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Abstract Data Assimilation is a mathematical framework used in environmental sci-
ences to improve forecasts performed by meteorological, oceanographic or air quality
simulation models. It aims to solve an evolution equation, describing the temporal
dynamics, and an observation equation, linking the state vector and observations. In
this article we use this framework to study a class of ill-posed Image Processing prob-
lems, usually solved by spatial and temporal regularization techniques. An approach
is proposed to convert an ill-posed Image Processing problem in terms of a Data As-
similation system, solved by a 4D-Var method. This is illustrated by the estimation of
optical flow from a noisy image sequence, with the dynamic model ensuring the tem-
poral regularity of the result. The innovation of the paper concerns first, the extensive
description of the tasks to be achieved for going from an image processing problem
to a data assimilation description; second, the theoretical analysis of the covariance
matrices involved in the algorithm; and third a specific discretisation scheme ensuring
the stability of computation for the application on optical flow estimation.

Keywords computer vision, inverse problems, data assimilation, non linear advection,
optical flow.

1 Introduction

In the research field of Image Processing, most problems are ill-posed (according to
Hadamard definition) in the sense that it is not possible to provide a unique solution
[4]. A first cause of ill-posedness is that the equations used to model image properties
are under-determined. An example is given by the famous “aperture problem” occurring
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in the estimation of optical flow: a further constraint is required to compute a unique
field of velocity vectors. As an image processing problem is usually modelled by a
system of equations to be solved, the so-called Image Model, this type of ill-posedness
means that the Image Model is not invertible. A second cause of ill-posedness occurs
when the computation of image features can be obtained by different algorithms. For
example, determining image gradient requires to approximate a differential operator
by a discrete one among several possible finite difference formulations; each one with
a different result.

An usual strategy to solve ill-posed problems is to provide additional informa-
tion to the Image Model. Two options may be considered. 1) Explicit information:
complementary images are used to enlarge the set of input data. However, this is gen-
erally not possible because additional acquisitions, having the requested properties,
are not available. 2) Implicit information such as hypotheses on image properties or
constraints on the solution. A usual way is to restrict the dimension of the space of
admissible solutions. For instance, the result may be searched among the functions
with bounded spatial variations, which is called “Tikhonov regularization method” in
the literature [22]. In the general case, these additional properties or constraints are
expressed as equations, which, combined to the Image Model, lead to a new invertible
model.

Assuming not only one or two images but a whole sequence is available, enhance-
ment may be obtained by taking into account the temporal evolution. Let us illustrate
this on the image segmentation issue, which is a pure static problem. A spatial regu-
larization method, such as Shah-Mumford’s functional [10], produces a segmentation
which is a compromise between a spatially smooth solution and the adequacy to the
input data. If the segmentation process is performed directly on the whole sequence,
following [26], the solution is then seek as a function depending on the spatial and
temporal coordinates. This space-time approach has however several drawbacks. First,
it imposes an arbitrary temporal regularity, which can not deal with complex dynam-
ics. Second, missing data are taken into account in the process and introduce errors
in the final solution. By “missing data”, we refer to pixels’ values displaying a wrong
information due to either a failure of the acquisition system or noise. Third, as the
solution is looked for in the space-time domain, this leads to an high computing com-
plexity compared to a pure spatial model, which is a limiting factor for operational
applications.

As the space-time approach fails in case of missing data, an alternative is to consider
the temporal dynamics of the data. One challenge becomes to write an efficient dynamic
model and to include it in the solution computation. Such information can be inferred,
for instance, from a priori knowledge on the observed phenomena and related images.
Moreover, data quality has to be evaluated in order to ignore missing data in the
process. The first innovation of the paper is thus to use the dynamic model and the
data quality measure to rewrite the image processing problem in a Data Assimilation
system [8] in a generic way.

A Data Assimilation method solves a system of three equations with respect to a
state vector, corresponding to the studied quantities:

— an evolution equation describes the evolution of the state vector over time, using
an operator called the “evolution model”;

— an “observation equation” models the links between the state vector and the ob-
servations provided by the image sequence;



— the initial condition of the state vector.

Each equation of the system only approximates the reality and a description of the
error is stated in terms of a Gaussian noise characterized by a covariance matrix. For
a given error, such matrix depicts the dependencies between error’s coordinates on the
one hand, and between two different locations in the space-time domain on the other
hand.

We aim to use Data Assimilation as a generic framework to solve ill-posed Image
Processing problems. The spatio-temporal regularization constraint is replaced by an
evolution equation. Image dynamics being correctly approximated by this equation, the
first drawback of the space-time approach is no more occurring. Describing the tasks to
be achieved for going from an ill-posed image processing problem to a data assimilation
system is the first contribution of this paper. A study of covariance matrices and
their impact during the energy minimization has been performed. We show how a
relevant choice allows to deal with missing data and solve the second drawback of
the space-time approach. This is the second contribution of this work. These general
considerations are illustrated on the problem of optical flow estimation. The third
contribution is to propose a robust and innovative numerical scheme to implement the
transport of velocity by itself, used in this paper as evolution equation. We show that
the computation of the state vector can then be done locally in time, with specific
choices for covariance matrices. This allows the algorithm to work on a frame-by-frame
basis, unlike the space-time approach.

This article is organized as follows. Section [2]introduces the concept and difficulties
of ill-posed problems in the Image Processing research field. We give some typical exam-
ples and present a short start-of-the-art of Tikhonov regularization methods. Section 3]
describes the variational Data Assimilation method known as the 4D-Var algorithm.
How can Data Assimilation be used to solve ill-posed problems by assimilating images
in an appropriate evolution model is explained in Section El Section [5|is then a direct
application describing how to compute optical flow in this framework, using a robust
numerical scheme. It also presents and discusses experimental results. We conclude in
Section |§| and give some scientific perspectives to this research study.

2 Ill-posed problems in Image Processing

Hadamard gave the following definition: a problem is well-posed if 1) it has a unique
solution, 2) the solution depends continuously on the input [4]. A problem which does
not meet these conditions is called ill-posed. Using this definition, optical flow esti-
mation, image registration, curves or surfaces matching, tracking of multiple objects,
segmentation, restoration, deconvolution, denoising and shape from shading are well
known ill-posed image processing problems because the equations used for modeling
them are under-constrained (see the aperture problem of optical flow for instance).

Links between image properties and the solution are modeled as a set of equations
constituting the so-called Image Model. The image, input data, is denoted Y and
depends on the spatial coordinate x in a bounded domain denoted (2. The solution of
the problem, denoted X, is not necessarily an image: it can be a velocity field, a curve,
etc. To be general, the Image Model is mathematically written as:

I(X,Y)(x) =0 Vxe R (1)

with I a differentiable operator that may be:



— linear: I(X,Y) =Y — A(X) with A linear. This is a typically the case for segmen-
tation, restoration, denoising, deconvolution: I measures the discrepancy between
the input image and the solution filtered by the operator A.

