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INTEGRATION OPERATORS IN AVERAGE RADIAL
INTEGRABILITY SPACES OF ANALYTIC FUNCTIONS

TANAUSU AGUILAR-HERNANDEZ, MANUEL D. CONTRERAS,
AND LUIS RODRIGUEZ-PIAZZA

ABSTRACT. In this paper we characterize the boundedness, compactness, and weak com-
pactness of the integration operators

T,(f)(2) = / " Hw)g (w) duw

acting on the average radial integrability spaces RM (p, q). For these purposes, we develop
different tools such as a description of the bidual of RM (p,0) and estimates of the norm
of these spaces using the derivative of the functions, a family of results that we call
Littlewood-Paley type inequalities.
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1. INTRODUCTION

Let X be a Banach space of analytic functions on the unit disc . Let T}, be given by

T,(f)(z) = / Cfw)g(w) dw, feX,

where g : D — C is an analytic function. This operator is called integration operator.

In [23] Ch. Pommerenke proved that this operator is bounded on the Hardy space H>
if and only if g belongs to the space of analytic functions of bounded mean oscillation
BMOA. Moreover, he also obtained that T} is compact if and only if g belongs to the
space of analytic functions of vanishing mean oscillation VMOA. Later on, A. Aleman
and A. G. Siskakis extended these results |2] to Hardy spaces HP with 1 < p < 4o0.
In addition, they also showed in [3]| that the integration operator 7, is bounded on the
Bergman space AP, with 1 < p < +4o0, if and only if g belongs to the Bloch space B.
Additionally, they obtained a similar result for the compactness of 7, but in this case
the function g must belong to the little Bloch space By. Let us point out that this
characterization is still an open problem for H°.

In this article we are going to study this kind of results for a family of spaces that
encompasses the Bergman spaces AP and the Hardy spaces HP. This family is the one
formed by the space of average radial integrability, that we denote by RM (p, q) (see Def-
inition 2.1). In Section 5 we provide a characterization of when the integration operator
T, is bounded or compact over the average radial integrability spaces RM (p, q) (see The-
orem 5.3). For p < +o00, we show that 7}, is bounded (resp. compact) over the RM (p, q)
spaces if and only if g belongs to the Bloch space B (resp. little Bloch By).

The main issue in this paper, that will be addressed in Section 6, is the weak compact-
ness of the integration operator 7, acting on RM (p,q). When 1 < p < 400, 1 < ¢ < 400
the space RM(p, q) is reflexive. Therefore, the interesting cases are when either p or ¢
belongs to {1,4o00}. In this setting we prove:

Theorem 1.1. Let g € B. Then

(1) If 1 < p < +o0, the operator T, : RM(p,o00) — RM (p,00) is weakly compact if
and only if T,(RM (p,00)) C RM(p,0) (see Theorem 6.2).

(2) If 1 < q < +o0, the operator T, : RM(1,q) — RM(1,q) is weakly compact if and
only if T, : RM(1,q) — RM(1,1) is compact and if and only if g belongs to the
weakly little Bloch space (see Definition 6.6, Proposition 6.5 and Theorem 6.9).

(3) If 1 < p < +o0, the operator T, : RM (p,1) = RM(p,1) is weakly compact if and
only if T, : RM(p,1) — RM(p,1) is compact and if and only if g belongs to the
little Bloch space (see Corollary 6.17).

In order to obtain these results it has been necessary a study of the bidual of the
space RM (p,0) in Section 4. The analogous result to the statement (1) in above theorem
for p = +oo had already been proved in [8] by the second author, J.A. Peldez, Ch.
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Pommerenke, and J. Rattyd. They obtained that the operator T, : H* — H* is weakly
compact if and only if T, : H>* — A is bounded, where A is the disc algebra, that turns
out to be the closure of polynomials in H>.

Statement (2) in Theorem 1.1 relies on a characterization of the weak compactness of a
certain operator into L'([0,1] x T) that depend on a classical result of C. Fefferman and
E. Stein about the maximal function on ¢P-valued functions.

We also point out that integration operators which do not satisfy statement (2) in
Theorem 1.1 are also characterized by the property of fixing a copy of ! (see Proposition
6.5) whereas operators not satisfying statement (3) are those whose adjoints fix a copy
of ¢y (see Corollary 6.16). This type of ¢P-singularity has been studied in the setting of
integration operators on Hardy spaces (see, e.g., [20]).

Another important tool for the study of the integration operator, that we present in
Section 3, is Littlewood-Paley type inequalities, that is, for 1 < p < 400, 1 < ¢ < 400
we obtained the estimate

Pra(f) <P ppg(f'(2)(1 = 12])) +[£(0)]

for f € RM(p,q) (Proposition 3.2). For p = +o00, these inequalities are not satisfied. In
Subsection 3.2, we also prove that a converse inequality holds for the cases 1 < p, ¢ < 400,
(1,q) with 1 < ¢ < 400, and (00, q) with 1 < ¢ < 4c0.

Throughout the paper the letter C' = C(-) will denote an absolute constant whose
value depends on the parameters indicated in the parenthesis, and may change from
one occurrence to another. We will use the notation a < b if there exists a constant
C = C(:) > 0 such that a < Cb, and a 2 b is understood in an analogous manner. In
particular, if a < b and a 2 b, then we will write a < b. If X is a Banach space, we denote
its closed unit ball by Bx. Finally, if p € [1, +00|, we define the conjugated index p’ such
that - + 5 = 1.

Acknowledgments. We are grateful to Professor José¢ Angel Peléez for calling our
attention to the paper [19] and to Professor Daniel Girela for some useful comments.

2. DEFINITION AND FIRST PROPERTIES

In this section we recall the definition of the spaces of average radial integrabilty intro-
duced in [1] and summarize their main properties for the sake of being self-contained.

Definition 2.1. Let 0 < p,q < +00. We define the spaces of analytic functions

RM(p,q) = {f € H(D) : ppq(f) < +o0}
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1 2 1 ' q/p 1/q
pp,q(f)=<§ / ( |f(7°e”)|”dr) dt) Cifpg< oo,

p
Pp.oo(f) —esssup</ | f(re™ |pdr> , if p < 400,

te[0,2m

q 1/q
1 .
proalf) = / sup [f(re®) ) dt) . ifg < oo,
27 0 rel0,1)

poocof) = [l = Sup £ (2)].

where

In the definition of p,~, the essential supremum can be replaces by the supremum
(see |1, Remark 2.2]). It is worth recalling that RM(p,q) endowed with the norm p,,
is a Banach space whenever 1 < p,q < +00. For certain parameters p,q these spaces
RM (p,q) are well known spaces. Namely, it is clear that RM(p,p) is nothing but the
Bergman space AP, for 1 < p < 400. In addition, for 1 < ¢ < +00, one can check that
RM (o0, q) = H?. Another interesting space that fits in this family is the space of bounded
radial variation BRV/, that is the space of analytic functions such that f' € RM (1, c0).

Remark 2.2. We will also use the notation p, ,(f) for measurable functions f : D — C,
replacing sup by esssup in the above definition. For 1 < p,q < 400 we will denote by
L4(T, L?[0, 1]) the spaces of the measurable functions on D such that p, ,-norm is finite.

Definition 2.3. Let 1 < p < +o00. We define the subspace RM (p,0) of RM (p,o0)

RM(p.0) = {fE’H( )t 1|f(7’e"9)lpdr)l/p=0}.

Given a holomorphic function f in the unit disc and 0 < r < 1, we define f,.(z) := f(rz),
for all z € D.

Proposition 2.4. Let 1 < p,q < +o0.

(1) [1, Proposition 2.8| If z € D, then the functional §, : RM(p,q) — C given by
0.(f) == f(2), for all f € RM(p,q), is continuous and

1
PN U
(1|2
(2) [1, Proposition 2.9] If z € D, then the functional 8, : RM(p,q) — C given by
0.(f) :== f'(2), for all f € RM(p,q), is continuous,

16- [l (ras (g <

! 18-l sy
102l crarp.ap- = and hence  ||6Ll|magrayy < 7 T H

(1= |zptat?
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(3) |1, Corollary 2.17| If z € D, then

10:1l (a0 = 0=l (Ratpisoyys  and 62| (Rt (pi0)) = 1021l (RA (p00))* -

(4) |1, Proposition 2.12 and Proposition 2.13| Let ¢ < +oo. If f € RM(p,q), then
Ppa(f — fr) = 0 when r — 17. Thus, polynomials are dense in RM(p, q).

(5) |1, Proposition 2.15 and Corollary 2.16] Let p < 400 and f € RM(p,o0). Then,
f € RM(p,0) if and only if

(2.1) Ppoc(f = fr) =0

when r — 1. Thus, polynomials are dense in RM (p,0).
(6) [1, Proposition 3.7] Let f € RM(p,o0) and o € OD. Then, for the non-tangential
limit we have Z lim f(z)(1 —@2)"/? = 0.
zZ—0
(7) The convergence of sequences in the norm topology, implies the convergence uni-
formly on compact subsets of the unit disc.

Proposition 2.5. [1, Proposition 2.5] Let {n;}3>, be a lacunary sequence (that is,
infy == > 1) such that ny € N\ {0}, 1 < p < +oo and 1 < ¢ < +oo. Then
f(z) =>02, apz™ belongs to RM (p, q) if and only if

o

a p
>l e
b= 'k

Moreover, it is satisfied that

oo » 1/p
Pra(f) = (Z |C;fk| ) :

k=0

Definition 2.6. The Bloch space B is the space of analytic functions f such that
sup(L — [2[*)|f'(2)] < +o0
zeD

and the little Bloch space, denoted by By, is the closed subspace of B consisting of analytic
functions f with

lim (1 — [2)] f/()] = 0.

|z]—1
The Bloch space B is a Banach space with norm || f||z = |f(0)] + sup,ep(1 — |2]?)]f/(2)|
and the little Bloch By coincides with the closure of polynomials in B.
3. LITTLEWOOD-PALEY TYPE INEQUALITIES

In this section we show the Littlewood-Paley type inequalities associated to RM (p, q)
and their converses for certain cases.
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3.1. Littlewood-Paley type inequalities. These inequalities will have a great impor-
tance in the proof of the fact that the belonging of g to the Bloch space is a sufficient
condition for the boundedness of the integration operator 7, acting on RM (p, q).

