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Abstract Improved understanding of the impact of crystal mush rheology on the response of
magma chambers to magmatic events is critical for better understanding crustal igneous systems

with abundant crystals. In this study, we extend an earlier model by Liao et al. (2018); https://doi.
0rg/10.1029/2018jb015985 which considers the mechanical response of a magma chamber with
poroelastic crystal mush, by including poroviscoelastic rheology of crystal mush. We find that the
coexistence of the two mechanisms of poroelastic diffusion and viscoelastic relaxation causes the magma
chamber to react to a magma injection event with more complex time-dependent behaviors. Specifically,
we find that the system’s short-term evolution is dominated by the poroelastic diffusion process, while its
long-term evolution is dominated by the viscoelastic relaxation process. We identify two post-injection
timescales that represent these two stages and examine their relation to the material properties of the
system. We find that better constraints on the poroelastic diffusion time are more important for the
potential interpretation of surface deformation using the model.

1. Background: Magma Chamber Model With Poroelastic/Viscoelastic Mush

Petrological studies and thermodynamic models have long indicated that crustal magmatic reservoirs (i.e.,
magma chambers) contain an abundance of crystal mush, where “mush” refers to a system with melt con-
tained in a framework of crystals (Cashman et al., 2017; Marsh, 1989, 2013; Pritchard et al., 2018; Wieser
et al., 2020). Crystals have thermal and geochemical importance, as they can alter the chemistry and ther-
mal state of magma, and provide constrains on the thermal state and timescales of magma storage, ascent,
and eruption (Antonelli et al., 2019; Bachmann & Huber, 2016; Cooper, 2019; Costa et al., 2020; Rummel
et al., 2020; Singer et al., 2018; Sparks & Cashman, 2017). In recent decades, many research efforts have
been devoted to understanding how crystal mush evolves and interacts with magma, using quantitative
models and principles in thermodynamics, geochemistry, and geophysics. These models show that crystal
mush is also important for various mechanical processes, such as magma segregation, gas filter pressing,
and eruption onset via mush rejuvenation (Bachmann & Bergantz, 2006; Huber et al., 2011; Lamy-Chappuis
et al., 2020; Sparks & Cashman, 2017; Spera & Bohrson, 2018). Typically, crystal mush is treated in one of
two ways in these quantitative models, either as a discrete granular system where grain-to-grain interaction
is counted, or as a continuous system where the connected crystalline framework is treated as a viscous
fluid or elastic solid (Carrara et al., 2019; Gudmundsson, 2016; Liao et al., 2018; McKenzie, 2011; Schleicher
& Bergantz, 2017). Most of these works focus on crystal mush in open magmatic reservoirs, while only a
few studies focus on closed-system magma chamber models and the consequential ground deformation.
Typically, these closed-system models invoke elasticity of the crystalline framework, making the mush
material poroelastic, which conveniently allow prediction of deformation of the crust and surface (Gud-
mundsson, 2012; Liao et al., 2018). In a recent study, Liao et al. (2018) demonstrated that poroelastic crystal
mush can significantly alter the response of a mushy chamber in its pressurization and stress development.
Realistically, the rheology of crystal mush, when treated using continuum mechanics, is most likely to be
both elastic and viscous, as it resides between the viscous (i.e., crystal suspension) and elastic (i.e., rock)
end members (Aharonov & Sparks, 1999). Although connecting crystals form a rigid, elastic framework,
the crystals may slide past each other under stress, causing the matrix to viscously relax. The coexistence
of both elastic and viscous deformation when a magma chamber experiences pressurization could cause
unique geodetic signatures, such as distinct or multiple timescales or non-monotonous changes in ground
deformation. Here, we expand Liao et al. (2018) to incorporate a more complete rheology including both
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elastic and viscous response of the crystal mush. We subject the magma chamber to a magma injection
event and observe the effects of mush rheology on the response of the chamber in its pressurization, associ-
ated ground deformation, and timescales. As magma chamber deformation models are needed for geodetic
inversion, conclusions from our study could yield insights on the interpretation of geodetic data caused by
magma chamber deformation.

2. Magma Chamber Model With Poroviscoelastic Mush in a Half-Space

Our model is built on several assumptions which simplify the problem and allow for analytical solutions.
For the ease of comparison with previous mechanical magma chamber studies, we assume a spherical
magma chamber and radial symmetry of mush distribution (Dragoni & Magnanensi, 1989; Karlstrom
et al., 2010; Liao et al., 2018; McTigue, 1987; Segall, 2016, e.g.). There are multiple choices for a mush rhe-
ology that display both elastic and viscous features, and here we apply the classical linear poroviscoelasticty
(Biot, 1962; Cheng, 2016) for analytical convenience. For simplicity, we consider the crystalinity/porosity
and material properties to be uniform across the shell, and constant through time. In this model, we con-
sider only mechanical processes, hence, thermodynamic processes such as dissolution/crystallization and
volatile exsolution are neglected. Thus, our model is a simplification that can nevertheless provide useful
insights into the behavior of mushy magmatic systems, and more refinements would be required in future
studies to develop models suitable for simulating realistic volcanic systems.

The magma chamber consists of a three-dimensional spherical core of liquid magma within a shell of
crystal mush. The magma chamber is hosted in a half space of linear elastic crust with a traction-free upper
surface. We approximate the surface deformation in vertical and horizontal directions following the same
approach used in earlier studies (McTigue, 1987; Segall, 2016, 2019).

