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Abstract

Combininganimation and global illumination consti-
tutes, at present,a true challenge in computergraphics,
especiallywhenlight sourcesmovein a complex scenebe-
causethe entire illumination has to be recomputed.This
paper introducesa new algorithm, basedon the Galerkin
method,which can efficiently manage any moving surface
-even light source- to computeanimationsequences.For
each new frameof a sequence, we take into accountthe
continuouspropertyof the movesto determinethe neces-
saryenergy differencesbetweenthepreviousglobal illumi-
nationsolutionandthenew one. Basedon a mathematical
developmentof theform factor, this new approach leadsto
an efficient and simplealgorithm, similar to the classical
progressiverefinementalgorithm,andwhich computesani-
matedsequenceaboutthreetimesfaster.

1. Intr oduction and previous work

Theuseof realisticglobalilluminationis becomingmore
andmorewidespread.But who hasnever seen,in the ac-
tual computer-animatedmovies, imageswhich seemto be
tooartificial or shiny, dueto inadequatelighting ambiance?
This is aconsequenceof theuseof directilluminationalgo-
rithms.Sothereis aneedfor algorithmsthatcanefficiently
combineglobal illumination anddynamicobjectsbecause
it really ”brings life” into a scene.But it remainsoneof the
mostdifficult challengesin computergraphicsbecausein
a complex scene,dynamicobjects(andespeciallymoving
light sources)castnew shadows,modify directillumination
and,indirectly, thewholeenergy relationshipsbetweenob-
jects.

For static environment, radiosity algorithm constitutes
one of the most usedmeansto solve the Kajiya’s equa-
tion [17], basicequationof any global illumination model.
Initially in the traditional radiosity algorithm [8, 13, 22],
theradiosityfunctionis projectedontosomediscretefinite

bases. A first animationalgorithm, the ”back buffer” [2]
method,comesdirectly from this approachand allows to
manageany known movewith a staticcamera.Progressive
methods[7, 28] leadto new interactive algorithms[5, 12]
thatpropagatelight modificationsby shootingpositive and
negative luminousenergy. For eachmove, two stepshave
to be carriedout, one for withdrawing the objectandone
for addingit, what is unsuitablefor moving light source.
A more involved datastructurehasappeared[21] for this
progressiverefinementradiosity.

Probabilisticmethods[18] have alsobeenpresentedto
managevery complex scenesand lead to other animation
algorithms[3]. In the sametime, the complexity of the
function basesusedto representthe illumination function
in radiosity has beenreducedby hierarchicaland adap-
tive methods[4, 15, 19, 20]. Finally other function bases
[1, 14, 23, 27, 29, 30] have beenfound to representthe il-
luminationfunctionbut few animationmethodsbasedon it
havebeenpresenteduntil now. Someanimationalgorithms
[10, 11] have tried to usethe benefitsofferedby adaptive
bases,by identifying the links affectedby an object dis-
placement.

We presentherea new radiosityalgorithm,which ma-
nagesthe caseof surfacesor light sourcesin translation.
Thismethodtakesadvantageof thecontinuitypropertiesof
thesedisplacementsto computeefficiently all illumination
relationshipsbetweenobjects. We obtaina new algorithm
similar to classicalprogressive refinementalgorithm with
new form factors,which allows to obtainquickly the new
global illumination. As any radiosityalgorithm,it canalso
be usedasa first passof a classicalrenderingsystemthat
canaddspecularandreflectioneffects.

The next section of this paper briefly returns on the
Galerkin algorithm. In the third section,we are present-
ing the mathematicaldevelopmentandapproximationswe
haveusedto treatadynamicscene,while thefourthsection
showsresultsobtainedby this method.