Lemma 3.1. Let 1 < p < 4oo. If f € C([0,1)) N LP([0,1]), then it satisfies that

(/01 (@) dx) " < p( 01 | (@)P(1 - 2)P d:):) " +£(0)]-

Proof. Without lost of generality we can assume that f(0) = 0. To prove this inequality
we need study first the case p = 1. We have that

/01|f(9:)|d9:=/01 dx§/01/0x|f'(t)|dtdz

Applying Fubini’s theorem it follows that

[swras [ ([ ) a= [ iro0-o

To prove such inequality for p > 1, we prove that the operator
Togl(t
gHRg(m):/ Malt
o 1—1
is bounded in LP([0, 1]). Notice that || Rg||rr(0,1)) = = SUDpep | < Rg,h > | and

LP([0,1])

<Rg,h>=/01 </01g(——t)t dt)h(x) d:)s:/olg(t) (%_t/tlh(x) d:)s) dt.

Let Ch(t ft ) dx for an integrable function h. Using [26, Exercise 14, p. 72|
with the functlon h(l — t)X[ 0,1)(t), t € (0,00), we have that
o 1/p’
dx) < oAl

(LR Lenef )< (1

;/Oxh(l—t)dt

Doing a change of variable, we have that |Chl[ 1. o 1) < pllAll L ([0 1)) and therefore, by
duality, [|[Rg||r(o,1)) < pllgllze(o1). Taking g(x) = f'(z )(1 —x), x € [0,1], we conclude

| fll o,y < pIf (@)1 = 2)]| Lo (o,1))-

‘(t) dt

1 T
E / B(L = t)xpo(t) dt
0

X

Proposition 3.2. Let 1 <p < 400, 1 < ¢ < +o0. If f € RM(p,q) then we have

(3.1) Pra(f) P ppg(f'(2)(1 = [2])) + [£(0)].
Proof. The result follows using Lemma 3.1 and taking the L%([0, 27])-norm. O
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Remark 3.3. Notice that Littlewood-Paley type inequalities are not true for the cases
where p = oo, that is, for Hardy spaces. This can be seen through lacunary series.
Assume that poc o(f) S poog(f'(2)(1 —|2])) +|f(0)]. Taking the lacunary series

o0
-y
k=0
we would have

1Fllme = poca(f) S Pooa(f'(2) (1 = |2]) < (I 15

But, this is impossible since f belongs to the Bloch space B but not to Hardy space HY
(see [12, p. 241]).

Next, we will show the version of the Littlewood-Paley type inequalities for the spaces
RM (p,0). We need a preliminary result that will be used to show a sufficient condition
on the functions of RM (p,o0) to belong to the subspace RM (p,0).

Proposition 3.4. Let 1 <p < 4o0. If f € H(D) we have

A R T s R e

for all p € [0,1) and all 6 € [0, 27].

Proof. Fix p € [0,1). Consider the function g(r) = f((r + (1 — r)p)e) and apply
Lemma 3.1,

1 1/p
<p (/0 I ((r+(1— T)p)eif))‘?(l —p)P(1 =1y dr) i \f(pei9)|,

Using the change of variable u = r + (1 — r)p we obtain

1 d 1/p 1 ‘ d 1/p ‘
([ 1y 2) <o ([ 1rwenpa - wr () e

Therefore, we have concluded the proof. U

Proposition 3.5. Let 1 < p < +oo. If f € H(D) and satisfies

1/p
(3.2) lim sup (/ |f/(re®)|P(1 —r)P dr) =0

p—17 9e0,2n]

then liI{I supg (1 — p)/?|f(pe®)| =0 and f € RM(p,0).

p—1-
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Proof. If f € H(D) and satisfies (3.2), then we clearly obtain that
|

1 1/p
sup (/0 f(re)|P(1 — r)P dr) < +o00.

0€[0,2m]

Using Proposition 3.2 it follows that p, (f) < 400, that is, f € RM(p, c0). So, without
loss of generality we assume that f(0) =0 and p, ~(f) = 1. We observe that

(33) (1= p)7 () = (1— p)'/? / " F(te)e? dt' <(1—pV / "1 (ke dt.

Let us see that lim supy(l — p)'/7 [ |f'(te”)|dt = 0. Fix 0 < p; < p. Using that
p—1-

If(2)] < W for all z and for some constant C' = C(p) > 0 (Proposition 2.4(2)) we

obtain that

6“9 _ \1/p ( )l/p " (1 P1 )l/p 616 _ \1/p
/|ft (L —p)Pdt <C /0 ( dt+/|ft (1 —p) /P dt

(1 —p)'/P 1-— )1+1
p)t/P P (1—p)i/r
<Cp "(te)|(1 — t)——L2— dt.
1—P1l/p+ £ (ke ) (1—1)

Ifp=1

/|f (te®)|(1 — )dt<011 P /p|f’(tei")\(1—t) dt

l—p ! ! 7
<oyt [ ey i

Using Hoélder’s inequality for 1 < p < 400, we obtain

/0 " F ()| (L - p) e

(1—p)t? i0yp s N N
<OV i * (/ ey a) (5 o)
(1_p)1/p / 0\ |p p 1/p 1

Now, taking supremum with respect to € in the previous inequalities and considering
p1 =1 — /1 — p, we obtain that

lim sup/ |f'(te)|(1 — p)/P dt = 0.

p—1-
Therefore, bearing in mind (3.3) it follows that lim sup, (1 — p)'/?|f(pe)| = 0 and by
p—1-
means of Proposition 3.4 we conclude that f € RM(p,0). O
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3.2. Converse Littlewood-Paley type inequalities. Now, we tackle the converse
Littlewood-Paley inequality for the cases 1 < p,q < 400, (1,q) with 1 < g < 400,
and (o0, q) with 1 < ¢ < 4o00. Firstly, we recall the Luecking regions and their expanded
regions.

Definition 3.6. Given a non-negative integer n, set

1 1
Fn:{zeD : 1—2—n§\z|<1—2n+1}.

We define the Luecking regions R, ; as follows

omj 2m(j +1
Rn,jZ{zan:arg(Z)e{m i+ ))} j=0,1,...,2" —1.

A 2n

The expanded Luecking region Rn,j is the union of R, ; and all regions contiguous with
it. That is,

Rn,j = U Rm,k-
8Rn,j ﬂaRm,k;’é@

Now, we state some properties of these regions that will be useful for the estimation of
the norm of certain maximal operators over these regions. The proof of these facts will
be left to the reader.

Lemma 3.7. Let z € R, j, then D (z, 1_‘2‘) C Rm

2

Lemma 3.8. Denote by NC(R,, ;) the number of regions R, s, such that OR,, jNOR,,  # 0.
Then,

° NC(R(],()) = 3,’

e NC(Ry;)=17,j=0,1;

o [fn>2 then NC(R,;)=9,j=0,...,2" — 1.
In particular, NC(R,, ;) < 9.
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Lemma 3.9. Let n be a non-negative integer. Then

mg(RnJ—) = mg(Rn,j) = 47"
forj=0,1,...,2" — 1.

From now on, given a measurable set A C D of positive measure we will denote the

mean —-—x fAf dms by f, f dmy for f e L'(A).

Definition 3.10. For every locally integrable function f on D we set:
(1) Mef = X, (fr,, 1f] dms) xa, .

(2) Mf = zm (fR \f| dms) X,
(3) Mpf(= fD for all z € D.

Now, we estimate these sublinear operators in the following proposition.

Proposition 3.11. Let f be a locally integrable function on D.
(1) If 1 < p < q < 400, there is a constant C(p,q) > 0 such that p,,(Mgrf) <
C(p.q)pp.a(f)-

(2) If1<p<qg<+ooorl<q<p<+oc0, thereis a constant C(p,q) > 0 such that
Ppa(Mzf) < C(p,q)pp,q(f)-

(8) If1<p<g<+o0orl<q<p<+oo, there is a constant C(p,q) > 0 such that
Pra(Mp f) < C(p,q)ppq(f)-

Proof. (1) Since 1 < p < g < 0o we have that r =2 > 1. So

q
p

o 1 ' T4 1/
pz,q(MRf):</0 (/0 \MRf(Tew)\pdr) g)
2 /1 o o do
= sw / (/0 M f(re®) dr)g(e")%.

L' (1)

€0

Fix § € By (p) with § > 0. Bearing in mind that the regions R, ; are pairwise disjoint
we have that

[ ([t [ onsore()
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Now, using Jensen’s inequality and the fact that Mpf is constant in each region R, ;, we

obtain that
[ ([ awseenyp ar) et
< (]f{n’ju(z)v’ dm2<z>> [ (i) ame
<ty (f,

where I, ; = {ew s 0e [22%, %)} Taking into account Lemma 3.9, observe that

my (I, ;) =< 2" and then my(R, ;) < (mi(I,;))?. Using the Hardy-Littlewood maximal
operator M we have

[F ()P dmz(z)> my (I, ;) /I §(e”) dma(0)

2J n,j

/02“ (/1\MRf(7"e )P dr) e') < Z/ )P eigff”Mf( e) dmay(2)
<Z/

R, ‘ng(\ |) dma(z /\f \pM£(| ‘) dms ()

. 1 . do
< [ me(en) ( [ 1seye dr) B MO 2405,
0 0

Finally, since | M|y < Cr €]l (r) we conclude the proof of statement (1).
(2) The proof of the case 1 < p < g < 00 follows the same argument we have used in
statement (1), but using Lemma 3.8, Lemma 3.9 and the projection of the regions R, ;,

neN,j€{0,1,...,2" =1} over T instead of arcs I,, ;. In fact, it can be shown that the
linear operator

Mf= Z <]in f2) dmz(z)) XRy;

is bounded on the space of measurable functions on D where the p, ,-norm is finite.
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Now, we assume that 1 < ¢ < p < 4+00. Let us describe the adjoint of the operator M.
Given g, we have

[ (315)) o) dma= (7[ F(w) dimaf >) < / e dm2(2)>

_ w) dme(w 7m2(Rn’j> z) dmo(z
—Z( [ s i >) i <][g< ) dmaf >)

n7j
= [ fw) <Z B <][ g(2) dma(z >) anJ(w)) dma(w)
D n,j Rn j
where [3, = % (notice that this quotient does not depend on j). Hence, the adjoint

operator is

M f = Zﬁn <][wf ) dma(z )

We know that there is a constant C(p,q) > 0 such that py o (Mf) < C(p,q)py.q(f).

