to studying the long-time behavior of a stochastic process which satisfies a non-linear
stochastic differential equation, where the drift depends on conditional expectations
of some functionals of the process. We use entropy techniques to prove exponential
convergence to the stationary state.

1 Introduction

In Section m, we introduce the physical context of this work, namely molecular
dynamics and the computation of free energy differences in the canonical statistical
ensemble. In Section D, we introduce the adaptive dynamics we study and the main
results we prove are presented in Section .

1.1 Computations of free energy differences and metastability

Let us consider the Gibbs-Boltzmann measure

dp(q) = Z~ " exp(—BV (q))dq, (1)

where g € D, V : D = R, Z = [ exp(—3V(q))dq and D = {q, V(q) < oo} is the
configuration space. In the applications we consider, ¢ represents the position of N
particles so that, in the following, D is an open subset (possibly the whole) of R™,
with n = 3N. All the results we prove are also satisfied if D is an open subset of T™
(where T = R/Z denotes the one-dimensional torus). The function V is the energy
associated with the positions of the particles and 3 is proportional to the inverse of the
temperature. The probability measure i represents the equilibrium measure sampled
by the particles in the canonical statistical ensemble. A typical dynamics that can be
used to sample this measure is

dQ, = ~VV(Q.) dt + \/26-1dB,, (2)

where B; is a n-dimensional standard Brownian motion. More generally, for any
smooth positive function v : D — R, the stochastic process Q; which satisfies

dQr = —=V(V = 87 In)(Q:)v(Qr) dt + /287 1v(Q¢)dB; (3)

samples the measure pu.
Let us introduce a so-called reaction coordinate £ : D — M, with M =R or M =
T. For a given configuration ¢, £(q) represents a coarse-grained information, which is



valuable from a physical point of view. For instance, {(¢) may be a dihedral angle, for
example to characterize the conformation of a molecule, in which case M =T, or the
signed distance to an hypersurface of D (characterizing a transition state), for example
to measure the evolution of a chemical reaction, in which case M = R. The function
¢ is therefore related to some macroscopic information of the system. Usually, in (E),
the time-scale for the dynamics on £(Q;) is larger than the time-scale for the dynamics
on @ (due to metastable states), so that £ can also be understood as a function such
that £(Q:) is a slow variable compared to Q.
In the following, we suppose that

[H1] £ is a smooth function such that |V&| > 0 on D.

Thus, the subsets ¥, = {& € D, £(z) = z} of D are smooth submanifolds of co-
dimension one which define a partition of D:

D= U Y, and ¥, NX, =0 for z # 2.
zeEM

We denote by o, the surface measure on ¥, i.e. the Lebesgue measure on ¥, induced
by the Lebesgue measure in the ambient space D D ¥,. The submanifold X, naturally
has a (complete and locally compact) Riemannian structure induced by the Euclidean
structure of the ambient space D.

The image of the measure p by £ is 7 exp(=BA(z)d2_ where A is the so-called free

" exp(—BA(2)) dz
energy defined by:

A(z) = -7 In(Zs,) (4)
where

Iy, :/2 |VE| ™ exp(—BV)dos, .
We assume henceforth that £ and V' are such that Zs._ < co. The free energy is actually
defined up to an additive constant, the quantity exp(—SA) being then defined up to
a multiplicative constant, which disappears in the normalization of the probability
measure %. Many algorithms in molecular dynamics [E] aim to compute
the image of the measure p by £, which amounts to compute free energy differences,
namely quantities of the form A(z) — A(zp). This is typically obtained by computing
(and then integrating) the derivative A’(z), called the mean force. Using the co-area
formula (see Appendix g), the following expression for A’(z) can be obtained (see [f],
or the proof of Lemma [] below):

Al(z) = Zgzl/E F V¢ ™ exp(—pV)dos,, (5)

where F' is the so-called local mean force defined by

C(VVeve (V¢
F‘( weg P (MF))' ©)

This can be rewritten in terms of conditional expectation as: For a random vari-
able X with law p,

A(z)=E (F(X) \g(X) - z) . (7)

In practice, free energy profiles are used for example to compare the likelihood of
various conformations of a molecule, or to compute the rate of a chemical reaction.
Free energy can also be useful to compute ensemble averages in the canonical ensemble
using the following formula (which is a conditioning formula): For any function ¢ :

[
¢ dus, exp(—BA(z)) dz
/DMH - ]M exp(—BA(z)) dz ’

(8)
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where px, is the probability measure p conditioned to a fixed value z of the reaction
coordinate:
dps. = Z5!|VE[ ™ exp(—BV)dos. . 9)

Notice that (f) also writes A’(z) = fEZ Fdpus.. Equation (§) may be interesting to
compute averages in the canonical ensemble since, if the reaction coordinate is well
chosen, it is expected that the sampling of the conditioned probability measure ps, is
easier than the sampling of p (the metastable features of the measure p being mostly
in the direction of the reaction coordinate &). The sampling of us. can be done
for example by projection of the gradient dynamics on X, (see [ﬂ]) The quantity
fzz ¢duy,, can thus be evaluated by an efficient Monte Carlo procedure, and the
computation of fD ¢ dy through (E) then only requires a one-dimensional integration,
and the computation of the free energy (up to an additive constant).

Due to the high dimensionality of the problem (the number of particles N is usually
very large), methods to compute mean forces or free energy differences are Monte Carlo
methods. They typically rely on the simulation of a diffusion Markov process. The
most recent methods use non-homogeneous or non-linear Markov processes. Classical
examples are exponential reweighting of non-equilibrium paths (based upon the so-
called Jarzynski equality, see @, E]) or adaptive methods (see [ﬂ, E, E, B])

We are interested here in adaptive methods to compute free energy differences, and
more precisely Adaptive Biasing Force techniques (see [ﬂ, E] ). The principle of adaptive
methods is to modify the potential V' during the simulation, in order to remove the
metastable features of the simple dynamics (f]), while approximating the free energy A.
Many methods have been proposed and we refer to for a unified presentation of
these techniques, as well as a discussion of efficient parallel implementations. The
aim of this paper is to propose a mathematical study of the Adaptive Biasing Force
method to give a rigorous formulation and proofs of the following statements (which
are the main arguments of practitioners of the field to advocate the use of adaptive
methods):

[S1] The adaptive biasing force technique helps to remove the metastable features of
the simple dynamics (E), and thus enables efficient exploration of the configura-
tion space.

[S2] With the adaptive biasing force technique, the free energy A is obtained in the
longtime limit, and the convergence is exponentially fast in time.

1.2 An Adaptive Biasing Force technique

The Adaptive Biasing Force (ABF) method was introduced in [ﬂ, E] and is recast in a

general mathematical framework in ] We propose to study here one version of this

method, applied to the context of Brownian (or overdamped Langevin) dynamics?.
The ABF dynamics we propose to study is the following non-linear stochastic

differential equation:

dX; = —v(v — Aol +Wog—p! 1n(|V€|*2)) (X¢) [VE|72(Xy) dt

(10)
+ \/ 25_1|V§|_1(Xt)dBt,

where W is an additional well-chosen potential that we will define below and A; is the
“free energy observed at time ¢t”. More precisely, the derivative of A; with respect to
the reaction coordinate is defined as (compare with ([)): Vz € M,

4i(2) =E (F(X,)

S0 =), ()

!Such methods can also be applied for other dynamics, like Langevin dynamics. We only consider
Brownian dynamics in this paper.




where F is defined by (f). With a slight abuse of terminology, the function A} is
called the biasing force. Notice that here and in the following, the notation ’ denotes a
derivative with respect to the reaction coordinate values, while the notation o denotes
the composition operator. Equation (EI) defines A; up to an additive (time-dependent)
constant, which does not modify ([[()).

