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A New Mathematical Developmentfor Radiosity Animation with Galerkin

ArquéesDidier, Biri VenceslasMichelin Sylvain
Universityof Marne-La-\4allée
Institut Gaspardvionge
5, BoulevardDescartesk-77454ChampssurMarne,France
{arques,biri,michelih@univ-miv.fr

Abstract

Combininganimation and global illumination consti-
tutes, at present,a true challenge in computergraphics,
especiallywhenlight sourcesmovein a comple scenebe-
causethe entire illumination hasto be recomputed.This
paperintroducesa new algorithm, basedon the Galerkin
method,which can efficiently manaye any moving surface
-evenlight source-to computeanimationsequences For
ead new frame of a sequencewe take into accountthe
continuousproperty of the movesto determinethe neces-
sary enegy differencesbetweerthe previousglobal illumi-
nationsolutionandthe new one Basedon a mathematical
developmenbf the form factor, this new approach leadsto
an efficient and simplealgorithm, similar to the classical
progressiverefinemenalgorithm,andwhich computesni-
matedsequencaboutthreetimesfaster

1. Intr oduction and previous work

Theuseof realisticglobalilluminationis becomingmore
and more widespread.But who hasnever seen,in the ac-
tual computeranimatedmovies, imageswhich seemto be
tooartificial or shiny, dueto inadequatdighting ambiance?
Thisis aconsequencef theuseof directillumination algo-
rithms. Sothereis a needfor algorithmsthatcanefficiently
combineglobal illumination and dynamicobjectshecause
it really "bringslife” into asceneBut it remainsoneof the
mostdifficult challengesn computergraphicsbecausen
a complex scenedynamicobjects(and especiallymoving
light sourcesyastnew shadaovs, modify directillumination
and,indirectly, the whole enegy relationshipsetweernob-
jects.

For static ervironment, radiosity algorithm constitutes
one of the most usedmeansto solve the Kajiya's equa-
tion [17], basicequationof ary globalillumination model.
Initially in the traditional radiosity algorithm [8, 13, 22],
theradiosityfunctionis projectedonto somediscretefinite

bases. A first animationalgorithm, the "back buffer” [2]

method,comesdirectly from this approachand allows to

manageary known move with a staticcamera.Progressie
methodg7, 28] leadto new interactve algorithms[5, 12]

that propagatdight modificationsby shootingpositive and
negative luminousenegy. For eachmove, two stepshave
to be carriedout, one for withdrawing the objectand one
for addingit, what is unsuitablefor moving light source.
A moreinvolved datastructurehasappeared21] for this
progressierefinementadiosity

Probabilisticmethods[18] have alsobeenpresentedo
managevery complex scenesand leadto other animation
algorithms[3]. In the sametime, the complexity of the
function basesusedto representhe illumination function
in radiosity has beenreducedby hierarchicaland adap-
tive methods[4, 15, 19, 20]. Finally otherfunction bases
[1, 14, 23, 27, 29, 30] have beenfoundto representheil-
luminationfunction but few animationmethodsbasedon it
have beenpresentedintil now. Someanimationalgorithms
[10, 11 have tried to usethe benefitsoffered by adaptie
bases,by identifying the links affected by an object dis-
placement.

We presentherea new radiosity algorithm, which ma-
nagesthe caseof surfacesor light sourcesin translation.
This methodtakesadvantageof the continuity propertieof
thesedisplacement$o computeefficiently all illumination
relationshipsbetweenobjects. We obtaina new algorithm
similar to classicalprogressie refinementalgorithm with
new form factors,which allows to obtain quickly the new
globalillumination. As ary radiosityalgorithm,it canalso
be usedasa first passof a classicalrenderingsystemthat
canaddspeculamndreflectioneffects.

The next sectionof this paper briefly returnson the
Galerkinalgorithm. In the third section,we are present-
ing the mathematicatlevelopmentandapproximationsve
have usedto treata dynamicscenewhile thefourth section
shaws resultsobtainedby this method.