Thus, pp,q(M*f) < C(p,q)ppq(f). Moreover, we claim that Mf = M*f for positive
functions. Therefore, it follows

Ppa(Mpf) = Pp,q(M‘fD = /)p,q(M*f) < C(p, @) ppq(f)-

To proof the claim take a positive function f. Bearing in mind Lemma 3.9, we have

M f = Zm( .

= Zﬁn (][J f(2) dma(2 ) X Ry i

nj  OR, ]ﬂaRm )

-y oy (e

m,k ORy,, ]maRm k;’é@

=3 (][ ) dm2<z>) i = 315,

(3) Let z € D and take R, ; such that z € R, ;. Hence, using Lemma 3.7, we have
D (z, Il ) C an Also, it can be proved that m2(R ) =X mg (D ( , 1_2|Z|>). Therefore,
the result follows because Mp f(z) S Mpf(z) for every z € D.

z) dma(z )) XR, ;
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Using this result we obtain the converse Littlewood-Paley inequality for certain cases.
These inequalities will be important in the subsequent study of the weak compactness of
the operator T, : RM(1,q) — RM(1,q).

Proposition 3.12. Assume (p,q) are in one of the following three cases: 1 < p,q < +o0,
(1,q) with 1 < q¢ < +o0, or (00,q) with 1 < q < +o0o. Then, there is a constant
C =C(p,q) >0 such that

poa(f'(2)(A = |2])) < Cppa(f), € RM(p,q).
1—|z|

Proof. By means of Cauchy’s integral formula over D(z,r) for 0 < r < =5 we have
that

27
a2 (2 r 2+ re?)| do.
2|ﬂﬂ§A\ﬂ+eﬂ

1-|2|
2

Integrating with respect to r over 0 < r <

1 , B
UGS f 16 dna(©) = s )

Assume that 1 <p < g < +ooorl < g <p < +oo. Taking RM(p,q)-norm and using
the statement (3) of Proposition 3.11 we conclude

pp,q(f,(z)(l —[2]) < 3pp(Mpf) < Cpappq(f)

Now, we continue with the remaining cases, that is, p = 400, 1 < ¢ < +00. Fix
e € OD and r € (0,1). From (1 — r)|f'(re?)| < Mpf(re?) and taking a certain Stolz
region I' (ew) such that D (reie, %) c’r (ew), it follows that

(1 =n)f(re”)] <3 Sll(pw) |f(w)] =: 3H(e”).

Moreover, if we take supremum with respect to r, it follows that sup, (o 1) (1=7)|f'(re?)| <

3Hf(6i9).
Therefore, taking L?(T)-norm for ¢ > 1 and using [15, Theorem 3.1, p. 55|, we obtain
(3.4) poog((1 = 121)f'(2)) < [ HfllLam) < Collflle < Copoog(f)-

O

To finish this section, we point out that we do not know if the converse Littlewood-Paley
inequality holds in the cases (p,1) with 1 < p < 400 and (p,0) with 1 < p < 400.
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4. ON THE BIDUAL OF RM/(p,0)

In this section, we identify in a natural manner the bidual of RM (p, 0) with RM (p, c0).
It is clear that RM (p, 00) is a subspace of the Bergman space A? = RM (p, p). Throughout
this section, we denote by I the inclusion map from RM (p,0) into AP. We follow the
scheme of the proof of K.-M. Perfekt in [22|, but it is worth mentioning we can not use
his results directly.

Lemma 4.1. Let 1 < p < 4oo. Then I*((AP)*) is dense (in the norm topology) in
(RM(p,0))".

Proof. Given A € (RM (p,0))*, consider the following family of bounded linear function-
als A\.(f) = A(f,), 0 < r < 1. We will prove that A\, € (A?)* and lim,_,; ||[I*(\.) —
Mlrarp,0y+ = 0. It is clear that I*(),) acts as A, over RM(p,0). So that, as customary,
with a slight abuse of notation, we will write A, instead of I*(\,).
Given f € AP, we have
A
A ()= I < A ppoo () < T Sup [f(w)] S = T)g/ppp,p(f)-

Therefore, A\, € (AP)*.
Assume that lim,_,q ||[I*(Ar) = M| (ga(p,0))+ is not 0. Then there exists € > 0, a sequence
{rn} in (0, 1), with 7, — 1, and a sequence {h,} in the unit ball of RM (p,0) such that

€ < [Mhn) = Ar (hn)| = [A(hn = (Bn)r )| < NI ppooo(hin = (Bn)r,)

for all n. Writing ¢,, :== h,, — (hy,),, we have a bounded sequence {g,} in RM(p,0) that
goes to zero uniformly on compacta of D and such that o < Pp.oo(gn) < 3 for all n.

Fix a sequence of positive numbers {e;} € ##" and p; € (0,1). There exists n; such that
sup{|gn, ()| : |2] < p1} < e1. Since g,, € RM(p,0), we can choose py > p; so that

1 ‘ 1/p
sup (/ \gnl(r629)|p dr) < €.
0 po

With the same argument, we obtain ny and p3 > ps such that sup{|g,,(2)| : |2| < p2} < &9

and
1 ‘ 1/p
sup (/ |Gns (T€Z€)|p dr) < 9.
0 P3

By induction, we build a sequence {g,, }, an increasing sequence of numbers {p;} that
converges to 1, such that sup{|g,,(2)| : |2| < pr} < e and

1 1/p
sup (/ |Gn,, (rew)|p dr) < €.
0 Pk+1
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Given {ax} € (P, we will see that > ;-  axg,, € RM(p,0). Since the sequence {g,, }

goes to zero uniformly on compacta faster than a sequence in /7', we get that Y reo Uln, €
H(D). Moreover

Pp,o (Z O‘kgnk)
k=1

P 1/p
= sup / dr
0
00 1/p 1/ P 1/p
< Slép < (Z ak|5k) d?“) + Sl;p </ (Z |ak||gnk(reze)|X[ﬁk,Pk+1)(T)) d?“)
0

k k=1

P 1/p
+ sup ( /O (Z\ak\\gnk(rew)\x[pkﬂ,l)(r)) d?”)
k=1

s Pr+1 0 Lp
< HawHloll et + 500 (Y- [ laaPlgn(re)P dr
k=1 "Y Pk

+Z|Oék|sup(/p

Z akg”k re’ X[0,px) (T) + Xlow.pri1) (T) + X[pk+171)(r>)
k=

' 1/p
(g (rE)|? dr)
n+1

< [Hewtleo[{ertlor + 3l{cntller + [{cnler I{ent o = (3 + 2[l{ent o) [{ar e

Therefore, >~ gn, € RM(p,c0) and moreover this series is convergent in RM (p, 00).

Since 31y Orgn, € RM (p,0) for all N and RM (p,0) is closed in RM (p, 00), we conclude
that > o~ aggn, € RM(p,0). Therefore, there exists a bounded linear operator 1" : (% —
RM (p,0) such that T'(ex) = g,,, for all k.

Now, if we consider the composition of the operators A and 7' it follows that Ao T" :
¢? — C is a bounded linear functional, that is, Ao T € (£?)* = (. So, it satisfies that
(AoT)(ex) = 0, K — oo, but this is impossible because |(A o T')(ex)| > € for all £ € N.
Therefore, I*((AP)*) is dense in (RM (p,0))*. O

Lemma 4.2. For all f € RM(p,o0) there ezists a sequence {f,} C RM(p,0) such that
fo = fin AP and imsup,, pp.oo(fn) < Pp.co(f)-

Proof. Fix f € RM(p, 00) and for each r € (0, 1) consider f,(z) := f(rz), z € D. We have
1 ' 1/p 1 ' 1/p
o ([ 1senp as) - =sw ([CIftrsepas) <=0 s (7] 0
0 o 0 ) zeD(0,r)

when p — 1. That is, the function f, belongs to RM (p,0) for all r < 1.
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Since RM (p, 00) C AP, by Proposition 2.4(4), p,»(fr — f) — 0 when r — 1. Moreover,
since fol |fr(se®)|P ds < %fol |f(se®)|P ds, for all & € [0,2n], we have that
limsup, 1 pp,oo(fr) < Ppoo(f)- 8
Theorem 4.3. Let 1 < p < +o0 and the inclusion I : RM(p,0) — AP. Then I** :
(RM(p,0))™* — AP is a continuous and injective inclusion. Moreover

(1) I"*((RM(p,0))™) = RM(p, o),

(2) I** : (RM(p,0))* — RM(p,c0) is an isometry.
If {x,} is a bounded sequence in (RM(p,0))™ that converges to 0 in the weak-* topology,
then {I**(x,)} converges to 0 uniformly on compact subsets of the unit disc.

Proof. Since the set of all polynomials is dense both in RM (p,0) and AP, then RM (p,0)
is dense in AP. Furthermore, it follows that I* : (AP)* — (RM(p,0))* is continuous and
injective.

Since I*((AP)*) is dense in (RM (p,0))* (see Lemma 4.1), we obtain that

I . (RM(p,0))™ — (AP)™ = AP

is continuous and injective. Moreover, it is easy to see that I** acts as the identity on
RM(p,0).

Let us show that RM (p, 00) C I**((RM(p,0))**). Givent € RM(p, o), by Lemma 4.2,
there exists a sequence {¢,,} C RM (p,0) such that ¢, — 1 in A? and lim sup,, pp o (V) <

Ppso(1). We can define ¢ € (RM (p,0))** of the following form
la) = lim 2 (1)
for 2* € (RM(p,0))*. Notice that it is well-defined since I*((A?)*) is dense in (RM (p,0))*
and the sequence {1, } is well-defined and bounded over I*((AP)*). It is clear that 1, — ¥
in o((RM(p,0))*, (RM(p,0))*). Hence, I"*(¢,,) — I** () in (AP, w*).
Moreover, as 1, — ¥ on AP we have that ¢, = I**(¢,,) = ¢ in (AP, w). From this and

~

the reflexivity of AP, we conclude that I**(¢)) = 1). Moreover,
(4.1) 19 (Ratpoyy== < KM SUP P oo (V) < ppoo(t)).

