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TOWARD THE FOURIER LAW FOR A WEAKLY
INTERACTING ANHARMONIC CRYSTAL

CARLANGELO LIVERANI AND STEFANO OLLA

ABSTRACT. For a system of weakly interacting anharmonic oscillators,
perturbed by an energy preserving stochastic dynamics, we prove an
autonomous (stochastic) evolution for the energies at large time scale
(with respect to the coupling parameter). It turn out that this macro-
scopic evolution is given by the so called conservative (non-gradient)
Ginzburg-Landau system of stochastic differential equations. The proof
exploits hypocoercivity and hypoellipticity properties of the uncoupled
dynamics.

1. INTRODUCTION

The problem of deriving heat equation and Fourier’s law for the macro-
scopic evolution of the energy from a microscopic dynamics of interact-
ing atoms (hamiltonian or quantum), is one of the major goals of non-
equilibrium statistical mechanics [2].

Although we are still very far from a rigorous mathematical derivation,
we have now some understanding of the needed ingredients.

It is clear that heat equation is a macroscopic phenomenon, emerging af-
ter a diffusive rescaling of space and time. It is also clear that non-linearities
of the microscopic dynamics are necessary, since in a linear system of inter-
acting oscillators energy may disperse ballistically and thermal conductivity
results infinite [10]. Non linearities of the interaction should give enough
chaoticity and time mixing such that locally the system, in the macroscopic
time scale, is in a state of local equilibrium. This should be intended in
terms of a scale parameter €: in a region of linear size ¢, at a large time
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scale £7%t, the system should be close to equilibrium with temperature given
by the local average of kinetic energy. This statement of local equilibrium
should be intended in the stronger sense that locally the dynamics is close to
an equilibrium dynamics. Since energy is a conserved quantity, it can only
evolve by moving between different regions of linear size e~ through energy
currents. Because of the size of the regions and the fact that in equilibrium
energy currents have null average, one should look at time of the order e=%¢
in order to see some exchange of energy between boxes at different tem-
perature. In other words a central limit theorem for the energy currents
is involved, and the thermal conductivity is then given by the space-time
integral of the current-current correlation (Green-Kubo formula). This con-
ductivity will be convergent if the system in equilibrium has enough mixing
properties.

To perform the above program, in a mathematical rigorous way, from
a purely deterministic Hamiltonian dynamics, it is at the moment a too
difficult challenge.

In the last years some mathematical results have been obtained by per-
turbing the dynamics with energy conserving stochastic forces. The purpose
of this stochastic perturbations is to give the ergodic and chaotic properties
to the system without modifying the macroscopic behavior of the evolution
of the energy.

This strategy has proven successful for systems in the hyperbolic scaling
(b = 1), when momentum conservation is also preserved by the stochastic
perturbations [9], obtaining FEuler system of equations for compressible gas
as macroscopic equation, at least in the smooth regime.

In the diffusive scaling (b = 2) this problem is still very challenging even
in presence of the stochastic perturbations. The difficulty is essentially
involved in the space-time rescaling and the corresponding central limit
theorem.

In this paper we develop a weak-coupling approach to the problem of
energy diffusion that permits to separate the time limit from the space one.
We consider a finite system of anharmonic oscillators, whose hamiltonian
dynamics is perturbed by a noise that conserves the kinetic energy of each
oscillators (we consider oscillators that have at least 2 degree of freedom).
The noise could be though as modeling some chaotic internal degree of
freedom of each atom.

The oscillators are weakly coupled with a small parameter €. Conse-
quently the exchange of energy between oscillators is given by the currents
associated to the hamiltonian mechanism, but multiplied by €. The noise
drives each atom towards (microcanonical) equilibrium where currents have
null average. In a time scale of order e=2 current fluctuations are able to
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move energy around the lattice if gradients of energy are present between
atoms.

We prove in fact that in the limit as € - 0, in the time scale £72¢, the
energies of the atoms evolve autonomously following the solution of a sys-
tem of stochastic differential equations, conservative of the total energy (cf.
38)). It turns out that this macroscopic stochastic evolution has already
been considered in the hydrodynamic limit literature and it is called non-
gradient Ginzburg-Landau model [12]. Consequently, using the techniques
developed in [12], one could try to prove that under space-time diffusive
rescaling, the energy evolves following a non-linear heat equation. The
results in [12] do not apply directly to (3.8) due to degeneracy of the coef-
ficients, but hopefully they can be adapted to the present situation, for the
moment we postpone this problem. We have thus reduced the derivation
of the heat equation to a two step procedure of which this paper rigorously
accomplish the first step.

We should remark here that an extension of the non-gradient technique
of [12] directly to our original microscopic stochastic dynamics would be
much more challenging, as this dynamics is very degenerate.

The reason of the name non-gradient comes from the fact that the cur-
rents of the macroscopic dynamics are not gradient, i.e. are not a given by
the spacial gradient of a local function of the configurations of energies. It
is interesting to note that in the purely harmonic case, the macroscopic dy-
namics ([B.8) become gradient (see appendix [El). This implies a connection
between the non-gradient property and non-linearity of the microscopic dy-
namics. We also notice that in the purely harmonic case, because the pres-
ence of the energy conserving noise, the microscopic energy current have an
exact fluctuation-dissipation decomposition in a gradient plus a fast fluctu-
ating term (see formula (E.1lin appendix[El), that has been already exploited
in [I] to obtain Fourier’s law.

The main strategy of the proof is similar to other averaging principles
([, Bl [7]): at a large time scale the dynamics of each atom is close to
the equilibrium dynamics parametrized by its own energy. Energies of the
atoms are our slow variables and evolves through their currents. But a
simple averaging of these currents (that would occur in a time scale of order
e71) would not move any energy, since currents have null averages respect
to all equilibrium measures (microcanonical). This forces us to look at
the time scale e72, when the energy evolves due to the fluctuations of the
currents in equilibrium. Thus we must establish a central limit theorem for
the energy currents in the uncoupled dynamics, i.e. we have to study the
Poisson equation

Lou:j
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where Lg is the generator of the uncoupled dynamics, and j is the energy
current between two particles. In order to prove our theorem, we need
existence and regularity of the solution u of this equation. The generator
Lg turns out to be hypoelliptic on each microcanonical energy surface, that
provides regularity on the tangent direction of this surface. Yet, as the
energy is exchanged from one particle to the other, we also needed to prove
regularity in non tangential directions.

For the existence of u, we prove a spectral gap in a proper Sobolev space,
with an adaptation of hypocoercivity techniques [I3]. These techniques
provide a precise control of this spectral gap with respect to the energy, a
control especially needed at low energies. Such detailed informations are
necessary in order to perform the closure of the macroscopic equations.

The content of the paper is as follows.
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2. THE MODEL

Let us consider a region A c Z? set N = [A|, the number of sites in
A. At each site we have a r-dimensional, v > 2, nonlinear oscillator and
we assume that such oscillators interact weakly via a non-linear potential.
Such a situation is described by the following Hamiltonian in the variables



FOURIER LAW 5
(i, i )ier € R2N

B =Y oplP+ S U@ v 3 Via-g)
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where U,V € C*(R”,R). We use the convention Y, ;-1 = Xjen X jen: jijj-1}-

For simplicity we assume that U(q) = U(|g|?), U € C*(R,R), U(0) = 0 and
¢ 1 <U < cfor some finite positive constant ¢, in particular this implies that
U is radially symmetric and strictly convex!] Also, we assume |[VV (q)]? <
cU(q) and V(-q) =V (q).

For simplicity of notations, we choose v = 2. All result stated in this
paper are valid for general v > 2, with slight modifications of notations.