2. Theoretical Background : the Galerkin Al-
gorithm

Galerkin radiosity [30] is an alternative radiosity for-
mulationthat generalizeghe classicalradiosity approach.
This model avoids the last renderinginterpolationand al-
lows representinghe scenewith a restrictednumber of
parametricsurfaces. It avoids ary discretisationallows to
storeevery kernelcoeficientsand separateshadev com-
putationfrom illumination determination.Unlike the clas-
sicalradiosityapproachasshovnin figure 1, eachfunction
used(theradiosity the exitanceandthereflectvity) is pro-
jectedonto a baseof N’ orthogonalnon-constanfunctions
{T'x(s,t) = 1..N'} definedover eachentire surface. For
example, Zatz [30] usesa baseof Legendrepolynomials.
Then,the Galerkinmethodconsistan computing.for each
surface, the radiosity coeficientsassociatedo eachfunc-
tion of the base.
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Figure 1. Decomposition on a classical dis-
crete constant function basis and a higher
order function basis

More preciselylet usconsidemscenealefinedoy N para-
metric surfaces. For a surfaceof index i and parameters
(s,t), theradiosityequationis :

N
B,-(s,t):Ei(s,t)+2//Kij(s,t,u,U)Bj(u,U)ahdu @
Jj=1

whereFE; is theexitanceandwherethe kernelfunctionK is
the productof theelementarform factorF, thereflectvity
p, theareaA andavisibility termVIS:

Kij(stuv) = pi(st) Fiistuy) VIS (stuy) At (2)

Eachfunctionused,respectiely theradiosity the exitance
andthereflectvity, is thenprojectedonto a baseof N’ or-
thogonalfunctions{I'x (s, t),k = 1..N'}. For instancera-
diosity becomes

N
B(s,t) = > BTy (s, 1) (3)
k=1

whereb,, is the coeficientassociatedo the k" functionof
thebase.

For eachsurfacei, b* coeficientsare obtainedby sub-
stituting (3), and respectiely expressionsof exitanceand

reflectivity, in equation(1) andby usingthe classicalinner
productbetweertheradiosity B; (s, t) andthe kt* function
of thebase We obtain:

N N’
bt = e+ 37 3 bl // K stuoTi@)|Tk&))  (4)

j=11=1
andfinally :
b =eh + Zbé K} (5)
7l
with
&Y = ([ Ky st @l ) (6)

This coeficient representsa kind of generalisedorm
factor expressingthe enegy exchangedbetweenthe &t
function associatedvith surfaces andthe I** function as-
sociatedwith surfacej. Methodsfor computingthe K/
terms use either traditional rules of quadraticintegration
[30], or MonteCarlo'stechnique$18]. Equation(5), where
the unknawn arethe radiosity coeficientsb? for eachsur
face canbesolvedby usingindifferentlyatraditionaldirect
numericalmethod,or via ary progressie refinementech-
niqueg7]. Indeedsincethesurfaceindicesi,j andfunction
indicesk,l areindependenbf eachother, (5) is still alin-
earequation.Moreover, in the Galerkinmethod shadaov is
moving out of the light calculation(visibility VIS is equal
to 1). Zatzusesshadev masksbut othershadaev algorithms
[6, 9, 16, 24, 25, 26] couldbeused.

3. Our approach

In this sectionwe presentinew algorithmfor producing
a large animationsequencevith globalillumination deter
mination.Ourmaingoalis to computeattime T' + AT, the
new illumination of a sceneknowing thewholeradiosityof
the previous frame, attime 7T'. It leadsto a new progres-
sive algorithmthat computesonly radiosityvariationswith
new approximatedorm factors.lt canmanageary kind of
surface-evenlight source-in ary complec translation.

In thefirsttime, we analyzethe differenceetweertwo
successie frames. Thenwe focuson the determinatiorof
the new form factorandthe meanto obtainthemquickly.
Thenwe discussomediscontinuitysituationsvhichdesere
specialtreatments. Finally, we set our algorithm usedto
computeanimationsequence.

3.1 Radiosity modifications betweentwo frames

To simplify, let us considerthe contribution of one mo-
ving surfacej to surface: asshown in figure 2. Time de-
pendentvaluesarerepresentindgy addinga quoteat time
T+ AT.



