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ABSTRACT

In many sensor network applications, one is interested only in computing some relevant function of
the sensor measurements. In this thesis, we study optimal strategies for in-network computation
and communication in such wireless sensor networks.

We begin by considering a directed graph G = (V,€) on the sensor nodes, with a designated
collector node, where the goal is to characterize the rate region in RI€l, i.e., the set of vector rates
for which there exist feasible encoders and decoders which achieve zero-error computation for large
enough block length. For directed tree graphs, we determine a necessary and sufficient condition
for each edge that yields the optimal alphabet, from which we then calculate the minimum worst
case and average case complexity. For general directed acyclic graphs, we provide an outer bound
on the rate region by finding the disambiguation requirements for each cut, and describe examples
where this outer bound is tight.

Next, we consider undirected tree networks, where each node has an integer measurement, and
all nodes want to compute a symmetric Boolean function. For a class of functions called sum-
threshold functions, we derive an optimal strategy which minimizes the worst-case number of bits
exchanged on each edge. In the case of general graphs, we present a cut-set lower bound, and an
achievable scheme based on aggregation along trees. For complete graphs, the complexity of this
scheme is no more than twice that of the optimal scheme.

We then turn to a collocated network of nodes, where each node has a Boolean measurement
and we wish to compute a symmetric Boolean function of these measurements with zero error.
Our objective is to determine the minimum worst-case total number of bits to be communicated to
perform the desired computation. We define three classes of functions, namely threshold functions,
delta functions and interval functions. We provide exactly optimal strategies for the first two classes,
and an order-optimal strategy with optimal preconstant for interval functions. Using these results,

we can characterize the complexity of computing percentile type functions. The results also extend
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to the case of integer measurements and certain integer-valued functions. We use lower bounds from
communication complexity theory, and provide an achievable scheme using information theoretic
tools.

In the collocated network scenario, minimizing the average case complexity presents a variety of
interesting problems. We show that the average case complexity of computing a Boolean threshold
function of i.i.d. measurements, with threshold 6, is O(f), in comparison to the worst case com-
plexity of Q(logn), where n is the number of nodes. In the case of independent but not identically
distributed measurements, we show that the optimal order of transmissions is determined by a sur-
prisingly simple rule that depends in a trivial way on the values of the previously transmitted bits
and the ordering, but not the exact values of the marginal probabilities. The approach presented
can be generalized to the case of block computation, and to alternate models of communication.
We also determine the optimal strategy when the number of bits to be communicated is fixed, and
one wants to minimize the conditional entropy of the parity function.

Finally, we consider the problem of determining the connectivity of a random graph by sequen-
tially sampling edges. We present optimal strategies for determining connectivity in series graphs,
parallel graphs, series-parallel graphs and parallel-series graphs. In the case of general graphs, we
consider the related problem of finding a certificate for connectivity, and conjecture the optimal

strategy.
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CHAPTER 1

INTRODUCTION

Wireless sensor networks are composed of nodes with sensing, wireless communication and com-
putation capabilities. These networks are designed for applications like fault monitoring, data
harvesting and environmental monitoring; tasks which can be broadly classified as information
aggregation. Sensor networks should be distinguished from general wireless ad-hoc networks in
this regard. While traditional data networks are concerned with end-to-end information transfer,
sensor networks may only be interested in gathering certain aggregate functions of distributed data.
For example, one might want to compute the average temperature for environmental monitoring,
or the maximum temperature in fire alarm systems.

In this context, communicating all the relevant data to a central collector node which sub-
sequently computes the function might be inefficient since it requires excessive data transfer or
energy. This suggests moving away from a data forwarding paradigm, and focusing on efficient
in-network computation and communication strategies for the function of interest. This is particu-
larly important since sensor nodes may be severely limited in terms of power and bandwidth, and
can potentially generate enormous volumes of data. Such in-network processing and aggregation
is made possible by the fact that sensor networks are often application specific, that is, deployed
to achieve a specific goal, and hence nodes may look into the contents of packets and create new
packets or discard others. This is in sharp contrast to data networks where nodes only process the
headers of the packets, but never the contents of the payload of the packets.

The problem of computing functions of distributed data in sensor networks presents several
challenges. A fundamental challenge is to exploit the structure of the particular function, so as to
optimally combine transmissions at intermediate nodes. Thus, the problem of function computation
could be regarded as being more complex than finding the capacity of a wireless network, since the

traditional decode and forward model does not capture the possibility of combining information at



intermediate nodes. Second, we have to contend with the broadcast nature of the wireless medium.
On the one hand, nodes have to deal with interference from other transmissions, while on the other
hand, nodes can exploit these overheard transmissions to achieve a more efficient description of
their own data. Further, the strategy for computation may benefit from interactive information
exchange between nodes, which presents an additional degree of freedom vis-a-vis the standard
point-to-point communication set-up.

In order to make progress on this general problem, we present a rich array of specific results
by considering different architectures, network topologies and computation paradigms. To begin
with, there are two possible architectures for sensor networks that one might consider. First, one
can designate a single collector node/fusion center which seeks to compute the function, as we
consider in Chapters 3 - 4. This goal is more appropriate for data harvesting and centralized
fault monitoring, where the collector alone makes decisions. Alternately, one can suppose that
every node in the network wants to compute the function, as we consider in Chapters 5 - 7. The
latter goal can be viewed as providing situational awareness to each sensor node, which could be
very useful in applications like distributed fault monitoring, adaptive sensing and sensor-actuator
networks. For example, sensor nodes might want to modify their sampling rate depending on the
value of the function.

We consider two specific network scenarios in which we study the problem of function compu-
tation. In Chapters 3 and 4, we abstract out the medium access control problem associated with
a wireless network, and view the network as a directed graph with edges representing essentially
noiseless wired links between nodes. We assume implicitly that there is a transmission schedule
which ensures no collisions, and reliable transmission of information on each edge. Thereby, we
focus specifically on strategies for combining information at intermediate nodes, and optimal codes
for transmissions on each edge. In comparison, in Chapters 5, 6 and 7, we consider a collocated
network where each node’s transmissions can be heard by every other node. Thus, in order to
avoid collisions, nodes must transmit one at a time. In this scenario, we study interactive strate-
gies where the content of previously transmitted messages could determine both the identity of the
next transmitting node as well as the content of its transmitted message.

In this thesis, we present results for both the block computation and one-shot computation



paradigms. In Chapters 3 - 5, we consider the zero error block computation framework. We allow
for nodes to accumulate a block of measurements and realize greater efficiency using block coding
strategies. However, we require the function to be computed with zero error for the block. This
corresponds to the zero-error information theoretic paradigm. In contrast, in Chapters 7-8, we
consider the problem of single-instance computation.

Throughout this thesis, we consider a packet capture model as in [1] and suppose that collisions
do not convey information. Further, we suppose that there is a joint distribution on the node
measurements and we consider both worst case and average case performance metrics. Under this

framework, we address three fundamental questions.

e Since nodes may possess heterogeneous data which could affect the function to different
degrees, we study the problem of identifying which node should transmit next. This could
depend on the structure of the function as well as side information gained from overheard

transmissions.

e In order to minimize the communication footprint, we study the minimum information that
must be conveyed by nodes so as to compute a particular function. Further, we study strate-

gies for combining transmissions at intermediate nodes.

e Given the information that must be conveyed, we study optimal coding strategies that mini-

mize worst-case and average case metrics.

It is particularly interesting to study the benefit of multi-round protocols, possibly involving com-
plex interaction between nodes, versus single round protocols, where each node only transmits
once.

The rest of the thesis is organized as follows. In Chapter 3, we consider the problem of general
function computation in a directed graph G = (V, £) with a designated collector node that wants
to compute the function. We focus specifically on optimal coding strategies for transmissions on
each edge, and strategies for combining information at intermediate nodes. We suppose that there
is a joint probability distribution on the node measurements, and consider both the worst case
and the average case complexity for zero error block computation. Our goal is to characterize the

rate region in RI€l, i.e., the set of points for which there exist feasible encoders with given rates



which achieve zero-error computation for large enough block length. In the case of tree graphs, we
derive a necessary and sufficient condition for the encoder on each edge, which provides a complete
characterization of the rate region. The extension of these results to directed acyclic graphs is
harder. However, we provide an outer bound on the rate region by finding the disambiguation
requirements for each cut, and describe examples where this outer bound is tight.

In Chapter 4, we address the problem of computing symmetric Boolean functions in undirected
graphs. The key difference from Chapter 3 is that we consider bidirectional links and study the
benefit of interaction between nodes. We show how the approach described in Chapter 3, together
with ideas from communication complexity theory, can be synthesized to develop a theory of optimal
computation of symmetric Boolean functions in undirected graphs. In the case of tree networks,
each edge is a cut-edge, and this allows us to derive a lower bound on the number of bits exchanged
on each edge, by considering an equivalent two node problem. Further, we show that a protocol of
recursive in-network aggregation along with a smart interactive coding strategy, achieves this lower
bound for the class of sum-threshold functions in tree networks. The optimal strategy has a simple
structure that is reminiscent of message passing, where messages flow from the leaves towards an
interior node, and then flow back from the interior node to the leaves. In the case of general graphs,
we present a cut-set lower bound, and an achievable scheme based on aggregation along trees. For
complete graphs, the complexity of this scheme is no more than twice that of the optimal scheme.

In Chapter 5, we study the problem of computing symmetric Boolean functions in a collocated
network, where each node’s transmissions can be heard by every other node. The key challenge is
for nodes to systematically exploit previous transmissions to compress their own data. We suppose
that each node has a Boolean measurement and we wish to compute a given symmetric Boolean
function of these measurements with zero error. We define three classes of functions, namely
threshold functions which evaluate to 1 if the number of 1s exceeds a certain threshold, delta
functions which evaluate to 1 if the number of 1s is exactly equal to a given value, and interval
functions which evaluate to 1 if the number of 1s is between two given lower and upper values.
For worst-case computation, we provide exactly optimal strategies for the first two classes, and
an order-optimal strategy, as the number of nodes increases, with optimal preconstant for interval

functions. In our analysis, we use lower bounds from communication complexity theory, and provide



an achievable scheme using information theoretic tools. Using these results, we can characterize the
complexity of computing percentile type functions, which is of great interest. Further, the approach
presented can be generalized to compute functions of non-Boolean measurements, as shown in our
treatment of general threshold functions and the M AX function. In Chapter 6, we consider the
problem of minimizing the average-case complexity of computing a Boolean threshold function in a
collocated network. We show that the average-case complexity of computing a Boolean threshold
function in a collocated network is O(€), where 6 is the threshold.

In Chapter 7, we address a class of sequential decision problems that arise in the context of
computing symmetric Boolean functions of distributed data. We consider a collocated network,
where each node’s transmissions can be heard by every other node. Each node has a Boolean
measurement and we wish to compute a given Boolean function of these measurements. We suppose
that the measurements are independent and Bernoulli distributed. We address the problem of
optimal computation of the function so as to minimize the total number of bits that are transmitted.
We solve the problem for the class of Boolean threshold functions. The problem reduces to one
of determining the optimal order in which the nodes should transmit. We show the surprising
result that the optimal order of transmissions depends in an extremely simple way on the values of
previously transmitted bits, and the ordering, but not the exact values, of the marginal probabilities
of the Boolean variables, according to the k-th least likely rule: At any transmission, the node that
has the k-th least likely value of its Boolean variable transmits, where k reduces by one each
time any node transmits a one. Initially the value of k is (n + 1 - Threshold). The approach
presented can be generalized to the case where each node has a block of measurements, though
the resulting problem is somewhat harder, and we conjecture the optimal strategy. We also show
how to generalize to a pulse model of communication. One can also consider the related problem
of approximate computation given a fixed number of bits. We show that in this case, the optimal
strategy can be significantly different. However, for the special case of the parity function, we show
that the greedy strategy is optimal.

Finally, in Chapter 8, we consider the interesting problem of determining s — ¢ connectivity
in a random graph G where each edge occurs independently of the others with a given Bernoulli

probability. We suppose that each edge is equipped with a sensor that can be queried for existence of



the edge, at an associated sampling cost. Our objective is to determine connectivity by sequentially
sampling edges, while incurring minimum expected total cost. This problem arises in the practical
context of fault detection in a communication network or a chemical plant. Since we do not know
a priors if the graph is connected or not, there is a natural tension between showing the existence
of an s —t path and showing the absence of an s — ¢ cut. We present some special classes of graphs
for which this tension can be resolved, yielding optimal strategies for determining connectivity.
In the case of series graphs, we prove that the optimal strategy is to sample the edge with the
maximum ratio of probability of absence of the edge to the cost of sampling the edge. Analogously,
in the case of parallel graphs, we prove that the optimal strategy is to sample the edge with the
maximum ratio of probability of existence of the edge to the cost of sampling the edge. Next, we
present optimal strategies for series-parallel graphs and parallel-series graphs. In the former case,
the optimal strategy focuses exclusively on s —t cuts, while in the latter case, the optimal strategy
focuses exclusivley on s — ¢ paths. The extension to general graphs is harder, and the optimal
strategy remains elusive. However, we formulate a conditional subproblem for which we conjecture
the optimal strategy.

The results described in this dissertation have appeared in various conference and journal papers

[21, [3], [4], [5], [6].



CHAPTER 2

RELATED WORK

The general problem of computing a function of correlated data, over a distributed network of nodes
with wireless links, admits a variety of approaches. It is related to fundamental problems in several
fields — multi-terminal information theory, distributed source coding, communication complexity

and distributed computation. We present a summary of the related literature.

2.1 Zero-Error Block Computation of Functions

Consider a general network of n nodes, with a designated collector node to which the value of the
aggregate function of interest needs to be communicated. Each node has a certain transmission
range, and can transmit directly to any other node within that range, provided no other trans-
mission is interfering. Two networks of interest are the collocated network, where the connectivity
graph is complete, and the random multihop network where the connectivity graph is a random
geometric graph. In [1], the authors have formulated the problem of worst-case block function
computation with zero error. Nodes make a block of N measurements, and the collector or fusion
node seeks to compute the block of function values. It should be noted that communicating a block
of measurements has been shown by Shannon [7] to be critical to achieving reliability with high
throughput in point-to-point communication channels. In the multinode function computation
problem, the appropriate measure of efficiency is the computational throughput, which is defined as
the reciprocal of the minimum number of time units required per computation, over all schemes,
and over all block lengths. In [1], an order optimal strategy for computing divisible functions is
derived, given the constraints of the wireless medium,

In sensor networks, we are often interested in symmetric functions which only depend on the

data of a sensor, not its identity. They include statistical functions like mean, median, maxi-



mum/minimum, and others which are completely determined by the histogram of the set of node
measurements. A key property is that the histogram of two disjoint sets can be combined to give
the histogram of the union. Among the class of symmetric functions, not all functions are equally
hard to compute. For a function like Maximum, if a node knows that the maximum temperature
recorded until now is at least 100, then the node need not transmit any further reading unless it
has a higher value. Thus the previous transmissions provide side information about the function
value, even if the measurements are independent. On the other hand, for a function like Average, if
even a single measurement is missing, we could have incorrect function computation, if the goal is
zero-error block function computation. The results do change significantly if we allow a vanishing
error as block length increases.

In [1], the authors identify two classes of symmetric functions, namely type-sensitive functions
like Average, Median, Majority and Histogram, and type-threshold functions, such as Maximum

and Minimum. The maximum rates for computation of type-sensitive and type-threshold functions

1

1Ogn) respectively, where n is the number of

in a collocated network is shown to be (1) and ©(
nodes. The upper bound on the computational throughput in each case is obtained by generalizing
the concept of fooling sets in communication complexity [8]. In random planar networks, spatial

reuse of the wireless medium leads to an exponential speedup, and the maximum rates for com-

putation of type-sensitive and type-threshold are shown to be O(; oén) and @(m) respectively.
Some extensions in the case of finite degree graphs are presented in [9]. If we assume that the
measurements are drawn independently and identically from some distribution, one can obtain an
even higher computational throughput as shown in Chapter 6.

The assumption of block codes which ensure zero error for the block corresponds to the zero-error
information theoretic paradigm [10]. The problem of source coding with side information ensuring
zero error for finite block length has been studied in [11] and [12]. The problem reduces to the task
of coloring a probabilistic graph defined on the set of source samples. The minimum entropy of
such a coloring approaches the graph entropy or Korner entropy, as block length goes to infinity.
In Chapter 3, we revisit these ideas in the context of partitioning input blocks into equivalence

classes. Further, we extend this simple approach to zero error function computation on graphs.

In the zero-error framework, the effect of multi-round interaction on two party communication



complexity has been studied [13]. For the problem of source coding with side information, it is

shown that single round schemes are almost optimal [14], [15].

2.2 Multi-Party Computation

The problem of communication complexity was introduced by Yao in [16]. In communication com-
plexity, one seeks to minimize the number of bits that must be exchanged in the worst case between
two nodes to achieve zero-error computation of a function of the node variables. A thorough expo-
sition of fundamental results in communication complexity can be found in [8]. The communication
complexity of Boolean functions has been studied in [17], [18]. One can go further and consider
the direct-sum problem [19] where several instances of the problem are considered together to ob-
tain savings. This block computation approach is used to compute the exact complexity of the
Boolean AND function in [20]. In this thesis, we generalize this result, which allows us to derive
optimal strategies for computing more general classes of symmetric Boolean functions in collocated
networks (Chapter 5) and tree networks (Chapter 4).

In Chapters 3 and 4, we consider function computation on graphs obtained after abstracting
out medium access control, effectively resulting in wired links between nodes. This resembles the
network coding paradigm, except that we are now computing functions. In the simplest case,
assuming independent measurements z; and the function f(z1,z2,...,2,) = (z1,22,...,2,), We
have the reverse of the multicast problem studied in [21]. For the particular case where a set of
terminal nodes want to compute the sum of source measurements, ideas from network coding can be
used to derive the rate region for some special cases [22],[23]. Computing a function of independent
measurements is a network computation problem as opposed to a network coding problem. In [24],
the min-cut upper bound on the rate of computation is shown to be tight for the computation of
divisible functions on tree graphs. In Chapter 3, we generalize this result using a different approach.
Further, the simplicity of the approach presented allows extensions in the case of general graphs
and collocated networks.

Another approach to the problem of function computation comes from the literature on message
passing. Here, one is interested in computing a function efficiently by exploiting the structure of

the domains. There are two broad approaches: one using factor graphs [25] and the other using



the generalized distributive law [26]. These approaches have been applied very effectively to the
problems of computing marginals and probabilistic inference. This has resulted in low complexity
iterative algorithms for decoding of turbo codes. For the specific problem of computing the aver-
age, randomized gossip algorithms have been proposed in [27] and shown to be computationally
inexpensive and resilient to failures. These algorithms consist of nearest neighbor update rules [28]
which eventually result in dissemination of the average value to all nodes in the network. A similar
iterative approach is used to design distributed randomized algorithms for computing separable
functions in [29]. It must be noted that the above approaches do not address the communication
problem and suppose that nodes can communicate real numbers to their neighbors. In [30], the
problem of quantized consensus is studied, where nodes seek to compute the average value by
communicating over finite capacity channels.

In this thesis, we do not consider communication and computation strategies that are robust
to an eavesdropper that is overhearing transmissions and seeks to compute the function. In [31],
the problem of Boolean function computation by two nodes using a public channel and a secret
private channel was considered. The objective is to minimize the number of bits transmitted over
the secret channel to compute the function. An extension to the case where there is noise in the
eavesdropper’s channel was studied in [32] and the extension to general distributions was studied
in [33]. In [34], necessary and sufficient conditions for the secure computability of a function of
correlated sources were derived.

Throughout this thesis, we assume implicitly that nodes have identities, and each message trans-
mitted by a node contains a header that identifies the node. Alternately, one can consider the
problem of anonymous computation where n indistinguishable processors seek to compute the
function. In [35], the authors characterize which functions are computable on an anonymous ring,
and show how they can be computed using O(n?) messages. The results have been generalized to

the problem of distributed function computation in a general network of anonymous nodes [36].

2.3 Information Theoretic Formulation

To study the ultimate performance limits of function computation as well as optimal function

computation strategies, one needs to turn to an information theoretic formulation. There are
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two features that can be incorporated in this most general formulation. First, we can allow for a
vanishing error of computation, in contrast with the previous formulation which considers zero-error
block computation. Second, we can exploit the correlation in sensor measurements, and achieve
higher efficiency. However, there are very few results for this most general framework. We now
review some of the basic information theoretic results, which lead to a more general formulation
that incorporates computation over wireless networks. An information-theoretic formulation of
this problem combines the complexity of source coding of correlated sources with rate distortion,
together with the complications introduced by the function structure; see [37]. There is little or no
work that addresses this most general framework.

This problem of decentralized compression of correlated sources was studied by Slepian and
Wolf [38]. Consider two sensors with correlated measurements X,Y drawn according to the joint
distribution p(X,Y). One wishes to determine the rate region, i.e., the set of all possible pairs
of rates (R1, R2) at which the sources can be individually compressed so that the receiver can
reconstruct the original sources with vanishing probability of error. The region defined by the cut-
set bounds was remarkably shown to be achievable using the technique of random binning to exploit
correlation. The Slepian-Wolf problem can be easily extended to the case of multiple correlated
sources communicating to a receiver. However, the extension to tree networks, with the receiver as
root, has not been solved.

Another interesting variation of the problem arises if we only desire the reconstruction of sources
to some fidelity, i.e., the receiver wishes to recover estimates X, Y such that EF[D(X, X")] < d,
E[D(Y,Y")] < d, where D(-,-) is a given distortion measure. This problem is open as well. The
special case of this problem in which one of the sources is known to the receiver as side information,
was solved by Wyner and Ziv [39]. It is important to note that function computation can be viewed
as a special case of the rate-distortion problem, by defining an appropriate distortion metric that

is function-dependent. For example,

D(XaX) = |f(X>Y) - f(X>Y)|2

This has been extended in [40] to the case in which the receiver desires to know a certain function

f(X,Y) of the single source X and the side information Y; the authors determined the required
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capacity of the channel between the source and receiver to be the conditional graph entropy, which
is a measure defined on the two random variables and the characteristic graph [11] defined by the
function f. Recently, there have been some extensions to the case of two nodes [41] and to the case
of tree networks [42]. However, a general single-letter characterization has remained elusive.

Another interesting stand-alone problem was studied in [43], where two correlated binary sources
need to encode their sequences in distributed fashion, so that the receiver can compute the XOR
function of the two sequences. It is shown that, in some cases, the sum rate required may be
substantially less than the joint entropy of the two sources. This clearly displays the advantage of
function-aware encoding strategies over standard distributed source coding.

The above formulation considers a single round protocol, where only X communicates with Y.
One can further seek the information theoretic limits for interactive computation. The rate region
for multi-round interactive function computation has been characterized for two nodes in [44], and
for collocated networks in [45]. The characterization closely resembles the Wyner-Ziv result and

some interesting connections with communication complexity are made.

2.4 Modeling Channel Noise

In our work, we assume that the channel is a noiseless wired link, resulting possibly after the medium
access control problem is solved. However, in practice, all channels are noisy, and one needs to
study the rate of computation over noisy channels. In [46], the problem of computing parity in
a broadcast network was studied, assuming independent binary symmetric channels between each
pair of nodes. In the noiseless case, one would require n bits, and in the noisy case, one can achieve
O(nlogn) using repetition coding. However, this approach does not make use of the broadcast
nature of wireless medium. For each bit that is transmitted, all the other nodes in the network
hear a noisy version of it. The key contribution of [46] is a strategy which systematically uses this
side-information to compute the parity function. The hierarchical strategy proposed requires only
©(nloglogn) bits. Remarkably, this upper bound of nlog log n was shown to be sharp in [47], using
noisy binary decision trees. The problem of computing a threshold function in a noisy broadcast
network was studied in [48] and the OR function was studed in [49].

In [50], the problem of distributed symmetric function computation in noisy wireless networks
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is considered. It is shown that the energy usage for computing a symmetric function in a network
with binary symmetric channels is © (n(log logn) <\/@> a) , where « is the path loss exponent.
In [51], this approach is extended to derive an order optimal strategy for computing the MAX
function in a random planar network.

