-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by HAL-Ecole des Ponts ParisTech

archives-ouvertes

Extensions and applications of ACF mappings
Jean-Philippe Chancelier

» To cite this version:

Jean-Philippe Chancelier. Extensions and applications of ACF mappings. Jour-
nal of Mathematical Analysis and applications, Elsevier, 2013, 405 (2), pp.466-474.
<10.1016/j.jmaa.2013.03.065>. <hal-00640756v2>

HAL Id: hal-00640756
https://hal.archives-ouvertes.fr /hal-00640756v2
Submitted on 4 Apr 2013

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://core.ac.uk/display/48332858?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://hal.archives-ouvertes.fr
https://hal.archives-ouvertes.fr/hal-00640756v2

Extensions and applications of ACF mappings

Jean-Philippe Chancelier

Université Paris-Est, CERMICS (ENPC), 6-8 Avenue Blaise Pascal, Cité Descartes , F-77455
Marne-la- Vallée

Abstract

Using a definition of ASF sequences derived from the definition of asymptotic contractions of the
final type of ACF, we give some new fixed points theorem for cyclic mappings and alternating
mapping which extend results from [9, Theorem 2] and [10, Theorem 1].

Key words: Nonexpansive mappings, Fixed points, Meir-Keeler contraction, ACF mappings

1. Introduction

Many extensions of the well known Banach contraction principle [I] have been pro-
posed in nonlinear analysis literature. Among them fixed point theorems for Meir-Keeler
contraction have been extensively studied [5/4I7] and a final (in some sense) generaliza-
tion defined as asymptotic contraction of the final type (ACF, for short) has been stated
by T.Suzuki [9, Theorem 5]. Our aim in this paper is to extend the results of T.Suzuki
to more general cases with regards to the mappings. More precisely, we want to be able
to use the same framework for proving fixed point theorems for alternating mappings §0l
or for cyclic mappings §4l For that purpose we propose the definition of p-ASF-1 and
p-ASF-2 sequences which are defined without references to a mapping and prove some
Cauchy properties of such sequences in Theorem[6l In §3] we recall the definition of ACF
mapping and relate ACF mapping to p-ASF mappings. When the p-ASF sequences are
generated using {7z} we show that the two definitions coincide (Theorem [@)). We give
an application to cyclic mappings in §4lby providing a fixed point theorem which extends
[9, Theorem 2] to continuous p-ASF mappings. In §6l we give an application to alternating
mapping through Theorem [22] which extends the results of [10].

Email address: jpc@cermics.enpc.fr (Jean-Philippe Chancelier).



2. ACF sequences

In [9] T.Suzuki introduces the definition of an asymptotic contraction of the final type
(ACF, for short) and proves that if a mapping T is ACF then the sequence {z,}nen

defined by =z, LTy is a Cauchy sequence for all x € X. Since our aim is to extend

T.Suzuki results when sequences {z,},cn are generated by more general processes, we

introduce a new definition that we call ASF, which stands for asymptotic sequences of

the final type. The definition characterizes two sequences and not a mapping. The link

between the two definitions is the following. Suppose that the mapping 7" is ACF and for

z, y € X define two sequences {xy }nen, {Un}nen by Zn < Try and Un def T™y. If for all

n € N we have z,, # y, then the two sequences are ASF. Properties of ASF sequences

are given in Lemma [l and a proof is given but note that the proof is mostly a simple

rephrase of [0, Lemma 1 and 2]. We first start by the ASF definition.

In the sequel (X, d) is a complete metric space and p is a given function from X x X

into [0, 00).

Definition 1 We say that two sequences {xp }nen, {Yn }nen with z,,y, € X are p-ASF-1

if the following are satisfied:

(C1) For each € > 0 there exists 6 > 0 such that if for i € N we have p(x;,y;) < then
lim sup,, o P(Tn, Yn) < €;

(C2) For each € > 0, there exists § > 0 such that for i,j € N with € < p(z;,y;) < e+,
there exists v € N such that p(Ty4i, Yvyi) < €;

(C3) For each given (x;,y;) such that p(x;,y;) # 0 there exists v € N such that

P(Turi, Yoyi) < p(xi,yi) -

Lemma 2 Let {z}nen, {Un}nen be two p-ASF-1 sequences then limy, o0 p(Zn, yn) = 0.

