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Time-Consistency: from Optimization to Risk Measures

Michel De Lara and Vincent Leclere

Université Paris-Est, CERMICS (ENPC), 6-8 Avenue Blaise Pascal, Cité Descartes ,
F-77455 Marne-la-Vallée

Abstract

Stochastic optimal control is concerned with sequential decision-making un-
der uncertainty. The theory of dynamic risk measures gives values to stochastic
processes (costs) as time goes on and information accumulates. Both theories
coin, under the same vocable of time-consistency (or dynamic-consistency), two
different notions: the latter is consistency between successive evaluations of a
stochastic processes by a dynamic risk measure as information accumulates (a
form of monotonicity); the former is consistency between solutions to intertem-
poral stochastic optimization problems as information accumulates. Interest-
ingly, time-consistency in stochastic optimal control and time-consistency for
dynamic risk measures meet in their use of dynamic programming, or nested,
equations. We provide a theoretical framework that offers i) basic ingredi-
ents to jointly define dynamic risk measures and corresponding intertemporal
stochastic optimization problems ii) common sets of assumptions that lead to
time-consistency for both. Our theoretical framework highlights the role of time
and risk preferences, materialized in one-step aggregators, in time-consistency.
Depending on how you move from one-step time and risk preferences to in-
tertemporal time and risk preferences, and depending on their compatibility
(commutation), you will or will not observe time-consistency. We also shed
light on the relevance of information structure by giving an explicit role to a
state control dynamical system, with a state that parameterizes risk measures
and is the input to optimal policies.

Keywords: Dynamic programming, Time consistency, Dynamic risk measures

Introduction

Stochastic optimal control is concerned with sequential decision-making un-
der uncertainty. The theory of dynamic risk measures gives values to stochastic
processes (costs) as time goes on and information accumulates. Both theories
coin, under the same vocable of time-consistency (or dynamic-consistency), two
different notions. We discuss one after the other.

In stochastic optimal control, we consider a dynamical process that can be
influenced by exogenous noises as well as decisions made at every time step.

Preprint submitted to European Journal of Operation Research March 31, 2014
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The decision maker wants to optimize a criterion (for instance, minimize a net
present value) over a given time horizon. As time goes on and the system evolves,
observations are made. Naturally, it is generally more profitable for the decision
maker to adapt his decisions to the observations on the system. He is hence
looking for policies (strategies, decision rules) rather than simple decisions: a
policy is a function that maps every possible history of the observations to
corresponding decisions.

The notion of “consistent course of action” (see [1]) is well-known in the
field of economics, with the seminal work of [2]: an individual having planned
his consumption trajectory is consistent if, reevaluating his plans later on, he
does not deviate from the originally chosen plan. This idea of consistency as
“sticking to one’s plan” may be extended to the uncertain case where plans are
replaced by decision rules (“Do thus-and-thus if you find yourself in this portion
of state space with this amount of time left”, Richard Bellman cited in [3]): [4]
addresses “consistency” and “coherent dynamic choice”, [B] refers to “temporal
consistency”.

In this context, we loosely state the property of time-consistency in stochas-
tic optimal control as follows [6]. The decision maker formulates an optimization
problem at time ¢y that yields a sequence of optimal decision rules for ¢, and
for the following increasing time steps t1,...,txy = 7. Then, at the next time
step t1, he formulates a new problem starting at ¢; that yields a new sequence
of optimal decision rules from time steps t; to T'. Suppose the process continues
until time T is reached. The sequence of optimization problems is said to be dy-
namically consistent if the optimal strategies obtained when solving the original
problem at time tg remain optimal for all subsequent problems. In other words,
dynamic consistency means that strategies obtained by solving the problem at
the very first stage do not have to be questioned later on.

Now, we turn to dynamic risk measures. At time tgy, you value, by means
of a risk measure p;, 7, a stochastic process {At}t to? that represents a stream
of costs indexed by the increasing time steps to,t1,...,txy = T. Then, at the
next time step ¢, you value the tail {A t} 4, of the stochastlc process knowing
the information obtained and materialized by a o-field §,. For this, you use a
conditional risk measure p;, 7 with values in §¢,-measurable random variables.
Suppose the process continues until time 7T is reached. The sequence { pt,T}zZ to
of conditional risk measures is called a dynamic risk measure.

Dynamic or time-consistency has been introduced in the context of risk mea-
sures (see [7, [8, [@, [T0] [TT] for definitions and properties of coherent and consis-
tent dynamic risk measures). We loosely state the property of time-consistency
for dynamic risk measures as follows. The dynamic risk measure {pt T} it
is said to be time-consistent when the followmg property holds. Suppose that
two streams of costs, {At}t:to and {At}t:tg’ are such that they coincide from
time Z; up to time ¢; > t; and that, from that last time t;, the tail stream

{ét}ztj is valued more than {Kt}ztj (pthT({ét}zitj) > pe,T {At}t t]
Then, the whole stream {ét}iit, is valued more than {Xt}Zitl (pe;.1( {ét t:ti) >
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We observe that both notions of time-consistency look quite different: the
latter is consistency between successive evaluations of a stochastic processes by a
dynamic risk measure as information accumulates (a form of monotonicity); the
former is consistency between solutions to intertemporal stochastic optimization
problems as information accumulates. We now stress the role of information ac-
cumulation in both notions of time-consistency, because of its role in how the
two notions can be connected. For dynamic risk measures, the flow of informa-
tion is materialized by a filtration {St} _, . In stochastic optimal control, an
amount of information more modest than the past of exogenous noises is often

sufficient to make an optimal decision. In the seminal work of [I2], the minimal

information necessary to make optimal decisions is captured in a state variable
(see [I3] for a more formal definition). Moreover, the famous Bellman or Dy-
namic Programming Equation (DPE) provides a theoretical way to find optimal
strategies (see [14] for a broad overview on Dynamic Programming (DP)).

Interestingly, time-consistency in stochastic optimal control and time-consistency

for dynamic risk measures meet in their use of DPEs. On the one hand, in
stochastic optimal control, it is well known that the existence of a DPE with
state x for a sequence of optimization problems implies time-consistency when
solutions are looked after as feedback policies that are functions of the state x.
On the other hand, proving time-consistency for a dynamic risk measure appears
rather easy when the corresponding conditional risk measures can be expressed
by a nested formulation that connects successive time steps. In both contexts,
such nested formulations are possible only for proper information structures. In
stochastic optimal control, a sequence of optimization problems may be consis-
tent for some information structure while inconsistent for a different one (see
[6]). For dynamic risk measures, time-consistency appears to be strongly de-
pendent on the underlying information structure (filtration or scenario tree).
Moreover, in both contexts, nested formulations and the existence of a DPE are
established under various forms of decomposability of operators that display
monotonicity and commutation properties.

Our objective is to provide a theoretical framework that offers i) basic ingre-
dients to jointly define dynamic risk measures and corresponding intertemporal
stochastic optimization problems ii) common sets of assumptions that lead to
time-consistency for both. Our theoretical framework highlights the role of time
and risk preferences, materialized in one-step aggregators, in time-consistency.
Depending on how you move from one-step time and risk preferences to in-
tertemporal time and risk preferences, and depending on their compatibility
(commutation), you will or will not observe time-consistency. We also shed
light on the relevance of information structure by giving an explicit role to a
dynamical system with state X.

In 1] we present examples of intertemporal optimization problems display-
ing a DPE, and of dynamic risk measures (time-consistent or not, nested or



100

105

110

115

not). In we introduce the basic material to formulate intertemporal op-
timization problems, in the course of which we define “cousins” of dynamic
risk measures, namely dynamic uncertainty criteria; we end with definitions of
time-consistency, on the one hand, for dynamic risk measures and, in the other
hand, for intertemporal stochastic optimization problems. In we introduce
the notions of time and uncertainty-aggregators, define their composition, and
show four ways to craft a dynamic uncertainty criterion from one-step aggrega-
tors; then, we provide general sufficient conditions for the existence of a DPE
and for time-consistency, both for dynamic risk measures and for intertemporal
stochastic optimization problems; we end with applications. In we extend
constructions and results to Markov aggregators.

1. Introductory Examples

The traditional framework for DP consists in minimizing the expectation of
the intertemporal sum of costs as in Problem . As we see it, the intertem-
poral sum is an aggregation over time, and the mathematical expectation is an
aggregation over uncertainties. We claim that other forms of aggregation lead
to a DPE with the same state but, before developing this point in we lay
out in three settings (more or less familiar) in which a DPE holds. We do
the same job for dynamic risk measures in §I.2] with time-consistency.

To alleviate notations, for any sequence {Hs}s_ o of sets, we denote by

=tl1,..5t2
[HS]Z, or by H,.4,), the Cartesian product

to
t1

to

s=t1

Hip ) = [Hs} = [Hs} = Hy, XX Hy, , (1a)

and a generic element by

t t
h[t1:t2] = {ht}t? = {ht tzztl = (htl7 o "th) . (1b)
In the same vein, we also use the following notation for any sequence

to

¢
Hiy ) = {Hs}tj = {Hs}s:tl = {Hs}s:tl,...,tg : (1c)
In this chapter, we denote by R the set R U {+00}.

1.1. Examples of DPFEs in Intertemporal Optimization

Anticipating on material to be presented in §2.1] we consider a dynamical
system influenced by exogenous uncertainties and by decisions made at discrete
time steps t =0,¢t =1, ..., t =T — 1, where T is a positive integer. For any
t € [0,T], where [a,b] denote the set of integers between a and b, we suppose
given a state set X;, and for any ¢t € 0,7 — 1] a control set Uy, an uncertainty
set W, and a mapping f; that maps X; x U; x W, into X;11. We consider the
control stochastic dynamical system

vt e [0, T — 1], X1 = fe(Xe, Uy, W) . (2)
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We call policy a sequence m = (m¢)¢co,r—1] of mappings where, for all ¢ €
[0,T — 1], 7 maps X; into U;. We denote by II the set of all policies. More
generally, for all ¢ € [0,T], we call (tail) policy a sequence m = (7s)seft,7—1]
and we denote by II; the set of all such policies.

Let {Wt}fzo be a sequence of independent random variables (noises). Let

{Jt}gfl be a sequence of cost functions J; : X; x Uy x Wy — R, and a final cost
function Jr : X7 x Wpr — R.

With classic notations, and assuming all proper measurability and integra-
bility conditions, we consider the dynamic optimization problem

T-1
min K { ; J( X, U, W,) + Jp(Xp, W) | (3a)
st. X, = fi(X,, U, W,), vie[0,T—1], (3b)
U, = m(X,), vee[o,T—1].  (3c)

It is well-known that a DPE with state X can be associated with this problem.
The main ingredients for establishing the DPE are the following: the intertem-
poral criterion is time-separable and additive, the expectation is a composition
of expectations over the marginals law (because the random variables {Wt}z;o
are independent), and the sum and the expectation operators are commuting.
Our main concern is to extend these properties to other “aggregators” than the
intertemporal sum ZtT:_Ol and the mathematical expectation E, and to obtain
DPEs with state X, thus retrieving time-consistency.

In this example, we aggregate the streams of cost first with respect to
time (through the sum over the stages), and then with respect to uncertain-
ties (through the expectation). This formulation is called TU for “time then
uncertainty”. All the examples of this follow this template.

We do not present proofs of the DPEs exposed here as they fit into the
framework developed later in

1.1.1. Expected and Worst Case with Additive Costs

We present together two settings in which a DPE holds true. They share
the same time-aggregator — time-separable and additive — but with distinct
uncertainty-aggregators, namely the mathematical expectation operator and the
so-called “fear” operator.

Ezpectation Operator. Consider, for any ¢ € [0,T], a probability P; on the
uncertainty space W; (equipped with a proper o-algebra), and the product
probability P = Py ® - - - ® Pp. In other formulations of stochastic optimization
problems, the probabilities P; are the image distributions of independent ran-
dom variables with value in W;. However, we prefer to ground the problems
with probabilities on the uncertainty spaces rather than with random variables,
as this approach will more easily easily extend to other contexts without stochas-
ticity.
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The so-called value function Vi, whose argument is the state x, is the optimal
cost-to-go defined by

T-1
Vi(z) = min ELZ;JS(XS,US,WS)JrJT(XT,WT) , (4a)
st. X, =, (4b)
X = (X, UL W), Vset, T —1],
(4c)
U, =7s(X,) . (4d)

The DPE associated with problem is

Vile) = Be, [Jr(e,Wy)|

: ()
Vi(z) = minyey, Ep, [Jt(%“,% W,) + Visr o fulw,u, Wt)} ;
for all state z € X; and all time ¢ € [0,7 — 1].
It is well-known that, if there exists a policy 7* (with proper measurability
assumptions that we do not discuss here [see [I5]]) such that, for each ¢ €
[0,T — 1], and each = € X;, we have

71'5(],‘) € arg min K |:Jt(x7 U, Wt) + ‘/t—&-l o ft(xa u, Wt):| ) (6)
u€eUyg

then 7 is an optimal policy for Problem .

Time-consistency of the sequence of Problems , when ¢ runs from 0 to T,
is ensured by this very DPE, when solutions are looked after as policies over the
state x. We insist that the property of time-consistency may or may not hold
depending on the nature of available information at each time step. Here, our
assumption is that the state x; is available for decision-making at each time tE|

Remark 1. To go on with information issues, we can notice that the so-called
“non-anticipativity constraints”, typical of stochastic optimization, are contained
in our definition of policies. Indeed, we considered policies are function of the
state, which a summary of the past, hence cannot anticipate the future. Why
can we take the state as a proper summary? If, in Problem , we had con-
sidered policies as functions of past uncertainties (non-anticipativity) and had
assumed that the uncertainties are independent, it is well-known that we could
have restricted our search to optimal Markovian policies, that is, only functions
of the state. This is why, we consider policies only as functions of the state.

Hn the literature on risk measures, information is rather described by filtrations than by
variables.



170

175

Fear Operator. In [16], Pierre Bernhard coined fear operator the worst-case
operator, widely considered in the field of robust optimization (see [I7] and

[18]).

We consider the optimization problem

T-1
min sup [ Ji(ze, up, we) + Jr(xr, wr) |, (7a)
well wEW[o.7) ;
s.t. Ti41 = ft(l‘t, U, ’UJt), (7b)
uy = g (Ty)- (7c)

Contrarily to previous examples we do not use bold letters for state x, control u
and uncertainty w as these variables are not random variables. In [19, Section
1.6], it is shown that the value function

T-1
Vi(z) = min weswgﬁq] {; Js(@s, us, ws) + Jr(zr, wr)| | (8a)
st. z=x, (8b)

Tt = fo(s, s, w5) (8¢c)

us = ms(xs) (8d)

satisfies the DPE

Vr(z) = sup Jr(z,wr),
wr EWp

‘/t(x) = min sup Jt(l‘vu’a wt) + V;f-i-l o ft(l',U,?.Ut):| )
u€eUyg wi €W,

for all state « € X; and all time ¢t € [0,7 — 1].

1.1.2. Expectation with Multiplicative Costs

An expected multiplicative cost appears in a financial context if we consider a
final payoff K (X, Jrl) depending on the final state of our system, but discounted
at rate 7¢(X,). In this case, the problem of maximizing the discounted expected
product reads

T—1 1
max E (7)K X ] .
mell |: tl;|1: 1+ T‘t(Xt) ( T)

We present another interesting setting where multiplicative cost appears.
In control problems, we thrive to find controls such that the state z; satisfies
constraints of the type x; € Xy C X, for all t € [0,T]. In a deterministic setting,
the problem has either no solution (there is no policy such that, for all ¢ € [0, 717,
x¢ € Xy) or has a solution depending on the starting point zy. However, in a
stochastic setting, satisfying the constraint x; € X}, for all time ¢ € [0,7] and
P—almost surely, can lead to problems without solution. For example, if we
add to a controled dynamic a nondegenerate Gaussian random variable, then
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the resulting state can be anywhere in the state space, and thus a constraint
X, € &; C X; where &} is, say, a bounded set, cannot be satisfied almost surely.