While the information theoretic formulation described above only considers distributed source
coding, one would like to generalize the formulation to incorporate a more general channel model.
For example, consider two sources S1 and S2, which have access to channel inputs X and Y of a
multiple access channel, with output Z = X +Y 4+ N being available to a receiver, where N is
Gaussian noise. The receiver wishes to compute the sum X + Y . The question of interest is to
find the optimal power-distortion curve; i.e., for a given pair of transmit powers P1 and P2, what
is the minimum distortion D at which the sum X +Y can be communicated to the receiver? Thus,
the channel operation itself can be viewed as an implicit computation, as argued in [52].

Finally, the above described solution to the medium access problem can be described broadly
as interference avoidance, since we assume that collisions do not convey information. We could
generalize the formulation further by assuming an interference network. However, the solution to

such a problem is very far from the current frontiers of knowledge in information theory.

2.5 Sequential Decision Making

Due to the broadcast nature of the wireless medium, two nodes which are close to each other cannot
transmit simultaneously. Thus, nodes need to schedule their transmissions to avoid interfering with
one another. The challenge now is to order nodes’ transmissions so as to exploit the structure of
the function, the side-information gained from previously transmitted bits, and the knowledge
of the underlying distribution. Sequential decision problems have been studied in various forms.
The most well known problem of designing sequential experiments is the bandit problem [53],
[54], [55]. We have N parallel projects evolving according to Markov processes, and generating
instantaneous rewards. At each time-step, the player chooses to activate one project so as to
maximize the expected discounted reward. Under the optimal strategy, each arm is assigned a
dynamic allocation index and the maximum index arm is chosen.

Search problems present another interesting class of sequential decision problems. Due to various

13



constraints, one might be forced to conduct a sequential search. Thus, the challenge is to design a
search strategy that terminates in minimum time or minimum expected time, as per the context.
A thorough review of various formulations of search problems is presented in [56]. A class of
one-dimensional search problems is studied in [57].

In [58], an interesting problem in sequential decision making is studied, where n nodes have
i.i.d. measurements, and a central agent wishes to know the identities of the nodes with the k
largest values. One is allowed questions of the type “Is X > t”, in response to which the central
agent receives the list of all nodes which satisfy the condition. Under this framework, the optimal
recursive strategy of querying the nodes is found. In Chapters 7 and 8, we will consider some
problems in optimal sequential sampling. A key difference in our formulation is that we are only
allowed to query particular nodes, and not all nodes at once. The problem of minimizing the depth

of decision trees for Boolean threshold queries is considered in [59].
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CHAPTER 3

FUNCTION COMPUTATION IN DIRECTED GRAPHS

In this chapter, we formulate the problem of zero error block computation on graphs. We abstract
out the medium access control problem, and view the network as a directed graph with edges
representing noiseless wired links allowing reliable transmission of information between nodes. We
suppose that there is a joint probability distribution on the node measurements, and consider
both the worst case and the average case complexity. Further, instead of restricting a strategy to
compute just one instance of the problem, we allow for a block of N independent instances for
which the function is to be computed. Thus nodes can accumulate a block of N measurements,
and realize greater efficiency by using block codes, while still ensuring zero error for the block.

Given a graph, the problem we address is to determine the set of rates on the edges which will
allow zero error function computation for a large enough block length. In essence, we are exploring
the interaction between the function structure and the structure of the graph; how information
needs to be routed and combined at intermediate nodes to achieve certain rate vectors. We start
with a simple two node example and build up to directed trees and directed acyclic graphs.

In Section 3.1, we begin with the two node problem. We compute the number of bits that node
vy needs to communicate to node vy so that the latter can compute a function f(X,Y’) with zero
error. For correct function computation, an encoder must disambiguate certain pairs of source
symbols of node vx, on which the function disagrees. We show by explicit construction of a code
that this necessary condition is in fact sufficient. This yields the optimal alphabet and we calculate
the minimum worst case and average case complexity, with the latter obtained by Huffman coding
over the optimal alphabet. In Section 3.2, we extend this result to directed trees with the collector
as root, exploiting the fact that each edge is a cut-edge. This yields the optimal alphabet for each
edge, and we separately optimize the encoders for the worst case and the average case. Thus the

rate region consists of all rate points dominating a single point that is coordinate-wise optimal.
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In Section 3.3, we consider directed acyclic graphs. A key difference from the tree case is the
presence of multiple paths to route the data, which present different opportunities to combine
information at intermediate nodes. We arrive at an outer bound to the rate region by finding the
disambiguation requirements for each cut of the directed graph. This outer bound is not always
tight as we show in Example 12. However, for the worst case computation of finite field parity,
and the maximum or minimum functions, the outer bound is shown to be indeed tight. Further,
the only extreme points of the rate region are rate points corresponding to activating only a tree

subset of edges.

3.1 Two Node Setting

3.1.1 Worst case complexity

We begin by considering the simple two node problem. Suppose nodes vy and vy have measure-
ments x € X and y € ), where the alphabets X and ) are finite sets. Node vx needs to optimally
communicate its information to node vy so that a function f(z,y), which takes values in D, can
be computed at vy with zero error. We do not consider the case where vx and vy interactively
compute the function. Thus node vx has an encoder C : X — {0,1}*, which maps its measurement
x to the codeword C(x), and node vy has a decoder g : {0,1}* x Y — D which maps the received
codeword C(x) and its own measurement y to a function estimate, g(C(x),y). The set of all possible

codewords is called the codebook, denoted by C(X)

Definition 1 (Feasible Encoder). An encoder C is feasible if there exists a decoder ¢ : {0,1}*xY —
D such that g(C(z),y) = f(x,y) for all (z,y) € X x ). Thus, a feasible encoder is one that achieves

error-free function computation.

Theorem 1 (Characterization of Feasible Encoders). An encoder C is feasible if and only if given

vl 2?2 € X, C(at) = C(x?) implies f(x',y) = f(z%,y) for ally € V.

Proof: By definition, if C is a feasible encoder, then there exists a corresponding decoder g such
that g(C(z'),y) = f(z!,y) and g(C(z?),y) = f(z?,y), for all y € Y. Further, if C(x!) = C(2?), we

have f(x!,y) = f(2?,y) for all y € V.
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To prove the converse, we need to construct a decoding function g : {0,1}* x ) — D. For each
codeword C* in the codebook, define C~1(C*) := {z € X : C(z) = C*}. For fixed y € Y and
fixed codeword C* € C(X), the decoder mapping is given by g(C*,y) := f(z"™(C*),y) for any
arbitrary z"°™(C*) € C~1(C*). We show that this decoder works for any fixed  and y . Indeed,
g(C(z),y) = f(z™™ y) where ™™ € C~Y(C(x)). Thus, C(z™™) = C(z) and by assumption
F(&"om,y) = f(z,y). Hence, g(Clx),y) = F(@"™ y) = f(z,y) for all y € Y. O

Any feasible encoder C can be viewed as partitioning the set X" into II(C) := {S1,S2,..., Sk}
such that for ' € C;,2% € Cj, we have C(x!') = C(2?) if and only if i = j. Define an equivalence

relation “<” between z', 2% € X by:
2t < 22 if and only if f(z',y) = f(2?,y) for all y € .

Consider the encoder COPT which assigns a distinct codeword to each resulting equivalence class.
Clearly, COPT is a feasible encoder, since COPT(z!) = COPT(2?) implies z' « 2, and hence
f(zt y) = f(2%,y) for all y € Y. COPT is optimal in the sense that any other feasible encoder C

must have at least as many codewords as COFT:

Theorem 2 (Optimality of COPT). Let II(COFT) := {SPPT, SQPT ... SOPT) be the partition of
X generated by COTT, and let TI(C) := {S1, Sa,...,S;} be the partition of X generated by any other
feasible encoder C. Then,

(i) TI(C) must be a finer partition than I(COTT).

(i4) The minimum number of bits that node vx needs to communicate is [log |[TI(COTT)|].

Proof: First we claim that any subset S; € II(C) can have nonempty intersection with exactly
one subset SJOPT € II(COPT). Suppose not. Then there exist ', 2% € S; such that z! € SgPT
and 22 € SjOQPT. Since C(z') = C(2?), by Theorem 1, we must have f(z!,y) = f(22,y) for all
y € Y. However, by construction of COPT z! and 2 must belong to distinct equivalence classes
i.e., ' « x2. Hence, there exists y* such that f(z',y*) # f(x2,y*), which is a contradiction.
This shows that the partition generated by any encoder C must be a further subdivision of the

COPT)

partition generated by COF7 i.e., finer than II( . So node vx needs to communicate at least

[og [TI(COTT)|] bits. O
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We can extend this to the case where vy collects a block of N measurements x = (z1, z2,...,zN) €
XN and vy collects a block of N measurements y=(y1,y2,-..,Yn) € YN, We want to find a block
encoder CV : XN — {0,1}* so that the vector function f(N)(g,y) = (f(zx1,y1),..., f(zN,yN)) can
be computed without error, for all z € AN Y € YN, All the above results carry over to the
error-free block computation case. As before, we define an equivalence <+ between z!, 2% € XN if
f) (z',y) = f) (22,y) for ally € YV. The optimal encoder CV:OFT is once again obtained by as-
signing distinct codewords to each equivalence class. Since we are stringing together N independent

instances, we have |IL(CNV:OFT)| = |I(COPT)|N. Hence the minimum number of bits per compu-

[N log IHA(TCOPT)H COPT)

tation that node vx needs to communicate is which converges to log |TI( | as

N — oo.

3.1.2  Average case complexity

Suppose now that the measurements X, Y are drawn from the joint probability distribution
p(X,Y), with the goal being to minimize the average number of bits that need to be commu-

nicated, i.e., the average case complexity.

Definition 2 (Feasible Encoder). An encoder C : X — {0, 1}* is feasible if there exists a decoder

g :{0,1}* x ¥ — D such that g(C(z),y) = f(z,y) for all {(z,y) € X x Y : p(x,y) > 0}.

Theorem 3. An encoder C is feasible if and only if, given z',2?> € X, C(x') = C(x2) implies

f(x1,y) = f(x2,y) for {y € ¥V : p(x1,y)p(z2,y) > 0}.

Proof: By definition, if C is a feasible encoder, then there exists a corresponding decoder g
such that ¢(C(z'),y) = f(z',y) and g(C(2?),y) = f(a?y), for all {y € ¥ : p(z',y)p(a?, y) > 0}.
Further, if C(z') = C(2?), we have f(z',y) = f(22,y) for {y € Y : p(x!,y)p(x?,y) > 0}.

To prove the converse, for fixed y € ) and fixed codeword C* € C(X), define the decoder by
g(C*,y) == f(z"™(C*,y),y) for any arbitrary z™™(C*,y) € C~1(C*) with p(x™™(C*,y),y) > 0.
We show that this decoder works for any fixed x and y with p(z,y) > 0. Indeed, g(C(x),y) =
f(x™™ ) where z"°™ € C~1(C(x)) with p(x™™, ) > 0. Thus, C(z"°™) = C(x) and by assumption
F(@mom, ) = F(z,y) since p("™, y)p(z,y) > 0. Hence, g(C(x), y) = F(@"™,y) = f(z,y). O

We now define “z' > 22”7 when f(z',y) = f(2?,y) for {y € Y : p(z',y)p(2?,y) > 0}. Now the
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<> relation is reflexive and symmetric, but not necessarily transitive. This upsets the equivalence
class structure and the problem of finding the optimal encoder is much harder as we see in Section
3.1.3. However, if p(z,y) > 0 for all (z,y) € X x ), then <« is an equivalence relation. We
can construct an encoder COPT which assigns a distinct codeword to each equivalence class. Let
(COPT) .= {SPPT SQPT . ,S,?PT} be the partition of X generated by COFT. Analogous to
Theorem 2, we can show that the encoder COFT has the optimal alphabet A, with the probability
distribution vector ¢ = {q1, ¢z, ..., qx} where ¢; := ZIGSZOPT > ey P(,Y).

Once the optimal alphabet is fixed, the optimal code COFT is the binary Huffman code for the
probability vector g. Since the Huffman code has an average code length within one bit of the

entropy,

H(Q17Q27 v 7Qk’) < E[Z(COPT)] < H(q17q2a s 7qk) + 1.

The extension to the case where nodes vx,vy collect a block of N i.i.d. measurements is straight-
forward. We want to find a block encoder CV : XN — {0,1}* so that the vector function f™)(z,y)
can be computed with zero probability of error, using CV(z) and y. As before, if p(z,y) > 0 for
all z,y € XN x YN we define z! < 2?2 if f(N)(gl,g) = f(N)(f,g) for all y € YN, The optimal
alphabet is A", which has the product distribution QN . The optimal encoder is obtained via the
Huffman code for the optimal alphabet. Its expected length satisfies

H(QN) _ E[Z(CN’OPT)} _ H(QN)—f—l
N N - N '

Hence the minimum number of bits per computation that node vx needs to communicate converges

to H(q) as N — oo.

3.1.3 Graphical interpretation

The problem of source coding with side information can also be viewed in graph-theoretic terms.
The contrapositive of the statement of Theorem 3 tells us which pairs z!, 22 € X must be separated
for any feasible encoder.

Consider a graph G = (V, E) with vertex set V = X, where (2!, 2?) € E if there exists y* € Y such

that f(z!,y*) = f(22,y*) and p(z',y*)p(z?,y*) > 0. Note that we have an induced distribution
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on the vertices, ie., for x € X, we have px(z) = >, cyp(z,y). This graph is referred to as the
Witsenhausen characteristic graph [11]. Clearly, an encoder is feasible if and only if it corresponds to
a proper coloring of G. Further, we want to find colorings which minimize average case complexity,
i.e., colorings which minimize the entropy of colors. The minimum entropy of colors is called the
chromatic entropy of the graph, denoted by HY(X). After finding the minimum entropy coloring,
we can construct the Huffman code for the colors, which achieves an average code length within
one bit of H5(X)). When we consider a block of N measurements, the characteristic graph is
the OR-graph GV := GV G V ...V G, with chromatic entropy HéN (X). Thus, the optimal
coloring requires at most w bits per computation. From a result in [12], we know that
limy 00 %Hé]\, (X) = Hg(X), where Hg(X) is the graph entropy or Korner entropy. Thus the
asymptotic rate for zero-error function computation is Hg(X). If, however, we allow a vanishing
error-rate, the minimum rate required is the conditional graph entropy Hg(X|Y') [40].

For a general graph, finding the minimum entropy coloring is NP-hard. However, under the
simplifying condition p(x,y) > 0 for all (z,y) € X x ), the graph becomes a complete k-partite
graph, for which greedy coloring achieves a x(G)-coloring, where x(G) is the chromatic number of
the graph G. Further, any other proper x(G)-coloring is merely a relabelling of the colors in the
greedy coloring. This is analogous to the result in Theorem 2. Thus the optimal coloring can be
found in polynomial time, and the optimal encoder can be obtained by constructing a Huffman
code for the colors in the optimal coloring. Further, by considering long blocks of N measurements,
we can achieve an asymptotic rate of H(c(X)), while still ensuring zero error for the block. Here,

¢(X) denotes the color class to which X belongs.

3.2 Function Computation on Directed Trees

Let us now consider computation on a tree graph. Consider a directed tree G = (V, £) with nodes
V := {v1,v2,...,v,} and root node v;. Edges represent communication links, so that node v; can
transmit to node v; if (’Uj,’l)z') € £. Each node v; makes a measurement z; € Xj;, and the collector
node v; wants to compute a function f(x1,x2,...,2,) with no error. We seek to minimize the
worst case complexity on each edge.

For each node i, let 7(v;) be the unique node to which node i has an outgoing edge, and let
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N~ (vi) :={vj € V: (vj,v;) € E}. The height of a node v; is the length of the longest directed path
from a leaf node to v;. Define the descendant set D(v;) to be the subset of nodes in V from which
there exist directed paths to node v;. The graph induced on D(v;) is a tree with node v; as root.
Each node transmits exactly once and the computation proceeds in a bottom-up fashion, starting
from the leaf nodes and proceeding up the tree. Each leaf node v; has an encoder C; : X; — {0,1}*
that maps its measurement x; to a codeword C;(z;) which is transmitted on the edge (v;, w(v;)).
Each non-leaf node v; for j # 1 has an encoder C; which maps its measurement z; as well as the
codewords received from N~ (v;), to a codeword transmitted on the edge (vj,7(v;)). Thus the
computation proceeds in a bottom-up fashion. Let C; denote the codeword transmitted by node
v;, and Cg := {C; : v; € S} denote the set of codewords transmitted by nodes in S. Thus the

codeword C; is implicitly a function of zp(,,) := {7, : v; € D(v;)}.

Definition 3. A set of encoders {C; : 2 < i < n} is said to be feasible if there is a decoding function
g1 at the collector node v; such that g(xl,CN—(vl)) = f(x1,29,...,2,) for all (z1,29,...,2,) €

X1XX2><...XXn.

Lemma 4. If a set of encoders {C; : 2 < i < n} is feasible, then the encoder C; at node v; must
separate! xb( ) € Xp(v;) from x%(vi) € Xp(vy), Uf there exists an assignment xT}\D(W) such that

v;
P @by B # f @by Bnn)-

Proof: The removal of edge (v;, 7(v;)) separates the graph into two disconnected subtrees D(v;)
and V\ D(v;). We combine all the nodes in D(v;) into a supernode v,, and all the nodes in V\ D(v;)
into a supernode vg. The result now follows from Theorem 1. [

To prove the converse, we explicitly define the encoders Co,Cs,...,C, and a decoding function

g, and prove that it achieves correct function computation. Define the alphabet for encoder C; on

edge (’Ui, ﬂ(vi)) as,

A; = {hl : XV\D(vi) — D s.t. 3$*D(vb) € XD(W) satisfying

hi(@\D(o;)) = [(ZD0;), TW\D(w:)) YEWD(w;) € AW\D(w;) }-

Node v; does not have access to Tp(v;) directly but only the codewords received from N~ (v;). When we say that
the encoder C; must separate £ p.,), Zp(v;), We are considering C; as an implicit function of zp(,,).
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Thus codewords sent by node v; can be viewed as normal forms on variables Xy\ p(,,), or as partial
functions on Xy p(y,)-

Encoder at node v;: On receiving the codeword corresponding to h; : Xy\ p(y,) — D, on incoming
edge (v;,v;), node v; assigns nominal values, x%"(ﬁ_) to variables Xp,,) such that

F@ By T\D(w;) = hi(@n\D(w;)) Y20\ D(;) € \D(wy)- (3.1)

Given nominal values for all nodes in D(v;) \ {v;}, and its own measurement z;, node v; substitutes
these values to obtain a function h; : X))\ p(v,) — D such that h;(zy\ p,)) = f(wg’(:z)\{vi}, T, T\ D(v;))
for all zy\ p(v;) € X\ D(w;)-

If v; # v1, node v; then transmits the codeword C; corresponding to function h; € A; on the edge
(vi, m(vy)) -
Decoding function g: The collector node vy assigns nominal values to the variables Xp(,, )\ fu;}-

om )

The decoding function g is given by g(z1, Cpr—(y,)) = h1 = f(:vl,:c%(vl)\{vl}

Theorem 5. Let x m,:z:ﬁx, e x%m be any fized assignment of node values. Let the encoders at
1 2 ’ Y

node vo,vs, ..., v, be as above. Then function h; computed by node v; is

hi(ov\D(w) = f @Dy PADE)  YENDEw) € BAD(,)-

fix _ fix
2

Consequently the decoding function g satisfies g(x{m,CNf(Ul)) = f(z1", 2 7];“5)

g e ey

Proof: The proof proceeds by induction. The theorem is trivially true for all leaf nodes v;, since
by assumption h;(zy\ pv,)) = f(a:{fx, T\ D(vy)) for all Ty pr,) € X\ D(w,)- Suppose it is true for all
nodes with height less than k. Consider a node v; with height . All the nodes in N~ (v;) must have
height less than k. On receiving the codeword corresponding to h; on edge (v;,v;), node v; assigns
nominal values to variables in Xp(,,) so that (3.1) is satisfied. From the induction assumption, we

have
hj(TwD(vy)) = f(foi(xUj)va\D(vj)) VIV\D(v;) € X\D(v;)- (3.2)

Since (3.2) is true for all v; € N~ (v;), we can simultaneously substitute the nominal values

x%"g})\ (v} for the variables X p(,,)\{+;} and the value :c{ “ for the variable X {v;}» to obtain a function
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h; satisfying

hi(xV\D(vi)) = f(l‘%o(?(z))\{yz}’x{:xa"EV\D(vl)) va\D(vi)
= F@hE i) TD) Y\ D(wy) (3.3)

where (3.3) follows from (3.1) and (3.2). This establishes the induction step and completes the

proof. For the special case of the collector node v;, we have
g(x{w7cf\/7(vl)) =hy = f(foZ(xvl)) = f(x{m7l'£w7 e, xfzm)

Since this is true for every fixed assignment of the node values, we can achieve error-free computa-
tion of the function. Hence the set of encoders described above is feasible. [

For node v;, consider the equivalence relation “+»;” where xb(vi) i x%(vi) if f (xb(vi), Ty\ D(vi)) =
I ($2D(Ui),$v\D(,Ui)) for all zy\p(,) € X\D(v;)- It is easy to check that the equivalence classes
generated by <»; are captured exactly by the alphabet A;. Thus the above encoders use exactly
the optimal alphabet. Hence, the minimum worst case complexity for encoder C; is [log(|.4;])] on
the edge (v, m(v;)).

The extension to the case where node v; collects a block of N independent measurements X; €
XZ-N, and the collector node v; wants to compute the vector function f(N) (X, X,5,...,X,), is
straightforward. We can thus achieve a minimum worst case complexity arbitrarily close to log |.A;|
bits for encoder C;. It should be noted that the minimum worst case complexity of encoder C; does
not depend on the encoders of the other nodes.

If there is a probability distribution p(X1, Xa, ..., X,) on the measurements, then we can obtain

a necessary and sufficient condition by considering all edge cuts.

Lemma 6. Consider a cut which partitions the nodes into S and V' \ S with v € V\ S. Let §1(S)
be the set of all edges from nodes in S to nodes in V \ S. Then the set of encoders {C; : 2 <
i < n} is feasible if and only if for every cut, the encoder on at least one of the edges in 5+ (S5)
separates xk, v% € Xs if there exists an assignment I‘T}\S such that f(zk, x;‘}\s) + f(x%,x;;\s) and

p(xg,x;\s)p(:rg,x;‘}\s) > 0.
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Proof: Necessity is as before. For the converse, suppose the set of encoders is not feasible. Then

there exist (z7, xé\vl) and (:E’{,mg\vl) such that

f(xivxé\ul) 7& f(x>(1(7$5\v1) and p(.’L’T, xé\vl)p(ﬁax{?\m) > 0.

However, the codewords received from nodes in N~ (v1) are the same for both assignments. For
the cut which separates vy from V \ vy, there is no encoder on 61 (S) which separates xfj‘\vl and
B
TP\ gy O
The above proof of the converse is not constructive. The construction is much harder now since

the encoders are coupled, as shown by the following example.

Example 7. Consider the three node network G = (V,&) with V = {v1,v2,v3} and £ = {(va,v1),
(v3,v1)} (see Figure 8.1(a)). Let Xy = {x'%}, Xy = {22 22} A5 = {239, 2%}, Let us suppose
p(zte, 220 23%) = p(xle 2?0 23) = % The function is given by f(X1, X9, X3) = (X1, X2, X3).

Considering the cut ({va,vs}, {vi}), either va or vs needs to separate its two values. Thus the two

encoders are no longer independent.

Figure 3.1: Two simple networks of Examples 1 and 2

In general, we can trade off between the encoders on different edges and it may not be possible to
simultaneously minimize the average description lengths of all encoders. However, if we assume that
p(x1,22,...,2,) > 0 for all (x1,z9,...,2,), we can separately minimize the average description
length of each encoder. The optimal encoder constructs a Huffman code on the optimal alphabet

A;. Suppose g, is the probability vector induced on the alphabet A;. Then, by taking long blocks
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of measurements, we can achieve a minimum average case complexity arbitrarily close to H (Qz) for
encoder C;.