In addition to the Hamiltonian dynamics, we consider random forces that
conserve the single sites kinetic energies, given by independent diffusions on
the spheres |p;|? = cost. In order to define such diffusions, consider the
vector fields

0 -1
X ::pz‘l ;Df_pzz Pl = ']pi'apia J:(l O)

and the second order operator
S=Y X7
1€
The generator of the process we are interested in is then given by
La,A =: A€+O'25 (21)

where A, = {H2,-}, is the usual Hamiltonian operator and o > 0 measures
the strength of the noise. Clearly, L. s is the generator of a contraction
semigroup P! in L2(R2N” m.) with stationary measure m. and PHM = H2,
for all t € R,. Next, we must specify the initial conditions.

The Gibbs measures at temperature 5! are defined by

m? (dg,dq) = Z.(B)e "1 @) dpdg

and are the stationary (equilibrium) probability measures for the dynamics
(the canonical ensemble). As reference measure we pick the one correspond-
ing to =1 and we denote it by m.. Notice that for ¢ small enough, m.
and the product measure mg are equivalent. To simplify notations, we also
assume that U is such that

_ 1= -(p*/2+U(q))
Zo(l)=1= /]1;46 dpdyq.

IThe general, non radial, case can be treated exactly in the same way at the only price
of a much messier algebra. On the contrary, the non convex case could hold interesting
surprises and hopefully will be investigated in the future.
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We assume that the system is started in an initial distribution dyy :=
Fadma = F()dmo.

Assumption 1. We assume that Fy € L>(R*N my).

For each T' > 0, the Markov process just described defines a probability on
Q=CO([0,T],R2/IAl). We will use w; = (q(t),p(t)) to designate the elements
of Q2 at time t.

Remark 2.1. In the following we will suppress the subscripts and super-
seripts A, when this does not create confusion.

Remark 2.2. Here we have free boundary conditions. It should be possi-
ble to treat more general stochastic boundary conditions (e.g. having the
particle at the boundary perform an Ornstein-Uhlenbeck process at a given
temperature) by the same method, we avoid such a generalization to simplify
the presentation.

3. THE RESULTS

The single particles energies are
1 1
&(@.p) =5 Ipil* +Ula) + 52 3 V(ai-q))-
li—j]=1
The time evolution of these energies is given by:

d&s )
d; =c > ik (3.1)

li—k|=1

where the energy currents are defined by

) 1
Jik = §vv(%’ - Qk) ) (pi +pk)- (3-2)

Note that j;, = —jx; and that they are functions of the ¢;, p;, gx, pr only.

If £ = 0 the dynamics is given by non-interacting oscillators, and con-
sequently the energy of each oscillator is a conserved quantity. So for
€ = 0 there is a family of equilibrium measure parametrized by the vec-
tor a = (a;)sen of the energy of each oscillator. This is given by pf, the
microcanonical measure associated to the Hamiltonian flow H{' on the sur-
face

1
Yy = {q,p a; =& (q,p) = §Hpi |?+ U(Qi)} = Xiea X, - (3.3)

Clearly, letting p, be the microcanonical measure on the 3 dimensional
surface Y., we have ,ug = ®eAMa;- By the symmetry between p and —p it
follows that ju,(jix) = 0 for each a.
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We are interested in the random variables determined the time rescaled
energies
Ei(t) = & (a(e7%t),p(e7%1)). (3.4)
In order to define the parameters of the mesoscopic evolution, consider
the dynamics of 2 non-interacting oscillators (¢ = 0), each starting with
the microcanonical distribution with corresponding energy a; and as. Let
us denote by E,, 4,(-) the corresponding expectation in this equilibrium
measure. We will show that the following function on R?

P(1,02) = [ Euyn (Gr2(0)512(0)) dt, (35)
is well defined. More, in Lemma we prove that
(a1, as) = a1asG(ay, ay) (3.6)

where G is a positive symmetric smooth function. Correspondingly we
define the mesoscopic current by the antisymmetric function

alar,as) = 1@ (0,, - 0,) (e ¥ W2 (a1,a2)) . (3.7)

where U(a) = - ;log Z(a;), and Z(a) is the energy density distribution
under myg, that behaves like a for small a.
Here is our main result:

Theorem 1. In the limit ¢ — 0, the law of {€; }ien converges to the weak
solution of the stochastic differential equations
dgl = Z Oé(gi,gk)dt + Z ’Y(EZ,Ek)dB{,7k} (38)
k:li—k|=1 k:li-k|=1
with Byixy = =By independent standard Brownian motions. Where the
law of £;(0) is given by the marginal of F.dm. on the E°.

Notice that the generator of the diffusion ([B.8) on R is given by
L= Z (7(81"8/6)2(852‘ - agk)2 + O‘(Swgk)(a& - agk)) : (39)

k—i|=1
Since 7?2 and « are smooth function on R2, the uniqueness of the weak
solution of (B.8) follows by applying the results in [3].

Observe that there is a family of product probability measures
[12(a)e P N(B) " da; = [] e Pt N(B)  day, >0 (3.10)
1eA 1eA

that are stationary and reversible for the diffusion generated by (3.9]).

As we will see shortly the proof of Theorem [ relays heavily on the fact
that the unperturbed microscopic dynamics P} generated by L 5 has strong
mixing properties (hypocoercivity). This is itself a non trivial result which
we believe worth stating separately. Let H} be the Sobolev space of order
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one on X, with respect to the microcanonical measure p, and a properly
rescaled Riemannian structure (see Section [0l for more details).

Theorem 2. For each set A c Z¢, there exists C,7 > 0 such that, for each
energies a € (0,00)" and o € (0,1), the following holds true

o The semigroup Py, is contractive in L*(Xg, ity ).
e For each smooth function f e H} such that pa(f) =0, holds

2
| Poafllag < Ce™ ) flla-

The proof is given in section
Before discussing the proof of the above results let us indulge in several
remarks.

Remark 3.1. By (37) we can rewrite the generator as
L= Z 61’[(2)(8&- — 8gk)e*u(2),y2(£i,£k)(8gi — agk) (311)

k=1
Remark 3.2. The process ([B.8)) is close the the one studied by Varadhan in
[12], yet it is not covered by such results (due to the degeneracy at zero of
the diffusion coefficients and the non strict convezity of the potential of the
invariant measure). In any case, the extension of Varadhan’s work to the
present case would allow to obtain the heat equation in the present setting
via a diffusive scaling limit of space and time (hydrodynamic limit ).

Remark 3.3. Note that both v and o depend on o. One can wonder if
equation (B.8)) does admit a limit for small noise. Indeed, if U and V are
quadratic then both v? and o are proportional to 072, see (E.4). Hence
the energy exchange for small noise is faster than the time scale we are
exploring. This is due to the fact that in the quadratic case the solutions
are quasiperiodic. On the other hand, for each U,V a positive measure of
such quasiperiodic solutions will survive by KAM theorem at least for small
energies so it may be possible that a small noise limit exists, upon rescaling
time, as in the quadratic case. The present results allow only upper bounds
(which agree with the quadratic case), but it is unclear if a sufficiently exact
scaling still exists.

4. PROOF OF MAIN THEOREM

This section is devoted to proving Theorem [l by using several results
detailed in the later sections (more precisely we assume Proposition and
Lemmata [[3] [.4] Bl and B2). Our strategy is the first establish tightness
and then to show that the accumulation points satisfy (B.8]). Since (3.8)) has
a unique solution, the process have a unique accumulation point whereby
proving the existence of the limit.



FOURIER LAW 9

4.1. Tightness. Here we start studying the processes {£;(t)} defined in
(34).

Lemma 4.1. There exists €9 > 0 such that for each T > 0, the processes
{EF(t) hier, 0 <€ <&y, are tight.

Proof. The proof use a standard backward/forward martingale decomposi-
tion argument (cf. [IT) [§]). We recall it here.