For such a control problem, we propose alternatively to maximize the prob-
ability of satisfying the constraint (see [20], where this is approach is called
stochastic viability):

max P({Vt e[0, 7], X, € Xt}>, (10a)
st X, = fi(X,, U, W,) , (10Db)
U, =(X,). (10¢)

This problem can be written

T
nap E[[I1oxeno) (1a)
st X, 1 =fi (Xt, U,, Wt) , (11b)
U =n(X,). (11¢)

It is shown in [21] that, assuming that noises are independent (i.e the probability
P can be written as a product P =Py ® - -+ ® Pr), the associated DPE is

Vr(z) :E[l{zem}],

(12)
Vi) =maxuen, E[lgexy Vi o filw,u, W,)] |
for all state x € X; and all time ¢ € [0,7 — 1].
If there exists a measurable policy 7 such that, for all t € [0,T — 1] and all
S Xt,

wg(x) IS arglgax E []l{xext} Vi 0 ft(:c,u,Wt)} , (13)
ueU

then 7# is optimal for Problem (T0).

1.2. Examples of Dynamic Risk Measures

Consider a probability space (Q, 5, IF’), and a filtration § = {;}Z. The ex-
pression {As}g denotes an arbitrary, §-adapted, real-valued, stochastic process.

Anticipating on recalls in we call conditional risk measure a function
pe, 7 that maps tail sequences {As}f, where each A is §, measurable, into the
set of §; measurable random variables. A dynamic risk measure is a sequence
{pt.7}¥ of conditional risk measures.

A dynamic risk measure {p; 7 }7_o, is said to be time-consistent if, for any
couples of times 0 < t < t < T, the following property holds true. If two
adapted stochastic processes {és}g and {A }{ satisfy

A =A_, Vs e [t,t—1], (14a)
rir({A ) <pmr({A}]), (14b)



then we have: o
per({A}]) <per({A3]) - (14c)

We now lay out examples of dynamic risk measure.

1.2.1. FExpectation and Sum
Unconditional Fxpectation. The first classical example, related to the optimiza-
tion Problem , consists in the dynamic risk measure {pt7T}tT:0 given by

T

prr({AN) = E{ZAS} , vte[o,T] . (15)

s=t

We write under three forms — denoted by TU, UT, NTU, and discussed

later in

por({A)]) = E [i Al (rv)

]ElAtJrE{AHlerHE{AT1+E[AT]] H (NTU)

To illustrate the notion, we show that the dynamic risk measure {Pt,TE:O is
time-consistent. Indeed, if two adapted stochastic processes A and B sat-

isfy (14a)) and (14b), with t =¢ < ¢ < T, we conclude that

pur({A }T) =E [Z A+ prlia )
e[S, pen (D) = (D).

s=t

Conditional Expectation. Now, we consider a “conditional variation” of by

defining
T

pr({AN) =E[Y A,

s=t

5. (16)




We Writeﬂ the induced dynamic risk measure {p; 7}, under four forms —
denoted by TU, UT, NTU, NUT, and discussed later in

T
pr((A)) =57 [ 4] (rv)
T
= Z]ES‘ [A,] (UT)

— ES¢

A, + ES+ [AH o+ B A +EST[A]] H (NTU)
= A, +ES+ [Am +o -+ EST2 (A, +EST[AL]] } (NUT)

The dynamic risk measure {p; r}{_ is time-consistent: indeed, if two adapted
stochastic processes A and B satisfy (14a) and (14b]), with t =t <¢ < T, we
conclude that

pur({A }7) [ZA+mwAh‘q

< E [;AS +pir({A}) ’ St:| =per({A}) -

1.2.2. AV@R and Sum
In the following examples, it is no longer possible to display three or four
15 equivalent expressions for the same conditional risk measure. This is why, we
present different dynamic risk measures.

Unconditional AV@QR. For 0 < a < 1, we define the Average-Value-at-Risk of
level « of a random variable X by

E[X—T]Jr}.

AVGR,, [X] = inf {r+ ——

reR (17)

Let {O‘t}tT:o and {O‘t»S}sTt=o be two families in (0,1). We lay out three dif-
ferent dynamic risk measures, given by the following conditional risk measures:

2Here, for notational clarity, we denote by ESt [ . ] the conditional expectation E [ | S"t}-

10
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T
prr[{A ] = AV@R,, [Z As} , (TU)

s=t

T
per[{A}]] =) AV@R,, [A], (UT)

s=t

pi\fTTU ({As}g) = AV@RD&tTt

A, + AV@R,, ,, [AtJrl N

AV@R., , [A,] H | T

The dynamic risk measure {pI%}1  is not time-consistent, whereas the dy-
namic risk measure {pVZ}T ; and the dynamic risk measure {pNEV}T  are
time consistent, as soon as the levels a; s do not depend on t¢.

Conditional AV@QR. For 0 < a < 1, and a subfield & C § we define the condi-
tional Average-Value-at-Risk of level a of a random variable X knowing & by

E[X 7| ®]+}'

& - .
AVERS[X] = inf  {r4 -

r &-measurable

(19)

Let {ozt}tT:O and {O‘tas}ftzo be two families in (0,1). We lay out four dif-

ferent dynamic risk measures, given by the following conditional risk measures:

T
pr((A,)]) = averg| Y4, ()

s=t

pr({A) =D AV@RY [A], (UT)

s=t

Q¢ t41

T
per({AT) =3 AVar§: [AV@R&,H [ AV@RE: [AS]H’ (UT)
s=t

per({A}T) = AV@RY!

Q. t

A+

Qi t41 QT

AV@RS+ {At+1+~~AV@R3T [AT]..-H. (NTU)

Examples of this type are found in papers like [22] 23], 24] 25].

Markovian AV@R. Let a policy 7 € I, a time ¢ € [0,7] and a state z; € X; be
fixed. With this and the control stochastic dynamical system , we define the

11
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Markov chain {X %*}T_, produced by ([Bb)—-(3d) starting from X, = z;. We also
define, for each s € [t,T7, the o-algebra X7t = (X 7*). With this, we define a
conditional risk measure by

4 _ ot
o ({A]) =AV@R]: | | A+
(21)
x5, g
AV@R., 1, {Atﬂ + -+ AVQRL7, [A] H .

T T
Repeating the process, we obtain a family {{thT ex } o such that {0} i—o
s ze€Xy f 4 , =

is a dynamic uncertainty criterion, for all sequence {mt}tT:O of states, where
xy € Xy, for all t € [0,T7].

2. Time-Consistency: Problem Statement

In §2.3] we lay out the basic material to formulate intertemporal optimiza-
tion problems. In §2.2] we define “cousins” of dynamic risk measures, namely
dynamic uncertainty criteria. In we provide definitions of time-consistency,
on the one hand, for dynamic risk measures and, in the other hand, for intertem-
poral stochastic optimization problems.

2.1. Ingredients for Intertemporal Optimization Problems

In we recall the formalism of Control Theory, with dynamical sys-
tem, state, control and costs. Mimicking the definition of adapted processes in
Probability Theory, we introduce adapted uncertainty processes. In we
show how to produce an adapted uncertainty process of costs.

2.1.1. Dynamical System, State, Control and Costs
We define a control T-stage dynamical system, with T > 2, as follows. We
consider

e a sequence {Xt}g of sets of states;
T—1
e asequence {U,} ~ of sets of controls;

T _y
e a sequence {Wt} o of sets of uncertainties, and we define

Wio.r) = [WS]OT . the set of scenarios, (22a)
Wio.) = [Ws]g , the set of head scenarios, ¥t € [0,T] , (22b)
Wisy = [WS]tT , the set of tail scenarios, Vt € [0,T] ; (22c¢)

e a sequence {ft}g_l of functions, where f; : Xy x Uy x W; — X;11, to play
the role of dynamics;

12
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e a sequence {Ut}gfl of T multifunctions Uy : Xy = Uy, to play the role of
constraints;

e a sequence {Jt}OTfl of cost functions J; : Xy x Uy x W, — R, and a final
cost function Jp : Xp x Wp — RE

Mimicking the definition of adapted processes in Probability Theory, we
introduce the following definition of adapted uncertainty processes, where the
increasing sequence of head scenarios sets in (22b)) corresponds to a filtration.

Definition 1. We say that a sequence Ajg.7) = {AS }Z is an adapted uncertainty
process if Ay € F(Wo.q;R) (that is, A, : Wig.,) — R), for all s € [0,7]. In
other words, [.7-" (Wio.s3 R)}io is the set of adapted uncertainty processes.

A policy m = (m¢)¢ejo,r—1] s a sequence of functions m; : Xy — Uy, and we
denote by II the set of all policies. More generally, for all ¢ € [0,T], we call
(tail) policy a sequence m = (7s)sep,7—1] and we denote by II; the set of all
such policies.

We restrict our search of optimal solutions to so-called admissible policies
belonging to a subset I1*¢ C II. An admissible policy m € II*? always satisfies:

thHO,T*].]] s VfEGXt, Wt(x)GUt(x)

We can express in I1%¢ other types of constraints, such as measurability or
integrability ones when in a stochastic setting. Naturally, we set T1¢¢ = IT, NTI%¢.

Definition 2. For any time ¢t € [0, 77, state x € X; and policy 7 € II, the flow
{X{77YLL, is defined by the forward induction:

Xi(w) ==,
Vw € Wig.py ,
XZ;ll(w) = f, (Xf)f(w),ﬂs(Xf)f(w)),ws) , Vse[t,T] .
(23)

The expression X;"," (w) is the state z, € X, reached at time s € [0, 7], when
starting at time ¢ € [0, s] from state x € X; and following the dynamics ([2) with
the policy 7 € II along the scenario w € Wg.7y.

Remark 2. For 0 <t < s < T, the flow Xz’sﬂ is a function that maps the set
Wio.1) of scenarios into the state space X:

Xzz:r : W[O:T] — X . (24)
By (23).

3For notational consistency with the J; for t = [0,T — 1], we will often write Jr(x,u, w)
to mean Jp(z,w).
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e whent > 0, the expression Xff’s” (w) depends only on the inner part wy.,_q
of the scenario w = wy.7), hence depends neither on the head wyg.;—1], nor
on the tail w7y,

e whent =0, the expression Xg:(w) in depends only on the head wjo.s—1)
of the scenario w = wig.1), hence does not depend on the tail wis.r)-

This is why we often consider that the flow Xﬁf is a function that maps the set
Wi.s—1) of scenarios into the state space Xs:

Vse [1,T], Vte[0,s—1], X7 Wy q —X,. (25)

A state trajectory is a realization of the flow {ng’:(w)}slo for a given sce-
nario w € Wg.7). The flow property

-
7T

Vs, s, t<s' <s, VoeXy, X[T=X," (26)
expresses the fact that we can stop anywhere along a state trajectory and start

again.

2.1.2. Producing Streams of Costs
Definition 3. For a given policy m € II, and for all times ¢ € [0,7] and s €
[t,T], we define the uncertain costs evaluated along the state trajectories by:

TR w € Wioy — Jy(XE (w), (X7 (w)), ) (27)

Remark 3. By Remark[3

e when t > 0, the expression Jf’:(w) m depends only on the in-
ner part wy.) of the scenario w = wio.1), hence depends neither on the
head wio.;—1), nor on the tail wisy1.77,

o whent =0, the expression Jg”;r (w) in depends only on the head wio.s)
of the scenario w = wyg.1), hence does not depend on the tail wisy1.7y.

This is why we often consider that Jg’;r is a function that maps the set Wy of
scenarios into R:

Vs € [0,T], Vt € [0,s], JIT 0 Wiy — R (28)

T . .
As a consequence, the stream {JS’:}SZO of costs is an adapted uncertainty pro-
cess.

By and (23), we have, for all ¢t € [0,7] and s € [t + 1,77,

thff(wt) =J; (%Wt(%),wt) ;
vw t:T 6V\Vt:T 9 (29)
[T} [T} €T, T fe(z,me(2),we),m T
Jt,s (w, {wr}t+1) = Jt+1,s <{wr}t+1) .

14
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2.2. Dynamic Uncertainty Criteria and Dynamic Risk Measures

Now, we stand with a stream {Jg77 }3:0 of costs, which is an adapted un-
certainty process by Remark To craft a criterion to optimize, we need to
aggregate such a stream into a scalar. For this purpose, we define dynamic un-
certainty criterion in and relate them to dynamic risk measures in

2.2.1. Dynamic Uncertainty Criterion

Inspired by the definitions of risk measures and dynamic risk measures in
Mathematical Finance, and motivated by intertemporal optimization, we in-
troduce the following definitions of dynamic uncertainty criterion, and Markov
dynamic uncertainty criterion. Examples have been given in

Definition 4. A dynamic uncertainty criterion is a sequence {gt7T}?:0, such
that, for all ¢ € [0,T7,

e 0; 7 is a mapping

— T —
o1 [‘F(W[Os]aR)} s=t - ]:(W[Ot]yR) ) (30&)

e the restriction of g, to the domai [F(W[t:s];f&)]fzt yields constant
functions, that is,

0,1 * []:<W[ts]7 R)] j:t R, (3Ob)

T

A Markov dynamic uncertainty criterion is a family {{Q?T}xtext} , such
' t=0

that {thT tT:O is a dynamic uncertainty criterion, for all sequence {xt}io of
states, where z; € Xy, for all ¢ € [0, T7].

We relate dynamic uncertainty criteria and optimization problems as follows.

T

Definition 5. Given a Markov dynamic uncertainty criterion {,thT} } ,
) 2 €Xe g
we define a Markov optimization problem as the following sequence of families

of optimization problems:

(P@)  min ofr({7}L,), VET], Voex,.  (31)
mellad ’
Each Problem is indeed well defined by (30b)), because {Jtaf’; Z:t € [F(W.q;R)]

by .

4Where F(Wiesps R) is naturally identified as a subset of F(Wio.s5 R).

15
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2.2.2. Dynamic Risk Measures in a Nutshell

We establish a parallel between uncertainty criteria and risk measures. For
this purpose, when needed, we implicitely suppose that each uncertainty set W,
is endowed with a o-algebra W;, so that the set Wg.7} of scenarios is naturally
equipped with the filtration

Fe=Wo®@ - W {0, W1} ®---@{0,Wr}, Vte[0,T]. (32)
Then, we make the correspondence between (see also the correspondence Ta-
ble

e the measurable space (W (.71, $F7) and the measurable space (€, §) in §2.2.2

e the set F (W[O:t]§ R) of functions and a set £; of random variables that are

Fi-measurable in §2.2.2)
e the set [f(W[s:T];R)]ST:t and a set £; 7 of adapted processes, as in
in §2.2.2)

Notice that, when the o-algebra W; is the complete o-algebra made of all sub-
sets of W;, F (W[Ozt];f&) is exactly the space of random variables that are §;-
measurable.

We follow the seminal work [26], as well as [27, 28], for recalls about risk
measures.

Static Risk Measures. Let (Q, S) be a measurable space. Let £ be a vector space
of measurable functions taking values in R (for example, £ = L? (Q,S, P; R))
We endow the space £ with the following partial order:

VX, Yel£, X<Y <+ WweQ, Xw)<YW).