Proof: We follow [0, Lemma 2]. If we suppose that there exists i € N such that p(x;,y;) =
0, we conclude directly usingthat limy, 00 p(Tn, Yn) = 0. Thus we assume now that
p(Tn, yn) # 0 for all n € N. We first prove that if {z,, }nen, {yn}nen satisfyand
then liminf,, o p(Zn, yn) = 0. Using the fact that p is nonnegative and repeatedly using
Property it is possible to build an extracted decreasing sub-sequence p(Zy(n); Yo (n))
such that 0 < p(To(n); Yo(n)) < P(T0,%0) which implies that liminf, . p(Tn,yn) = a
exists and is finite. Suppose that « > 0. We first show that we must have o < p(xy,, yn)
for all n € N. Indeed suppose that there exists ng such that p(z,,,yn,) < « then
repeatedly using we can build an extracted decreasing sequence p(Z4(n), Yo(n)) Such
that p(To(n), Yo(n)) < P(Zng,Yn,) < a. This decreasing sequence will converge to a cluster
point of p(x,,, y,) strictly smaller than a which is contradictory with the definition of «.
Thus we have a < p(2,, yn) for all n € N and a > 0. We then consider §(a) given by[(C2)|
for € = a. By definition of « we can find (x;, y;) such that o < p(z;, y;) < a+J(«) and by
we will obtain v € N such that p(z, 44, yp+i) < a which contradicts o < p(@y, yn)
for all n € N. Thus we conclude that o = 0.

We prove now that lim inf,, oo p(@y,ys) = 0 and[(Cy)|imply that lim sup,, _, .. p(2n, yn) =
0. For € > 0 given, we consider § given by Since lim inf,,— 00 P(n, yn) = 0 then we
can find ¢ € N such that p(z;,y;) < d. Thus bywe have lim sup,,_, oo P(Tnti, Ynti) < €
and thus successively limsup,,_, .o p(Tn,¥n) < € and limsup,,_, . p(zn,yn) = 0 and the
result follows. O



Definition 3 We say that a sequences {xy tnen, with x, € X is p-ASF-2 if we have the

following property:

(C4) For each € > 0, there exist &6 > 0 and v € N such that if for i,j € N we have
€ < p(xi, ) < e+ 0, then p(zyyi, Tut;) < €.

Let ¢ be a given function from X x X into [0, 00) and p = G o ¢ where the mapping G
is a nondecreasing right continuous function such that G(¢t) > 0 for ¢ > 0. We first show
here that when a sequence is (G o ¢)-ASF-2 then it is also a ¢-ASF-2 sequence if
is satisfied by p. Note that Property [(C4)| (resp. [(Cs)]) is a kind of uniform extension of
(Ca)| (resp. when only one sequence is involved.

Lemma 4 ([8, In Theorem 6]) Let {x,}nen be a p-ASF-2 sequence and suppose that
p = G o q where G is a nondecreasing right continuous function such that G(t) > 0 for
t > 0. Suppose that we have

(Cs) for each given (x;,x;) such that p(x;,x;) # 0 there exists v € N such that

p(-Tz/-i-i; xu-‘rj) < p(xlax]) 3

then {xp tnen s a ¢-ASF-2 sequence.

Proof: The proof is contained in [8, Theorem 6]. Fix n > 0 and consider ¢ = G(n). Since
G(t) > 0 for ¢t > 0 we have € > 0. Then we can use [(C4)| to obtain § > 0 and v € N
such that € < p(z;,z;) < e+ 6, for some 4, j € N implies p(zy44, Tp+;) < €. Since G is
nondecreasing right continuous we can find 5 such that G([n,n + 8]) C [e,e + §). Thus
suppose that n < g(z;, ;) < n+ B, we then have ¢ < G(q(z;,2;)) < € + 4. Since G is
nondecreasing it can be constant and equal to € on a non empty interval [n, 77—}—5) cn+p
in the contrary we will have ¢ < G(n++) for v € (0, 8). If we are in the second case then
€ < G(q(zi,x;)) < e+ 6 and using [(Cy)| we obtain G(q(zitw,zj4v)) < € < G(n+7) we
thus have ¢(%;4.,%j+,) <n+ for all v € (0, 8) and consequently ¢(z;+,,%j+,) <n. In
the first case we have G(q(x;,z;)) = € for n < q(z;,7;) < n+ B. Using [(Cs)| we can find
v € N such that

G(q(Titr, j40)) < Glg(zi, 7)) = € = G(n) (1)
and thus ¢(zi1v, zj+,) < 1. We thus have proved that Property [(C4)|is satisfied by ¢. O

We prove now that p-ASF-2 sequences mixed with convergence properties of the se-

quence p(xn,Tnt1) gives p-Cauchy properties. More precisely we have the following
lemma.
Lemma 5 Let {x,}nen, be a p-ASF-2 sequence and suppose that p is such that p(x,y) <
p(x,z) +r(z,y) and p(x,y) < r(x,z) +p(z,y) for all z, y, z € X where the mapping 7 :
XxX — [0, 00) satisfies the triangle inequality r(z,y) < r(z,z)+r(z,y) forallx, y, z € X.
If the sequence {Tp nen is such that limy, oo (Tn, Tnt1) = 0 and limy, o0 p(Tn, Tny1) =
0 then we have limy, o0 SUP,,,s, P(Trs Tm) = 0.