— non linear. A common situation in image processing is the following: I(X,Y) =
B(Y(C(X)). The input data Y is only considered on the pixels C(X) depending on
the solution. For example, I(X,Y)(x) = fHVY( (x))]| for the well known active
contour or I(X,Y7,Ys2)(x) = Ya(x + X(x)) — Y1(x) for estimating the optical flow
X between two images Y7 and Ys.

In this section, attention is focused on variational methods: instead of directly
solving , an optimization problem is formulated and the solution is obtained by
minimizing E(X) = / U (||I(X,Y)|)dx with ¥ a convex function such as ¥(0) = 0.

As Equation is under-constrained, a possible method to obtain a unique solution is
to use the Tikhonov regularization. This is performed by adding a second term to the
functional £ which becomes:

) ax @)

px) = [ |vmx o+ 3 e (|| 5
An usual choice is to set an, = 0 for n # 1 ensuring a first order regularization or

n>0

an = 0 for n # 1,2 ensuring a second order regularization. The norm used in the reg-
ularizing term is often the Euclidean norm but other choices are possible: for instance,
to determine optical flow, Nagel uses in [I1] an oriented norm driven by the local image
configuration. The regularization performed by the algorithm is then weak on edges
and strong otherwise. The minimization of F is led in the calculus of variation frame-
work: the solution is searched as the zero of the Euler-Lagrange equation associated

E E
to |) Z—X =0, with Z—X denoting the differential of E with respect to X. With a first
order regularization, % is usually denoted V, and

EX)=[(@(II(X,Y)]) + ac1?(||VX]])) dx. The general expression of the correspond-

ing Euler-Lagrange equation becomes:

vX
V(Y1) o — an. (W (I9XI) e ) =0 )
It is discretized by finite differences and the solution is obtained using a Jacobi or
Gauss-Seidel method in the linear case and a method of steepest descent or conjugate
gradient otherwise.

From the beginning of this section, the image Y is considered as only depending
on the spatial coordinate x and the Image Model I is then static. In the case of optical
flow computation, at least two frames are required to compute the temporal derivatives,
but the result obtained on one image, using (3), has no link with those obtained on
adjacent frames. An improved solution, when dealing with a temporal sequence, has
been proposed by Weickert et al [26] and consists in minimizing the functional:

0= [, (oo Do (|53

n>0

XN ) 1o

with X and Y becoming space-time dependent. Such a functional describes accurately
linear dynamics but becomes irrelevant otherwise. Moreover, missing data are taken



into account during the computation: the method performs a smoothing of these aber-
rant values on the spatio-temporal neighborhood. Last, the time being viewed as an
additional dimension, a consequence is the proportional increase of the problem’s size.
A huge memory is then requested for processing a large sequence.

A partial answer to the problem of dealing with complex dynamics and missing
data is to include a model of the temporal evolution. This implies to be able to solve
simultaneously the Image Model I and the evolution equation. This possibility is offered
by the Data Assimilation framework described in the following Section.

3 The Data Assimilation framework
3.1 Mathematical setting

Let X being the state vector depending on the spatial coordinate x and time ¢. X is
defined on A = 2 x [0, 7], §2 being the spatial domain and [0, T] the temporal domain.
We assume X is evolving in time according to:
oX
SR 1) + MX) (1) = Em (1) (5)
M, named evolution model, is supposed differentiable. As IM may describe approxi-
mately the evolution of the state vector, a model error Ep, is introduced to quantify
the imperfections.
We consider having knowledge on the initial condition of the state vector at ¢ = 0:

X(x,0) = Xp(x) + E(x) (6)

with X named the background value and &, denotes the background error.
Observations Y (x,t) are available at location x and date ¢ and linked to the state
vector through the observation equation:

Y (x,t) = H(X)(x,t) + Eo(x,t) (7)

Equation is the standard form of the observation equation used in the Data Assim-
ilation literature. However, this formulation is quite restrictive to describe the links,
possibly complex, existing between the observations and the state vector. To be more
general, the following will be used in this paper:

]H(Y7 X) (X7 t) = (‘,‘O(x7 t) (8)

which includes the previous formulation . The observation error £ simultaneously
represents the imperfection of the observation operator IH and the measurement errors.

Em, & and Ep are assumed to be Gaussian and then fully characterized by their
covariance matrices @, B and R [21I]. Let Z denote a Gaussian stochastic vector de-
pending on a space-time coordinate (x,t); Z = Z(z,t) and Z’ = Z(z',t) are random
vectors on the two given locations. The covariance matrix X, computed for Z and Z’,
measures their dependency and is defined by:

2(x,t,x',t) = /(z ~EZ)"(Z —~EZ)dPz 2 9)

with Pz 7/ the joint distribution of (Z, Z/) and E denoting the expectation.



3.2 Variational formulation

In order to solve the system , @ and (8) with respect to X having a maximal
probability, the following functional, to be minimized, is defined:

E(X) :% /A /A <%§ + M(X))T (x,)Q *(x,t,x,t) (% + M(X)) (%', t")dxdtdx'dt’

+/ / HX, V) (x, ) R (x, ¢, x", t  H(X, Y)(x', ' )dxdtdx'dt’
AJA

+/ / (X(x,0) — Xb(x))TB_l(x,x/)(X(x/,O) — Xb(x/))dxdx/
2J0R

(10)
As Em, & and Ep are assumed to be independent, the functional E represents the
log-density of X law [2]. The minimization is carried out by solving the associated

E
Euler-Lagrange equation. The differential g—x is obtained by computing the derivative

of E with respect to X in direction 7:

e () = Ty L (EX + 9m) ()

and by introducing an auxiliary variable A, called the adjoint variable in the literature
of Data Assimilation:

A(x,t):/AQ—l(x,t,x’,t’) (%+M(X)) ', t)dx'dt’ (12)

We detail in Appendix@ the determination of the Euler-Lagrange equation associated
to (L0). This leads to the following so-called Optimality System [3]:

AMx,T) =0 (13)

—% + (%) A= —/A (%) (x, ) R H(X, Y)(x', ') dx'dt’ (14)
X(x70):/QB)\(XI,O)dXI—i—Xb(x) (15)

86—}5 + M(X) = /AQA(x’,t’)dx’dt’ (16)

Because the initial condition for A is given at time T' , A must be computed back-

ward in time using . Equation makes use of two adjoint operators denoted
oM\ " OH .. .