It is worth noting that we have considered zero error function computation, and shown optimal
strategies for function computation on tree graphs, where node measurements may be correlated,
but p(z1,x2,...,z,) > 0 for all (x1,x9,...,2,). In contrast, in the vanishing error paradigm, the
extension of Slepian-Wolf coding to tree graphs with more than three nodes is not known. As an

aside, we note that under some additional assumptions, we can do recursive Slepian-Wolf coding

to obtain the rate region for computing the function f(Xi, Xo,..., X,,) = (X1, Xo,..., Xp).

Theorem 8 (Distributed Source Coding on a Tree). Consider a directed tree G = (V,E) with
collector node vy. The node measurements X1, Xo, ..., X, are drawn from the probability distribu-
tion p(X1, Xo, ..., Xp) which satisfies the following condition: if (vi,v;), (vj,vg) are edges in the
undirected tree G, then X; is conditionally independent of Xy, given X;. That is, the edges of the
undirected tree G specify Markov chain constraints on the variables (X1,Xo,...Xy). If R; is the

rate of the encoder on the edge (v;, m(v;)), then the rate region is described by

R; > H(Xp(v)| Xir(w)y) for every node v; € V\ {v1}

3.3 Function Computation on Directed Acyclic Graphs

The extension from trees to directed acyclic graphs presents significant challenges, since there is
no longer a unique path from every node to the collector. Consider a weakly connected directed
acyclic graph (DAG) G = (V, £), where each node v; collects a block of N measurements X, € X}V.
The collector node v is the unique node with only incoming edges, which wants to compute the
vector function fV(X;,X,,...,X,) with zero error.

Let the encoder mapping on edge (v, v;) be denoted by CN . which maps the measurement vector

jio
X ; and the codewords received thus far, to a codeword transmitted on edge (vj,v;). Since there are
no cycles in G, function computation proceeds in a bottom-up fashion. Node v; receives codewords
CJJ»\{ on each incoming edge (v, v;) and then transmits a codeword C;j, on each outgoing edge (v;, vy).

A set of encoders is said to be feasible if there is a decoding function at the collector node v; which

maps the received codewords to the correct function value. Let ly,c(CY) and lgyg (CZ];[ ) denote the
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worst case and average case complexity, respectively, of the encoder CZ-]}[ . The rate of encoder Ci]}[

is given by
Lwe(CYY Lavg (CY
ch(cg) _ wc( Z]) and Rayg(cg) — aq)g](\[z)
Thus we can assign a rate vector in RI€l to every feasible set of encoders. Let Rq(uj\cf) in the worst
(N)

case (or Reaug in the average case) be the set of feasible rate vectors for encoders of block length
N. Then the rate region Ry (0r Ravg) is given by the closure in RI€l of the finite block length
rate vectors:

Rue = | Rue and Raug = | Rig.
N>1 N>1

Consider the following example.

Example 9. We have three nodes {vi,ve,v3} connected as shown in Figure 3.1(b). Let Xy = Xy =
X3 = {0,1,2,3}, and suppose node vi wants to compute f(X1,Xo, X3) = (X1 + Xo + X3)mod4.
It is easy to check that (2,0,2) and (2,2,0) are feasible rate vectors for (l1,l2,13). These are rate
vectors associated with the two tree subgraphs. Further, one can also check that (2,1,1) is also
feasible. This is achieved by node 3 dividing its measurement by 2, and transmitting the quotient
on ls and the remainder on la. Alternately, in the block computation setting, the rate (2,1,1) is

achievable by time-sharing between (2,0,2) and (2,2,0).

3.3.1 Outer bound on the rate region

Consider any cut of the graph G which partitions nodes into subsets S and V' \ S with v; € V'\ S.

Let 6%(S) be the set of edges from some node in S to some node in V' \ S.

Lemma 10. Consider a set of encoders which achieve error free block function computation with
rate vector {ch(i,j)}(ij)eg. Given any assignments gls and g% of the nodes in S, if there exists
an assignment zy\g such that o) (gy\s,l}q) # [ @V\S,g%), then the encoders on at least one
of the edges in 6 (S) must separate x5 and x%.

(i) In the worst case block computation scenario, an outer bound on the rate region is given by

Y Ry >1og|II(CE)| for all cuts (S,V\ S),
(vi,v;)€6T(S)
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where H(Cé) is the partition of Xg into the appropriate equivalence classes.
(ii) Suppose we have a probability distribution with p(X1, Xa,...,X,) > 0. Given a cut (S,V\S),
let RCV\ S be the subset of nodes which have a directed path to some node in S. In the average

case block computation scenario, an outer bound on the rate region is given by

Z Rij > H([Xs]|XR) for all cuts (S,V\ S),
(viyvj) €8T (S)

where [Xg]| X g is the equivalence class to which Xg belongs, given Xg and a particular function.

3.3.2  Achievable region

Lemma 11. Consider any directed tree subgraph Gp with root node vy. Let us suppose that only
the edges in G can be used for communication. Then we can construct encoders on each edge,
which minimize worst case or average case complexity. The rate vector corresponding to a tree Gp
is the limit of the rate vectors for the optimal finite block length encoders for Gr. Thus, for a given
tree Gp:

(i) The worst case rate vector corresponding to the tree Gp is an extreme point of the worst case
rate region Rye -

(ii) If p(x1,22,...,25) > 0 for all (z1,z2,...,xy,), the rate vector corresponding to the tree Gp is

an extreme point of the average case rate region Rauyg-

The convex hull of the rate points corresponding to trees is achievable. However, we do not know

if these are the only extreme points of the rate region R.

3.3.3 Some examples

Example 12 (Arithmetic Sum). Consider three nodes vi, va, vs connected as in Figure 3.1(b).
Let Xy = X3 = {0, 1}, with node v having no measurements. Suppose node vy wants to compute
f(X1, X9, X3) = Xo+ X3. Let (Ra1, R31, Rs2) be the rate vector associated with edges (l1,12,13).

The outer bound on Ry 18:

Ro1 > 1; Ro1 + R31 >log3; Rsa+ Rz > 1.
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The subset of the rate region achievable by trees is:

Roq :)\+(1—)\)10g3,R31:)\,Rggz(l—)\) for0 < A< 1.

Suppose that X1, Xo are i.i.d. with p(X; =0) = p(X1 = 1) = 0.5. The outer bound on Rayg is:

Ro1 >1; Roi+ R31 > -; R+ Rz1 > 1.

N

The subset of the rate region achievable by trees is:
3
Roq :)\+(1—)\)§,R31 =\ R = (1 —)\) for0 <A <1,

Example 13 (Finite field parity). Let X; = {0,1,...,D—1} for each node v;. Suppose the collector
node v1 wants to compute the function (X1 + Xo+ ...+ X,,) mod D. In this case, the outer bound
on the worst case rate region described in Lemma 10 is tight. Indeed, since the set of all outgoing
links from a node is a valid cut, we have Z(%Uj)eg R;; > logy D

An obvious achievable strategy is for every leaf node v; to split its block and transmit it on the
outgoing edges from v;. Next, we move to a node at height 1. This node receives partial blocks from
various leaf nodes, and can hence compute an intermediate parity for some instances of the block.
It then splits its block along the various outgoing edges. The crucial point is that the worst case
description length per instance remains logy D. Proceeding recursively up the DAG, we see that we

can achieve the outer bound.

Example 14 (Max/Min). Let X; = {0,1,...,D — 1} for each node v;. Suppose the collector node
vy wants to compute max(Xy, Xa,...,Xy). The outer bound to the worst case rate region described
in Lemma 10 is tight. The achievable strategy is similar to the parity case, where nodes compute
intermediate mazimum values and split their blocks on the outgoing edges. Once again, we utilize

the fact that the range of the Max function remains constant irrespective of the number of nodes.

28



3.4 Concluding Remarks

We have addressed the problem of zero error function computation on graphs, and analyzed both
worst case and average case metrics. We have provided necessary and sufficient conditions for the
computation of a general function of correlated measurements on a directed acyclic graph. For
tree graphs, this leads to finding the optimal encoders on each edge. For general DAGs, we have
provided an outer bound on the rate region, and an achievable region based on aggregating along

subtrees.
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CHAPTER 4

COMPUTING SYMMETRIC BOOLEAN FUNCTIONS IN
UNDIRECTED GRAPHS

In this chapter, we consider a network where each node has a Boolean variable and all nodes
want to compute a given symmetric Boolean function. We abstract out the medium access control
problem, and view the network as an undirected graph with edges representing essentially noiseless
wired links between nodes. We adopt a deterministic formulation of the problem of function
computation, requiring zero error. We consider the problem of worst-case function computation,
without imposing a probability distribution on the node measurements. As in the previous chapter,
we allow nodes to accumulate a block of N measurements, and realize greater efficiency by using
block codes.

The key difference from Chapter 3 is that we consider undirected graphs with bidirectional links
which allow interactive information exchange. Thus, the set of admissible strategies includes all
interactive strategies, where a node may exchange several messages with other nodes, with node i’s
transmission being allowed to depend on all previous transmissions heard by node ¢, and node i’s
block of measurements. Our objective is to determine the set of rate vectors that achieve zero error
block computation. In essence, we are exploring how the function structure and the structure of the
graph affect the communication strategy. We can further study the benefit of interactive strategies
versus single-round strategies. In particular, we would like to study the nature of interaction that
is appropriate on a graph.

In this chapter, we are particularly interested in computing functions which depend only on the
sum of nodes’ measurements. We begin by reviewing a toy problem from [20] where the exact
communication complexity of the AND function of two variables is shown to be logy 3 bits, for
block computation. The lower bound was established using fooling sets, and a novel achievable
scheme was presented which minimizes the worst case total number of bits exchanged.

In Section 4.1, we generalize the approach described in [20] to the two node problem where each
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node i has an integer variable X; and both nodes want to compute a function f(X;, X2) which
only depends on X7 + X5. Once again, we establish a lower bound by constructing an appropriate
fooling set. For achievability, we devise a single-round strategy as follows. Node 1 constructs an
effective alphabet based on separation requirements of the function, and then uses a prefix-free
codebook. Node 2 simply replies with the value of the function block. The codebook for node 1
is chosen so as to minimize the worst-case total number of bits exchanged. The existence of this
codebook is guaranteed by the Kraft inequality. We also construct a similar achievable strategy
starting with node 2. We define a class of functions called sum-threshold functions, which evaluate
to 1 if X7 + Xs exceeds a threshold. For this class, we show that this single-round strategy is
indeed optimal. However, for a class of functions called sum-interval functions, which evaluate to
lif a < X1+ Xo < b, the upper and lower bounds do not match. However, the achievable strategy
involving separation, followed by coding, can be used for any general function.

In Section 4.2, we consider Boolean symmetric function computation on trees. Since every edge
is a cut-edge, we can obtain a lower bound for the number of bits that must be exchanged on
an edge, by reducing it to a two node problem. This lower bound is, in fact, a cut-set bound.
For the class of sum-threshold functions, we construct an achievable strategy which achieves the
cut-set bound. In fact, we use exactly the same achievable strategy as in the two node example,
but we order the transmissions so that information flows up the tree to the root node and then
back down the tree to the leaves. This is reminiscent of message passing algorithms. This result
can be generalized to the case where nodes have non-binary measurements, and want to compute
a sum-threshold function.

In Section 4.3, for general graphs, we can still derive a cut-set lower bound by considering all
partitions of the vertices. We also propose an achievable scheme that consists of activating a subtree
of edges and using the optimal strategy for transmissions on the tree. While the upper and lower
bounds do not seem to match even for very simple functions, for complete graphs, we are able
to show that the minimum symmetric rate point which satisfies the cut-set constraints is no less
than one-half of the symmetric rate point achieved by employing star graphs. Thus, for complete

graphs, aggregation along trees provides a 2-OPT solution.
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4.1 The Two Node Problem

Our objective in this chapter is to derive provably optimal strategies for the computation of sym-
metric Boolean functions in tree networks, and, further, in general network topologies. The value
of a symmetric Boolean function of n variables only depends on the number of 1s, or viewed dif-
ferently, the sum of the n variables. A key component in the solution of the main problem is the
understanding of the two node problem.

Consider two nodes 1 and 2 with variables X; € {0,1,...,m1} and X3 € {0,1,...,m2}. Both
nodes wish to compute a function f(Xj, X2) which only depends on the value of X; + Xs. To
put this in context, one can suppose there are m; Boolean variables collocated at node 1 and mo
Boolean variables at node 2, and both nodes wish to compute a symmetric Boolean function of the
n := mj+meg variables. We pose the problem in a block computation setting, where each node ¢ has
a block of N independent measurements, denoted by XZ-N . We consider the class of all interactive
strategies, where nodes 1 and 2 transmit messages alternately with the value of each subsequent
message being allowed to depend on all previous transmissions, and the block of measurements
available at the transmitting node. We define a round to include one transmission by each node.
A strategy is said to achieve correct block computation if for every choice of input (XiV, X3,
each node i can correctly decode the value of the function block fV (X, X5) using the sequence
of transmissions by, bo, ... and its own measurement block XZ-N . This is the direct-sum problem in
communication complexity.

Let Sy be the set of strategies for block length N, which achieve zero-error block computation,
and let C(f,Sn,N) be the worst-case total number of bits exchanged under strategy Sy € Sn.
The worst-case per-instance complexity of computing a function f(X7, X2) is defined as

o . C(f,Sn,N)
=BTy

4.1.1 Complexity of sum-threshold functions

In this chapter, we are interested in functions f(X1, X2) which only depend on X; + Xs. Let us

suppose without loss of generality that m; < mgy. We define an interesting class of {0, 1}-valued
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functions called sum-threshold functions.

Definition 4 (sum-threshold functions). A sum-threshold function IIg(X7, X2) with threshold 6

is defined as follows:

1 if X4 X9,>0
g(X1, X2) =

0 otherwise.

For the special case where m1 = 1,mg = 1 and 6§ = 2, we recover the Boolean AND function,
which was studied in [20]. It is critical to understand this problem before we can address the general
problem of computing symmetric Boolean functions. Consider two nodes with measurement blocks
XN €{0,1}¥ and XJ' € {0,1}*, which want to compute the element-wise AND of the two blocks,

denoted by AN (X1, X5).

Theorem 15. Given any strateqy Sy for block computation of X1 A Xo,
C(X1 A X9,Sn,N) > Nlog, 3.
Further, there exists a strategy Sy which satisfies
C(X1 AN X9,Sy,N) < [Nlog,3].

Thus, the complexity of computing X1 A Xa is given by C(X1 A X3) = loge3.

Proof of achievability: Suppose node 1 transmits first using a prefix-free codebook. Let the
length of the codeword transmitted be I(X{V). At the end of this transmission, both nodes know
the value of the function at the instances where X; = 0. Thus node 2 only needs to indicate its
bits for the instances of the block where X; = 1. Thus the total number of bits exchanged under
this scheme is [(X3") + w(X3"), where w(X{) is the number of 1s in X{". For a given scheme, let
us define

L= m%LVx(l(XfV) + w(X{V))

Xl
to be the worst case total number of bits exchanged. We are interested in finding the codebook

which will result in the minimum worst-case number of bits.
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Any prefix-free code must satisfy the Kraft inequality given by Z 91X < 1. Consider a code-
x{
book with [(X{) = [N log, 3] —w(x). This satisfies the Kraft inequality since ZX{\J w(X{) =3V,

Hence there exists a valid prefix free code for which the worst case number of bits exchanged is
[N log, 3], which establishes that C(X; A X2) < log, 3.

The lower bound is shown by constructing a fooling set [8] of the appropriate size. We digress
briefly to introduce the concept of fooling sets in the context of two-party communication complexity
[8]. Consider two nodes X and Y, each of which take values in finite sets X and ), and both nodes

want to compute some function f(X,Y) with zero error.

Definition 5 (Fooling Set). A set E C X x ) is said to be a fooling set, if for any two distinct

elements (x1,y1), (z2,y2) in E, we have either

o f(w1,y1) # f(w2,y2), or
o f(z1,y1) = f(x2,y2), but either f(z1,y2) # f(x1,y1) or f(xa,y1) # f(z1,31).

Given a fooling set E for a function f(Xi, Xs), we have C(f(X1, X2)) > logy |E|. We have
described two dimensional fooling sets above. The extension to multi-dimensional fooling sets
is straightforward and gives a lower bound on the communication complexity of the function
f(Xy, Xa,...,X,). We will encounter multi-dimensional fooling sets in Chapter 5.

Lower bound for Theorem 15: We define the measurement matrix M to be the matrix ob-
tained by stacking the row X{¥ over the row X4. Thus we need to find a subset of the set of all

measurement matrices which forms a fooling set. Let E be the set of all measurement matrices

1 0
which are made up of only the column vectors { , , }. We claim that F is the

0 1 1

appropriate fooling set. Consider two distinct measurement matrices My, My € E. Let f~ (M)
and fY(Mj3) be the block function values obtained from these two matrices. If f~(My) # fV(M,),

we are done. Let us suppose fN (M) = fN (Ms) and since My # My, there must exist one column

0 1
where M7 has but Ms has . Now if we replace the first row of M7 with the first row
1 0

of Ma, the resulting measurement matrix, say M*, is such that f(M*) # f(M;). Thus, the set E

is a valid fooling set. It is easy to verify that the E has cardinality 3". Thus, for any strategy
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Sy € Sy, we must have C(X; A Xo, Sy, N) > Nlog, 3, implying that C'(X; A X3) > log, 3. This
concludes the proof of Theorem 15. [

We now return to the general two node problem with X; € {0,1,...,m;} and Xo € {0,1,...,ma}
and the sum-threshold function ITy(X;, X3). We will extend the approach presented above to this

general scenario.

Theorem 16. Given any strategy Sy for block computation of the function Ilg(X1, X2),
C(Ilp(X1,X2),Sn, N) > Nlogo{min(20 + 1,2m; +2,2(n — 0 + 1) + 1)}.

Further, there exist single-round strategies Sy and Sy, starting with nodes 1 and 2 respectively,

which satisfy
C(ITg(X1, X2), Sx, N) < [Nlogy{min(20 + 1,2mq +2,2(n — 0 + 1) + 1)}].

C(ILy(X1, Xa), S§, N) < [N logy{min(26 + 1,2m; +2,2(n — 6 + 1) + 1)}].

Thus, the complexity of computing Ilg(X1, X2) is given by C(Ilg(X1, X2)) = loge{min(20+1, 2m; +

2,2(n—0+1)+1)}.

Proof of achievability: We consider three cases:
(a) Suppose 8 < my < my. We specify a strategy Sy in which node 1 transmits first. We begin
by observing that inputs X; = 0, X; = (0§ +1)..., X1 = my need not be separated. By this we
mean that, for each of these values of X1, ITg(X7, X2) = 1 for all values of X5. Loosely speaking,
we can replace any instance of X; > 6 with X; = 0 without affecting the value of the function.
Thus node 1 has an effective alphabet of {0, 1,...,0}. Suppose node 1 transmits using a prefix-free
codebook on this reduced alphabet. Let the length of the codeword transmitted be I(Xi"). At the
end of this transmission, node 2 only needs to indicate one bit for the instances of the block where

X1 =0,1,...,(6 —1). Thus the worst-case total number of bits is

L= max(I(X{) + w’(X]) + w! (X)) + ... + " (X])),

Xl
where w/(X{") is the number of instances in the block where X; = j. We are interested in
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finding the codebook which will result in the minimum worst-case number of bits. From the Kraft

inequality for prefix-free codes we have

Z 9 UXY) « 1 = Z o= LAw? (X{)+w (X)) 4. 4w’ X)) « 1
xNe{o,,...,03N xXNefon,...03N
Consider a codebook with [(XiV) = [Nlogy(20 + 1)] — w(x}). This satisfies the Kraft inequality

since
Z o (X{V)+w! (XV)+.. 4w 1 (X)) qwl (X)) _ (260 + 1)N.

xNefo.,..,03N
Hence there exists a valid prefix-free code for which the worst-case number of bits exchanged is

[N logs(20 + 1)]. Since 8 < my < mgy, we have
C(ITg(X1, X2), S, N) < [Nloge{min(20 + 1,2my +2,2(n — 0 + 1) + 1)}].

Clearly the strategy S3 has exactly one round. An analogous achievable strategy S3 can be
derived with node 2 transmitting first. Again, node 2 does not need to separate the inputs Xo =

0,(0+1),...,ma, yielding an effective alphabet of {0,1,...,0}, which gives
C(Ilp(X1, X2), Sy, N) < [Nlogy(20 + 1)1

(b) Suppose m; < mg < 6. Consider a strategy S in which node 1 transmits first. We begin by
observing that inputs X; =0,X; =1,...,X; =6 —mgy — 1 need not be separated since for each of
these values of X1, ITp(X1, X2) = 0 for all values of X5. Thus node 1 has an effective alphabet of
{0—mgo—1,0—my,...,m1}. Suppose node 1 transmits using a prefix-free codebook on this reduced
alphabet. Let the length of the codeword transmitted be [(X{¥). At the end of this transmission,
node 2 only needs to indicate one bit for the instances of the block where X1 = 0 — mao, ..., m;.

Thus the worst-case total number of bits is

L = max(I(X{") + w2 (X)) 4+ w™ (X)),
Xl
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From the Kraft inequality for prefix-free codes we have

Z 9= L+w’= "2 (XM )+ +w ™ (X))

X{VG{Gfmlfl,Gfml,...,ml}N

Consider a codebook with [(X{V) = [N logy(2(mq+ma—0+1)+1)] —w/ "2 (XN)—. .. —w™ (X}{).

This satisfies the Kraft inequality since

> g (X w™ (X 2T — (9(my 4 my — 0+ 1) + DY,
X{VE{G—mz—l,G—mg ..... mq N
Hence there exists a valid prefix free code for which L = [Nlogy(2(n — 6 4+ 1) + 1)]|. Since

my < mo < 6, we have that
C(IMp(X1, X2), Sx, N) < [Nlogo{min(20 + 1,2mq +2,2(n — 0 + 1) + 1) }].

Clearly, S% is a single-round strategy, and the strategy S3 which starts with node 2 can be
analogously derived.
(c) Suppose m1 < 6 < mgy. For the case where node 1 transmits first, we construct a trivial strategy
S} where node 1 uses a codeword of length [N log,(m; + 1)] bits and node 2 replies with a string
of N bits indicating the function block. Thus we have C'(Ilg(X1, X2), Sx, V) < [N logy(2mq +2)].
Now consider a strategy S} where node 2 transmits first. Observe that the inputs Xp = 0, Xo =
1,...,X2 =60 —m; — 1 need not be separated since for each of these values of Xy, IIp(X;, X2) =0
for all values of X5. Further, the inputs Xo =0, Xo =0+ 1,..., Xo = mo need not be separated.
Thus node 1 has an effective alphabet of {6 —my — 1,0 — mg,...,0}. Suppose node 2 transmits
using a prefix-free codebook on this reduced alphabet. Then, node 1 only needs to indicate one bit
for the instances of the block where X1 =60 — mq,...,0 — 1. Thus the worst-case total number of
bits is

L:= %%X(Z(er) +w? ™ (XN 4+ (X)),

2
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From the Kraft inequality for prefix-free codes we have

S O < g

XNe{0-m1—1,0-my,...,00N

Consider a codebook with [(X{V) = [Nlogy(2my + 2)] — w/~™(XV) — ... — w/~1(X]). This

satisfies the Kraft inequality since

2 e O 2 () (g, 4 9V,
X{VG{Q—ml—l,G—ml,...ﬂ}N
Hence there exists a valid prefix-free code for which L = [Nlogy(2(n — 6 + 1) + 1)|. Since my <

0 < msy, we have that
C(Ip(X1, X32), SN, N) < [Nlogy{min(20 + 1,2m; +2,2(n — 0+ 1) + 1)}].