Compared to the simple dynamics (E), three modifications have been made to
obtain ([L0)—([L1):

1. First and foremost, the potential V' has been changed to the biasing potential
V — A; o &. This is the bottom line of the adaptive strategy. The algorithm we
study here is prototypical of many adaptive methods used in molecular dynamics
(see [B]) In the original Adaptive Biasing Force technique as presented in [E, E],
the conditional expectation (EI) is actually “approximated” by some conditional
averages over one single trajectory. The dynamics we study here is not clearly
related with such a discretization, but rather with a discretization of ) using
an interacting particle system, where many replicas of the system contribute to
the free energy profile (see [[[J)).

2. Second, a potential W o £ has been added. This is actually needed only in the
case when M is an unbounded domain (we recall that M is the domain where
the reaction coordinate lives). In theses cases, W is chosen so that the law
of £(X:) converges exponentially fast to its longtime limit (more precisely, the
Fisher information associated with this law converges exponentially fast to zero,
see [H4] below for a more detailed statement). Besides, from a numerical point
of view, such a potential is sometimes used in practice in order to separately
sample some parts of the reaction coordinate space M (as in stratified sampling
strategies).

3. Third, some terms depending on |V¢| have been introduced. This modification
is made in order to obtain a simple diffusive behavior for the law of £(X;) (see
Propositionﬂl below). It is expected that the longtime convergence of A} towards
A’ still holds without this modification, by simply considering the gradient dy-
namics

dXy = =V(V — Ao &+ W o &)(Xy)dt + /267 1dBy, (12)

with the same definition ) for A}. However, we are only able to prove a weaker
convergence result in this case. This is the matter of Sections R.d and B.4. Notice
that if |V&| is constant (for example if £ is a length), a simple change of time
relates ([[J) with ([Ld). Notice also that if we take A4, = W = 0 in ([Ll(]), then X,
samples the original Gibbs measure y defined by (fl]) (see Equation (f) above).

Remark 1 (On the computation of A}(z)) From a practical point of view, with
the additional terms mentioned in item 3 above, it is possible to compute the biasing
force Aj(z) without explicitly evaluating F since (by Ité’s calculus on Xy that satis-
fies (@), and assuming W = 0 for simplicity)

FG) di = dE(X0) + AE(X0) dt = AT 0 (X - dB. (13)

By a simple finite difference scheme, we thus have the following approrimation

E(Xty) —6(Xe,) — 5 (X:,)-(Bs,., — Bt,)
F(th+1) =~ A;n (E(th)) + Al |Vf‘ + .

1.3 A PDE formulation and presentation of the main result

We would like to emphasize that our arguments are partially formal: we assume that
we are given a process X; and a function A} which satisfy (LL0)~(L1)), and such that
X; has a smooth density ¢(t,-) with respect to the Lebesgue measure on D. We
suppose that this density is sufficiently regular so that the computations are valid. In
particular, we assume that the potential V' is such that either the stochastic process



X: lives in D and thus that its density v (t,-) decays sufficiently fast on 9D or the
stochastic process X; has some reflecting behavior on 0D and thus that its density
¥(t,-) has zero normal derivatives on 9D. In both cases, no boundary terms appear
in the integrations by parts we perform to derive the entropy estimates. We refer
for example to [E] for an appropriate functional framework in which such entropy
estimates hold.

Since only the law of the process X; at a fixed time ¢ is used in ([L1), it is possible
to recast the dynamics in the following nonlinear partial differential equation (PDE)
on the density ¥(¢,-) of X;:

O = div ([VE[72(V(V — Ay o &+ W o &)t + 51Ve))
FIVE| T p(t, -)dos,
4(2) = 22 ,
[ Iveltote dos.,
p

(14)

where F is defined by (). This is obtained by using the fact that if X, has law
Y(t, ) dz, then the law of £(Xy) is (¢, z) dz with

Gt 2) = / Ve[, )do. (15)

P

and the conditional law of X; with respect to {(X;) = z is 4, defined by

U(t, )| Ve[~ dos,
Ye(tz)

The probability measure ¢ (¢, z) dz is the image of the probability measure (¢, z) dx
by £. These expressions can be obtained using the co-area formula (see Appendix B)

Before presenting the results, we would like to motivate the introduction of this
dynamics by the following formal observation. If the potential A; and the law of X;
reach a stationary state, then, from the dynamics (@) on X; (or from the partial
differential equation ([[4) satisfied by the distribution of X;), we observe that this
stationary law is proportional to exp(—8(V(z) — Ao 0 £(z) + W o0 £(2))) dx, where
Ao denotes the stationary state for A; (this requires a uniqueness result for the
law of X, which holds for example if |V¢| is uniformly bounded from below by a
positive constant). Then, from the definition ([LI]) of the biasing force, we obtain that,
necessarily, A’ = A’ (where A’ is the mean force defined by (f)). This proves the
uniqueness of the stationary state for this dynamics. We can thus expect that A}
converges to the mean force A’ in the longtime limit.

The interest of the dynamics ([L[d)~([L1)) is actually twofold. First, as expected from
the formal argument above, in the longtime limit, A} converges to the mean force A’
defined by (f]) (see Equation (24) below). Second, using the ABF method, the law
of £(X;) has a simple diffusive behavior (see Equation (RJ) below). The metastable
feature of the simple dynamics () along £ is thus corrected by the addition of the
adaptive potential A;. The aim of this paper is to give a precise statement for these
two assertions, which are mathematical formalizations of the two main characteristics
[S1] and [S2] of adaptive techniques mentioned in Section [I.1]. The proof of the long-
time convergence relies on entropy techniques, and requires appropriate assumptions
on the potentials V', W and the reaction coordinate £&. We prove that under suitable
assumptions, the convergence of A; to A’ is exponentially fast, with a rate of con-
vergence limited, at the macroscopic level, by the rate of convergence of the law of
&(X}) to its longtime limit, and, at the microscopic level, by the rate of convergence to
the equilibrium conditioned probability measures us_, for all values z of the reaction
coordinate.

All these results are more precisely stated in Section E, and the proofs are given in
Section . We would like to mention that the main arguments of the proof are given
in a very simple case in Section @ and that we also present a result of convergence

for the dynamics ([4)~([L1)) in Section P.3.

d:ut,z =

(16)



2 Precise statements of the results

In Section @, we recall some well-known results on entropy and introduce the main
notation used in the following to state the convergence result. Section .2 is devoted
to the presentation of the convergence result for the dynamics (E)f ). Finally, we
give in Section 2.9 a (weaker) convergence result for the dynamics ([[2)—(|L)).

2.1 Entropy and Fisher information

Let us consider ¢ and A, which satisfy ([[4) and let introduce the long-time limit of
¥, ¥ (defined by ([L)) and i . (defined by ([L6)):

Voo = (ZZ%) L exp(—B(V — Ao &+ W 0¥)),

PS(2) = (2°) " exp(—BW (2)),
dhios,z = dpiz. = Zg ! exp(=FV)|VE|[ o,
where

Z¢ = /M exp(—pW(z)) d=.

We recall that
Zs. = [ 1€ exp(-pV)dos.., Z = [ exp(-8V () da.
3. D

Notice that [, 1o = 1, and that the probability measure Y8 (2) dz is the image of
the probability measure 1o, (z) dz by &.