Let us start the process with the equilibrium distribution m.. Then
the time reversed process, in a given time interval, is a Markov process
with generator given by the adjoint L* = —A. + 02S. Remark that, since
lepk = —pg, we have Sj; r = —jix. So we can decompose

te™? ) e te™? ) £ te™? )
5] Jik(s) ds=-5= f Lejir(s) ds - f L:jik(s) ds
0 20% Jo 20

= oM+ 55 M

where M are continuous martingales, adapted respectively to the forward
and backward filtration, that can be represented by the stochastic integrals

t t
Mz = [ )i (9)+ [ (Xgi)()dui (s)
where w; (t) and w; (t) are standard Wiener processes adapted respectively
to the forward and the backward filtration. Consequently the tightness
follows from the tightness of each of these stochastic integrals. Noticing
that Xyjjx = Jpr - VV (g — qx)/2 is in LP(m.) for any p < oo, by Doob’s
inequality:

E,n. ( sup (Mf)‘*) < (%)4%}% ((*7\4;)2)2 <CT?

0<t<T

This imply that the Kolmogorov criterion for tightness is satisfied:
€ g C,
SUp B, (1€7(5) -~ E:)I') < (2 - 9)?

In non-equilibrium, because of the assumption that the initial distribution
F is in L%2(m.), the above argument extends immediately by a simple use
of Schwarz inequality. O

Observe that with the same argument we can also establish the following

bound for any p > 1:
p C'Tr/2
sup [[ Jik(s) ds] < (4.1)
0<t<T oP

where C' is a constant independent of £,7T, 0.
Once we have the tightness all is left to prove is that the limit is unique,
this is the content of the next section.
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4.2. Identification of the limit. The goal of this section is to prove that
any accumulation point of the laws of {€7(t) }sca must satisfy equation (3.8)).
More precisely, since

E(t)-E5(0)= Y ¢ [0 T k(s) ds (4.2)
k:|k—i|=1

we want to show that, for every couple i,k € A such that |i — k| = 1 there
exist orthogonal martingales M5, = -Mj ; with zero average and quadratic
variance given by

2 [((E5(5). £1(5) ds (4.3

and such that, for each ¢ >0,
-2

- [ Ciin(s) ds-fota(gf(s),e,g(s))ds+M;k(t)‘):o. (4.4)

iy

To prove (4.4) it turns out to be useful to introduce a cutoff for high
energy £ = xx(EY), where xg : R} - [0,1] are smooth positive functions
with support in [0, K + 1]*, such that xx(a) =1 if a € [0, K]*. Then define
35 = ik

By the symmetry between p and —p it follows that s, ( jZKk) = 0 for each
a € R and any K > 0. Arguing as in estimate (4I]), we have that

lim supE,,. ( sup [5 [
K—co ¢50 0<t<T 0

By Proposition [6.1] it follows that the equation
Louik = Ji (4.6)

2

has a unique solution with zero average with respect to all measures ji,.
Note that j; , = —jr, thus also u; = —uy,.

In addition, Lemma implies w;x € C=([R* ~ {0}]%,R) n C°(R8, R).
Observe that, since Lg conserves the energies of all particles, denoting uZKJ =
u; j€x we have

Louly, = jl5.- (4.7)
We can thus write L, = Lo + ¢L, with
1
L.f= B) Z VV(gi—q;) - (Op, - apj)f = Z VV (¢~ q;) Op.f, (4.8)
li-jl=1 li-j]=1
So we have
Louly = gl + eLouly, (4.9)
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Hence, denoting a path by ws = (¢(s),p(s)), we have
-2 -2

e ’t et
€ [ B (s)ds=¢ [ [Louk, —eLul] (ws)ds
0 ’ 0 ’ ’

e 2t
= (suffk(wazt) - 5ufk(wo) - Mka(t) — g2 /(; L*ufk(ws) ds),

where we have introduced the centered martingale

(4.10)

-2

e “t
m@f@):guﬁ@%Qg-fuﬁ@%)—;A’ Louf, (w,)ds.

Due to the property u; , = —uy; we have Mka = —M,iZK and the same for all
the derived martingales.
The quadratic variations of M f }CK is given by

e%t
(MG AGEN 0 =202 22 [ (Gu) (Xjuff) (w)ds
S (4.11)
:20’2 Z 82/0. §%(Xjui7k)(Xjui/,k,)(ws)ds.

je{ik}n{i’ K"}
In order to close the evolution equations, as € - 0, we need to prove that
2

%t
liI%Ean g f [L*uf{k(ws) —ugo(ws)(L*uiKk)] ds| =0 (4.12)
£—> 0 ’ = ’
and that
e 2t 2
s, | [ € [OGua) (i) (@) = oy (Xjuss) (Xjusee))] ds| =0

(4.13)
These are consequence of Lemma, [7.4], and the following lemma:

Lemma 4.2. Let f(w) a function in L%*(mg) such that p,(f) =0 for all
ae RW, then
e 2t 2
52[ f(ws)ds| =0.
0

Proof. By using Jensen’s inequality and stationarity, it is enough to prove
that

lim E?
e e

T—o00 =0

1 T
mm&%kfﬂm@
5 T 0

2
) =0 (4.14)
Since lim.oEs,_ =E9 ' i.e. the expectation with respect to the dynamics of
the non-interacting oscillators starting with the product of canonical mea-

sures mg, which are convex combination of the microcanonical ones. Then
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the result follows by the ergodicity of the dynamics of the single oscilla-

tors. L]
So far we have obtained that
2
h:r%IE€ ( ): 0, (4.15)

where the martingales M have quadratic variation given by

(MGE M () =207 Y Ex(Eq(9)) ey ) (Xjuan) (Xjuiw)) -
jefikingit k'
(4.16)

-2

et y
[0 (€755 (5) = Hgo o,y (Luufly)) ds = M7 (2)

Next, we remove the cutoff on the energies. Observe that

L*ufk =&xLauig +ui Lok
which, writing §g)(g) for 0,,6x(a), implies

pa(Louf) = (@pa(Luwig) + 2 Y €9(a) a(wsk VV (4 - 45) - py)

li~7]=1

= € (@) pa(Latis ) + 2600 () 11 (us k VV (g — a1) - 1)
= Exc(@)pa(Laus ) + €L (a)V? (ai, ar,)

Since m.(€; > K) is exponentially small in K, and 72 does not grow faster
than polynomially, we have

€%t 2
sgp K, ( e [0 (Mgo(ws)(L*Ufk) - §K(§O(Ws))/i§0(ws)(L*Ui,k)) ds )
<Csup2m€( 7£k)]186(KK+1)])K e 0.

Since the above limit and (£3) are uniform in ¢, and since X,;u; is in
L?(m.), we can take the limit K — oo in ([£IH) and obtain

lim Ef, (
e—0
(4.17)

where M7, (t) is a martingale whose quadratic variation has the expression
given by (@jﬂ) with & substituted by 1.

2

:(:]7

e%t g2

t
Gin(s)ds — 22 [0 g0 oy (Leti ) ds + ME, (1)

Lemma 4.3. For each ay,q;,p; setting

wi(qi,pi) :=fuk,i(qk,pk,qi,pi)uak(qu,dpk)
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holds true
(g 2) = [ V(@=00ha, (dansdp)= [ V(@i=a0)pa, (da, dppeo (dafs dp).
In particular, u;(q;,—p;) = wi(q:,p;) and X;u; =0.
Proof. First of all note that, due to the symmetry between p and —p,

f Ik, (s P> Gi> Di) My, (A, dp) = f 04,V (¢i = Qi) Pittay, (dqr, dpy.).
Thus, setting V(¢;) = [ V(@ — q&) tta, (dgr, dpr.),

[jk,i(qupk7 qivpi),ulak(qua dpk) = LO,{Z}V(qlupz)

In addition, by the product structure of the generator,

Jkyi = Loatg; = Lo giyurg + Lo gy Uni-
Integrating the above we have

Lo,V (gi,pi) = / [ Lo gy i + Lo ey tn.i] tay (dai, dpy).
Since fq, is the invariant measure of Lo (), we have
LO,{i}V(inpi) = Lo, iy ;.