We turn our attention to show the inclusion I**((RM(p,0))**) C RM(p,00). Let
m € (RM(p,0))*™ and ¢ = I**(m) € AP. Using |9, Proposition 4.1, Chapter V| we have
that the unit ball of RM(p,0) is w*-dense in the unit ball of (RM(p,0))™*. Moreover,
the weak*-topology of (RM (p,0))** is metrizable in the unit ball, because (RM (p,0))* is
separable due to Lemma 4.1 and the fact that (AP)* is separable. We choose a sequence

{n} C€ RM(p,0) with sup,, pp.co(¢n) < |[m|| such that v, “"s m. Therefore, it follows
that z*(¢,) — 2*(¢) for all * € (AP)*. Bearing in mind that §, € (AP)* for all z € D,
we have that ¢, (z) — ¥(z) for all z € D. Using Fatou’s lemma we obtain that

(4.2) Pp.oo(V) < 1imninf Pp,oo(Un) < |Im| (R0 ,0))*-
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From (4.1) and (4.2) we obtain (2).

Moreover, if {z,} € (RM(p,0))™ C (AP)*™ = AP that converges to 0 in the weak-*
topology, then {I**(x,)} C AP converges pointwise to 0, and this implies that {I**(z,)}
converges to 0 uniformly on compact subsets of the unit disc. 0

5. BOUNDEDNESS AND COMPACTNESS OF THE INTEGRATION OPERATOR Tg

In this section we begin to study the main issue of this paper, that is, the operators of
the form

T,(f)(z) = / THOG©) de

where g € H (D), in the spaces RM(p, q).
Lemma 5.1. Let 1 < p < 4o00. Then B C RM(p,0).
Proof. Let g € B. Then there are M, C > 0 such that

1
(5.1) lg(2)] < M In <17||) +C, zeD, |13, Proposition 1, p. 43|
— |z

and we have that

1 ' 1/p 1 1 P 1/p
sup </ lg(se)|P ds) < </ (Mln( ) + C) ds)
0 P p 1—s
1 1 1/p
<M (/ In? (—) ds) +C1-pP =0
p 1—s

when p — 1, since In” (ﬁ) is integrable. Therefore, B C RM (p,0). O

By Proposition 2.4(7), every bounded sequence in RM ((p, q) is uniformly bounded on
each compact set of the unit disc and then it is a normal family. Thus a standard argument
shows that:

Lemma 5.2. Let 1 < p,q < 400 and let T : RM(p,q) — X be a linear and bounded
operator, where X is a Banach space.

(1) If for every bounded sequence {f,} C RM(p,q) uniformly convergent on compact
sets to 0 it holds that ||T(fn)|| — 0, then the operator T is compact.

(2) Assuming thatT = T, for some holomorphic function g and X = RM (p,q), then T
is compact in RM (p, q) if and only if for every bounded sequence { f,} C RM(p,q)
uniformly convergent on compact sets to 0 it holds that p, ,(T,(fn)) — 0.

Boundedness and compactness. It is well-known that, for 1 < p < 400, the operator
T, is bounded (resp. compact) over the Hardy spaces H? if and only if g € BMOA (resp.
VMOA) |23, 2|, and the operator T, : A? — AP is bounded (resp. compact) if and only if
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g belongs to the Bloch space B (resp. the little Bloch space By) [3]. Next result completes
these characterizations to RM (p, q) whenever (p, q) # (400, +00).

Theorem 5.3. Let 1 < p < 400, 1 < g < +oo. Then

(1) The operator T, : RM (p,q) — RM(p,q) is bounded if and only if g € B.
(2) The operator T, : RM (p,0) — RM (p,0) is bounded if and only if g € B.
(3) The operator T, : RM (p,q) — RM (p,q) is compact if and only if g € By.
(4) The operator T, : RM (p,0) — RM (p,0) is compact if and only if g € By.

Proof. (1) Assume that g € B. If ¢ < 400, by Proposition 3.2, there is a constant C,
such that

2m ! . . alr gg
pMWmE%A(AUW%mﬂwe&WO o

27 1 ' a/p do
<clally [ ([ 1r0er ar) 5 = Callal ot

getting the boundedness of T} if ¢ < +00. A similar argument works if ¢ = +o0.
Conversely, assume that T}, is bounded on RM (p, ¢). Fix z € D. By Proposition 2.4(3),
there is C' > 0 such that if f € Bry(p,q), then

19 ()] = To(f) < oo (T (NN (M .0y
1
<N Tyll £p.a( O rrr .0y < ClIT4| pp,q(f)||5z!|<RM<p,q>>*1_7‘4-

We can choose f € RM(p,q), with p,4(f) <1, such that ||6.||(ramp.q)- < 2[f(2)]. There-
fore,

H d- H (RM (p,q))

l9' ()1 = 12]*) < CIIT |l pp.a(f) 702) - < 20|75,

so that g € B and (1) holds.
(2) Assume that g € B. By (1) we know that 7}, is bounded from RM (p, 0) into RM (p, o0).
If f is a polynomial and z € D, then

(L= [zPT5(£) ()] < llgllsll £l

That is T,(f) € B and, by Lemma 5.1, T,(f) € RM(p,0). The density of the polynomials
in RM(p,0) and the boundedness of T, from RM(p,0) into RM (p,o0) (by (1)) implies
that T,(RM (p,0)) C RM(p,0).

Conversely, if T}, is bounded on RM (p,0) we can argue as in the proof of statement (1)
using Proposition 2.4(4) instead of Proposition 2.4(3).
(3) and (4) We start by proving that if 7, is compact in RM (p, ¢), with ¢ < 400, then
g € By. Take f € RM(p,q), then

(£, T5(52)) = (T4(f), 02) = 9'(2)f(2) = ¢'(2)(f, 02),



INTEGRATION OPERATORS 19

1—|7|

—Z we obtain
ll6-1]

multiplying by

(RO, e
o1y (B = o0 - . o2

Hence, it follows that
y(1_|4))
T*( :
! 16
Taking supremum in f € Bras(p,q), We have

% (M)

We claim that M “% 0 when |z| = 1. Assuming the claim holds, the compactness

1821
&(1—\4))
(2
‘ SN[
as |z| — 1, so that g € By.

Let us see the claim. Take p a polynomial. Then

N~ 16D [0 75| < vl

(RM (p,q))*

SN 2] < \

(RM (p,q))*

of T, implies that

— 0,
(RM (p,q))*

‘5;(]))‘(1 - ‘Z|) - |p,(2)‘(1 - |Z‘) < ||p/|| (1 i |Z|)1+%+% =0
161 (1—1|z) > a ~

as |z| — 1. The density of the polynomials in RM (p, q) and the fact that 151 —lz)) <1,

[[6=1]
show that 5;(”15:“2‘) %0 as |z| = 1. So that the claim holds.

The same argument shows that if T, : RM (p,0) — RM(p,0) is compact, then g € By.

Assume now that ¢ = +00. The compactness of T, : RM(p,o00) — RM (p,00) implies
g € B so that T, : RM(p,0) — RM(p,0) is bounded and, clearly compact. Thus g € By.

Let us see that if g € By, then the operator T} is compact. Assume for the moment
that ¢ is a polynomial. Take {f;} a sequence in the unit ball of RM(p,q) uniformly
convergent to 0 on compact sets. Let € > 0. There is N € N such that |f(z)| < € for all
2] <p:=1—cand k> N. Fix z = re??. If r < p, then

1T, fu(re™)] < 119/l / Felse™)] ds < [|g'loo8
0

while, if > p, then

rew / " i6 / ! 0\ |p )1/17
1T, fu(re™)] < 119/l / Flse™)] ds < g/l (/ Fulse™ P ds)
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Therefore

([ meep o) " <l <ap1/p w2 ([ e as) ”p) |

Hence, for all £ > N,
Poa(Ty(f)) < 9 lep™” + 19" loo(L = £) P ppg(fi)
<9 lloe(e+ (1= p)""?) = |9 lloc (e + /7).

Therefore limy, p, ,(T,(fx)) = 0. By Proposition 5.2, T, is compact on RM (p, q).
If g € By, there is a sequence of polynomials {g,} such that lim, ||g — g.|[z = 0.
Moreover, there is a constant C' = C(p) (see the proof of statement (1)) such that

||Tg - Tg = ||Tg—gn

< Gyllg = gnlls = 0.

n

Since Ty, is compact for all n, then so is T},
The same argument works in RM (p,0) so that we are done. O

Remark 5.4. Let 1 < p < 4o00. If g € By then T,(RM(p,00)) C RM(p,0). Indeed, if
f € RM(p,o0) and h is a polynomial, then for all » € (0,1) we have that

[ Thf (re”)] < 1W oo Pp.oo(f)-

That is, T,f € H*® C RM(p,0). Hence, using density of polynomials in By and the
estimate ||7,]| < C,||glls (see the proof of statement (1) in above theorem), we can prove
that if g € By then T,(RM (p,00)) C RM(p,0), because RM (p,0) is closed in RM (p, c0)
and

1Ty = Thll = [ Tg-all < Cpllg = halls = 0,
where h,, are polynomials such that ||g — h, ||z — 0.

However, the reverse implication does not hold as next example shows. That is, the
compactness cannot be characterized by the property of sending the big-O space into the
little-o space, despite what happens in other spaces of holomorphic functions (see, i.e., [4]
for mixed norm spaces, [5] for weighted Banach spaces, and |7] for the Bloch space and

BMOA).