Figure 2. Study case

The fundamentaldeais to find a mathematicarelation
betweenb,* andb¥. Expressingequation(1) for the two
surfacesi andj, theradiositydifferenceis :

Bi(st)—
Ej(st)—

Bi(st)=
Ei(s) //[K{]B] K Bj(stu) dudv (7)

Usingnotationk?; = K;;+AK;; ,
E;+ AE; equation(7) could bereformulated

B! =B;+AB; , E!=

2

ABi:AEi+// AKz'j.Bj—FABj.(Kij +AKij) (8)

If we developthe radiosity B; by substituting(3) in equa-
tion (8) andprojectingtheresultontothe k** basefunction,
arelationis obtained

AbE = Aek +Zbl AKH +) AV (K +AKE) (9)

with

AK} = <//

We shouldnoticethat equation(9) canbe reversedto de-
terminealsothe modificationin illumination of themoving
surfacej - createdby is own move - from staticsurfaces.
We just have to considerthat surface: have a virtual rel-
ative move oppositeto the original move of surfacej and
computethe coeficient AK ;.

1] S,f,U,U)Fl (%U) | Fk (‘S)t)> (10)

3.2 Calculation of coefficientsAK

Henceforth,the main problemis to determinefor each
framethenew coeficientsA K. If we consideithatthesur
facej follows a translationmovementin a directionpg as

shawvn in figure 3, theideais to obtain,with alimited deve-
lopmentin p of the expressionA K, a polynomial expres-
sionof AK like:

AK =) p'¢n

n>1

whereyp,, dependonly onpg.

If, from aninitial referenceposition, eachcoeficient ¢
is computedthenfor eachdisplacemenp of the surfacej
in thedirectionpg, AK will beefficiently computed.

We startwith the expressionof K in equation(2) with
terms:

Fioyj(stud) = =540 and W
Sowe have:
Di n'Zi.F i ||6N SN
K! = PildT Ny A— 11
£ Tt Su v (11)

Let considerthe expressiorof 4 :
4 a7 52\’
r = (F+p) =7 (1+27+2 +T—2) (12)

Wedenotex = pp.7ands = py>. Thelimited development
of theinverseof equation(12) gives:

L3 o)™ (n + 1). (Q%p + T%p2)
andis definedonly if :

r>(1+vV2).p (13)

Usingthefollowing notation:

{ = (rig.7)-(1i5.7)

b = (17q.po)-(17%.7) + (10a.7).(W%.Po)
= (ma.po)-(15-p0)

Figure 3. Details of a moving surface and a
static surface



we have

Ky = -2 (;]5 A %ﬁH (a+bp+ep?) .
Z(—l)".(n +1). (2%19 - T%p2>n (14)
n>0

or
K, = Kij — & %—JZ/\(S—NH (b.p+c.p?)
—7::.4. %—JZA%— (a+bp+cp?).
o+ 0.(25p+ 507)

Finally p is extractedfrom the lastterm of the preceeding
equation

L) 0oy

n>1
—17 n+1 .
— Z () n kﬂkpk-i-n
n>1
_Z—l TL+1 ( )2a2n qﬂq"
qg—n
n>1

avec q—n+k

_ Z Z —1". n—|—1 (q n) anqﬂqfnpq

n>1q=n

=> Z (ZL 2 (qnn>(2a)2"“’/3"‘"

>l =[]

= qu &q

q>1

and

(a+b.p+c.p?). qufq
q>1

:azpng —}—pr‘”lgq +Czpq+2§q

g>1 g>1 g>1

=alip+a&p’+b&ip°+ ) pUady+b&y_1+cfy )
q>3

We have then

”—Zp” (s, t,u,v,Po) (15)

n>1

with
( .
ol = — 2 ‘”X A ‘W (a&1 + )
P = — i, 6_N/\<’_N (a2 + b&1 +¢)
\ Vi > 3,00 =—2 |88 A S| (ae 4be,  +ekn)
_ q —1a*\? (8\"
\ Y, &n = gmrg1(a+D)- <n—q ( e ) (%)

And finally,

AKkl Zp

< // (stuvpo) T W) | Fk(s,t)> (16)
n>1

Equation(16) allows to computeefficiently coeficients
AK. Indeed,coeficients ¢ are recursiely definedand
dependonly on the direction p§, on the degree of ap-
proximationn, andon both surfacesi,j andtheir function
k,l. Socoeficientsy couldbecomputedn advancefor ary
elementandirections like axes#, § andz, andusedfor all
move p in thesedirections.