2. Theoretical Background : the Galerkin Al-
gorithm

Galerkin radiosity [30] is an alternative radiosity for-
mulation that generalizesthe classicalradiosityapproach.
This modelavoids the last renderinginterpolationandal-
lows representingthe scenewith a restrictednumberof
parametricsurfaces.It avoids any discretisation,allows to
storeevery kernelcoefficientsandseparatesshadow com-
putationfrom illumination determination.Unlike the clas-
sicalradiosityapproach,asshown in figure1, eachfunction
used(theradiosity, theexitanceandthereflectivity) is pro-
jectedontoa baseof N’ orthogonalnon-constantfunctions�������
	������������� �����

definedover eachentiresurface. For
example,Zatz [30] usesa baseof Legendrepolynomials.
Then,theGalerkinmethodconsistsin computing,for each
surface,the radiositycoefficientsassociatedto eachfunc-
tion of thebase.

Figure 1. Decomposition on a classical dis-
crete constant function basis and a higher
order function basis

Moreprecisely, let usconsiderascenedefinedbyN para-
metric surfaces. For a surfaceof index i and parameters
(s,t), theradiosityequationis :��� � 	��� ��� � � �!	��"��$#&%'(")�* +!+-, � ( �!	��".��/0��12� � ( �3/0��12�24
/54
1 (1)

where
� �

is theexitanceandwherethekernelfunctionK is
theproductof theelementaryform factorF, thereflectivity6 , theareaA anda visibility termVIS :, � ( � 	
� 7� /8� 19�:� 6 � � 	
�  �<; �>= ( � 	
� ?� /8� 1@�BABC@D � ( � 	
� 7� /8� 19�<E ( � 	
�  � (2)

Eachfunctionused,respectively theradiosity, theexitance
andthe reflectivity, is thenprojectedontoa baseof N’ or-
thogonalfunctions

�8� � �
	��"��.�GFH�I���J� �K�3�
. For instance,ra-

diositybecomes:� �!	��"��MLN%PO'� )0*RQ � �0�2�!	��"�� (3)

where Q � is thecoefficientassociatedto the
F�S�T

functionof
thebase.

For eachsurface U , Q �� coefficientsareobtainedby sub-
stituting (3), and respectively expressionsof exitanceand

reflectivity, in equation(1) andby usingtheclassicalinner
productbetweentheradiosity

� � �!	�����
andthe

F�S�T
function

of thebase.We obtain:

Q �� �WV �� # %'(")�* % O' X )0*YQ
X(�Z +
+[, � ( � 	
� 7� /8� 19�9� X � /8� 1@�$\ � � � 	
�  ��] (4)

andfinally : Q �� �^V �� # ' ("_ X Q
X( , � X� ( (5)

with , � X� ( � Z +
+`, � ( � 	
� 7� /�� 19�9� X � /�� 19�a\ � � � 	
�  ��] (6)

This coefficient representsa kind of generalisedform
factor expressingthe energy exchangedbetweenthe

F�S�T
function associatedwith surface U andthe b S�T function as-
sociatedwith surface c . Methodsfor computingthe

, � X� (
termsuse either traditional rules of quadraticintegration
[30], or MonteCarlo’stechniques[18]. Equation(5),where
the unknown arethe radiositycoefficients Q �� for eachsur-
face,canbesolvedby usingindifferentlyatraditionaldirect
numericalmethod,or via any progressive refinementtech-
niques[7]. Indeed,sincethesurfaceindicesU ,c andfunction
indices

F
, b areindependentof eachother, (5) is still a lin-

earequation.Moreover, in theGalerkinmethod,shadow is
moving out of the light calculation(visibility

ABC@D
is equal

to 1). Zatzusesshadow masksbut othershadow algorithms
[6, 9, 16, 24, 25, 26] couldbeused.

3. Our approach

In thissection,wepresentanew algorithmfor producing
a largeanimationsequencewith global illumination deter-
mination.Ourmaingoalis to computeat time d #Ke d , the
new illumination of a sceneknowing thewholeradiosityof
the previous frame,at time d . It leadsto a new progres-
sive algorithmthatcomputesonly radiosityvariationswith
new approximatedform factors.It canmanageany kind of
surface-evenlight source-in any complex translation.

In thefirst time,weanalyzethedifferencesbetweentwo
successive frames.Thenwe focuson thedeterminationof
the new form factorandthe meanto obtainthemquickly.
Thenwediscussomediscontinuitysituationswhichdeserve
specialtreatments.Finally, we set our algorithm usedto
computeanimationsequence.