Proof: We follow [9, Lemma 2] where a similar proof is given when r = p. Let € > 0 be
fixed and consider § and v given by [(C4)l There exists N € N such that r(z,, xn41) < 0/v
and p(@pn, Tp+1) < 0/v for all n > N. We first have for k < v:
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k—1

1)
nyin S n+ir bnte k— S(S 2
(T, Tnik) ;T(er Tntit1) <k (2)
and
k—1 S
p(zn;szrk) < p(xnvanrl) + Zr(szrivanriJrl) < k; <é (3)

i=1

We suppose that p(zn, Tnta) < €+ 0 is satisfied for a € [1, k] and we want to prove that
the same inequalities are satisfied for a € [1, k+ 1]. Using ([B]) we may assume that k > v.
Using the mixed triangle inequality satisfied by p we have the two separate inequalities:

0
P( T, Tngkt1) < P(Tns Tpghtiv) + T(Zntbtis Tnthtitl)
1=1—v
< p(xn; xn-‘rk-{-l—l/) + 6 (4)
and
p(zn, $n+k+1) < r(xm szrl/) + p(xn+w zn+k+1ﬂ/+u) (5)

By hypothesis we have p(@y,, Tnikt1—v) < €+9. If p(Tn, Tnirt1-0) < € then using @) we
obtain p(xn, Tpirt1) < €+ 9 else we can use to first get p(Tntv, Tntkti—vtv) < €
and using [2)) and (@) we obtain p(z,, Tpik+1) < €+ 9. O

In [6], T. Suzuki introduces the definition of a 7-distance. We just recall here two
properties which are satisfied by 7-distance: if a function p from X x X into R™ is a 7-
distance it satisfies p(z,y) < p(x, z)+p(z,y) for all z, y, z € X and if a sequence {z,, } nen
in X satisfies limp,— o0 SUP,,~ p, P(@n, Tm) = 0 then {x, }nen is a Cauchy sequence. We thus
have the following theorem.

Theorem 6 Let {2z, }nen be a p-ASF-2 sequence in X such that {xn}nen and {yn tnen
are p-ASF-1 for y, = xp11 for all n € N. If one of the following assumptions holds true

(i) p=q and q is a T-distance ;

(ii) p = G(q) where q is a T-distance and where G is a nondecreasing right continuous
function such that G(t) > 0 fort >0 and is satisfied by the sequence {xy }nen
(for the mapping p = G(q)) ;

(i11) p is a T-distance such that p(z,y) < p(x, 2)+q(z,y) and p(z,y) < q(z, 2)+p(z,y) for
all x, y, z € X where the mapping q : XxX — [0, 00) satisfies the triangle inequality
q(z,y) < q(z,2) + q(z,y) for all z, y, z € X and lim,, o ¢(Tpn, Tnt1) =0

then, {xntnen is a Cauchy sequence.

Proof: First note that, in the three cases, using Lemma [2] we have that

nli_}n;@p(:z:n, Tp+1) =0.

We consider the case p = ¢. Since limy,, o0 p(Zp, Tnt+1) = 0 We can use Lemma

(with » = p) to obtain lim, e SUP,,~, P(Tn, Tm) = 0 and since p is a 7-distance we
obtain the fact that {z,},en is a Cauchy sequence [0, Lemma 1].

Suppose now that p = G(q), we have lim,,_, oo G(q(xy, Tp+1)) = 0. This is only pos-
sible if G(0) = 0 and we thus also obtain that lim, o ¢(2p, nt+1) = 0. Using Lemma @l

4



we obtain that {x,},en is ¢-ASF-2 and we conclude as in the part using now the
T-distance q.

Here we can use Lemma [B] to obtain lim,, o0 SUp,,~,, P(Zn, Zm) = 0 and using the
fact that p is a 7-distance the conclusion follows the lines of the case O

Remark 7 Note that we have proved during the proof of Theorem [ that if we have two
sequences {Tn tnen and {yntnen which are p-ASF-1 with p = G o q then G(0) = 0.