Proof of Lower Bound: The lower bound is shown by constructing a fooling set of the appropriate
size. Define the measurement matrix M to be the matrix obtained by stacking the row X fv over
the row X2¥. We need to find a subset of the set of all measurement matrices, which form a fooling
set. Let E denote the set of all measurement matrices which are made up only of the column

vectors from the set

z
Z={| " |:0<a <m0< 2 <ma, (9 1) < 21+ 2 < 6},
z2

We claim that E is the appropriate fooling set. Consider two distinct measurement matrices
My, My € E. Let fN(M;) and f¥(Ms) be the block function values obtained from these two

matrices. If fV(My) # fN(Ms), we are done. Let us suppose f¥(M;) = f¥(Ms), and note that

21
since M7 # Ms, there must exist one column where M; and M, differ. Suppose M; has ¢
22a
. Z1b . .
while My has , where 214 + 204 = z1p + 22p. We can assume without loss of generality that
22b

Z1a < z1p and 294 > 29p.
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o If 214 + 204 = 21p + 295 = 0 — 1, then the diagonal element f(z1p, 22,) = 1 since z1p, + 224 > 6.
Thus, if we replace the first row of M; with the first row of Ms, the resulting measurement

matrix, say M*, is such that f(M*) # f(My).

o If 214+ 204 = z1p+29p = 0, then the diagonal element f(z14, 295) = 0 since z1p+ 224 < 0. Thus,
if we replace the second row of M; with the second row of Ms, the resulting measurement

matrix, say M*, is such that f(M™*) # f(My).

Thus, the set E is a valid fooling set. It is easy to verify that the E has cardinality |Z|". Thus,
for any strategy Sy € Sy, we must have C(Ilp(X1, X2), Sy, N) > N log, |Z] implying that C'(f) >
logy | Z]. We are left with the task of computing the cardinality of the set Z. This can be modeled

as finding the sum of the coefficients of Y? and Y9~ in a carefully constructed polynomial:

|Zz| = [Y"] - [Y“} (I+Y 4. +Y™)14Y +...+Y™)
[y o—1] (L —Y™*HH(1 —ymat)
= ]+ ] 1Y) |
Using the binomial expansion for ﬁ (see [60]),

(e 9]
21 = Y]+ [V g -y -yt 3 SR P
k=0 1

(a) Suppose 0 < my; < mgy. Then |Z] =60+ 0+ 1.
(b) Suppose m; <60 <mg. Then |Z|=(20+1)—0+m1 —0+my +1=2my + 2.
(c) Suppose m; < mg <. Then |Z| =2m; +2—-20+2ma+1=2(n—0+1)+ 1.

This completes the proof of Theorem 16. [
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4.1.2 Complexity of sum-interval functions

Definition 6 (sum-interval functions). A sum-interval function ITf, 3 (X1, X2) on the interval [a, b]

is defined as follows:

1 ifa<X;+ Xy <0,
Mg 4 (X1, Xo) =

0 otherwise.

Theorem 17. Given any strategy Sy for block computation of I, (X1, X2) where b < n/2,
C (g4 (X1, X2), SN, N) > Nlogy{min(2b — a + 3,m1 + 1)}
Further, there exists a single-round strategy Sy, which satisfies
C(H[mb](Xl,Xg), SyyN) < [Nlogo{min(2(b+ 1) + 1,2m; + 2)}].

Thus, we have obtained the complexity of computing lg(X1, X2) to within one bit.

Proof of Achievability:
(a) Suppose b < m; < my. Node 1 has an effective alphabet of {0,1,...,b+1}. Then the worst-case

total number of bits exchanged is given by

L:= I%XU(X{V) + (XN + . Fwb(X).

1

From the Kraft inequality, we can obtain a prefix free codebook with L = [N log,(2b + 1) + 1)].
Thus we have

C(H[a,b] (le XQ)a S?Va N) < [N 10g2(2(b + 1) + 1)—| :

(b) Suppose m; < a <b<mgora<m; <b< my In either of these scenarios, node 1 has an
effective alphabet of {0,1,...,m1}. Then the worst-case total number of bits exchanged is given
by

L:= maNx(Z(X{V) +wrm2(XN) 4.+ w™ (X))
Xl

From the Kraft inequality, we can obtain a prefix free codebook with L = [N log,(2mq +2)]. Thus

we have C(IIj, (X1, X2), Sy, N) < [N logy(2my +2)].
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Proof of Lower Bound: We attempt to find a fooling subset E of the set of measurement
matrices. Our first guess would be the set of measurement matrices which are composed of only
column vectors which sum up to b or b+ 1. However we see that this is not necessarily a fooling set,
because if [214, 204]7 and [21p, 205)T are two columns which sum to b+1, and if 214 < 215 — (b—a+2),
then neither of the diagonal elements evaluate to function value 1. Thus, we can pick a maximum
of (b — a + 2) consecutive elements along the line z; + z2 = b+ 1, and, as before, all the elements
on the line z; 4+ 29 = b. It is easy to check that this modified set of columns indeed yields a fooling

set of measurement matrices. Now we need to compute the number of such columns.

(a) Suppose b < m; < mg. The number of columns which sum up to b is equal to b+ 1. Thus

the size of the fooling set is given by (2b — a + 3)V.

(b) Suppose a < mj < b < mgy or m; < a<b<my. The number of columns which sum up to
b is equal to m1 + 1 and the number of columns which sum up to b + 1 is equal to m; + 1.

Thus, the size of the fooling set is given by {(m; + 1) + min(m; + 1,0 — a + 2)}V.

4.1.3 A general strategy for achievability

The strategy for achievability used in Theorems 16 and 17 suggests an achievable scheme for any
general function f(X;, X2) of variables X; € A} and X3 € Xy which depends only on the value of

X1 + Xs. This is done in two stages.

e Separation: Two inputs x1, and x1, need not be separated if f(x14,x2) = f(x1p, 22) for all
values x9. By checking this condition for each pair (z14,x1p), We can arrive at a partition
of {0,1...,m1} into equivalence classes, which can be considered a reduced alphabet, say

A:={ay,...,a}.

e Coding: Let Ay denote the subset of the alphabet A for which the function evaluates only
to 0, irrespective of the value of X5, and let A; denote the subset of A which always evaluates
to 1. Clearly, from the equivalence class structure, we have |4g] < 1 and |A;| < 1. Using
the Kraft inequality as in Theorems 16 and 17, we obtain a scheme S}, with complexity

logy (21 — | Ao| — [A1]).
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4.2  Computing Symmetric Boolean Functions on Tree Networks

Consider a tree graph T' = (V, E), with node set V' = {0,1,...,n} and edge set E. Each node i
has a Boolean variable X; € {0, 1}, and every node wants to compute a given symmetric Boolean
function f(X1,Xo,...,X,). Again, we allow for block computation and consider all strategies

where nodes can transmit in any sequence with possible repititions, subject to:

e On any edge e = (4,7), either node 7 transmits or node j transmits, or neither, and this is

determined from the previous transmissions.

e Node ¢’s transmission can depend on the previous transmissions and the measurement block
XN

(2

The following theorem provides a computation and communication strategy for sum-threshold

functions that is optimal for each link.

Theorem 18. Consider a tree network where we want to compute the function p(X1,...,X,).
Let us focus on a single edge e = (i,j) whose removal disconnects the graph into components A.
and V' \ Ae, with |Ae| < |V \ Ae|. For any strategy Sy € Sn, the number of bits exchanged along
edge e = (i,j), denoted by Ce(Ilp(X1, ..., Xn), Sn, N), is lower bounded by

Co(Ilg(X1, ..., Xn), Sy, N) > Nlogy{min(20 + 1,2|Ac| +2,2(n — 6 + 1) + 1)}.

Further, there exists a strategy Sy such that for any edge e,

Ce(Ilp(X1,...,Xn), SN, N) < [Nlogy{min(20 + 1,2|Ac| +2,2(n — 0 + 1) + 1) }].

Thus the complexity of computing p(X1,...,X,) is given by

Co(Tlp(X1,. .., Xp)) = logy{min(20 + 1,2|Ac| +2,2(n — 0+ 1) + 1)}

Proof: Given a tree network 7', every edge e is a cut edge. Consider an edge e whose removal
creates components A, and V \ A, with |A.| < |V \ A¢|. Now let us aggregate the nodes in A,

and also those in V' \ A, and view this as a problem with two nodes connected by edge e. Clearly
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the complexity of computing the function Ilg(X4,, Xy 4, ) is a lower bound on the worst-case total

number of bits that must be exchanged on edge e under any strategy Sy. Hence we obtain

Co(Tlg(X1, ..., Xn), Sy, N) > Nlogy{min(20 + 1,2|Ac| +2,2(n — 6 + 1) + 1)}.

The achievable strategy S} is derived from the achievable strategy for the two node case in
Theorem 16. That is to say, the transmissions back and forth along any edge will be exactly
the same as in the two node case. However, we need to orchestrate these transmissions so that
conditions of causality are maintained. Pick any node, say r, to be the root. This induces a partial
order on the tree network. We start with each leaf in the network transmitting its codeword to
the parent. Once a parent node obtains a codeword from each of its children, it has knowledge of
the number of 1s in its subtree, and can transmit a codeword to its parent. Thus codewords are
transmitted from child nodes to parent nodes until the root is reached. The root can then compute
the value of the function and now sends the appropriate replies to its children. The children then
compute the function and send appropriate replies, and so on. This sequential strategy depends
critically on the fact that, in the two node problem, we derived optimal strategies starting from
either node. Under the strategy described above, for any edge e, the worst-case total number of

bits exchanged is given by

Co(Tlp(X1,. .., Xp), Sky N) < [Nlogy{min(20 + 1,2|Ac| +2,2(n — 0 + 1) + 1)}].0

Using Theorem 17, one can similarly derive an approximately optimal strategy for sum-interval

functions, which we state here without proof.

Theorem 19. Consider a tree network where we want to compute the function Ilj, ) (Xq,...,X5),
with b < 5. Let us focus on a single edge e = (i,7) whose removal disconnects the graph into
components A and V' \ Ae, with |Ae] < |V \ Ac|. For any strateqy Sy € Sn, the number of bits

exchanged along edge e = (i, 7), denoted by Ce(f, Sy, N), is lower bounded by

CE(H[a,b](Xla s 7X’n)7SN7N) > N10g2{m1n<2b —a+ 37 ‘A€’ + 1>}
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Further there exists a strategy Sy such that for any edge e,

Ce(Map (X1, .., Xn), Sy, N) < [Nlogy{min(2(b+ 1) + 1,2|Ac[ +2)}].

4.2.1 Extension to non-binary alphabets

The extension to the case where each node draws measurements from a non-binary alphabet is
immediate, since we have already solved the two node problem for a general integer alphabet.
Consider a tree network with n nodes where node i has a measurement X; € {0,1,...,0; — 1}.
Suppose all nodes want to compute a given function which only depends on the value of X1 + X5 +
... X,. We can define sum-threshold functions in analogous fashion and derive an optimal strategy

for computation, along the lines of Theorem 18. We state the following theorem without proof.

Theorem 20. Consider a tree metwork where we want to compute a sum-threshold function,
My(X1,..., X,), of non-binary measurements. Let us focus on a single edge e whose removal
disconnects the graph into components A. and V' \ A.. Let us define ly, = ZieAe l;. Then the

complexity of computing lg(X1,...,X,) is given by

Ce(Tly(X1, ..., Xpn)) = logo{min(20 + 1,2min(la,, lyr\ 4,) +2,2(ly — 0+ 1) + 1)}.

We can similarly extend Theorem 19 to the case of non-binary alphabets.

4.3 Computing Sum-Threshold Functions in General Graphs

We now consider the computation of sum-threshold functions in general graphs where node mea-
surements can take more than two values, i.e., the alphabet is not restricted to be binary. A cut
is defined to be a set of edges F' C E which disconnect the network into two components Ap and
V' \ Ap. The lower bound for the two node problem yields a general cut-set bound for any given

cut.

Lemma 21 (Cut-set bound). Consider a general network G = (V, E), where node i has measure-

ment X; € {0,1,...,l; — 1} and all nodes want to compute the function My(X1,...,X,). Given a
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cut F' which separates Ap from V' \ Ap, the cut-set lower bound specifies that: For any strategy

Sn, the number of bits exchanged on the edges in F' is lower bounded by
CF(HQ(Xl, - ,Xn), SN, N) > NlogQ(min{% + 1, 2min(lAF, ZV\AF) + 2, 2(lv -0+ 1) + 1)},

where lap =3 i a, li-

A natural achievable strategy is to pick a spanning subtree of edges and use the optimal strategy
on this spanning subtree. Suppose we plot the vector of rates on each edge as a point in RIZI.
Then the convex hull of the rate vectors of the subtree aggregation schemes is an achievable region.
We would like to study how far this is from the cut-set region.

To simplify matters, let us consider a complete graph G and suppose each node ¢ has a measure-
ment X; € {0,1,...,l;—1}. Define the minimum symmetric achievable rate R, to be the smallest
value of R such that (R, R,...,R) is achievable by aggregating along trees. Similarly, define the
minimum symmetric cutset point Reys to be the minimum R such that (R, R, ..., R) satisfies the

cut-set constraints.

Theorem 22. For the computation of sum-threshold functions on complete graphs,

1
Rach < 2 <1 - ) Rcut-
n

In fact, this approximation ratio is tight.

Proof: For simplicity of treatment, let us suppose that 6 < # Consider all cuts of the type

({i}, V' \ {i}). This yields

Reyr > max <
i

min(logy (20 + 1), logy(21; + 2)))
ev ’

n—1

Now consider the achievable scheme which employs each of the n star graphs for equal sized sub-
blocks of measurements. In a given star graph with i as root, each of the activated edges (i, 7)

needs min(log, (26 + 1),logs(2; + 2)) bits. Further, each edge in the graph G belongs to 2 of the n
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star graphs. Hence, the rate on edge (i, 7) is given by
1
- (min(logy (26 + 1),logy(2l; + 2)) 4+ min(logy (20 + 1),logy (215 + 2))) .
Hence we have
2 . 1
Raern < —(min(logy(20 + 1), max{logy(2l; +2)})) < 2 (1 — ) Reys.
n eV n
Tight Example: Suppose ly =ly=...=1, =1 and 6§ > [, then
1 .
Rewt = — min(logy (260 + 1), logy (21 + 2)).

Further, from the symmetry of the problem, it is clear that the optimal scheme is to employ the n

star graphs for equal sub-blocks of measurements. This gives a symmetric achievable point of

2 1
Rach = - min(logy (20 + 1),logy (20 + 2)) = 2 <1 — n> Reut.

4.3.1 LP formulation for tree aggregation

The above approach of restricting attention to aggregation along star graphs leads to a convenient
LP formulation. Consider a complete graph G. Let us define the rate region achievable by star
graphs in the following way:

Rach = {AX: [[]Alh =1},

where A is a n x matrix where the a;.th entry is the minimum number of bits that must be

n(n=1)
2
sent along edge e under tree aggregation scheme 7T;. Let the vector A represent the time fractions
assigned to different trees. We want to compare the rate vectors achieved by this scheme with the
rate vectors that satisfy the cut constraints. Let r € Ry be a given rate vector which satisfies
the cut constraints of Lemma 1. Now, we seek to find an achievable rate vector that is within a 6

factor of r, and further, we want to find the minimum value of such a #. This can be formulated

as a linear program.
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Min. 6
s.t. AN < 0Or
[[All > 1

A>0,0>0

Thus we can obtain the optimal assignment A* and the optimal factor 6*. Note that this assignment
depends on the given rate vector r € R.y:. We can also write similar such LPs for other classes of

trees.

4.4  Concluding Remarks

In this chapter, we have addressed the computation of symmetric Boolean functions in tree net-
works, where all nodes want to compute the function. Toward this objective, we derived lower
bounds on the number of bits that must be exchanged on each edge of the tree, using communi-
cation complexity theory. Further, for each edge, we have devised an achievable scheme for block
computation that involves separation followed by prefix-free coding. We then sequence the trans-
missions so that information flows up the tree to a root node and then back down to the leaves. For
the case of sum-threshold functions, we have provided an optmal in-network information processing
strategy.

The approach presented also provides lower and upper bounds for the complexity of other func-
tions like sum-interval functions. Our framework can be generalized to handle functions of integer
measurements which only depend on the sum of the measurements. The extension to general
graphs is very interesting and appears significantly harder. However, a cut-set lower bound can
be immediately derived, and in some special cases we can show that subtree aggregation schemes

provide a 2-OPT solution.
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CHAPTER 5

COMPUTING SYMMETRIC BOOLEAN FUNCTIONS IN
COLLOCATED NETWORKS - WORST CASE

In this chapter, we consider a collocated network where each node’s transmissions can be heard
by every other node. This could correspond to a collocated subnet in a sensor network. We
restrict attention to the problem where all nodes want to compute a given function of the sensor
measurements. This formulation might be more appropriate in the context of sensor-actuator
networks, distributed fault monitoring and adaptive sensing. Each node has a Boolean variable
and we focus on the specific problem of symmetric Boolean function computation. As in Chapter
4, we adopt a deterministic formulation of the problem of function computation, requiring zero
error. We consider the problem of worst-case block function computation where we allow nodes to
accumulate a block of N measurements, and realize greater efficiency by using block codes.

We assume a packet capture model as in [1], where collisions do not convey information. Thus,
the problem of medium access is resolved by allowing at most one node to transmit successfully
at any time. The set of admissible strategies includes all interactive strategies, where a node may
exchange several messages with other nodes, with node ¢’s transmission being allowed to depend
on all previous transmissions, and node ¢’s block of measurements. However, since exactly one
node can access the wireless medium at a time, the identity of the node which transmits the next
bit must be a function of all previous transmissions. This ensures a collision free strategy [1]. It
is of particular interest to study the benefit of interactive strategies versus single-round strategies,
where each node transmits only one message.

In this chapter, we are particularly interested in computing symmetric Boolean functions. We
begin by recalling Theorem 15, which states that, for the AND function of two variables, the
exact communication complexity is logs 3 bits. In Section 5.2, we generalize this result to obtain
the broadcast communication complexity of the AND function of n variables. In Section 5.3, we

consider threshold functions, which evaluate to 1 if and only if the total number of 1s are above a
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certain threshold. For this class of functions, we devise an achievable strategy which involves each
node transmitting in turn using a prefix-free codebook. Further, by intelligent construction of a
fooling set, we obtain a matching lower bound for the complexity of computing threshold functions.
It is interesting to note that the optimal strategy requires no back-and-forth interaction between
nodes.

In Section 5.4, we derive the exact complexity of computing delta functions which evaluate to
1 if and only if there are a certain number of 1s. As a natural generalization, in Section 5.5, we
study the complexity of computing interval functions, which evaluate to 1 if and only if the total
number of 1s belong to a given interval [a,b]. For a fixed interval [a, b], we propose a strategy for
achievability that is order-optimal with optimal preconstant. Additionally, for the interesting class
of percentile functions, the proposed single-round strategy is order optimal. Finally, in Section 5.6,
we present some extensions to the case of non-Boolean measurements and to the case of non-Boolean
functions. Using the intuition gained from the Boolean case, we show how the achievability scheme
and fooling set lower bounds can be adapted. In particular we study general threshold functions
and the M AX function. While the proposed achievability strategy is exactly optimal for general

threshold functions, it is only order-optimal for the M AX function.

5.1 General Problem Setting

Consider a collocated network with nodes 1 through n, where each node 7 has a Boolean mea-
surement X; € {0,1}. Every node wants to compute the same function f(X1, Xo,...,X,) of the
measurements. We seek to find communication schemes which achieve correct function computa-
tion at each node, with minimum worst-case total number of bits exchanged. We allow for the
efficiencies of block computation, where each node i has a block of N independent measurements,
denoted by XiN . We consider the broadcast scenario, and restrict ourselves to collision-free strate-
gies. This means that for the k' bit by, the identity of the transmitting node T}, depends only on
previously broadcast bits b1, bs, ..., bg_1, while the value of the bit it sends can depend arbitrarily
on all previous broadcast bits as well as its block of measurements X:]F\I[C .

It is important to note that all interactive strategies are subsumed within the class of collision-

free strategies. A collision-free strategy is said to achieve correct block computation if each node 4
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can correctly determine the value of the function block fV (X1, Xo,..., X,) using the sequence of
bits by, bo, . .. and its own measurement block X ZN . Let Sy be the class of collision-free strategies for
block length N which achieve zero-error block computation, and let C(f, Sy, V) be the worst-case
total number of bits exchanged under strategy Sy € Sy. The worst-case per-instance complexity

of computing a function f(Xj, Xo,...,X,) is defined by

C(f) = Jim i ===

We call this the broadcast computation complexity of the function f.

5.2  Complexity of Computing the AND Function

Before we can address the general problem of computing symmetric Boolean functions, we consider
the specific problem of computing the AND function, which is 1 if all its arguments are 1, and 0
otherwise. The AND function of two variables was studied in [20] where it was shown that the exact
communication complexity is logy 3 bits, for block computation. We presented an elaborate proof
of this result in Theorem 15 in Chapter 4. We now proceed to consider a collocated network with
n nodes, where each node wants to compute the AND function, denoted by A(X1, Xo, ..., X,).

We have the following result.

Theorem 23. For any strategy Sn,
C(N(X1,X9,...,X,),Sn,N) > Nlogy(n +1).
Further, there exists a strategy Sy such that
C(N (X1, X2,..., Xpn), SN, N) < [Nlogy(n+1)] + (n —2).

Thus, the complezity of the multiple node AND function is given by C(A(X1, Xo, ... X,)) = logy(n+
1).

Proof of Achievability: The upper bound is established using induction on the number of
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nodes n. From Theorem 15, the result is true for n = 2 which is the basis step. Suppose the
result is true for a collocated network of (n — 1) nodes. Consider an achievable scheme in which
node n transmits first, using a prefix free codebook. Let the length of the codeword transmitted be
I(XN). After this transmission, the function is determined for the instances where X,, = 0. For the
instances where X,, = 1, the remaining (n — 1) nodes need to compute A(X7, Xo,..., X,—1). From
the induction hypothesis, we know that this can be done using [w(XY)log, n] + (n —3) bits. Thus
the worst-case total number of bits exchanged is L := maxyn (XN 4+ [w(XN)1loggn + (n — 3)]).
As before, we want to minimize this quantity subject to the Kraft inequality. Consider a prefix-free

codebook for node n which satisfies
I(X) = [Nlogy(n +1)] + (n — 2) — [w(X,)logy n] — (n — 3).
This satisfies Kraft inequality since

Z gw(X7)logy n] Zgw(XéV)logz ntl < 9 4 1)V < 2[Nloga(n1)1+1,

XN XN
Proof of lower bound: We need to devise a subset of the set of all n x N measurement matrices
which is a valid fooling set. Consider the subset FE of measurement matrices which are only
comprised of columns which sum to (n — 1) or n. Since there are N columns, there are (n + 1)V
such matrices. Let Mj, My be two distinct matrices in this subset. If fN(M;) # f~(Ms), then
we are done. Suppose not. Then there must exist one instance where the function evaluates to
zero and for which M7 and My have different columns. Let us suppose M; has 1,, — e¢; and M has
1, — ej. Now if we replace the i'h row of My with the i*h row of Ms, the resulting measurement
matrix, say M*, is such that f(M*) # f(Mj). Thus, the set F is a valid fooling set. From the
fooling set lower bound, for any strategy Sy € Sy, we must have C(A(X1, X2), Sv, N) > N log, 3,
implying that C'(f) > logy 3. This concludes the proof of Theorem 23. [

By symmetry, we can derive the complexity of the OR function, which is defined to be 0 if all

its arguments are 0, and 1 otherwise. Consider a collocated network with n nodes, each of which

wants to compute the OR function, denoted by V(Xi, Xo, ..., Xp).
Corollary 24. The complexity of the OR function is given by C(V(X1, Xa,..., X)) =logy(n+1),
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since we can view it as N(X1,X2,...,X,), by deMorgan’s laws.

Note: Throughout the rest of this chapter, for ease of exposition, we will ignore the fact that
terms like N logy(n + 1) may not be integer. Since our achievability strategy involves each node
transmitting exactly once, this will result in a maximum of one extra bit per node, and since we

are amortizing this over a long block length NV, it will not affect any of the results.