3.1. Radiosity modificationsbetweentwo frames

To simplify, let usconsiderthecontribution of onemo-
ving surfacec to surface U asshown in figure 2. Time de-
pendentvaluesarerepresentingby addinga quoteat timed #fe d .
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Figure 2. Stud y case

The fundamentalideais to find a mathematicalrelation
betweenQ O �� and Q �� . Expressingequation(1) for the two
surfacesU andc , theradiositydifferenceis :� �� � 	
�  �{z � � � 	
�  ���� �� � 	
�  �|z}� � � 	
�  �$# +~+� _ �9� , �� ( � �( z , � ( � (q� � 	
� 7� /8� 19�24
/�4!1 (7)

Usingnotation
, �� ( � , � ( #�e , � ( � � �� � �5� #�e ��� �M�}�� �� � #�e[� �

equation(7) couldbereformulated:e � � � e[� � # +!+ e , � ( � � ( #fe � ( �>� , � ( #fe , � ( � (8)

If we developthe radiosity
� ( by substituting(3) in equa-

tion (8) andprojectingtheresultontothe
F�S�T

basefunction,
a relationis obtained:e Q �� ��e[V �� # %PO' X )�*0Q

X( e , � X� ( # %�O' X )0* e Q
X( �>� , � X� ( #�e , � X� ( � (9)

withe , � X� ( ��� +G+� _ � � , �� ( z , � ( �a� 	
� 7� /8� 19�9�
X � /8� 19��\{� � � 	
�  �$�

(10)

We shouldnotice that equation(9) canbe reversedto de-
terminealsothemodificationin illumination of themoving
surfacec - createdby is own move - from staticsurface U .
We just have to considerthat surface U have a virtual rel-
ative move oppositeto the original move of surface c and
computethecoefficient

e , ( � .
3.2. Calculation of coefficients

e ,
Henceforth,the main problemis to determinefor each

framethenew coefficients
e ,

. If weconsiderthatthesur-
face c follows a translationmovementin a direction

z��R� as

shown in figure3, theideais to obtain,with a limited deve-
lopmentin � of the expression

e ,
, a polynomialexpres-

sionof
e ,

like : e , � '��� * � �2� �
where

� � dependonly on
z�� � .

If, from an initial referenceposition,eachcoefficient
�

is computed,thenfor eachdisplacement� of thesurfacec
in thedirection

z�� � , e , will beefficiently computed.
We startwith the expressionof

,
in equation(2) with

terms:; �J= ( � 	
� 7� /8� 19���Kz�����$� �� O �� O � � �� O� �� O7� ��� 4}E ( � /8� 19��������� �%� �¡  � �%� � ���
Sowe have:, �� ( ��z 6 �¢¤£�B¥ � £¦ � £� � § � £¦ �£¦ �J¨

�����R© £�© /   © £
�
© 1
����� (11)

Let considertheexpressionof ¦ � ¨ :

£¦ ��¨ �ª� £¦ # £� � ¨ � £¦ ¨ ��«¬�#�® £� � £¦¦{¯ # £� ¯¦{¯±° ¯ (12)

Wedenote² � £��� � £¦ and³ � £�R� ¯ . Thelimited development
of theinverseof equation(12)gives:*� ��´ ��� � � z¬��� � �J� � #W���q��µ�®·¶�~¸ � #º¹�~¸ � ¯�» �
andis definedonly if :¦[¼ ���#f½ ®��.� � (13)

Usingthefollowing notation:¾¿ À � �Á� £�B¥ � £¦ �.�>� £� § � £¦ �Q �ª� £�B¥ � £��� �q�J� £� § � £¦ ��#W� £�B¥ � £¦ �.�>� £� § � £��� �Â �ª� £�B¥ � £�R� �q�J� £� § � £�R� �
Ã