In order to state the results, we also need to introduce the following projection
operators. For any x € D, we denote by

VE® VE

P(z)=1d — W(x)

the orthogonal projection operator onto the tangent space T3¢ () to Y¢(y) at point z,

and by VE® Ve
Q(r) = W(ﬂﬁ)

the orthogonal projection operator onto the normal space N;Y¢(5) to Y¢(y) at point z.
We denote by ® the tensor product: For two vectors u,v € D, u ® v is a n X n matrix
with components (u ® v); ; = u;v;.

We measure the “distance” between v (respectively 1¢) and ¢, (respectively ¥ )
using the relative entropy H(¢|s) (respectively H(¥¢[yS)), where, for any two
probability measures p and v such that p is absolutely continuous with respect to v
(this property being denoted p < v in the following),

H(ulv) = /m (2—5) dp.

We recall the Csiszar-Kullback inequality:

|u—vlrv < 2H(plv) (17)

where || — vl|lrv = sup; s, <1{[ fd(p — v)} denotes the total variation norm of
the signed measure ¢ — v. When p and v both have densities with respect to the
Lebesgue measure, || — v||ry is simply the L! norm of the difference between the two
densities.

We denote the total entropy by

E(t) = H(, )[¢oo),



the macroscopic entropy by

En(t) = H(W (L, )5,

the “local entropy” at a fixed value z of the reaction coordinate by

em(t,z) = H(Mt,z|:uoo,z) = /E In < w(ta ) woo ) Q/J(ta -)|V§|_1d0‘22 ,

"/)E(taz) ’l/Jgo(Z) "/)E(taz)

and the microscopic entropy by

E,(t) = / em(t, 2)5(t, 2) dz.
M
It is straightforward to obtain the following result which can be seen as the extensivity
of the entropy:

Lemma 1 It holds
E(t) = En(t) + En(t).

Let us now introduce the Fisher information: For any two probability measures u

and v such that u < v,
dp
I = In( 2£
(ulv) /\v n <d)

In the case v is a probability measure on the (Riemannian) submanifold X, V actually
denotes the gradient on X, in ([Ll§), namely

2du. (18)

Vs, = PV. (19)

z

Therefore, for the conditional probability measures ;. and fio -, the Fisher informa-
tion writes

2 _
w(t")) w(ta)lvﬂ 1d02z
Yoo PE(t, 2)

Let us finally introduce another way to compare two probability measures, namely

the Wasserstein distance with quadratic cost: for two probability measures p and v
defined on a Riemannian manifold 3,

I(Mt,z'ﬂoo,z) :/

sz In (

z

W(u,v) = \/F inf /2 Edg(:c,y)2 dm(z,y).

€(p,v)

In this expression, dy, denotes the geodesic distance on X: Vz,y € X,

ds(z,y) = inf /0 [ (t)[2 dt |w € CH([0,1],8), w(0) =z, w(l) =y p,

where II(u, ) denotes the set of coupling probability measures, namely probability
measures on X X % such that their marginals are p and v. We need the following
definitions:

Definition 1 The probability measure v is said to satisfy a logarithmic Sobolev in-
equality with constant p > 0 (in short: LSI(p)) if for all probability measures p such
that p < v,

H (o) < 5-1()



Definition 2 The probability measure v is said to satisfy a Talagrand inequality with
constant p > 0 (in short: T(p)) if for all probability measures u such that p < v,

W () < %Hw»

In the latter definition, we implicitly assume that the probability measures have finite
moments of order 2. This will always be the case for all the probability measures we
consider. We will need the following important result (see [, Theorem 1]).

Lemma 2 If v satisfies LSI(p), then v satisfies T(p).

For an introduction to logarithmic Sobolev inequalities, their properties and their
relation to longtime behavior of solutions to PDEs, we refer to [f, B, [Ld].

2.2 Convergence of the adaptive dynamics ([L0)—([L1))

We are now in position to state our main results. Concerning the dynamics on the
law of £(X}), we have:

Proposition 1 (Equation satisfied by the marginal density ¢) Let (¢, A}) be
a smooth solution to (@) and let us assume [H1]. Then ¢ satisfies the following equa-
tion:

Ot =0, (W'Yt + B710.4°) on M. (20)

Remark 2 Notice that even if ¥¢ satisfies a closed PDE, £(X;) does not satisfy a
closed SDE (see Equation ([13) above).

The fundamental assumptions we need to prove longtime convergence are the fol-
lowing (we recall that the local mean force F is defined by (f)):

[H2] V and & are sufficiently differentiable functions such that
[IVE]| e <m < o0 and ||[Vy, Fll . <M < oo,

[HI3] V and ¢ are such that Jp > 0, for all z € M,
the conditional measure pio . satisfies LSI(p).

In Assumption [H2], the requirement on F' can be seen as a boundedness condi-
tion on the coupling between the conditional measures p . and the corresponding
marginal 1§, since it involves the mixed derivatives (along the tangential space and
the normal space of the submanifold ¥.) PV(QVYV) (see [[4] and Remark [L1] below).

Assumption [H3] ensures that if, for a fixed value z of the reaction coordinate,
the conditioned probability measure pi~, ., Were to be sampled by a simple constrained
gradient dynamics (see [ff]), the convergence to equilibrium would be exponential with
rate p. We refer to p as the microscopic rate of convergence in the sequel.

We refer to Section B.1] for an explicit framework where [H2] and [H3] are satisfied,
and to Remark E below for alternative assumptions on V' and &.

Let us now introduce the assumption we need on W.

[H4] W is such that 3Ty > 0,7 > 0, V¢ > 0, I(5(t,)|[9S,) < Ipexp(—2671rt).

Assumption [H4] is indeed an assumption on W because ¢¢ satisfies the PDE (0)
where only W appears. Assumption [H4] ensures that the law of £(X;) converges to
equilibrium exponentially fast with rate r, which we refer to as the macroscopic rate
of convergence in the sequel.

We will see below (see [H4’]) some sufficient explicit conditions on W for [H4] to
be satisfied.



Theorem 1 (Exponential convergence of the entropy to zero) Let us assume
[H1], [H2], [H3] and [H}]. Then the microscopic entropy E., satisfies:

En(t) < Cexp(—At) (21)

where C' = 2 max (\/Em(o), % é_z) and

2

A = B min(pm =2, 7). (22)

In the special case pm=2 =1, E,, satisfies \/Em(t) < (\/Em(O) + M,/ 5—‘;} t) exp(—p71rt).
This implies that the total entropy E and thus |[¢(t, ) — oo | L1(py both converge
exponentially fast to zero with rate \.
We thus obtain that the biasing force A} converges to the mean force A’ in the
following sense: ¥t > 0,

2

/ ;= AP 2) ds < 2B (1) (23)
M
Notice that the fact that E and [|1(t, ) — ¥oollz1(p) converge exponentially fast to
zero with rate A is an immediate consequence of (@), [H4], Lemma [l| and the Csiszar-
Kullback inequality ([[7).

We will actually consider the two following cases for which [H4] is satisfied:

fM=T, then W =0.
[H4’] If M =R, then W is a potential such that W" is bounded from below
. — exp(—pBW . —
and there exists 7 > 0 such that % satisfies LSI(T).
Notice that in the case M = R, the assumptions stated in [H4’] on W are satisfied
for an a-convex potential (namely if W' > « for a positive ), and then it is possible
to choose 7 = a in [H4] (see Lemma [I below). We refer to Remark f below for
alternative assumptions on W.

Corollary 1 (Convergence of the biasing force) If [Hj’] is satisfied and ¢ sat-
isfies (B4) then [H}] holds.