5.3 Complexity of Computing Boolean Threshold Functions

Definition 7 (Boolean threshold functions). A Boolean threshold function Ily(X1, Xo,. .., X,,) is

defined as

1 if Y, X, >0
H0<X17X27"' 7X7’Z) -

0 otherwise.
Theorem 25. The complexity of computing a Boolean threshold function is C'(Ilp(X1, X2, ... X,)) =
n+1
0

log,

Proof of Achievability: The upper bound is established by induction on n. For n = 2 and
for all 1 < 0 < n, the result follows from Theorem 23 and Corollary 24. This establishes the
basis step of the induction. Suppose the upper bound is true for a collocated network of (n — 1)
nodes, for all 1 < 6§ < (n —1). Given a function ITg(X1, Xo,...,X,) of n variables, consider
an achievable strategy in which node n transmits first, using a prefix free codeword of length
I(XN). After this transmission, nodes 1 through n — 1 can decode the block X2. For the instances
where X,, = 0, these (n — 1) nodes now need to compute IIy(X7, Xs,..., X,,—1). For the instances
where X,, = 1, the remaining (n — 1) nodes need to compute Ily_1(X1, Xo,...,X,,—1). From
the induction hypothesis, we have optimal strategies for computing these functions. Let wi(XTJLV )
denote the number of instances of i in the block XV. Under the above strategy, the worst-case

total number of bits exchanged is

L = max XN + (XY log, + wH(X) log,
X
n 0 0—1

52



We want to minimize this quantity subject to the Kraft inequality. Consider a prefix-free codebook

which satisfies

n—+1 n n
(X)) = Nlog, — w’ (X)) log, —w' (X)) log,
0 0 0—1

This assignment of codelengths satisfies the Kraft inequality since

-N wO(X[) wh(X])
SixNy n+1 n n
> - >
XN 0 XN 0 0—1
_N N
n+1 n n .
= + =
0 0 0—1

Hence there exists a prefix-free code which satisfies the specified codelengths. The worst case total
n+1

number of bits exchanged under this strategy is given by L = N log, . This establishes
0

the induction step and completes the proof of the upper bound.
Proof of lower bound: We need to find a subset of the set of all n x N measurement matrices
which is a valid fooling set. Consider the subset E of measurement matrices which consist of only

N

n n
columns which sum to (f —1) or . Since there are N columns, there are +

0 0—1
such matrices. We claim that the set F is a valid fooling set. Let M7, My be two distinct matrices
in this subset. If fV(M;) # fN(M3), then we are done. Suppose not. Then there must exist at
least one column at which M; and M, disagree, say Ml(j ) + MQ(j ), However, both Ml(j ) and Mz(j )
have the same number of ones. Thus there must exist some row, say ¢*, where Ml(j ) has a zero, but

Méj) has a one.

e Suppose f(Ml(j)) = f(MQ(j)) = 0. Then, consider the matrix M; obtained by replacing the
7*th row of M; with the i*th row of Ms. The jth column of M has 6 ones, and hence

f(Ml*(j)) = 1. Hence we have f(M7) # f(My).

e Suppose f (Ml(] )) =f (Mz(] )) = 1. Then, consider the matrix Mj obtained by replacing the
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1*th row of My with the ¢*th row of M. The jth column of M3 has 6 — 1 ones, and hence

f(M;(j)) = 1. Hence we have f(M3) # f(Ma).

Thus, F is a valid fooling set. From the fooling set lower bound, for any strategy Sy € Sy, we must

n+1
have C(Ilg(X1, Xo, ..., X,), Sy, N) > Nlog, implying that C'(Ilg(X1, X2,..., X)) >
0
n+1
log, . This concludes the proof of Theorem 25. [J
0

5.4 Complexity of Boolean Delta Functions

Definition 8 (Boolean delta function). A Boolean delta function Il (X1, X2, ..., X;,) is defined
as:
1if Y, X =0

H{g}(Xl,XQ, o Xn) =
0 otherwise.

Theorem 26. The complexity of computing Ilp (X1, Xo, ..., Xy) is given by

n+1 n
C<H{9}(X17 X27 ey XTL)) = 10g2 +
0 6+1

Sketch of Proof: The proof of achievability follows from an inductive argument as before. The
fooling set ' consists of measurement matrices composed of only columns which sum up to 6 — 1,

@ or 6 + 1. Thus the size of the fooling set is

N

0—1 0 0+1
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5.5 Complexity of Computing Boolean Interval Functions

A Boolean interval function Il (X1, ..., Xy) is defined as:

1 ifa<>,X;<b
o) (X1, Xo, -, Xn) =

0 otherwise.
A naive strategy to compute the function I1j, ;) (X1, ..., Xy) is to compute the threshold functions
M (Xy,...,X,) and Iy (X1, Xo,. .., X,,). However, this strategy gives us more information than
we seek; i.e., if ). X; € [a, b]¢, then we also know if >; Xi < a, which is superfluous information

and perhaps costly to obtain. Alternately, we can derive a strategy which explicitly deals with

intervals, as against thresholds. This strategy has significantly lower complexity.

Theorem 27. The complerity of computing a Boolean interval function Il 3 (X1, Xo, . .., Xy) with

a—+b<n is bounded as follows:

n+1 n
log, + < Oy (X1, Xa, ... X0))
b+1 a—1
n+1 n
< log, +(b—a+1) . (5.1)
b+1 a—1

The complexity of computing a Boolean interval function Ilj,y (X1,...,Xy) with a+b > n is

bounded as follows:

n+1 n
10g2 + < C(H[a’b]<X1,X2,...Xn))
a b+1
n+1 n
< logy +(b—-a+1) . (5.2)
a b+1

Proof of lower bound: Suppose a + b < n. Consider the subset E of measurement matrices
which consist of only columns which sum to (a — 1), b or (b+ 1). We claim that the set F is a

valid fooling set. Let Mj, My be two distinct matrices in this subset. If fN (M) # fN(Ms), we
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are done. Suppose not. Then there must exist at least one column at which M; and M, disagree,
say Ml(j) # Mz(j).
e Suppose f(Ml(j)) = f(MQ(j)) = 1. Then, both Ml(j) and MQ(j) have exactly b 1s. Thus there
exists some row, say ¢*, where Ml(j ) has a 0, but MQ(j ) has a 1. Consider the matrix My
obtained by replacing the i*th row of M; with the i*th row of M. The j** column of My

has (b+ 1) 1s, and hence f(Mf(j)) = 0, which means f(M7) # f(M;).

e Suppose f(Ml(j)) = f(MQ(j)) = 0. If both Ml(j) and Mz(j) have the same number of 1s, then the
same argument as in (i) applies. However, if Ml(j) has (a—1) 1s and MQ(j) has (b+1) 1s, then
there exists some row ¢* where Ml(j ) has a 0, but MQ(j ) has a 1. Then, the matrix MJ obtained

by replacing the i*th row of My with the i*th row of M; is such that f(MJ) # f(Ma).
N

n n n
Thus, the set E is a valid fooling set and |E| = + + . This

b+1 a—1 b

gives us the required lower bound in (5.1).

For the case where a + b > n, we consider the fooling set E’ of matrices which are comprised of
only columns which sum to @ — 1, @ or b+ 1. This gives us the lower bound in (5.2).
Proof of achievability: Consider the general strategy for achievability where node n transmits
a prefix-free codeword of length I(XiV), leaving the remaining (n — 1) nodes the task of computing
a residual function. This approach yields a recursion for computing the complexity of interval

functions.
C(Mia (X, - X)) < logyl2Cia-t-ti(¥tens X)) 4 g€ (X1 X))

The boundary conditions for this recursion are obtained from the result for Boolean threshold
functions in Theorem 25. We could simply solve this recursion computationally, but we want to
study the behavior of the complexity as we vary a, b and n. Define f, 4., 1= 2C Mo b (X1, Xn)) - We

have the following recursion for f(a,b,n):
f(a,b,n)Sf(a—1,b—1,n—1)+f(a,b,n—1). (53)

We proceed by induction on n. From Theorems 25 and 26, the upper bounds in (5.1) and (5.2)
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are true for n = 2 and all intervals [a, b]. Suppose the upper bound is true for all intervals [a, b] for

(n — 1) nodes. Consider the following cases.

(i) Suppose a + b < n — 1. Substituting the induction hypothesis in (5.3), we get

n n—1
fla,b,n) < +(b—a+1)
b a—2
n n—1
+ +(b—a+1)

b+1 a—1

n—+1 n
= +(b—a+1)

b+1 a—1

(ii) Suppose a + b > n + 1. Proof is similar to case (i).

(iii) Suppose a + b = n. Substituting the induction hypothesis in (5.3), we get

n n—1
fla,b,n) < +(b—a+1)
b a—2
n n—1
+ +(b—-a+1)
a b+1
n+1 n
< +(b—a+1)
b+1 a—1
n+1 n
- F(b—a+1) ,
a b+1

where some steps have been omitted in the proof of the last inequality. This establishes the

induction step and completes the proof. [
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5.5.1 Discussion of Theorem 27

(a)

(b)

The gap between the lower and upper bounds in (5.1) and (5.2) is additive, and is upper

bounded by log, (b — a + 2) which is log,(n + 2) in the worst case.

For fixed a and b, as the number of nodes increases, we have a + b < n for large enough n.

n
Consider the residual term, (b —a + 1) on the RHS in (5.1). We have
a—1
n n+1
(b—a+1) =0
a—1 b+1
n+1
Hence, C(Ilj, 4 (X1, ..., X)) = logy (14+0(1)) |. Thus, for any fixed interval
b+1

[a,b], we have derived an order optimal strategy with optimal preconstant. The orderwise
complexity of this strategy is the same as that of the threshold function Iy (X7y,..., Xp).
Similarly, we can derive order optimal strategies for computing C'(II;[n — a,n — b|(X1, ..., Xy))

and C(jg p—y) (X1, ..., Xn)), for fixed a and b.

Consider a percentile type function where [a,b] = [an, fn], with (a+ ) < 1. Using Stirling’s

approximation, we can still show that

n n+1
(B—a)n =0
an —1 On+1
Thus we have derived an order optimal strategy with optimal preconstant for percentile

functions.

Consider the function f := Il (4, 3,](X1, ..., X»n) where the intervals [a;, b;] are disjoint, and
may be fixed or percentile type. We can piece together the result for single intervals and

show that

C(f(X1,...,Xn)) = log, <Zg(ai,bi,n)(1 —i—o(l))) :

i=1
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n+1
b; +1
where g(a;,b;,n) =
n+1
if a; + b; > n.
a;

5.6 Extension to General Alphabets

In Sections 5.3 - 5.5, we studied optimal strategies for computing threshold functions, delta
functions and interval functions of Boolean measurements. In this section, we will show that
these results can be generalized to the case where nodes have general integer alphabets, i.e.,
X; € {0,1,...,m;}. The proofs are more tedious in this case, and to maintain clarity of pre-

sentation, we will focus on threshold functions and the M AX function.

5.6.1 Complexity of general threshold functions

Consider a collocated network of n nodes, where node i has measurement X; € {0,1,...,m;}.

Definition 9. A general threshold function ITg(X7, Xo, ..., X,,) is defined as below.

1Y X, >0
HQ(XMXQ,...,Xn) = Zz_l i
0 otherwise

We employ the same notation as for Boolean threshold functions, which constitute a special case
of general threshold functions.
Theorem 28. The complezity of computing Illg(X, ..., Xy) is given by

n

C(y(X1,...,Xn)) = log, ([Y”} i {Yg_l} (H 1_1}_/77;“))

i=1
n e n+k—1
= o | [1] 4[] (H<1 _ ymm)) 3 vl
i=1 k=1 n—1

where the notation [Ye] refers to the coefficient of Y in the expression on the RHS.
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Proof: The proof proceeds by induction on the number of nodes n. From Theorem 16 in
Chapter 4, we know that the result is true for n = 2 and all choices of mq, ms and 6. This serves
as a basis step for the induction. Let us suppose the result is true for a collocated network of n —1
nodes and all choices of m1, me,...,m,_1 and 8. We now proceed to prove the result for a network
of n nodes.

We specify a strategy Sy in which node n transmits first. As described in Chapter 4, the optimal
strategy consists of two stages, namely separation and coding. We begin by identifying the symbols
in {0,1,...,m,} that need to be separated by node n. Let X, be the mapping of X, to the reduced
alphabet given by {an,...,b,}. Subsequently, we construct a prefix-free codeword on the reduced
alphabet. Let the length of the codeword transmitted be [(X{Y). At the end of this transmission,
the remaining n — 1 nodes need to compute a residual threshold function for each instance of the
block. For example, if X,, = k, we are left with the task of computing ITy_(X1,..., X,—1). By the
induction hypothesis, there is an achievable strategy to compute this residual threshold function,
with complexity C'(Ilp_(X1,...,Xn—1)). Thus the worst case total number of bits exchanged

under this strategy is given by

L= n}?vx(Z(X,QV) + w(XMO(Mg_g, (X1, ..., Xn_1)) + w T HXNC Mgy, _1(X1, ..., Xn 1))
X

n

+ AW (XN C (Mg, (X1, .., Xn1)),

where w’/(XN) is the number of instances in the block where X,, = j. Our objective is to find the
smallest L that satisfies the Kraft inequality for prefix free codes, which states that 3 ¢ x 9~ UXE) <

1. From the definition of L, we can lower bound the LHS of the Kraft inequality.

Z 9—lXY) > oL Z <2—wan(X’T]L\])C(Hg,an(Xl,.l.,Xn,l)) 9wt (XN)O(gs, (Xl,...,xn,l))> '
XN

Xy

From the induction hypothesis, we have that

C(Ig_p(X1,..., Xn 1)) = log, ([Y9—k} 4 [YO—k—l} (n_l (1—1}:’;+1)>> |

i=1
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Thus, the smallest feasible value of L is given by

W Ly
2b = Z([Ye—“n] + [yomen] Hl<1_11_/y+1>> o

X i=1

X3
: ([Y"—bn} + [yf?—bn_l} ﬁ <1_Ymi+l>>wbn(xév)
1-Y
i=1
- (f: y9k: {Yekq?ﬁ()ﬂ;ﬁl)) N

k=an =1

Z(W k [Y" - 1“11(1_13_/7;“)»N (5.4)

0

n—1 . N
1—ymit!
Y9 Y9 1]1 Y+, 4yme o
[ (1+Y +...+ )11 —

=1

[
- (i)

i=1

o (] e T (525) ) o

=1

where (5.4) follows from the fact that for k < a, and k > b,, the coefficients of Y?~* and Y?—*~1
are both zero. Thus, we have derived an upper bound on the complexity of computing general
threshold functions in collocated networks.

Proof of lower bound: We need to find a subset of the set of all n x N measurement matrices
which is a valid fooling set. Consider the subset E of measurement matrices which are made up
only of the column vectors which sum to (6 — 1) or . Consider two distinct measurement matrices
Mi,My; € E. Let fN(Ml) and fN(Mg) be the block function values obtained from these two
matrices. If fV(My) # fN(Ms), we are done. Let us suppose f¥(M;) = f¥(Ms), and note that
since My # Mo, there must exist one column, say column j, where M; and Ms differ. However, since
IN(My) = fN(Ms>), each column of M; must sum to the same value as the corresponding column in

My. Thus there must exist rows i; and i9 such that M (i1,7) < Ma(i1,j) and M (i, j) < Ma(iz, 7).

e If column j in My and My sum to 6 — 1, then consider the new measurement matrix M™* got
by replacing the i’jh row of M, with the i’jh row of My. The j** column of M* sums to a value

that is greater than # — 1. Thus, we have f(M™*) # f(M;).
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e If column j in M; and M; sum to 6, then consider the new measurement matrix M* got by
replacing the i4* row of M; with the 5" row of M. The j** column of M* sums to a value

that is less than 6. Thus, we have f(M™*) # f(M;).

Thus, the set F is a valid fooling set. We now need to evaluate the size of E. The number of
columns which sum to § — 1 and 6 respectively, can be evaluated by looking at the coefficients at

a carefully constructed generating polynomial given by

I+Y 4. Y™ (A 4+Y +.. +Y™)  (14+Y ... +Y™).

This polynomial models all possible measurement vectors (X1, Xs,...,X,). Thus, we can now

calculate the size of E by looking at the coefficients of Y? and Y%~ in this polynomial.

B = [v?]+ [vo!] (H(1+Y+...+Ymi)> (5.6)
) . ) T o\i=1
ol Toe] [ty 1= Ymitl
= YO 4 |y?! . .
Y+ (]:]1 — ) (5.7)
o _ A e n+k—1
= YO + |vo! (H(l—Y”%“)) > vk, (5.8)

i=1 k=1 n—1

where the last equation follows from the binomial expansion for negative exponents. Thus, we have

established the required lower bound.[]

5.6.2 The MAX function

In this section, we use the tools that we have developed to study a particular example, namely the
MAX function. However, we no longer obtain exact results, which is to say that the single-round
achievable scheme does not match the fooling set lower bound. This suggests that single round
strategies are no longer optimal and it might be necessary to consider multi-round block compu-
tation strategies. Indeed, previous work in the area of communication complexity has shown a
multi-round protocol that does better that our single-round scheme for the two node case. How-
ever, our proposed strategy is still exponentially better than the naive strategy of communicating

all measurements. Further, it provides reasonably tight bounds and achieves the optimal scaling
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as the number of nodes increases.

Consider nodes 1 through n organized in a collocated network as before. For simplicity, let us
suppose that for each node i, X; € {0,1,...,m}. The M AX function of n measurements is defined
in the natural way and is denoted by M AX,, (X1, X2,...,X,). We want to determine the worst

case complexity of computing the M AX function.

Theorem 29. The complezity of the M AX function of n variables from the alphabet {0,1,...,m}

s bounded as follows.

n+m
loga(mn+1) < C(MAX;(X1,...,Xy)) <logy

m

Proof: We prove the result by induction on the number of nodes n. For the basis step, we
consider the two node problem. Consider the general achievable scheme where node 1 sends a
prefix free codeword of length 1(X{¥), and node 2 indicates its exact value for each of the instances
of the block where X1 < Xs. For example, if X; = k, node 2 needs to indicate its value in the set
{k,k+1,...,m}. Thus, the worst case total number of bits exchanged under this scheme is given
by

L= max (HXD) + w(X7) logy(m + 1) + w! (X1 ) logym + ... +w™(X{ ) logy 1) .

1
Proceeding as before, we can show that, in order to ensure a valid prefix free code with codelengths

[(X) that satisfy Kraft inequality, the minimum L is given by

m+ 2
L=1logg(m+1+m+...+1)= Nlog,
2

For the lower bound, we can verify that the set of measurement matrices with columns exclusively

from the set E := {(0,0),(0,1),(1,0),...,(0,m), (m,0)} is a valid fooling set. Thus we have

m+ 2
logo(2m + 1) < C(MAX,,, (X1, X2)) < logy ,

2

which establishes the basis step for the induction.
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Now, let us suppose that the result is true for a network of (n — 1) nodes. Consider the fol-
lowing achievable scheme for the n node network. Node n transmits a prefix-free codeword of
length I(X}Y). At the end of this transmission, the remaining (n — 1) nodes need to compute
the residual M AX function for each instance of the block. For example, if X, = k, we are
left with the task of computing the M AX function of (n — 1) nodes on the reduced alphabet
{k,k+1,...,n}. Since {k,k + 1,...,n} is isomorphic to {0,1,...,n — k}, this is equivalent to
computing MAX,,_(X1,...,Xp—1). By the induction hypothesis, there is an achievable strategy
to compute this residual M AX function, which we can unroll recursively. Thus the worst case total

number of bits exchanged under this strategy is given by

L = max (X)) + (X)) O(MAX (X1, Xnm1)) + oo A w™ (XY )O(MAX (X1, ..., X)) -

n

In order to satisfy the Kraft inequality, the smallest L that is feasible is given by

m
L = N10g2ZQC(MAXm—i(X1 ..... Xn_1))
i=0

m+n—1—1

IN

N log, i
i=0

m—1

m-+n
= N10g2

m
which establishes the upper bound in the induction step.
In order to prove the lower bound, we need to construct a fooling set of the appropriate size.

Consider the set of n x N measurement matrices which consist of columns from the set E defined

by
0 1 0 0 m 0 0
0 0 1 0 0 m 0
E: ) b ) ) PR ) b ) )
0 0 0 1 0 0 m | |

It is easy to check that this is a valid fooling set of size (mn + 1)V which gives us the required
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lower bound for the induction step. [J

We make some observations regarding the result in Theorem 29

e For fixed m, we have that C(MAX,,(X1,X2,...,Xy)) = O(logyn). This agrees with the
result in [1] that the maximum rate of computing a type-threshold function is @(@).

Thus, the proposed achievable strategy is order-optimal. Further, we obtain better bounds

on the complexity.

n—+m
logy(mn+1) < C(MAX,, (X1, Xa,...,X,)) <log, < min(nlogy(m+1), mlogy(n+1)).

m

e The naive strategy for computing the M AX function consists of each node communicating
its measurement which has a complexity of nlogs(m + 1). For fixed m, the complexity of the
proposed scheme is upper bounded by mlogs(n + 1), which is exponentially better than the

naive strategy (O(logyn) vs. O(n)).

5.7 Concluding Remarks

We have addressed the problem of computing symmetric Boolean functions in a collocated network.
We have derived optimal strategies for computing threshold functions and order optimal strategies
with optimal preconstant for interval functions. Thus, we have sharply characterized the complexity
of various classes of symmetric Boolean functions. Further, since the thresholds and intervals are
allowed to depend on n, we have provided a unified treatment of type-sensitive and type-threshold
functions.

The results can be extended in two directions. First, we have considered non-Boolean alphabets
and general threshold functions which depend only on ), X;. Second, we have considered a partic-
ular example of a non-Boolean valued function, namely the M AX function. The fooling set lower

bound and the strategy for achievability can be generalized to both these cases.
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CHAPTER 6

COMPUTING SYMMETRIC BOOLEAN FUNCTIONS IN
COLLOCATED NETWORKS - AVERAGE CASE

In this chapter, we consider the collocated network scenario where all nodes can hear all trans-
missions. Its symmetry makes it a desirable starting point for studying random planar networks.
However, in contrast with Chapter 5 where we consider the worst case scenario, here we impose a
joint probability distribution on the node measurements. Since we have random data, the evolution
of the computation depends on the particular instances of measurements, and the time of termi-
nation of the computation is random. Thus, we seek to minimize the total expected number of
bits exchanged to achieve zero error block computation. The linearity of the expectation operator
means that we cannot trade off between transmissions as in Chapter 5. However, there are some
interesting problems that arise.

We first consider a collocated network with a prespecified order of transmission in Section 6.1,
and derive a necessary and sufficient condition for each encoder based on transmissions received.
This is similar in spirit to the results in Chapter 3. In Section 6.1.1, we show that the average case
complexity of the Boolean threshold functions is O(#), where 0 is the threshold. Thus, if § = O(1),
we have that the average case complexity is O(1) in comparison to the worst case complexity of

O©(logn) implied by Theorem 25 in Chapter 5.

6.1 General Function Computation in Collocated Networks

Consider a set of nodes V := {v1,v,...,v,} in a collocated network, with measurement vectors
X, X,, ..., X, drawn i.i.d. from a distribution p(Xi, Xo,...,X,) > 0. There is a collector node
v1 which wants to compute the vector function f™) (X, X,,...,X,,). We consider a restricted class
of strategies, with a prespecified order of transmissions, assumed to be v, vy_1, ..., v; without loss

of generality. Further, the block code CZ-N for node v; must be prefix-free, so that all nodes know
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when node v;’s transmission is complete. Let RZN be the rate of encoder CZN . The following result

characterizes when error-free function computation is feasible.

Lemma 30. View codeword CZ-N transmitted by node i as a random wvariable that depends on

{CJN : (i +1) < j < n} and the measurement vector X,;. For a set of encoders which achieves

correct computation, the following is a necessary and sufficient condition for encoder CZN given
*

Cn,Cn—1,...,Ciy1. Encoder C; separates Ll,g? € XiN whenever there exists Tio i1} such that

1Ly

N 1 N 2
FN@ oyl gl ) A N @y 2l 2l )
Though we have a necessary and sufficient condition, we can trade off between encoders to obtain
different rate points. Thus finding the coding scheme for minimum sum rate is not straightforward.
The worst case scenario has been studied in [1] establishing a ©(logn) complexity for type-threshold

functions in collocated networks and a ©(n) complexity for type-sensitive functions.

6.1.1 Average case complexity of computing Boolean threshold functions

In this section, we consider the specific problem of computing Boolean threshold functions in
collocated networks. For simplicity, we suppose that nodes’ measurements are independent and
identically distributed, and propose a natural block computation strategy and quantify its average

case complexity.

