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The Galerkin—Fourier method for the study of nonlocal parabolic equations
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Abstract. The aim of this paper is the study of a type of nonlocal parabolic equation. The formulation includes a convolution
kernel k in the diffusion term and a design function A that plays the role of the diffusion coefficient. The main goal is
twofold: On the one hand, the existence and uniqueness of nonlocal solution are deduced. Also, a comprehensive and
rigorous procedure, which is based on the classical Galerkin—Fourier Method, is performed. As in the classical setting, the
appropriate choice of the Gelfand triplet will guarantee the differentiation and therefore the operational technique for the
study of the parabolic equation. On the other hand, the convergence of the nonlocal solution as the kernel k converges to a
Dirac Delta is studied. The series expansion of the nonlocal solution allows us, in an easy way, to show its convergence to
the solution of the corresponding local parabolic equation.
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1. Introduction

There is no doubt about the interest generated by nonlocal models. The modeling of diffusion through
integral-differential equations has been studied in multiple works over the last two decades (see [20,
58], and references therein). These integral-differential formulations have appeared in the contexts of
Probability (see [12,15] or [57]), and also in Analysis, where it has given rise to seminal results for the
study and understanding of nonlocal problems (see for instance [6,18,19,45,46]). Consequently, nonlocal
models have been used in many applied fields where the corresponding formulation includes the presence
of long-term interactions. These models have turned out to be a fundamental tool in the field of Anomalous
Diffusion, where different versions of the fractional Laplacian have been used ([10,14,43,44]). This kind of
nonlocality appears also in Finance ([38]), Fluid Dynamics ([23]), Elasticity ([1,54,55]), Biology ([35,36]),
Image Processing ([32,41]) or Nonconvex Variational Analysis ([13,48]).

From all these references about the nonlocal formulation, we must highlight the problems of evolution
of nonlinear type. A prominent example is the fractional p-Laplacian. The goal of this paper is constrained
to the linear case, p = 2. This manuscript analyzes the fractional Laplacian from the most basic elements
and reproduces the framework of classical parabolic equations in a rigorous way ([37,39,56,59]). Although
there are multiple perspectives and many technical procedures in connection with this topic, this work will
focus on providing a thorough analysis of the Galerkin—Fourier method for nonlocal parabolic diffusion
equations. The general procedure used to obtain nonlocal solutions is nothing else than a faithful version of
the classical method for partial differential equations ([30,39]). From a practical point of view, the analysis
performed gives rise to a meaningful operative methodology. The obtained results explicitly provide a
powerful method to solve the problem because apart from giving a representation for the solutions, it
facilitates the comparison between local and nonlocal solutions. Therefore, the practical sense of the
approach provided by the article is clear. Besides, the proposed framework is advantageous because the
nonlocal nature of the formulation is a feature that favors practical applications. This formulation is
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given by means of an integral equation without gradients, and hence, it will be assumed that the involved
spaces are not necessarily regular, or at least not so regular as in the classical setting. Consequently,
under these circumstances, it is very likely that the set of numerical simulations could be large enough
in order to faithfully reproduce the phenomenon we are analyzing.

Despite the fact that there is a lot of work on this type of nonlocal analysis, we have not found any
reference dealing in detail with the fundamentals of the Galerkin—Fourier method. The nonlocal func-
tional framework, the right setting for the formulation of the problem and the appropriate compactness
results will be the main issues to be addressed in this work. This analysis will serve to attain an explicit
representation of the solution and also, to deduce its connection with the classical local model of diffu-
sion. More specifically, the nonlocal procedures will give rise, as a I'-limit, the classical Galerkin—Fourier
method and consequently, to the classical solution of the parabolic evolution equation.

As we have already stated, the literature on the subject is abundant. Without wishing to be exhaustive,
we shall review some of the most important works. Concerning the nonlocal evolution equation we shall
deal with, it is worth indicating that we analyze the nonlocal linear case with a kernel broadly used in
diffusion models. The formulation of the state equation depends on the number § called horizon. This
parameter appears in the definition of the kernel, and it plays the role of an internal length scale in the
modeling of long range interactions. The kernels we consider are radial functions converging to a Dirac
measure, as the horizon tends to zero. These kernels contain a class of Riesz operators, they are singular,
but no additional bounds or regularity conditions are assumed. Our hypotheses are not the same as those

considered by other authors. For example, the kernel v (z,y) = w

in our framework, and yet, it does not satisfy the conditions imposed in other works (see [24,52]).

We consider a smooth bounded domain so that the nonlocal operator is a restricted fractional Lapla-
cian. See [17,42,53] and references therein. Also, a diffusion coefficient depending only on the spacial
variable is included. This ingredient endows the problem with great generality since its I'-limit gives rise
to a fairly broad class of diffusion equations. In this sense, we refer [7,24,49,60] or [26]. The boundary
value is of homogeneous Dirichlet type; it is a volume constraint because it acts on a neighborhood of
the boundary.