Example 5.5. Let 1 < p < 400 and ¢(z) = —log(l — 2). Then g € B\ B, and

Proof. Fix f € RM(p,00) such that p,~(f) < 1. By Proposition 3.5, in order to prove
that T,(f) € RM(p,0), it is enough to show

p—17 ¢

1 1/p
lim sup (/ |f(re®)g' (re®)P(1 — 7)P dr) =0.
p
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Suppose by contradiction that there are a constant ¢ > 0 and sequences {px} — 1 and
{0} in (—m, ) such that

1 1/p
sz P (1 - /r’)p
(/pk | f(re™ )] 7|1—rei9k|l’ dr) > c.

Notice that the sequence {6} must converge to 0. Indeed, using that |1 — | <
2|1 — rei| and that p, — 1 we have

! P 1/p
0\ |p (]_—’l") i0 p ) (1 _pk)
c < </pk |f<7”e k)‘ |1—7“6i9k|p 7”) <2</ |f k | e’9k|p dr <27|]_—ei9k|

so that it holds that 6, — 0.
Claim 1. There is § > 0 such that if # € [ZF,%] \ {0} and 1 > 7 > 1 — §|6], then

< c/4.

) 1— TE'LG

Proof of Claim 1. Notice 3 < 1_920/52(6) < 1 for § € [—n/4,7/4] \ {0}. Therefore if
r>1—4|6|, then
(1—r)? 1 1 c?
(=2 +2r(l—cos(®) ~ 1400 14 L% 16
_'_ 262 1"‘

if 0 is small enough and Claim 1 holds.
By Claim 1 and the fact that p, (f) < 1 we have

1 1/p
. 1—r)
( / et L= dr) <
1-5(6,| |1 — res|p
Therefore,

1 _ )P 1 Y D
10k \|P (1 T) d _/ 0k \ |p (1 T) d P — c > §cp
/pk | f(re®)] e r 1 mk‘\f(re )| = reinpr r> 721 > 0,

reifx|p reifx|p

N e}

so that 1 — d]0x| > px.
Now, using again Claim 1, it is obtained that

1—50y| ' 1-010y| ) —r\P
[ seepar= [ Fretyp L=y,

Pk Pk |1 — e

1 . —r)p 1 , — P
— / |f(rewk)\p7(1 g —/ \f(rewkwM dr > S,
Pk 11— 1-5(0x] 11— 4

reifx|p reifx|p

Claim 2. There is M > § and ko such that, if p, <1 — M|, then

1 M6, | , l/p
/ |f(rel€k) |Pdr <
Pk

wlo
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for k > k.
Proof of Claim 2. By Proposition 2.4(2), there is a constant C; such that |f'(w)| <

Ci(1 — |w\)_1_%, for all w € D. Take M > max {8, 2} and k such that M6, < 1.
Then

1—M |64 . 1/p 1—M|6y| ' 1/p
[ e s ar) < ([ s ()P - et ar
0 0 we[r,re'%k)

1/p
. 1=M| 0| dr
< C 1— 0y -
<Gy e </0 (1_7,)p+1)

: 1 Cl C
<Ci1 = | ——e < — < —.
1| (& |p1/pM|9k;| — M 4

By the integrability of | f(r)|? in the interval [0,1) and the fact that p, — 17, there exist
ko such that for all k& > kg we have

1- M6y 1
< [ ey dr)
Pk
1—M 6| 1/p 1— M|6y| 1/p
S 0\ pd + pd S
(Ak Fre™) — (1) 0 (Ak () 0

and Claim 2 holds.
If pp < 1— M|6y], it follows

1610 ' 1610 ' 1-M|6y,| '
/ Frd®)P dr = / Frd®)P dr - / Frd®) P dr
1

3. @ 31\ . 5
°p_ - _ o) >
VLT (4 3p) =12

=~ 0
—

oo|°
wl o

If pp > 1 — M|60k|, we obtain
1-6|64] ' 1610y , 1 3cP 5P
PP dr > NP dr > (11— — )P > > .
[ hpetpars [ e ars (12 ) e s 2 20

—M]|6| Pk
Therefore, there exists 1, € (1 — M|6g|,1 — §|0k|) such that
, 160 , 5cP
£ PO =8l = [ (el dr > 5.
1—M|6y| 12
Thus
51/p§t/p,

[F (e ™)L =77 > 121/7(M — &)1/
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what contradicts Proposition 2.4(6). O

6. WEAK COMPACTNESS OF THE INTEGRATION OPERATOR Tg

It is well-known that any weakly compact integration operator on the Hardy space
H'(= RM(c0,1)) is compact (see [17]). Since the Bergman space A'(= RM(1,1)) is
isomorphic to ¢; (see |27, p. 89]) and then it has the Schur property, it also holds that
if T, is weakly compact on A" then it is compact. In this section, we will show that
this happens in other spaces of average radial integrability but not in all of them. When
the weak compactness does not coincide with the compactness we will provide different
characterizations.

Since RM (p, q) is reflexive if either 1 < p,q < 400 or p = 400 and 1 < ¢ < +00, the
problem we are dealing with in this section it is only interesting in the next three cases:

e 1 <p< +oo and ¢ = +o0;
e p=1and 1 <gq< +4o0;
el <p<+ocandqg=1.

There is a useful characterization of the weak compactness of Tj in terms of the norm

convergence of certain convex combinations.

Lemma 6.1. Let 1 < p,q,p,q < +00 and X a Banach space.

(1) Let T : RM(p,q) — X be a linear and bounded operator. Assume that for every
sequence {f,} in the unit ball of RM (p,q) convergent to 0 uniformly on compact
sets of D satisfies that there exist g, € co{ fi, fit+1,- ..} such that | Tg|| — 0 when
k — oo. Then T is weakly compact.

(2) Assume that T, : RM(p,q) — RM(p,q) is bounded. Then T, : RM(p,q) —
RM(p, q) is weakly compact if and only if every sequence {f,} in the unit ball of
RM (p,q) convergent to 0 uniformly on compact sets of D satisfies that there exist
i € cof fis frs1, ...} such that ps 3(T,9,) — 0 when k — oo.

Proof. Let us begin with (1). Assume by contradiction that 7" is not weakly compact.
Then there is a bounded sequence { f,} such that {T'f,,} does not have weakly convergent
subsequences. Applying Montel’s theorem, there is a holomorphic function f and a sub-
sequence {f,, } such that it converges uniformly to f on compact sets of D. By Fatou’s
Lemma, it holds that f € RM(p,q). Consider the bounded sequence {hy} := {f,, — f}.
Clearly it converges uniformly to 0 on compact sets of . Since {T'h;} does not converge
weakly to zero, there are A € X*, 0 > 0, and a subsequence {T'hy; } such that

Re (A(Thy,)) > 6 > 0.

By our assumption, there exists g; € co{h,, hx,,, ...} such that || T'g;||x — 0. But, since

41

ReA(Tg;) = Yy ReX(Thy) >8>0,

1=j
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for certain coefficients 0 < oy, ; < 1, with Z;’ik ap; = 1, and, for each k, the set {j > k:
ayj # 0} is finite, we obtain a contradiction because

0 <6 <ReA(Tg;) < [A(Tg;)| < A ITg5]lx-

Let us prove (2). By (1), we just have to check one implication. Assume that 7} :
RM(p,q) — RM(p,q) is weakly compact. Let {f,} C Bru@p,q be a sequence that
converges uniformly to 0 on compact sets of ). By the very definition of integration
operator, we also have that T, f, converges to 0 uniformly on compact sets of the unit
disc. By the weak compactness of T}, there exists a subsequence {7} f,,} that converges
weakly to some h € H(ID). Since the convergence in the weak topology implies pointwise
convergence, we have that h = 0. Therefore {7, f,, } converges weakly to 0. By [27,
Corollary on p. 28|, we obtain that there exists gi € co{ fu,, fae 1~ C co{fu, frog1, ...}
such that p; (Tyg1) — 0. O

6.1. The case ¢ = +o00. Unlike what happens in other spaces of holomorphic functions
(see, i.e., |4] for mixed norm spaces, [5]| for weighted Banach spaces, and |7] for the Bloch
space and BMOA), Example 5.5 shows that the compactness cannot be characterized by
the property of sending the big-O space into the little-o space. Nevertheless, this property
characterizes the weak compactness in the spaces RM (p, o0) for 1 < p < +o0.

Theorem 6.2. Let 1 < p < +oo and g € B. The following are equivalent:
(2) T, : RM(p,0) — RM(p,0) is weakly compact.
(3) T, : RM(p,00) = RM(p,00) is weakly compact.

Proof. Let us recall that given a Banach space X and a bounded operator 7" : X — X it
holds that 7" is weakly compact if and only if 7% : X** — X (see [27, Theorem 6, p. 52|)
if and only if T : X** — X** is weakly compact.

Let us consider the bounded operator T, : RM (p,0) — RM (p,0). A standard argument
using Theorem 4.3 gives that the next diagram is commutative:

(RM(p,0)) L2 (RM (p, 0))

I**l I**\L

RM(p, 00) — = RM(p, o0)

Since I** is an isomorphism, above general results give the theorem. O

A similar result to above theorem for p = +00 was obtained in [8]. Namely, they proved
that T is weakly compact on H* if and only if it is weakly compact on the disc algebra
and if and only if T, sends H* into the disc algebra. Let us recall that the disc algebra
is the closure of the polynomials in H* in an analogous way to the couple RM (p,0) and
RM (p, 00).
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Next example shows that Theorem 6.2 does not hold for p = 1.

Example 6.3. Let g(z) = —log(l — z) € B\ By. Then T, : RM(1,00) = RM(1,0) fixes
a copy of ¢'. In particular, T, : RM(1,00) — RM(1,0) is not weakly compact.