We assume a simplified magma injection event, where magma enters into the liquid core at a constant in-
jection rate during the injection period 0 < ¢ < t;,; (Figure 1b), leading to the accumulated mass of injected
toM
magma Mipjeer = — fort <t and Myyee = OM for t > t;;(see Table Al for definitions).
inj

During and after the injection, magma is allowed to flow across the liquid-mush interface and within the
mush, driven by the gradient of pore pressure P;. The motion of pore magma follows Darcy’s law and mass
conservation

- K
q=——VF (1a)
ny
O -
TV (o) =0 (1b)

where ¢ is the Darcy velocity (positive values indicates the flow direction from magma core to the chamber
wall), «x is the permeability of the mush, 7;is the magma viscosity, and p;is the density of pore magma. The
variation in fluid content is described by the function m (r, t), which is defined as the change in pore fluid
mass per un-deformed volume of mush located at radius r (positive value m > 0 indicates that the pores
in the mush gain magma). The integration of m across the mush shell leads to the total amount of magma
transported between the liquid and the mushy region

M = ,[f" 47z'r2m(r,t)dr @)

where M., (t) is the accumulated amount of magma transported across the magma-mush boundary. Mjeax
> 0 indicates that magma is flowing from the liquid core to the mushy shell (i.e., “leaking”). We calculate
the pressure change P, in the liquid core upon mass injection assuming isothermal compression, which
depends on the amount of injected magma M., the amount of magma exchanged between the core and
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Figure 1. (a) Geometry of the mushy magma chamber model The magma chamber contains a fluid magma core
(bright red) and poroviscoelastic mush (dark red), situated in an elastic crust (gray). The cartoon is adapted from (Liao
et al., 2018), with several important quantities marked including: core pressure P;, pore pressure Py, tensile stress o,
force balance on the two interfaces, and transport of magma in the mush region (red curved arrows). The chamber is at
depth d from a free surface with radius R, and liquid core radius r,. (b) Accumulated amount of injected magma M;pject
(v axis on the right) and injection rate 7,y (v axis on the left) as functions of time, t;, is the length of the injection. The
shaded area indicates the syn-injection period 0 < ¢ < £;;.

mush M., and the volume change of the liquid core indicated by the radial displacement u,, (r,) on the
core-mush interface. After linearization, the pressure change is (Liao et al., 2018):

M. .
B(t) = K,( ]“’/’;(I) _ Mllevalk(’))(l _3um(ro,t)j )

0 0 r{)

where K; is the bulk modulus (1/compressibility) of the core and injected magma, and M, is the pre-injec-
tion magma mass in the liquid core (see Appendix A). The injection causes the chamber to inflate, which
leads to increased displacement “rck and elastic stress oy, in the surrounding crustal rocks, following the
constitutive relation for linear elastic material

2 _ - -
Orock = (Kr - gﬂr]V ! ur{)ckI + 4, (Vumck + VurTack) (4)

where K, and y, are the bulk and shear modulus of the host rock, respectively. It is worth noting that both the
stress component in the tensile direction 6® on the chamber-rock boundary (Figure 1a) and overpressure in-
crease during the inflation of the chamber, which may cause the chamber’s wall to rupture (Albino et al., 2010;
Currenti & Williams, 2014; Gerbault et al., 2018; Grosfils, 2007; Gudmundsson, 2012; Karlstrom et al., 2010;
Pinel & Jaupart, 2003; Zhan & Gregg, 2019). In our current model, the rupture of magma chamber is omitted.
To capture both the elastic and viscous aspects of the crystaline framework in the crystal mush, we apply a lin-
ear poroviscoelastic rheology. The constitutive relations we invoke here are equivalent to the ones developed
by Biot (1962), which combine linear poroelasticity with a Maxwell viscoelastic relaxation model. The strain
€m, Stress gy, variation in fluid content m, and pore pressure Pyobey the constitutive relations

o n, ot ot

m

oP,
[%_,_”_mo-m]_%&n(gm)[ = zﬂm%‘F(Km _%ymjwl_a_fl (5a)
t

a

= pa| T +—FP 5b

" pf ( r(em) Ku_Km f] ( )
where K, is the drained modulus (i.e., the bulk modulus of the crystalline framework), and K, is the
undrained modulus (i.e., bulk modulus of the whole crystal-fluid ensemble). « is the poroelastic constant
(also known as Biot constant) with a value from 0 to 1, determined by the strength of the crystalline frame-
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Km
work relative to that of the single crystal (represented by its bulk modulus K;) as & = 1 = k- We assume
s

that the crystalline network itself is weak compared to the single crystals, thus K,, < K, leading to a large
a. We use o = 0.9 for the rest of the study which is chosen based on the likely slit-shaped pores in the crystal
mush, which are expected to cause an alpha that is, large but less than unity. This value is consistent with
experimental results (Liao et al., 2018; Makhnenko & Labuz, 2016). The viscoelastic relaxation of the crys-
talline matrix is determined by its rigidity u,, and shear viscosity 7,,. We can verify that the poroelastic and
viscoelastic rheologies are two end members of the poroviscoelastic rheology: when matrix viscosity 7,, —
o, (2) reduces to linear poroelasticity (Biot, 1941; Cheng, 2016); when pore pressure is decoupled from the
stress (i.e., @ = 0), (2) becomes the classical Maxwell formulation (Jellinek & DePaolo, 2003; Segall, 2016).
In the model, we assume that the viscous relaxation of the mush network primarily occurs in the shear
component (i.e., infinite bulk viscosity), hence omitting the compaction effect. The deformation in the host
rocks and the mush shell obey quasi-equilibrium condition

V. o-m,r()ck =0 (6)
and boundary conditions,

P +0,(,)=0 (7a)
B = P(r,) =0 (7b)
O-lrnr(R()) - O-l,:(';c'k(R()) =0 (7C)
ﬁm(R()) - ﬁmck(Ro) =0 (7d)

oP,
L R)=0 (7e)

or
Uyock (r =) = 0 (7f)

which prescribes force balance, continuity (in displacement and fluid pressure) at both the magma-mush
and mush-rock boundaries, and a chamber wall impermeable to the pore magma. The above constraints
determine the unique time-dependent solutions, which are calculated using Laplace transform (see Appen-
dix A). We follow earlier studies to approximate the surface deformation resulting from the deformation of
a spherical chamber (McTigue, 1987; Segall, 2016, 2019)