A key issue in our analysis is the Spectral Theory. The previous spectral results obtained in the nonlocal
context contribute decisively to the representation of the solution as a series. Besides, the asymptotic
behavior of the spectra is essential to derive the local limit problem. In relation with this matter, we follow
[2,3]. Some of the most interesting works whose context is similar to ours are [52] or [9]. References [11,21]
are two interesting papers where the study of the fractional reaction—diffusion equation is approached
from the perspective of Fourier’s spectral methods. See also [22].

The existence and the asymptotic behavior of solutions for the restricted nonlocal fractional Laplacian
have been already analyzed in several contexts. For the linear case, we must highlight the works [6,24,
60,61]. These articles consider nonlocal wave or diffusion equations in which a less singular kernel than
ours is used, or some specific behavior of the admissible functions at the nonlocal boundary are assumed.
In [31], the existence of solution for parabolic problems is analyzed. The proof is carried out by applying
the Lax—Milgram Lemma instead a Galerkin—-Fourier approach. In that paper, the authors use non-
radial kernels and build the underlying Gelfand triplet. Nevertheless, compared to the present work,
they assume other slightly different conditions on the kernel and on the diffusion coefficients, and the
asymptotic analysis is not analyzed. [49] or [7] are cases whose models include a kernel similar to the
one analyzed here in the sense that they incorporate a diffusion coefficient in the formulation. They also
deal with reaction—diffusion equations, even if the reactive term is a nonlinear function depending on a
measure.

Complementing the above-mentioned works and within the framework of the numerical analysis, we
refer to [27-29,33,34,47,50,51].

As far as we know, there are not too many specific works concerning the study of optimal design
governed by nonlocal diffusion equations . Some works, but for the nonlocal elliptic equation, are [3,4,8,

is a case that could be treated
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25,26]. See also [16] for the H-convergence study of the nonlocal elliptic operator. [5] is a work that deals
with the existence and asymptotic analysis of optimal designs in the context of parabolic equations.

2. Formulation of the problem, tools and results
2.1. The problem

We shall analyze the nonlocal parabolic equation
Ut (CC,t) + Ls (U (‘T7t)) = f (ZE,t) ) in Qa
(Ps) =< u(z,t) =01in Qs \ Q,t € (0,7), (1)
u(z,0) =g (x) in Q,

where ¢ is a fixed, positive and small parameter, Ls is an integral operator defined by

Ly (u(z,1) = —2 / megx) (u (@' 1) — u (e, 1)) da, 2)
B(z,6) * *
where
H (2 x) = h(z) +h(z')

2 )
Qs = QU {UyeaaB (y,0)} (B (x,r) is the notation for an open ball centered at x € RY and radius r > 0)
and § < dp, where §y is a given small number. In addition, the following conditions are assumed:

1. Qis a smooth bounded domain in RV,
2. g€ L*(Qs) and f € L? ([0, T); L*(Q) ).
3. The design function h satisfies h € H, with

H={h:Q5 — [hmin, hmax) a.e. 2 €Q, h=01in 5\ Q } (3)

for given constants 0 < hpyin < Amax-
4. The kernel ks satisfies:
(a) supp ks C B(0,0).

(b) ks > 0.
(c) (ks)s, with 6 > 0, is a sequence of radial functions such that:
1
~ / ks (|s])ds = 1. (4)
B(0,5)
(d) The function K, : B(0,0) \ {0} — ]0,4o0[ defined by K, (z) = ’wI(ZI‘ZD, is integrable,
K, € L' (B(0,9)). (5)

(e) The function K, : B(0,8) \ {0} — ]0,+00[ defined by K, (z) = U0 is singular near the

|2l
origin in the sense that

lim / K, (2)dz = +oc. (6)
0—0t
B(0,5)=B(0,0)

In order to understand the statement of the problem, we consider the spaces involved. First of all, we
define L2 (€25) and X as

L3 (Qs) ={v:Qs > R:ve L?(QR) and v =01in Qs \ Q},

and
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X :={veL§(Qs): By (v,0) < oo},
where

B (u,v) = //H(x’,x) ks 0272 2D () — () (0 (2 8) = v (1)) da’ da (7)

2" — x|
Qs Qs

We also define the following subspace of X,

Xo = Cg (),
where
Co () ={v:Q —=R:veCX () andv=01in Q5 \ Q} C X.