Definition 6. A risk measure (with domain £) is a mapping p : £L — R.
A convex risk measure is a mapping p : L — R displaying the following
properties:

e Converity: VX,Y € L, Vt € [0,1], p(tX +(1- t)Y) < t,o(X) +
(1-t)p(Y),

e Monotonicity: if Y > X, then ,o(Y) > p(X) ,
o Translation equivariance: Ve € R, VX € L, plc+X)=c+p(X).

A coherent risk measure is a convex risk measure p : L — R with the
following additional property:

e Positive homogeneity: ¥t >0, VX € L, p(tX) =tp(X) .

16
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Let P be a set of probabilities on (Q,S) and let T be a function mapping
the space of probabilities on (Q, S) onto R. The functional defined by

p(X)= sup {Ee[X] - T(P)} (33)

is a convex risk measure on a proper domain £ (for instance, the bounded
functions over ). The expression

p(X) = sup Bs [X ] (34)
PeP
defines a coherent risk measure.
Under proper technical assumptions, it can be shown that any convex or
coherent risk measure can be represented by the above expressions.

Conditional Risk Mappings. We present the conditional risk mappings as de-
fined in [28], extending the work of [29].

Let (Q,%’) be a measurable space, §1 C §2 C § be two c-algebras, and
L1 C Ly be two vector spaces of functions 2 — R that are measurable with
respect to §1 and §o, respectively.

Definition 7. A conditional risk mapping is a mapping p : Lo — L.
A convex conditional Tisk mapping p : Lo — L1 has the following properties:

o Convexity: YVX,Y € Ly, Vt € [0,1], p(tX + (1 -1)Y) < tp(X) +
(1-t)p(Y),

e Monotonicity: if Y > X, then ,o(Y) > p(X) ,
o Translation equivariance: Vc € L1, VX € Lo, ple+X) =c+p(X).

Conditional and Dynamic Risk Measures. We follow [23] Section 3]. Let (Q, S)

be a measurable space, with a filtration §; C --- CFr C F,and L1 C --- C L

be vector spaces of functions 2 — R that are measurable with respect to §1,
.., 8T, respectively. We set

Lir=LyX--XLp, VE€[0,T]. (35)

An element {AS}OT of Ly is an adapted process since every A € Ly is §s-
measurable. Conditional and dynamic risk measures have adapted processes
as arguments, to the difference of risk measures that take random variables as
arguments.

Definition 8. Let t € [0,7]. A one-step conditional risk mapping is a condi-
tional risk mapping p; : Li41 — L. A conditional risk measure is a mapping
pe,1 Ly Ly

. . T .. .
A dynamic risk measure is a sequence { pt,T} —o of conditional risk measures.

17
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Dynamic uncertainty criteria {o:r}1_o, as introduced in Definition [4] corre-
spond to dynamic risk measures.

Remark 4. A conditional risk measure py 1 : Ly — Ly is said to be monotonousﬂ
if, for all {A YI_, and {A }I_, in Ly 7, we have

vselt,T], A <A, = pr({A}_ ) <pr({A}). (36)

Markov Risk Measures. In [23], Markov risk measures are defined with respect
to a given controlled Markov process. We adapt this definition to the setting
developed in the Introduction, and we consider the control stochastic dynamical

system
Xt+1 = ft(XﬁUt’Wt) )

where {Wt}g is a sequence of independent random variables. Then, for all
policy m, when U, = 7;(X,) we obtain a Markov process {X,}¢c[o,r], where
X, = X" ({W_ 37 is given by the flow (23).

Let {St}tho be the filtration defined by §; = 0({WS}B). For any t € [0,T],
let V; be a set of functions mapping X; into R such that we have v(ng;’”) € Ly,
for all policy 7 € 11?4,

Definition 9. A one-step conditional risk measure p;_1 : Ly — L;_1 is a
Markov risk measure with respect to the control stochastic dynamical sys-
tem if there exists a function ¥; : Vi1 x X; x Uy — R, such that, for
any policy m € I1*4, and any function v € V;,1, we have

(L ATEETHAAN))

(37)
—, (v,X&z’W{WS}é—l)m (X&%’”({Ws}é‘”)) :

A Markov risk measure is said to be coherent (resp. convex) if, for any state
x € Xy, any control u € Uy, the function

v Uy (v,ac,u) , (38)

is a coherent (resp convex) risk measure on V.1 (equipped with a proper o-
algebra).

Dynamic Markov uncertainty criteria {o;r}i_o, as introduced in Defini-
tion [4 correspond to Markov risk measures.

Correspondence Table.

5Tn [23] Section 3], a conditional risk measure is necessarily monotonous, by definition.

18



H Risk Measures H Uncertainty Criteria

measurable space | (Q,3F) (Wio.1y, 87) | measurable space
§i-measurable F (W[o:t]; ]R)
adapted processes | Lo 1 [.7-" (Wio.s3 R)} Z:o adapted uncertainty
processes

dynamic risk {per}E, {owr}E, dynamic uncertainty
measure criteria

T T
Markov dynamic {{pftT €X,s }t*O {{gftT — }t*O Markov dynamic
risk measure B - uncertainty criterion

Table 1: Correspondence Table

Time-Consistency for Dynamic Risk Measures. The literature on risk measures
has introduced a notion of time-consistency for dynamic risk measures, that we
recall here (see [30, 29, [9]).

Definition 10. A dynamic risk measure {p; r}I_,, where p;r : Li7 — Ly,

is said to be time-consistent if, for any couples of times 0 < ¢t < ¢ < T, the

following property holds true. If two adapted stochastic processes {A }I and
—s

{A_}§ in Lo satisfy

és :ZS , Vset,t—1], (39a)
PZT({éS}fT) §P¥,T({ZS}ZT) ) (39b)

then we have: o
per({A ) <per({A}) - (39¢)

Remark 5. In [23], the equality (39a) is replaced by the inequality
és < KS , Vsett]. (39d)

Depending whether we choose (39a) or (39d)) as assumption to define a time-
consistent dynamic risk measure, we have to adapt or mot an assumption in
Theorem [9 (see Remark [1).

2.3. Definitions of Time-Consistency

With the formalism of §2.2.1) we give a definition of time-consistency for
Markov optimization problems in §2.3.1] and for Markov dynamic uncertainty

criteria in §2.3.2)

19



w0 2.8.1. Time-Consistency for Markov Optimization Problems

With the formalism of §2.2.1] we here give a definition of time-consistency
for Markov optimization problems. We refer the reader to Definition [5| for the
terminology.

sider the Markov optimization probl T defined in (3T

Consider the Markov optimization problem {{(‘Bt)(x)}zext}tzo efined in (31)).
For the clarity of exposition, suppose for a moment that any optimization Prob-
lem (PB;)(z) has a unique solution, that we denote 7t* = {m,t*}T-1 ¢ 1124,
Consider 0 <t <t < T. Suppose that, starting from the state z at time t, the
flow drives you to

T = Xf; (w), ™=7bZ (40)

at time £, along the scenario w € W7y and adopting the optimal policy The ¢
1124, Arrived at Z, you solve () (Z) and get the optimal policy 7% = {m,*7}T ! €
H‘tld. Time-consistency holds true when

Vs >, mh% =mbt (41)

that is, when the “new” optimal policy, obtained by solving (7)(T), coincides,
»s  after time ¢, with the “old” optimal policy, obtained by solving (:)(z). In
other words, you “stick to your plans” (here, a plan is a policy) and do not
reconsider your policy whenever you stop along an optimal path and optimize
ahead from this stop point.
To account for non-uniqueness of optimal policies, we propose the following
w0 formal definition.

Definition 11. For any policy w € II, suppose given a Markov dynamic un-

certainty criterion {{gftT” o ext}tzo' We say that the Markov optimization
problem
. i T
(Be)(x) nin Qi’{f({]ﬁsﬂ}gt) , Vte[0,T], Vx e Xy . (42)
t

is time-consistent if, for any couple of times ¢ < ¢ in [0, T] and any state z € Xy,
the following property holds: there exists a policy 7# = {WE}ST;; € sz such
that

o {7t ST;; is optimal for Problem 9B, (z);

365 e the tail policy {wg}ST;il is optimal for Problem P3(7), where T € X; is any
!
state achieved by the flow Xi’; in (23).

We stress that the above definition of time-consistency of a sequence of
families of optimization problems is contingent on the state  and on the dy-
namics { ft}(:)r_l by the flow . In particular, we assume that, at each time

s step, the control is taken only in function of the state: this defines the class of
solutions as policies that are feedbacks of the state x.

20
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2.8.2. Time-Consistency for Markov Dynamic Uncertainty Criteria

We provide a definition of time-consistency for Markov dynamic uncertainty
criteria, inspired by the definitions of time-consistency for, on the one hand,
dynamic risk measures (recalled in and, on the other hand, Markov
optimization problems. We refer the reader to Definition [ for the terminology.

Definition 12. The Markov dynamic uncertainty criterion {{0}* }+,ex, M, s
said to be time-consistent if, for any couple of times 0 < ¢ < t < T, the following
property holds true.

If two adapted uncertainty processes {A,}2 and {A,}T, satisfy

A = A, Vs € [t,1] , (43a)
p?T({As};:F) < pfj,T({As i) vz e X, (43b)

then we have:
pir({A3) < pir({AsH) Ve e Xy . (43¢)

This Definition [I2] of time-consistency is quite different from Definition [TT]
Indeed, if the latter looks after consistency between solutions to intertemporal
optimization problems, the former is a monotonicity property. Several authors
establish connections between these two definitions [31], [32] 23] B3] for case spe-
cific problems. In the following §3| we provide what we think is one of the most
systematic connections between time-consistency for Markov dynamic uncer-
tainty criteria and time-consistency for intertemporal optimization problems.

3. Proving Joint Time-Consistency

In §3.3] we introduce the notions of time and uncertainty-aggregators, de-
fine their composition, and outline the general four ways to craft a dynamic
uncertainty criterion from one-step aggregators. In we present two ways
to craft a nested dynamic uncertainty criterion; for each of them, we provide
sufficient monotonicity assumptions on one-step aggregators that ensure time-
consistency and the existence of a DPE. In §3.3] we introduce two commutation
properties, that will be the key ingredients for time-consistency and for the ex-
istence of a DPE in non-nested cases. In §3.4] we present two ways to craft a
non-nested dynamic uncertainty criterion; for each of them, we provide suffi-
cient monotonicity and commutation assumptions on one-step aggregators that
ensure time-consistency and the existence of a DPE.

8.1. Aggregators and their Composition

We introduce the notions of time and uncertainty-aggregators, define their
composition, and outline the general four ways to craft a dynamic uncertainty
criterion from one-step aggregators.
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8.1.1. One-Step Time-Aggregators and their Composition

Time preferences are reflected in how streams of costs — elements of R7+1,
like {J5" (w)}{Z, introduced in Definition [3{ — are aggregated with respect to
time thanks to a function ® : RTT1 — R, called multiple-step time-aggregator.
Commonly, multiple-step time-aggregators are built progressively backward.
In the multiple-step time-aggregator is the time-separable and additive
(I){CS}S:O = Zf:o cs, obtained as the initial value of the backward induc-
tion EST:,: cs = (Eit 41Cs) T ¢ the time-separable and multiplicative ag-
gregator ‘I’{CS}ST:O = HST:() cs is the initial value of the backward induction
HZ:t cs = (Hf:t 41 Cs)ce- A multiple-step time-aggregator aggregates the 7'+ 1
costs {J&’tﬂ(w)}tT:O, whereas a one-step time-aggregator aggregates two costs,
the current one and the “cost-to-go” (as in [13]).

Definition 13. A multiple-step time-aggregator is a function mapping R” into
R, where & > 2. When k = 2, we call one-step time-aggregator a function
mapping R? into R.

A one-step time-aggregator is said to be non-decreasing if it is non-decreasing
in its second variable.

We define the composition of time-aggregators as follows.

Definition 14. Let ®! : R? — R be a one-step time-aggregator and fI>k ‘RF —
R be a multiple-step time-aggregator. We define ®' ® ®F : R¥*1 & R by

(‘1)1 O) q)k>{61,62, .. .,C]H_l} = (1)1{61, (I)k{CQ, NN 7Ck+1}} . (44)

Quite naturaly, we define the composition of sequences of one-step time-
aggregators as follows.

Definition 15. Consider a sequence {@t}tT;Ol of one-step time-aggregators @, :
R xR — R, for t € [0,7 — 1]. For all t € [0, — 1], we define the composition

é &, as the multiple-step time-aggregator from RT 1~ towards R, inductively
s=t

given by
T—1 T—1 T—1
® & =y and ( ® @s) — B, 0 ( ® @s) . (45a)
t=T-1 s=t s=t+1
That is, for all sequence cj;.7 where ¢, € R, we have:
T—1 T—1
(© @) (ewr) = @efen ([ © @) (erm) | - (45D)
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Example 6. Consider the sequence {CI)t}tT;Ol of one-step time-aggregators given
by
@t{ct, Ct+1} = Oét(Ct) + Bt(ct)ct-i-l y vVt € [[O,T - 1]] y (46)

where (at)iefo,r—1] and (Bt)iefo,r—1] are sequences of functions, each mapping
R into R. We have

T
=t

T-1 s—1
T
(C;)t o) {e.}, = Z (e (cs) Tl_[_t@T(cr))  vte[0,T—1],  (47)
with the convention that ar(cr) = cr.
Example 7. Consider the one-step aggregators

O{ci,c0} =c1+co, Ve, 0} =cien.

The first one ® corresponds to the sum, as in ; the second one W corre-
sponds to the product, as in . As an illustration, we form four compositions
(multiple-step time-aggregators):

OO P{cy,co,c3) = <I>{01,<I>{02,03}} =c1+cy+cs3,
U o U{cy,co,c3} = \I/{cl, \11{02,03}} = cicacy

OO U{er,co,c3} = <I>{cl, \11{02,03}} =c1 + cacs3

U O P{cy,co,c3} = \I/{cl, @{02,03}} = c1(ca + ¢3).

T-1 _ _
We extend the composition ( ® <I>s> :RT+1=t 5 R into a mapping (48)) as
s=t

follows.

Definition 16. Consider a sequence {‘bt}tT;(Jl of one-step time-aggregators, for
t € [0, —1]. For ¢t € [0,T — 1], we define the compositiOrH <i(;)3 <I>s> as a
mapping

T-1 _ \T—t+1 _
9®:f (I>S : (]:(W[OT],R)) — ]:(W[O:T];R) (48)
. _ \T—t+1
by, for any {A}; € (.F(W[O;T];R)) )

<<T®1¢)S> <{A}tT)> (w) = (i@j ‘bs) ({Ac(w)}]) , Yw € Wigry . (49)

T-1
In other words, we simply plug the values {4;(w)}{ into ( ® (Ds).

We will consistently use the symbol < > to denote a mapping with image a set of func-

tions.
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8.1.2. One-Step Uncertainty-Aggregators and their Composition

As with time, risk or uncertainty preferences are materialized by a function
G:F (W[OzT];R) — R, called multiple-step uncertainty-aggregator. A multiple-
step aggregator is usually defined on a subset F of F(Wo.r);R) (for example
the measurable and integrable functions), and then extended to F(Wo.r; R)
by setting G[A] = 400 for any function A ¢ F. Indeed, as we are interested in
minimizing G, being not defined or equal to +0c amount to the same result.

In the first part of the multiple-step uncertainty-aggregator is the ex-
tended expectation with respect to the probability P; still denoted by Ep, it is
defined as the usual expectation if the operand is measurable and integrable,
and as +oo otherwise. In the second part of the multiple-step uncertainty-
aggregator is the fear operator, namely the supremum SUDyew,g,4 OVEr scenarios
in W[O:T]-

aggregator is a mapping’| GI***! from f(W[t:s];R) into R. When ¢t = s, we call
Gt a t-one-step uncertainty-aggregator-.