Theorem 31. Suppose that the nodes’ measurements X1, Xo, ..., X, are independent and iden-
tically distributed with p(X; = 1) = p. Then, the average case complexity of zero error block
computation of the threshold function Ilg(X1, Xa, ..., Xy) is O(0) bits.

Proof: We need to describe a coding strategy which achieves zero error block computation,
as block length N goes to infinity. Let us suppose that nodes communicate in reverse order
starting with node n. Node n encodes its block of N measurements using a Huffman code which
requires [NH(p)] bits. Having heard all previous transmissions, each successive node discards
the instances of the block that are already determined, i.e., those instances of the block that have

already recorded 6 ones. It then constructs the Huffman code for the remaining instances of the

67



block. Let the number of determined instances after node ¢ + 1 transmits be denoted by random

variable Z;. Then, the average complexity of computing a function block of length N is given by

n n—16-1

> (N —E(Z))H(p) = 0NH(p) + NH(p) Y Z P (1—p). (6.1)

i=1 i=0 j=

We need to intelligently upper bound the RHS in the (6.1). We start by establishing the following

lemma.

Lemma 32. Define gp := % for 0 a positive integer. Then

(6-1)
(6-1) . d 90 Y
IR T -

Proof of lemma: The proof is by induction on . For § = 1, we have g = % = gg ) trivially.
For # > 1, observe that gs_; — g9 = %! and hence géefl) = gég 2 — (60— 1) By the induction

assumption, we have

£ ()0 (428 ).

which completes the induction. [

We now proceed to show that the second term on the RHS in (6.1) is smaller than 6N H (p) (%)

for each n. The proof is by induction on 6. For § = 1, the second term is given by

n—1 .
Y NH(p)' (L —p)' = NH(p) 1=p) _p(l U NH(pL(l —P)
1=1

Define Ry := >, Z 7’ (1 — p)*77. Then, we have the following recursion:

J
nl 4 =2 (g 1) .
Ry=Ry ,+ ) P —p) =y p(1—p)t.
i=0 \0—1 §=0 J
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From the induction hypothesis, we have that

n—1 :

n 0—-1)(1—p Z ? _ i 3

R@ < ( )( )+ p9 1(1_p) 9+1 _1+p9 1
p i=o \0—1

< 0=-1Hd-p) (@pe__i)l ii(i— 1)...(i—9+2)(1—p)i9+1> —14p"!
T i=0
6—1)(1— 0-1  go=1) 7 0 _
- ),f p)+(9p—1)!dx(9_1)(1—95>_1+p9 - 02

(1-p)

Now, applying Lemma 32 in (6.2), we can show Ry < 0 o which establishes the induction step.

Substituting the upper bound for the second term in the RHS of (6.1), we obtain that the total
number of bits transmitted is less than Mffl(p) for all n. This yields a sum rate of %@ which

completes the proof. [J

We make some observations regarding the above result.

(i) For a type-threshold function [1] with threshold vector [6, 03], we can run two parallel schemes

("ﬁ”;ﬂ, Since we typically

with thresholds [61,0] and [0, 62], thus attaining a sum rate
consider 61,6 to be constants independent of n, we obtain that the average case complexity

of computing Boolean threshold functions is O(1).

(ii) As a special case, the average case complexity of computing a symmetric Boolean Disjunctive

Normal Form with bounded minterms is ©(1).

6.2 Concluding Remarks

In this chapter, we derived necessary and sufficient conditions for function computation in collocated
networks with a prespecified order of transmission. We also showed that the average case complexity
of computing a Boolean threshold function with threshold 6, is O(0) bits. The special case where 6 =
©(1), corresponding to Boolean type-threshold functions, was studied in [1]. Thus, we have shown
that the average case complexity of computing a type-threshold function is ©(1) is in comparison

with the worst case complexity of O(logn).
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CHAPTER 7

OPTIMAL ORDERING OF TRANSMISSIONS FOR
COMPUTING SYMMETRIC BOOLEAN FUNCTIONS

In this chapter, we consider the collocated network scenario where each node’s transmissions can
be heard by every other node. The medium access problem is trivially resolved by allowing at most
one node to transmit successfully at any time. Each node has a Boolean variable and we focus on
the problem of symmetric Boolean function computation with zero error, as in Chapters 5 and 6.
We suppose that node measurements are independent and distributed according to given marginal
Bernoulli distributions. In this chapter, we primarily focus on optimal strategies for Boolean
threshold functions, which are equal to 1 if and only if the number of nodes with measurement 1 is
greater than a certain threshold. The set of admissible strategies includes all interactive strategies,
where a node may exchange several messages with other nodes.

Let us consider the case where each node has a single bit; the communication problem is rendered
trivial, since it is optimal for the transmitting node to simply indicate its bit value. Thus, it only
remains to determine the optimal ordering of nodes’ transmissions so as to minimize the expected
total number of bits exchanged. For the class of Boolean threshold functions, we present a simple
policy for ordering the transmissions and prove its optimality. The optimal policy is dynamic,
depending in a particularly simple way on the previously transmitted bits, and on the relative
ordering of the marginal probabilities, but surprisingly not on their values.

The problem of optimally ordering transmissions of nodes is a sequential decision problem and can
in principle be solved by dynamic programming. However, this would require solving the dynamic
program for all thresholds and all probability distributions, which is computationally hard. We
avoid this, and establish a more insightful solution, in the form of a simple rule defining the optimal
policy. The proposed solution solves a more general dynamic program, thus permitting a unified
treatment of the problems of single instance computation, block computation and computation

under alternate communication models.
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In Section 7.2, we turn to the case where each node has a block of bits, and we seek to compute
the Boolean threshold function for each instance of the block. Nodes are allowed to employ block
coding to achieve greater efficiency, thus adding another layer of complexity. This problem appears
formidable due to the plethora of possibilities, and due to a far more complex class of interactive
strategies for computation. However, for a certain natural restricted class of strategies, we can
establish that an analogous policy is optimal, thus establishing an upper bound on the optimal cost.
In order to establish a lower bound across all strategies, we propose the approach of calculating
the minimum entropy over all valid protocol partitions which respect fooling set constraints. While
this lower bound matches the upper bound for small examples, a proof has remained elusive.

In Section 7.3, we proceed to consider an alternate model of communication, where nodes use
pulses of unit energy to convey information. Binary information can be encoded by the presence
or absence of a pulse. This model represents a paradigm where silence can be used to convey
information. We show the generalizability of our proof technique by deriving a similar result for
computing Boolean threshold functions under this model of communication.

When we consider exact computation of functions of random data, we note that the time of
termination is a random variable. While the optimal strategy minimizes the expected time of
termination, some instances of computation might terminate earlier and some much later. This
behavior might be inconvenient for certain applications with deterministic constraints on the time of
termination. Thus, it becomes necessary to study the problem of approximate function computation
given a fixed number of timeslots. In Section 7.4, we show that the optimal strategy for the
approximate computation of threshold functions lacks the same elegant structure as in the case of
exact computation. However, for the special case of the parity function, we show that the logical

strategy of first querying the node with maximum uncertainty (i.e., entropy) is optimal.

7.1 Single Instance Computation of Boolean Threshold Functions

Consider a collocated network with nodes 1 through n, where each node ¢ has a Boolean measure-
ment X; € {0,1}. X is drawn from a Bernoulli distribution with P(X; = 1) =: p;, and {X;}]",
are independent of each other. Without loss of generality, we assume that p; < ps <... < py.

We address the following problem. Every node wants to compute the same function f(X,..., X,)
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of the measurements. Given a strategy for computing f(Xi,...,X,), the time of termination is a
random variable. Our objective is to find communication strategies which achieve correct function
computation at each node, with minimum expected total number of bits exchanged. Throughout
this chapter, we consider the broadcast scenario where each node’s transmission can be heard by
every other node. We also suppose that collisions do not convey information, thus restricting our-
selves to collision-free strategies as in [1]. This means that for the k" bit by, the identity of the
transmitting node T}, depends only on previously broadcast bits by, bs, ..., bir_1, while the value of
b, can depend arbitrarily on all previous broadcast bits as well as its own measurement X, .

First, we note that since each node has exactly one bit of information, it is optimal to set by =

X7, Indeed, for any other choice b, = g(b1,...,bx—1, X7,), the remaining nodes can reconstruct b,
since they already know b;, . .., bx_1. Thus the only freedom available is in choosing the transmitting
node T}, as a function of by, bo, ..., bg_1, for otherwise the transmission itself could be avoided. We

call this the ordering problem. Thus, by definition, the order can dynamically depend on the
previous broadcast bits. In this section, we address the ordering problem for a class of Boolean
functions, namely threshold functions.

We begin by establishing some notation. The set of measurements of nodes 1 through n is
denoted by (X1, Xo,...,X,) which is abbreviated as X". In the sequel, we will use X", to denote
the set of measurements (Xi,...,X;-1, Xjt+1, ..., Xpn). As a natural extension, we use Xﬁ(i,j) to
denote the set of measurements (Xi,..., X;—1, Xiy1,..., Xj—1,Xjq1,...,Xp), where i < j.

We recall that a Boolean threshold function IIy(X7, Xo, ..., X,) is defined by

g(X1, Xa, ..., Xn) = i X >

0 otherwise.
The class of threshold functions has the property that, if one of the nodes’ measurements is known,
the residual function is still a threshold function. Given a function II,,_;(X"™), if node i transmits its
bit, we are left with the residual task of computing II,,_;_(X",) if X; =1, and II,,_,(X",) if X; =
0. Thus, the ordering problem can be solved using dynamic programming. Let C'(I1,,_;(X"™)) denote

the minimum expected number of bits required to compute II,,_;(X"). The dynamic programming
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equation is
C(lp—(X")) = min{l + piC(I -1 (X)) + (1 = pi) O(In—4(X";))} (7.1)

with boundary condition C'(II,(X"™)) =0 if a = 0 or a > m.

To begin with, we argue that solving (7.1) for each n and k does indeed yield the optimal
strategy for computing Boolean threshold functions. In particular, to derive the optimal strategy
for computing II,,_(X"™), we first determine which node must transmit first, by solving (7.1) for
n,k. Then, depending on whether Xpq) = 0 or Xp(q) = 1, we are left with the residual task
of computing Hn_k(XﬁT(l)) or Hn_k_l(XfT(l)). We can determine which node should transmit
next in either case, from the solution of (7.1) for n — 1,k — 1 or n — 1, k respectively. Proceeding
recursively, one can unroll the optimal strategy for computing II,, (X7, Xo,... X,).

In (7.1), we recognize that the single-stage cost is uniformly 1. More generally, given a function

f(-):[0,1] — R™, one can write down a more general dynamic programming equation.
C(—x(X")) = min{f(p;) + piC(In—k-1(XZ;)) + (1 = pi) O(In—(XZ))}. (7.2)

Here, one can view f(p;) as the cost of communicating the information of node i which has P(X; =
1) = p;. Indeed, for the case of single instance computation, we have f(p) = 1. In the sequel, we
will see how this general dynamic programming formulation will allow us to study other problems
of interest.

For general f(-), solving the dynamic programing equation (7.2) may be intractable. Further,
it is unclear at the outset if the optimal strategy will depend only on the ordering of the p;s, or
their particular values. This makes the explicit solution of (7.2), or even (7.1), for all n, k and
(p1,p2, - .. pn) notoriously hard. However, under some conditions on f(-), we can derive a very
simple characterization of the optimal strategy for each n and 0 < k < n — 1. Further, we observe
that optimal strategy is independent of the particular values of the p;s, but only depends on their

relative ordering.
Lemma 33. Let f(-) : [0,1] = R" be a function such that
e f(p)=f(1—-p)
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° % is @ monotone non-increasing function of p.

Then the minimum in (7.2) is attained by k + 1. That is,
k+1 € argmin { f(p;) + piC (1 (X2,)) + (1 = pi) O (T, (X2,) } - (7.3)

This result is true for all n and all 0 < k < n — 1 and all probability distributions with p; < ps <
. < pp-

Proof: We define the following expressions.

Lo te,i(X™) = Phe1 C (o1 (X4 1)) + (1 = Pt 1) C (Wi (X2 11))

— piC (-1 (X7) — (1 = pi) C (- (XT)

S?%,)k,i(xm) = (Pr41 = Pi) (M1 (X1 ) + (1= Preg ) O (X 41))

— (1 = pi) Ol 1 (XT5)).

ST(TQL,)k,i(Xm) = (P =P 1) O (Mot (X 1)) Pk O (M- 1 (X 1)) = piC (M o1 (X))

We establish the above theorem by induction on the number of nodes n. However, we need to

load the induction hypothesis. Consider the following induction hypothesis.

(@) T, i(X™) < f(pi) = f(pr41) forall 0 <k<(m—1),1<i<m
b)) SW (XM < (1= pes)fpi) = (1= p) f(prss) forall 0<k+1<(m—1),k+2<i<m

m,k,i

(c) 5 (X™) < prprfi) —pif(Prs1) forall0<k<(m-—-1),1<i<k+1

m,k,i

Observe that part (a) immediately establishes (7.3).
The basis step for m = 1 is trivially true. Let us suppose the induction hypothesis is true for all

m < n. We now proceed to prove the hypothesis for m = n + 1.
. 1
Lemma 34. For fized k and i > k+2, we have S(le’kyi(X”H) < (T—prs1)f(pi) — (1 —pi) f(Prs1)-

n

Proof: See Section 7.1.1.
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Lemma 35. For fized k and i < k, we have 57(3_31 L (XY < prr f(pi) — i f (Prs)-

Proof: See Section 7.1.1.
Lemmas 34 and 35 establish the induction step for parts (b) and (c) of the induction hypothesis.

We now proceed to show the induction step for part (a).

Lemma 36. For fived k and i > k + 2, we have Tp415,;(X"T1) < 5’7(11_21 (XY + p f (i) —

Pif (Pr+1)-

Proof: See Section 7.1.1.

Lemma 37. For fized k and i < k, we have T4 1 x;(X"H1) < Sﬁ?l,k,i(xnﬂ) + (1 — pry1) f(pi) —

(1 —pi) f(Pr+y1)-

Proof: See Section 7.1.1.

Applying Lemmas 36 and 37 together with Lemmas 34 and 35, we see that Tj,41 (X" ™1) <0
forall 0 < k <mnand i # k+ 1. For the case i = k + 1, we have T'(n + 1,k, k + 1) = 0 trivially.
This completes the induction step for part (a), and the proof of the Theorem. [J

Using Lemma 33, we can now simply derive the optimal sequential communication strategy for

computing a single instance of the Boolean threshold function II,,_;(X").

Theorem 38. In order to compute a single instance of the Boolean threshold function 11, _;(X"™),

it is optimal for node (k4 1) to transmit its bit first.

Proof: In the case of single instance computation, we have f(p) = 1. Hence, trivially, we have
that f(p) = f(1 — p), and that % is a monotone non-increasing function of p. From Lemma 33,

we have

k+1¢€ argmin {f(pz) +piC(Hn,k,1(X’li)) + (1 - pi)C(ank<X7—li)} :

Thus, in order to compute the Boolean threshold function II,,_;(X"), it is optimal for node k + 1
to transmit first. OJ

Note: At the outset, there are two heuristics that one may apply to the ordering problem.
First, if we believe that I, ;(X"™) evaluates to 0, the conditional optimal strategy is for nodes

to transmit in order starting with node 1. Alternately, if we believe that II,,_;(X"™) evaluates to
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1, the conditional optimal strategy is for nodes to transmit in reverse order starting with node n.
Thus, the result in Theorem 38 can be viewed as an appropriate hedging solution which safeguards
against the event that IT,,_;(X") could evaluate to 0 or 1. It is indeed surprising that a particularly

simple hedging strategy is optimal for all n, all k£ and all probability distributions.

7.1.1 Proofs of Lemma 33

Proof of Lemma 34

First, let us suppose & = 0. In this case

S, s (X = (1~ p) CULLX™ ) + (1= p) O (X)) — (1= i) C(ITa (XI5)) = 0

However, by assumption, we have 0 < (1 —p1)f(pi;) — (1 — pi) f(p1)-

Next, consider the case where k # 0.

(Prsr — PO k(XL ) + (1= ) C(Hgaa (XL 1)) = (1= p) O (XTFD))
= (prsr = 10) [ (0r) + PO (XL ) + (1= p) Ok (X5 )|
(= pran) [FoR) + RO k(X)) + (1= o) O (X7 )]
~(1= i) [ £) + pRC Iy (X)) + (1= p)C (T (X5 ))] (7.4)
= pe | (pret = PO a (X7 )
(1= )OI (X)) = (1= p) O (X7 EL )|
(L= i) [(rs1 = OO (X)) (7.5)

+(1 - pk+1)C(ank+1(XT(FIJ,Hl))) —(1- Pz‘)C(ankH(XT{kl,i)))]

< Pk [(pk-i-l =) O (X 41.))
(1= P C M (X)) = (1= POy (XL )| + (1= p)S{h -y (X2
< Pk [(pk;+1 - pi)C(Hn—k—l(Xik,ku,i)))

H(1 = o) O (X7 ) — (L= p) O, (X7 )

+(1 = pr) [(1 = prsa) f (i) = (1= pi) f (Drs1)] (7.6)
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= i | (Prer = PO 1 (X)) + (1= Py ) O (X5 )
~(1= PO (P + Pt O a (XL )+ (1= o) Ok (X5 )]
+(1 =) [(1 = Py ) f(21) — (1= pi) f (Prs )] (7.7)
= (1= et [ O k(X)) = POt (X7 ) = (1= )OI k(X7 )]
—pe(L = pi) f(Pe+1) + (1 = pi) [(1 = pr+1) f(0i) — (1 = pi) f (Dr1))]
< et =pr1) f(pi) = (L= pi) f(Pr+1) + (1 = p) (L = pry1) f(pi) (7.8)

= (I =per)f(pi) = (1= pi) f(Prt1)

Equation (7.4) follows from the optimal ordering for computing IT,, (X" 4(_k1+1 z)) Hn,kH(X’fijrl))
and IT,,_j11(X™F"), which is true by the induction hypothesis for m = n. The inequality (7.6)
follows from the induction hypothesis that ST(:])%LZ.(X’iZl) < (1 = pr+1)f(pi) — (L — pi) f(Prs1)-
Equality in (7.7) and (7.8) follows from the optimal ordering for computing Hn,k(Xﬁ'&li)) and

Hn—k(Xn+1

" k+1)) respectively. [

Proof of Lemma 35

First, let us suppose k& = n. In this case
S (X = (= )OI (XML L) 4 put C (XML ) — piC(Ta (X)) = 0.

However, by assumption, we have 0 < pp+1f(p:i) — pif (Pnt1)-

Next, consider the case where k < n.

(pz' - sz+1)C(Hn—k(XﬁE{k+1))) +Pk+1c( (X J(r;,ﬂl“))) - piC(Hn—k(XT—H{l))
= (0= ) [ Prs2) + P CT e (X)) + (= Pry2) O (X )]
ot [Fre2) + P21 (X ) + (1= ia) I (XL 4 0))]

=i [ F(Prs2) + Pr2C 1 (X7 0)) + (1= psa) O (X7 )] (7.9)
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= Dit2 [(pz' —pk+1)C(Hn—k—1(Xﬁﬁkﬂ,mg)))
+pk+1O(Hn—k—1(XT_H(Fkl_Q_LkH_Q))) - plC(Hn—k—l(XT_LE{k+2))):|
+(1 = pr+2) {(pi — ) C (X sy py))) + Pt C WX )

+pk+1 C(Hn—k (Xz—é_]€1+17k+2) )) - piC(Hn—k (Xz—&%k_;,_g) ) )}

< (1= prra) [ (01— ) O (X7 )
Pk O k(X ) = B k(X7 )|+ prs [SEL (KT )]
< (U= pry) [0 = P )OI b (X7 )
1 O k(XL ) = PO (X7 )]

+pk+2 [Pe+1f (i) — i f (Pr41)] (7.10)

= (1= pr+2) {(pz‘ = 1) C (e (X 1 pgy)) F et Ok (XL o)
“pilf r1) + P O (X)) + (1= D) O k(X )]

+0kt2 [Prr1f (pi) — Pif (Pry1)] (7.11)

= (1= pr+2)pr+1 [C(Hn—k(XiJ(rkl_‘_l’k_‘_g))) - piC(Hn—k—l(Xﬁz}k+17k+2)))
— (1= PO (X )]

—(1 = prr2)pi f (Prs1) + Dry2 Prr1 f(0i) — Pif (Prt1)]

< (1 = pry2)pet1 f(pi) — pif (Prs1) + Pretopr+1f(0i) (7.12)

= prs1f (i) = pif (Prt1)
Equation (7.9) follows from the optimal ordering for computing Hn,k(Xﬁ‘é‘llk +1))’ I, k(XT(rkl +1))
and IT,, (X" 1), which follows from the induction hypothesis for m = n. The inequality (7.10) fol-

lows from the induction hypothesis that Sfl%]l,i(XﬁJ{,€1+2)) < prt+1f(Pi) — pif (Pr+1). Equations (7.11)

and (7.12) follow from the optimal ordering for computing Hn,k(XT&{k+2)) and Hn,k(XT(LkIH’kJFQ))

respectively. [J
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Proof of Lemma 36

First, we observe that
T i (XY = S (XY = e O, (XL L)) = piC (I, (X))

= (1 = Pi) O (X0 )):

Thus it is enough to show that

Pt C -k (XL ) = piC (g (X))

< (Pry1 — pi)C(ank(XT(r;;M))) + pr+1f(pi) — pif (Pr+1) for i > k + 2.

First, observe that for k = n, the statement is vacuously true since 7 > n + 2 is impossible. Hence,
let us suppose that k < n. We have
1 1
pk+1C(ank(XTi—é—k+1))) — piC(—(X™)

= Dk+1 f(pk-‘rQ) + pk-i-QC(Hn—k—l(Xﬁ—é_kl+17k+2))) + (1 - pk+2)C(Hn—k(Xi—é_kl+17k+2))):|

—Pi f(pk—H +pk—&—lC(Hn—k—l(Xr_H(rkl_f_Li))) + (1 - pk—&-l)C(Hn—k(XT_LJ(rkl_,_Li)))} (713)

= Pk+1 _f(pk+2) + pk+2C(Hn—k—1(Xﬁ—&}+17k+2))) - piC(Hn—k—l(XT_L—é—kl_FLi)))}

+pk+1(1 - pk+2)C(Hn7k(Xﬁ—é_kl+1,k+2))) - pz(l - karl)C(ank(Xr_L—é_kl_i_Li))) - pif(pk+1)

Dk+1 :f(Pz‘) +(1— pi)C(Hn*k(Xﬁ—é_kl+1,i))) —(1- pkﬁ)c(nn*k(xf(rklﬂ,kw)))}

IN

D141 (1= Prr2) C (M k(X y10)) = P = Prst) Ok (XG0 ) = pif (Presn) (7:14)

= (pr+1 = P) Ok (X0 ) + it f(03) = pif (Prr)

Equation 7.13 follows from the optimal order for computing Hn_k(XiH('kl +1)) and Hn_k(XT{l). The

inequality in 7.14 follows from the induction hypothesis T,“.“(XT(F/,C1 Jrl)) < f(pi) — f(pr+2). O
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Proof of Lemma 37

First, we observe that

59,

SX) = (1 i) O (XML ))

— (pi

Thus it is enough to show that

(1 —Pk+1)c(ﬂn—k+1(xﬁ;j+1))) — (1= pi) O (X))

— Dr) O (X 1)+ (1= D) f 1) —

IN

(pi

1

= 1) O (M (X0

(1 —pi) f(Pr+1)

— pi)C (g1 (X))

))-

for ¢ < k.