_om(Rp.H Ry  1-v

2 3
H, d 5 5
%+1

ol (RyyD Ry 1-v  p
d

2 3
My d 5 5
P11

MZ(PJ) =

(®)

u,(pit) =
d2

where u, and u, are the vertical and horizontal displacement on the surface z = 0, measured at a radial
distance p; v is the Poisson’s ratio of the elastic crust, O is the radial component of stress at the cham-
ber-crust interface. Earlier works demonstrated that when the depth of the magma chamber d is modest-
ly larger than the chamber’s radius d/R, > 2, (8) provides good estimations for the deformation on the
surface (Segall, 2016). In our study, we assume d/R, between 3 and 10 for precise approximation of the
ground deformation. Because the poroviscoelastic mush is subjected to two different mechanisms (poroe-
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lastic diffusion and viscoelastic relaxation), we identify two timescales that represent the two mechanisms
respectively (see Appendix A)

z-diﬁ’usion = P 4 (93)
(Ku - Km)(Km + Sﬂm)
77"1
Trel ion T T 9b
cosaion =" (9b)

where Tgifmsion 1S the poroelastic diffusion time and T,elaxation iS the viscoelastic relaxation time. We verify that
the crystal mush is poroelastic when Tejaxation = %, and viscoelastic if 7yusion = 0. Given the uncertainties in
parameters such as mush permeability, crystalline rigidity and viscosity, magma viscosity and compressibil-
ity, Trelaxation @0d Taifrusion can have a wide range of values. For example, the poroelastic diffusion time Tyfusion
ranges from 6 days to 160 years assuming a magma chamber with 1 km radius and parameters similar to
those used in other studies (& = 0.9, #n =1 GPa, K;= 1 GPa, x € [107"°, 10~*|m?, and 7y € [10', 10°] Pas)
(Liao et al., 2018; Makhnenko & Labuz, 2016; Schmeling, 1985; Schmeling et al., 2012; Shaw et al., 1968).
Further, assuming a crystalline viscosity similar or smaller than heated rock (7,, € [10', 10"*] Pa. s), the
resulting viscoelastic relaxation time Tejaxation ranges from 4 months to 30 years (Cheadle et al., 2004; Mc-
Kenzie, 2011; Segall, 2016). Below, we choose the case of a poroviscoelastic mush subjected to both mech-
anisms with comparable time scales Tyirusion = Trelaxation tO illustrate the basic features of a poroviscoelastic
mushy chamber.

It is worth noting that, although the current model fills the gap in rheology assumed in Liao et al. (2018),
many assumptions are still made to simplify the problem. These assumptions, including the spherical ge-
ometry, radial symmetry in magma chamber deformation, homogeneity in crystal mush distribution, ne-
glected thermal effects and matrix compaction under finite bulk viscosity could all affect how a more realis-
tic mushy magma chamber reacts to magma injection, and, while beyond the scope of this study, should be
examined and evaluated in future studies.

3. Model Results

For ease of comparison, the parameters we use in the current study are similar to those used in (Liao
et al., 2018). We show the dimensionless analytical solutions normalized by the length scale R, (chamber
radius) and stress scale y, (shear modulus of hosting rock). Similar to poroelastic or viscoelastic mush, the
poroviscoelastic mush causes the magma chamber and its surrounding crust to continue evolving after the
injection has stopped (Figures 2 and 3), as opposed to a fluid chamber that reaches steady state as soon as
the injection ends (Figure 4). We find that the time-dependent evolution of the poroviscoelastic mushy
chamber is, at different times, dominated by either poroelastic diffusion or viscoelastic relaxation. Except
for the case of very long injection time, the qualitative behaviors of the chamber are robust for a wide range
of material properties (see Section 3.2). Below, we examine the features of deformation, pressure, stress, and
magma transport in both stages.

3.1. Syn- and Post-Injection Evolution of Magma Chamber With Poroviscoelastic Mush Shell

We examine time-dependent magma chamber deformation during three stages: Syn-injection, shortly
after the injection, and long the after the injection. During the syn-injection period, magma is added into
the liquid core at a constant rate (shaded area in Figure 1b), increasing the pressure in the core magma
(Figure 4a), and pushing both the magma-mush boundary at r = r, and the mush-rock boundary at r = R,
outward (Figure 3a). The expansion of the whole chamber causes the tensile stress in the rock surround-
ing the chamber and ground deformation to increase with time (Figure 4b). During the syn-injection
period, pressure in the liquid core always exceeds the pore pressure in the mush shell. As a result, some
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Figure 2. Cartoon illustration of the three stages in the dynamic evolution of a mushy magma chamber: syn-injection
stage, poroelastic diffusion-dominated stage, and viscoelastic relaxation-dominated stage. Gray arrows indicate

the direction of the radial displacement of the magma-mush and mush-rock boundaries, and red arrows show the
direction of magma transport. Illustration of pore magma transport and their possible chemical signatures are shown
in the zoom-in panels. The deformation dominated by poroelastic diffusion is consistent with the evolution shown in
Figure 3(b), and the viscous relaxation-dominated regime is consistent with Figure 3(c).

magma in the liquid core flows into the mush (Figure 5a), increasing the pore pressure in the mush (See
Figure B2 in Appendix B). The syn-injection period ends at t = t;,;, when the injection rate drops to 0. At
the end of the injection, a fluid pressure gradient remains that sustains magma flow from the core fluid
into the mush.