By Proposition [6.1], applied with A = {i} it follows that the only solutions

of the above equation are of the form ; = V + f(£°) for some function f.
Next, since @; is of zero average by construction, f(&?) = —pgo (V). O

Thus, if [ ¢ {i,k} we have
ff Op, it - VV (@i = @1) fay, (A, dpr) pra,(dgs, dp;) e, (day, dpy)

= [ 81)1-@2‘ : VV(% - QI) Mai(d%dpi) Mal(d%dpz) =0

due to the antisymmetry of J,,u; with respect to p; established in Lemma
From this follows

MQ(L*uLk) = Ha [VV(QZ' - Qk)(api - apk)uLk] = Oé(a,', ak)' (418)

In fact, again by the product structure, the above is a function of a;, a; only.
It is also convenient to define

v (ai,ar) = 0*p, ((quzk)2 + (Xkui,k)2) = —pta (Wi kJik) - (4.19)
Accordingly, by (416) and Lemma [£.3]

((M;k,M;k,))(t)ﬁa? > uéo(s)((Xjui,k)2)(5,.#,,,@:,@,_5,.:,6,7,@:2.,) (4.20)
jelik}
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Lemma 4.4.

g B | [ (000200, 600 20)) - a(€5(), E5(5))) ds

e—0

2
=0

and similarly for +2.

Proof. By stationarity and Schwarz inequality we have

[ o€ ). £ () - (€7 (). E2(5))] s
<t (Ja(€0,€D) - (5, E0)F)

Since we prove in Lemmata 8.1, that a(aq,as) is uniformly Lipschitz in
R? the result follows by elementary arguments. 0

Applying Lemma .4l to (4.17) and (£.20) we obtain that

2
E..

e—0

nmE;fns(gfoe_ﬁ,k(s)ds-foa(ef(s),eg(s))ds+M;k(t) ):0, (4.21)

which, remembering (£I9), yields the wanted result in equilibrium. Our
general claim ([£4]) follows by Schwarz inequality.

5. HYPOELLIPTICITY AND REGULARITY ON ENERGY SHELLS

We start here by studying the single site dynamics. Here p = (p',p?), ¢ =
(¢',¢?) will be the coordinates. We will use L to designate the generator
(1) for € = 0 and A consisting of only one site. Since L preserves the
energy, we can look at its action on each energy surface

2
Yo = {(q,p) eR* : %-FU(Q):CL}, a>0.

Lemma 5.1. For each a >0 the operator L is hypoelliptic on %,.

Proof. We must study of the Lie algebra generated by the vector fields
C() =X=J p- 8p,

5.1
B=Ay=p-0,-VU(q) - 0,. (5.1)
We obtain
Cy =:[Co, B] = Jp- 0, + JVU(q) - 0p. (5.2)
[C1, B] =2JVU(q) -9, - {D*U(q)J + JD*U(q)}p- 0, (5.3)
By our assumption on U
D2U(q) =4U (¢)q® q+2U (¢)1. (5.4)
Since

J(g®q)+(g®q)J =lq|*J,
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we have
D*U(q)J +ID*U(q) = H{T (@)laf + T }J = ((a) ).

Finally we define C'5 by the relation

[C1. B) = 4T () Ja- 0, - H{TU (la* + U'} Jp- 8, = 2C2 = (a)Co
Observe that, setting N = (|p|> + VU (¢)|?)'/?, the vectors
Cl B C12 - C10
— Z = — Z =
N’ 0 ./\/‘7 2 N
form an orthonormal base of the tangent space of YJ,, hence the Lie Algera

generated by {Cy, B} spans the space of any energy shell ¥,. This concludes
the proof of the hypoellipticity of L. O

7y = (5.5)

By the above results trivially follows the claimed hypoellipticity.

Lemma 5.2. For each A c Z%, a; > 0, i € A the operator Lg 5 is hypoelliptic
on 2.

By Hoérmander theorem [6] hypoellipticity implies that if there exists a
solution u for the equation
Loau=g (5.6)
where ¢ is a C* function when restricted to any energy shell, then also u is
C> when restricted to any energy shell.

6. HYPOCOERCIVITY

We will prove the existence of the solution of equation (6] by proving
a spectral gap for the generator L; on each energy shell ¥, in a proper
Hilbert space. More precisely we consider the Hilbert spaces determined by
the scalar products

{h,g) .y = MR, g)a+ D" Dai(h, g)
leA

2 (6.1)
Dyi(h, 9) Z Crih, Crug)a + (Bih, Big)a.

where (h,g), f2 hgd,ua and the Cy,, B; are the vector fields defined in

section [ Bl relative to the particle (g, p;)-
By a slight abuse of notations we will use P} to denote the strongly
continuous semigroup generated by Lg both in L? and J#! for each a.
Note that the above norm is equivalent to the standard Sobolev space H,,
on the Riemannian surface X, where the Riemannian structure has been
rescaled to have the diameter of each X,, equal one independently of the a;.
More precisely, there exists ¢ > 0 such that

el flra < 1flos < AN f (6.2)
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Accordingly, Theorem [2] is a direct consequence of the following.

Proposition 6.1. The semigroup P} is contractive in L%. In addition, for
each A c R?, |A| < oo, there exists C,7 >0 such that for all a € (0,00)" and
smooth function f, such that p1,(f) =0, holds

[Pof ey < Ce™ 1l

Proof. The contractivity in L? follows by
d
EHPotin <=2Y(Co Py f,CoiPif)a <0.
L

To prove the second part of the theorem we use the results of Appendix
Bl Note that for all smooth h, g, we can write

mo(¢(E) g (hCog)) = mo(w(E)hCog) = —mo(p(£)gCoh),

hence it must be j1,(hCog) = —11.(Coh - g), and the same for B. We can thus
use Lemma [B.2] applied to, for each [ € A, a scalar product (-,-)),; defined
in (B.2)) using the operators Cy, B;. By Lemma [B.1] such a scalar product
is equivalent to the one

<h>g>jf£1l = <h>g>g+ Dg,l(h'>g)'
Then Lemma states, that
<<h, L{l}h»g,l < —70? (Dg’l(h, h) + Dg’l(COh, C(]h)) < —TO'ZDEJ(}L, h) (63)

where Ly, is the generator of the dynamics of the isolated atom [, i.e.

Lo =¥en Ly
The last piece of information we need is given by the following Poincare
inequality.

Lemma 6.2. There exist a constant Kp > 0 such that for each a, if f € 7,
such that p,(f) =0, then

|12 < Kp Y Daulf, f)-

leA

Proof. By the change of variable introduced in section [(] one can use the
Poincaré inequality for the sphere, for one particle. After that

1£1& < 1 = pa (ONE + 110, (FIZ
<KpDoa(f, f) + 1t (f) = Bara; (F)la + [ Hava, (P2

iterating the argument yields the result. O
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It follows from (6.3) and Lemma [6.2] that
(R, Loh) = 2 {h, Ly hhag < Z<<h> Lyyh)an = 3§ Courh, Courh)as
Ly 1l

Z h L{l}h al < Tazz'Dal(h h) (64)
. .

—T—2Hh“2
1+ KP|A| Hal
Accordingly, for each a and h € 52, such that p,(h) = 0, we have

d

P, PiR), = 2( P, LoPih)a

2702
2 |Pth2,,
1+KP|A|“ ohil,
< =210*(P,h, Pth).,,

where, in the last line, we have used first (6.3]) and then Lemma [B.Il This
means that

(Pih, BthY)y < (hyh)ge 2t

and, by the equivalence of the norms, there exists C', 7’ > 0 such that
| Pih] s < Ce™ ™). (6.5)
O

7. GLOBAL REGULARITY

Next, we need regularity of the solution of (5.6]) also in directions not
tangent to the energy surfaces, provided g is smooth. Again we work first
with only one particle.

7.1. The transversal direction. A natural direction would be given by
the normal vector to the energy surfaces

p-0,+VU(q) -0,

N )
but, due to the anharmonicity of the potential U, it turns out to be more
useful to work with the vector field

1 1.9, U@
- 60(q,p){2p %+ ) o aq}. (7.2)

Note that, Y is a smooth vector field away from zero. Observe that in the
harmonic case (U(r) = 1r), Y is parallel to the normal vector field Z;.