<87X> and <87X> . Adjoint operators are also called dual operators in the mathe-

matics literature. For a given operator K, we have:

/ (K(n)T Adps = / K (A du (17)

for all integrable functions n and A. Riesz’s theorem ensures the existence and unique-
ness of the adjoint operator. For clarifying the discussion, let us determine the adjoint



operator of K = 9 in an interval [a, b]:

ox
b b
/a %(w)g(m)dx = [f(z)g(a))"=" — /a f(m)%(x)dx

-/ " fa) (6068~ 06 - ) (o) - F0)) o

- [ (52) @

, o . . a\" d
The adjoint operator of 7, D [a,b] is then (%) =6(x—b)—(z —a)

~ 5
If K is a differential operator, the adjoint operator is then a compact notation for
integration by parts.

3.3 Incremental algorithm

Solving the Optimality System is however not straightforward: the state vector is de-
termined by equations @ using the adjoint variable and the adjoint variable is
determined by equations using the state vector. To break this deadlock, an
incremental method is applied. The underlying idea comes from the following lemma.:

min E(w) = min FE(wy + dw)
weV(wo) dweV(0)
where wq denotes a local minimum of E and V(wg) denotes one neighborhood of wy.
The state vector is therefore written as X + §X where X, is called the background
variable in the Data Assimilation literature, and 6X is the incremental variable. X is
then replaced by X3 + dX in equations , and . If M and H are non linear
operators, we obtain:

oM

M(X) = M(Xp +0X) = M(Xy) + Fo | (0X) (18)
H(X,Y) ~ H(X, 4+ 6X,Y) = H(X,,Y) + % L (6%) (19)

from a first order Taylor development of M and H at X;. Equations and
become equalities if M and H are linear. In both cases, (L819) lead to the following
new system:

A(x,T) =0 (20)

o)) oM * oH R oH .

5t (axhe) 2= [, (Bxbe,) " (00004 53 030 )
(21)
Xp(x,0) = Xp(x) (22)
% +M(Xp) =0 (23)
X (x,0) = / BA(X',0)dx’ (24)

2
20X OM

_ AN,
ot + X Xb((SX) = /AQ)\(X ,t)dx'dt (25)



The background variable X, is first calculated from equations and . The
adjoint variable A is then obtained from the background variable using equations ([20))
and . Last, the incremental variable §X is obtained from the adjoint variable using
equations and A

If M and H are not linear, equations (20}212425) only produce an approximated
solution Xy 40X due to the first order Taylor development described in and .
In this case, the incremental algorithm is applied iteratively until convergence. This
iterative method, indexed by i, is summarized in the following:

1. Initialization (i = 0) :
(a) Compute the background variable X; from the initial condition of the state
vector at t =0 in @:

Xb(x7 O) = Xb(x)
% + M(X) = 0,V¢ € [0, T]

(b) Initialize the incremental variable:
§X(x,t) = 0,V € [0, T]

2. Dot=4+1 and:
(a) Compute the adjoint variable A from ¢t = T to t = 0:

Ax,T)=0
oX | (OM NN OH R
ot " (87)( xb) W) = _/ <8X Xb,Y) R
o0H .
[H(xb,Y) + 2% Xm(é){)} dx’dt

(b) Update the value of background variable:
Xp(x,t) = Xp(x,t) + IX(x,t)

(c) Compute the incremental variable §X (required for the next iteration) from
t=0tot="T:

0X(x,0) = /B(x7xl))\(x/,0)dx’

06X  OM ’oy N
ooA | oM —
5 + X b((SX) /Q(x,t,x LAt )dx'dt
Back to stepuntil 16X]]? < e.
3. Final result is X; 4+ 6X.

4 Assimilation of images

This section explains how to solve the ill-posed Image Processing problems using the
framework of Data Assimilation and constitutes the core of this research and one main
contribution of the paper. Using Data Assimilation to solve Image Processing problems
is a relatively recent domain. This idea has been described in [B] and the first applica-
tion has been published in [I7]. Studies have been done on curve tracking [I6lI7] and



determination of optical flow [I4[15]. In [I4] two evolution models are considered, a first
one describing fluid motion by the transport of vorticity and a second one describing
video motion using the transport of velocity by itself, stabilized by a diffusion process.
In [I5] a shallow water model is considered to describe the atmospheric circulation.
In [7], a method is proposed to estimate the ocean surface circulation from SST data:
images are assimilated in a dynamic image model to produce pseudo-observations for
the oceanographic model. In this paper, we restrict to the case of ill-posed problems,
which have been solved in the literature using Tikhonov regularization methods. We
define a method to convert these problems, in a generic way, from the Tikhonov reg-
ularization to the Data Assimilation framework. The proposed method, which is the
first innovation of the paper, rewrites the Image Model and the regularization term
under the form of the system of three equations .

— First, the state and observation vectors have to be defined. Obviously, the obser-
vations will be images or processed images, but the components of the state vector
will strongly depend on the studied problem. For example, segmentation, denoising
and restoration use a state vector which is composed of the result’s values for all
pixels of the input image. Tracking, image registration and motion estimation use
a state vector whose components are the values of the resulting vector field. Active
contours use a curve.

— Second, a suitable equation describing the temporal evolution of the state vector has
to be stated (Subsection . Next, an observation equation is written expressing
the links between the state vector and the images (Subsection . Sometimes,
this link is highly indirect. For instance, as it is not possible to deduce the ocean
circulation from surface temperatures with a shallow-water model, a specific system
has to be stated with relevant evolution and observation equations [7].

— Third, the initial condition should be defined.

— Last, the errors, characterized by their covariance matrices, must be chosen for
the three equations. It is therefore crucial to understand the role of these matrices
inside functional . The second innovation of the paper is therefore to conduct
a full analysis of the errors and associated covariance matrices and their impact in
term of spatio-temporal regularization (Subsection [4.1]).

4.1 Covariance matrix

A covariance matrix X being defined by equation (]E[)7 its inverse is formally and im-
plicitly defined [13] as:

/ 2 x 2 K )dxs" = 6(x — %) (26)

We consider three possible choices of covariance and analyze their respective impact
in a functional [[ FT(Z)2 ' F(Z)dxdx' which has to be minimized.

As a first example, let ¥ be the Dirac covariance defined by 2(x,x’) = § (x — X/).
This covariance expresses a null interaction between two space locations. The Dirac
function, 6 (), has the following property:

/ 0 (x/) §(z— :v') dx’ =6 (x) (27)
2
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By identification of and , we have ¥ !(x,x') = § (x — x) and:
/ 0 F(Z)T(X)E_l(x, xVF(Z)(x")dxdx (28)
- [ F@" cor@max= [ |F@)| ax
(P 2

A Dirac covariance is therefore acting like a zero-order regularization on F(Z).

More generally, we consider the case of an isotropic covariance which is written as
¥(x,x') = s(x — x'). In this case, determining its inverse from is equivalent to
determine its inverse convolution defined by:

s *s(x) = d(x) (29)

This is more easily done in the Fourier domain as the latter equation is equivalent to:

—

sTlxs(w)=1

Using the convolution theorem, we have:

—

sTHw)s(w) =1
_— 1
T =1

. . — . . . . 1
and the inverse convolution s 1(ac) is obtained by the inverse Fourier transform of =.