3. Links with ACF sequences

We first recall here the definition of an ACF mapping. Then we give a definition of a
T-ASF mapping by defining properties which are to be satisfied by the sequences {T"z}
for z € X. We prove in Theorem [0 that the two definitions are equivalent.

Definition 8 [9, Definition 1] Let (X,d) be a metric space. Then a mapping T on X is

said to be an asymptotic contraction of the final type (ACF, for short) if the following

hold:

(D1) limg_,g+ sup {limsup,,_, . d(T™x, T"y) : d(x,y) < d} = 0.

(D3) For each € > 0, there exists 6 > 0 such that for x, y € X with € < d(z,y) < € + 4,
there exists v € N such that d(T"x,T"y) < e.

(D3) For x, y € X with x # y, there exists v € N such that d(T"xz, T"y) < d(z,y).

(D4) For x € X and € > 0, there exist 6 > 0 and v € N such that

e <d(T'z,T?x) < e + & implies d(T” o T'x, T" o T7z) < € (6)

foralli, j€N.
Theorem 9 Let (X, d) be a metric space. A mapping T on X is said to be p-ASF if for
all z, y € X the sequences {T"x} and {T™y} are p-ASF-1 and {T"x} is p-ASF-2. Then,
T is an ACF mapping is equivalent to T is a d-ASF mapping.

Proof: Suppose that the mapping T is ACF. For each z, y € X it is very easy to check
and left to the reader that {T"xz} and {T"y} are d-ASF-1 and {T"z} is d-ASF-2. Thus,
T is d-ASF.

If T is d-ASF, using Lemma [2] we obtain lim,, o d(T"x, T"y) = 0. If we consider the
special case y = Tz and the sequence x,, = T™x we obtain using Theorem [6] that {7z}
is a Cauchy sequence. Then using [9] Theorem 6] we obtain that the mapping T is
ACF. O

Existence and uniqueness of fixed points of p-ASF mappings is now obtained. Note
that, in the special case where the mapping p is equal to d (i.e when we use the 7-
distance p = d in (7)) the next theorem gives same results as [9, Theorem 5.

L We first recall from [9, Theorem 6] that for a mapping T on a metric space (X, d) the following are

equivalent:

(i) T is an ACF.
(ii) limp—soo d(T™x, T™y) = 0 holds true and {T"z} is a Cauchy sequence for all z, y € X.



Theorem 10 Let (X,d) be a complete metric space, T be a p-ASF mapping which is
such that T' is continuous for some | € N (I > 0). We suppose that the function q is a
T-distance and one of the following holds true for the mapping p:

(i) p=4q.

(i) p = G(q) where G is a nondecreasing right continuous function such that G(t) > 0

fort >0 and is satisfied by the sequence {xy tnen (for the mapping p = G(q)).

then, there exists a fized point z € X of T. Moreover, if for every sequences {x, }nen and
{Yn}nen limy, 00 D(Tn, yn) = 0 implies that lim,, o d(zy, yn) = 0 then the fized point is
unique and limy, .o T"x = z holds true for every r € X

Proof: For every © € X using Theorem [6] we know that {T™z} is a Cauchy sequence.
By Lemma [2] we know that lim,,cc p(T"x,T™y) = 0. We then have all the ingredients
of [9, Theorem 4 and Lemma 3] to conclude the proof. O

4. An application to ACF cyclic mappings

We suppose here that X is a uniformly convex Banach space and thus d(z,y) &of

||z — y||. We consider A and B two nonempty subsets of X, A being convex, and a cyclic
mapping T : AU B — AU B. We recall that T is a cyclic mapping if T(A) C B and
T(B) C A. We define a mapping p : X x X — RT by p(x,y) &of d(z,y) — d(A, B) where
d(A, B) ¥ inf{d(z,y) |z € A,y € B}.

Then, using previous results we can give a short proof of a theorem which extends [2]
Theorem 1].
Theorem 11 Suppose that the mapping T is p-ASF, then the sequence {T?"x} forx € A
is a d-Cauchy sequence.