Z3 = (71)
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The reason why we consider Y is the following. A direct computation

shows that YO = 2./€%(q,p), hence the vector field is transversal to the
energy surface. In addition,

[}/7 CO] = 07

[V, 116" =~ Lv/E%(q.p) = 0. (73)

That is, the commutators are vector fields tangent to the constant energy

. LU
surface. Note that since U”(0) > 0, we can write q_w(]q()q) = 1+ k(|g?), for a

smooth function x such that £(0) =0. An explicit computation yields

4 (% + /{) U”qz + kU 3 1
q . + —
2\/€%(q:p) " 2\/8%q.p)
Remark 7.1. Note that the vector field (Eo(q,p))’%[L,Y] is smooth on all

R2?”, in particular even at zero. This fact will play a crucial role in the
following.

[L,Y]= p-[26'q® q+r1]0, (7.4)

7.2. Transversal regularity. The basic idea to prove regularity is to no-
tice that if Lu = g, then one expects that LY u = [V, L]u+Y g. Unfortunately,
we have only L? bounds for the right hand side of the above equations, in
particular we do not know if it belongs to .7#’1. Hence, a priori, we do not
know if such an equation has a solution in J#!. To overcome such a dif-
ficulty several direct strategies are possible. For example one could try to
prove a spectral gap in Sobolev spaces of higher regularity or to prove that
the semigroup maps L? functions in ##! functions. Unfortunately, such
results (even if probably true) are not so easy to prove, in particular the
related algebra becomes quickly very messy. Due to this state of affair we
take a bit more indirect route that, without proving explicit bounds, suffices
to prove the smoothness. To this end it is convenient to work in coordinates
in which all the energy surfaces can be naturally identified.

It is then natural to transform equation (4.6]) in the following coordinates.
Let S3:={xeR* : |z| =1} and M =RxS3 c RxR?xR2, M, = (0,00)xS3 c
M. Let W : R4 < {0} > MM c R3I be defined by

2 NG 2-
Lla.p)i= W’ : 2 (@) 3 L = (13, 1)
G+ Ula) VP +20(a)

(7.5)
The needed properties of this change of variables are detailed in section [Cl
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The first key observation is that the problem is now regularized at zero
energy. Indeed,

ji,k(£7§7ﬂ) = ji,k 0 @71(£7§7ﬁ)

1
=—=VV (rﬂ(r?&f)gi - me(ri&?)&f) (i + TENE)-
V2
Remark 7.2. Note that jlk extends naturally to a smooth function on M*.
Indeed if r; < 0, then we can set ji,k(f,é,ﬂ) = ji,k(£'>§,>ﬂ') where r; = 7};
§j = ;, n; = 77;" forall j+i and r; = -r, & = =€, 0, = -n., and the same for

Note that for each function f e C (M R) holds Cy(fo W) = (Cof)o .
It follows that the equation Lof = g on (R*\ {0})Al is transformed in the
equation Lof = § on W((R4~ {0})A)) ¢ M where L, = ¥, 02 Ooz + B, and

f=foWt g=goWl
It is then natural to study the equation on M
Eoﬂi,k = Jik- (7.6)

By the previous discussion the solution of (6] in (R*~ {0})* is given by
Wi g = Uil ppa 0 V.

The problem of the transversal smoothness is then reduced to studying
the smoothness of @, in 7 (see Lemma [C.T]).

Lemma 7.3. For each i,k, the functions @;y € C=(M*,R).

Proof. We can consider C;, BF as vector fields on S3A B Accordingly, we
can define for each r ¢ RA

L) = |+ g B TR

e H(ngf
Then, setting 3i,k,£(§,ﬂ) = 3i7k(f,§,ﬂ) and considering the equation on S31Al
Lo(r) i jor = Jikr (7.7)

it follows u;(r,&,m) = Uk, (§,m). By the previous section we know that,

for each r, @; ., € C>(S%M, R), thus the differentiability boils down to show

that the solution of (1) are differentiable with respect to the parameter r.
Let us fix r and consider the equationﬁ

Lo (")0iktr = Gioir (7.8)

2See (C2) for the definition of BF.
3This is nothing else than the formal derivative of (Z7) with respect to ;.
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where gi,k,£(§aﬂ) = ([YiaLO]ﬁz,k) (fa§>ﬂ) + (Yzjz,k)(f>§?ﬂ) Clearly gi,k,l,z €
C=(S3IM R) for each choice of 4,k, 1,1, thus v; 5, € C* (SN R). We claim
that 0,,u; , = ¥ k1, let us prove it.

For each, small, h € R* we can write

Lo(r +h) | i prsn = Wiy = Y- Vit | =Jigrsh = Jikr = Y Gikirl
l 1

- [Eo (r+h)- EO(f)] Ui g

An explicit computation shows that the ! norm of the right hand side
is bounded by a constant (depending in an unknown manner form r) times
o(||h]]). The by Proposition [6.1] the differentiability of u;,, follows.

Note that in the above argument the only relevant property of jzkf is the

smoothness on S3IAl of itself and of its derivatives with respect to Y;. Since
a direct computation shows that the same properties are enjoyed by g; ki
the Lemma follows by iterating the above argument. 0

Lemma 7.4. It holds true L,u;y € L2 (RS, myg).

loc

Proof. Recall the definition of L, given by (A8]). Then all we need to prove
is that g—l‘f’i is in L2 (RS, myg). It follows from straightforward calculations

that the singularities at 0 of g—; are m integrable. U

8. STRUCTURE AND REGULARITY OF 72 AND «

Let u = uy the solution of the Poisson equation (£.6). Then, by (£I19)
and (D.6), we write

(a1, a2) = fay as (J1,2u1,2)

16w?a,as
e IR CRAY R VN ))

where o is the uniform probability measure on the sphere S3 and

Qr,€.1) = (j1,2u1,2¥,‘1’1(72“1;€1i7,1)> ‘1’21§T2>§2>772))
U (P(Tlfl))U (P(T2§2))
:(51,2@1,2)(7“1,51,771,7“2752,772)
T (p(r3e))T (p(r3€3))

(8.1)

4The smoothness on S3A follows from the smoothness of U; 1, the differentiability
with respect to Y; follows by the smoothness of ji,k,z and the fact that Yy [Yl,io]ﬂiyk =
[ffy, [f’l, zo]]ﬁi)k+[1~/l, Lo]@-,k,lri, since it is easy to check that, given any vector Z tangent
to MM [V}, Z] is still tangent to M.
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We have already seen that @ satisfies (Z.6) and is a smooth function on
M?2. Hence Q2 € C*(M? R). By Remark and the structure of Ly (see
Lemma [C.I]), we have

(Jrafine)(=r1,=E1, =1, 79, €9, m2) = (Jr2@i12) (71, 1,71, 79, E9,12)

and the same for the second coordinate. By the symmetry of the measure
o it follows then that the integral on the right hand side of (81 is an even
smooth function of /a1, /as, hence a smooth function of a;, ap. This shows
that v2 € C*([0, )2, R).