Let us apply this with the exponential covariance defined by s(x) = exp (fﬁ)
o

Its Fourier transform is 70. We have:
1+ o02w?
— 1+ o2w?
—1 _
s~ Hw) —
slx) = % (56 — 02" ()

We replace the expression of ¥~ (x,x) by s (x — x') in the functional :
/ F(Z)T (x) 27 (x,x")F(Z)(x)dxdx’
2

2
A (F(Z) ~ 29 F(Z)) dx

20 [n 0x2
_1 2, 2| 0F@)|
=%/, <||F(Z)|| +o I dx (30)

Integration by parts is applied for deriving (30)), assuming null boundary terms. The
exponential covariance is thus associated to a first-order regularization of F(Z).
2
Another possibility is the Gaussian covariance defined by s(x) = exp (fx—z)
o
Using the previous technique, the Fourier transform of the Gaussian function is first

~ g . . .
established: §(w) = o/7 exp(—zwz). The Fourier transform of the inverse covariance
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. -3 1 o - .
is thus s~ H(w) = exp L2 , but its inverse Fourier transform can not be
o 4

directly computed. Let us replace the exponential by its infinite series:
— 1 1 0,2 5 n
s7Hw) = —= — <—w )
]
o =6 n! \ 4
1 2n
= —— anw 31
= an (31)

1 o\ 2n
with an = = (5) . Remembering that 1 is the inverse Fourier transform of the Dirac
n

function and using the theorem of Fourier derivation, equation leads to:

on 82n
Ox2n

‘ -

s (x) = an (i)
0

d(x)

\
3= 3
M ©

3
%

an(—1)"6%" (x)
0

Let us examine the impact of such covariance in the functional (28):
/ / F(Z)T (x) 27 (x,x')F(Z)(x)dxdx’
= — Z(—U”an/F(Z)T(x) (/5<2">(x - x/)F(Z)(x’)dx’> dx
Gﬁ

n>0

_ # Z(_n"an/F(Z)T(X)F<2")(Z)(x)dx
n>0

1 2
= — a
oﬁ/gn

(x)dx
Again, assuming null boundary conditions, we use a series of integration by parts to
derive to the final result. The Gaussian exponential covariance then corresponds to the
Tikhonov regularization at any order of F(Z).
The inversion of a covariance matrix X' is however non-trivial and usually inaccessible.
Restrictive choices have to be made such as those previously described. In the general
case, it still remains possible to approximate the matrix of covariance using finite

O"F(Z)
axn

difference operators and to inverse it using numerical techniques. Unfortunately, if the
discrete matrix is large, the inversion is costly and often numerically unstable. For
further details, the reader is referred to [I3}21].

4.2 The evolution model

Tikhonov regularization is in fact assuming spatial properties of the result from heuris-
tics on the dynamics. These heuristics, with a better knowledge on the image dynamics,
could be efficiently written as an evolution equation of the state vector X. This evo-
lution law imposes a temporal regularity of X and consequently impacts in specific
spatial configurations.
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A first and simple heuristic about dynamics is to assume X being constant over
time, which is expressed by:

dX
ot O
o aX 90X
X
ot Taxar =0 (32)

. . ox . o .
This is a transport equation as n is a velocity vector. Identifying equation 1)

and , the evolution model is M(X)(x,t) = %% An example of using as

evolution equation is given in Section [f] for optical flow estimation.
Another possible heuristic is to express the transport of the state vector as a diffu-
sion process, a physical law applying for chemical species or temperature. The general

.. 0X . . . . . .
formulation is: T VT(DVX) and by identification with equation 1i the evolution

model is M(X) = —V7 (DVX). The matrix D is a tensor characterizing simultaneously
the direction and the intensity of the diffusion. If D does not depend on spatial coor-
dinates, the diffusion is linear and equivalent to a smoothing process using a Gaussian
convolution [27]. It is also possible to drive the diffusion according to image character-
istics. A standard example is the Perona & Malik diffusion [18]: the tensor matrix D is
equal to ¢(||VX]|)Id with ¢ a Gaussian function and Id the identity matrix, with the
result of smoothing the image on homogeneous regions and preserving contours. The
tensor matrix D can also take into account the orientation of the image gradient [24)
25] resulting in spatial regularization properties similar to that of Nagel [11].

The two previous definitions of M remain restrictive for image sequences display-
ing complex dynamics. In these cases, the evolution model could be built using prior
information on the observed data. As a first example, dynamics can be approximated
by piecewise linear functions whose parameters are estimated by analyzing the evolu-
tion of the image probability density function with a particule filter method. However,
this issue remains complex and widely open. As a second example, an evolution model
based on a physical law is considered. In [7}[T5] a shallow-water equation is chosen for
modeling the evolution of apparent motion, which is an advection-diffusion equation
with additional forcing terms. However, this is specific to the ocean surface circulation
and can not be applied to a generic framework.

The covariance matrix @, associated to the model error &, is used in func-

0X
tional 1} for regularizing —— +M(X). For this reason @ is chosen as Dirac covariance

as explained in Subsection In such a way, we are ensuring that the temporal evo-
lution of X is coherent with the heuristics involved in the model IM.

4.3 The observation equation

As previously pointed out, the observation equation describes the links between the
state vector and the observations. In the standard framework of Image Processing, an
image or a sequence of images provides the observations in the Image Model I expressed
in equation . The operator H, as it appears in equation , is then defined as the
image operator I i.e. H(X,Y) =I(X,Y).

The observation error &y, characterized by its covariance matrix R, has also to
be specified. R weights the contribution of observations in equation (21f). Its inverse
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should then have values close to zero when observations should be discarded, which is
the case for missing data. Using the Dirac covariance, R is then written as:

R(x,t,x', 1) = r(x,1)d (x —x') 5 (t —t')

with r a real matrix whose size corresponds to the number of components of H and
the inverse is:

R Mx,t,x',t') =6 (x— x/) §(t— t/) r(x,t) (33)

The matrix r~! characterizes the quality of the observation: a high value indicates
that the observation value is relevant and a value close to zero indicates an irrelevant
observation value, which should not be included in the computation of the solution.
Assuming the availability of a function f measuring the confidence in observation data
(f €[0,1], f = 0 for no confidence), one possible formulation of 7~ is:

rx,t) = ro(1— f(x,8) + 71 f(%, 1) (34)

rt (x,t) will be equal to a “minimal value” rg if confidence is 0 and equal to a “maximal
value” rq if confidence is 1. Matrices rg and r{ are chosen to be constant and invertible.
For completeness, f is modeled as:

f(X7 t) = fsensor (X7 t)fnoise (X7 t)f]H (X7 t) (35)

fsensor indicates the availability of observation values: it is equal to 0 if data are not
or wrongly acquired by the sensor. fiise Characterizes data quality: it is close to 0 for
noisy data. fyy measures the confidence in the observation model; it is close to 0 if the
observation equation is not valid.