More precisely, if M =T and W = 0, then [H}] is satisfied with Iy = I(1)%(0,-)|¥S)
and r = 4n%. If M =R, W" is bounded from below and % satisfies LSI(T),
then [H4] is satisfied with r =T — ¢ for any € € (0,T). ™

Let us now assume [H1], [H2], [H3] and [H}’]. From (B3), we deduce that for all
compact K ¢ M, 3C,t* > 0, Vt > t*,

/K A} — A)(23h (=) dz < Texp(—M), (24)

where X is the rate of convergence defined by in Theorem E

These results therefore show that A} converges exponentially fast to A’ (in
L'(¢8 (2) dz)-norm) at a rate A = B~ 'min(pm~2,7r). The limitations on the rate
A are related to the rate of convergence r at the macroscopic level, for the equa-
tion (@) satisfied by ¢, and the rate of convergence at the microscopic level, which
depends on the constant p of the logarithmic Sobolev inequalities satisfied by the con-
ditional measures pi~ .. This constant of course depends on the choice of the reaction
coordinate. In our framework, we could state that a “good reaction coordinate” is
such that p is as large as possible.

The proof of these results is given in Sections B.1], B.d and .3 below.

Remark 3 (Other possible assumptions on V and &) We would like to mention
other possible assumptions on V' and & than [H2]-[H3] for which the results of Theo-
rem [ still hold.



e First, in [H2], it is possible to change the assumption |Vs_F| ;. < M < oo to
| Pl < M < oo,
Indeed, this simply changes the estimate @) m Lemma below to the following

|A4(2) = A(2)] < [IFll oo N1tttz = oo, zllTvs

<M \/ 2H(/“,Z|MOO,Z>7

by the Csiszar-Kullback inequality ) The rest of the proof remains exactly
the same.

e Second, it is possible to obtain a similar result of convergence under slightly dif-
ferent assumptions than [H2]-[H3] by introducing another Riemannian structure
on the submanifolds .. This is made precise in Appendix [J (see assumptions

[H2’[-[H3]).

Remark 4 (Other possible assumptions on W) From Lemma and [L3 below
(used to prove Corollary [l), it will become clear that [Hj] is actually satisfied with
W =0 as soon as M is a bounded domain. If M is an unbounded domain, then a
potential W with properties such as those stated in [H4'] is needed. We discuss in this
remark other properties on W to satisfy [H4] than those proposed in [H4’], in the case
M =R (or M is an unbounded domain,).

In this case, it is actually also possible to satisfy [H4] by choosing W such that the
dynamics is confined in a domain \J, .\ X., where N is a bounded subset of M. This
can be done by using a sufficiently confining potential W and adapting Lemma be-
low, or by adding reflexion terms to restrict & to N (which loosely speaking corresponds
to take W zero on N and infinite on M\ N') and adapting Lemma below.

Let us make precise this latter case. Suppose for example we are interested in
the values of A'(z) for = € N = (0,1). The dynamics is confined in the domain
O =Upcrc1 E2- The ABF dynamics is

Bt = div (|v,5|—2 (V(V = Ao &)y + 51V) ) on O,
(V(V—=A oy +p7'Vy) - VE=0, on Yo U3,
FIVE| T p(t, -)dos,
Al(z) = 225 ) for z € (0,1),
[ ve ot o,

where F' is defined by (ﬁ) From the point of view of the stochastic process X,
the boundary condition translates to a normal reflexion on the two submanifolds g
and X1. Moreover, it can be checked (using Lemma ﬂ) that the boundary condition
on v translates to a zero Neumann boundary condition on ¥S: 0,9%(0) = 9,1%(1) = 0.
A proof similar to that of Lemma then shows that I(¢S]S,) converges exponen-
tially fast to 0, so that [H4] holds. The arguments we use to prove Theoremﬁ and
Corollary [} then show that || A} — A'l|12(0,1) goes to O exponentially fast.

Remark 5 (Vectorial reaction coordinate) In this work, we assume that the re-
action coordinate & has values in T or R. The dynamics (@)*) and the results
of convergence presented in this section can be straightforwardly extended to the case
when £ = (&1,...,&m) has values in T™ or R™, with 2 < m < n, under the orthogo-
nality condition:

Vi # j, V& - V& = 0. (25)

The generalization of this dynamics to non orthogonal reaction coordinates is unclear.
In this case, it is possible to resort to metadynamics (see Remarkla’ below). Alterna-
tively, the dynamics (@)f@ (and the result of convergence of Section @ for this
dynamics) can straightforwardly be generalized to a vectorial reaction coordinate.
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Remark 6 (Metadynamics) The adaptive biasing force technique can also be used
in the context of metadynamics /@, , IE/ The principle of metadynamics is to
introduce an additional variable z with dimension the dimension of £ (say z € R™,
with 1 < m < n), and an exstended potential V¢(q,z) = V(q) + %|z —&(q)|*>. The
reaction coordinate is then chosen to be &meta(q,2) = z so that the associated free
energy 1s

Ac(z) = - 'In /D exp(— BV (g, 2)) da,

which converges to A(z) when  goes to infinity. In our framework, the ABF method
applied to this extended system writes:

dX; = (=VV(X;) 4 ¢(Z; — &(X4))VE(Xy)) dt + /2~ 1dB,
a2, = ¢(€(X0) — B(§(X0)|Z0)) dt + \/25-1dB,,

where By is a m-dimensional Brownian motion, independent of By. Notice that by
construction, the orthogonality condition (@) 1s satisfied by Emeta, SO that the conver-
gence results of this section apply to these kinds of models.

Remark 7 (On the initial condition) If ¥¢(0,-) is zero at some points or is not
sufficiently smooth, then Al may be not well defined or I(1)*(0,-)|vS,) may be infinite
(which is in contradiction with [H}]). But since we show that 1 satisfies a simple
diffusion equation (see Proposition E), these difficulties disappear as soon as t > 0.
Therefore, up to considering the problem fort > t. > 0, we can suppose that (0, -) >
0.

Remark 8 (On the choice of the entropy) In the case of linear Fokker Planck
equations, it is well known that one can obtain exponential convergence to equilibrium

by considering various entropies of the form f h (%) du, where h is typically a strictly

convex function such that h(1) = 0 (see [}] for more assumptions required on h). For
example, the classical choice h(xz) = %(z —1)% is linked to Poincaré type inequalities
and leads to L?-convergence, while the function h(z) = zInx—x+1 we have used here
to build the entropy is linked to logarithmic Sobolev inequalities and leads to L' In L'-
convergence. However, for the study of the non-linear Fokker Planck equation ), it
seems that the choice h(x) = xlnx — x + 1 is necessary to derive the estimates, for
example to have the extensivity property of Lemma E

Remark 9 (Smoother evolution in time of A}) In practice, it may be useful to
update the adaptive potential A, in a smoother way in time, for example by replac-

ing (11) by )
a4;(z) = = (B (F(X0) [6(X0) = 2) - 41(2)) dt,

where F' is defined by (E) and T > 0 denotes a characteristic time (possibly depending
on (t,2)), to be fized. This amounts to replace A, by k, x A} in (Ld), where k. is an
exponential convolution kernel. Formally, we here consider the limit case T = 0. To
prove the convergence of A, towards A’ for T # 0 is an open problem.