The short post-injection period begins when the injection stops, at t = £, Without more magma injection,
the fluid core loses magma due to porous flow into the mush, causing the pressure in the liquid core to de-
crease. The liquid-mush boundary retracts inward and the liquid core shrinks in response to the decreasing
core pressure and mush expansion (Figures 5b, 4a, and 3b). This feature is similar to that of a chamber with
poroelastic mush (see Figure 3b in Liao et al. (2018)). Although viscous relaxation also occurs during this
period, it is not strong enough to noticeably deviate the evolution of the system from that of a poroelastic
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Figure 3. Displacement in the poroviscoelastic mush shell during and after injection. The thickness of the mush shell is half of the total chamber radius (7, = R,/2)
with equal relaxation and diffusion times Tyejaxation = Taiffusion- A total amount of magma 6M = 0.02M, is injected for the duration of fiyjection = Taifrusion/ 10. Left panel
shows the displacement u(r)/R, (normalized by the chamber radius) as a function of radial position r during the injection 0 < t < f;pjecion, Where the black dash

line indicates the displacement profile at the end of the injection ¢ = fiyjection; middle panel shows the displacement during a short time period after the injection
tinjection < t < 4tinjection, Where the black dash line and black solid line show the profile at ¢ = fisjection a0d t = 4f;pjection, Tespectively; right panel shows the displacement
for longer period after the injection ¢ > 4f;yjecion, Where the black solid line indicates the profile at t = 4fjjeciion- The left and middle panels are qualitatively similar

to the evolution of a poroelastic shell (see Figure 3 in Liao et al. (2018)). The poroelastic dominated and viscoelastic dominated deformations are also shown in
cartoon illustration in Figure 2. Other parameters include o = 0.9, r,/R, = 1/2, Kj/u, = 0.5, Kj/u, = 0.1, K/t = 5/3, i/ ptr = 1/2, ¢, = 0.2.
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Figure 4. Syn- and post-injection evolution of liquid core fluid pressure P, (normalized, panel (a), and tensile stress
6% (normalized, panel (b) as functions of time, with initial short period evolutions zoomed in insert panels. Purple
broken line corresponds to a mushless liquid chamber with the mushy chamber’s liquid core radius ry = 0.5R,; blue
solid lines, black dotted lines, and black solid lines correspond to a mushy chamber with poroviscoelastic, poroelastic,
or viscoelastic mush shell respectively. Other parameters are the same as in Figure 3. 7, is an arbitrary scale for
normalizing time and its actual value has no contribution to the result. The response of poroviscoelastic mush (blue
line) is nearly identical to that of poroelastic mush (black dash line) in the short time period (zoom-in panel), and
similar to that of a viscoelastic mush (black solid line) in the long time period.

chamber. Because of these qualitative similarities, we consider the short time period post-injection evolu-
tion to be dominated by the poroelastic diffusion mechanism (middle panel in Figure 2).

With time, the effect of viscoelastic relaxation becomes more apparent—as the poroelastic effects dimin-
ish—and the system begins to show features similar to those displayed by a purely viscoelastic mushy cham-
ber. During this period, the viscoelastic relaxation causes outward creeping and compression of the whole
mush shell (Figure 3c), reversing the motion of the previously retracting liquid-mush boundary and push-
ing it outward again (Figure 2b). The outward movement of the liquid-mush boundary causes the volume
of the liquid core to expand, and the pressure in it to further decrease (Figure 4a). The outward creeping
of the mush-rock boundary causes the tensile stress in the host rock and ground deformation to continue
increasing (Figures 4b and 8a). Eventually, the liquid core pressure becomes less than the pore pressure in
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Figure 5. Darcy velocity of pore magma ¢ (radial component) in the poroviscoelastic mush shell, as a function of radial position r, during and after injection.
The thickness of the mush shell is half of the total chamber radius (r, = R,/2) with equal relaxation and diffusion time Tyejaxation = Taiffusion- A total amount of
magma SM = 0.02M, is injected for the duration of fisjection = Taifrusion/ 10. The velocity is normalized by velocity scale xu,/n;R,, where x is the mush permeability,
s the crustal rock rigidity, 7, is the viscosity of pore magma, and R, the radius of the chamber. Positive values of q indicate the magma flowing from the core
to the mush, and negative values indicate flow from the mush into the core. Left panel corresponds to syn-injection evolution 0 < f < fipjeciion, Where the black
dash line indicates the velocity profile at the end of the injection ¢ = fyjcciion; middle panel shows the pore magma velocity during a short time period after

the injection figjection < £ < 5.4finjection, Where the black dash line and black solid line show the profile at £ = fipjection and £ = 5.4finjection, respectively; right panel
shows the velocity for longer period after the injection t > 5.4f;jcciion, Where the black solid line indicates the profile at t = 5.4f;jcciion- The poroelastic dominated
and viscoelastic dominated pore magma flow direction are also shown in cartoon illustration in Figure 2. The region where q < 0 in the right panel indicates
the change in flow direction of the pore magma, which corresponds to the onset of decrease in the amount of cumulated leaked magma (see Figure B2 in
Appendix B for the amount of transported magma). Other parameters are the same as in Figure 3.
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the adjacent mush due to the loss of core magma and the expansion of the core. This reverses the pressure
gradient direction at the magma-mush boundary resulting in porous flow from the mush into the core
(Figure 5c¢), returning most of the previously leaked magma back into the core at a slower speed (Figure 6).
This stage, where the magma chamber is dominated by viscoelastic relaxation, lasts until the system reaches
a new steady state. Although the decrease in chamber pressure and increase in tensile stress of the crust
during this period are similar in sign to the poroelastic diffusion dominated stage, the rate of change in
these quantities is much lower, as is reflected by a nearly indiscernible strain rate at the wall of the chamber
(Figure B1 in Appendix Appendix B) and slow increase in ground elevation (Figure 8).