A [t:s]-multiple-step uncertainty-aggregator is said to be non-decreasing if,
for any function D, and Dy in F (W[t:s];R), we have

Definition 17. Let ¢ GO,T]] and s € [t,T]. A [t:s]-multiple-step uncertainty-
u

(Vw[t:s] € W[t:s] 3 Qt(w[t:s]) < ﬁt (w[t:5]>> - G[t:s] [Qt] < G[t:s] [Et] .

Definition 18. Lett € [1,7] and s € [¢,T]. To a [t: s]-multiple-step uncertainty-
aggregator GI**!| we attach a mapping?)

<G[t:8]> : ‘F(W[Os]vR) - ‘F(W[O:t—l];R) ) (50&)

obtained by freezing the first variables as follows. For any A : Wy, — R, and
any wio.s] € Wig.q], we set

(<G[t’s]> [A]) (wo:z—1y) = G [W[t:s] = A(W[o:t—lb?i)[t:s])] : (50b)

Multiple-step uncertainty-aggregators are commonly built progressively back-
ward: in the expectation operator Ep,g...gp, is the initial value of the in-
duction Ept&.@pT = Ep,Ep, ,®..opr; the fear operator sup,, ey, is the initial
value of the induction SUPwew(,.7) = SUPw,eW, SUPweW(, ;11"

We define the composition of uncertainty-aggregators as follows.

"The superscript notation indicates that the domain of the mapping Glts] s .F(W[t:s];]l_%)
(not to be confused with G, = {Gr})_,).

8We will consistently use the symbol D to denote a function in ]—'(W[t:S];R), that is,
D : W[t:s] — R.

9See Footnote |§| about the notation ( ).
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Definition 19. Let t € [0,7] and s € [t + 1,T]. Let G : F(W;R) — R

be a t-one-step uncertainty-aggregator, and GIt+1:s] FWpgrss R) — R be a
[t + 1:s]-multiple-step uncertainty-aggregator. We define the [¢: s]-multiple-step
uncertainty-aggregator Gl [ Gl##] by

(G[t:t] & G[tzs]) [At] = Gt {U}t s Gl [w[t+1:s] = Ay (wt; w[t-}-l:s])]} , (51)

for all function A; € f(W[t:S]; R).

Quite naturaly, we define the composition of sequences of one-step uncertainty-
aggregators as follows.

Definition 20. We say that a sequence {Gt}tho of one-step uncertainty-aggregators
is a chained sequence if G; is a t-one-step uncertainty-aggregator, for all ¢ €
[0, 7].
Consider a chained sequence {Gt}tT:o of one-step uncertainty-aggregators.
T
For t € [0,T], we define the composition Dt Gs as the [t : T]-multiple-step
o=

uncertainty-aggregator

T

g@s : ]:(W[t:T];R) R, (52)
inductively given by
T T T
LG, =Gr and (@t@) ~ G, O (S:@HGS) . (53a)

That is, for all function B; € f(W[t:T];R), we have:

(SD;GS) [B:] = Gy [wt — (S_@rle> [wies1.7) — By (wtaw[tﬂ—l:T])H . (53b)

3.1.8. Crafting Dynamic Uncertainty Criteria from Aggregators

We outline four ways to craft a dynamic uncertainty criterion from aggre-
gators. Let Ajp.7) = {AS}ZZO denote an arbitrary adapted uncertainty process
(that is, As: Wg.g — R, as in Definition .

Non Nested Dynamic Uncertainty Criteria. The two following ways to craft a
dynamic uncertainty criterion {o; r}7_, display a natural economic interpreta-
tion in term of preferences over streams of uncertain costs like Ap.7). They mix
time and uncertainty preferences, either first with respect to uncertainty then
with respect to time (UT) or first with respect to time, then with respect to
uncertainty (TU). However, they are not directly amenable to a DPE.

TU, or time, then uncertainty. Let ¢ € [0, 7] be fixed.
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470 o First, we aggregate Af;.7 with respect to time by means of a multiple-
step time-aggregator ®° from R7~**! towards R, and we obtain

®* (Ajper)).
e Second, we aggregate ®! (A[t:T]) with respect to uncertainty by means
of a multiple-step uncertainty-aggregator G*T1 and we obtain

ot1(Apr)) = <G[t:T]> [‘I’t (A[t:T])} . (54)

All the examples in §I.1] belong to this TU class, and some in §I.2]
UT, or uncertainty, then time.

ars o First, we aggregate A7) with respect to uncertainty by means of a

sequence [Gs[tzs]]fzt of multiple-step time-aggregators G;[] : F (W g5 R) —
_ T
R, and we obtain a sequence { <Gs[t:5]> [AS] }

s=t

e Second, we aggregate {<Gs[t18]> [As] }T

— s= —
step time-aggregator ®* from RT~**! towards R, and we obtain

o (Apry) = @ ({ (&) [4]} ). (55)

s=t

by means of a multiple-
t

Some examples in §1.2] belong to this UT class.

Nested Dynamic Uncertainty Criteria. The two following ways to craft a dy-

w0 namic uncertainty criterion {g; r}7_, do not display a natural economic inter-
pretation in term of preferences [34], but they are directly amenable to a DPE.
Indeed, they are produced by a backward induction, nesting uncertainty and
time. Consider

e on the one hand, a sequence {@t}tT;Ol of one-step time-aggregators,

485 e on the other hand, a chained sequence {Gt};[:o of one-step uncertainty-
aggregators.

NTU, or nesting time, then uncertainty, then time, etc. We define a dynamic
uncertainty criterion by the following backward induction:

or,r(Ar) = (Gr) [Ar] , (56a)
QtaT<{AS}§:t> = (Gy) [‘I’t{AuQHl,T({As}Z:tH) H , Vte [0, T —1].
(56b)

By the Definition (18| of (G;), we have, by construction, produced a dy-
namic uncertainty criterion {o; 7 }7_, (see Definition . Indeed, recalling
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that A, : Wig.q) — R), for s € [0,T], we write

F(W[O:T—l] ;R) f(W[o;T] ﬂR)
—— PNy
orr(Ar) =(Gr)[ Ar ],
[}— (W[O:f‘] ;R)] j=t+1
—_——

Qt,T({As}ST:t> = (Gy) [(I)t{ \Aft/ 7Qt+1,T< {As}j:tJr1 ) }] ;

]:(W[D:t] ,R)

.F(W[O:t];R)
Vte[0,T —1].

]"(W[o:r,—u ;R)

NUT, or nesting uncertainty, then time, then uncertainty, etc. We define a
dynamic uncertainty criterion by the following backward induction:

or,r(Ar) = (Gr) [Ar] , (57a)
or({A}L,) = @{ (G1) [44], (Go) [QM,T({AS}SLH)]} . (57)
Vte [0, T—1].

Some examples in belong to this nested class, made of NTU and NUT.
3.2. Time-Consistency for Nested Dynamic Uncertainty Criteria
Consider

490 e on the one hand, a sequence {q)t}tT:_ol of one-step time-aggregators,

e on the other hand, a chained sequence {Gt}tT:O of one-step uncertainty-
aggregators.

With these ingredients, we present two ways to craft a nested dynamic uncer-
tainty criterion {o; 7 }7_o, as introduced in Definition {4} For each of them, we
a5 establish time-consistency.
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8.2.1. NTU Dynamic Uncertainty Criterion

With a slight abuse of notation, we define the sequence {(‘B}S\ITU)(:U)}?:O of
optimization problems parameterized by the state € X; as the nesting

( fTU)(:zz) mind Gy
melly

(I)t{z]t(xtyut;wt)a

Git1 |:(I)t+1{<]t+1 ($t+1, Ut 41, wt+1), e (58a)

Gr—1 [¢T71{JT71 (zr—1, ur—1,wr_1),

Grlr(or,wr)]}] - }] H ,

st. =, (58b)
Tsi1 = fs (:cs,us,ws) , (58c¢)
us = ms(xs) (58d)
us € Ug(xs) , (58¢)

where constraints are satisfied for all s € [¢,7 — 1].

Definition 21. We construct inductively a NTU-dynamic uncertainty criterion

{QE}U}tTZO by, for any adapted uncertainty process { AS}T

s=0’
or'V(Ar) = (Gr) [Ar] , (59a)
AU ({4}1,) = (G <bt{At7@?+T1‘fT({AS}ST_m) }] L vte[o,T—1].
(59b)

We define the Markov optimization problem formally by

(BT (@) min oMU ({JTYLL) s EEOT], Vo EX,,  (60)

mellad
where the functions J;';" are defined by (27).

Definition 22. We define the value functions inductively by the DPE

VNTY(2) = Gy [JT(J;, -)} . Yz eXr, (612)

VT ()= inf G
o (@)= Jnf G

(I)t{Jt($>u7 ')’ thir{U o ft(‘rvu’ )}1 ) (61b)
Vee 0,7 —1], Vz e X;.

500
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The following Proposition [§] expresses sufficient conditions under which any
Problem (PNTV)(z), for any time ¢t € [0,7 — 1] and any state x € X;, can be
solved by means of the value functions {V;NTV}1_ in Definition

Proposition 8. Assume that
o forallt € [0,T — 1], ®; is non-decreasing,
e for allt € [0,T], Gy is non-decreasing.
Assume that there exist{"0] an admissible policy w* € TI*? such that

7 (z) € arg min G,

ueUs(x)

(I)t{Jt(‘/I:a u, )7‘/;51«\/%,{U ° ft(LIJ,’U/, >}‘| )

vte[0,T—1], VzeX,.

(62)

Then, 7 is an optimal policy for any Problem (PNTY)(x), for allt € [0,T] and
for all x € X, and

. e T
VNTU(z) = min, Q%TU({JLQ }S:t) , vte[0,T], Ve X,.  (63)

PROOF. In the proof, we drop the superscript in the value function V,NTV, that
we simply denote by V;. Let m € I1*? be a policy. For any ¢ € [0, 7], we define
Vi (x) as the intertemporal cost from time ¢ to time T when following policy =
starting from state x:

V7 (x) = oNpY ({Jgff}f:t) . WeloT], YreX,. (64)

This expression is well defined because J;')" : Wi — R, for s € [¢,T] by 29).
First, we show that the functions {V;"}I_, satisfy a backward equation “a
la Bellman”:

V7 (2) = Gy {@t{Jt(x,m(m),.),mloft(x,wt(x),-)}} vVt e[0,7-1], Ve eX, .

(65)
Indeed, we have,
Vi(z) = opy (J;;) by the definition of VI (z),
= o (JT(x, )) by that defines J77,
= (Gr) [Jr(z,")] by the definition (59al) of o3V,
= Grl[Jr(z,")] by Definition [18| of (Gr).

101t may be difficult to prove the existence of a measurable selection among the solutions
of . Since it is not our intent to consider such issues, we make the assumption that an
admissible policy 7# € IT12d exists, where the definition of the set 124 is supposed to include
all proper measurability conditions.
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We also have, for t € [0,T — 1],

Vi) = NTU({JZ”!}S t)
by the definition of V" (z),
z,m T
= (Gy) (I)t{ bt 79115\I+T1UT<{J15,5 s:t+1) }]
by the definition (59bf) of ,Q}:\LEUT,
= (G | @ N (TS t+1)}}
by the flow property ,
= @ [ Vit o o). )
by the definition of V" (z),
= (G0 [l ). Vi (e, )}
by the flow property 7

= G| {a(am@), ), Vi o file mi(@), ) }]
by Definition [18| of (Gy).

Second, we show that V;(x), as defined in is lower than the value of the
optimization problem BTV (z) in (58). For this purpose, we denote by (Hy)
the following assertion

(Hy) : Vo e Xy, Vmell*, Vi(z) < V().
By definition of V7 (z) in and of Vp(z) in (61a)), assertion (Hr) is true.

Now, assume that (Hyy1) holds true. Let « be an element of X;. Then, by
definition of V;(z) in (61b)), we obtain

Vi(z) < inf Gy {@t{Jt(x (), ),V}H o ft(m,wt(w), ) }} , (66)

mellad

since, for all 7 € I1*! we have m;(z) € Uy(z). By (Hiy1) we have, for any
7 e 124,

Vigr o fia,mi(2),-) < Vi o fiz, m(2),-) .

From monotonicity of ®; and monotonicity of G;, we deduce:
Gy {‘bt{Jt (z,m(2),-), Vig1 o fe(z, m(z), )}}

< G [@t{Jt(x,ﬂt(x),-),thloft(gc,ﬂt(x),-)}] .
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‘We obtain:

Vi(z) < inf Gy [Cbt{Jt (z,m(2),"), Vigr o fo(z, m(z), ) }] by (66)),

mellad

S inf Gt[q)t{Jt(l',Wt(x),~),%ﬂoft+1(£l,',7('t($)7~)}:| by ,

mellad
= inf VT (z) by the definition of V" (z).
mell®

Hence, assertion (H;) holds true.

Third, we show that the lower bound V;(x) for the value of the optimization
problem PNTY(z) is achieved for the policy 7¥ in . For this purpose, we
consider the following assertion

(H): VYzeX, V7(z)=Via).

By definition of V{fu (z) in and of Vp(z) in (61a), (H%) holds true. For
t € [0,T — 1], assume that (H{, ;) holds true. Let x be in X;. We have

‘/;5(17) =Gy |:(I)t{Jt (13, ﬁg(li), ')7‘/t+1 o ft(l',ﬂ'f(l'), )}:| by definition of Trﬁ in a

= & [ou Aot @). VT o Aot 0] by (i)

ot
=V (@) by €.
Hence (H]) holds true, and the proof is complete by induction.

The following Theorem [J]is our main result on time-consistency in the NTU
case.

Theorem 9. Assume that
e forallt € [0,T — 1], ®; is non-decreasing,
o for allt € [0,T], G, is non-decreasing.
Then

1. the NTU-dynamic uncertainty criterion {Qé\”:,TU}Z;O defined by 15
time-consistent;

2. the Markov optimization problem {{( I{VTUM‘”)}zex,}f:o defined in

is time-consistent, as soon as there exists an admissible policy w* € 1124
such that holds true.

PROOF. In the proof, we drop the superscripts in VN TV, (BNTY)(z) and o -
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The second assertion is a straightforward consequence of the property that 7*
is an optimal policyﬂ for all Problems (%) (z). Hence, the Markov optimization
problem is time-consistent.

We now prove the first assertion.

Let ¢t < t be both in [0,7]. Consider two adapted uncertainty processes
{A}S and {A,}{, where A, : Wio.7) — R and A, : Wio.7) — R, satisfying
and , that is,

A=A, Vs € [t, 1], (68a)
orr({ANF) <err({As}) (68b)

We show by backward induction that, for all ¢ € [¢t,¢t], the following state-
ment (H;) holds true:

(Ht) QLT({AS};) < QmT({Zs}D . (69)

First, we observe that (Hj) holds true by assumption (68b)). Second, let us
assume that, for ¢t > ¢, the assertion (H;) holds true. Then, by (H;), and as

A=A by (684, monotonicit of ®,_, yields

q)t—l{étq’ Qt,T({AS}tT)} < @t—l{zt—la Qt,T({Zs}tT)} .

Monotonicity of G;_; then gives

(Gy—1) {@tfl{At_1;Qt,T({As}?) }] < (Gy-1) [cbtfl{thlagt,T({Zs}?) H .

By definition of g1 7 in , we obtain (H;—1). This ends the proof by
induction.