Remark 10 (Enhancing the macroscopic rate of convergence) Let us consider
the case M = R. For an a-convex potential W, Corollary I] states that A} converges
towards A’ exponentially fast, with a rate X = B~ 'min(pm~=2,«a). This may seem
surprising since for large enough «, the rate of convergence is no more limited by .
However, it is typically expected that the constant Iy in assumption [H4] increases
with growing o, which means that the constant C increases in the convergence esti-
mate ) Moreover, in practice, if o is very large, 1S, is very peaked and some
parts of M are poorly sampled, so that the variance of the result is large in these
areas (which can not be seen in our convergence result). Actually, a good method to
enhance the rate of convergence at the macroscopic level while keeping a good sampling
and thus low variance, is to use a particle systems with many replicas and a selection
mechanism. We refer to /@] for more details.
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2.3 A convergence result for the adaptive dynamics ([[2)—([L1])

In this section, we present a weaker convergence result for another adaptive over-
damped Langevin dynamics, namely (@)f(@) For simplicity, we only consider the
case

M=Tand W =0,

but the results can be extended to the case M = R with a suitable W # 0, as in
Section P.g (see [H4] and [H4']). One interest of this dynamics and this result of
convergence is that they can be straightforwardly extended to the case of a multi-
dimensional reaction coordinate (see Remark E above). For the sake of conciseness,
we do not provide the details of the result in this case which follows exactly the same
lines (see [[] and Appendix [A] for formulas in the case of a multi-dimensional reaction
coordinate). Let us recall the dynamics ([2)—([L]) we consider here:

dX; = —v(v ~ A0 g) (X,) dt + \/25-1dB:, (26)

with the same definition as before for A;: Vz € T,

i) = B (F(X0) [6(X0) = 2). (27)

where F is defined by (f]). The associated non-linear Fokker Planck equation is now:

O =div (V(V = A0+ BV,

F|V§|_17/’(tv ')dUEz (28)

Al(z) = £22
t /E Ve[~ (2, dos.

The main difference with the dynamics (Ld)—([L1]) considered in Theorem [I] is that
the marginal distribution ¢ does not satisfy a closed partial differential equation.
Therefore, we do not know a priori that the Fisher information I(¢[4$,) converges
to 0. The strategy here is to directly estimate the derivative of the total entropy F.
We obtain a convergence result under two additional assumptions (see [H5]-[H6]).

Theorem 2 (Longtime convergence for the dynamics (12)—([L1)) Let (v, A})
be a smooth solution to (28) and let us assume [H1], [H2], [H3]. Moreover, we suppose

[H5] V and & are such that IR > 0, 1o satisfies LSI(R), (29)

and M8
m

Then the total entropy E satisfies:
VE® < E©) exp(—t)
mM 3

where A = 71 (—1 + ﬁ) R is positive using [H6]. In particular, as in Theorem E,

the biasing force A}, converges exponentially fast to the mean force A’.
The proof of this result is given in Section @ below.

Remark 11 (On assumption [H5]) In [1], Theorem 2], it is shown that if p =
exp(—H (z1, x2))dx1dzs is a probability measure on a product space X = X7 X Xo
(where X; are Euclidean spaces), if the conditional probabilities p(dxa|xi) satisfy
LSI(p2) (with p2 independent of x1) and the marginal i(dx1) satisfies LSI(p1), then p

12



satisfies LSI(p) provided the coupling between the two directions is bounded: 3r1,2 > 0,
V(xl,xg) S X1 X XQ,
|07, 2 H (21,22)] < K1 2.

Thus, in the simple framework of Section @ for example, where the configuration
space is TxR and the reaction coordinate is £(x,y) = x, the fact that Vo satisfies a LSI
(assumption [H5]) can be deduced from the fact that the conditioned distributions piso,»
satisfy a LSI (which is [H3]), the marginal 1S, satisfy a LSI (which is related to [H}))
and the coupling is bounded (which is [H2]). Thus [H5] is not needed as an additional
assumption compared to the framework of Theorem . The generalization of this result
to the case when X is not a product does not seem to be straightforward.

3 Proofs

One remark to simplify the presentation of the proofs is that we can suppose § = 1
up to the following change of variable: t =B~ Y(t,z) = Y(t,x), V(z) = BV (x) and
W (z) = W (x). Therefore, we suppose in the following that

B=1. (30)

3.1 Proof of Proposition [l and Theorem [I] in a simple case

In this section, we propose to prove Proposition [l and Theorem E| in the simple case
n =2, {(z,y) = x (so that we use in this section the notation x instead of z for the
reaction coordinate variable) and the configuration space is D = T x R (which means
that all the data are periodic with respect to the first coordinate x). In this case, we
thus have £ € T (M = T) so that we choose W = 0 (see [H4’]). Notice also that the
local mean force F is simply given by F = 8,V (see (). Our aim is to introduce the
main arguments in this simple case before presenting the general proof in Section @
In this simple setting, the system ([[4) writes (recall g = 1):

Opp = div (VV + Vi) — 0o (A30)),

0.V (z,y)(t, z,y)dy (31)
A; (ZL') = R ’
P (t, )

where ¢ (t,2) = [ ¥(t,z,y)dy. Notice that in this case 9§, = 1.
It can be checked that the assumptions [H2] and [H3| are satisfied in this context
for a potential V' of the following form:

V(SC,y) = ‘/O(zay) + Vl(z5y)

where infryr 9y Vo > 0, ||[Vi|lLee < 00, |02,y(Vo + V1)||L= < co. The potential V is
thus a bounded perturbation of an a-convex potential, with a bounded mixed deriva-
tive 0,4 V. Then, assumptions [H2]-[H3] are satisfied with m =1, M = ||0,, V|| L
and p = (infrxg Gy Vo) exp(—osc V1), where osc Vi = supy, g V1 —1nfqu]R Vi (see [B)).
Proposmonl is simply obtained by integration of (@) with respect to y € R:

Lemma 3 The density ¢ satisfies the following equation on T:

3151#5 = az,zwg- (32)

As stated in Corollary EI, this result already yields the exponential convergence to
zero of the macroscopic Fisher information (14 |14,) (this is the matter of Lemma [
below), and thus [H4] is indeed satisfied with Iy = I(¥%(0,)|¢S,) and r = 472

A fundamental lemma needed in the sequel is

13



Lemma 4 The difference between the biasing force A} and the mean force A’ can be
expressed in term of the densities as

- A= /8l(w)wdy aln(zjj).

Proof : This is a simple computation (using the fact that ¥$, = 1):

/8ln(¢oo)$£dy am( ) /alnzpwgdy /alnwwz’gdy Oz In )t

Outp Y
ng /a (V — A>wf dy — 9, In s,
:&fm

We will also use the following two estimates:

Lemma 5 Let us assume [H2[-[H3]. Then, for all t > 0, for allx € T,
/ I 2
[Ai(z) = A'(z)] < (|0 VL= ;em(t,x).
Proof : For any coupling measure 7 € II(i 4, fioo,z ), it holds:

A (x) — A'()] =

/ (0aV () — 0V (. 3/)) n(dy, df)|
RxR

ﬂ@MW/Iwamm

Q%WWV/IyM%@@)

Taking now the infimum over all # € TI(pt 4, ftoo,z) and using [H3| together with
Lemma E, we obtain

2
[A(z) = A(@)] < 102,y VLo W (pt.2 prooa) < (102 V| Lo ;H(Mt,zluoo,z%
which concludes the proof. &
Lemma 6 Let us assume [H3]. Then for all t >0,

1 Y
Bt <3 [ fom ()

Proof : Using [H3], it holds:

2

Y.