3.2. Timescales in Post-injection Evolution

Compared to the poroelastic case where one timescale can be identified to describe its post-injection evo-
lution (Liao et al., 2018), a chamber with poroviscoealstic mush requires two timescales to characterize
the non-monotonic changes in pressure, stress, and magma transport (Figures 4 and 6). To determine the

short-period evolution time tf,';‘;f' , we numerically calculate the time it takes for the pressure gradient at
the magma-mush interface to reverse, and for magma to begin to leak back into the liquid core (Figure 6b)

long (e calculate the time it takes for

after a sudden injection. To determine the long-period evolution time 7,7,

the system to approach a final steady state after injection. We obtain this time by examining the analytical
I

post>
a steady state (see Appendix Appendix A and Liao et al. (2018)). Following a sudden injection at ¢t = 0, the

short

evolution of the system during time period 0 <7 <1,y

solutions and choosing the longest exponential decay time. After 7.}, all quantities in the system approach

is consistent with a poroelastic diffusion domi-
nated stage, represented by a relatively rapid decrease in chamber’s pressure P;, a rapid increase in tensile
stress 0%, and core-to-mush magma transport. Over the time period t,‘f;‘;,” <t< tﬁj’:ﬁ , the system behaves
consistently with a viscoelastic relaxation dominated stage, characterized by a slower decrease in chamber’s

long

pressure, slow increase in tensile stress, and mush-to-core magma transport. Over the time period # > 7,74,

the system remains dominated by viscoelastic relaxation, although its evolution is slow enough to be regard-
ed as approaching a new steady state.

We found that both t;’fg{’ and tﬁ,’jﬁ’ﬁ depend on the material properties (e.g., Taitfusion aNd Trelaxation) and ge-
ometry of the system (e.g., 1,/R,). Although Tgifusion aNd Trelaxation DOth affect 1o and "¢ it is clear

post post ?

short

that the short-period evolution time 7,5

is more sensitive to T4imusion; Whereas the long-period evolution

time fﬁf:ﬁ changes more sensitively With Trejaxation (€XCEpt When yirusion 1S Orders of magnitude larger than
Trelaxation) (Figure 7). Considering that the early post-injection evolution of the system corresponds to
faster change and higher strain-rate, we consider it to be potentially more relevant to geophysical obser-
vations (e.g., deformation, seismicity), hence constraining the value of 74ysion iS important for comparing
the model to field data. According to (9a), Taifmusion iS determined by parameters with potentially large
degrees of uncertainty, such as the poorly constrained mush permeability x, and the magma viscosity
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Figure 7. Post-injection short-term evolution timescale ! ;:f;;t (right) and long-term evolution timescale t;f:sg (left)
shown as functions of viscoelastic relaxation time Tyejaxation and poroelastic diffusion time Zyigrsion Of @ mushy magma
chamber with r,/R, = 0.5. The long-term evolution time tifo"ﬁ is more sensitive to the change in viscoelastic relaxation
time; the short-term evolution time is more sensitive to the change in poroelastic diffusion time.

75 which has a wide range of values depending on temperature, degree of crystallization, and chemical
compositions. Reasonable variations in these parameters can cause Tgysion t0 Vary across orders of mag-
nitudes from days to hundreds of years. For these reasons, better constraints on these parameters via
petrological observations and thermodynamic models are crucial for evaluating rheological models such
as the one proposed here. It is also worth noting that the two post-injection timescales are defined based
on the evolution of magma chamber following a sudden injection, and can qualitatively describe the be-
havior of a mushy chamber when the injection is much shorter than both Tyirusion O Trelaxation- FOT Very long
injection times (i.e., low injection rates), however, the diffusion-dominated stage becomes very short, and
the chamber would qualitatively display characteristics of the relaxation-dominated stage soon after the
injection (see Figure B3 in Appendix B).

4. Implications and Future Studies

Our model allows to explore the consequences of magma injection in a chamber with a poroviscoelastic
mush layer on some common observations made in magmatic systems. In this section, we discuss two
examples of implications of our model for geodesy and petrology. Although these predictions are highly
generalized at this stage, they indicate the potential for future model development that incorporates more

(3)1 20 maximum surface uplift (b) maximum rate of surface uplift

==poroviscoelastic chamber

100 H - 80 =—viscoelastic chamber

E =—poroviscoelastic chamber = fluid chamber
1 =—viscoelastic chamber <]
sor . N
= = fluid chamber T
£ 60 E
-, ;=

=}

40

du_/dt
z

g e 1 e . e e e

20

time (year) time (year)

Figure 8. Vertical surface uplift (panel a) and rate of surface uplift (panel b) as functions of time during and after
injection, for a liquid chamber (purple broken lines) and a mushy chamber with either poroviscoelastic (blue solid
lines) or viscoelastic (black solid lines) mush (diffusion and/or relaxation time ~10 years). The center of the magma
chamber is located at a depth of 4.5 km, with a radius of 1.5 km. The injection assumes a volumetric injection rate
of 1.12 m?/s for the duration of 1 year, indicated by black dash line in panel (a) The rate of ground deformation has

been smoothed using a piece-wize, low-pass Butterworth filter to eliminate numerical artifacts caused by the Laplace
inversion algorithm.

LIAO ET AL. 90f19



V oad |
AGU

Journal of Geophysical Research: Solid Earth 10.1029/2020JB019395
AND SPACE SCIENCE
(a) vertical deformation independent of Ro (b) horizontal deformation independent of R0
10 —d=10,50% mush,AV=0.0084
—d=20,50% mush,AV=0.0084
—d=10,50% mush,AV=0.0252 2
8 —d=10,5% mush,AV=0.0084
£ g °
E° E
= 55-2
4
—d=10,50% mush,AV=0.0084
2 -4 —d=20,50% mush, AV=0.0084
—d=10,50% mush,AV=0.0252
0 " —d=10,5% mush, AV=0.0084
-50 0 50 -40 -20 0 20 40
plkm) plkm)

d

id s

- / ;
o ‘ ..........