Proof: For a given x € X, we consider the sequence z,, = T"x. Since T is p-ASF
we have by Lemma [ that lim,, oo p(Zp, Znt+1) = 0. Using the definition of p we im-
mediately also have lim, o0 d(Zn,2nt1) = d(A, B). Using Lemma [2] Lemma 4] we
obtain that lim, e d(Z2n, Tant+2) = 0 (convexity of A and uniformly convexity of X
are used here). We now consider the sequence {T?"z} taking values in A. We have
limy, 00 P(Z2n, Tant2) = 0 and as it was already shown lim,—, o0 d(2n, Tant2) = 0. If the
sequence x,, = T"x is p-ASF-2 then it is the same for the sequence {T?"z}. The distance
d satisfy the triangle inequality and it is straightforward to see that we have the two
mixed triangle inequality p(z,y) < p(z, 2z) + d(z,y) and p(z,y) < d(z,y) + p(z,y) for all
x, y, z € X. We can thus apply Lemma [ to the sequence {T?"x} with z € A to obtain
that it is a p-Cauchy sequence. It is now easy to see by contradiction that a p-Cauchy
sequence is a d-Cauchy sequence [2] Proof of Theorem 2]. The key argument being again
the use of [2] Lemma 4] O

We extend now [2] Theorem 2| which was stated for continuous cyclic Meir-Keeler
contractions to continuous p-ASF mappings.
Theorem 12 Suppose in addition that A is closed, T is p-ASF and T' is continuous
for some I € N (I > 0) then there exists a unique best proximity point z € A (i.e

6



d(z,Tz) = d(A, B)). Moreover lim,, ,, T?"x = z for each x € A.

Proof: Using Theorem [[1] the sequence {T?"x} for each x € A is a d-Cauchy sequence.
Using Lemma 2] we have lim,,—, o p(T"x, T"y) = 0 for each z, y € A, hence for (z,Tx) it
gives lim,, s oo p(T?"2, T?"*1x) = 0 and for (Tx,y) it gives lim,, o p(T?" 2, T?"y) = 0.
Using again [2, Lemma 4] we obtain lim d(T?"x, T?"y) = 0 and we can use [9, Theorem
4 and Lemma 3] to conclude the proof. O

5. ASMK Sequences

We introduce in this section the definition of ASMK sequences. It is an adaptation to
sequences of the ACMK (Asymptotic contraction of Meir-Keeler type) definition used for
mappings [7]. It is proved in [9, Theorem 3] that an ACMK mapping on a metric space
is an ACF mapping. We will prove in this section similar results which relate ASMK
sequences to ASF sequences. These results will be used in next section for studying
sequences of alternating mappings.

Definition 13 We say that two sequences {xp}nen, {Yntnen with zn,y, € X are p-

ASMK-1 if there exists a sequence {1} of functions from [0,00) into itself satisfying

¥ (0) = 02 for all n € N and the following:

(Ce) limsup,, ¥n(€) <e forall e>0.

(Cr) For each € > 0, there exists § > 0 such that for each t € [e, e+ 0] there exists v € N
such that ¥, (t) < e.

(Cs) F(p(znﬂ-, ynﬂ)) <y (F(p(:ci, yl))) for alln, i € N. F' is a given right continuous
nondecreasing mapping such that F(t) > 0 fort # 0.

Lemma 14 Suppose that the two sequences {xy }nen, {Yn tnen are p-ASMK-1 then they

are p-ASF-1.

Proof:[(C1)} For all n, i € N we have by [(Cg)| and [(Cg)] when F (p(z;, y;) # 0 that
F(p(Zn+i, Ynti)) < Un (F(p(xzvyz)))
< limsup ¢y, (F(p(xi, yi)))
n—oo
< F(p(zi,yi)) -
Since F' is nondecreasing and the inequality is strict we obtain for all n € N:

p(xn-i-ia yn-‘rl) < p(‘ria yz) B
and thus

lim sup p(Tn+i, Yn+i) < p(Ti, i) -

n—oo

Then [(C4)] follows easily when F(p(zi,y;) # 0. When F(p(z;,y;) = 0, we have by [(Cs)|
F(p(:cnﬂ,ynﬂ-)) < 0 for all n € N. Since F' is a right continuous mapping such that

2 Note that this assumption can be removed when F(0) > 0.

7



F(t) > 0 we must have F(0) > 0. Thus we have that F(p(@nti,yn+i)) = 0 for all
n € N and thus p(2p4i,Ynti) = 0 for all n € N and the same conclusion holds.
for € > 0 we know that F'(¢) > 0 and we can use to find 0 > 0 such that for each
t € [F(e), F(e)+ 6] we can find v € N such that 1, (¢) < F(e). Since F' is right continuous
and nondecreasing we can find ¢’ such that F([e, e+ ¢']) C [F(€), F(e) + d]. Thus, taking
i € N such that € < p(z;,y;) < e+ ¢, we can find v such that ¥, (F(p(zi,v:))) < F(e).
And we conclude using that:

F(p(@yyi, Yori)) < Uy (F(p(xivyi))) < F(e) < F(p(ws,ys)) - (7)

Thus we have F(p(zl,ﬂ-,yl,ﬂ) < F(p(:ci,yi)) and since F' is nondecreasing and the
inequality is strict we obtain |(Co)|
(C3)k Let ¢ be given such that p(z;,y;) # 0 and start as in the previous paragraph using

€ = p(xi,y;). We can find v € N such that ¢, (F (p(zz-, yl))) < F(€) which combined with
() gives:

F(p(@yyi, Yori)) < Uy (F(p(fcivyi))) < F(e) = F(p(wi,ys)) - (8)

Since F' is nondecreasing and the inequality is strict the result follows. O

Definition 15 We say that two sequences {xp}nen, {Yntnen with z,,y, € X are p-
ASMK-2 when |(Cg)| is replaced by

(Co) F(pl@ntisyn+s)) < n(F(p(ziyy)) Jor alln, p, ij € N.

Corollary 16 If two sequences {@n }neN, {Un}nen With yn = Tni1 are p-ASMK-2 then
they are p-ASF-1 and the sequence {xp}nen is p-ASF-2. Moreover, assumption
holds true for p.

Proof: It is obvious to see that if two sequences {z,, } nen, {Yn}nen are p-ASMK-2 then

they are p-ASMK-1. Thus by Lemma [[4] they are p-ASF-1. Proving that [(C4)|holds true
is similar to the proof that holds true in Lemma [[4] and proving that |(Cs)| holds

true follows the same steps as the proof that [(C3)| holds true in Lemma [I41 O

6. A sequence of alternating mappings

In this section p is a given function from X x X into [0, 00) such that such p(z,y) <
p(x,2) + p(z,y) for all z, y, z € X and p(z,y) = p(y,z) for all z, y € X.
Definition 17 We will say that the pair (T, S) satisfy the (F,)-contraction property if
we can find two functions F and v such that:

F(p(Tx,8y)) < o (F(M(z,9))) ©)

where
M(z,y) < max {p(z, y), p(Tx, x),p(Sy,y), % {p(Tz,y) + p(Sy, x)}} (10)
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The function F : Rt — RT is a given right continuous nondecreasing mapping such
that F(t) > 0 for t # 0. The function ¢ : RT — RT is a given nondecreasing upper
semicontinuous function satisfying ¥(t) <t for each t > 0 and ¥(0) = 0.

We first start by a technical lemma.
Lemma 18 Let the pair of mappings (T, S) be a (F,)-contraction. Suppose that x = S
and p(x,Tx) # 0 then we have:

F(p(e, Ta)) < v(F(p(Saa))). (11)
Suppose that y = Ta and p(y, Sy) # 0 then we have:
F(p(Sy,9) < 0 (F(p(a,Ta))). (12)

Proof: We prove the first inequality ([Il). We suppose that = S« then we have

F(p(z,Tz)) = F(p(Tz,z)) = F(p(Tz, Sa)) < 1/1(F(M(:E, a)))
and we have:

M(z,«) = max {p(:c, a),p(Tz,z),p(Sa, a) L {p(Tz,a) + p(Sa, z)}}

'2
= max {p(:c, a),p(Tz,x), %p(T:E, a)}
= max {p(z,a),p(Tz,z)} . (13)

We show now that the maximum cannot be achieved by p(Tz, z). Indeed, suppose that
M(z,«) = p(Tz, x) then we would have

F(p(z, Ta)) < v(F (p(z, Tx))

which is not possible since p(z,Tz) # 0 and there does not exist x > 0 such that
F(z) <¢(F(x)) (since for > 0 we have that F(x) < ¢(F(x)) < F(x)). The proof for
the second inequality is very similar and thus omited. O

We now introduce the alternating sequence of mappings {I', }nen defined by:

) def T, %f n %s even (14)
S, ifnis odd.
Then, we consider the two sequences {2, }nen and {yn }nen defined by
Tn+1 =Dpxn and  ypy1 = Dnt1yn - (15)

It is very easy to check that when the two sequences are initiated with (z,yo) = (Sx,x)
for a given x € X they are related by y,4+1 = =, and that only the two following cases
can occur:

(Sxp,xn) with x, =T, and y, = Tp—1

(Trt1,Ynt1) = { (16)