Remark 10. As indicated in Remark[3, if we choose the inequality
Vsett], A <A, (70)

as assumption to define a time-consistent dynamic uncertainty criterion (rather
than the equality (43a)) ), we have to make, in Theorem@ the assumption
“for all t € [0, T —1],”

e “the two-variables function (¢, civ1) — Pi(cr, cry1) is non-decreasing”,

e instead of “for all ¢y, the single variable function cipq1 — DPi(ct, cir1) is
non-decreasing”.

H1n all rigor, we should say that, for all ¢ € [0, T — 1], the tail policy {wﬁ}ST;tl is an optimal
policy for Problem (3:)(z), for any = € X;.

12Recall that, by Definition ®;_1 is non-decreasing in its second argument. Remark
below will enlighten this comment.
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8.2.2. NUT Dynamic Uncertainty Criterion

With a slight abuse of notation, we define the sequence {(‘B}S\IUT)(:U)}?:O of
optimization problems parameterized by the state € X; as the nesting

( }:\IUT)(CU) min (I)t{Gt[Jt(xtautawt)]yGt

mellad

‘I’t+1{Gt+1 |:Jt+1 (xt+1,ut+l7wt+1):| ;oo (Tla)

cI>T—1{GT—1 [JT—l (zr—1,ur—1, wT—l):| )

Gr[Jn(wr wr)] - }] } ,

st. rr=1x, (71b)
Toy1 = fs(Ts, us, w5) (71c)
us = me(xs) , (71d)
us € Ug(xs) (71e)

where constraints are satisfied for all s € [¢,T — 1].

Deﬁnltlon 23. We construct inductively a NUT- dynamzc uncertainty criterion
{QF%T} +—o by, for any adapted uncertainty process {4, }

VT (4z) = () [Ar]. (720
2 ((43%) =0 @0 14, @) [ (43T, )] )
Vte[0,T—1].

540

We define the Markov optimization problem formally by

X, T T
BN min o T({IL,) s e ], Yae X, (T3)

where the functions J;'," are defined by (27).

Definition 24. We define the value functions inductively by the DPE

VRV (2) = Gr[Jr(z, )] , V€ Xe, (74a)
T R CAFTER R AR | TS

VtE[[O,T—l]], VxEXt
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The following Proposition [11|expresses sufficient conditions under which any
Problem (PNUT)(z), for any time ¢ € [0,7 — 1] and any state x € X;, can be
solved by means of the value functions {V;NUT}I_ in Definition

Proposition 11. Assume that
e forallt € [0,T —1], ®; is non-decreasing,
o for allt € [0,T], G, is non-decreasing.
Assume that there emistﬁ an admissible policy w* € TI*? such that

ﬂ'f(x) € iregUItr(lir)l @t{Gt {Jt(x, u, )} , Gy [VtﬁyT o fi(z,u, )] } , -

Vte[0,T-1], Vz eX,.

Then, 7 is an optimal policy for any Problem (PNUT)(x), for all t € [0,T] and
for all x € X, and

NUT _ : NUT z,m\ T
Vi (r) = min 0 ({Jt,s s
mell}

:t), vte[0,T], VzeX,.  (76)

PROOF. In the proof, we drop the superscript in the value function VNUT that
we simply denote by V;. Let m € I1*! be a policy. For any ¢ € [0, 7], we define
Vi™(x) as the intertemporal cost from time ¢ to time 7" when following policy =
starting from state x:

Vi (z) = gggT({Jg;”}sT:t) , Ve [0,T], VreX, . (77)
This expression is well defined because J;')" : Wy, — R, for s € [t,T7] by (28).

First, we show that the functions {V;"}L_, satisfy a backward equation “&
la Bellman”:

Vi (z) = @t{Gt [Jt(x, (), -)},Gt [erloft(x, (), )}} , vte0,7-1], Ve e X, .

(78)
Indeed, we have,
Vi(x) = org (J;;) by the definition of VI (z),
= Q?E“T (JT(x, )) by that defines J;:;,
= (Gp) [Jr(z,)] by the definition (72al) of o}V,
= Grl[Jr(z,")] by Definition (18| of (Gr).

13See Footnote
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We also have, for t € [0,T — 1],

(1Y)

Vi (x)

by the definition of V™ (z),
{@i zr) e [t (e )]}
by the definition of oy,
= o e [ e [ (A0 L))
by the flow property
= o @[] @0 [V o ol )]}
{
{

by the definition of V" (z),

by Definition (18| of (G).

Second, we show that V;(x), as defined in is lower than the value of the
optimization problem PFYT(z) in (7I). For this purpose, we denote by (H;)
the following assertion

(Hy):  VzeX,, vrell™,  Vi(z) <V (2).

By definition of V7 (z) in and of Vp(z) in (74a)), assertion (Hr) is true.
Now, assume that (Hyy1) holds true. Let « be an element of X;. Then, by
definition of Vi(z) in (74b)), we obtain

Vi(z) < mf<m{G{L¢xw4) ﬂ G{m+1oﬁ@:m() ﬂ}, (79)

Tellad

since, for all 7 € I1*d we have m(z) € Uy(z). By (Hiy1) we have, for any
7 e I12d,

Vt+10ft($ m(z), ) < Vi Oft(ﬂc m(z), ) .

From monotonicity of ®; and monotonicity of G;, we deduce:
(Dt{Gt |:Jt (.I 7Tt( ) ):| Gt |:‘/t+1 [©] ft(.lf Wt(l') ):| }
< @t{Gt [Jt(gc (), )} Gt{ o fi(z, m(a), )}} .
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‘We obtain:

Vi(z) < inf @t{Gt[Jt(ﬂc m(x), )} Gt|:‘/t+loft($ (2 )}} by (79),

mellad

< inf @t{Gt[Jt(x m(x), )} Gt{ Vi o fogr (@, me(z )}} by (80),

ﬂ.enmd
= inf V;"(x) by the definition of V" (z).
mellad

Hence (H;) holds true.

Third, we show that the lower bound V;(x) for the value of the optimization
problem PNUT(z) is achieved for the policy 7¥ in . For this purpose, we
consider the following assertion

(H): VYzeX, V7(2)=Via).

By definition of V{fu (z) in and of Vp(z) in (74a), (H%) holds true. For
€ [0,T — 1], assume that (H{,) holds true. Let  be in X;. We have

Vi(z) = @t{Gt [Jt (z,ﬂf(z), )] , Gy [Vt+1 o fy (x,ﬂt(:z:), )]} by definition of 7% in ,

_ @t{Gt [Jt(x,ﬂ'f(q:), ~)],Gt [ng_"l o fi(w, m(x), )]} by (H,,)
=V () by (7).

Hence (H]) holds true, and the proof is complete by induction.

The following Theorem [I2]is our main result on time-consistency in the NUT
case.

Theorem 12. Assume that
e forallt € [0,T — 1], ®; is non-decreasing,
o for allt € [0,T], G, is non-decreasing.

Then

1. the NUT-dynamic uncertainty criterion {Qt UT}t o defined by . 15
time-consistent;

2. the Markov optimization problem {{( :{VUTX‘”)}QCGX,}LO defined in

is time-consistent, as soon as there exists an admissible policy w* € 1124
such that holds true.

PROOF. In the proof, we drop the superscripts in V;NUT, (BNVT)(z) and QNUT.
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The second assertion is a straightforward consequence of the property that 7*
is an optimal policyﬁ for all Problems (%) (z). Hence, the Markov optimization
s problem is time-consistent.

We now prove the first assertion. We suppose given a policy 7 € II, and a
sequence {zs}d of states, where z; € X.

Let t < t be both in [0,7]. Consider two adapted uncertainty processes
{A T and {4}, where A, : Wio.7) — R and A, : W7 — R, satisfying
and , that is,

A, = A, Vs € [t 1] , (81a)

orr({A}7) oir({AY) (81b)

We show by backward induction that, for all ¢ € [t,t], the following state-
ment (H;) holds true:

(Ht) oL, T ({As}?) S 0t, T ({Zs}?) . (82)

First, we observe that (Hjy) holds true by assumption (81b)). Second, let us as-
sume that, for ¢ > ¢, the assertion (H;) holds true. Then, by (H;), monotonicity
of G4_ gives

IN

G [or(fAD)] < G [or(A3D)] -
As A, =A;_1 by , monotonicit of ®;_; yields

o1 {4 1 G [or(A)D)]} < @ {A G [our ()]}

By definition of g1 7 in , we obtain (H;_1). This ends the proof by
induction.

sis 3.8. Commutation of Aggregators
We introduce two notions of commutation between time and uncertainty
aggregators.

8.8.1. TU-Commutation of Aggregators
The following notion of TU-commutation between time and uncertainty ag-
ss0  gregators stands as one of the key ingredients for a DPE.

Definition 25. Let ¢t € [0,7] and s € [t4+1,T]. A [t: s]-multiple-step uncertainty-
aggregator G*** is said to TU-commute with a one-step time-aggregator ® if

oy 8l Do ))] = {6 o - D]} 59

for any function Dy € F(Wr.; R) and any extended scalar ¢ € R.

14See Footnote
158ee Footnote
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In particular, a one-step time-aggregator ® TU-commutes with a one-step uncertainty-
aggregator Gt if

Glt) [fb{c, Ct}} - @{C,GM [Ct]} , (84)
for any functiorm C; € F(W4;R) and any extended scalar ¢ € R.
Example 13. If (W, F;,P;) is a probability space and if
®{c,ct} = alc) + Blc)e (85)

where a : R = R and B : R — R, then the extende expectation Gt = Ep,
TU-commutes with ®.

Proposition 14. Consider a sequence {fbt}zﬂ:_ol of one-step time-aggregators

and a chained sequence {Gt}io of one-step uncertainty-aggregators. Suppose
that, for any 0 <t < s <T, Gs; TU-commutes with ®;.

T
Then, < @t GS> TU-commutes with ®,., for any 0 <r <t <T, that is,

<é@s>[@T{CT,A}]:@r{c,<§th>[A]}, VO<r<t<T, (86)

for any extended scalar ¢ € R and any function A € f(W[OzT]; R).

PROOF. We prove by induction that

(é@s)[@r{c,Dt}}:@T{c,(éGs>[Dt}}, VOo<r<t<T, (87)

for any extended scalar ¢ € R and any function D, € F (W[t:T];R). For t €
[1,77], let (H;) be the following assertion

(Ht)I VrE[[O,t—l]], VCGR, VDtE.F(W[tT],R),
T

( ol GS) [CI),,{C, Dt}] - @T{c, (é@s) [Dt]} .

S

(88)

The assertion (Hr) is
(Hr): Vre[0,T—1], Yee R, VDy € F(Wz;R),
Gr|®.{c. Dr}] = ®.{c,Gr[Dr]} .

16We will consistently use the symbol C¢ to denote a function in F(Wy;R), that is, Cy :
Wt — R

7"We set 8 > 0, so that, when C; € F(W;R) is not integrable with respect to Pz, the
equality still holds true.
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Thus, the assertion (Hr) is true, since it coincides the property that, for any
s0 0 <r <T, Gy TU-commutes with ®, (apply where t =T, & = ®,.).
Now, suppose that (H;11) holds true. Let r < ¢, ¢ € Rand Dy € F(W.r); R).
We have

(B [ote0]

wy (té GS> {w[tﬂ:ﬂ — <I>,«{c, Dy, (wt,w[t+1:T])}H ;

by the definition of composition,

= G

o~

T

wy > @r{c, ( %1(@5) {w[t—‘rl:T] = Dy (wt7w[t+1:T])} }]

s=

= G

-

by (Hyyq1) since r <t <t+1,

and where, for all wy, Dt+1 Wit Dy (U)t, w[t+1:T]) S ./T"(W[tT],R) s

T
= q’r{C, Gy |:wt — (551(@5) |:w[t+1:T] — Dy (wt,w[tH:T])H } ;
by commutation property of G; with ® = ®,., since 0 <r <t <T,

T
and where C; : w; +— (Sgrl GS) [w[tH;T] — Dy (wt, w[tH;T])] € ]-'(Wt;]R) ,
T
= @r{c, ( ELGS> [Dt]} by the definition of composition.

This ends the induction, hence the proof of . Then, (86) easily follows by
the extensions of Definitions [16] and

3.8.2. UT-Commutation of Aggregators
The following notion of UT-commutation between time and uncertainty ag-
sos  gregators stands as one of the key ingredients for a DPE. In practice, it is much
more restrictive than TU-commutation.

Definition 26. Let ¢t € [0,7]. A multiple-step time-aggregator ® : R**! — R
is said to UT-commute with a one-step uncertainty-aggregator Gt if

G o(tatta)] =@ wi)l ).

for any adapted uncertainty process {AS}ISC:O.

In particular, a one-step time-aggregator ® UT-commutes with a one-step uncertainty-
aggregator Gt if

Gl |:(I){Bt,ct}:| _ (D{G[t:t] [B,], Gl [Ct]} 7 (90)
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for any functions By, C; in F(Wy;R). Comparing with , we observe
that UT-commutation requires a property bearing on the first argument of the
one-step time-aggregator ®, whereas TU-commutation does not. In practical
applications, UT-commutation is much more restrictive than TU-commutation.

Example 15. If (W, F;,P;) is a probability space, then the extended expecta-
tion Gl = Ep, UT-commutes with ®, given by ®{c,c;} = a(c)+B(c)c; in (85),
only in the case where « is linear and B is a constant. Comparing with Exam-
ple[13, UT-commutation appears much more restrictive than TU-commutation.

Proposition 16. Consider a sequence {<I>t}tT;01 of one-step time-aggregators

and a chained sequence {Gt}f:o of one-step uncertainty-aggregators. Suppose
that, for any 0 <t < s <T, &5 TU-commutes with G;.

T-1
Then, < ® <I>s> TU-commutes with G, for any r € [0,t — 1], that is, for
s=t

any {As}it, where Ay € f(W[O:T];R),

<T(Z)jq>> {{GT[AS]};} = Gr[<i6:)jcbs> {{As}f_t}} ,V0O<r<t<T.

(91)

PRrROOF. We prove by induction that

<T@j CI’s> {{GT[CS]};} = G[<T@j <I’s> {{eyi}] wo<r<t<r,

(92)
for any {Cs}fzt, where C € ]-'(WT;R).
For t € [0,T — 1], let (H;) be the following assertion

(Hy): Vrelo,t—1], Vse[t,T], VCs € F(W,;R),

<T@t1 <1>s> {{Gr [cs]}j_t} - Gr[<i@: ¢s> ey (93)

The assertion (Hp_1) is
(Hr—1): Vre[0,T-2], VCr € F(W,;R), VCr_; € F(W,;R)

(Pr—1) {Gr [Cr-1], Gy [CT]} =G, [ (®7_1) {Cr—1, CT}} .
(94)

Thus, the assertion (Hp_1) is true, since it coincides the property that, for any
0<r<T, &p_1 TU-commutes with G, (apply where t =T, ® = ®p_1,
As = Cy).
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Now, suppose that (H;4+1) holds true. With r < ¢, and Cs € f(WT;]R), for
all s € [t,T], we have

<TC31 ¢>s> {{elc]y} = (I”{G’“ ] <:C2>+11 ¢)8> e }ST_HI}}

by the definition of composition,

T-1

) @t{GT[Ct],GT[<S_@+1¢S>{{cs}f_m}]}

by (Hit1) since r <t <t+1

- G, [@t{ct, <:C?+11<I>s> {{Cs}im}ﬂ

by commutation property of G, with & = &,
since 0 <r<t<T,

_ Gr[<i@: <I>s> {{e.h}]

by the definition of composition.