Proof. By Example 5.5, T, : RM(1,00) — RM(1,0) is a bounded operator. Take 5 > 2 a

natural number and write § := 25 f 5. Notice that the sequence {T,(B"2"")} converges to

zero uniformly on compact subsets of D. Consider the sequence of functions f;, : [0,1) — C
given by f.(r) :=T,(8"2°")(r) for r € [0,1). Notice that
p > 35

1 5 1 pr u" 1 pl W
T.(8"2"" dr = n du d n dr d =
[ el a=| [ [ o duar = | [ vl -

for all n € N. That is, 1 > || fu]li > 36/2 for n € N. Since all the functions f, are
integrable in [0, 1) and goes to zero uniformly on compacta of such interval we can choose
r1 € [0,1) and ny such that

1 5 r1 5
/ |fi| dr < = and / | frp| dr < —.
r1 2 0 4

Repeating the argument we choose 75 € (ry, 1) and ng such that such that

1 5 9 5
/T,2 ‘fn2‘ dr < Z and /0 ‘fn3| dr < Z

Continuing inductively we obtain a subsequence { f,,, } and a sequence of disjoint intervals
{It} = {(rp—1,7)}, setting ro = 0, such that

5
|fo| dr > 8 and / | fon| dr < =.
Iy Uikl 2

Now, we consider the operator © : ¢! — RM (1, 00) given by ©({ax}) = > 5, a8 25"
By Proposition 2.5,

proo(@({an}) = proc (Z akﬁ"kzﬁ"k> < (Z ‘;“'%) < I{au} o
k=1 k=0

Therefore, the boundedness of T, implies that T, 0 © : ¢! — RM(1,0) is continuous. On

the other hand,
1| oo 00

/ > apfn,(r) dT’EZ/ <|Oék||fnk(7°)|—Z|aj||fnj(7’)l) dr
0 k=1 k=1 "1k j#k

Z2)SIED TSy TNCIEZET) SIESS SINESTIen 11
k=1 k=1 k=1

=1 kg
Hence, we have that T, : RM(1,00) — RM(1,0) fixes a copy of /' and we are done. [
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6.2. The case p = 1. We start with a characterization of the weak compactness of the
operator T, : RM(1,q) — RM(1,q) in terms of non-fixing copies of ¢*. We need the
following lemma which probably is well-known by specialist but we could not find any
reference so that we include the proof for the sake of completeness.

Lemma 6.4. Let X be a Banach space and p a positive and finite measure on . If
T : X — L'(u) is bounded and not weakly compact, then it fives a copy of (*.

Proof. Since T(By) is not relatively weakly compact, by [10, p. 93, Corollary|, there
exists a sequence {f,} in T'(Bx) which is equivalent to the basis of £!. That is, there is a

positive constant § such that
1D anfall 26 faul
n n

for all sequences {a,,} of complex numbers. Take x,, € Bx such that T'(z,) = f,. Then

1)
S Jonl = 1Y anta]l > H—;HH > 0l = g ol

for all sequences {a,} of complex numbers and we are done. U

Proposition 6.5. Let 1 < ¢ < 400 and g € B. The following assertions are equivalent:

(1) T, : RM(1,q) — RM(1,q) is weakly compact.

(2) T RM(l q) — RM(1,1) is compact.

(3) T M(1,q) - RM(1,1) is weakly compact.

(4) Tg M(1,q) — RM(1,1) does not fix a copy of ¢*.
(5) T, : RM(1,q) — RM(1,q) does not fix a copy of (*.

Proof. 1t is obvious that (1) implies (5). Bearing in mind the following commutative
diagram

\/’

Ty

it is clear that (5) implies (4). Notice that RM(1,1) = A' and it is isomorphic to ¢! |27,
Theorem 11, p. 89|. By Lemma 6.4, if T, : RM(1,q) — RM(1,1) does not fix a copy of
0t it is Weakly compact. In addition, since RM (1, 1) is isomorphic to ¢!, it has the Schur
property and it must be compact. Thus, (4) implies (3) and (3) implies (2) Therefore, it
remains to show that (2) implies (1).

Assume that T, : RM(1,q) — RM(1,1) is compact. Let {f,} C Bra(1,9 be a sequence
that converges uniformly to 0 on compact sets of D. Then, the compactness implies that
pl,l(Tgfn) — 0.

The value H,(0) := fol T, f.(re?®)| dr is finite for almost every 6. Since g € B, there is
a constant C' > 0 such that || H, || rar) = p1,(T5(f)) < C. Moreover, lim, || H,||1(r) = 0.
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Therefore, we obtain a subsequence {H,, } such that H,, — 0 weakly in L9(T). Hence,
there is Fy, € co{H,,, Hy,,,,...} such that ||Fy|lreery — O (see [27, Corollary on p. 28]).
Write

o0
Fy, = E agjHp;,
=k

where ay; > 0, Z;”;k ap; = 1, and, for each k, the set {j > k: aj;; # 0} is finite. The
functions

0
gk ‘= E ak,jfnja
=k

belong to RM(1,q) and
1 0
/ Tyge(re®)| dr <3 an;H, = Fo(0).
0 s
It follows that p1,(T,gx) — 0, as k — oo. Using Lemma 6.1 we conclude that T, :

RM(1,q) — RM(1, q) is weakly compact. O

The main result of this section provides a characterization of the weak compactness of
the operator T, : RM(1,q) — RM(1,q) in terms of the symbol ¢g. For this purpose, we
introduce a pointwise version of the little Bloch space.

Definition 6.6. The weakly little Bloch space, denoted by By ., is the closed subspace
of B consisting of analytic functions f € B with

lim(1 — 72| f'(re)| = 0,
r—1
for almost every e? € T.

As far as we know, this space appeared firstly in [19]. We are going to prove that
Ty: RM(1,q) - RM(1, q) is weakly compact if and only g € By ,,. Next theorem provides
one of the implications. A preliminary lemma is needed.

Lemma 6.7. Given B, ¢ > 0 there exists 6 € (0,1/2) such that for g € B satisfying
19 (2)|(1 —|z]) < B, for all z €D, n € (0,1/2) and e € T satisfying

(6.1) |9'((1 = n)e'™)|n > 2¢,
we have
/ 6 C
g(re > —,
g’ (re”)] p

whenever |r — (1 —n)| < on and |6 — a| < on.
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Proof. 1t is not difflcult to show (see for instance the proof of [12, Theorem 5.5|) that if
g € B satisfies (6.4) for B > 0, then it also satisfies

" 4B
(62) ‘g (Z)| S m, for all 2 c D.

Assume now that n € (0,1/2) and ¢ € T satisfy (6.1), and pick any § € (0,1/2). If
lr —(1—n)] < dn and |0 —a| < 6n, then |re?? — (1 —n)e'@| < 2nd and every point w in the
segment joining re? and (1 —n)e has module |w| < (1 —n) + dn. Hence, for all these w,
we have

4B
"
<
")) € g
and, by the mean value inequality,
- - 8Bno 32B0 ¢
/ a / 7

g ((L—n)e) —g(re”)| < < < -,
9" (L= n)e') — g'(re”)] 0= 4 =7

if 0 < ¢/32B. The lemma follows since, by (6.1),

wvwﬂzwﬂl—mwn—§> ~ <

Theorem 6.8. Let 1 < g < +00 and g € B\ By. Then the operator
R, : RM(1,q) — L'([0,1) x T)
defined by
Ry(f)(r,e?) := f(re®)g (re®)(1 — 1), rel0,1), €?eT,
15 not weakly compact.

Proof. We will denote by m both the Lebesgue measure on [0, 1) and the arc length mea-
sure on T, and by ms the product measure ms = m ® m on [0,1) x T. In order to prove
that R, is not weakly compact, and using the Dunford-Pettis Theorem (see, e.g. [11,
Theorem 15, p. 76| or |27, p. 137]), we need to show that the image by R, of the unit
ball of RM(1,q) is not uniformly integrable. This will be done if we show the existence
of two constants C', a > 0 such that, for every ¢ > 0, there exits f € RM(1,q) and a
measurable set D C [0,1) x T such that

(6.3) (a) ma(D) < ¢, (b) p14(f) <C, and (c) /D|Rg(f)| dmsy > a.

The condition g € B ~\ By, yields the existence of two constants B, ¢ > 0 and a
measurable set A C T of positive measure such that

(6.4) 19'(2)|(1 — |2]) < B, for all z € D,
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and

(6.5) limsup |¢'(re)|(1 —r) > 2c, for every e € A.

r—1-

We assume that m(A) > § > 0. Finally take M > 1 big enough (to be determined later).
In order to get the conditions in (6.3), fix € € (0,1). For every ¢ € A, there exists
gqa € (0,e/47) such that

(6.6) |9 ((1 — £4)e™)|eq > 2¢.
Recall that M > 1 is big enough and consider, for every € € A, the open arc
J,={e":t € (a— Me,,a+ Mz,)}.

The family of all these arcs is a covering of A. So passing first through a compact set
K C A with m(K) > (8 in order to get a finite covering and then using Hardy-Littlewood
covering lemma (see for instance [26, Lemma 7.3|) there exist N € N and a4, as, ..., ay
such that {J,, : k=1,2,..., N} is a family of pairwise disjoint arcs with

(6.7) > m(Ja) > B/3.

We will put ¢, and Jj instead of ¢,, and J,, respectively. From (6.7) we get

= 3
(6.8) Ep > ——.
]; M

We will also consider the arcs
Ly = {e" : t € [a, — dey, ap + Oci]},

where 6 is the one in Lemma 6.7, and the subsets of [0,1) x T,
N
Dy:=[1—¢e,—0cp, 1 —ep+0e) x Ly,  D=|J D
k=1

Observe that D is a compact subset of (1 —&/2m, 1) x T and therefore

ma(D) < Eor=c.
27
This yields (6.3)(a).
Let us define the function f. Consider, for z € D,

2
€k

6.9 up(z) = T and z) = ug(2).
(6.9) R Ty )= 2w
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For every ¢ € T and 1 < k < N, define

1
@k(ew) :/ \uk(r629)|d7‘.
0

We will use the following estimate about ¢, to be proved later.
Claim. Let 6 € R such that |§ — ax| < m. Then

, 8e?
10 : k
pr(e”) < mln{l, m}
We prove this claim at the end of the proof.
Observe that, if (r,e?) € Dy, then
|7’6i9—(1—|—8k)6mk| S T|€i€—€mk|+(1—|—€k)—7” S T5€k+(1+€k)—(1—6k—(58k) S 2(1—|—5)8k < 35k7
consequently
|y (re’®)| > G _ b
g = (Ben)?  27g
and, by Lemma 6.7 with ¢ in the place of n,