With such definition of R, observation values with a low confidence will not be
considered during the computation of the solution of the Image Processing problem.

4.4 Conclusion

In this Section, we considered the class of ill-posed Image Processing problems which
are usually solved by constraining spatially and/or temporally the solution. We pro-
posed a generic method to convert the Image Model and the spatio-temporal regularity
constraint on the result in term of Data Assimilation components, as expressed in equa-
tions . The Image Model is taken as observation model and the observation error
weights the importance of the observation values in the computation of the state vector:
when data are irrelevant, their values are no more used. Of course, this is only possible
if the quality of the observations can be evaluated. The evolution equation describes
the temporal evolution of the state vector and we proposed two generic choices for the
operator M. However, both are too restrictive to deal with complex temporal dynamics
and prior knowledge should be included when available. The coherency of the temporal
evolution through the operator M is ensured by the covariance matrix ¢ and we gave
three examples of regularization. In the next Section, we illustrate how to use Data
Assimilation to determine optical flow by applying these general principles.
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5 Application to optical flow estimation

Let I be a sequence of images on a bounded domain of R?, denoted 2. Let W (x, t) be
the velocity vector of a point x € {2 between ¢ and ¢ + At, verifying:

I(x + W(x,t)At, t + At) = I(x,t) (36)

As this equation is non linear with respect to W, the left member of equation is
often linearized using a first order Taylor development around At = 0. This provides
the so-called optical flow constraint equation [6]:

VIT (x, )W (x,t) + %(x, t)=0 vVxen (37)

By identifying (37) with (I, we have X = W, Y = (VI,I;) and I = VIT (x, )W (x, )+

a(x, t). Estimating apparent motion is an ill-posed problem: the velocity vector has

two components and the optical flow equation is not sufficient to compute both. A solu-
tion could be obtained in the Image Processing context using a Tikhonov regularization
as stated in Section by constraining spatially [6] or spatially and temporally [26] the
solution. Equation is often preferred to because it is linear and the associ-
ated Euler-Lagrange equation can be discretized using an explicit and robust numerical
scheme. However, it is possible to directly use the equation for estimating the op-
tical flow. This has been described in [3] where the resulting Euler-Lagrange equation
has been approximated with a semi-implicit scheme. The advantage of equation
is that W can be estimated even for high velocity norms. Equation is an approx-
imation and only well suited for low velocity except if incremental algorithms [12/[19]
or scale-space methods [I] are considered.

In this paper, we choose however to consider the optical flow constraint in
order to illustrate the tasks to be applied for going from an ill-posed Image Processing
problem to a Data Assimilation system, compare it with state-of-the-art methods, and
prove the advantage of Data Assimilation when processing noisy acquisitions including
missing data.

5.1 Observation and evolution models

The optical flow constraint is chosen as image model. As H = I, the observation model
is:

H(W, I)(x,t) = VI(x,t)T W(x,t) + I1(x, 1) (38)

With this choice, the field W(x,t) of velocity vectors is now considered as the state
vector X(x,t) and the image gradients (VI(x,t), I+(x,t)) constitutes the observation
vector Y (x,t).

We have to define an appropriate observation error. Equations (33)) and (34) are
used to define the inverse of R and to locate the observation values which must be
discarded. The observation model H being scalar, the matrices ry and r; are scalars
and respectively set to € and 1 — € with € ~ 10~%. Equation is used as the
observation confidence. Without any information, foise 1S assumed to be equal to 1.
fsensor 18 set to 0 if data are not acquired and to 1 otherwise. fiy is chosen from the
following remark: the spatio-temporal gradient is null on regions of uniform grey level
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values and equation is then degenerated on pixels belonging to them. For avoiding
further considering these points, fyy is defined by:

frn(x,t) = 1= exp(||VaI(x,1)[|*) (39)

where V3 denotes the spatio-temporal gradient operator.
The transport of the velocity, equation (32)), is taken as evolution equation:

oW

TR vwiw =0 (40)

This equation is rewritten as a two-component system:

ou
2%
o TUVe+VVy =0 (42)

and by identification of equation with and (4142), the evolution model is:

M(W) = (Mi(W)  Ma(W))"
= (UU. +VU, UVi+VV)"

W being a two-component vector, the @) matrix is of size 2 X 2 and chosen as:

Qx,t,x, 1) = q(x — X, t — 1) (é ?) (43)
with g(x,t) = exp(— = (||x[|+[¢])) or q(x,t) = §(x)d(t). We have tested both covariance
matrices with ¢ = 1 without noticing significant differences on the results.

The background value at ¢ = 0 (equation @) has also to be provided: we make
use of Horn and Schunck’s algorithm [6] to compute the velocity field on the two first
frames of the sequence. We consider the background error B(x,x’) = §(x — x) for
measuring the quadratic discrepancy between X;(x) and X(x, 0).

5.2 Adjoint operators

In order to determine the adjoint operators for M and H, the directional derivatives
must first be established.
Using the definition (11)), we obtain:

OM;, . OMp, 1,  OMy, o 1 1 1 2
aw = 3 1)+ gy (7) = Ung + s + Vi + Uyn
O0Ms . OMo OMyo

aw ) = o0 (") + e () = Uns + Vyn® + Vg + Var

T
with n = (771 7]2) and 1, and ny standing for partial derivate with respect to x
and y. The reader is referred to Appendix for more details. Using definition ,
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integration by parts and considering boundary terms equal to zero, the adjoint operator
of M is:

*
(%m‘f[‘;) (A) = —UAL — VA — VAL + V222

(%ﬂ\v/ﬁf) (A) = —UaX® —UN2 = VAL + UyA!

. T . . .
with A = ()\1 )\2) . Details are reported in Appendix In a compact form, the
adjoint operator of M is written:

oMY (AN TN (v U\ A
oW RV 1% Vo Us A2
T

== (VA V)T W (VEY Vi)

. T
with VAU = (Uy —Uz) " .
The directional derivative of the observation operator is:

OH

W ('r])(x, t) = VIT (x7 t)n(xv t)

and determining the adjoint operator is direct, as described in Appendix

(%) (N)(x,t) = VI(x, )A(x, L)

5.3 Discretization

Using the choices made in Subsection [5.1] differential and adjoint operators values

calculated in Subsection the three PDEs (23][21]{25) become:

‘%V +vwiw =0 (44)
*%j VAW — (VW) A = —VIR ' 4L (45)
6‘;—?’ + VSWTIW + YWTsW = Q « A (46)

with VAW = (VLV fVLU), and L = I + VIT (W +6W). The covariance matrices

Q@ and R being chosen isotropic, they only depend on x — x’ and ¢t — ¢/, and the right
members of equations and can then be expressed as a convolution product.
For evaluating these right members at a given date, the knowledge of L and X over the
whole temporal domain is required. However, choosing a Dirac matrix for ) and R
reduces the convolution product to a simple multiplication. In computation of \(t)
is only depending on values at (¢ + 1) and in 0X(t) is obtained from variables at
(t — 1). The algorithm becomes a frame-by-frame process: the whole sequence of state
and observation vectors, adjoint and incremental variables may be left on the mass
storage, excepted frames implied in the computation.