T-1
This ends the induction, hence the proof of . The property that < ® <I>S>
s=t

TU-commutes with G,., for any r € [0,¢— 1], easily follows by the extensions of
Definitions [I6] and

8.4. Time-Consistency for Non Nested Dynamic Uncertainty Criteria

Consider

T .
e on the one hand, a sequence {®,} t:ol of one-step time-aggregators,

e on the other hand, a chained sequence {Gt}tT:o of one-step uncertainty-
aggregators.

T T
With these ingredients, and with the compositions ( Dt GS> and E]t Gy ) in-
s= s—

T-1
troduced in Definitions and and < ® <I>S> in Definition we present
s=t

two ways to craft a non-nested dynamic uncertainty criterion {o; 7 };_q, as intro-
duced in Definition[d] For each of them, we provide a DPE under the assumption
that time and uncertainty aggregators commute.

41



8.4.1. TU Dynamic Uncertainty Criterion

With a slight abuse of notation, we define the sequence {( tTU)(x)}tT:O of
optimization problems parameterized by the state x € X; as

( tTU)(x) min G, thH l . GT[

melld

q’t{Jt<$t,Ut,wt)7

Dyiq {Jt+1 (T4t Utg1, Wegr), - - (95a)

@Tfl{JTfl(folaqulwa 1), Jr HUT,wT)}

st. =1, (95b)
Tsy1 = fs (1‘37u37ws) ) (95C)
Us = 71-s(xs) ) (95d)
Us € Us(ms) ) (956)

where constraints are satisfied for all s € [¢,7 — 1].
We define the Markov optimization problem formally by

. za T
(V) () i gE%({Jt; }S:t), Vte[0,T], Ve eX,,  (96)

where the functions J ™ are defined by ., and where g Y is defined as follows.
When we compose
T
(=)

—1
(2)
[‘F(W[O:s];R)]S —t —> f(W[o:T],R) —> F(Wi—1;R) (97)
s we obtain the following Definition.

Definition 27. We define the dynamic uncertainty criterion {o}7 }7_, byﬁ

T T-1
QE¥=<QGS>0<Q¢S> , Vte[0,T—-1]. (98)

When we plug the stream {J; ;”}ST:t of costs, introduced in Deﬁnition
into the operator above, this two-stage process displays a natural economic
interpretation in term of preferences: we mix time and uncertainty preferences,

s first with respect to time, then with respect to uncertainty.

T—1
18With the convention that < ® CIJT) is the identity mapping.
r=T
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e We aggregate streams {Jff(w)}ST:t of costs, first with respect to time,

s

T-1 _ _
thanks to the function ( ® <I>s) : RT+1 — R. However, the result
s=t

T-1
( © @s) ({Jf"’s7r (w)}?_t> still depends upon the scenario w.
s=t ’ 5=

T—1
e Then, we aggregate uncertain intertemporal costs w +— ( ® <I>s) ({Jf’;r (w)}sT_t>
_ s=t ’ =
640 — elements of the set F(W.pp; R) of functions — second with respect to
T

uncertainty, thanks to the multiple-step uncertainty-aggregator Dt Gs :
S=
f(W[t:T]; R) — R.

The following Theorem [17]is our main result on time-consistency in the TU
case.

ss Theorem 17. Assume that
o forany0<s<t<T, Gy TU-commutes with @,
e for allt € [0,T — 1], ®; is non-decreasing,
e for allt € [0,T], G; is non-decreasing.
Then

650 1. the TU-dynamic uncertainty criterion {QtTJq}tlo defined by s time-
consistent;
2. the Markov optimization problem {{( tTU)(m)}Iext}f:O defined in
is time-consistent, as soon as there exists an admissible policy w* € 124
such that holds true, where the value functions are the {VtNTU}z;O
655 in Definition 23

PROOF. Since, for any 0 < s < t < T, Gy TU-commutes with &, the TU-
dynamic uncertainty criterion {0 ¥}7 ), given by Deﬁnition coincides with
{QE%U I, given by Definition Indeed, we prove that { «Qt,}?:() satisfies the
backward induction .

T—1

With the conventio that ( ® <I>T) is the identity mapping, we have
r=T

198ee Footnote

43



0+Y = (Gr), that is, (594). For any {AS}tT € [F(W[OZS];R)]ST:t, we have:

2 (L) = (Be)(Co) ()] we.

- a(BLe)[{Sn il v @
= G _< r:@H Gr>q>t{At’ (:@; (I)’"> {As}:—t+1}] by (@),
= Gy

[ s T-1 -
(I)t{At7 < rgrl GT> |:< T:@rl ¢T) {As}s_t+1:| }‘|
by commutation property ,

o (e ((0))) | 09

= G

~

oo 3.4.2. UT Dynamic Uncertainty Criterion

With a slight abuse of notation, we define the sequence {( PT)(:U)}Z;O of
optimization problems parameterized by the state x € X; as

( ET)(x) min ‘I)t{Gt lJt(xt,Ut,wt)],

melld
Dy {Gth+1 |:Jt+1 (T4t Utg1, Wegr), - -

(I)T—I{Gt o Gry [JT—I (zr—1,ur—1, 'LUT—I)]7

Gt...GT[JT<xT7wT)]}:|...} 7

(99a)
st. =, (99b)
Ts4+1 = fs(xsausaws) 3 (99C)
Us = ’/Ts(xs) 5 (99d)
us € Ug(xs) (99e)
where constraints are satisfied for all s € [¢,7 — 1].
We define the Markov optimization problem formally by
(BYT)(z)  min QE%‘({Jgf;”}ST_t) ,Vte[0,T], Yz eX,,  (100)
rell? =

where the functions thf .7 are defined by , and where QP% is defined as follows.
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We define the mapping

{(th’”> }T : [}-(W[t:s];R)]‘T_ — RT+L , (101)

s=t
for any {D,.}Z; . € []-' (W[t:s];R)]i ,» componentwise by
S T S T
(Et GT) [{DS}FJ - { (Et GT) [D:] }s:t ' (102)
In the same way, we define the mapping (see Definition :
s T _ T B T+1
{(Her)} _: [FWegsR)]_, - (f(w[o;t];ﬂ%)) : (103)

Definition 28. We define the dynamic uncertainty criterion {oP%}7_ by

T—1 s T
QE%<S®_t <I>s>o{<TE|_tGr>}S_t, vt e [0,7—1] . (104)
The expression QE% is the output of the compositioﬂ

s T T—1
N(ED) o (ge)
r= s= = s=t
s=t : (‘F(W[Ot]aR))
T . . .

When we plug the stream {J,ff;, }S:t of costs, introduced in Definition ,
into the operator above, this two-stage process displays a natural economic
interpretation in term of preferences: we mix time and uncertainty preferences,
first with respect to uncertainty, then with respect to time.

o We aggregate the stream {J; ST: , of uncertain costs, first with respect
to uncertainty, producing

(e} - {Gt R R (TD;Gr) [Jf,a’f]} S (105)

S —
thanks to the multiple-step uncertainty-aggregators Dt Gy F(Wy; R) —
=

_ s T
R, for s € [t,T]. However, the resulting quantity {( @t (Gr) [Jf;ﬂ]}

still depends upon time s.

20With the convention that ]—'(W[O:,H;R) =R, we have oJT : [F(W[O:S];R)]Z:t - R.

F(Wio.; R) .
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s T
e Then, we aggregate the time sequence {( E]t G,«) [T }
= ;

s=

of costs, sec-
T-1 _ _ !
ond with respect to time, thanks to ( ® <I>T) (RTHT 5 R.
r=t

The following Theorem [18|is our main result on time-consistency in the UT
case.

Theorem 18. Assume that
o forany 0 < s <t <T, Gy UT-commutes with ®,
e forallt €[0,T — 1], ®; is non-decreasing,
e for allt € [0,T], G; is non-decreasing.

Then

1. the UT-dynamic uncertainty criterion {ggf:};fzo defined by is time-
consistent;

2. the Markov optimization problem {{( tUT)(x)}xext}tho defined in
is time-consistent, as soon as there exists an admissible policy w* € 124
such that holds true, where the value functions are the {VtNUT}Z;O
in Definition [2)

PRrROOF. Since, for any 0 < s < t < T, Gy UT-commutes with ®;, the UT-
dynamic uncertainty criterion {oy%}7_, given by Definition coincides with
{QEQQT}%FZO, given by Definition

Indeed, we prove that {QE% }i_, satisfies the backward induction (72).

T-1
With the conventio that ( ® <I>T) is the identity mapping, we have
r=T

213ee Footnote
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09T = (Gr), that is, (724). For any {AS}tT € [F(W[OZS];R)]ST:t, we have:

(1) = (9 2){( Ber)al) v @,

~ofoial (S o) (B}, v @.
~odoal. (9 0)fel( B e}, v @,
@t{Gt[At],(:t;@r)Gt{K ] &)Al} ”by,
~afaie]( o) B o), ]}

by commutation property ,

{Gt[At] G |:Qf ({A }S t+1)}} by 7

This ends the proof.

3.5. Applications

Now, we present applications of Theorem [I7} that is, the TU case. In-
deed, Theorems [9] and [I2] in the nested cases NTU and NUT are less interest-
ing because they cover cases where time-consistency is commonplace since it
only depends on monotonocity assumptions. Regarding Theorem it is not
powerful because UT-commutation appears much more restrictive than TU-
commutation: in practice, Theorem only applies to linear one-step time-
aggregators ®{c,d} = ac+ Bd (see Example , that obviously commute with
expectations.

3.5.1. Coherent Risk Measures

We introduce a class of TU-dynamic uncertainty criteria, that are related
to coherent risk measures (see Definition @, and we show that they display
time-consistency. We thus extend, to more general one-step time-aggregators,
results known for the sum (see e.g. [23] 35]).

We denote by P(W,) the set of probabilities over (W;, W;). Let Py C P(Wy),

, Pr C P(Wr). If A and B are sets of probabilities, then A ® B is defined
as

A®B={]P’A®PB|]PAEA, ]PBEB}. (106)

Let (ay)iefo,r—17 and (Bt)iefo,r—1] be sequences of functions, each mapping R
into R, with the additional property that 8; > 0, for all ¢t € [0,7 — 1]. We set,
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for all t € [0,T7],

o5 ({4}, = suwp Ept[--- sup EPT[ZTI(%(AS)E&(AT))] ] :

P.ePy PrePr s=t
(107)

: T . .
for any adapted uncertain process {4, },, with the convention that crp(cr) =
705 CT.

Proposition 19. Time-consistency holds true for
e the dynamic uncertainty criterion {of%}{_, given by (107),

e the Markov optimization problem

T

i, o ({JPTY ), We[0,T], Yz eX,, (108)

where J(w) is defined by , as soon as there exists an admissible
policy 7 € TI* such that, for allt € [0, T — 1], for all x € X¢,

Wtﬁ(x) € argmin sup {Ept [ozt(Jt(:E, u, ~))+Bt(Jt(:c, u, ~))Vt+1oft(:17, u, )} } ,
uweU; (z) Pr€P:

where the value functions are given by the following DPE

Vr(x) = sup Ep,[Jr(z,-)], (109a)
PrePr

= 1 E . 1 b

Vi(z) Juin Pftelgt{ P, [at(Jt(x,u, ) (109b)

+ B (Je(x,u,-)) Vi o fil,u, )} } :

PrOOF. The setting is that of Theorem [17] and Proposition [8 where

e the one-step time-aggregators are defined by

q)t{ct, Ct+1} = at(ct) + ﬂt(ct)ct+1 5 Vit € HO,T - 1]] y V(Ct, Ct+1) € ]R2 5
(110a)

e the one-step uncertainty-aggregators are defined by

Gt [Ct] = IPSIEI/IP; E]}Dt [Ct] y Vit € HO,T* 1]] s VCt S ]'-(Wt,R) . (110b)

The DPE (109)) is the DPE , which holds true as soon as the assumptions

70 of Theorem [I7 hold true.
First, we prove that, for any 0 <t < s < T, G; TU-commutes with ®;. In-
deed, letting ¢; be an extended real number in R and C; a function in F(W,; R),
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we havd??]
G, [@cr, )] = sup {Ex,[a() + B(er)C,]} by (TI0B) and (T10a),

Ps€Ps

= a¢(ct) + Be(cr) sup {EPS [Cs]} as 3¢ >0,
Ps€Ps

= a(cr) + Be(ct) G [Cs] by (T10D),
Di{ct, Gs[Cs]} by (110aj).
Second, we observe that G, is non-decreasing (see Deﬁnition, and tha_t Ciy1 €

R— <I>t{ct7 Ct+1} = ay(er) + Be(ce)cr41 is non-decreasing, for any ¢; € R.
This ends the proof.

The one-step uncertainty-aggregators G; in correspond to a coherent
risk measure, by Definition [6] and the comments that follow it.

Our result differs from [23] Theorem 2] in two ways. On the one hand,
in [23], arguments are given to show that there exists an optimal Markovian
policy among the set of adapted policies (that is, having a policy taking as
argument the whole past uncertainties would not give a better cost than a
policy taking as argument the current value of the state). We do not tackle this
issue since we directly deal with policies as functions of the state. Where we
suppose that there exists an admissible policy 7% € II1*d such that holds
true, [23] gives conditions ensuring this property. On the other hand, where [23]
restricts to the sum to aggregate instantaneous costs, we consider more general
one-step time-aggregators ®;. For instance, our results applies to the product
of costs.

3.5.2. Convex Risk Measures

We introduce a class of TU-dynamic uncertainty criteria, that are related to
convex risk measures (see Definition @, and we show that they display time-
consistency. We consider the same setting as for coherent risk measures, with
the restriction that §; = 1 and an additional data (T¢).e[o,17-

Let Po € P(Wo), ..., Pr C P(Wr), and (Y¢)iepo, 77 be sequence of func-
tions, each mapping P(W;) into R. Let (at)iecjo,r be sequence of functions,
each mapping R into R. We set, for all ¢ € 0,77,

T
5 ({A]) = sup B [ sup e |3 (ana)-TuE)] | ()

Py PrePr s—t

for any adapted uncertain process {At}OT, with the convention that ar(cr) =
Ccr.

Proposition 20. Time-consistency holds true for

22This result can also be obtained by use of Proposition with I = Ps.
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735 e the dynamic uncertainty criterion {gff‘T};‘FZO given by (111)),

e the Markov optimization problem
. e T
in, of ({5} ,_,), vtelo,T], Ve eX,, (112)

where Ji'[" (w) is defined by [27), as soon as there exists an admissible
policy ©* € TI* such that, for all t € [0,T — 1], for all z € Xy,

wf(x) € argmin sup {E]pt [oct (Je(z,u,")) 4+ Vig1 o fe(z,u, )} - Tt(Pt)} ,

uelU, (I) P.ePy

where the value functions are given by the following DPE

Vr(x) = sup Ep, [JT(:v,~)] —Yr(Pp), (113a)
PrePr

Vi) = min, sup (e [ou (. 0)

Vit o folm,u, -)} — Tt(]P)t)} . (113b)

PROOF. The setting is that of Theorem [I7] and Proposition [§ where

e the one-step time-aggregators are defined by
‘I)t{ct70t+1} =a(ct) + o1, VEE[O,T—1], V(ct,ct_H) e R?, (114a)
e the one-step uncertainty-aggregators are defined by
G¢[Cy] = Pig% Ep, [Ci] — Te(Py), Vte[0,T—1], VC, € F(W;R) .
(114b)

The DPE (113) is the DPE , which holds true as soon as the assumptions
of Theorem [I7] hold true.

