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Complete Graph Embedding
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Complete Graph Embedding in Broken Chimera
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Embedding ILP

Symmetric Chimera graph of size n ∈ N, N = {1, ..., n}

Binary variables x ∈ {0, 1}N×N with

xrc =

{
1, if crossroad from row r to column c is used

0, otherwise

xrc = 0 if one of the qubits is broken

At maximum one row is matched to each column and vice versa∑
r∈N

xrc ≤ 1 ∀c ∈ N∑
c∈N

xrc ≤ 1 ∀r ∈ N

Maximizing matched rows and columns
∑

rc∈N2

xrc

DLR

http://www.dlr.de


dlr.de · Slide 5 of 17 > > Elisabeth Lobe · Embedding and Weight Distribution > 05/09/2019

Embedding ILP – Forbidden Combinations

additional constraints

simplified because of
matching constraints

xrc + xr̃c̃ ≤ 1

∑
rc∈Ibelow

left

xrc +
∑

rc∈Iabove
right

xrc ≤ 1

∑
rc∈Iabove

left

xrc +
∑

rc∈Ibelow
right

xrc ≤ 1
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Embedding ILP – Forbidden Combinations

xr̃c̃ +

xrc ≤ 1

∑
r∈Irows

xrc ≤ 1 ∀c ∈ Icols

or

xr̃c̃ +
∑
c∈Icols

xrc ≤ 1 ∀r ∈ Irows

depending on interval sizes
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Analysis

Restricted bipartite matching problems are NP-hard
even for cardinality 1 constraints

reusable once computed

Specific structure of constraints allows splitting into subproblems
for each constraint 2 options to choose

resulting constraint is weaker than matching constraint

simple bipartite matching problems with no additional constraints O
(
n3

)
More broken qubits

more pairs introducing constraints

fixed-parameter tractable in number of broken qubits O
(
n3 2|B|2)
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Results – Exact Optimization

Average ratio of maximum possible complete graph size (4 · size)

Implemented in SCIP

Still fast for current hardware graphs

D-Wave 2000Q: size 16, ratio≈0.008 Ô 64 nodes embeddable
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Results – Heuristic Approach

Average ratio of maximum possible complete graph size (4 · size)

Removed unlikely crossroads before optimization

Reduces amount of constraints significantly

Much faster, still close to maximum possible
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Next Steps

Testing how solution quality
and time changes when

not all crossroads of different
broken qubits are removed

different heuristics are applied

Investigate whether the
construction can be
transferred to Pegasus

Embedding of K62 in P5

(Next-Generation Topology of D-Wave Quantum

Processors, D-Wave, technical report, figure 5)
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Embedded Ising Function

From f(t) =
∑
v∈VG

Hvtv +
∑

{v,w}∈EG

Jvwtvtw with t ∈ {−1, 1}VG

get f(s) =
∑
v∈VG

( ∑
q∈M(v)

Hqsq +
∑

{q,p}∈E(M(v))

Jqpsqsp

)
+
∑

{v,w}∈EG

{q,p}=M({v,w})

Jvwsqsp

with s ∈ {−1, 1}VH

Ô New coefficients J , H

Problem graph G = (VG, EG)

Hardware graph H = (VH , EH)

Embedding M : VG → 2VH
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Weight Distribution

→

= 3 − 6

↔
3 1 1 1

-3 -3

= −3 − 6

-3 -1 -1 -1

-3 -3↔

= −1 − 0

-1 -1 -1 1

-3 3←
?

3 1 1 1

-3 -3

7 -8 7 -8
= −4

3 1 1 1

-3 -3

7 -8 7 -8

↔

= −8

-3 -1 -1 -1

-3 -3

-7 8 -7 8

↔

= −16

-1 -1 1

-3 3

-7 -8

-1

-7 -8

←
?

Obvious requirements: Hv =
∑

q∈M(v)

Hq

J < O

Equivalence of solutions for synchronized variables:

f(t) = f(s) + offset ⇔ tv = sq ∀q ∈M(v) ∀v ∈ VG

Ô How to choose coefficients to guarantee optimality?
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Weight Distribution

Hq

Jvw

Jvw

Jqp

f(s) =
∑
v∈V

(

fv(s

)

, t) =
∑

q∈M(v)

Hqsq +
∑

{q,p}∈E(M(v))

Jqpsqsp

)

+
∑

q∈M(v)

{v,w}∈E
{q,p}=M({v,w})

w∈dq(v)

Jvwsq

spsw

tw

For synchronization

argmin
s∈{−1,1}M(v)

fv(s, t) ⊆ {−1,1} ∀t ∈ {−1, 1}d(v)

Then ∀s ∈ {−1, 1}M(v) \ {−1,1} ∀t ∈ {−1, 1}d(v) :

fv(s, t) > min
{
fv(−1, t), fv(1, t)

}
Ô Exponential number of brute force constraints on J , H
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Simplifications

Hq

Jvw

Kq

Jqp

fv

fv(s, t) =
∑

q∈M(v)

Hqsq

fv(s, t) =

− J
∑

{q,p}∈E(M(v))

+
∑

{q,p}∈E(M(v))

Jqp

sqsp +
∑

q∈M(v)

w∈dq(v)

Kqsqtq

Jvwsqtw

Restrict on J > O (symmetry in t ∈ {−1, 1}d(v))

Combine the incoming strengths Kq =
∑

w∈dq(v)

Jvw

Set Jqp = −J for all {q, p} ∈ E(M(v))

Start with weight Hv = 0, hence Hq = 0
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Reduction

J > max
∅6=S⊂M(v)

S is fundamental cut

min

{∑
q∈S

Kq,
∑

q∈M(v)\S

Kq

}

min

{∑
q∈S

Kq,
∑

q∈M(v)\S

Kq

}
|δ(S)|

Lower bounds on J to be minimized

Related to graph property called expansion for zero weight

Ô easy to compute for trees, like in embedding setting

Reintroducing weight
advantage of specific unequal distribution

Ô still easy to compute

Minimizing all coefficients with J ≥ ‖H‖∞
work in progress
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Reduction

J > max
∅6=S⊂M(v)

S is fundamental cut

min

{∑
q∈S

(Kq −Hq),
∑

q∈M(v)\S

(Kq +Hq)

}

min

{∑
q∈S

(Kq −Hq),
∑

q∈M(v)\S

(Kq +Hq)

}
|δ(S)|

Lower bounds on J to be minimized

Related to graph property called expansion for zero weight
Ô easy to compute for trees, like in embedding setting

Reintroducing weight
advantage of specific unequal distribution

Ô still easy to compute

Minimizing all coefficients with J ≥
∥∥H∥∥∞ and/or J ∈ N, H ∈ NM(v)

work in progress
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Preliminary Results

Yields better scaling in coefficient ratio of embedded Ising

Influence of penalty weight

Ô Larger success probabilities expected
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