We are now in the position to prove the relation between o and ~:

Lemma 8.1. For any nearest neighbor couple {i,k}:
e“@(ﬁai - 04,) (e‘u(g)vz(ai, ak)) = a(a;, a). (8.2)

with U(a) = -3, log Z(a;).
Proof. By Lemma [D1] follows

1a(90pf) = € 0, {Mpa(gpf)}
provided g does not depend on p. Thus, since u;  is locally bounded,

a(ai, ax) = 1o (VV (¢ = @) (Op, i g — Op, i )
= e M0, {e" 1o (VV (i - qr)piuin) }
-et9,, {euﬂg (VV (g - Qk)pkui,k)} :

To continue, notice that for each smooth ¢,

[z [12(@)p(@pa 9V (4 - ai)usr)

=K, (go(éo)inV(qi - Qk)uzk)

= By (9(E) ik L5V (¢ = @i)) + Bimg (£(E)peVV (a5 — g1 )i )
= —Epny (0(E)V (g — ar) Loti) + Emg (0(EDPRVV (4 — qi)ui g
= By (0(EWV (@i = @) i) + Euno (9(ENPeVV (¢ = @i )ui k)

= [ e Tia U Z(ar)p(a)pta (PkVV (G — qr)uik) »

where we used the antisymmetry of j; , with respect to p.
Hence

ta (PiVV (g = qr)uik) = pa (PeVV (G = qr )i x) (8.3)
mo-alpmost surely. Accordingly,

1
a(a;, ay) = 56‘“ (Oa, = O ) {110 (VV (a5 — i) (ps + Pi)uige) }
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The result follows since
tha (Gigtig) = pa (Wi Lowi k) = 02 g (wi S k)
= -0’ Z Ng((Xjui,k)z) = —*(a;, ar,).

j=i,k

We can rewrite (8.2)) as

2(a)  2'(a)
Z(a)  Z(ar)

0(a5,00) = (9o, — 00 )7 () + (

Since % ~ a1, the regularity of a follows from the one of +2, if we can

)vz(ai,ak). (8.4)

prove that 2 ~ ajas.

Lemma 8.2. There exists G € C*([0,00)% R) such that, for each ay,as >0

(a1, a2) = a105G (a1, a2) 2 0,
and furthermore «(0,a) >0 for all a > 0.

Proof. Observe that fixing the energy of the first particle £ (qi,p1) = 0, it
implies that ¢, = p; = 0. So defining 4(g,p) = u12(0,0,¢,p), it solves on R?
the equation Lu = j, where L is the generator of the dynamics of a single
isolated atom and j=-3p-VV(q) = L*V.

By the smoothness of 72 it follows that

7*(0,a) = ~11a(§i) = pa(L*V @) = pa(V L) = p1a(V3) = 0

due to the symmetry of p, with respect to the transformation p - —p. The
structure of 42 follows then by the symmetry and smoothness of 2. The
positivity follows by

72 = _:U’tll,az(LOu ' u) = U2/~La1,a2((X1u)2 + (X2u)2)

By (B.4) and (D.5)
a(a,0) = 2aG(a,0) > 0.

APPENDIX A. COMMUTATORS

This appendix collects some formulae concerning commutators for the
unperturbed system (¢ = 0), we use the notation of Proposition 6.1l In
section [B] we have already computed:

[Co,B] = (Jp- 9y + JVU(q) - 9,) = Ci. (A1)



FOURIER LAW 23

[Cy, B] = 4T (q)Jq- 0, - 4{TU" (9)lq* + T }Jp- 9,

(A.2)
=: 202 + C(q)C(] =: 202 + Rg,
An explicit computation shows that
. ) 2
C, = P Z;UB P pZUcl B |Vpg| Co. (A.3)

The above formula shows that Cs, for small p and large ¢, is not bounded
by B, Cy,C; and, as we will see in the following, this forces us to compute

Ry =[Cs, B] = =(JVU(q) - D’U(q)dy, + JD*U(q)p- 8,)
= —{4U”<p, q)Jq+ 2U,Jp}8q - 4(U/)2Jq8p.

By using the orthonormal base Zy, Z1, Z5, defined in (B.0), we have that

2
Rs =Y (Rs,Z;)Z;

=0
= jN*(Rg, B)B + N"%(R3,C1)C1 + N™2(R3, (Ca - Cp) ) (Cy - Cp)
= N0 (g, p)(Jp,q) B~ N2 [4T " (q,p)? + 20 p* +8(T )’¢?|
— SN2 T (q.p)g*(C2 - Cy) ,
and an explicit calculation shows that
|Rs|* = N2 (I(Rs, B)” + [ Rs, C1)* + (R3, (Ca = Co))P) < K (A4)

To conclude the first order analysis we need to compute some more com-
mutators

([Co,Ci]) =-B
([Co,C2]) =0 (A.5)
([C1,C2]) =: pCs - BB,

with p and 8 also bounded.
We also need some second order commutators:

[B,Cg] = C()BCO - CgB - Clco = —20100 +B

A6
[Cl,Cg]=CoB+BCO=QCoB—Cl. ( )

APPENDIX B. HYPOCOERCIVITY ESTIMATES

This appendix contains the core of the hypocoercivity argument. For our
purposes it turns out to be more convenient to set it in an abstract setting.

Let H° be an Hilbert space and Cy, B be closed operators satisfying the
relations (AI)-(A.6). Assume that Cy, B, CyCy, BCy have all a common
core D,.. In addition, assume that for each h,g € D, and Z € {Cy, B},

<haZg>:_<Zh>g>> (Bl)
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where (-,-) is the scalar product of H°. Remark that the various constant
that will appear in the results (7, K etc.) do not depend on the scalar
product (h, g).

We are interested in obtaining estimates in terms of the following gener-
alized Sobolev norm:

2
|h1%0 = |B]? + Y | Chh|* + | BR|*.
k=0
To this end it turns out to be convenient to define the bilinear form:

(g ={hg) + Y- (G, Cra) » sl ) )

= bo(Coh, C1g) = bo{C1h, Cog) = b1 (C1h, Cag) = bi{Cah, C1g)
where a; > 0,b, > 0 will be chosen shortly (see (B.6) and (B.7)).
Lemma B.1. If for 6 € (0,1)

aob% + agb% < a0a1a2(1 - 5)2, (B?))

then the quadratic form is positive definite and
2
(R, m) > ([R]? +6 3 ar|Cuhl|? + as| Bh|?) = s h]%.
k=0

with k = min{dag, day,das,as, 1}.

Proof. We have for any ag,a; >0

2 1
{(h, 1) = as| BRI* = [h]* > Y ar|Cehl? = 3 (brw|Cih® + bragt | Cria h?)
k=0 k=0

= (a() - b()Oé()) ”C()h”2 + (a1 - bQOéal - bloql) ||C1h”2 + (ag - blal) ”Cgh”2
2
=) Z akHC’thz + (ao(l — 5) - bQOé()) HCOhH2 + (&2(1 - 5) — blal) ”Cgh”2
k=0

+ (CLl(l - 5) — boOé61 — blOéII) HCth2

Then choosing

_ a0(1—5) _CLQ(l—(S)
Qo = by ay = by
the Lemma follows immediately by condition (B.3]). O

On the other hand Schwartz inequality implies that there exists K > 0
such that

<<h7h>>SK(|h“2+§;)|Ckh|2+|Bh|2)’ (B4)

Let H':={heH° : {h,h) < oo}, clearly it is an Hilbert space, equivalent
to 21, with scalar product ().
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Lemma B.2. Given Cy, B as described at the beginning of the section, there
exists T >0 such that, for each o€ (0,1),

2 2
(h,Lh) < -10? {Z 1CwR|? + Z |CLCoh||* + | Bh|?* + |BC’0h|2}. (B.5)
k=0 k=0
Proof. This is a proof by boring computations. Let us start:

Ia x Ik

1
+ 023 (BC3h, Bh) - 3 02y ({Ch, Chiy C2h) + (CxC2h, Ci1h))
hlv—’ k=0
B,B IIA x

1
- Z bk ((Ckh, Ck+1Bh> + (Cth, Ck+1h>) }
w0 IIp x
Now we must look at all the terms one by one, we will use systematically
(A1) (A.3).
(h,C2h) = =(Cyh, Cyh).

(Coh, Coh) = =(Cgh, CGh). (Ia0)

(C1C2h, Cyh) = (CoCyCoh, Cyh) + (BCoh, Cy )
—(C1Coh, CoCyh) +(CoBh,CiR) = (Cyh,C1h)  (Ias)
—(C,Coh, C1Cyh) + (CLCoh, BR) — (Bh, CyChh)
—(Cyh,Cyh)
—{(C1Coh, CLCoh) + (Bh, BRY — (C1h, Cyh).