Ä
ÄÆÅÇxÈ
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ÓÔ
Figure 3. Details of a moving surface and a
static surface
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wehave, �� ( �Õz 6 �¢ ¦ ¨ � ����� © £�© /   © £
�
© 1
����� ��Ö � # Q � � # Â � � ¯.× �'��� � � z¬�8� � �>� � #Ø�8�.�G«R® ²¦{¯ � # ³¦{¯ � ¯ ° � (14)

or , �� ( � , � ( z 6 �¢ ¦ ¨ � ����� © £�© /   © £
�
© 1
����� �J� Q � � # Â � � ¯ �z 6 �¢ ¦ ¨ � ����� © £�© /   © £

�
© 1
����� �J� � # Q � � # Â � � ¯ �.�'��� * � zB��� � �J� � #W���q�~«R® ²¦ ¯ � # ³¦ ¯ � ¯ ° �

Finally p is extractedfrom the last term of the preceeding
equation:'��� * z¬� � �>� � # �8�¦ ¯ � �'� ) � « � F ° �
® ² � � �~Ù � ³ � � ¯ �� '��� * z¬� � �J� � # ���¦{¯ � �'� ) � « � F ° �
® ² � �~Ù � ³ � � �qÚ �� '��� * z¬� � �J� � # ���¦ ¯ � ¯ �'Û ) � « �Ü z � ° �
® ² � ¯ ��ÙxÛ ³ Û.ÙÝ� � Û� 1ÞV ÂfÜ � � #fF� '��� * ¯ �'Û ) � z¬� � �>� � # �8�¦{¯ � « �Ü z � ° �
® ² � ¯ ��ÙxÛ ³ ÛGÙx� � Û� 'Û.� * � Û Û'� )Pß"à¸�á z¬� � �>� � # �8�¦8¯ � « �Ü z � ° �
® ² � ¯ ��ÙxÛ ³ ÛGÙx�� 'Û.� * � Û�â Û
and� � # Q � � # Â � � ¯ �q� ' ÛG� * � Ûqâ Û� � 'ÛG� * � Û â Û # Q 'Û.� * � Û Ú * â Û # Â 'Û.� * � Û Ú ¯ â Û� � â * � # � â ¯ � ¯ # Q â * � ¯ # 'Û.�Ýã � Û � � â Û # Q â ÛGÙ * # Â â Û.Ù ¯ �
We have then, �� ( z , � ( � '��� * � � � � (� �!	���.�"/��"1�� £�R� � (15)

with¾äääääää¿ äääääääÀ
� � (* �åzçæGè� � � � ��� � �%� �¡  � �%� � ��� �>� � â * # Q �� � (¯ �åzçæ è� � � �����é� �%� �¡  � �%� � ��� �>� � â ¯ # Q â * # Â �ê �ìëfí � � � (� �Kz¡æ è� � � � ��� � �%� �   � �%� � ��� �>� � â � # Q â �~Ù * # Â â �~Ù ¯ �ê � � â � � ´ � Û )Pß~î ¸�á � Ü # �8�.� « Ü� z Ü ° � µ Ù ¨ ¶ ¸¹ � ¸ » Û � µ�¹¯ ¶ » �

And finally,e , � X� ( � '��� * � � � +~+� _ � � � (� � 	
� ?� /8� 1~� £�R� �9�
X � /�� 19��\{�0�2� 	
�  � �

(16)

Equation(16) allows to computeefficiently coefficientse ,
. Indeed,coefficients

�
are recursively definedand

dependonly on the direction
z�� � , on the degree of ap-

proximation � , andon bothsurfacesU ,c andtheir functionF
, b . Socoefficients

�
couldbecomputedin advancefor any

elementarydirections,like axes £ï , £ð and £ñ , andusedfor all
move � in thesedirections.

3.3. Condition of validation and discontinuity

Theequation(16)is usableonly if condition(13)is satis-
fied andif discontinuitieshave not occurredbecauseconti-
nuity is animplicit conditionof all previouscalculations.

Discontinuitiesoccurwhenareceiving surface,or a part
of it, entersor goesout of thevisibility of themoving sur-
face.For discontinuities,we have to checkif receiving sur-
faceentersor goesout of thepositivehalf spacedefinedby
theemitter, asshown in figure4. Simplegeometricalcom-
putations,like BSPTree[6], candeterminesuchparticular
situations.