First, we prove that, for any ¢ € [0,7 — 1] and s € [¢t + 1,T], G, TU-
commutes with ®;. Indeed, letting ¢; be an extended real number in R and C,
a function in F(W; R), we havﬂ

G, [@t{ct,Cs}} = sup {E]ps [oz(ct) + C’S] — TS(]P’S)} by and

Ps€Ps

= ay(c) + Su {Ep; (Cq] — Ts(]P’s)}

= at(ct) + GS[CS] by ].].4b
= (I)t{ct; Gs [Cs]} by "
Second, we observe that G, is non-decreasing (see Deﬁnition, and that c;y1 €

w0 R @t{ct, ct+1} = ay(ct) + ¢y is non-decreasing, for any ¢; € R.
This ends the proof.

23This result can also be obtained by use of Proposition 24| with I = Ps.
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The one-step uncertainty-aggregators G; in (114b|) correspond to a convex
risk measure, by Definition [f] and the comments that follow it.

3.5.3. Worst-Case Risk Measures (Fear Operator)

745 A special case of coherent risk measures consists of the worst case scenario
operators, also called “fear operators” and introduced in For this subclass
of coherent risk measures, we show that time-consistency holds for a larger class
of time-aggregators than the ones above.

For any t € [0, 7 —1], let W; be a non empty subset of W, and let ®; : R? —
R be a function which is continuous and non-decreasing in its second variable.
We set, for all ¢ € [0,T],

T T
QXCT({As}t )= . sup (I)t{At({ws}t )7<I)t+1{ T,
{ws}t GWtX“-XWT (115)
Q7 {AT—l(wT—h wr), AT(wT)}} } ;
for any adapted uncertain process {At}g.
w0 Proposition 21. Time-consistency holds true for
e the dynamic uncertainty criterion {fo%}tT:o given by (115)),
e the Markov optimization problem
. T
min ij%({thf;”}s:t) , (116)

mellad

where J7T(w) is defined by , as soon as there exists an admissible
policy ©* € TI*d such that, for all t € [0,T — 1], for all z € Xy,

7('?(1') € argmin sup (bt{‘]t(x7u7wt)7‘/t+1 Oft(x7u7wt)} 3

u€U () w, W,

where the value functions are given by the following DPE

Vr(z) = sup Jr(z,wr), (117a)
wTEWT

Vi(z) = min sup @t{Jt(m,u,wt),VtH o ft(x,u,wt)} . (117b)
u€ly (x) Wi Ewt

PROOF. The setting is that of Theorem [I7] and Proposition [§ where the one-
step uncertainty-aggregators are defined by

Gt [Ct] = SUE C’t(wt) y Vvt € IIO,T— 1]] s VC’t S ]:(Wt,R) . (118)
ws €W
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The DPE (117) is the DPE , which holds true as soon as the assumptions
of Theorem [I7 hold true.

First, we prove that, for any ¢t € [0,7 — 1] and s € [t + 1,T], G, TU-
commutes with ®;. Indeed, letting ¢; be an extended real number in R and C,
a function in F(W;R), we havﬁ

Gs[®i{cr, Cs}] = sup {@t{ct,Cs(ws)}} by (113),

ws €Wy
= @t{ct, sup [Cs(ws)]} by continuity of ®:{c;, -},
wEWS
= ®{c, G,[Cs] } by (118).

Second, we observe that G; is non-decreasing (S_ee Definition [17)), and that
cry1 — Di(er, ciq1) is non-decreasing for any ¢; € R, by assumption.
This ends the proof.

Note that 07 is simply the fear operator on the Cartesian product Wt X

‘e XWT. An example of monotonous one-step time-aggregator is ‘IJt{ct, ct+1} =
max {ct, ¢i41}, used in the so-called Rawls or maximin criterion [21].

3.6. Complements on TU-Commuting Aggregators

Here, we present how we can construct new TU-commuting aggregators from
known TU-commuting aggregators. We do not consider UT-commutation, since
we have seen that it appears much more restrictive than TU-commutation (see

Example .

For this purpose, we consider a fixed non empty set I and a mapping I' from
R! to R.

8.6.1. Time-Aggregators
Let (®);c; be a family of one-step time-aggregators. Thanks to the mapping

I': R! — R, we define the one-step time-aggregator F[(@i)iel] by

T[(@)ic/] {c,d} = F({cbi{c, d}}iel> , (119)
for all c € R and d € R.

Proposition 22. Lett € [0,T] and G; be a t-one-step uncertainty-aggregator.
Suppose that

o G; TU-commutes with 1)*, for all i € I,
e for alli € I and for all C} € F(Wy;R),

& [r({cit,e)] = r({@t ] }ia) . (120)

24This result can also be obtained by use of Proposition [24| with I = W,.
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Then G; TU-commutes with l"[(fbi)ieﬂ.

PROOF. We set & = F[(@")ieﬂ. For c € R and C; € F(W;, R), we have
Gi|o{e,Ci}| =G [r({o'{e.Ci}} )] by definition of ® in (T19),
= F({Gt [@{e, Ct}]}_ 1> by with Cf = ®*{c,Cy} ,
1€

= I‘<{<1>i{c, Gy [Ct]}iel}> by TU-commutation (83,
= ®{c,G4[Cy]} by definition of ® in (T19).

By Definition this ends the proof.

8.6.2. Uncertainty-Aggregators
Let t € [0,7] and {G;"};er be a family of t-one-step uncertainty-aggregators.
Thanks to the mapping I' : R’ — R, we define the t-one-step uncertainty-

aggregator T’ [{Gti}igl] by

P[{G'er|[C] =T({G/[C},e;) » ¥Cr € FWGR).  (121)

We do not give the proof of the next Proposition [23] as it follows the same line
as that of Proposition

Proposition 23. Let ® be a one-step time-aggregator. Suppose that
o & TU-commutes with G,*, for all i € I,

o for all c € R, for alli € I and for all ¢* € R,
a(e.r({c'},,) = r({cb(c,{ci})id}) : (122)

Then ® TU-commutes with T [{Gti}ig} .

As a corollary, we obtain the following practical result.
Proposition 24. Let ® be a one-step time-aggregator. Suppose that
o G,' TU-commutes with ®, for all i € I,

e forallc €R, CI){C, } s continuous and non—decreasing

25Instead of the continuity of <I>{c,~}, we can assume that, for all C; € F(W¢,R),
sup;c; G¢*[Cy] is achieved (always true for I finite).
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Then, the t-one-step uncertaznty aggregator sup;c G' TU-commutes with @,
and so does inf;c; G4, provided inf;c; G;* never takes the value —oo.

PrOOF. We are going to show that ( . holds true, and then the proof is a
stralghtforward application of Proposition [23] We set G; = Osup;e; G¢' + (1 —
0)inf,e; G¢*, with 6 € [0,1] (only at the end, do we take 6 € {0,1}). For any
(c,Ct) € R x F(Wy,R), we have

Gi|@{e.Ci}| = (Osup+(1—0)nD)G:' [@{c, i} | by definition of G,

el

= (fsup+(1—96) irelﬁ)q){c, G [Ct]} by TU-commutation (83),
iel i

- 9316111)@{@ G'[C]} + -0y mte{e G [C]} .

- 9<I>{c, sup G, [Ct]} + (1 - 9)<I>{c, %2? G’ [Cy] } )

iel
by continuity and monotonicity of <I>{c, } ,
- <I>{c, (0sup+(1 - 0)inf)Gy’ [Ot]} when 0 € {0,1} .
i€l 1€

The rest of the proof is a straightforward application of Proposition
The following Proposition [25|is an easy extension of Proposition

Proposition 25. Suppose that the assumptions of Proposition hold true.
LetI; CI,j€JandI; C I, j€ J be finite families of non empty subsets of
1.

e If ® is affine in its second variable, that is, if
®{c,d} = alc) + B(o)d , (123)

and if ({0;}jer, {gj}jej) are non-negative scalars that sum to one, the
convex combination

20 mf Gt +Z€ sup G, (124)

jed jeT zel

of infimum or supremum of subfamilies of {Gti}ig TU-commutes with P,
provided infigj G¢" never takes the value —oo.

o If ® is linear in its second variable, that is, if

o{c,d} = B(c)d, (125)
and if ({6,};es,{0; }ie7) are non-negative scalars, the combination
ZH mf G + ZG sup G’ (126)
jed i€l jGJ ZEI

of infimum or supremum of subfamilies of {(Gti}ie] TU-commutes with P,
provided infielj G¢* never takes the value —oo.
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4. Extension to Markov Aggregators

Here, we extend the results of §3]to the case where we allow one-step time and
uncertainty aggregators of depend on the state. The difficulty of this extension
is mainly one of notations. We do not give the proofs because they follow the
sketch of those in §3.2) and in §3:4 We will reap the benefits of this extension
in §4.6] where we present applications.

4.1. Markov Time-Aggregators and their Composition

We allow one-step time-aggregators to depend on the state as follows (Defi-
nition [29| differs from Definition |13|only through the indexation by the state).

Definition 29. Let t € [0,T]. A one-step Markov time-aggregator is a family
{@f* }thXf of one-step time-aggregators ®7* : R? — R indexed by the state x; €
t-

Now, we introduce the composition of one-step Markov time-aggregators.

T-1

Definition 30. Let {{CI)? }wtext} be a sequence of one-step Markov time-
t=0

aggregators. Let ¢ € [0,7 — 1]. Given a policy = € IT and x; € Xy, we define

the composition < o} <I>s> L [F(WorpsR)], = F(Wio.rpiR) by
t<s<T—1
e T _ ol X7ET (w) T
(<t<sg1¢s> {{AS}t }) (w) o (tgsgﬂ,l‘bs ){{AS (w)}t } ) (127)

)

_NT—t+1
for all scenario w € Wig.py, for any sequence {ANL, € (.7: (W[O:T];R)>

that is, where A, € f(W[O:T]; R).
Notice that the extension, to one-step Markov time-aggregators, of the com-

position involves the dynamical system and a policy (whereas, in Defini-
tion the composition is independent of the policy).

Ty,
Remark 26. Observe that we have defined < O) <I>s>, defined over func-
t<s<T—1
T, T
tions, but not ( ©O) <I>S), defined over extended reals. Observe also that
t<s<T—1
T, T
the image by < ® <I>S> of any sequence cy.) of extended reals is not an
t<s<T—1

extended real, but is a function:

(< © (I)5>{c{t:T]}>(w):( o} @fz?ﬂ(“’)){c[t:ﬂ}. (128)

t<s<T—1 t<s<T—1

%)



4.2. Markov Uncertainty-Aggregators and their Composition

815 We allow one-step uncertainty-aggregators to depend on the state as follows
(Definition differs from Definition only through the indexation by the
state).

Definition 31. Let ¢ € [0, T —1]. A t-one-step Markov uncertainty-aggregator
is a family {Gf‘} of t-one-step uncertainty-aggregators indexed by the
s20 state x; € Xy.
We say that a sequence {{Gft}xtext}io
aggregators is a chained sequence if G}* is a t-one-step uncertainty-aggregator,
for all ¢t € [0, T7].

x4 €Xy

of one-step Markov uncertainty-

The extension, to one-step Markov uncertainty-aggregators, of the composi-

g5 tion involves the dynamical system and a policy (whereas, in Definition

the composition is independent of the policy). The formal definition is as fol-
lows.

T
Definition 32. Consider a chained sequence {{Gf Forex, } of one-step Markov
t=0
uncertainty-aggregators.
For a policy w € II, for t € [0,7] and for a state z; € X;, we define the

T, T

composition <D<T G as a functional mapping F (W[t:T]; R) into R, inductively
t<s<
given by

T,

— QT
TgngGS =G;", (129a)

and then backward by, for any function D; € F (W[t:T]; R),

(tglszlgT Gs) e L
129b
ft(ﬂit,ﬂ't(évt),wt)ﬂT ( )
( tH@ng Gs> [w[t-i-l:T] = Dy (wtyw[t+1:T]>:| .
830
4.83. Time-Consistency for Nested Dynamic Uncertainty Criteria
Consider
T—1
e on the one hand, a sequence {{@f t} X } of one-step Markov time-
TrEae J =0
aggregators,
T
835 e on the other hand, a chained sequence { {Gf‘ } ex } of one-step Markov
Teeht ) =0

uncertainty-aggregators.

With these ingredients, we present two ways to design a Markov dynamic un-
certainty criterion as introduced in Definition [
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4.8.1. NTU Dynamic Markov Uncertainty Criterion
Definition 33. Let a policy 7 € II be given. We construct inductively a NTU-

Markov dynamic uncertainty criterion {{Q”’” NTU 2eeX } o by
t t ) t=
o ™Y (Ar) = (GF) [Ar] (130a)
z,m,NTU a:t Tt t(Tt,Te (Tt ,m,NTU T
o N ({AL,) = 61 |#; {At, of @) ({AS}S_M)H :
vt e [0, T —1], (130b)

s for any sequence {z,}{ of states, where z, € Xj.

We define the Markov optimization problem

(RMNTUY (1) Wlélﬁ?d oy NTU({Jtmsw T t) , Vte[0,T], Ve e Xy, (131)

where the functions J;'," are defined by 7).

Definition 34. We define the value functions inductively by the DPE

VMNTU () — G2, [JT(;U, .)} , Vo eXr, (132a)
VtMNTU(x) = 1(1}1f( )Gz @I{Jt(m,u, ), VtMNTU oft(x,u,')} , (132b)
ucU(x

VtEﬂO,T—l], VxEXt

The following Proposition [27) expresses sufficient conditions under which any
Problem (PMNTV)(z), for all ¢ € [0,7] and for all z € X;, can be solved by
a5 means of the value functions in Definition B34

Proposition 27. Assume that
e forallt € [0,T —1], for all x; € X, 7" is non-decreasing,
o for allt € [0,T], for all z; € Xy, GY* is non-decreasing.
Assume that there e:cist@ an admissible policy 7* € TI*? such that

7 (z) € arg min G¥
u€U ()

@f{Jt(w‘,% mMNTUoft(w,-)}] :

vte[0,T—1], VzeX,.

(133)

263ee Footnote
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Then, w* is an optimal policy for any Problem (PMNTU)(x), for all t € [0,T]
and for oll x € X4, and

VMNTU () = min ol NTU({JfJ t)  Vte[0,T], VeeX,. (134)
mellzd 5=
850 The following Theorem [28]is our main result on time-consistency in the NTU

Markov case.
Theorem 28. Assume that
e forallt € 0,T —1], for all x; € X;, ®}* is non-decreasing,
e for allt € [0,T], for all z; € Xy, G{* is non-decreasing.
sss  Then
1. for all policy m € II, the NTU-Markov dynamic uncertainty criterion
{{ oe,mNTU Mext}io defined by s time-consistent;

2. the Markov optimization problem {{(‘Bi\/fNTU)(x)}zext }tT:() defined in (131])

is time-consistent, as soon as there exists an admissible policy w* € T1*d
860 such that (133)) holds true.

4.8.2. NUT Dynamic Markov Uncertainty Criterion
Definition 35. Let a policy 7w € II be given. We construct inductively a NUT-

z¢,m,NUT T
Markov dynamic uncertainty criterion {{Q ; } ex } by
TeEit ) =0
Q;T,W,NUT(AT) _ <G?T> [AT] , (1353)

oA ) = @fi{ (G 4]

' fe(ze,mi (), ), m,NUT T
(G >[Qt+(1,T (o)) <{As}s_t+1>:|}7
vt e 0,7 —1], (135b)
for any sequence {zs}1_ of states, where z5 € X,.