(Txy,x,) with x, = Sz,—1 and y, = Tp_1
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If we are in the first (resp. the second) case we use ([I2)) (resp. (I1])) to obtain the inequality
F(p(@ni1,yn+1)) < U(F(p(xn,yn))) (17)

We thus have the following easy lemma:

Lemma 19 Let the pair of mappings (T,S) be a (F,)-contraction and {xn}nen and
{Yn}nen be two sequences defined by [@A)). If the two sequences are initiated by (xg, yo) =
(Sx,x) we have Ypi1 = Tn and

F(p(xn+1,yn+1)) < 1/}(F(p(xn7yn))) : (18)
If €1 = Ty (resp. Tpy1 = Sxy) and yry1 = Syk (resp. Yr+1 = Tyx) we have:

F(p(@nt1,yr41)) < 1/)(F(p(50m Yx) + max(p(zy, $n+1),p(zk7$k+1)))) . (19)

Proof: Since inequation (I8) was proved by ([T, it just remains to prove inequality
([@@)). Suppose that x, 1 = Tx, and yi+1 = Sy then we have

L (T, ) +p<Syk,xn>}}

M (2, yr) = max {p(wn,yk),p(T:cn,zn),p(Syk,yk), 3

1
= max {p(wn, Yk)s P(Zng1, Tn), D(Ykt1, Yk, 5 {P(@ns1,9k) + P(Yrt1, zn)}}
S max {p(xna yk)ap(xn-i-l; xn)ap(yk-i-l; yk)a
(@, yk) + max(p(Tnt1, Tn), P(Yet1, Yk))
< p(2n, yr) + max(p(Tni1, Tn), P(Yrs1, Yk)) (20)

We thus have
F(p(xns1,yk41)) < 1/J(F(M($n7yk)))

< 6 (P (plwns ) + max(p(@nss, 7). p(uess we)) ) - (21)
If the opposite situation is z,+1 = Sz, and yx+1 = Tyr we obtain the same result by
the same arguments. O

We make here a direct proof of the fact that the sequence {z,, }nen is a Cauchy sequence
when lim,,_, oo p(p41,2n) = 0 is assumed. This last property will be derived from p-
ASMK-1 properties as proved in Theorem 221
Lemma 20 Let the pair of mappings (T,5) be a (F,v)-contraction. Suppose that

lim p(xp41,2n) =0,
n— o0

then the sequence {xp tnen given by ([I3) is a Cauchy sequence.

Proof: We follow here [10] to prove the result by contradiction.

If the sequence is not a Cauchy sequence we can find two subsequences o(n) and
p(n) such that for all n € N p(z4(n), Zpmn)) = 2¢ and o(n) < p(n). Since the sequence
{p(@n, Tnt1)}nen converges to zero we can choose N such that p(x,,z,41) < € for all
n > N. Using the triangle inequality

p(xa(n) ) :Ep(n)Jrl) > p(xa(n) ) :Ep(n)) - p(xp(n)Jrla :L'p(n))
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we obtain that p(Tq(n), Tpn)+1) > € for large n. Thus, we can always change the subse-
quence p(n) in such a way that the parity between o(n) and p(n) is conform to the one
we need for applying inequality (2I) and such that for all n € N p(24(5), Tp(n)) > €.

We now define k(n) as follows:

k(n) % min {k>0a(n)|p(xsm),zx) > € with same parity as p(n)} (22)
k(n) is well defined and by construction o(n) < k(n) < p(n). We now have that:

€ < P(To(n)s Tr(n)) < P(To(n)s Th(n)—2) + P(Trm)—2, Th(n)) < €+ D(Trm)—2, Thn)) - (23)

the sequence {p(Tx(n)—2, Tr(n)) }nen converges to zero since we have

P(Th(n)=25 Th(n)) < P(Th(n)=25 Th(n)=1) + P(Th(n)—15 Th(n))

and thus p(2,(n), Tr(n)) — € when n goes to infinity. We also obtain that p(Zs(n)—1, Trm)—1) —
€ when n goes to infinity since:

|P($a(n), wk(n)) - P(iﬂa(n)fu xk(n)fl)l < p(wk(n), xk(n),l) + P(%(n)a xg(n),l) . (24)
We now use inequality 21]) to obtain

F(p(o(n)s Th(n))) < w(F(p(%(n)fb Th(n)—1) + 5n)) (25)

where 6, & max (p(xa(n)_l, To(n)), P(Th(n)-1, zk(n))). When n goes to infinity, using the
facts that F is right continuous and nondecreasing and 1 o F' is upper semicontinuous
we obtain that F(e) < ¢ (F(e)) which is a contradiction. O