ò ó
ô õ3ö ÷ øJù�ú.û ü�ý þ!úÿ��!ô û ý û �!úGþ!ø�� ÷9ô ÿ
øJùJú

� þ�û ô"ô õ3ö ÷ øJù�úqû ôû ü�� û ô ù�� ü3ý û ü3õ�û ý ��ô û ý õ!ø?ý û �>ü
	� ý�ú7ü�ý ú7ölô@ÿ�ö �� ö úJôlô û �!ú�� �{û ü�ý þ!úÿ���ô û ý û �!úGþ!ø�� ÷9ô ÿ
øJùJú
ô õ3ö ÷ øJù�ú.û ü�ý þ!úGü!ú���ø7ý û �!úGþ!ø�� ÷9ô ÿ
ø�ùJú
ú���û ý ý û ü��|ô õ3ö ÷ øJùJú

Figure 4. Example of positive and negative
half space of an emitting surface

Whendiscontinuityoccurs,wehaveto computethenew
coefficients

, �
explicitely usingequation(6). At this time,

we get thecorrectvalueof
,

anderrors,involvedby mul-
tiple additionof

e ,
, disappear.
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The condition (13) expressesthat, for a particularele-
mentarydirection

z���� , ourapproximationis definednearthe
referencepointwherewe computethelimited development
and the coefficients

�
. ¦ representsthe distancebetween

moving surfaceandstaticsurfaceat this referenceposition
and � the norm of the pathof the moving surfacefrom it.
So thesetwo valuesarestoredfor eachdirectionandeach
receiving surface,andupdatedto controlcondition(13).

Whenthis conditionis no moresatisfiedin a particular
direction,we have to computeexplicitely

, �
andalsothe

coefficients
�

. ¦ and � are also updated(always for that
direction). Oncecomputed,the new coefficients

�
remain

validuntil thenew condition(13)is notsatisfiedi.e. moving
surfacemovestoo far in thatdirection.

3.4. Illumination of the scenefor a new frame

Thefollowing systemof equationallows to computein-
crementallytheglobalillumination solutionof ascene:e Q �� ��e[V �� # ´ %POX )�* Q

X( e , � X� ( # ´ %POX )�* e Q
X( �J� , � X� ( #�e , � X� ( �

� U ��e , � X� ( � ������ _ � � , �� ( z , � ( �a� 	
� 7� /8� 19�9� X � /�� 19��\{�0�2� 	
�  � �
This systemis equivalentto thegalerkinradiosityequation
(5) andcanbe seenasa progressive equationwith the un-
known variables

e Q . Thereareonly two differences:

� The emissionterm hasbeenreplacedby an eventual
changein exitance

e[V ��
, plusasum Q

X( e , � X� ( thatrepre-
sentstheilluminationdifferenceinvolvedby themove.

� Theunknown variableshavechangedfrom Q � to e Q � .
Every complex path, like splines,could be decompose

in a sequenceof little movesalong elementarydirections
(thethreeaxesfor example).Thenfor eachnew image,we
determinedirectionsandstepof the moving surfaces(we
don’t have to know themovementin advance).Depending
on condition(13) anddiscontinuity, we useequations(16)
or (6) to computethetwo first termsof equation(9). Com-
putingthesetermsinitialisestheprogressive refinemental-
gorithm,thatweuseto propagatethelight in thescenewith
thenew form factors.Whenall the light have beenpropa-
gated,we have the illumination of theentirescenewithout
shadow effects. To representthem, we usethe algorithm
of the Shadow Volume Binary SPaceTree (SVBSPTree)
[6]. We choosethis algorithmfor its simplicity andits ef-
ficiency. Indeed,hardshadows areobtainedvery quickly
andtherealismgeneratedby theGalerkinmethodis enough
to obtainvisually correctresults.Othershadow algorithms
[9, 16, 25] couldbeused.

Aliasing appearsin the animation sequencebut few
modificationsallow to eraseit. Aliasing is dueto discreti-
sationof thesceneandof the radiositysolution(andespe-
cially shadows). Jitteringavoids the first kind of aliasing
and takesonly onesecond(or lesswith graphiccardsal-
lowing accumulationbuffer). Theradiositysolutionover a
surfaceis representedwith aregulargrid whichinvolvealso
aliasing. We canusea finer grid or jitter it. Memory cost
will limit thefirst approachbut will bequicker. Jitteringthe
grid forcesredrawing thescenefour or eight times,sowill
takeabout1 or 2 secondsperimage.