3.3 Condition of validation and discontinuity

Theequation(16)is usableonly if condition(13)is satis-
fied andif discontinuitieshave not occurredbecauseonti-
nuity is animplicit conditionof all previouscalculations.

Discontinuitiesoccurwhenareceving surface,or a part
of it, entersor goesout of the visibility of the moving sur
face.For discontinuitieswe have to checkif receving sur
faceentersor goesout of the positive half spacedefinedby
the emitter asshavn in figure4. Simplegeometricacom-
putationsike BSPTree[6], candeterminesuchparticular
situations.

surface in the
positive half space

[ ] '
[N
% This surface is
in discontinuity situation.
emitting surface 1t enters progressively in the

positive half space

surface in the negative half space

Figure 4. Example of positive and negative
half space of an emitting surface

Whendiscontinuityoccurswe have to computethe new
coeficients K’ explicitely usingequation(6). At thistime,
we getthe correctvalueof K anderrors,involvedby mul-
tiple additionof AK, disappear



The condition (13) expresseghat, for a particularele-
mentarydirectionpg, our approximatioris definednearthe
referencepointwherewe computethelimited development
andthe coeficientsp. r representshe distancebetween
moving surfaceandstaticsurfaceat this referencegposition
andp the norm of the path of the moving surfacefrom it.
Sothesetwo valuesare storedfor eachdirectionandeach
receving surface,andupdatedo controlcondition(13).

Whenthis conditionis ho more satisfiedin a particular
direction,we have to computeexplicitely K’ andalsothe
coeficientsp. r andp are also updated(always for that
direction). Oncecomputedthe new coeficientsy remain
valid until thenew condition(13)is notsatisfied.e. moving
surfacemovestoo farin thatdirection.

3.4 lllumination of the scenefor a new frame

Thefollowing systemof equationallows to computein-
crementallythe globalillumination solutionof ascene

AbE = Aek+ SN AKE + S AbL (KK + AKE)
with

AR = <H(K§- — Kij) stu)liwo) | Fk(s,t)>

u,v

This systemis equivalentto the galerkinradiosityequation
(5) andcanbe seenasa progressie equationwith the un-
known variablesAb. Thereareonly two differences

e The emissionterm hasbeenreplacedby an eventual
changén exitanceAef, plusasumb’ AK}/ thatrepre-
sentgheillumination differencenvolvedby themove.

e Theunknown variableshave changedrom b; to Ab;.

Every complex path, like splines,could be decompose
in a sequencef little movesalong elementarydirections
(thethreeaxesfor example). Thenfor eachnew image,we
determinedirectionsand stepof the moving surfaces(we
don't have to know the movementin advance).Depending
on condition(13) anddiscontinuity we useequationg16)
or (6) to computethetwo first termsof equation(9). Com-
putingthesetermsinitialisesthe progressie refinementl-
gorithm,thatwe useto propagatehelight in the scenewith
the new form factors. Whenall the light have beenpropa-
gated,we have theillumination of the entire scenewithout
shadev effects. To representhem, we usethe algorithm
of the Shadav Volume Binary SPace Tree (SVBSP Tree)
[6]. We choosethis algorithmfor its simplicity andits ef-
ficiengy. Indeed,hard shadevs are obtainedvery quickly
andtherealismgeneratedby the Galerkinmethods enough
to obtainvisually correctresults.Othershadav algorithms
[9, 16, 25] couldbeused.