; ; 1 ¢ c(1—9)
0 / 10 o > (1— >
e e = 1) > 1= e > =
and
c(1—=108)  (20e)%c(1 —6) _ cd’ey
. > = > .
(6.10) /Dk | Ryui| dmse > mo(Dy) o7e e z

Therefore, for every k, we have, since |R,h(r,e?)| < B|h(re?)|,

As L C J, and the J,’s are pairwise disjoint, so are the L;’s and the Dy’s. Hence,
adding up these inequalities from k& = 1 to k = N, using (6.7) and taking into account
that Ly C T\ J;, for k # j, we get

N N N N
c6? . .
/ |Ry f|dmgy = E / |Ry f|dmg > 1 E e, — B E E / wj(ele) dm(e™)
b k=1 Dk k=1 L

J=1 k=1,k#j

By the Claim, we have

i i i T 8] oo gt 16e2
/ goj(ee)dm(eg):/ goj(ee)d9§2/ t—;dtg 165?/ 7= M;.
T\Jj M€j<\€—aj|<7r Me; Me; J
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Putting together the last two estimates, if M > %# B, we obtain

52 al 5?2

and, by (6.8),
co® B co?B
dmg > —— = =
/D‘Rgf‘ M2 =08 6M T 168M

We have established (6.3) (c).
Now we prove the bound for p; ,(f). Naturally we have

) = (5 [ (i ae) o)

In order to apply the estimate in the Claim, the condition |# — a;| < 7 has to be satisfied.
Let us assume that all the a;’s belong to the interval [0, 27), then, for all § € (—m, 7],
either |6 — ax| < or |0 — (ax — 27)| < 7. Define

L= [a, — ek, ar + & and I = lag — 21 — ey, a — 27 + €.

Observe that, if g is the characteristic function of the interval [a — ¢, a + €] and Mg is its
Hardy-Littlewood maximal function, we have Mg(t) = 1, if t € (a — e,a + €), and, for
t¢(a—e,a+e),

1 t+|t—al

Z R
20t —al Ji—ji—qf

€

g(t)dt =

Now if ¢;" is the characteristic function of I;7 and g, is the characteristic function of I, ,
using the Claim, we have, for every 0 € (—m, 7|,

pr(e?) < 32[(Mg)*(0) + (Mg;) ().

Therefore,
N ) ) q 1/q
prath) < 32 [ (01000 + (M) ")) dt) =320
k=1
where
N 2 9\ 1/2
H= (Z[(Mgk) + (Myy) ])
k=1
Applying |14, Theorem 1|, there exists a constant As o, > 0 such that
|Hlleawy < Azggllbllzza,  for b= (316" + (g)%)"".

k
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Since all the intervals [;”’s and I, ’s are pairwise disjoint, we see easily that h is the
characteristic of the union of all these intervals and so ||h|ls, < (47)Y/%4. Finally we get

pra(f) < B2/ H|[Faumy < 3243 5,1l 720 m) < 32455, (4m) 1% =: C,

and we finish because we have proved (6.3) (b).

Proof of the Claim. By rotation invariance, we can assume a, = 0. Then, for all
0 € [—m, 7] and all r € [0,1], we have |re? — (1 + &;)| > |(1 + &) — r|. This yields
lug(re®)| < |ug(r)], and

6.11 ) < ") = —dz(—] <-<1.
(6.11) r(e”) < pnle”) /0 (I+ep—r1)3 " 214, —7r)2dr=0 — 2 —
On the other side, for all z = re”? € D, we have
|sinf| > 2|0|/m, if 0<16] <m/2,
6.12 14+e,—2>11—2 >
(6.12) 1+en =z =] z|—{1, it 7/2< (0] <.
Therefore, if 7/2 < |0 < 7, we have
2
1 —re®P > |1 —re?)? =141 —2rcosf > 1412 and |lug (re)| < 1? 5
-
Integrating
1 2 3.Q.2 2
, dr mEe ™ 8¢ 8e T
6.13 Z9<2/7:_’“<__’f<—’f, if — <0 <.
(6.13) el se | e 1 Sy S TasllsT

For 1 < 6] < m/2, we use the first case in (6.12). We have
)’ me _ w8 Sep
200/ = 8lo]F 640> ~ |0]*

6.14)  oule”) <3

Finally, for [#] < 1, we have

1 1-16| 1 3
. dr dr T
i0 2 2 2
wr(e”) <e / — < / —— ¢ / ——dr,
Het) <& o [L—re®P =" fg (U—r)p3 " T g 80P

and we get
, 1 3 1 73\ &2 8e?
1 “’<2< ><<— —)—k<—k if 0<16]<1.

Putting together (6.11), (6.13), (6.14), and (6.15), the lemma follows. O

Theorem 6.9. Let 1 < g < 400 and g € B. Then T, : RM(1,q) — RM(1,q) is weakly
compact if and only if g € By .
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Proof. Assume that g € By,,. For each €,0 > 0, we set
A(b,e):=={0eT: (1- g (re?)| < e, forall r € (1 -0, 1}.
Fixed m € N. By hypothesis, we have that
m (A (l, i)) S
n 2m
1 1

for n — oo. Moreover, it can be seen that A (%, 2—m) CcC A (#1, 2—m) Hence, for each
m € N there is n,, € N such that

1 1 1
Al —, — >1—-—.
So, we have that

(6.16) lim m (ﬂ A )

m>k

Fix e > 0, by (6.16), there is k = k(¢) such that m(A.) > 1 — ¢ where

(6.17) =4 <nm 2m)

This means that given 6 € A., for each m > k,
(1—r)lg'(re”)| < 1/2™

whenever 1 —1/n,, <r < 1.
To obtain the weak compactness, we apply Lemma 6.1. Let {f.} € Bgru,q be a
sequence uniformly convergent to 0 on compact sets. Define the functions

) :/0 | fu(re®) g (re®)|(1 —7) dr and  F,(6) ::/0 | fu(re®)| dr.

Using that 7}, is bounded on RM (1, ¢) and Proposition 3.2, the sequence {H,} is bounded
on L(T). Then, by the reflexivity of this space, we can find a subsequence {H,,}
convergent in the weak topology to a function h € L9(T). Therefore, there is Gy €
co{Hy,, Hy,.,,...} such that |Gy — h|/paery = 0. We claim that h = 0. To settle this
fact, fix ¢ > 0. By (6.17), there are N = N(¢) € N and a measurable set A. with
m(AE) > 1 —¢ and for every § € A. and m > N,

(1 =r)lg'(re”)| < 1/2™

whenever 1 — 1/n,, < r < 1. We may assume that 1/2" < ¢ and that for m > N and
r<1l-—1/ny,

[f(re?)g (re”)|(1—7) <&
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(remember that the sequence {f,} converge uniformly to 0 on the disc center at 0 and
radius 1 — 1/2V). Thus, forn > N and 0 € A,

(6.18)

l—l/nN ) ) 1 ) )
H,(6) = / Falre®)g (re®)| (1 — ) dr + / e e ) ar

<e+ceF,(0)

So, it follows that |[H,xa.|rery < 2¢ for all n > N. Hence, ||Gnxa_|lLary < 3¢ for
n large enough. This implies that hys, = 0. The arbitrariness of € and the fact that
m(A;) > 1 — ¢ implies that h = 0 and |Gy ||a(ry = 0.

Notice that we can express Gy in the following way

(o]
Gy = E Oék,anj
Jj=k

where oy ; > 0, > 77, o j = 1 and, for each k, the set {j > k : oy ; # 0} is finite. Thus
the functions

0
gk ‘= E ak,jfnja
j=n

are well-defined and it follows that
1 o0
/0 Tygel dr <~ oy jHa, = Gi(6).
j=k

Hence p;4(T,9x) — 0 when & — oo. Therefore, using Lemma 6.1 we conclude that
T,: RM(1,q) = RM(1,q) is weakly compact.

For the converse implication assume that g € B\ By,,. By Propositions 3.2 and 3.12,
given f € RM(1,q), it holds that py o(T,f) =< || Ry f|lLacr,21(j0,1))) Where Ry is the operator
introduced in Theorem 6.8 with the identification L(T, L'([0,1])) c L*(T, L'([0,1])) =
L*([0,1) x T). Therefore, R, : RM(1,q) — L'([0,1) x T) is bounded and not weakly
compact. By Lemma 6.1, there exists a sequence {f,} in the unit ball of RM(1,q)
convergent to 0 uniformly on compact sets of D such that no convex combination g, €
co{ fi, frt1,- .- } satisfies that |Ryg|lci(r,1(01)) — 0 when & — oo. Applying again
Propositions 3.12, no convex combination g, € co{ fi, fit1, . .. } satisfies that py 1(T,9x) —
0 when & — oco. By Lemma 6.1, T, : RM(1,q) — RM(1,1) is not weakly compact and,
by Proposition 6.5, T, : RM(1,q) — RM(1, q) is not weakly compact. O

We point out that beyond what it seems in Proposition 6.5, the weak compactness
T, : RM(1,q) = RM(1,q) does not depend on ¢ when it runs the interval ¢ € (1, 400).
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Remark 6.10. Using [25, Proposition 5.4, p. 601], there are g1, g2 € B such that

1

, forall z€D.
1—|z]

191(2)] + 192(2)] =

Therefore either ¢g; or go does not belong to By, so that B\ By, is not empty. Moreover
the function g(z) = log(l — 2), z € D, belongs to By, \ By. In fact, writing go(z) =
log(1 — ze®) for 6 € [0,7) and z € D, one can see that ||gs — glls > 1 if @ # 6. Then By,
is a non-separable closed subspace of B. The separability of BBy, and the non-separability
of By, show that the second one is much bigger than the first one. Therefore there are
integral operators T, bounded and not weekly compact on RM (1, ¢) and integral operators
T, weakly compact and not compact.

Remark 6.11. By [24, Proposition 4.8|, if ¢ € H(ID) and Im g has a finite angular limit at
e, then (2 — e™)g/(2) has angular limit 0 at e”. This result implies that if g € B and
Im g has a finite angular limit at e for almost every e € T, then g € By,,. In particular,
HP C By, This last inclusion was firstly noticed by Pavlovi¢ [19, Corollary, 2.1].