' t

Figure 9. (a) and (b) show vertical and horizontal displacement at the surface for different combination of burial
depth d (km), mush volume fraction, and injected volume AV (km®). The ground deformation increases with mush
volume fraction, injected volume AV, and decreases with burial depth d, but does not vary with the size of the chamber.
(c)-(e) are cartoons illustrating three different magma chambers under the same magma injection. Tensile stress,
chamber pressure, and ground deformation in the new steady state (t — o) are shown in all three cases (not to scale).
Case (c) represents a liquid chamber with radius ry; case (d) represents a mushy chamber with total chamber radius r;
case (e) represents a mushy chamber with liquid core radius ro. All three chambers are buried at the same depth d and
subjected to the same amount of injected magma AV. Cases (d) and (e) cause the same ground deformation as they
have the same mush volume fraction, but cause different tensile stress and pressure.

realistic and complex features of natural magmatic systems to provide novel ways to interpret volcano geo-
physical and petrological data.

4.1. Implication on the Interpretation of Ground Deformation

One consequence of the existence of mush in a magma chamber is prolonged ground deformation after
the injection has ceased due to redistribution of pore magma and/or relaxation of the crystalline frame-
work. For example, a 1.5 km mushy magma chamber at 4.5 km depth undergoing a one-year injection
with a moderate rate of 1.12 m®/s would cause an additional 30 mm of ground uplift (1/3 of total up-
lift) over 3 years after the injection has stopped (Figure 8a), whereas a fluid-filled chamber under the
same circumstances would cause no additional ground uplift once the injection has stopped (Le Mével
et al., 2015). The time-dependent changes in the rate of ground deformation for a mushy chamber is also
distinct from those for a liquid chamber hosted in elastic rock. Specifically, our mushy chamber model
predicts an increasing syn-injection ground uplift rate, and decreasing post-injection uplift rate, such
that the strain rate and uplift rate reach their maximum at the end of the injection (Figure 8b). These
characteristics (i.e., increasing then decreasing uplift rates of ground deformation) have been observed
at various volcanic systems, for example, at Long Valley Caldera, Campi Flegrei, and Laguna del Maule
(Le Mével et al., 2016). At Laguna del Maule volcanic field in Chile, they are explained as consequences
of time-varying injection rates (Le Mével et al., 2016). While time-dependent injection rates driven by
magma supply dynamics from deeper reservoirs or mantle plumes are possible (Bato et al., 2018; Poland
etal., 2012, e.g.), the combination of injection, pore magma transport, and relaxation in a mushy chamber
provides an alternative explanation, following the common practice of assuming constant or exponen-
tially decreasing injection rates (Biggs & Pritchard, 2017; Huppert & Woods, 2002; Segall, 2016). Several
other mechanisms, such as relaxation of the crust and hydrothermal circulation, can further complicate
ground deformation signals, which demand more complex magma chamber deformation models (Novoa
et al., 2019; Segall, 2016).
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Although the time-dependent features in ground deformation may suggest the existence of a mushy
chamber, the magnitude of ground deformation caused by a deforming mushy chamber is limited in its
ability to constrain key parameters of the chamber such as its volume, pressure, and likelihood to rupture.
Similar to classical models, the depth of the magma chamber d can be straightforwardly obtained from
8 by comparing the vertical and horizontal components of the displacement d = u,o/u, (Segall, 2019).
With d and the elastic properties of crustal rock constrained, the ground deformation further constrains
omVy o« AV (or PV, if there is no mush, AV is injected volume), but cannot constrain pressure/stress

and chamber volume individually. We find that when the depth d is fixed, the amplitude of ground defor-
3

mation U, . % AV— Therefore the ground deformation increases with the volume ratio of mush and is

o

independent of the size of the chamber (Figure 9): for the same injection event, a large chamber with 50%
mush and a small chamber with 50% mush cause the same ground deformation, and that a liquid cham-
ber always causes smaller ground deformation than a mushy chamber, regardless of its size. On the other
hand, the pressure and the tensile stress depend on both the volume ratio of mush and the total volume of
the chamber. Therefore, a small liquid chamber may cause smaller ground elevation compared to a large
mushy chamber, but is more likely to erupt due to higher pressure and tensile stress. This non-unique-
ness poses a challenge to applying our forward models to interpret ground deformation data. Combining
ground deformation data with other geophysical measurements, such as seismic, electromagnetic, and
gravimetry measurements, is necessary to provide constraints on the volumes of liquid and mush, and to
increase the applicability of models as proposed here (Magee et al., 2018; Ward et al., 2014).

4.2. Implication on the Interpretation of Crystal Zoning

One implication of the poroviscoelastic magma chamber model for petrologic interpretations is the po-
tential reversal of melt transport directions to produce chemical zonation in phenocrysts via exposing
crystals to pore magma with evolving chemical fingerprints (Figures 2, 6b and B2). Chemically zoned
phenocrysts are seen as sensitive recorders of magmatic conditions. A variety of processes are linked
to zonation including changes in the temperature, composition, pressure, water content, and oxygen
fugacity of the host magma (Ruprecht & Worner, 2007, e.g.) or by transport of crystals through gradients
in physico-chemical properties in a zoned magma chamber (Ginibre et al., 2002, e.g.). Whereas simple
zonation of a mafic core and more evolved rim (or vice versa) are commonly explained by magma mixing
events; more complex zonation, including oscillatory zoning, require similarly complex physical mecha-
nisms (Ginibre & Worner, 2007; Perugini et al., 2005). We suggest that complex zonation features could
also develop in phenocrysts due to transport of melt in and out of the mush zone. Oscillatory zoning, for
example, could form near the melt-mush interface as crystals are washed by outward (e.g., more prim-
itive, hotter) and inward (e.g., less primitive, cooler) melt. Sieve textured phenocrysts might be located
further into the mush zone, where only a larger injection event would allow a more primitive melt to
encounter the crystals, and which would be less subjected to significant changed in flow direction. In
addition to injection-induced pressure gradients, other processes such as vesiculation and or gas loss
may also allow melt transport through the mush producing 'in-phase’ zonation. The potential to produce
chemical zonation within magmatic mush merits further examination including the physical processes
of disaggregating the mush and the probability of incorporating those crystals into the melt (Parmigiani
et al., 2014, e.g.), and the examination of asymmetric zonation patterns (e.g., non-concentric) that might
result in a partially interconnected network of crystals.