The three equations are discretized using a finite difference technique. Let us first
examine equation : it is a 2D non linear advection equation. The advection term
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corresponds to the velocity transport. Its direct approximation by a standard Euler
scheme is known as being numerically unstable. This instability has several origins:
the non-linearity of the equation, the multi-dimensionality of the state vector, the
simultaneous occurrence of linear and non linear terms in the equation. For stabilizing
the scheme, a diffusive term is often introduced into the equation:

%V +VWIW = kV2W

with £ > 0 having a small value as done in [I5]. This is known under the name of Lax-
Wendroff method. Such an equation can then be approximated using an explicit Euler
scheme (with Courant-Friedrich-Levy condition) or an implicit Euler scheme. This has
the drawback of smoothing the solution and not preserving sharp discontinuities. We
propose, in the following, a stable scheme for the advection equation, without adding
this diffusive term, by using a splitting method [23]. As W (x,t) is a vector of RZ,
equation has two components and . The first one combines a term of
linear advection in direction y and non linear one in direction z and is expressed as a
two-equation system using the splitting method:

%{i Y UUz =0 (47)
867[1&] +VU, =0 (48)
Equation is rewritten with the Lax-Friedrich method [20] as aa—(t] + 6FaiU) =0
with F(U) = %UQ. This new equation is discretized by:
Uit = %(U{C+17j + U ) - %(Fz]il,j —Fl )
with Uik)j = U(xi, yi, tr), Filfj = F(U(z;,yi,tr)) and At the time step. The term

%(Uf+1,j + Ul-k_Lj) stabilizes the scheme by adding a diffusive effect while At satisfies
the Courant-Friedrich-Levy condition. The linear advection is discretized using an
explicit shock scheme [20]:

Upt = Ul - o (maX(Vi]fj:O) (Uzlfj - Ui’fj—l) +min(V7%;, 0) (Uz'k,j+1 - Uzka))

In the same way, it can be seen that the second component of (44) contains a linear
advection term in direction x and a non linear one in direction y. The same strategy
is then applied for discretization.

Equation combines a linear advection (VAT W), a term of reaction (V- W)T'))
1

and a forcing term (VIR™! « L). Its first component is —% — UM - Vy)\l — V)\ZII +

I
Ved? = a—A with A = —R™! % L. It is split into two parts. The first part contains

Ox
. o . ot 1 1
the linear advection in direction x and the reaction term: ——— — UX; — VyA™ =0

and is discretized in the same way as (48) with an explicit shock scheme. However, the
equation is retrograde and its initial condition is given at time T':

1yk—1 At 1k k Lk
(WDt = (1 + 7(%,j+1 - Vi,j—l)) (A)iy+

At (max(Uf5,00(ADE; = ADE15) + min(UF5, 00\ = (ADE)))
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The second part contains the linear advection term in direction y and the forcing term:

2% 1 o Ol . - .
o VAy = —=VaA™ + %A. Again, an explicit shock scheme is used:
k=1 _ 1k At (g k 29k A1 AV
Wiy = )iy — 5 Vit = Vier)) ()i + St(IaA)ij +

At (max(Vi, 0)(ADE; = ADE; 1) +min(V, 00 (W11 = AWDE))
Having the same structure, the second component of is discretized with the same
method. The complete numerical scheme is described in Appendix [C.2]
The last equation, , is similar to equation : a linear advection with a reaction
term and a forcing term. We therefore use the same discretization technique. The full
numerical scheme is detailed in Appendix

5.4 Results

The “taxi” sequence and a synthetic sequence have been chosen for discussing results. In
both cases, image gradients are computed with a convolution method and a derivative
Gaussian kernel whose variance is set to 1. The incremental algorithm (Subsection
is iterated 5 times.

The taxi sequence displays several cars moving with a slow and quasi uniform
motion.
In a first experiment, we compute the optical flow using the Data Assimilation method
with image gradients as observations. Horn & Schunk’s method is also applied on the
sequence and both results are displayed for comparison and analysis purposes of our
method. Figures [I] to [3] show the results obtained on three frames of the sequence.
These results are qualitatively similar, illustrating that both methods are equivalent
when observation values are available on the whole sequence. Having chosen Horn &
Schunck or another image processing method does not really matter, because we are
not interested in discussing a quantitative comparison of optical flow methods but in
proving the efficiency of Data Assimilation for dealing with missing data and complex
dynamics. Consequently, a second experiment is designed for analyzing the issue of
missing data. A large region around the white car, denoted %, is set to zero (black
rectangle) on one frame of the sequence to simulate a sensor failure. To indicate the
irrelevance of pixel values inside this region, the function fsensor returns the value 0
inside ® and the value 1 outside. The spatio-temporal gradient is then computed on
the modified sequence and provides the observations. Figure [ shows the results with
Data Assimilation and Horn & Schunk methods. This latter obviously fails to provide
acceptable velocity vectors over R, while Data Assimilation provides a correct result
thanks to the eviction of missing observation in the computation and to the evolution
equation. A similar experiment is performed by setting several small regions to zero
on one frame and flagged them as not acquired with fsensor equal to zero. This lack of
observation also disturbs Horn & Schunk’s algorithm while Data Assimilation provides
a correct result as illustrated by Figure [} Even a whole frame of the observation
sequence can be missing: we force image gradients to zero on the fifth frame of the taxi
sequence resulting to fig = 0 on this frame. In this case, Horn & Schunk’s method can
not provide any result on this frame. Figure |§| is then comparing results obtained by
Data Assimilation with and without observation on frame 5. Results remain similar,
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due to the fact that the evolution model correctly approximates the temporal dynamics
of these data and compensates the missing acquisition.

Fig. 1 Comparison Data Assimilation (left) / Horn-Schunk (right) — frame 3.

Fig. 2 Comparison Data Assimilation (left) / Horn-Schunk (right) — frame 6.