4. Results

The main computationtime in the galerkin algorithm,
except for shadow mask, is due to the determinationof
pseudoform factor. Our algorithmavoidscomputingthem
for eachframe.In factwemadeacostlycomputationin the
beginningto obtaincoefficients

�
but thenfor eachimageof

the sequencewe don’t have to computeexplicitly the new
form factors. Moreover, betweentwo positions,we only
computethedifferenceof energy involvedby themove. In-
deed,we calculatewhat is really necessarysincewe usea
progressive methodfor eachposition (normal progressive
method)andalsobetweeneachposition(our temporalpro-
gressive method).Thus,we canmanagecomplex dynamic
sceneeasilyandsimply sincethemainpartof thesescenes
will probablynotbeconcernedby theenergy exchangesin-
volvedby themove(likethebressenhamalgorithm).Notice
alsothatany complex pathcouldberepresentedif it canbe
decomposedin little elementarymoves. And we doesn’t
haveto know themove in advance.

We presentheresomeresultsand imagesfrom anima-
tion sequencescomputedwith a 500MHz processoranda
commonPCgraphiccard.Thefirst scene,illustratedin fig-
ure5.a,is asimplescenewith abluesurfacepassingin front
of a light anda second”ceiling light” moving left andright
in translation. The right wall is correctly lighted in blue
whentheblueoccluderentersjust in front of thelight. The
redwall in theleft receivesalsomorelight whentheceiling
light comesnearest.Table1 shows computationtimesand
benefitsof our method. We shall point out that this scene
constitutesaworstcasebecausethebluepanelis veryclose
to thelight (andso ¦ is small)andit entersprogressively in
thelight positivehalf space.

100framesof Computation Time / frame Total time
figure5.a of �
Galerkinprogressive / 4.02s 402s
method
Our method 18.59s 1.41s 160s
Benefits / 65% 60%

Table 1. Result for scene of figure 5.a
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Figure 5. a. Simple Scene b. Comple x scene : The billar d

The secondscene,shown in figure 5.b, is a complex
scenewith amoving light. Weshowsin table2 computation
timesfor that particularscene.Despitemultiple disconti-
nuities that occur, timesaving remainsthe same. We also
presentin theanimationmoviesa morecomplicatedscene
(figure6), a cathedralinterior, with 140surfacesrepresent-
ing about110.000polygons.Timesaving is still equivalent
to the previous scene. We shouldnotice that we areable
to representany complex movein translationunlikewhatis
showedin theanimations.

160frames Computation Time/ frame Time/ frame Total time
of figure5.b of � withoutStree
Galerkin / 2.93s 2.03s 469s
method
Our method 18.59s 1.13s 0.24s 185s
Benefits(%) / 61 % 88 % 60 %

Table 2. Result for scene of figure 5.b

5. Conclusionand perspective

In this paper, we have presenteda new algorithm that
allows to solve the caseof any surfacein translation-even
light source-in the radiosity method. Timesaving is ob-
tainedby avoiding thecomputationin eachframeof these-
quence,for eachmoving object,theform factorsassociated
with themobileelements.Moreover, this algorithmmakes
only the necessarycalculationswhat givesus a very effi-
cienttimefor eachnew framecomputation.Perspectivesre-
lateto shadows. We concentratedonly on hardshadow but
otheralgorithmscould be usedto representsoft shadows.
As theGalerkinmethoddoesnot requireany discretisation
of thescene,thestoragecostof informationof visibility can
bemanaged.Anothersubjectof developmentrelatesto the
rotationeffectsof anemittingsurface.Theproblemis more

complicatedsincea slight rotationalmovementcaninvolve
major changein the illumination. Nevertheless,with ap-
propriatelimitations,for smalloscillations,wecanobtaina
correctandusefulapproximation.

Figure 6. the cathedrale scene
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