4.3. Future Studies

Our current viscoelastic model serves as a foundation for understanding of how mush rheology impacts the
first-order mechanical responses of a magmatic reservoir, with assumed simplifications such as isothermal
condition, radial symmetry, uniform material properties, and simplified injection time series. As natural
volcanic system is more complex, there is room for future refinement of the current model. Theses future
studies will yield a more thorough understandings of the role of crystal mush in magmatic reservoirs with
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more complex features or under more realistic conditions, such as temperature variations, non-uniform ma-
terial properties, evolving magma-mush boundary undergoing phase- and rheological transitions, volatile
exsolution and its effect on mush properties, more complex injection processes and more complex mush/
crustal rheologies informed by field and experimental observations (Bato et al., 2018; Karlstrom et al., 2012;
Kiser et al., 2018; Lamy-Chappuis et al., 2020; Poland et al., 2012). Better constraints on the properties
of crustal magmatic system from improved geophysical observations, and incorporation of more complex
features described above, will allow for a more realistic description of the mechanical behaviors of mushy
magmatic reservoirs and better interpretations on the observed geodetic and petrologic observations.

Recent studies focusing on the multiphase nature of crustal magmatic systems also shed light on some
potentially important physical processes that may be incorporated or combined to our current model. In a
recent study by Mittal and Richards (2019), the two-phase nature of the hosting crust of the magma cham-
ber was modeled using similar quantitative methods, with the additional incorporation of a thermal effect
(i.e., a thermal-poroviscoelastic description). In this study, gas percolation out of the magma chamber was
studied in detail, while the dynamics and deformation of the magma chamber itself was modeled in a sim-
plified fashion (Mittal & Richards, 2019). Future implementation of our current model with a thermal-po-
roviscoelastic rheology, combined with a crustal-percolation model similar to Mittal and Richards (2019),
could extend the one-phase description of the crustal system to a fully two-phase description extending
from within the magma chamber to the surface.

For the purposes of our study, we selected a simple poroviscoelastic rheology. Although the actual rheology
of crystal mush is unknown due to experimental limitations, there are several other rheologies that may
be useful for describing more complex processes in the mush system, such as viscous compaction, plastic
yielding, grain-size evolution, local disequilibrium, and presence of a third phase (Bercovici & Ricard, 2003;
Dymkova & Gerya, 2013; Huber & Parmigiani, 2018; McKenzie, 1984; Montési & Zuber, 2002; Turcotte &
Morgan, 1992; Yarushina & Podladchikov, 2015). Additionally, different types of models, which treat mush
as a discrete granular system, could account for complex microscopic processes such as grain-to-grain and
grain-to-fluid interactions (Bergantz et al., 2017; Carrara et al., 2019; Schleicher et al., 2016). Combining
these different approaches with the model presented here in future studies could yield insight into the rela-
tionship between geodetic observations and the complex processes of mushy magma chambers.

5. Summary

In this study, we extend a previous mechanical model by Liao et al. (2018) on mushy magma chambers
with poroelastic or viscoelastic mush, by incorporating a more general mush rheology of poroviscoelastic-
ity. We subject the new mushy magma chamber model to an external perturbation of a magma injection
with constant injection rate for a duration of time, and observe the similarities and differences caused by
different mush rheology on evolution of pressure, stress, magma transport, and surface elevation. We found
that the poroviscoelastic mush display both mechanisms of poroviscoelastic diffusion, and viscoelastic re-
laxation, and that the magma chamber displays features similar to both end members at different stages
during its evolution in time. Based on these features, we identify two characteristic timescales that describe

hort
the post-injection evolution of the poroviscoelastic mushy chamber: a short-term post-injection time Lpost

! hort
and a long-term post-injection time ? posi . Over pout , the chamber is dominated by poroelastic diffusion

characterized by relatively rapid chamber pressure decrease, crustal tensile increase, and transport (i.e.,
leaking) of magma from the fluid region to the mush. fizognf; indicates the period dominated by viscoelas-
tic relaxation, which is characterized by relatively slow decrease in chamber pressure, increase in tensile
stress, and inverse transport (i.e., leaking-back) of magma from the mush region to the fluid region. The
two characteristic timescales are determined by material properties and geometry of the chamber, but the
short-term timescale is more sensitive to the poroelastic diffusion time zgsusion, and the long-term timescale
to the viscoelastic relaxation time Tejaxation- The features of the post-injection evolution of a poroviscoelastic
chamber indicate that the poroelastic diffusion mechanism, which causes higher rates of chamber defor-
mation and strain, is more likely to be relevant for potential interpretation of surface observations, while
the viscoelastic relaxation, which causes drastic change in the magma transport direction, is potentially
relevant for interpreting petrological and geochemical evidence of crystal growth.
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Appendix A: Governing Equations and Solution Method

The quantitative treatment of the equations of motions and boundary conditions follows closely (Liao
et al., 2018). Specifically, we could obtain the poroviscoelastic solutions by transforming the poroelastic
solutions in (Liao et al., 2018) under correspondence principle. The poroviscoelastic rheology can be alter-
natively expressed using Laplace transform

—~ 2— e =T 5
O-IN = [Km - E#}N]V ’ ul?II + rum (Vuﬂl + VMIU ) -a Pf I (Ala)
m=pa|V-i +—% _p (A1b)
pf m Ku _ Km f

where the Laplace transform is defined as /(r.8) = [§ f(r,0)e "'t _ The effect of viscous relaxation is reflect-
ed by a rigidity that varies with time (i.e., function of s under Laplace transform)

NS

L O —
NS + Mo

~ 4 _ ~ _~
From the equilibrium condition V-0 =0 — V((Km + g,um Wi - an] =0, we can define time-

dependent function {(¢) such that its Laplace transform
~ 4 — ~ ~
g(s) = Km +§:um V-M—OCPf