A third experiment is dedicated to prove that using the real dynamics within the
evolution model ensures getting correct estimation of motion. For that purpose, we
built a synthetic sequence displaying one square moving horizontally from the left up
part of the image and one moving vertically from the right bottom part. At the end
of the sequence, the two squares meet each other. Figures [7(b)] [§(b)] and [9(b)] show
the results with Horn & Schunk’s method which fails to estimate a correct velocity
direction when the squares meet. This is due to an over-regularization by the cost
function. Figures [7(a)} [8(a)] and [9(a)] show the results with Data Assimilation: motion
is better estimated because the evolution model correctly describes the dynamics and
avoids the negative effects of spatial regularization.

6 Conclusion

In this paper we proposed a general framework to solve ill-posed Image Processing
problems by Data Assimilation methods. This is an alternative to the space-time ap-
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Fig. 3 Comparison Data Assimilation (left) / Horn-Schunk (right) — frame 9.

(a) Data assimilation (b) Horn-Schunk

Fig. 4 Missing data on a large region in frame 5.

(a) Data assimilation (b) Horn-Schunk

Fig. 5 Missing data on small regions in frame 5.
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(a) Result with image gradients set to 0 on  (b) Result with image gradient available
frame 5

Fig. 6 Missing data on the whole frame 5.

(a) Data Assimilation (b) Horn-Schunk

Fig. 7 Results on synthetic sequence - frame 4.

proach, described in the introduction, which constrains the solution’s variations in
space and time.

If the dynamics is approximately known and expressed as an evolution equation,
we show how this information is used, simultaneously with the observation equation, in
the framework of Data Assimilation, to temporally constrain the solution and obtain a
better result. We extensively describe how to formalize the image processing problem
using the Data Assimilation framework.

The impact of covariance matrices on the energy minimization has been investigated.
Their regularization properties have been described for three different cases. The knowl-
edge of the temporal dynamics and the choice of relevant covariance matrices make it
possible to handle the problem of missing and noisy data. For that purpose, the ob-
servation error is described by a specific covariance matrix, with high values on pixels
corresponding to missing and noisy data, which are then discarded during the com-
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(a) Data Assimilation (b) Horn-Schunk

Fig. 8 Results on synthetic sequence - frame 7.

(a) Data Assimilation (b) Horn-Schunk

Fig. 9 Results on synthetic sequence - frame 10.

putation process. On these pixels, the solution is mainly obtained by the evolution
equation. Obviously, this is only possible if a confidence measure on observation data
is available.
Due to specific choices of covariances, the 4D-Var algorithm described in the paper
allows a local computation of the state vector, on a frame-by-frame basis. It therefore
has memory management advantages compared to the space-time approach, which re-
quires to include the whole sequence in memory, as the linear system is solved in the
space-time domain.

The general approach has been illustrated on estimation of the optical flow by
assimilating image gradient observations in a model, that describes the evolution of
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velocity by itself. This transport equation is simple and correctly approximates the
dynamics, which is locally translational and uniform. The chosen observation equation
is the optical flow constraint, linearly linking velocity and image brightness gradients.
The discretization leads to an unstable numerical scheme if standard finite difference
methods are used. To overcome this problem, a robust scheme, based on a splitting
method, has been proposed in the paper.

A first perspective of this work is to investigate the evolution equation issue. For
some applications it is possible to use a physically consistent equation: for instance,
ocean surface motion is described with a shallow-water model. If we are concerned with
video sequences of rigid objects, the transport of velocity by itself is relevant for locally
translational displacements, but becomes inadequate for rotational or discontinuous
motion. A solution is to build a parametric model of the image dynamics: the spatio-
temporal domain is first divided in sub-domains and the transport equation is assumed
to correctly describe the dynamics on each of them.

A second perspective is to investigate the spatial regularization of the state vector X
through the observation covariance matrix R.

A last perspective addresses the experimental application chosen in the paper: the
estimation of optical flow. The optical flow equation has been used as observation
equation. This equation has the advantage to be linear but is only an approximation
of the transport of image brightness by velocity. The initial transport equation, even if
non linear, can be used as observation equation. The differential and adjoint operator
of the observation model can be determined if the image brightness is supposed to be
differentiable. The 4D-Var algorithm, described in Subsection [3.3] could then be used
with such observation equation.

A The Euler-Lagrange equation of E ((10))

Let us first compute the derivative of E in direction 7 using definition :
1
E(X+n) = 3 / / (Xt 4+ ym + MX + )T Q™ (Xt + yme + M(X + 1) T dxdtdx’dt’
AJA
+/ / H(X + 1, Y)TRTYH(X + 5, Y)dxdtdx'dt’
AJA
+/ / (X +yn = Xp)" B™HX + 9 — X )dxdx’
nJo
d d T 1 1 140
—EX+m) = e+ —MX+n) ) Q7 (Xt + e + M(X + yn)) dxdtdx’dt
dy Ala dy
d
+/ / — (]H(X + W,Y)T) R™YH(X + yn, Y)dxdtdx'dt’
AlJa dy
+/ / nTBfl(X +yn — Xp)dxdx’
nJo
Let us v tend to zero:

gTE; (n) = /A /A (m + %(m) "0 (X0 4 M) deta

OH T L
+// —(n)) RTIH(X,Y)dxdtdx'dt
AJa \OX

+/ / nTB™H(X — X} )dxdx’
nJ02
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We use integration by parts in order to factorize each term with n7:

STE;(") = /A /A n” (6(t =T)—48(t=0)— % + (%f) Q™ (X + M(X)) dxdtdx'dt’

:[H *
+/ / nT (8—) R™YH(X, Y)dxdtdx'dt'
aAJa oX
+/ / nTB™H(X — X} )dxdx’
2J02

Let us introduce the adjoint variable A in the previous expression and use Fubbini’s theorem:

oF

a—x(n) :/DnT(x,T))\(x,T)dx—/QnT(x,O))\(x,O)dx

o (5 (5) W) asae
+/AnT(x, t) (/A (%)* R_IIH(X,Y)dx’dt’) dxdt

+/g n7T (x,0) (/Q B YX(x,0) — Xb(x’))dx') dx

OF
A solution of ﬁ(r]) = 0Vn w.r.t. X verifies the following system:

Ax,T) =0 (49)
—A(x,0) +/QB—1(X(x/,o) — Xp(x))dx' =0 (50)

oA oM\ * OHN* __ P
s (aTc) ()\)+/A (8—){) RT'H(X,Y)dx'dt’ =0 (51)

Using the definition of inverse covariance , Equation is rewritten as:
X(x,0) = Xp(x) + / B(x, x')A(x', 0)dx’ (52)
2

and the state vector is expressed from A using (12):

% +M(X) = /A Q(x,t,x " )A(x', ') dx' dt! (53)

Equations , , and (53) are the Euler-Lagrange equations.