FE., / emth® dz,
Voo ¥
dyy*d
2p ( o ) ‘ ge e
which yields the result since 1¢ /9§ does not depend on . &

We are now in position to prove the exponential convergence of E,,(t) to zero
stated in Theorem [] (see Equation (R1)).
Equation (1) on ¢ can be rewritten as:

Oph = div (Yoo V(¥ /o)) + 0 ((A" = A})h).
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dt
and integrating over T x R. Thus, one obtains after some integrations by parts, using
a Cauchy-Schwarz inequality (to prove that ) is non positive) and Lemma E (used
twice):

dE,, dE dEy

dt — dt dt ’

Lo L) [l
Lo

L L)) e
o (E)an()e [on(5)]

5 9, In (1/7.0) P — /Taz In (w_ﬁo> YA, — A).
‘We now use Lemmas E and E:
2
oo ()
T P30

P < 2, +\//|A;A'|2wf
dt :

2
< —2pE,, + |\ax,yV||m/;Em\/l(wflwéo)-

Using [H4], we thus have:

d\/
% < v/ B + 100,V 10 35 exp(=r),

from which we deduce @)
Equation @) is then easily obtained using Lemma E

Notice that the derivative 22 can be obtained by multiplying this equation by In (%)

3.2 Proof of Proposition [ and Theorem [I] in the general case

We now present the proof of Proposition m and Theoremﬂl in the more general setting
of Section . The proof follows the same lines as in the simple case presented in
Section B.1f, but with additional difficulties related to the geometry of the submani-
folds X,.

We need the following result

Lemma 7 The derivative of 1¢ with respect to the reaction coordinate value reads:

azwf(t,z):/E <V5i+§|’§t") + div <|VV§2>W,~)> IVe| L dos,.

Proof :  For any smooth test function g : M — R, we obtain (using the co-area
formula (@) and an integration by parts):

/1/)5152 dzf/wtzgof()

- /D b(t,2)V(g 0 €) - VEVE| 2 (x) da
:—/Ddiv (%)goﬁdm,
_ _/M o) /E (%ﬁf") +div (IVZEIQ) w(t,-)) Ve[V dos, dz,
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which yields the result. O

Using this lemma, it can be shown that ¢ satisfies a simple diffusion equation, which
is Proposition .

Lemma 8 The density ¢ satisfies the following diffusion equation on M:
Ot = 0. (W'p* +0.9°) . (34)

Proof :  For any smooth test function g : M — R, we have (using the co-area
formula (BY), (14), an integration by parts and finally Lemma []):

/wﬁ gdz—_/¢ )go€da,

:/Ddiv (IVE[2(V(V — Ar o £+ W o &) + Vb)) g o Eda,
- [V (V0 — drog 4 Wo g+ VH) ey ocds
*/D|V§|’2(VV-V&/J+W-V§) g o&dx
Jr/DAtofg ogwdzf/DW o&g’ o &pde,

—/ / |VE| 72 (VV - VEY + Vi - VE) dos._ g (2) dz
MJIE,

+Aﬁwwwwwwlﬁwvwwwwm

7/’/(Wa*wwvmdwaMVHﬂwa*wd@gme

/»v (2)¢4(2)g'(2) dz
**/(zwaa+wxw%» '(2) dz,
M

which is a weak formulation of (B4). O

As stated in Corollary ﬂ, this result already yields the exponential convergence
to zero of the macroscopic Fisher information I(¢[¢S,) under adequate assumption
on W (this is the matter of [H4’] and Lemma [[3 below). We suppose in the following
that [H4] is indeed satisfied.

The equivalent of Lemma E writes

Lemma 9 The difference between the biasing force A} and the mean force A’ can be
expressed in term of the densities as

’ / _ Vé 1/} 2 o "/)E
At(z)fA(z)f/ |V£| -Vin (1/Joo> V¢ 2 dos, — 0. ln<w§)

oo
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Proof : Using Lemma ﬂ and the definition of A}, it holds:

Y Y (w) — V€| dos, —(’)ln(zg)

s, V¢l Voo %
- [, R ot [ B
—6Z1n¢5+azln¢m,
-5 [ Dggiver® i,
+/EZ %-V(V—Ao§+Wo§)%|V£|_2d022 — 0, Inyt —W'(2),
~ S e v () vt [ S e

— A'(2) — 0. Iny®,
= Aj(z) — A'(2).

The equivalent of Lemmas E and E write:
Lemma 10 Let us assume [H2[-[H3]. Then for all t > 0, for all z € M,
!/ !/ 2
|AL(z) — A'(2)| < My —em(t, 2).
p
Proof : For any coupling measure 7w € It -, foo,») defined on ¥, x 3, it holds:

A3 (z) = A'(2)] =

/ (Fw) ~ F)r(e,da)|.

<||Vs. Fll 1 \//2 .. (x,2")?nm(dx, dzx’).
X

Taking now the infimum over all 7 € I ;, tico,~) and using [H2]-[H3] together with
Lemma E, we thus obtain

/2
|A2(z) - A/(Z)| < MW(Mt,vaoo,z) <M ;H(,ut,zLuoo,z)v (35)

which concludes the proof. &

Lemma 11 Let us assume [H3]. Then for all t > 0,

s oo ()

Proof : Using [H3], it follows:

2

Y.

_ 13
B, /M et dz,
i w(ta)) 2 w(t,-)|v€|71d0'22
= /M 2p /Ez V. hl( Voo VE(t, 2)

which yields the result, using the co-area formula (@) &

Y dz,

We are now in position to prove the exponential convergence of E,,(t) to zero
stated in Theorem [] (see Equation (R1)). Equation ([4) on  can be rewritten as:

O = div (|VE[ T V(1 /) + div ([VE[T2V ((A = Ap) 0 €) ).
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Notice that the derivative ‘gf can be obtained by multiplying this equation by In (%)

and integrating over D. Thus, one obtains after some integrations by parts, using the
co-area formula (BY) and Lemma [J:

dE,, _dE dEy
dt — dt dt

_ v1n<“/’)2|vs|2¢+/< A)oeVe. vm( >|vs| 2,
woo D 1/1
+ (9111(1/})
M Q/Joo
¥ ¥ \\ o2
1 — In
/VZ “<woo> <|vs| v <woo)> Vel

+/M(A;A’)(z)/E % Vin (%) |VE|~2pdos. dz
oon (5]
7o () e [ (g v (52)) e
+/ </E % Vin (wi)wa 2pdos, >2(1/)5)1dz
/ /E e Vin (J:O>|V§| 2ydos. 0, ln<:/fo>dz

d,In (j—i) 21/;5.
Using the Cauchy-Schwarz inequality:

</ (é—é o (Ji)lw ) e
and Lemma [g again, we thus obtain

dE, 0
73*/7; Ve, n (w:)

We now use [H2], Lemmas [[( and [LT]:

dE,,

— < 2pm™?E,, +\// |AL — A7 g€
M

dt
2

< —=20m 2By + M| = Ep\/ T($6]05).
P

Using [H4], we thus have:

d\/_

+

M

+

M

Ve — /am(’/’—g)wf(A;A’).

2
9.1 <1/’—£)
M W5

I
< —pm 2/ En+ M 2—Oexp(—rt),
p

from which we deduce (R1)).
Equation @) is then easily obtained using Lemma .
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3.3 Proof of Corollary [

3.3.1 Convergence of the macroscopic Fisher information

Let us first show that in both cases considered in [H4’], the exponential conver-
gence [H4] of the macroscopic Fisher information indeed holds.

Let us first consider the case M = T and W = 0. We know from (R() that ¢
satisfies 9;1¢ = 9, ,4¢ on T, and we would like to show exponential convergence of
the Fisher information I (1% (t,-)[S,).