Aliasing appearsin the animation sequencebut few
modificationsallow to eraseit. Aliasing is dueto discreti-
sationof the sceneandof the radiosity solution(andespe-
cially shadavs). Jittering avoids the first kind of aliasing
andtakes only one second(or lesswith graphiccardsal-
lowing accumulatiorbuffer). Theradiositysolutionover a
surfaceis representedith aregulargrid whichinvolve also
aliasing. We canusea finer grid or jitter it. Memory cost
will limit thefirstapproactbut will bequicker. Jitteringthe
grid forcesredrawving the scengfour or eighttimes, sowill
take aboutl or 2 secondperimage.

4. Results

The main computationtime in the galerkin algorithm,
except for shadev mask, is due to the determinationof
pseuddorm factor Our algorithmavoids computingthem
for eachframe.In factwe madea costlycomputatiorin the
beginningto obtaincoeficientsy butthenfor eachimageof
the sequenceve don't have to computeexplicitly the new
form factors. Moreover, betweentwo positions,we only
computethedifferenceof enegy involvedby themove. In-
deed,we calculatewhatis really necessargincewe usea
progressie methodfor eachposition (normal progressie
method)andalsobetweeneachposition(our temporalpro-
gressve method). Thus,we canmanagecomplex dynamic
sceneeasilyandsimply sincethe main partof thesescenes
will probablynotbeconcernedy theenegy exchangesn-
volvedby themove (lik ethebressenharalgorithm).Notice
alsothatarny comple< pathcouldberepresented it canbe
decomposedn little elementarymoves. And we doesnt
have to know themovein advance.

We presentheresomeresultsand imagesfrom anima-
tion sequencesomputedwith a 500 MHz processoanda
commonPCgraphiccard. Thefirst scenejllustratedin fig-
ureb5.a,is asimplescenevith abluesurfacepassingn front
of alight anda second'ceiling light” moving left andright
in translation. The right wall is correctly lighted in blue
whentheblueoccluderentergustin front of thelight. The
redwall in theleft recevesalsomorelight whentheceiling
light comesnearest.Table1 shovs computatiortimesand
benefitsof our method. We shall point out that this scene
constitutesaworstcasebecausehebluepanelis very close
to thelight (andsor is small)andit entersprogressielyin
thelight positive half space.

100framesof Computation| Time/frame | Totaltime
figure5.a of p

Galerkinprogressie / 4.02s 402s
method

Our method 18.59s 1.41s 160s
Benefits / 65% 60%

Table 1. Result for scene of figure 5.a



Figure 5. a. Simple Scene b. Comple x scene : The billar d

The secondscene,shovn in figure 5.b, is a comple
scenavith amoving light. We showvsin table2 computation
timesfor that particularscene. Despitemultiple disconti-
nuitiesthat occur, timesaing remainsthe same. We also
presenin the animationmovies a morecomplicatedscene
(figure 6), a cathedralinterior, with 140 surfacesrepresent-
ing about110.000polygons.Time saving is still equivalent
to the previous scene. We shouldnotice that we are able
to represenany complex movein translationunlike whatis
shavedin theanimations.

160frames Computation | Time/frame | Time/frame | Totaltime
of figure5.b of ¢ without Stree

Galerkin 7 2.93s 2.03s 469s
method

Our method 18.59s 1.13s 0.24s 185s
Benefits(%) / 61% 88% 60 %

Table 2. Result for scene of figure 5.b

5. Conclusionand perspectve

In this paper we have presentedh new algorithm that
allows to solve the caseof ary surfacein translation-even
light source-in the radiosity method. Timesaing is ob-
tainedby avoiding the computatiorin eachframeof the se-
guencefor eachmaving object,theform factorsassociated
with the mobile elements Moreover, this algorithmmakes
only the necessaryalculationswhat givesus a very effi-
cienttime for eachnew framecomputation Perspectiesre-
lateto shadavs. We concentrateanly on hardshadev but
otheralgorithmscould be usedto represensoft shadavs.
As the Galerkinmethoddoesnot requireary discretisation
of thescenethestoragecostof informationof visibility can
be managedAnothersubjectof developmentrelatesto the
rotationeffectsof anemittingsurface.The problemis more

complicatedsincea slight rotationalmovementcaninvolve
major changein the illumination. Neverthelesswith ap-
propriatelimitations,for smalloscillations we canobtaina
correctandusefulapproximation.

Figure 6. the cathedrale scene
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