First, observe that for k = 0, the statement is vacuously true since 7 < 0 is impossible. Hence, let

us suppose that £ > 0. We have

(1- Pk+1)C(ank+1(XT(Lkl+1))) — (1= p)C (Mg (X™FH)
= (1 =prs1) :f(pk) +prC (M (X0 )) + (1= Pk)C(Hn—Hl(XT(rij,kH)))}
—(1=pi) [f(pk:+1) + pr+1C(y (anlkﬂ)

(1= pry1)

)

+pr(1 — prt1)C (1, (Xm(_kl k+1)

IN

(1 = Pry1)

(L = i) O (W (X0

— pg1 (1 — p;) O (I, (X™T1

)
(s = pre ) O (X5 L 00) + (U= i) S () —

Equation (7.15) follows from the optimal order for computing IT,,_j 1 (X"}

The inequality in (7.16) follows from the induction hypothesis T}, k—1,i(

.
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(i) + PiC (T k(X0 1))) = PrC (T (X

(4,k+1)

(1= pi) f(Pr+1)

)+ (1= per) O (XL )| (7.15)
F) + (U= PO ea (X)) = (1= p) O (X))

— pr+1(1 = pi)C(I, (XnJ(rzlkH)

—pi) f(Pr+1)

N-a
)|

) (7.16)

and IT, 411 (X"7).
)) < f(pi) = f(pk)

(h+1))

n+1
X o)



7.2 Block Computation of Boolean Threshold Functions

We now shift attention to the case where we allow nodes to accumulate a block of N measurements,
and thus achieve improved efficiency by using block codes. The most general class of interactive
strategies are those where the identity of the node transmitting the k** bit, say T}, can depend
arbitrarily on all previously broadcast bits, and the k" bit itself can depend arbitrarily on all
previously broadcast bits as well as T}’s block of measurements. We require that all nodes compute
the function with zero error for the block, and wish to minimize the expected number of bits
exchanged per instance of computation, denoted C(IT,,_x(X"™)). While the problem of finding the
optimal strategy in this general class of strategies appears intractable, we derive the optimal solution
under a restricted class of strategies. The restriction we impose is natural, and we conjecture that

the optimal strategy in this restricted class is also optimal among all interactive strategies.

Theorem 39. Consider the following restricted class of strategies. When we compute I1,,_(X"™) for
a block of N measurements, we mandate that the first node to transmit, say node T'(1), must declare
its entire block using a Huffman code. Note that this does not exclude interactive strategies, since,
subsequent to node T'(1)’s transmission, we have two subproblems over sub-blocks of measurements
corresponding to instances where Xpy = 0 and Xpy = 1. For each of these subproblems, we
could potentially have different nodes transmitting first. However each of these nodes are again
constrained to communicate their entire subblock of measurements. Under this restricted class of
strategies, in order to compute IL,,_(X™) for a block of measurements, it is optimal for node k + 1
to transmit its entire block first, using the Huffman code. This result is true for asymptotically long

block lengths, for all n, all0 < k <n —1, and all probability distributions with p1 < ps < ... < py.

Proof: Let us suppose node 7 transmits first. Under this restricted class of strategies, node ¢
must communicate its entire block which requires an average description length of H(p;) bits per
instance. This can be achieved asymptotically by using the Huffman code to compress node i’s
block of measurements. Subsequent to node ¢’s transmission, we are left with the residual tasks of
computing II,,__;(X",) for the subblock where X; = 1, and II,,_;(X",) for the subblock where
X; = 0. These are two block computation problems again. Let Cyy(I1,,—x(X"™) denote the minimum

number of bits per instance, that must be exchanged under this restricted class of strategies. We
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can write a dynamic programming equation as before.
Co (-, (X")) = min{H (p;) + piCu (Mn—p—1(XZ;)) + (1 = pi)Cu (n-p(X25)) } (7.17)

where H(p) is the standard binary entropy function defined by H(p) = —plogy(p)—(1—p) log,(1—p).
The boundary condition for (7.2) is given by Cy(I1o(X™)) =0 if a =0 or a > m.

Observe that (7.17) is a special case of (7.2) where f(p) = H(p). Thus, for this restricted class of
strategies, the problem of optimal computation once again reduces to an ordering problem. If we
can show that H(p) satisfies the conditions in Lemma 33, the result follows immediately. Clearly

H(p) = H(1 — p) and one can verify that

H(p)
() om-p) _,
dp p? -

Thus, we have that @ is a non-decreasing function of p. Hence, from Lemma 33, the optimal
strategy for computing II,,_x(X™) for a block of measurements is for node k + 1 to transmit its
entire block first, using the Huffman code. [J

Note 1: The proposed optimal strategy is inherently interactive, since nodes do transmit more
than once. This is due to the recursive division of the original block of measurements depending
on nodes’ transmissions. In practice, all nodes need to agree a priori on a traversal order in the
computation tree, e.g., depth-first traversal or breadth-first traversal.

Note 2: The proposed optimal strategy is asymptotically optimal in the limit of long blocks.
This is necessary to achieve an average description length of H(p;) bits per instance. In practice,
one could simply choose a large enough block length N so that the average description length is close
enough to the entropy. In this context, it is important to note that, as the computation proceeds,
the original block gets recursively subdivided into smaller and smaller subblocks of measurements.
Each of these subblocks need to be large enough to achieve an average description length that
is close enough to the entropy of the transmitting node. Thus, in the worst case, we could have
up to 2" subblocks in the computation tree, and one must take care to ensure that each of these

subblocks are large enough by choosing N to be suitably large.

82



7.2.1 A strategy-independent lower bound

Next, we would like to determine if the restricted class of strategies considered above is rich enough
to include the absolute optimal strategy for interactive block computation without any restrictions
on a node encoding all its information using a Huffman code. Intuitively, since all the instances
of the block are independent and identically distributed, it appears suboptimal for nodes to com-
municate only partial information regarding their blocks at any stage. Thus, it is plausible that,
under the optimal strategy, one node communicates its entire block, and the computation proceeds
recursively from there. However, establishing this fact rigorously is a formidable challenge. In this
subsection, we describe a possible approach toward establishing this result, by adapting the con-
cept of fooling sets. Fooling sets are a classical tool for establishing lower bounds in communication
complexity [8], and have been used to establish tight lower bounds on the minimum number of bits
exchanged in the worst-case in collocated networks (Chapter 5), and tree networks (Chapter 4).
We describe an extension of fooling sets to the scenario where we have probability distributions on
nodes’ measurements, and use this to establish a lower bound. This is done as follows.

We recall from Theorem 25 in Chapter 5 that, for the threshold function II,_;(X"), a valid

fooling set of maximum size is given by
n n
B = {X":ZXi:n—kor ZXZ-:n—k—l}.
i=1 i=1

Any correct protocol for distributed computation of II,,_;(X"™) partitions the function matrix into
monochromatic rectangles [8]. Further, each rectangle in the partition can contain at most one
element of E, 1. Let D(II,_;(X")) be the set of all protocol partitions of the function matrix
of IT,,_x(X™) which respect the fooling set constraints. Suppose we use a protocol with associated
partition d; the number of bits that must be exchanged under this protocol is lower bounded by the
entropy of this partition, denoted by H(p(d)), where p(d) is the implied probability distribution on
the elements of the partition. Thus, the number of bits that must be exchanged under any protocol
is bounded by

CL (X)) > | min - H(p(d)) = C1(IL(X")) (7.18)

We conjecture that this lower bound is achievable and, in particular, the optimal strategy described
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in Theorem 39 achieves it.

Conjecture 40. The lower bound described in (7.18) satisfies the dynamic programming equation

in (7.17).
Cr (- (X")) = min{ H (pi) + piCr(Mp—rp—1(XZ3)) + (1 = pi)Cr (L1 (XZ;)) }-

Since Cr(I1,,_x(X™)) < C(I,_k(X™)) < Cy(Il,,_x(X™)), we conjecture that the optimal strategy

described in Theorem 39 is in fact optimal among all interactive strategies.

We note that the above conjecture has been verified by hand for all threshold functions of three

variables. A formal proof of the conjecture, however, remains a challenge for the future.

7.3 Computation under an Alternate Communication Model

In this section, we illustrate how we can adapt the solution to the general dynamic programming
equation described in Lemma 33 to a different communication model. We return to the problem of
computing a single instance of a Boolean threshold function II,,_4(X"™) in the broadcast scenario.
Let us suppose that time is slotted, and that nodes transmit information in the form of pulses,
which have unit energy cost. Under this alternate communication model, our modified objective is
to minimize the expected total energy expended in transmissions.

In contrast to Section 7.1 where the cost of transmitting a bit is uniformly 1, under the pulse
model of communication, silence can be used to convey information with zero cost. This is similar
to the model for silence-based communication studied in [61]. Thus, the communication problem
is no longer trivial. However, since each node makes a Boolean measurement, the value of its bit
can be mapped to the presence or absence of a pulse in two ways. Either node 7 transmits a pulse
to indicate X; = 1 and remains silent to indicate X; = 0, or vice versa. Clearly, the optimal

communication strategy is as follows:
o If p; < %, then node ¢ transmits a pulse to indicate X; = 1.

o If p; > %, then node ¢ transmits a pulse to indicate X; = 0.
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We are still left with the problem of determining the optimal ordering of transmissions.
Let £(I1,,—x(X"™)) be the minimum expected total energy required in order to compute the
threshold function II,,_;(X"™) under this communication model. The problem of minimizing the

expected total energy can be formulated as a dynamic programming equation as follows:
€ —(X")) = min{min(ps, 1 = p;) + pi€ (Up—p-1(X;)) + (1 = p) € ([ (X2))}. - (7.19)

From Lemma 33, we have the following result.

Theorem 41. In order to compute a single instance of the Boolean threshold function I1,_;(X™)

under the pulse communication model, it is optimal for node k + 1 to transmit first.

Proof: Observe that (7.19) is a special case of (7.2) where f(p) = min(p, 1 —p). Hence, in order
to establish the result, it is sufficient to show that min(p, 1 — p) satisfies the conditions in Lemma

33. Indeed, min(p, 1 — p) is symmetric about p = % and we have

_ min(p,1 —-p) 1 ifp< %7
o) = M LZP) 3

Thus, %’1_7’) is a monotone non-increasing function of p. The theorem then follows directly

from Lemma 33. O

7.4 Approximate Function Computation

In Sections 7.1 - 7.3, we considered the problem of computing Boolean threshold functions with zero
error. While we focused on constructing optimal strategies to minimize the expected total number
of bits exchanged during computation, we note that the worst-case total number of bits exchanged
might still be n. In some applications however, we might have a constraint on the number of bits
exchanged, or equivalently, the number of timeslots available for computation. In this case, one
cannot always hope to compute the function exactly. Instead, we consider approzimate function
computation where we seek to minimize certain error metrics.

To begin with, let us consider the class of Boolean threshold functions. As before, we permit
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all interactive strategies where the choice of next transmitting node can depend arbitrarily on all
previously broadcast bits. Let us suppose that we are allowed to exchange at most (n — ) bits
in order to compute the threshold function I, _;(X"™). We propose two metrics of error, namely

probability of error and conditional entropy of the function.

e Probability of error: Let Pe(e)(Hn,k(X”)) denote the minimum probability of error
after at most (n — ) bits are exchanged. Note that these bits are exchanged in sequential
fashion, since we are computing in a broadcast network. Hence, the identity of each successive
transmitting node can depend on the previously transmitted bits. The sequential nature of

this problem permits a dynamic programming formulation analogous to (7.2).

e

PO (I, (X)) = min{p: P (-1 (X2) + (1= po) PO (I, o(X7)}, - (7.20)

with the boundary condition P (ITy_(X9)) = min(P(ITy_,(X%) = 1), P(Ily_(X?) = 0)).

e Conditional entropy of function: Let H)(II,_;(X")) denote the minimum conditional
entropy of the function after at most (n — 6) bits are exchanged. As before, the identity
of each successive transmitting node can depend on the previously transmitted bits. Once
again, the sequential nature of this problem permits a dynamic programming formulation

analogous to (7.2).
HOL, (X)) = min{pHO (T, 4 1(X7) + (1 p) HO(, (X"}, (7.21)

with the boundary condition H®) (IIy_(X?)) = H(ITg_,(X?)).

7.4.1 Counter-example

At first glance, one would expect that the optimal strategy for approximate function computation
would match the strategy for exact function computation, thus verifying that the strategy proposed
in Theorem 38 is increasingly correct. Unfortunately, this is not true as shown by the following
counter-example.

Let us suppose that we want to compute s (X7, X2, X3) and we are allowed to exchange exactly
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one bit. We have exactly three choices of strategy. Either node 1 transmits first, or node 2, or node
3. Consider the case where p; = 0.7,p2 = 0.82, p3 = 0.84; then one can calculate the conditional

entropy when node 1 transmits first (respectively node 2 and node 3).

HO (M (X1, X2, X3)|X1) = prH((1—p2)(1—p3)) + (1 — p1)H(paps) = 0.4002.
H®)(Iy(X1, Xa, X3)|Xa) = poH((1—p1)(1—ps)) + (1 — p2) H(pips) = 0.4991.

HO (X1, Xa, X)| Xs) = paH (1= p1)(1— p2)) + (1 — pa) H (pyp2) = 0.4121.

Contrary to our expectation, it is not always optimal for node 2 to transmit first. This is also true
for the probability of error metric. Again, consider the approximate computation of I1a( X7, Xo, X3)
where we are only allowed to exchange exactly one bit. For the case where p1 = 0.6,p2 = 0.72,p3 =

0.84; the probability of error expressions for the three strategies are given by

PP (My(X1, X3, X3)|X1) = pimin((1—pa)(1 —ps), 1 — (1 —p2)(1 - p3))
+(1 — p1) min(paps, 1 — pap3) = 0.1850,

PP (Ty(X1, X, X3)|X2) = pemin((1—p1)(1—ps), 1= (1 —p1)(1—p3))
+(1 — p2) min(p1p3, 1 — p1p3) = 0.1850,

PP (My(Xy, Xo, X3)|X3) = psmin((1—p1)(1—p2),1—(1—p1)(1—p2))

+(1 — p3) min(p1p2, 1 — p1p2) = 0.1632.

Thus, it appears that the structure of the optimal solution when we seek approximate compu-
tation given a fixed number of bits, is somewhat different from the optimal strategy for zero error

computation.

7.4.2 Special case of the parity function

While the structure of the optimal strategy for the approximate computation of threshold functions
remains elusive, the case of the parity function is solvable. In this section, we show that an intuitive

greedy strategy is optimal for the approximate computation of the parity function. To begin with,
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the parity function of n Boolean variables labeled X through X, is defined as follows:

BX) = 0 if >, X, is even
1 if ), X;is odd.

We consider the computation of ®(X") in a broadcast scenario where X; ~ Bern(p;). If we
seek exact computation, the problem becomes trivial since each node must transmit its bit. Hence,
we will consider approximate computation of parity under the conditional entropy metric. Let us
suppose that nodes are allowed to exchange up to (n—8) bits. Let H®)(®(X")) denote the minimum
conditional entropy of the function after (n — 6) bits are exchanged. The dynamic programming
equation analogous to (7.21) is

HO@X") = wmin {pHO@X",)) + (1 - p) HO (@(X",)) }

= min {HO(@(X",)} (7.22)
with the boundary condition H®(®(X?)) = h(P(®(X?) = 1)). One can derive the solution to

(7.22) and hence deduce the optimal strategy for approximate computation of parity.

Theorem 42. In order to minimize the conditional entropy of ®(X") after (n — 0) bits are ex-
changed, it is optimal for the node with highest binary entropy to transmit first. Subsequently, the

node with the next highest entropy transmits, and so on until (n — 6) bits are transmitted.

Proof: First, we note that (7.21) implies that the optimal strategy for approximate computation
of ®(X") is not data-dependent. Indeed, if node ¢ transmits first, irrespective of whether X; = 0
or X; = 1, we have the residual task of computing ®(X",) given at most (n—6 — 1) bits. Thus, the
optimal strategy can be specified a priori and does not depend on the particular values of the bits
exchanged. Further, if our objective is to minimize the conditional entropy after (n — @) bits, we
are only interested in determining the optimal subset of nodes that must transmit, and the order

of transmission within this set is irrelevant. Thus, we have

HO(®(X")) = min H(®(X")|Xg).
SCA{1,...,n}
|S|=n—10
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Let A = {a1,az,...,a,—p} be an optimal set of nodes. We claim that A consists of nodes with
the (n — #) highest entropies among the n nodes. Suppose not. Then there exists a node a* ¢ A
and a; € A such that H(pg+) > H(p,;). Consider the set A* := (A\ {a;}) J{a*}.

H(®(X")[Xax) = H(®(X")[Xa\(a,}> Xar)
= H@X(4\(a}).a)
= H(pa, P(O(XZ (4 ) = 1) + (1 = pa, ) P(R(XZ 4 ) = 0))
< H(par P(R(XL (4 0+))) = 1) + (1 = par ) P(R(XZL 4 4+y)) = 0))

= H(2(XL((a\a%),00))

which contradicts the assumption that A is an optimal subset. Thus, under the toptimal strategy,
the set of transmitting nodes must be those with the highest entropies. A candidate strategy which

achieves this is one where nodes transmit in decreasing order of their binary entropies. [

7.5 Concluding Remarks

We have considered some sequential decision problems that arise in the context of optimal com-
putation of Boolean functions in collocated networks. The broadcast nature of the medium forces
nodes to communicate sequentially, and the challenge is to order nodes’ transmissions so as to
exploit both the structure of the function and the knowledge of the underlying distribution.

For single instance computation of Boolean threshold functions, we showed that the optimal
strategy has an elegant structure, which depends only on the ordering of the marginal probabil-
ities, and not on their exact values. The extension to the case of block computation is harder.
However, we have derived the optimal strategy in a logical restricted class of strategies, which we
conjecture to be optimal in general. The proof technique presented allows a unified treatment of
these two problems, and also allows extension to alternate pulse models of communication where
nodes transmit pulses of energy.

Finally, we have considered the problem of approximate function computation, where we are

given a fixed number of bits and seek to minimize the error in the estimate of the function. We
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have shown that this problem is more complicated and the optimal strategy lacks the structure that
we observed in the case of exact computation. However, for the special case of the parity function, a
simple greedy strategy is optimal. There are several directions for future work including extending
these results to the case of correlated measurements, and generalizing the sequential decision making

approach to handle general functions.
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CHAPTER 8

DETERMINING THE CONNECTIVITY OF RANDOM
GRAPHS

In this chapter, we consider the problem of determining the s — ¢ connectivity of a given random
graph. We suppose that one can sample the edges of the graph. Each sample has an associated cost
and we consider the optimization problem of minimizing the expected total cost incurred, in order
to determine if the graph is s — ¢ connected. Such a problem arises in a network where each link
has a sensor and we wish to determine connectivity in minimum expected time. The problem of
determing s —t connectivity can be formulated as the computation of a Boolean disjunctive normal
form, corresponding to the presence of at least one s — t path. Alternately, it can be formulated
as the computation of a Boolean conjunctive normal form, corresponding to the absence of every
s —t cut. Thus, we are faced with the problem of computing an asymmetric Boolean function
of Boolean measurements. This is in contrast with Chapter 7 where we considered a class of
symmetric Boolean functions. However, the inherent sequential nature of the problem leads to a
similar framework.

The general problem can be formulated as follows. Consider a graph G = (V, E), with designated
source node s, and terminal node t. Edges occur independently of each other, and each edge e € £
is present with probability p.. Thus, a particular instance of the random graph will have vertex set
V' and edge set equal to a subset of E. Our objective is to construct a sequential sampling strategy
to determine if the given instance of a random graph is s — ¢ connected or not. We consider the
most general class of strategies where the choice of which edge to sample next is allowed to depend
on all previous samples. We suppose that the cost of sampling an edge e is given by t.. Any correct

sampling strategy terminates with one of two possible outcomes, namely
e Connectivity, when we have verified the existence of all edges on an s — ¢ path, and

e Disconnectivity, when we have verified the absence of all edges on an s — t cut.
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Since we do not know a priori if the graph is connected or not, the strategy possibly alternates
between trying to show the existence of an s — ¢ path and the absence of an s — ¢ cut. Since the
underlying graph is random, the cost of a strategy is a random variable and we seek to minimize
the expected cost. Let C'(G) denote the minimum expected cost to check connectivity of G. We
can write a dynamic programming equation for C(G).

C(G) = min(te + p.C(G - €) + (1 — po)C(G \ €)) (8.1)

ecE

where G - e is the graph obtained by contracting the edge e in G, and G \ e is the graph obtained
by removing the edge e from G. Note that both these graphs are random graphs. The boundary
condition for the above recursion is given by C(e) = t. which is obtained by considering graphs
with a single edge. The recursion in (8.1) is much more complicated than the recursion for Boolean
threshold functions. This is due to the fact that the set of possible graphs with a given skeleton
structure is far more complex than the set of threshold functions. We have not been able to solve
(8.1) for general graphs. However, for some specific classes of graphs, we obtain an elegant structure
for the optimal policy of sampling edges. The intuition gained from these specific examples can be
instructive in constructing heuristics for verifying connectivity of general graphs.

We start by considering the simplest class of graphs. In Section 8.1, we consider series graphs
and parallel graphs where a set of links are arranged in series and parallel, respectively, between the
source node s and terminal node t. We derive optimal sequential sampling strategies for determining
the connectivity of these graphs. We then add another layer of complexity, and consider series-
parallel graphs and parallel-series graphs in Section 8.2. In the former case, the optimal strategy
involves indexing all the s—t cuts in the graph, while in the latter case, the optimal strategy involves
indexing all the s—t paths. The extension to general graphs is harder, and could potentially involve
hybrid strategies where we consider both paths and cuts.

Further, we show that the general problem is composed of two subproblems which are possibly
simpler to analyze. The first problem is one of minimizing the expected cost of finding a valid
s — t path conditioned on the fact that the graph is connected. The second problem is one of
minimizing the expected cost of finding a valid s — ¢t cut conditioned on the fact that the graph

is disconnected. We conjecture the structure of the optimal solution for these two problems. The
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optimal strategy for determining connectivity in general graphs could be a hedging strategy, which

alternates between the optimal approaches for the two conditional subproblems.

8.1 Checking Connectivity in Series Graphs and Parallel Graphs

Consider a graph &, which consists of n links in series, with source node at the leftmost end and
terminal node at the rightmost end, as shown in Figure 8.1. Let us suppose that the edges are
labeled e; through e,,, where edge e; is present with probability p; and has sampling cost ¢;. The

following theorem describes the optimal strategy for sequentially sampling a series graph.

€ €3

1

e e e
s @ o -0 '@ "@!

Figure 8.1: Series graph S,

Theorem 43. In order to determine the s —t connectivity of the series graph Sy, it is optimal to

first sample the edge e; with the largest value of %

Proof: We proceed by induction on the number of edges n. For n = 1, the result is trivially
true. Let us suppose that the result is true for the series graph S,_1. Consider a series graph S,

with n edges. When we sample edge e;, there are two possible outcomes.
e Either edge e; is absent and hence S, is disconnected, or

e edge e; is present and we need to determine the connectivity of S, - e;, for which we know

the optimal strategy from the induction hypothesis.

Without loss of generality, we suppose that edges are indexed in decreasing order of 1;—3” to begin
with. Thus, we are left to prove that it is optimal to sample the edge e; first. Let us denote the

expected cost of a strategy where e; is sampled first by C(S,,|e; is sampled first).

C(Syler is sampled first) = t1 +p1C(Sp - e1)
<ty +pi(ts + piC(Sn - {er,ei}))

= t1 +piti + p1piC(Sn - {e1,ei})
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C(Spley is sampled first) < t; 4+ pit1 + p1piC(Sn - {e1,€i}) (8.2)
= ti+pi(ti +mC(Sy - {e1,ei}))

= (C(Sye; is sampled first),

1—p1
t1

where (8.2) follows from the assumption that > 1;—1’” Thus we have shown that the expected

cost is minimized when ey is sampled first, which establishes the induction step. [

In series graphs, the optimal strategy can be interpreted as follows. Each s —t cut in the graph
is indexed by the ratio of the probability of absence of the cut to the expected cost to check the
cut. We then pick the cut with the highest index.

Analogously, one can define the parallel graph P, as a graph with m parallel edges between
nodes s and t. Edges are labeled e; through ey, as shown in Figure 8.2. In exactly analogous
fashion, one can describe the optimal strategy for sequentially sampling a parallel graph.

€

e

e

m

Figure 8.2: Parallel graph P,

Theorem 44. In order to determine the s —t connectivity of the parallel graph Pn,, it is optimal

to first sample the edge e; with the largest value of %

Proof: We proceed by induction on the number of edges m. For m = 1, the result is trivially
true. Let us suppose that the result is true for the parallel graph P,,—1. Consider a parallel graph
P with m edges. When we sample edge e;, there are two possibilities. Either e; is present and
we immediately know that P,, is connected, or e; is absent and we are left with the problem of
determining the connectivity of P,, \ e;. In the latter case, the optimal strategy is known from the

induction hypothesis.