Lemma 12 (Convergence of the Fisher information when M =T and W = 0)
Let ¢ be a function defined for t > 0 and x € T which satisfies

Ot = Og 0 on T

and such that [, $(0,-) = 1, ¢(0,-) is non negative, and I(4(0,-)|pss) < o0, where
boo = 1 is the longtime limit of ¢. Then, Vt > 0,

I(6(t, )| doo) < 1(6(0,)]doc) exp(—87°t).

Proof : Let us denote u = y/¢. We notice that I(¢|¢oo) = [1 |0x In PP = 4 [1.|0,ul?.
Moreover, we have from (BJ)

2
Oru = Oy zu + M
U

i 2 (8Iu)2
o /T(amu) Q/Eamymymuﬁzu+2/l‘8m< " O,
2
= —2/((%@1;)2—2/ (0ru) Oz U,
T T U
aw((awu)s)
=9 2_o | VTP J
[ (0cy? -2 [ 2,
_ 2 2/ (Oyu)*
- Q/T(&wu) 3 )

< —8772/(611;)2,
T

Therefore,

where we have used the Poincaré-Wirtinger inequality on T, applied to d,u: For any

function f € H'(T),
2
N 1 2
/T<f /Tf) SMQ/T(azf)-
&

Let us now consider the case M = R and W # 0 which is such that W” is
bounded from below and % satisfies a logarithmic Sobolev inequality (as
M

stated in [H4]). We know from () that ¢ satisfies 96 = 0, (W'Y + 9,9¢)
on R, and we would like to show exponential convergence of the Fisher informa-

tion T(¢* (¢, )[¥,)-

Lemma 13 (Convergence of the Fisher information when M =R and W # 0)
Let ¢ be a function defined for t > 0 and x € R which satisfies

O =0y (W' +0:0) onR,
and such that [, $(0,-) = 1, ¢(0,-) is non negative, and I(4(0,-)|pss) < 00, where

by = —SPCW]

= T oW is the longtime limit of ¢. Let us assume that W' is bounded from
R
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below by a constant « and ¢ satisfies LSI(T), with T > 0. We can suppose without
loss of generality that
T > Q.

Then there exists Ip > 0 and r > 0 such that ¥Vt > 0,

I(¢(t,-)|¢oo) < Lo exp(—2rt).

More precisely, when o =T > 0, it is possible to take Iy = I($(0,)|poo) and r = a.
When o < T, for any € € (0,T), it is possible to choose r =T — ¢ for a well-chosen
constant Iy > 0.

Proof : The fact that 7 > « is clear since either a < 0, or a > 0 in which case it is
well-known that ¢ satisfies LSI(a) (see for example [B]), so that one can choose at
least 7 = a.

Let us recall the expression for the entropy H(¢(t,-)|¢oc) = [ (/P00 )¢ and the
Fisher information I(¢(t,-)|¢oc) = [5 |02 In(¢/doc)?¢. Since ¢ satisfies LSI(F), we
have

H(3(t, Mboe) < = T(0(8, o).

Moreover, by standard computations (see for example [), we have

d
D H(t, ) = (610, )[6)
and
2 2
%I(d)(tﬂ >|¢oo> - 72/]1& ¢i az,z In <¢i> $oo — 2/]R (bi 0z In (qﬁi) Wlld)oo.
(36)

If a = 7, we thus obtain from (Bg) that LI(p(t,)|dso) < —2al(¢(t,")|¢o0) Which
concludes the proof in this case.

Let us now suppose that a < 7. The technique of proof we propose is taken
from [[[7]. For any A > 0, we have

({1, )9me) + A((1,)]6x0))
Y B PO A Y L - P A A Y
= /nwoo Oal (qboo) $oo ”/nwoo Oz (%) b
¢ ¢\
—2)\/&05?.o Oz In (d):) Wb,
0 o (2)]
S*/R(””W o |22 <¢m> Ooc;
< *(1 + 2\ inf W//)I(¢(t7 )|¢oo)a
1+ 2a)
< BV (H(p(t,)|poo) + M (9(L; )| do)) -
We thus obtain that, for any A > 0,
H(O(0, o HATO( o) < (H(O(0. o) +AT(6(0.6)) exp (-3 7).
and therefore
60, 0m) < (FH60.6) + 100,10 ) exp (1501

Since % goes to 27 when A goes to 0, for any € € (0,7), one can find a A > 0

such that )\ﬂ??‘;‘?) = 2(F — ¢), which concludes the proof. &
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3.3.2 Convergence of the biasing force

Let us now prove the convergence result (@) for the biasing force.

In the case M = T (and thus W = 0), we can prove the convergence of ||A} —
A'||L2(T)y to zero in the following sense (which implies (B4), using (1)): for any ¢ €
0,1), ¥t > t.,

2 M?
4= Ay < T B (37)
where ¢, = min (0 “tn ( 1/ (0:4%(0,-))? )) This is obtained using the
fact that [L(0,0%(t, S (O1p® )? exp(—8m2t) (the proof of this estimate is

similar to the one of Lemma h) and the fact that for any function f € H(T),
2

al 2)
fog/T( f)

applied to f = ¢¢. Thus we have [[¢§ — 1||7 < [(8:4%(0,-)) exp(—872t) which
implies that for ¢ > t., ¢(t,-) > 1 — ¢ which yields (B7) from ().

Let us now prove (B4) in the case M = R, under assumption [H4’] on W. Let us
introduce a compact K C M. Since L*(K) C H'(K) (with continuous injection),

there exists ¢ > 0 such that
13 13
it )
(0 Lo (K P30 L2(K)

. wE 2 e 2
e (G

Thus, for any ¢ € (0,7), there exists C' > 0 such that

|-

"

L (K)

H— -1 < Cexp(—rt),

L>(K)

with r = 7 — ¢. This inequality is obtained from the fact that since S, satisfies
LSI(7), then 9§, also satisfies a Poincaré inequality with the same constant 7 (see
for example [H]), and a proof similar to that of Lemma @ for the convergence of the

¢ 2
Fisher information / (GZ (:f_g — 1)) wgo associated with the Poincaré inequality.
R )

Now, we write

3
[ 1t— s = [ - - [ a- (2 -1) s
K K K "/)oo
< [ 14— AP+ Cexp(—rt) [ 14— AT
R K

Thus, for ¢ sufficiently large, [} [A] — A’ |4S, is bounded from above by some constant
times [, A} — A’|?¢¢, which yields (P4) (using (R3) and (RI)).

3.4 Proof of Theorem P

Let us now prove Theorem E We still assume, up to a change of variable, that g = 1.

We have:
dE Y \|? ;o v
i V1n<1/1<>o) /D(AtA)o§V§~Vln<woo>1/),
2 2
Y
_ AL — A2y : L g
< /DVIn M| A |24) DV«E Vln(d}m) P
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Since, by Lemmas E and ,

2
Iy

M P D Q/Joo
we thus obtain

|V <wqi

<(- Héw—}l) v <wi>

where we have used the fact that, for any function f : D — R, |Vf]? = |Vs. f|? +

2

¥,

2

d
b "

1
dt_ Vg n

woo

7 (52)

‘ il -V f‘ . The logarithmic Sobolev inequality with respect to 1, (see [H5]) con-
cludes the proof.

A The co-area formula

The aim of this section is to state the co-area formula for a function £ : D — RP,
(where 1 < p < n) such that rank(V¢) = p. Classical proofs for the co-area formula
can be found in the books [ﬂ, E] These proofs are however quite involved since they
assume only Lipschitz-regularity for £&. The proof is simpler in the case of a smooth &:
it can be done by an adequate parameterization and a simple change of variables.