We define the Markov optimization problem

( i\/INUT)(x) mI}Igd Qtth”ﬂ- NUT({J::SW _t> , Vte [[O,T]] , Ve € Xy, (136)

where the functions J;';" are defined by (27).
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Definition 36. We define the value functions inductively by the DPE

VMNUT (2) = GZ. |:JT($, )] , Ve eXp, (137a)

VIR = it #{ 67 (e GE VAT o )]} (137

Vte[0,T—1], Ve eX,.

865 The following Proposition [29| expresses sufficient conditions under which any
Problem (PMNUT)(z), for all ¢ € [0,7] and for all z € X;, can be solved by
means of the value functions in Definition

Proposition 29. Assume that
e forallt € [0,T —1], for all x; € X;, ®}* is non-decreasing,
870 e for allt € [0,T7], for all z; € Xy, Gi* is non-decreasing.
Assume that there exist an admissible policy m* € 11*4 such that

ﬂf(x) € arg min CIJtI{Gf [Jt(x, u, )] ,G¥ [Vt{\f{VUT o fi(z,u, )} } ,

u€U(x) (138)

Vte[[O,T—l], VxGXt

Then, 7* is an optimal policy for any Problem (BMNUT)(x), for all t € [0,T]
and for oll x € X4, and

VMNUT () — min Qtz,j‘fjr,NUT({th,;r}Tit) , Vte[0,T], Ve eX,. (139)
et s ) s=

The following Theorem [30]is our main result on time-consistency in the NUT
Markov case.

Theorem 30. Assume that
875 e for allt € [0,T —1], for all z; € Xy, ®f* is non-decreasing,
e for allt € [0,T7], for all z; € Xy, Gi* is non-decreasing.
Then
1. for all policy m € II, the NUT-Markov dynamic uncertainty criterion
{ thfmeUT}ztGXt}j_o defined by 1s time-consistent;

880 2. the Markov optimization problem {{( i‘/[NUT)(x)}wext }tT:() defined in ((136))

is time-consistent, as soon as there exists an admissible policy w* € T1*d
such that (138) holds true.

27See Footnote
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4.4. Commutation of Markov Aggregators
We extend the results on commutation obtained in to Markov time and

uncertainty aggregators. We do not give the proofs.
T—1
Consider a sequence {{@ft }rt ext} of one-step Markov time-aggregators

t=0
T
Tt
and a sequence {{Gt }xtext}

of one-step Markov uncertainty-aggregators.
t=0

4.4.1. TU-Commutation of Markov Aggregators
The following Proposition extends Proposition to one-step Markov
aggregators.

Proposition 31. Suppose that, for any 0 <t < s < T, for any states x; € Xy
and x5 € Xg, G¥+ TU-commutes with ®3*.
Then, for any policy m € 11, any 0 < r < t < T, any states x; € X; and

T, T

T, € X, <t<D<T GS> and <<I>§”.T> TU-commute, that is,

(Be) o en] - o) (B} o

for any extended scalar ¢ € R and any function A € I(W[OzT]; R).

4.4.2. UT-Commutation of Markov Aggregators
The following Proposition [32] extends Proposition [I6] to one-step Markov
aggregators.

Proposition 32. Suppose that, for any 0 <t < s < T, for any states x; € X
and x5 € Xg, ®T+ TU-commutes with Gy*.
Then, for any policy m € 11, for any 0 <r <t < T, any states z, € X,. and

Ty,
z € Xy, < ® <I>s> TU-commutes with (G¥r), that s,
t<s<T—1

Ty, T T, T
@g GET Ag - Gir ®S AS )
<t<s@T1 >{{< 1 ‘]}t} < >[<t<s9T1 >{{ b }]
(141)
for any {AS}Z:t, where Ag € f(W[OzT];R).
4.5. Time-Consistency for Non Nested Dynamic Uncertainty Criteria

4.5.1. TU Dynamic Markov Uncertainty Criterion
Definition 37. Let a policy m € II be given. We define the TU-Markov dy-

T
. . L. TU
namic uncertainty criterion {{gf}” e } b
’ €% [

T, Ty, T
gtxfij\',TU _ <t<|:|<TGS> o < @ q)s> s vVt € [[O,T]] s th S Xt . (142)

t<s<T—1

283ee Footnote
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We define the Markov optimization problem

. N
( ,lfvlTU)(a:) ﬂrgﬁgd Q%;U({Jt); }s:t) , Vte[0,T], Vz e Xy, (143)

where the functions J;';" are defined by (27).
The following Theorem [33]is our main result on time-consistency in the TU
Markov case.

Theorem 33. Assume that

o forany 0 < s <t < T, for any states x; € Xy and x5 € X;, Gf* TU-
commutes with ®7s,

o forallt € [0,T —1], for all x; € X;, ®F* is non-decreasing,
o for allt € [0,T], for all z, € Xy, Gi* is non-decreasing.
Then

1. the TU-Markov dynamic uncertainty criterion {gffj’f’TU}tT:O defined by (142)

18 time-consistent;
.. . T, MTU T .

2. the Markov optimization problem {{(B;*" )(:v)}wext }t:O defined in (143))
is time-consistent, as soon as there exists an admissible policy wt € 124
such that (133) holds true, where the value functions are the {VtNTU}tT:O
in Definition [34)

4.5.2. UT Dynamic Markov Uncertainty Criterion

For UT-Markov dynamic uncertainty criteria, we have to restrict the def-
T—1

inition to the case where the sequence {{@ft} } of one-step Markov
z€Xy J g

time-aggregators is a sequence { @t}tTgol of one-step time-aggregators (see Re-
mark .
Definition 38. Let a policy m € II be given. We define the UT-Markov dy-

T
, , o UT
namic uncertainty criterion {{gftT” nex } b,
? t t t=0

t<s<T

T-1 Tt,m
thjtfﬂ,UT = <S<?t (I)s> @) < |Z| Gs> 5 Vit € [[O,T]] s th S Xt . (144)

293ee Footnote
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We define the Markov optimization problem

BN @) min MFT({(FTVL) ) Ve[0T, Vo e X, (145)
mell ’ ’ -

where the functions J;';" are defined by (27).
025 The following Theorem [34]is our main result on time-consistency in the UT
Markov case.

Theorem 34. Assume that

o forany 0 < s <t < T, for any states x; € Xy, Gyt UT-commutes with
s,

030 e forallt € [0,T — 1], ®; is non-decreasing,
o for allt € [0,T], for all z; € Xy, GY* is non-decreasing.
Then
1. the UT-Markov dynamic uncertainty criterion {gffT’ﬂ’UT}tT:O defined by (144)
18 time-consistent;
035 2. the Markov optimization problem {{(‘Bf*’”’MUT) (m)}zext }tT:O defined in ((145)
is time-consistent, as soon as there exists an admissible policy w* € T1*d

such that (138) holds true, where the value functions are the {VtNUT}tT:O
in Definition |36, (where ®; does not depend on xy).

4.6. Applications
940 Now, we present applications of Theorem that is, the TU Markov case
(see the discussion introducing .

4.6.1. Coherent Markov Risk Measures

We introduce a class of TU Markov dynamic uncertainty criteria, that are

related to coherent risk measures (see Definition @, and we show that they
s display time-consistency.

For all t € [0,7] and all z; € X, let be given Pi(z:) € P(W;). Let
(at)teo,r—17 and (Bt)tejo,r—1] be sequences of functions, each mapping X; x R
into R, with the additional property that 8, > 0, for all ¢t € [0,7 — 1]. Notice
that, to the difference with the setting in ay and (; can be functions of

o the state x.
For a policy 7 € II, for t € [0,T] and for a state x; € X;, we set

9

R

foT’W’CO({As}ST:t) = sup Ep, [ . sup Ep, [
P €P: () PrePr (X, 4"
T s—1 (146)
S (es(xm A0) I1 ﬁT(XZf;’”,AT)ﬂ } 7
s=t r=t

for any adapted uncertain process {At }g, with the convention that ar(z7,cr) =
Cr.
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Proposition 35. Time-consistency holds true for
e the Markov dynamic uncertainty criterion {{o}5"“}u,ex, Yo given by (146)),

e the Markov optimization problem

: x,T,COo x,T T
nin, o {INT L), Ve [0, T], Ve eX,, (147)

where J7T(w) is defined by , as soon as there exists an admissible
policy 7 € TI*Y such that, for allt € [0,T — 1], for all x € X,

7}(z) € argmin  sup {Ept [at (z, Jo(z,u, wy))

uw€eU(x) PLePy(x)
+ ﬁt(xa Ji(w,u, wt))‘/t-‘rl o fi(z,u, wt)} } )

where the value functions are given by the following DPE

VT(‘T) = sup IE]PT [JT (33, )] ) (148&)
PrePr(z)
Vi(z) = min  sup {E]pt [at (z, Ji(z,u,-)) (148b)

uweU(x) PPy ()

+ B (z, Je(x,u,-)) Vigr © folz, u, )} } .

With the one-step Markov uncertainty-aggregator

Gf[-]= sup Ep]-], (149)
PP (x)

X,
the expression <Gt O’t_1> (see Definition defines a coherent Markov risk
measure (Definition E[) The associated function ¥; in is given by

Wy (v, @,u) = . :gp( )E]Pt [voft(x,u, )} . (150)
t t(T

s We see by that, for any state x € X;, and any control u € U, the function
v Uy (v, 2, u) , is a coherent risk measure (see Definition E[)

4.6.2. Convex Markov Risk Measures

We introduce a class of TU-dynamic uncertainty criteria, that are related to

convex risk measures (see Definition @, and we show that they display time-
wo consistency. We consider the same setting as for coherent risk measures, with
the restriction that §; = 1 and an additional data (Y¢).e[o,17-

For all t € [0,7] and all z; € X, let be given Py(z:) C P(W;). Let
(Y¢)iepo,rp be a sequence of functions Y; mapping X; x P(W;) into R. Let
(at)tefo,r] be a sequence of functions a; mapping X; x R into R. Notice that, to

os the difference with the setting in a¢ and Y can be functions of the state x.
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For a policy 7 € II, a time t € [0,7] and a state x; € X;, we set

Xt,T,CX T
O¢ 1 ¢ ({AS}S:t) = sup Ep, |: .. sup Ep, |:
PrePe(xe) PrePr(zr)
T (151)
Z (as(a?s,As) - Ts(a:s,]P’s)>] } ,
s=t

for any adapted uncertain process {At}OT, with the convention that ar(cr) =
Cr.

Proposition 36. Time-consistency holds true for
e the dynamic uncertainty criterion {{o; 3"}z, ex, Hi—o given by (151)),

e the Markov optimization problem

. €T, T, CT €T, T
min gp 7 (I L) L Ve[0T, Ve e X, (152)

where Ji) (w) is defined by (7)), as soon as there exists an admissible
policy 7 € TI* such that, for allt € [0, T — 1], for all x € X¢,

Wf(m) € argmin  sup {Em [at (x, Ji(z,u, '))‘f'Vtﬂoft(vay )] _Tt(xvpt)} )
ueUi(z) PrEPy(x)

where the value functions are given by the following DPE

Vr(z) = PT:];;T)(GC) {EPT [aT (m, Jr(z, ))] — TT(x,PT)} , (153a)

0= Bl B (Lo )

+ Vg1 o fiw,u, )| = To(w,P) . (153b)
With the one-step Markov uncertainty-aggregator

Gf[-]= sup {Epi& - Tt(xJP’t)} , (154)
P ePi(x)

X
the expression <Gt O’t71> (see Definition defines a convex Markov risk mea-
sure (Definition E[) The associated function ¥, in is given by

Uy (v,2,u) = . :gp(l) {]E[[»t [v o fi(z,u, Wt)} - Tt(x,IE”t)} . (155)

a0 We see by that, for any state x € X;, and any control u € U, the function
v Uy (v, 2, u) , is a convex risk measure (see Definition E[)
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5. Discussion

We discuss how our assumptions and results in §3| relate to other results in
the literature on time-consistency for dynamic risk measures

First, we examine the connections between time-consistency for Markov dy-
namic uncertainty criteria and the existence of a DPE. When we analyze the
literature on time-consistency for risk measures with our tools (aggregators), we
observe that

e most, if not all results, are obtained for the specific case of linear one-step
time-aggregators @t{ct, ct+1} =ci+ Cit1,

e a key ingredient to obtain time-consistency is an equation like (156al),
which corresponds to the commutation of one-step uncertainty-aggregators
with the sum (that is, with the linear one-step time-aggregators actually

used).

Therefore, Theorems [J] in §3] provide an umbrella for most of the re-
sults establishing time-consistency for dynamic risk measures, and yields exten-
sions to more general time-aggregators than the sum. In [32], time-consistency
for dynamic risk measures is not defined by a monotonicity property like in [23]
but in line with the existence of a DPE. In [33], the time-consistency property
is comparable to Definition though being restricted to the multiplicative
time-aggregator.

We discuss to some extent [23] where time-consistency for dynamic risk mea-
sures plus an additional assumption like lead to the existence of a DPE,
within the original framework of Markov risk measures sketched above. Here is
the statement of Theorem 1 in [23], with the notations of

Theorem 37 ([23]). Suppose that a dynamic risk measure {pt,T}tTZO satisfies,
for allt € [0,T], and all A, € Ly the conditions

pt’T<{As}§=t) A, +Pt,T({OvAt+1’ o ’AT}) ) (156a)
pr({0}l,) = 0. (156b)

Then p is time-consistent iff, for all0 < s <t < T and all {AS}OT € Lo, the
following identity is true:

pr({A12) =pa({Aopr (A1) - (57

In [23] Section 5], the finite horizon problem corresponds to Problem , start-
ing at t = 0, where the one-step uncertainty aggregator G; in corresponds
to the one-step conditional risk measure p;, the one-step time-aggregator &,
in corresponds to the sum, and the cost J; in is denoted ¢; in [23].
Commutation of the one-step time-aggregators ®; and the one-step uncertainty-
aggregators G, is ensured through the equivariance translation property
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of a coherent measure of risk. Monotonicity of the uncertainty aggregator G
corresponds to the monotonicity property of a coherent risk measure, and mono-
tonicity of the time aggregator is obvious. Thus, Theorem [17]leads to the same
DPE as [23 Theorem 2.

Let us now focus on the differences between [23] and our results. In [23],
arguments are given to show that there exists an optimal Markovian policy
among the set of adapted policies (that is, having a policy taking as argument
the whole past uncertainties would not give a better cost than a policy tak-
ing as argument the current value of the state). We do not tackle this issue
since we directly deal with policies as functions of the state. Where we sup-
pose that there exists an admissible policy 7# € 112 such that holds true,
[23] gives conditions ensuring this property. Finally, where [23] restricts to the
sum to aggregate instantaneous costs, we consider more general one-step time-
aggregators ®;. Moreover where we give a sufficient condition for a Markovian
policy to be optimal, [23] gives a set of assumptions such that this sufficient
condition is also necessary (typically assumption ensuring that minimums are
attained).

Second, we discuss the possibility to modify a Markov optimization problem
or a dynamic risk measure, in order to make it time-consistent (if it were not
originally). When sequences of optimization problems are not time-consistent
with the original “state”, they can be made time-consistent by extending the
state. In [6], this is done for a sequence of optimization problem under a chance
constraint. In [22, Example 1], the sum of AVQR of costs is considered (given
by the dynamic risk measure defined in and labeled (TU)). This formula-
tion is not time consistent. However, exploiting the formulation of AV@R,
we suggest to extend the state and add the variables {rs}{ so that, after trans-
formation, we obtain a problem with expectation as uncertainty aggregator, and
sum as time aggregator, thus yielding time-consistency. In [31], it is shown how
a large class of possibly time-inconsistent dynamic risk measures, called spectral
risk measures and constructed as a convex combination of AV@QR, can be made
time-consistent by what we interpret as an extension of the state.
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