6.3. The case ¢ = 1. To finish, we turn our attention to the weak compactness of
T, : RM(p,1) — RM(p,1). The following three lemmas will be necessary to give a
characterization of the weak compactness of T, by means of sequences in (RM(p,1))*
which are equivalent to the basis of ¢g.

Lemma 6.12. Let 1 < p < 400 and let {z,} be such that there are constants Cy, Cy, C3 >
0 satisfying:

(1) S0 [f (|1 = [za) "7 < Chppa(f) for all f € RM(p,1).
(2) For all m € N, there is f,, € RM(p, 1) with py1(fm) < Cy such that

1 1 1
| o () [(1 = |2 ]) 7 > R S Uz |1 = |2a) 7 <

Then {(1 — |zn|)1+% d., } is equivalent to the basis of ¢o in (RM(p,1))*.

Proof. We will present the proof for p finite, being the other case similar. It is sufficient
to prove that there are constants A > 0 and B > 0 such that

N

S a1 — [z e,

k=1

A max {|ag|} <

< B
max < B max {|ax|}

1<k<N
(RM(p,1))*

for every N and for every sequence {cay}.



36 T. AGUILAR-HERNANDEZ, M.D. CONTRERAS, AND L. RODRIGUEZ-PTAZZA

First, using assertion (1) and Proposition 2.4, we have that

N

1
D (1 |zl))re, Zak (1 —zel) 7 ()
k=1 (RM(p,1))*

k=1
< — )t <
12%%{@’“'}%5;5(,,,1) ]; [/ ()l (L = Jz]) ™ < € max {la[}-

= sup
FEBRrRM(p,1)

The remaining inequality proceeds as follows employing this time assertion (2). We
choose m such that max;<x<n{|ax|} = |am|. Then, we obtain that

N N
1 1 1
> (1= |z)) v, > = 1D en(l = [a) 7 finl)
k=1 My k=
[t R .
> 01— 2 ) (2| — = Z ok (1 = |2) 2| fin (20|
Cy Cy k=1, k#m
> L max {Jal}.
— 2050, 1<k<N Xk

O

Lemma 6.13. Let c € (0,1/2), then there are two constants 1, p2, depending only on c,
such that for all f € H(D)

m 0+c(1—r) r4+c(1-r) .
el s | [ el dp )
(1 ‘ZD 0—c(1—r) r—c(l—r)

0+c(1—r) r4+c(1-r)
/ H )
A=) < g2 [ </ £(pe®) dp> dt,
< 0—c(1—r) r—c(1-r)

where z = re? with 1 > r > %

Proof. We will prove the first inequality, since the proof of the last one is analogous.

Let ¢ € (0,1/2), z =re? € D and f € H(D). It can be proved that for \ € (0,
we have that

1
=)

D(z,Ac(1—|z])) C{pe" €D: pel,teJ}

where [ =[r—c(l—r),r+c(l—r)and J =0 —c(1 —7),0 +c(1—1)].
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Applying the mean value inequality over D(z, Ac(1 — |z|)) we have that

1
z — 5 5T 5 w)| d
OIS S oo, 0 0

1 0+c(1—r) r4c(1-r) .
S 2a e |f(pe"| dp | dt.
71')\202(1 - T)2 /0—0(1—7“) /r—c(l—r)
0J

Lemma 6.14. Let 1 < p < 400 and {z} C D\ 3D such that % < % with

Be (o, L ) Then both {(1 — |2.)"% 6.} and {(1— |2.)>"% &, } are equivalent to

T
1427

the basis of c¢o in (RM(p,1))*.

Proof. We will prove the result just for {(1 — |zn|)1+% J.,} using Lemma 6.12 and omit
the proof of the other case because it can be obtained following a similar argument. Set
2n = 1€ and €, = 1 —r,,. For a certain constant ¢ € (0,1/2) we define the sets

Ly =10, — c(1 —10), 0, + c(1 —1y,)]
and
Jn = [rn — (1 —1rp), 1 + (1= 1))
Now, we denote by A, 1= Upsnly where m(A,) < 3707 1 2ce, < %%'

Let f € Brup,)- Applying Lemma 6.13 to each element of the sequence {z,}, we
obtain that

(=) s < 4 [ ] 1) doar

We split the integrals, apply Holder’s inequality in the first integral and Proposition 2.4(1)
in the second integral:

(1= Jeal) F 1 f(za)]| < w/m stoetdpat+ L [ [ 1) doat

< i1 (2cen) /7 / ( | (pet®) [P dp) " dt + Crum(An)m(J,)
= L\An \J eV (1= (rp + (1 — 1)) F

1/p
/ p 2Ccy
<m(2 [ ( (o) dp) dt 22
In\An Jn n2(1 — C) p

Since {1, \ A,} are disjoint sets, we have that

[e.e]

Z(l — ‘%\)H%\f(zn)\ < (2017 4

n=1 3(1 — C)1+5

m2Cec
1551 —c.
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Hence, we have proved that the sequence {z,} satisfies statement (1) of Lemma 6.12. To

prove the remaining condition we consider the family of holomorphic functions f,(z) :=
%, z € D. We have to show that {f,} satisfies statement (2) of Lemma 6.12.

(1-zm2)*"

Let us see that p,1(f,) S 1. First of all, we observe that

2m 1 1/p
(1 —ry)P do
n) = : d —
7/4 1 1 1/p do
<8(1—mr, . d —.
= ( T )/0 (/; |1 _ 7‘7””€Z€|2p+1 T) 1t
Since |1 — rr,e®| > i@ whenever 0 <0 <7/4dand 1 >r > %, we have
n/4 1 1 1/p do 1—rn, 1 1 1/p do
- dr — < . dr —
0 o |1 —rr,e?|2ptl 2 0 o |1 —rr,ei|2ptl 2
. /W4 /1,? 1 i /1 1 p Y
. r . r —
1—r, \Jo 11— rr,e?|?p+1 10 |1 — rr,et|?rtl or
_ /1—rn /1 1 d 1/p d«9
—_— 7"’ —_—
~ Jo o (I—rr,)2tl 2

T™n
1-0

1/p
/4 - 1 1 ] &0
- - 2p+1 av
i /1—rn </0 (1 —rr,)2r+l dr +4 ﬁe §2r+1 dr) o

™

1o 1 1/7’+43/“/4 (1N, 1 [ 1-0 VP g
= 2w(2pr,) P \ (1 —1y,)2P 1 \ 2pr \ 62 02p+1 Tn o

- 1 5 (2p+1)VP /”/4 1 db
= 27 (2prn) VP (1 — 1) 2r(2pr,)t/P Jy_,. 62 27
1 s (2p+1)r e 2p+1)VP 41

= 27 (2prp,)VP(1 — 1) 2r(2pr,)Ve(1 —1r,) = 27(2pr,)VP(1 —1,)

Therefore, we conclude that

2p+1)YP+1

pp,l(fn) < 43 pl/p

Cy.

To finish the proof, we have to show that for a certain constant C'5 > 0 it holds

141 1 141 1
Fnam) (1=l 2 5 D )l = D)7 < 5
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It is easy to see that

1—r 1 1 1 1
- (z) (1 = |2 Ly — s )T = > = — >0
| frn (2m) [(1 = [2m]) (1 Tgn)ﬂp( ) Crr o2 G

If £ > m then
141
|fm(zk)|(1 - |Zk|)1+p S 72_1_1(1 — fr’k)1+p — (_k) )

And if £ < m, then

1—rm 1 o
(2|1 = [2]) 7 < Tm (1 )it = S
(1 — Tk)2+5 Ek
Now, bearing in mind that 0 < 8 < 14+1 such that <221 < 3 for all n, we obtain that
1+2'"% n
1
gty BB _ 28 1
Z‘fm 2i)|(1 — |zx]) 1+”< Z B+ Z T+ < < .
k#m k=m+1 k=1 1 — B 1-5 L=p 2

Therefore, applying Lemma 6.12 we have proved that {(1 — |zn|)1+% J., } is equivalent
to the basis of ¢y in (RM(p, 1))*. O

As consequence of these lemmas we obtain a characterization of the weak compactness
of T, : RM(p,1) — RM(p,1).

Theorem 6.15. Let g € B and 1 < p < 4oo. IfT, : RM(p,1) — RM(p,1) is not
compact, then Ty fizes a copy of co.

Proof. Since g € Band T, : RM(p,1) — RM (p, 1) is not compact, by Theorem 5.3, there
are constants C,6 > 0 and a sequence {z,} where |z,| — 1 such that

6 < |g'(za)|(1 = |za]) < C.
Using that

Ty (1= |2a)20,) = ¢/ (za) (1= [2a)) 200, 19 () |(1 = [2al)*7 =< (1= [2]) 5,

and extracting a subsequence such that o |Z‘n’“+|1| < % with § € <O, ), by Lemma
1

1
1ot
6.14, we conclude that T} fixes a copy of ¢o.

Corollary 6.16. Let g € B and 1 < p < +00. Then the following are equivalent:
(1) T, : RM(p,1) = RM(p,1) is not compact;
(2) T; fizes a copy of co;
(3) T, fizes a copy of ¢;.
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Proof. Being clear that (3) implies (1) and, using Theorem 6.15, that (1) implies (2), we
just have to justify that (2) implies (3). But this is a consequence of the fact that if
the adjoint of a bounded operator between two Banach spaces fixes a copy of ¢y, then
the operator fixes a copy of ¢;. This result is probably well-known by specialist (and
essentially due to C. Bessaga and A. Pelczyriski), but we could not find any reference
so that we schedule its proof for the sake of completeness. Assume that T : X — Y is
bounded and T* is fixes a copy of ¢y. Then T™ is unconditionally converging ([6], [10,
Exercise 8, page 54]), so that 7" is not an ¢,-cosingular operator ([21], [16, page 273]). But
a standard argument shows that in this case 7" fixes a copy of /;. U

It is worth pointing out that if an operator fixes a copy of ¢; then, in general, its adjoint
does not fix a copy of ¢q [16, Example 1.2].

Corollary 6.17. Let g € Band1 <p < 4+o0o. ThenT, : RM(p,1) — RM(p,1) is weakly
compact if and only if it is compact (and if and only if g € By).
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