Lemma 14 (co-area formula) For any smooth function ¢ : R™ — R,

- ¢(z)/det G(z)dx = /Rp /z:z ¢pdoy, dz, (38)

where G is a p X p matriz with G; ; = V& - VE;. In the case p = 1, Equation (@)
reads:

[ owivewir= [ [ oo, - (39)

Remark 12 This formula shows that if the random variable X has law ¥ (x) dz in R™,
then £(X) has law

/ Y (det @)Y 2 doy_ dz,
P
and the law of X conditioned to a fized value z of £(X) is

Y (det G)~V/2 do,,

dp- .
e T 0 (det G) P o,

Indeed, for any bounded functions f and g,
E(f(£(X))g(X)) = - f&(@)g ()¢ (x) du,

_ / [ recovenc) 2o e
RP JX,

Js. 99 (det G)~1/2dos,

f( ) fz: Y (det G)~1/2doy;_

/ ¥ (det G)~V2dos, dz.
2.

The measure (det G)~/2dos,, is sometimes denoted by O¢(x)—~ n the literature.
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B Another possible set of assumptions for the con-
vergence of the adaptive dynamics ([[Q)—([T)

It is also possible to state a result similar to Theorem [] for the dynamics ([[0)-([L1)
under slightly different assumptions than [H2] and [H3] by introducing another Rie-
mannian structure on ¥, (see [[§]) than that induced by the scalar product of the am-
bient space D. Let us introduce the following scalar product: Vz € ¥, Vu,v € T, X,

(u,v)s, = u-v|VEP(2), (40)

where - denotes as before the scalar product of the ambient space D, and the associated
norm: Vx € X, Yu € T,.X,,

ulf, = (u,u)s. = [uf*|VE*(2).

Accordingly, the definition of the surface gradient is modified as follows? (compare
with (Ld)): For f: D — R,

Vs, f = |VE 2PV (41)

In particular, we have |Vx_ f|s. = |VE| 7L PV .
In this case, the Fisher information between the conditioned measures p; , and

fhoo.~ 15 (see [[[F]):

2

. ’l/)(tv) 7/’(t7')|V§|_1dUEZ
i) = [, [omn (52 #EE 0
Q/J(ta)> ’ —21/J(f,-)|v5|_1d0'22
— n (L)
/zz v “( v NV T ey

and the assumption [H3] is stated in terms of this new Fisher information:

V and £ are such that 3p > 0, for all z € M,
[H3’] the conditional measure 1o . satisfies LSI(p),
Y., being endowed with the Riemannian structure ([i(]).

Using this Fisher information, Lemma EI writes:

En(t) < 2ip/p PVIn <%>

o0
The definition for the Wasserstein distance is now stated using the geodesic dis-
tance dy,: Vz,y € ¥,

2
Vg2

ds_(z,y) = inf /0 |w(t)|§:z dt |w e C*([0,1],%.), w(0) =z, w(l) =y

Thus, the estimate of Lemma E is changed to:

A4 (2) = A'(2)] =

)

/z: . (F(x) — F(2"))n(dz,dx")

< [[Ivel = [PV \//E s ds. (z,2")*n(dz, d2’),
2 X2z

2With a slight abuse of notation, we still use the same notation Vs, to denote the surface gradient,
or I(ut,z|poo,2) to denote the Fisher information, or ds, to denote the geodesic distance, or p to denote
the microscopic rate of convergence, while these are not the same as in the rest of the paper, since the
Riemannian structure has been changed.
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where F' is defined by (). Notice that
VeI [PVF| = Vs, Fly .
Thus, assumption [H2] is modified as:

H2 V and ¢ are sufficiently differentiable functions such that
[H2’] V5. Flg. ||, <M < oo.

The rest of the proof remains the same, and exponential convergence is thus obtained,
assumptions [H2] and [H3] being respectively replaced by [H2’] and [H3’]. With this
set of assumptions, the rate of convergence is A\ = 37! min(p, 7).

Acknowledgements : This work is supported by the ANR INGEMOL of the
French Ministry of Research. TL would like to thank Ch. Chipot who initiated this
work by a question about the ABF method. Part of this work was completed during
a summer school of the GDR CHANT. We would like to thank F. Castella for the
organization of this school. We would like to thank C. Villani for pointing out []E] to
prove Lemma E

L

References

[1] L. Ambrosio, N. Fusco, and D. Pallara. Functions of bounded variation and free
discontinuity problems. Oxford science publications, 2000.

[2] C. Ané, S. Blachére, D. Chafai, P. Fougeres, I. Gentil, F. Malrieu, C. Roberto,
and G. Scheffer. Sur les inégalités de Sobolev logarithmiques. SMF, 2000.

[3] A. Arnold, P. Markowich, G. Toscani, and A. Unterreiter. On convex Sobolev
inequalities and the rate of convergence to equilibrium for Fokker-Planck type
equations. Comm. Part. Diff. Eq., 26:43-100, 2001.

[4] G. Bussi, A. Laio, and M. Parinello. Equilibrium free energies from nonequilib-
rium metadynamics. Phys. Rev. Lett., 96:090601, 2006.

[5] C. Chipot and A. Pohorille, editors. Free Energy Calculations, volume 86 of
Springer Series in Chemical Physics. Springer, 2007.

[6] G. Ciccotti, T. Lelievre, and E. Vanden-Eijnden. Sampling Boltzmann-Gibbs
distributions restricted on a manifold with diffusions: Application to free energy
calculations. Commun. Pur. Appl. Math., 2006. to appear.

[7] E. Darve and A. Porohille. Calculating free energy using average forces. J. Chem.
Phys., 115:9169-9183, 2001.

[8] L.C. Evans and R.F. Gariepy. Measure theory and fine properties of functions.
Studies in Advanced Mathematics. CRC Press, 1992.

[9] J. Hénin and C. Chipot. Overcoming free energy barriers using unconstrained
molecular dynamics simulations. J. Chem. Phys., 121:2904-2914, 2004.

[10] M. Tannuzzi, A. Laio, and M. Parrinello. Efficient exploration of reactive poten-
tial energy surfaces using Car-Parrinello molecular dynamics. Phys. Rev. Lett.,
90(23):238302, 2003.

[11] C. Jarzynski. Equilibrium free energy differences from nonequilibrium measure-
ments: A master equation approach. Phys. Rev. E, 56(5):5018-5035, 1997.

[12] T. Lelievre, M. Rousset, and G. Stoltz. Computation of free energy differences
through nonequilibrium stochastic dynamics: The reaction coordinate case. J.
Comput. Phys., 222(2):624-643, 2007.

[13] T. Lelievre, M. Rousset, and G. Stoltz. Computation of free energy profiles with
adaptive parallel dynamics. J. Chem. Phys., 126:134111, 2007.

[14] F. Otto and M.G. Reznikoff. A new criterion for the logarithmic Sobolev inequal-
ity and two applications. J. Funct. Anal., 243:121-157, 2007.

24



[15] F. Otto and C. Villani. Generalization of an inequality by Talagrand and links
with the logarithmic Sobolev inequality. J. Funct. Anal., 173(2):361-400, 2000.

[16] C. Villani. Topics in optimal transportation, volume 58 of Graduate Studies in
Mathematics. American Mathematical Society, 2003.

[17] C. Villani. Hypocoercivity. Technical report, ENS Lyon, 2006. available online
at http://www.umpa.ens-lyon.fr/ cvillani/Cedrix/pre.Hypoco.ps.

[18] F. Wang and D.P. Landau. Determining the density of states for classical statis-
tical models: A random walk algorithm to produce a flat histogram. Phys. Rev.
F, 64:056101, 2001.

25