<CQCgh, Cgh) = —<CQCoh, C2C0h> (IA72)
(C(]Bh, Coh> = <Clh, Coh> (IB,O)
<ClBh, Clh) = 2<02h, Clh> + (Rgh, Clh) (IB,l)

(CoBh,Cyh) = (R3h, Csh). (Is2)
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(BC2h, Bh) = ~(BCyh, CoBh) — (C1Coh, Bh)
= ~(BCyh, BCyh) — (BCyh, Cy k) — (C1Coh, Bh) (Iss)
= ~(BCyh, BCyh) + (Bh, CoCih) + (Cyh, Cyh) - (C1Coh, Bh)
= ~(BCoh, BCyh) — (Bh, Bh) + (Cyh, C1h).

(C(]Cgh, Clh> + (C(]h, C’ngh) = —2<Cgh, Clc(]h> - (C(]h, Clh> (IIAA))
<C’10§h, Cgh) + <C1h, C2C8h> = —2<Clcoh, CQCOh) — <C1h, Cgh) (IIAJ)
<C()Bh, Clh) + (C(]h, ClBh) = (Clh, Clh) +2<Coh, Cgh) + (C(]h, R2h> (IIB’O)

(ClBh, CQh) + (Clh, CQBh) = 2(Cgh, Cgh) + (Rgh, Cgh) + (Clh, Rgh) (IIBJ)
Finally, we can put all the terms together, obtaining

{(h, Lh) = = a*|Coh|* = [bo + 0*(a1 = az) | |C1h|* = 26, [ Coh]?
—0%(az - a1)| Bh|* + (a0 + 0bo ) (Coh, C1h) + a1 (Rah, Ch)
— by(Roh, Coh) = by ( Roh, Coh) + (2ay + 0261 )(Cih, Coh)
= 2bo(Coh, Coh) + as(Rsh, Coh) — by (Rsh, C1h)

2 1
- O'2 (Z ag HCkCOhH2 + as HBCOhH2 -2 Z bk<CkCOh, CkJrlCoh))
k=0 k=0

II1

By the same argument used in the proof of Lemma if for 0 <6 <1 we
have

aob% + CLQb(Z) < a0a1a2(1 — 5)2, (B6)
then III is bounded by —026 (X, ar|CrCoh|? + as| BCoh|?).

Recalling (A.2) and (A.4), we have | Rah|? < Ky|Cohl|?, |Rsh|? < Ks{|Bh|?+
|Coh|? + |C1R|? + |Coh|?}. Applying Schwarz, for each ay, s, a3, a4 > 0,
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the first three lines of the above equation are bounded by

1 1 1
- {02 - 5@1[@0 +0%by + Kya1] = Ky(bo + by) — ash - §K302 - 551K3044} |Coh]?
2ph 2 2h, K Ksa2 +1)b
Aty 0%(ay - ay) - S0t 2t o Koty (Ratit Dy, e
200 209 2 20y

1 1 1 1
- {2b1 - 5()1 - 50&2(2@1 + U2b1) - Oéglbo - §(K3 + 1)@2 - §b1K3064} HCQhH2

1 1
- {0'2(0,3 - 0,1) - 5 39 — §K3b10é4} HBhH2

An inspection of the above expression shows that with the choices

ap=0*0"; a; = 0c*0'%; ay = *v®; az =0 by = c*v'?; by = 0% (B.7)

and

alzv’ﬁ; a2=U2; oz3=1f5; oy =V
implies that, by choosing v small enough, there exist 7 > 0 such that, for
each o € (0,1),

2 2
(h,Lh) < -T0? {Z |Cyh|* + | BR|* + 3 |CkCoh|* + |BC’0h|2}. (B.8)
k=0 k=0
Observe that (B.6]) is satisfied by this choice. O

APPENDIX C. A COORDINATE CHANGE

We study a change of coordinates in the case on one particle, for many
particles one simply considers the product.

Let S3:={zeR* : |z| =1} and M = RxS3 c RxR2xR2? M, =
(0,00) x S3c M. Let ¥:R4\ {0} > M, c R® be defined by

W(q.p) = ZfU’Q\/U(Q)7 p (e,
(@.0) =[\/5 +U(a) e UG D (r,&m)

Remember that, by hypotheses, U(q) = U(q?) and U is a strictly increasing
function. We can then extend U to a smooth increasing function on R such
that U(z) > 0 if z > 08 It follows that p(z) := U_l(z) is a well defined
smooth function on R such that p(0) = 0.

One can readily check that the inverse =1 : M, — R* is given by

V) = (VAP VB, )

5Clearly the extension is arbitrary, but this is irrelevant in the following.
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For the following it is convenient to introduce the function 6(z) =/p(2)/z,

z # 0. Notice that 0 is smooth on R provided we set #(0) = \/ 1/U,(0).
Next we transport the vector fields on M by the usual formula V¥,7 =

(D¥Z)o W1 The following lemma follows by the computation of DV that
can be found in appendix [D}
Lemma C.1. With the above notations we have

CN'O = \I]*C(] = J’f]an

R ._ _ \/§ (é- > 2¢2 2¢2
BB = s (-5 [1-T e ennee o

~V2U (p(r2€2)0(r2€?)€d,
Y:=U,Y=9,.
Define the function
[(2)=1-T (p(2))0(2)*

and notice that it is continuous in 0 and I'(0) = 0. It is then natural to
write

B:

{2 {BO-FF( 252)31}
ne (6.0 2
B =noe-€0,, B'=¢0,- gf €0
Notice that 6(r2£2) and T'(r2£2) are smooth function of ¢ and r, conse-

quently B is a smooth vector field. In addition, both B and B! are tangent
to the surfaces {r} x S3c M.

Remark C.2. The vector fields Cy, B,Y are defined only on M, but admit
a smooth canonical extension to all M. We will use the same notation to
designate such an extension.

It follows that there exists smooth vector fields C’l,é'g on M such that
C;=v,.C; on M,.

APPENDIX D. MICROCANONICAL MEASURE

We collect here some properties about the microcanonical measure g,
(and its product version ).

Let us first recall the definition and some formulas. Microcanonical mea-
sure is defined as the conditional measure on the energy shell X, = {(¢q,p) €
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R*: |p|?/2+ U(q) = a}. This means that for every continuous functions
¢:R, - R and f on R* we have

[ oEw.anf.aime= [ o(@p(f)eZ@yda (D)

Standard formulas give that
, -1/2
Z(a)=f2 (7 +U'(9)?) " dos, (p.) (D.2)

and
ta(f) = Z(a)™ fz Fp,q) (2 + U (9)2) " dos, (p,q) (D.3)

where oy, is the Lebesgue measure on the energy shell.
We need an integration by part formula for the microcanonical measure
ta- This is provided by the following proposition.

Proposition D.1. For all f,g continuous locally bounded functions on R4,
such that g does not depend on py (0,9 =0), and f is differentiable in py,
then

1905, ) = O 1) (g i)+ 28

Z(ay,)

tagpKf), mo g-a.s., ai > 0. (D.4)

Proof. Because of the product structure of y,, we can just consider only one
site and we drop the index k of it.

Let us recall that from the definition of pu, follows, for each smooth
bounded functions f,g and ¢ : R, - R supported away from zero,

[, dpdg e o(110) f(p.a) = [ dae (@) Z(a)ua( /)
Thus
o dpda e o(Ho)g(a)0, f(pq)
- fR4 dp dq e”Ho {~¢'(Hy) + o(Ho)} 9(0)pf (9, q)
- fR da e™{-¢'(a) +p(a)} Z(a)pa(gpf)
- fR da e ¢(a)d, (Z(a)ra(gpf))

- [R da e™p(a)Z(a)d, (1ta(gpf)) +fR+ da ew(a)i((;))

It follows the relation (D.4) for any bounded smooth f,g. The result follows
by approximations. O

f]& da e *p(a)Z(a)pa(go,f) = f

Z(a)pa(gpf).
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Formula is difficult to be used directly, but exploiting the symmetry
and the convexity of the potential, it is possible to write this microcanonical
expectation as as integral on the 3 dimensional sphere of radius 1 with
respect the corresponding uniform measure. In fact the strict convexity of
U makes the energy shell very close to a sphere for small energy a, and g,
close to the uniform measure on this sphere. We want to study this more
precisely.