B Determination of the adjoint operators

B.1 Differential of M

The operator M is defined by:

now = wiew = () = (o4 T34z

The differential of IM is formally equal to the following Jacobian matrix:

OM; OM;
oM | aU oV
oW | oMy oM,

ou oV

(54)
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Each element of this matrix is obtained using the definition of the directional derivative.

oM
Considering the first element of W’ the directional derivative with respect to U in direction

n' is given by:

oM, T 1 . d 1
= lim — (M, (U 1%
( o0 ) n' = lim dv( 1({U + ', V)

and we obtain:

oM, T
i n' = Un}k + Vi, + Usn
oM, T
v 772 = Uy772
M T
U 771 = V:c'ﬂl
oMo ™ 2 2 2 2
OM (U8 +V8y + Uy Uy
OW Ve Udy +VOy + Vy

In equation (25)), the differential of M appears as a directional derivative in direction §W and
it has been defined in such a way (see equation (54))) that the Jacobian matrix does not need
to be transposed to compute the derivative in a given direction. It is therefore evaluated as:

oM M,
SU + 5V

gyv (W) = gxﬂi\ééw - 3?1\[/1] 6?1\‘/[/
25U + 25y

au v

_ (USUy + VU, + UpdU + Uy6V
T\ USVi 4 ViV + VidU + V6V

B.2 Adjoint t f
joint operator o W

is formally defined by:
™M ™\ *
(W) = (aw.(S0) W)
oW L2 oW L2

:/(gi\/[v(éw))T)\dx

o
The adjoint operator of 3

oM
The directional derivative W (W) is a column vector and has to be transposed to perform

the scalar product with A = ()\1 )\Q)T:
oM T USUy, + VU, + UgdU + UysV\ " (AL
/ (aw (5W)) Adx = / <U6Vz + VOV, + VadU + Vy(ﬂ/) ()\2) dx
— /(_wam(ml) —SUB,(VAY) + SUUA! + VU, A

SUVA2 — 5V (UNE) — V8, (VA2) + 6VVy)\2> dx

_ UM — VAL = VAL + 1,02
= / (U ov) (—Uz,\2 —UX2 — V)\% LU ) 0x

-~ ~Udy —VOy —Vy Ve Al
- /(6U 5V) ( v U8, — B, — Ux) (/\2 dx
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M

The adjoint operator of o
oW
()

OW

and its expression in direction A is:

Uy

oM

B.3 Differential of H and adjoint operator

The operator H is defined by:

<7UBI —Va, —

(o) 0= (*Ufji% -

Vy Ve

~Udy — VO — Ux)

V,\Q}J — VAl + VA2
UX2 — VA2 —Ug)?

H(W, I)(x,t) = VI(x,t)TW(x,t) + I1(x,t)

The differential of H is:
OH

oW

The first component is given by:
OH
ou"

lim
¥—0

d
lim — (IZ(U
v—0 dy

Iznl

oH
The same calculus leads for the second component to —772

of H is:

OW
The adjoint operator is defined by:

(2 o)
oU oV

d
—H(U 4 v, V)
dy

+n) + I,V + L)

Al Iynz and finally the differential

=viT

(ow.s) = (ow. (22) )
oW L2 OW L2
= / VITSW Adx
= / SWTVIdx

And finally, the adjoint operator is:

OH

C Numerical schemes

(5w) =¥

C.1 Evolution equation of the background variable

Equation (44) has two components and can be written as:

%(t] +UU, + VU, =0 (55)
N L uv, + VV, =0 (56)

ot
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Equation (55) is rewritten and split into the system:

1
F = 5U2 (57)
U
o T = (58)
U
o TVUs =0 (59)

Equations (58) and (59) are now linear advection equations. They can be approximated using
the following schemes:

k+1 1 k k

Uij —3W0d,; +UL,)

At
k41 k

Vi, — Ui

At

Ly k
= *5(Fi+1,j - Fi—l,j)

= —S,(V,U)¥;

S is the discrete operator approximating the advection operator using a shock filter, defined
in the following in the y direction:
Sy(V;U)i,j = max(Vi j,0) (Ui,j = Ui j—1) + min(V; 5,0) (Ui j+1 = Ui,5)

Equation (56) is rewritten and split into the system:

1
G=-Vv?
2
2%
— 4+ Gy =0
ot T
ov
— 4+ UV, =0
En + UV
and then approximated by:
k+1 _ 1/y/k k
Vig maWisn *Vig) | L o
At 2 ’L?J+1 7’7.771
k+1 k
T VR,
i,j hJ o k
= =Sz(U, V)i ;

C.2 Evolution equation of the adjoint variable

Equation has two components and can be rewritten as follow:
=M UM =V A = VAL VoA = LA (60)
“AF—UXL — U X — VAL + UyA' = A (61)
with A = —R~! x L. Equation is split into:
A =UM + VN
M=V Ve + LA

The numerical scheme is retrograde because the initial condition for A! is given at time ¢ = T.
We use an explicit Euler scheme:

(ADE, = (s !
ST = S (U A S (Ve — VDO

At 2 id
(ADE = (bF! 1
*% = Sy(Vv)\l)ﬁj - g(vilfkl,j - Vik—l,j)()‘2)ﬁj + (IIA);C,J'
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The numerical scheme is written:
k k 1k
(V= Vi 0O

(VE 1, —VEL OO, + <I$A>§ij)

(ADEST = Ak +At(Sz(U7A1)f,j+

Y SR

85" = G + e (S VAL, -

%)

The equation is split into:

“A2 = UX2 4+ Uy A2
=M = VAL —UyA + (I, A)

and the numerical scheme is:
k k
(Uz+1 ,J Uifl,j)()‘z)i,j>

(UF, 11— UE,_DODE, + (I A)E )

()\2)k L= 2k 4ot (SZ(U, A)E i+

N | = l\'l\»—t

(/\Q)k L= (OF + At (sy(v,A2 K-

C.3 Evolution equation of the incremental variable
Equation has two components which are expressed as follow:

SUy + USUy + VU, + UpdU + UydV = Q + A!
SVi 4+ UsVi + V8V, + VadU + V0V = Q % A2

Equation (62) is split into:

60Ut +UdU + UzpdU =0
SU 4+ VU, + UydV = Qx A

Again, linear advection terms are approximated using shock filter.

JU,’H'I —§Uk. 1
i,j i k k k
N =Sz (U, 0U); ; — 2( i1, — Uit1,;)0U5;
SUFFL —sUF
JTM = —5y(V, 5U)f, ( i1 Uik,j )5Vk + (Q*/\l)

Equation (63)) is split into:

6V + U8V, 4+ V6V =0
Vi + VoVy 4+ ViudU = Q * N2

and approximated by:

SVEFL _svk 1

ij i k k k k
— = =Sz (U,0V)7 ; — 5(‘/1',j+1 = V10V,
SVl §vk.
'JTM = —Sy(V,6V)§; — ( Py — Vi )0UE + (Qx N)E
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