94



Without loss of generality, we suppose that edges are indexed in decreasing order of %i to begin
with. Thus, we are left to prove that it is optimal to sample the edge ey first. Let us denote the

expected cost of a strategy where e; is sampled first by C(P,|e; is sampled first).

C(Pler is sampled first) = 1 + (1 —p1)C(Pom \ €1)
< b+ 1 =p)(ti+ (1= p)C(Pm \ {e1, €}))
= t1+ (1 —p)ti+ (1 —p1)(1 = pi)C(Pm \ {e1, ei})
< tit (L=p)ti+ (1 =p)(L = pi)C(Pm \{er,ei})  (83)
= ti+ (1 =pi)(ts + (1= p1)C(Pm \ {e1,€i}))

= C(Pnlei is sampled first),

where (8.3) follows from the assumption that %1 > £ Thus we have shown that the expected cost

is minimized when e; is sampled first, which establishes the induction step. [

In parallel graphs, the optimal strategy can be interpreted as follows. Each s — t path in the
graph is indexed by the ratio of the probability of existence of the path to the expected cost to

check the path. We then pick the path with the highest index.

8.2 Checking Connectivity of Series-Parallel Graphs and Parallel-Series
Graphs

We now proceed to study optimal strategies for determining connectivity in slightly more compli-

cated random graphs obtained from composing series and parallel graphs in prescribed ways.

8.2.1 Series-parallel graphs

We begin by considering series-parallel graphs, which consist of several parallel graphs arranged in
series as shown in Figure 8.3. The series-parallel graph SP,, consists of n parallel graphs labeled
Pl

mio

.., Py, , arranged in series. Further let the edges in the graph be labeled {e;; : 1 < j <n,1 <

i < m;}, where e;; is the ith edge in the j** parallel graph. Edge e;; is present with probability
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pij, and has sampling cost ¢;;. Further, suppose that within each cut Pﬂﬁj, edges are indexed in

decreasing order of 1;5”, ie. 1;1’;” > IZT";Z]' > ... > IZZZﬂ.
(271 (2P €1n
s t
emll em22 emnn

Figure 8.3: Series-parallel graph SP,,

Theorem 45. Consider the problem of determining the s —t connectivity of a series parallel graph
SP,. Inder each s —t cut in SPy, equivalently each component parallel graph, in the following

way:
_ (1 = p1) (L —paj) -+ (1 = Pyyj)
tij+ (1 —pi)te + ..+ (1= p1j) (1= Pany—1)j)tm,j

An optimal strategy is to sample the edge e with the mazimum value of %;a on the mazximum index

cut.

Proof: We first present a lemma regarding the behavior of the indexing function J,, which

will be critical to the proof.

Lemma 46. Let A= {a1,az,...an} be a set of edges, where edge a; is present with probability p;
and incurs sampling cost t;. Then, the J, index of any subset of A is greater than or equal to the

Jo index of A. Equivalently, we have Jo(A\ a;) > Jo(A).

Proof: Without loss of generality, we can suppose that % > % if i < j. Then, we have

Tu(A\ a;) (1=p1)--- (1 =pi1)(1 = pit1) ... (1 — pm)
(751 + (@ =pto+...+ (1 —p1)--- (1= pi-1)tit1
ot (L= p) - (1= pi)(1 = piga) -+ (1= D1t )
Jo(A) 1+ —p)te+...+(1—p1) (1 —pm-1)tm
S (tl + (@ =p)te+...+ X =p1) - (1= pi-1)tit1

+ooo T =p1)- (I =pic1)(X = piy1)--- (1 —pm—l)tm)

Y

Ju(A).
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From Lemma 46, we can decipher the proposed structure of the optimal strategy. Since the index of
a cut only increases when we sample an edge, the optimal strategy begins with the maximum index
cut and sequentially samples edges in decreasing order of ZZ—:. Upon finding an edge, we proceed to
the next highest index cut and repeat the same procedure.

The proof of Theorem 45 proceeds by induction on the number of edges in E. For a graph with
one edge, the result is trivial. Let us suppose that the result is true for all graphs with |E| < k.

Consider a graph with |E| = k. Without loss of generality, we can suppose that
Jo(Ph) = Jo(P2,) > ... Ja(PR ).

Hence, 73%11 is the maximum index cut and ej; is the prescribed edge to sample. Let e;; be some
other edge. When we sample edge e;;, it could be present or absent, resulting in two residual
graphs. Both these graphs have a smaller edge set than the original graph. From the induction
hypothesis, we know the optimal strategy for each of these smaller graphs. There are two cases we
need to consider.

(i) First, suppose j = 1. In this case, both ej; and e;; are in the same cut. Let C(SPy|e;; is
sampled first) denote the minimum expected cost of the strategy where we sample edge e;; first
and proceed optimally from there on. Suppose we sample the wrong edge e;1 first. Then, the index
of the cut increases, and the next optimal edge to sample is eq; from the induction hypothesis. We

have the following series of inequalities:

C(SPylei is sampled first)
= ti +piaC(SPn-en) + (1 —pin)C(SPn\ i)
= ti1 +piC(SPn-ea) + (1 —pi)(tir + p11C(SPr - €11 \ €i1) + (1 — p11)C(SPn \ {ei1, €11})
= tin+ (1 —pi)tir + (p11 + pir — pirp11)C(SPr - e11) + (1 — pir)(1 — p11)C(SPy \ {eir, e11})
>t + (1= pi)ta + (p11 + pin — pirp11)C(SPy - e11) + (1 — pir)(1 — p11)C(SPy \ {eir, e11})(8.4)
= tn+puC(SPn-en)+ (1 —pu1)(ta +pinC(SPr-ein \ e11) + (1 —pi1)C(SPy \ {ei1,e11}))(8.5)
> t11 +p11C(SPy - e11) + (1 — p11)C(SPy \ e11)

= C(SPyler is sampled first),
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where (8.4) follows from the fact that 7+ > £, and (8.5) follows from the fact that the graphs
(SPy-€11), (SPr-€i1), (SPpn-e11\ €i1), (SPy - €1 \ e11) are all the same. Thus we have shown that
the strategy of sampling edge eq; first minimizes the expected cost of determining connectivity of
SP,,. This completes the induction step for the case when j = 1.

(ii) Second, suppose j # 1. In this case, e;; and e;; are in different cuts, with e;; € 73},11 and

eij € 73;7}1].. Suppose we sample edge e;; first. We have two subcases.

° Ja(Pﬂ;@j \ eij) < Ja(P%h). Then, by the induction hypothesis, the optimal strategy is to

return to the cut Pl

', and sequentially sample edges until we find one. Upon finding an edge,

we move to the next highest indexed cut, and repeat the procedure. At some point we will
return to cut P, and run through the rest of the edges. The expected cost of this strategy

J

is given by
C(S'Pn‘ew is sampled ﬁrst) = tij + pz]C(S'Pn : eij) + (1 - pU)C(SPn \ eij).

To simplify the notation, we define two quantities P; and T} which represent the probability

that 737]7‘1]. is connected and the minimum expected cost to check Prjﬁj respectively:

1=PF = (1=py)(=pz).. (1= pmyj)
Tj = tlj + (1 —plj)tgj 4+ ...+ (1 — Plj) e (1 — p(mj—l)j>tmjj = C('anj)
By definition, we see that Ja(P,]n}Lj) = 1;? . We have the following series of inequalities:

tij -l-pZ]C(SPn . eij) + (1 —pij)C(SPn \ 67;]')
= tij+p;(Ti+...+ PP aTj1 + P Pj 1P T
+...+P - Pj_1Pjy1--- PoqTy)

: Pi— .
+(1 = pij) <T1 +PTy+ ...+ P PC(Pl, \eij) + P Pa <1J;w> Tota
— i,

Pj —pij

—|—...—|—P1---Pa<
1 —pij

) Poy1- Py Pjyr--- Pann>
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= (Tl +PT5+...+P - Pa—lTa) + PPy Pa(l — pi]’)C('Pgnj \ eij) + tij
+(pij + P —pig) (P PaTapr + .+ P PjaTj + Pre Pioa P Ty

+...4+ P Pj_1Pjy1-- Py Ty)

> (i +PTy+...+ P - Py iT,) + PPy Py(T) — ti5) +
+P, - PPjTy1+ P P PjPo1Toro+ ...+ P - PiTjn+ ...+ P - Py 1T, (8.6)
> T+Ph+...+ PP aTo+ PPy P+ Py PoPiTar1+ Pr- - PaPjPoi1 T2
+...+ PPl + P PP Tjo+ ...+ P - Pj Py Py T,
> W+ PTo+...+P---P, 1T, (8.7)

= C(SPyler is sampled first),

where (8.6) follows from the fact that C(Pfﬁj) <tj;+(@1 —pij)C(Pﬂﬁj \ €;5), and (8.7) follows

from Theorem 43 and the assumption that 1}—1)1 > 1}—P2 > ... > 1}&. This completes the
1 2 n

induction step.

o Ja(Prjﬁj \ €ij) > Jo(Pp,,). Then, by the induction hypothesis, the optimal strategy is to
continue to sample the cut Pﬂﬁj until we find an edge. Upon finding an edge, we proceed to
check the remaining cuts in the indexed order, viz., (1,2,...,5—1,7+1,...n). The expected

cost of this strategy is given by

C(SPyei; is sampled first)
= T']—l-PjTl +PjP1T2—|-...+PjP1---Pj_17}‘+1—|—...+P1~--Pn_1Tn
> NT+PThy+PPIs+...4+P---P, 1T, (88)

= C(SPypler is sampled first),

where (8.8) follows from the optimal strategy for series graphs described in Theorem 43 and

the assumption that % > % >...> %. This completes the induction step. [

The optimal strategy for series-parallel graphs has a logical interpretation. We index each s — ¢
cut in the graph by the ratio of the probability that the cut is absent to the expected cost incurred

to check the cut. We pick the maximum index cut and treat this like a parallel graph where we
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pick the edge with the maximum value of f—:. Thus, the strategy exclusively focuses on cuts, and

completely ignores paths.

8.2.2 Parallel - series graphs

The case of parallel-series graphs is exactly analgous. The parallel-series graph PS,, consists of

m series graphs labeled S}Ll, ..

.Sy, arranged in parallel as shown in Figure 8.4. Further let the
edges in the graph be labeled {e;; : 1 < i < m,1 < j < n;}, where e;; is the jt edge in the it
series graph. Edge e;; is present with probability p;;, and has sampling cost ¢;;. Further, suppose

L e, Bl > Pz > > Ping

cq - i . . . D
that within path &, , edges are indexed in decreasing order of i 2 he 22 T,

ij
tij

Figure 8.4: Parallel-series graph PS,,

Theorem 47. Consider the problem of determining the s —t connectivity of a parallel-series graph
PSp. Index each s — t path in PS,,, equivalently each component series graph, in the following
way:

Pi1Pi2 -« * Ping

Js(S)) = :
5(Sn) tit + pittiz + ...+ pi1 - Din;—1)ting

l_pe
te

The optimal strategy is to sample the edge e with the maximum value of on the mazrimum

index path.

Proof: We first present a lemma regarding the behavior of the indexing function Jg, that will

be critical to the proof.

Lemma 48. Let A = {a1,az,...a,} be a set of edges, where edge a; is present with probability p;

and incurs sampling cost t;. Then, the Jg index of any subset of A is greater than or equal to the
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Js index of A. Equivalently, we have Jg(A\ a;) > Ja(A).

Proof: Without loss of generality, we can suppose that 1;—1_“ > 1;—],” if ¢ < j. Then, we have
Jﬁ(A\az‘) _ b1 Pi—-1Pi+1 """ Pn
t1+pita+...+pr-picitipi + ...+ P1 Dic1Dig1  Pa—1tn
L) li+pita+...+p1--pn-itn
pi titpitat . P Picttivt o+ DU PPl Paeitn
> Js(A).

From Lemma 48, we can decipher the proposed structure of the optimal strategy. Since the index
of a path only increases when we sample an edge, the optimal strategy begins with the maximum
index path and sequentially samples edges in decreasing order of %. Upon finding a missing
edge, we proceed to the next highest index path and repeat the same procedure.

The proof of Theorem 47 proceeds by induction on the number of edges in E. For a graph with
one edge, the result is trivial. Let us suppose that the result is true for all graphs with |E| < k.
Consider a graph with |F| = k. Without loss of generality, we can suppose that

T5(Sn,) = J5(Sn,) = - a(sy,)-

Nm

Hence, 57111 is the maximum index path and ey is the prescribed edge to sample. Let e;; be some
other edge. When we sample edge ¢;;, it could be present or absent, resulting in two residual
graphs. Both these graphs have a smaller edge set than the original graph. From the induction
hypothesis, we know the optimal strategy for each of these smaller graphs. There are two cases we
need to consider.

(i) First, suppose ¢ = 1. In this case, both e;; and e;; are on the same path. Let C'(SPyle;; is
sampled first) denote the minimum expected cost of the strategy where we sample edge e;; first
and proceed optimally from there on. Suppose we sample the wrong edge ey first. Then, the index

of path increases, and the next optimal edge to sample is ej; from the induction hypothesis. We
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have the following series of inequalities:

C(PSplerj is sampled first)

=t + (1 = p1;)C(PSm \ €15) + p1;C(PSm - €1;)

= t1j+ (1= p1;)C(PSm \ e1;) + p1(t11 + (1 — p11)C(PSm - €1 \ e11) + p11C(PSy, - {e11,€15}))

= ti; +pytu + (1 = p1ip11)C(PSy - e11) + p1p1iC(PSy, - {e11, e15})

>t +putyy + (1 —pijp11)C(PSm - €15\ ell) + p1;p11C(PSm - {e11, e15}) (8.9)

= tu+ 1 =pu)C(PSm \ enr) + prityy + (1 — p1j)C(PSm - e11 \ ej) + p1;C(PSm - {e11,e15})
(8.10)

> t1i1+ (1 = p11)C(PSm \ en1) + p11C(PSy, - e11)

= C(PS)e11 is sampled first),

where (8.9) follows from the fact that % > %’;U, and (8.10) follows from the fact that the
graphs (PSp, \ e11), (PSm \ €i1), (PSm - €15 \ e11), (SPr - €11 \ e15) are all the same. Thus we have
shown that the strategy of sampling edge e;; first minimizes the expected cost of determining the
s — t connectivity of PS,,. This completes the induction step for the case when i = 1.

(ii) Second, suppose i # 1. In this case, e;; and e;; are on different paths, with ey € 37111 and

eij € S}h Suppose we sample edge e;; first. We have two subcases.

. Jg(Sf“ \eij) < Jg (S}Ll). Then, by the induction hypothesis, the optimal strategy is to return
to the path S%l and sequentially sample edges until we find a missing edge. Upon finding a
missing edge, we move to the next highest indexed path, and repeat the procedure. At some
point, we will return to path szi and run through the rest of the edges. The expected cost

of this strategy is given by
C(PSnmleij is sampled first) = t;; + pi;C(PSy, - €i5) + (1 — pij)C(PSm \ €5j).

To simplify the notation, we define two quantities P; and 7; which represent the probability

102



that SZLZ, is connected and the minimum expected cost to check SZLi respectively:

P, = piapi2- .. pin,

T, = tijg+patio+...+Dpi1-. .pi(ni,l))tmi = C(S,lh)

By definition, we see that Jg (S}h) = % Let us also define Q; := 1—F;. We have the following

series of inequalities:

tij + pi;C(PSm - €i5) + (1 — pij)C(PSm \ €ij)
= tiy+(1—py) (M +...+Q1 Qim1Tiv1 + Q1+ - Qi—1Qit1Ti42
+o+ Q1 Qi 1Qiv1 - Qm1Tin)
+Dij (Tl +QTa+ ...+ Q- 'Qac(sfzi i) + Q1 Qq <ngpwpz> Tot1
+...+ Q1 Qa (1%;;3) Qat1 - Qi—1Qit1 leTm>
= (Mi+QiTa+...+ Q1 Qa1Ty) + Q1+ QupiC(S), - eij) +tij
+(pij —Pi+1—pij) Q1+ QaToy1+ ...+ Q1+ Qim1Tig1 + Q1+ - Qi—1Qit1Tit2

+o F Q1 Qic1Qivr - Qr—1Tn)

> (i + T+ ...+ Q1 Qu1Ta) + Q1Q2- - Qu(Tj — tij) + tij + Q1+ QuQTav1
+Q1 - QuQjQar1Tor2 + ... + Q1 QiTiy1+ ...+ Q1 Q1T (8.11)
> TT+QTe+ ...+ Q1 Qu1Ty + Q1 QuQjTuy1 + Q1 QuQjQar1Tui2
+o+ Q1 Qi Ty 1 + Q1 Qi 1Q 11T o+ .+ Q1 Qi 1Qj41 - Q1T
> T+ QT+ ...+ Q1 Qm-1Tn (8.12)

= C(PSyle1 is sampled first),

where (8.11) follows from the fact that C(Sy,,) < ti; 4+ pi;C(SE, \ €ij), and (8.12) follows from

i

Theorem 44 and the assumption that % > % > ... > %. This completes the induction

step.

o J3(S! \ei;) > Js(Sh)). Then, by the induction hypothesis, the optimal strategy is to continue

to sample the path ‘Sju until we find a missing edge. Upon finding a missing edge, we proceed
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to check the remaining paths in the indexed order, viz., (1,2,...,4 — 1,i+ 1,...n). The

expected cost of this strategy is given by

C(PSnmleij is sampled first)
= T+ QT+ Qi T+ ... +QiQ1- - Qi 1Ti1+ ...+ Q1 QnThy
> T+ QT+ Q1QT3+ ...+ Q1 QnTy (8.13)

= C(PSy|e1r is sampled first),

where (8.13) follows from the optimal strategy for series graphs described in Theorem 43 and

the assumption that % > % > ... > %. This completes the induction step. [

The optimal strategy for parallel-series graphs has the following interpretation. We index each
s — t path in the graph by the ratio of the probability that the path is present to the minimum
expected cost incurred to check the path. We pick the maximum index path and treat this like a
series graph where we pick the edge with the maximum value of %. Thus the strategy exclusively

focuses on paths and completely ignores cuts.

8.3 Extension to General Graphs

Paths and cuts are natural primitives to consider when we speak of connectivity. The question
of whether a graph is connected can be resolved if we can display an s — ¢ path or an s — t cut.
Indeed, any strategy which successfully determines connectivity by sequentially sampling edges,
will also deduce an s — ¢ path or s — t cut as a certificate. However, since we do not know a priori
whether the given instance of the random graph is connected or not, any strategy for determining
connectivity oscillates between trying to show that all edges of some s—t cut are absent, and trying
to show that all edges of an s — ¢t path are present. Further, the optimal strategy is likely to be
dynamic, changing based on the presence or absence of previously sampled edges. This inherent
tension in the problem of determining connectivity makes the problem intractable in general.
However, in the case of series-parallel and parallel-series graphs, it is possible to find the optimal

strategy as shown in Section 8.2. In these cases, one can resolve the tension between displaying a
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cut and displaying a path. For series-parallel graphs, the optimal strategy focuses entirely on cuts,
while for parallel-series graphs, the optimal strategy focuses entirely on paths. Unfortunately, for
even the smallest graph which is not series-parallel or parallel-series (e.g., the graph in Figure 8.5),

the optimal strategy remains elusive.

Figure 8.5: Smallest graph for which optimal strategy is unknown

In order to make progress on the problem of verifying connectivity in general graphs, one can
consider the following approach. Let us suppose we know if the graph is connected to start with.
Our task is to find an s — ¢ cut or an s — t path which serves as a certificate. This is equivalent to
minimizing the conditional expected cost of verifying the s — t connectivity given that the graph
is s —t connected or s — t disconnected. We formulate the following two conditional problems that
are intimately connected with the original problem of determining s — ¢ connectivity in a general

graph.

e Given that the particular instance of the random graph is s —t disconnected, we want to find
an s —t cut using a sequential sampling strategy that incurs minimum expected cost. Mathe-

matically speaking, for a given graph G, we seek to minimize E(C(G)|G is s — t disconnected).

e Given that the particular instance of the random graph is s — ¢ connected, we would like to
find an s — t path using a sequential sampling strategy that incurs minimum expected cost.

Mathematically speaking, for a given graph G, we seek to minimize E(C(G)|G is connected).

Aside from the fact that the solution of the above problems sheds some light on the nature of the
solution for the unconditional problem, the conditional subproblem is also interesting in its own
right. For instance, given a communication network or a network of valves in a chemical plant,
one would like to construct a strategy which discovers if the network is disconnected in minimum
time. On the other hand, we can afford to ignore the time consumed in the case that the network

is connected.
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The devolution of the general problem into two conditional problems resolves the tension between
checking paths and cuts. We conjecture that these problems admit an optimal solution that focuses
exclusively on cuts, or paths. However, a formal rigorous proof of this fact remains a challenge for

the future.
Conjecture 49. Consider a graph G with source node s and terminal node t.

e In order to minimize BE(C(G)|G is s — t disconnected), the following strategy is optimal. Index
each s —t cut in the graph by the ratio of the probability that the edges in the cut are absent

to the expected cost incurred to check the cut. We first sample the edge with the mazimum

]-_pe

- on the mazimum index cut.
(&

value of

e In order to minimize E(C(G)|G is s —t connected), the following strategy is optimal. Index
each s —t path in the graph by the ratio of the probability that the path is present to the
expected cost incurred to check the path. We first sample the edge with the mazimum value

of %’ on the mazximum index path.

8.4 Concluding Remarks

In this chapter, we have considered the problem of determining s—t connectivity in a random graph
G, by sampling edges one-by-one. A key aspect of the problem is that since we do not know if the
graph is connected or not, so we are torn between proving the absence of an s — t cut and proving
the existence of an s — ¢ path. In some special cases, this tension can be resolved, yielding optimal
strategies for series graphs, parallel graphs, series-parallel graphs and parallel series graphs. While
the optimal solution has an elegant intuitive interpretation, the extension to general graphs remains
a challenge. We have formulated a related conditional problem for which we have conjectured the

nature of the optimal strategy.
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CHAPTER 9

CONCLUDING REMARKS

In this thesis, we have addressed a variety of problems that arise in the context of information ag-
gregation in sensor networks. While the general problem of devising optimal strategies for function
computation in wireless networks appears formidable, we have addressed different aspects of the
problem and presented optimal strategies for computing specific classes of functions and specific
network topologies. We have addressed three key questions that arise, namely which node should
transmit, what information it should send, and how that information must be encoded.

Beginning with the problem of zero error function computation in directed graphs, we have
analyzed both worst case and average case metrics. For directed tree graphs, we have constructed
optimal encoding schemes on each edge. This matches the cut-set lower bounds. For general DAGs,
we have provided an outer bound on the rate region, and an achievable region based on aggregating
along subtrees. It remains a challenge to quantify the sub-optimality of tree aggregation schemes
in general, and to develop better lower bounds for computation on graphs.

Next, we have addressed the problem of computing sum-threshold functions in undirected trees,
where all nodes seek to compute the function. In this case, the optimal strategy for block com-
putation involves a layering of transmissions that is reminiscent of message passing. For general
undirected graphs, we have presented cut-set lower bounds and a subtree-based aggregation scheme
for achievability. While we have shown that tree aggregation is a 2-OPT solution for complete
graphs, it remains a challenge to bound their suboptimality in general graphs.

Next, we have addressed the problem of computing symmetric Boolean functions in collocated
networks. We have derived optimal strategies for computing threshold functions and order op-
timal strategies with optimal preconstant for interval functions. The approach presented can be
extended to non-Boolean alphabets and non-Boolean valued functions. It remains a challenge to

derive optimal strategies for other classes of functions, and to study examples where multi-round
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interaction is beneficial.

Finally, we have addressed some sequential decision problems that arise in the context of com-
puting Boolean functions of random data. We have derived the optimal transmission policy for
computing a single instance of a Boolean threshold function in a collocated network. The proof of
an analogous result for block computation remains a challenge. We have also considered the prob-
lem of determining connectivity in random graphs by sampling edges, and have presented optimal
sampling strategies for some special classes of graphs. For general graphs, there are several open

problems that remain.
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