Recall the change of coordinates ¥ introduced in Section [7, by (7.5)
and its inverse (C.I)). Recall also the notation 6(z) = \/p(2)/z, and that

0(0) > \/1/T(0).

Lemma D.2.
2(a) = dna [ [T (ptag?))] " dotem) (D.5)

where we have used polar coordinates in four dimensions, o is the uniform
probability measure on S3, the unit four dimensional ball, and w, is its
volume. Furthermore

palD) = 52 [ routaen) [T (p(/ag)] o). (Do)

dwaa
Z(a)
Proof. Instead of computing with differential forms it turns out to be more

efficient to use the following trick.
Consider the change of variables ¥ : (R* \ {0}) x R, — R® defined by

dome <[P e, SVT@  sp
(¢,p;s) 5 (9) |q|\/§+U(q) \/p2+2U(q)

Note that, ¥ is invertible and, setting o(&,7) = /€2 + 712,

U (a,€,7) = (\/,O(ag‘?é?)i, 0 'V2aij, 9)~

€]

Then, given any two compact support functions g € C°(R,,R), f € CO(R* R),
we can write

[Lo(s)f(p.0) dadpds = [ g |ace(DI)["]o ¥ (0., 7)dadE di

= 4w, [RZXSS g(s) [f ‘det(D\if)‘_l] o U (a, s, sn)s*dads do(€,1)

In Lemma we compute the determinant of

(D.7)

- . gq gzz g§ ~ ~
DVoU™(a,&)=]5 % F|o¥'(aé0n) (D-8)
an dn on
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for €2+ 72 = 1, obtaining

det (DU o U1 = M (D.9)

Thus, if we take a sequence of g, that converges weakly to the delta
function on one, we have the formula

= a
Jo A0 dadp =ty [ £ &) s dado(€on)

Accordingly, for each g € L'(R,) we can write

Jo F@09(E dadp =t [ g(a)S 0 006 s dado(€n)

On the other hand by the definition of the microcanonical measure f,:

A4f(p,q)g(5°) dgdp = /ﬂ.&g(a)Z(a)ua(f)da,

The above, by the arbitrariness of g, yields the following formula for the
microcanonical expectation:

palf) = w2 (@) [ fo ¥ a6 [07(plag®)] " o). (D10

Putting f =1 in implies the formula for Z(a). O
Lemma D.3. Proof of equation (D.9).

Proof. An explicit computation of the derivative yields

20" (p(a€?072))0(ag? 0 ?)\/ao ¢ 0~'V/2an 0

Dho¥ | & [1- S -2l (0)02]  -coy o,
Val V2a
~ =00 (p)n ® ¢ L [1-0%nen] o'y

We want to compute the determinant for (£,n) € S3, ie. o= 1. If we
multiply the first row by (2a)7'¢; and we sum it to the second, then by
(2a)7'&, and sum it to the third, by (2a)"'n; and sum to the fourth and
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finally by (2a)~'n, and sum it to the last row, we have

20" (p(a€?))0(a€?)/aé  V2an 0
det (Do U~t) =det| L [1-S£1-T"(p)?] 0 ¢

0 1(2a)2 nt

20" (p(ag?))6(ag?)\/a& 0 -2anp?
= det ﬁ[ 3t U’(p)92] 0 ¢t

0 1(2a)°2 7t

20" (p(a?))0(a?)/as  —2an?

1
= % det
[l E0-Te] ¢
0 —2an?
1 i
= 2—a det o
H1-Sa-rree] ¢
From the above the Lemma followsﬁ O

Corollary D.4. Let f be a continuous function of (q,p), then the following
formula holds

pa(f@p) = [ Fov(@&m) do(€n)+0(@ (D11

where o is the uniform probability measure on S3, and O(a) is a smooth
function of order a as a — 0.

Notice that because of (D.10), since 0 < ¢ < U’ < ¢! < +00, microcanonical
measure is uniformly equivalent to the uniform measure on the unit sphere,
and, for any a > 0, and any positive f:

et @Em do(em) < pu(H) < [ fou (a.6n) do€m)
(D.12)

6Just remember that det(1 —bv ®v) = 1 - bv? since v and any vector perpendicular to
v are eigenvectors of eigenvalue 1 - bv? and 1 respectively.
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APPENDIX E. THE GAUSSIAN CASE

Just to give a concrete idea of what we are doing and to provide some
concrete intuition, here we discuss the case in which we have just two parti-
cles and both U and V' are quadratic. The point being that such a case can
be solved explicitly and hence provides a guidance for what can be expected
in the general case.

Let us consider and Hamiltonian system with four degree of freedom

(q1,P1,G2,p2) € R® given by
1 1
1= S{IpP + el + 5l + oo} + el - ol

plus random forces that conserves the kinetic energy (that is independent
diffusions on the circles |p;||? = cost). To this end consider the vector fields

Xi=pi10p,, — Di20p, ;-

The generator is thus given by
2
L.:={H,., -} +0° z:XZ2 = A, +0%S
i=1

The energies of the two particles are & = 5|p;|? + 3] a[? + a1 — ¢2|* and

0&1 =e(qa— q1,p1 +D2) = €j
0,&y = —¢j

gives the current. A direct computation shows that, setting

1 _ _
U= §{H%H2— HQ1H2}—U g2 -p1+02q po

holds true .
Lou=j+eo{|al - e)?} =J. (E.1)

Accordingly, if we rescale the time by €72 and we look at the random vari-
ables & .(t) := &(e72t).

£1:0) - £00) =< [ (L) (s)ids~ 0 [ (In)IP - lax(s)1?)ds
e ()~ u(O) oMy -0 [ (E0o(7) - Ea(7))dr

—e07? [0 t [ ()P = [p1()1%) = (g2 ()% = Ip2(s)[*) |ds + O(£?)
(E.2)

where the martingale M}* has quadratic variation given by

< M" >=0? /: [(Xlu(s))2 + (Xgu(s))2] ds
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We first show that the average of the last term on the RHS of (E.2)) tends
to 0. Observe that

(Il = 1) = (lael? - Ipal?)
1
—-L(p a5 (0l - 1al)) - (ol - o))

Calling v = p1-q1 —pa- g2+ 3 (| q1]? - | g2||?), the last term on the RHS of (E:2))
can be rewritten as

(o) = 0(0) + M+ [ ()P - laas) s

It is easy to show that the average goes to 0 as € = 0.

[t remains to compute the limit of the martingale eM",,. To this purpose

one has to compute the limit of its quadratic variation
,zt

<eM" > 2= %0 [0 [(Q2,1p1,2 - Q2,2p1,1)2 + (qu2p2,1 — Q1,1Q2,2)2] ds

After some explicit calculation, one can find 4th order polynomials v, ¢, x
such that

(Q2,1p1,2 - Q2,2p1,1)2 + (Q1,2p2,1 - Q1,1Q2,2)2 =26+ Lo+ So+ex

The term L.1+ex does not contribute. For the term S¢, by using Schwartz
inequality:

-/ "dr [ sordu.= [ td7i22132 [ (XN XE e
: ([OtD(FT)dT)I/2 (Atig:z [(Xi¢)2FTd’u€dT)1/2
< ( [0 tD(FT)dT)l/Q( fot ;2 HFH%[ f ()(ub)‘*dus]%dT)l/2 <CVt

)

We have obtained that &; ., & . converge to the (degenerate) diffusion on
R2 generated by

L= 20'_2(051 - 852 )6162(051 - 852) (EB)
corresponding to the stochastic differential equation:
d(c:l = 0'71\/ 25152 dwt - 20'72(51 - 52) dt = —d52 (E4)

with w; standard Wiener process.
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