Remark 21 The proof remains wvalid is we assume as in [I0] that the function F is
nondecreasing and continuous with F(0) = 0 and F(t) > 0 for t > 0 and that the
function v : RY — RY is assumed to be nondecreasing and right upper semicontinuous
and satisfy Y(t) < t for each t > 0. The idea is to build the sequences choosing the parity
so as to use ([2I)) in the reverse situation where

F(p(To(m)+1, Thiny+1)) < 1/)(F(p($a(n)7 Th(n)) + 52)),

de,
and where 0}, % max (p(xa(n)_H,:ca(n)),p(:ck(n)+1,zk(n))).
Theorem 22 Consider two mappings T : X — X and S : X — X and suppose that
the pair (T, S) has the (F,1)-contraction property. Let the sequence of function {{p }nen

def

—~
be defined by 1, = Yo o---1 and assume that and |(Cr)| are satisfied, then the
sequence {xy }nen defined by (D) and initialized by xy = Sz is a Cauchy sequence.

Proof: The only point to prove is that assumption is satisfied. We consider the
sequence {, }nen and the sequence {y,}nen defined by ([H) and initialized by yo = .
Using the fact that ¢ is non-decreasing, we repeatedly use Equation (I8]) in Lemma [T to
obtain assumption and conclude that the two sequences {x,, }nen and {yn bnen are
p-ASMK-1 and then by Lemma [I4] and [2 we obtain that limsup,,_, . p(Tn,Zn+1) = 0.
Using Lemma 20 we conclude that {z,},en is a Cauchy sequence. |
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We make a link here with the result of [I0] where it is assumed that F(0) = 0 and
F(t) >0 for t > 0 and F is supposed to be nondecreasing and continuous. The function
1 : RT — R7 is assumed to be nondecreasing and right upper semicontinuous and satisfy
P(t) < t for each ¢t > 0 and limy, 00 ¥, (t) = 0. It is proved in [I0] that F(z) < ¢(F(x))
implies x = 0. We prove in the next lemma that these properties of functions F and
imply Properties and
Lemma 23 Let ¢ : RT — RT be a nondecreasing, right upper semicontinuous function
satisfying 1 (t) < t for each t > 0. Then the sequence of functions {1, }nen defined by

n
def

n=Yoro---1 satisfyand.

Proof: [(Cg )t For ¢t > 0, since ¢ is nondecreasing and ¥ (t) < t we have ¥, (t) < ¥(t) <t
and thus|(Cg)|follows. Using [3, Theorem 2] we can find a right continuous function
1 RT — RT such that ¢(t) < 9(t) < t for t > 0. Thus we easily have [(C7)| since
proving [(Cr7)| (using v = 1) for a right continuous function is easy. O

In [I0] it is proved that T and S have a common fixed point when X is a complete
metric space and p = d. The proof follows the following steps: Since {z,}nen is a
Cauchy sequence it converges to T € X. Using the definition of M one easily checks
that M(z2p,Z) — d(SZ,T) and M(x9,,T) > d(SZ,T). Moreover Txa, = Zo,11 also
converges to T. We therefore have

F(d(T 20, 87)) < (F(M(w20,7)) ) (26)

Using next Lemma[24] we obtain that T = SZ. Then proving that T is also a fixed point of
T is given in [I0, Theorem 1]. We therefore conclude that in order to obtain convergence
of the sequence {2, }nen to the unique fixed point of 7' and S requires to add continuity
of F in the hypothesis of Theorem

Lemma 24 Suppose that F' is a continuous nondecreasing function, v is a right upper
semicontinuous function satisfying one of the following property:

(Eq1) ¥(t) <t for allt > 0;

(E2) v is nondecreasing and for eacht > 0, there exists v € N, v > 1 such that ¢, (t) < t.
Suppose that we have two sequences {am tnen and {Bntnen such that:

Flan) <Y(F(Bn)) - (27)

If limy, oo ay = limy 00 B = v and By, > 7y for all n € N then we must have v = 0.

Proof: We have
F(y) = lim Flan) < limsupy(F(5,)) < o (limsup F(B)) < $(F();  (28)

If v # 0 and ¢(v) < v we conclude that F(y) < F(vy) which is a contradiction. If ¢ is
nondecreasing we consider the value of v associated to v to obtain: F(y) <, (F (’y)) <
F(v) and conclude again by contradiction. O

Remark 25 Note that using [3, Theorem 2] we obtain that a right upper semicontinuous
function v satisfying 1 (t) < t for all t > 0 satisfies Property with v = 1.
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