Following steps in Liao et al. (2018) and non-dimensionelize the system by length scale R, (chamber radius),
time scale 7,,,/un, (relaxation time) and stress/pressure scale u, (rock rigidity), the boundary values have the
relation

~—( r —(r —
Pl = |=am| %+ |+a A2a
() - | ) e (20
~ 5% _1'2~,,_~NR3
w,| == | = b L' rPRedr + b+ u, ()% (A2b)
Ro ? rg
0
ol | Lo | = I\ F2aedr + e + ey (1)
m R Tl 2 3%m (AZC)
0 R{)
o) = ¢ - 45, ) (A2d)
1y
5> _ o0 2~ o 3K/R3 -~ s
B =dl, radr+dy{ - =, + f, (A2e)
R—() l'll'r(}
— K AM 1 — K AM1-¢""
where fa = —rv(}; (for irftzinini)u_s iilji:tion) or fa= Z M, Sztinj (for gradual injection), and

the s-dependent coefficients @,d5,0;,0,,¢1,¢,,d;,d, have the same forms as those defined in Appendix A.2.4
in Liao et al. (2018) while substituting #(s) for mush rigidity. Substituting (Equation A2) into the boundary
conditions and into Darcy’s law, mass conservation, and equilibrium condition, we obtain (dimensionless)
constraint on the fluid content m
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Table Al

Principle Notations

Symbol Definition

@i Stress for crystal mush

€m Strain for crystal mush

’Z Displacement for crystal mush

1 Darcy velocity

P, Magma pressure in liquid core

Py Pore pressure

m Variation of fluid content

Miear Mass of magma transported into mush
M, Mass of magma injected

K Permeability of mush

U Pore magma viscosity

X Bulk modulus of core magma

M, Initial mass of core magma

Hm Shear modulus of mush

N Shear viscosity of mush

K, Drained bulk modulus of mush

a Biot coefficient of mush

U, Horizontal displacement of the surface
U, Vertical displacement of the surface
Vi Shear modulus of the crust

u Poisson’s ratio of the crust

s| s+ K,
K, + i
Vz;z _ diftusion 3 ;1 -0 (A3)
Trelaxation
s+ Kina
K m + g ﬂsz

and the boundary conditions

om ~~
—(@r=1=0, am
6r( ) : [

L] + h_{,fr;rzdr =l

0

where % and h_1 have the same form of h, and h; in §A.2.4 in Liao et al. (2018) with x,, — ,u—,,, . Solving
(Equation A3) with the boundary conditions and using the relations between m, % and Pysimilar to those

in Liao et al. (2018), we can find the solutions for 7

Aer‘/5 . Be“'.‘/g
VS s

(A4)

m =

with
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The Laplace transform of other quantities can all be obtained via (Equation A4), such as core pressure, rock
tensile stress and radial stress at the chamber’s wall

o (1y=—2li o8 ', mridr

rock

& 82 R,
on () = o () = 2000, (1)
~ o — (A5)
¢ = 2[4& _1};99
H,

- —( —

P =am| < |+a
1= [ R(,J 26
Following McTigue (1987), we apply a first order correction to obtain surface deformation. The pres-
sure-stress coupling in McTigue (1987) is here replaced by a stress-stress coupling at the chamber-crust
interface, and the radial component of poroviscoelastic stress plays the role of a virtual pressure in the
chamber, leading to the surface deformation (McTigue, 1987; Segall, 2016)

3
~ —~ d (R 1-v
(p,0)=—0cl()—| 2| ———
u,(p,0) '()R[dj 3

~ 3
(p.0) = _(,;;(1)&[&} v

R\d) )\ (A6)
d2

where u, and u, are vertical and horizontal displacement on the surface (normalized by chamber radius R,)
measured at distance p from the center of the chamber’s projection, v is Poisson’s ratio of the elastic crust.
We numerically invert the Laplace solutions to obtain solutions using a matlab code shared on Mathworks
File Exchange, which is based on the scheme proposed in (Abate & Whitt, 2006). The Laplace solution al-
lows us to define the longest timescale in the system. Similar to Liao et al. (2018), the Laplace solutions can
be inverted using the Mellin inversion formula, which yields the solutions in real space as a superposition
of exponentially decaying terms in the form of

A(r,t) = Ay(r) + Al(r)e—t/rl + Az(r)e—t/rz 4o

where 7; is the largest decay period, and can be solved graphically given the parameters of the system. We
long

use this timescale to determine the longest timescale in the system’s post-injection evolution tpos (Liao

et al., 2018).
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Appendix B: Additional Model Results

Additional results on the short-term and long-term evolution for chamber pressure, mush volume, and
surface strain rate are shown in Figure B1. Temporal evolution of pore pressure profile and onset of reverse

(@) (b) (c)
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Figure B1. Panels (a) and (b): post-injection short-term and long-term evolution for core pressure and mushy deformation for three cases (poroviscoelastic,

poroelastic, and viscoelastic). Inset panels are zoom-in of the beginning period of the evolution, and gray broken lines indicate the two post-injection timescales

I shor . .
4 ;;5 and 7, :m?? . Panel (c): tensile strain rate % = u(R,) ! R, at the wall of the chamber during and after the injection, for four different cases. For mushy
chamber, the strain rate is highest at the end of the injection, and remains positive during short-term post-injection evolution. During long-term post-injection

evolution, the strain rate becomes indiscernible.
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Figure B2. Panel (a) cumulative amount of leaked magma M, as a function of time during and after the injection. Panel (b) shows the relative pore pressure
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(a) tensile stress evolution for varying injection time (b) chamber pressure evolution for varying injection time
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Figure B3. Evolution of core pressure and tensile stress with time for varying injection time length ¢;,;. The system has Tgigusion = Trelaxation- INSets show the values
at the end of the injection. As t;,; increases, the short-term evolution period shortens and become less apparent.
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evolution is shown in Figure B3.
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