The closure is defined with respect to the norm |[|-|| given in X through the quadratic form By, (-, -), that
is:

Xo = {v € X :there is (vj) C CZ; (£25) such that lim By, (v; —v,v; —v) = 0} .
J

We notice that, for each h and 6 fixed, both X and X, are Hilbert spaces with the inner product By, (-, ).
They depend on ¢ but not on h because the underlying norms are equivalent (see [2]).
Another important issue, for each ¢, is the chain of embeddings

Xo € L () € X, (8)
where X{; denotes the dual of Xy. We shall be able to identify:
1. X, with a dense subspace of L3 (25) (as in the classical setting Hg () C L? () is dense with
respect to the L? (Q)-norm).
2. L2 (Qs) with itself, by means of its own inner product (as usual for a Hilbert space).

3. L3 (Qs) with a dense subspace of X}, so that any function of L2 (2s) acts on Xy via the inner
product of L3 ().

In order to perform a rigorous formulation of the parabolic equation and to reproduce the classical
procedures, the embeddings (8) must be dense and continuous (see Sect. 3). Recall that in such a case,
the above three separable Hilbert spaces constitute what is called a Gelfand triplet (see [59] or [56]).

We finally define

T
Yo = L2 (0,70 X0) = § ut) € X+ [ fully, dt < o0 . (9)
0
which is also a Hilbert space with the inner product
T
(w0}, = [ (wle) v (6, .
0

Again, we notice that this space depends upon the parameter §, Yy = Yy (9).
The solution of the problem (Pj) defined in (1) must be understood in a weak sense:
Definition 1. ([30]) It is said that u € Yj is a weak solution of the problem (1), if
1. u € L*([0,T); X)),
2. u satisfies the evolution equation of (Pj), namely, for any v € X and a.e. t € [0,T],
(ut, v) + By (u,v) = (f (z,1) ,v) (10)
3. u(z,0)=g(z), z el
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In the above definition u; must be understood as the weak derivative of u with respect to ¢. Also, in
(10), (-,-) stands for the pairing of X|; and X since u; belongs to X).

Once the embeddings (8) are a Gelfand Triplet, we will be able to apply a classical result (see for
instance [37,40]) ensuring that any solution of (1) can be redefined in an appropriate null set, in order to
belong to the space C ([0, T]; L (Q5)). This fact gives sense to the initial condition used in Definition 1

(3)-

2.2. Organization and results

The manuscript is organized as follows: Sect. 3 contains the proof of the Gelfand Triplet and its conse-
quences in terms of differentiation (Theorems 6 and 7 ). Section 4 is devoted to obtaining the solution
of the problem for a class of parabolic equations parametrized through the horizon parameter §. For
each parameter J, we achieve existence and uniqueness of solution for the problem (1) (Theorem 8).
The obtained solution is expressed as a series, which simplifies the asymptotic analysis when § tends to
zero. The underlying limit problem we derive is the classical local parabolic equation. This is analyzed in
Sect. 5 (Theorem 9).

Since in Sect. 5 the asymptotic behavior of the sequence of solutions (us)s when ¢ — 0 is analyzed,
some notes related to the limit problem are in order. The limit problem is the classical one, which is
formulated as follows: Find u € W (0,T) such that

wy (x,t) — div (h (z) Vw (x,t)) = f(x,t),in Q
(P)=< w(z,t) =0in 00 (11)
w(z,0) =g (z)
where W (0,T) is the Hilbert space described as
W (0,7) = {ve L*([0,T);Hy () : v, € L* ([0, T]; H (Q)) }
and whose inner product is given by the formula
T T
(u,v) = /(qu (t), Vg (t))p(g) dt + / (ug (£) , vt (t»H—l(Q) dt.
0 0
As in the nonlocal case, u; must be understood in a weak sense. Since we are looking for a solution
u such that u, € L? (0,7; H~'(2)), the action of u;, as an element of H~!(£2), upon a function v €
L?(0,T; H} (€2)), will be denoted by (ug, v).
We recall that u € W (0,T) is a weak solution of (11) if

(ug,v) + | h(z) VuVude = [ fodx
/ /

for each v € H} () a.e. t € [0,7] and u(z,0) = g(x) (the reader can look at [30,39,56] for the de-
tails). Here, the product (-,-) must be understood as follows: (U,V)p-1q) = (RU, RV) 1) where

R:H 1 (Q) — H} (Q) is a duality map derived from the Riesz Representation Theorem.

2.3. Preliminaries: the nonlocal steady case

We show the basic tool we shall employ to solve (1): the existence of a basis of eigenfunctions {wgk)} C
k

Xy, with eigenvalues v (§) for the nonlocal operator By, which can be expressed by writing

B, (wgk), U) = 'YJZZ (6) (wt(?k)’ U) L2(Q)x L2(Q)
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for any v € Xo. The sequence of eigenvalues 77! (§) is non-decreasing and v (§) — +o0 if k — +o0.
Concerning the eigenfunctions, we know {wgk) }k is an orthonormal basis in L3 (£5) and orthogonal in Xj.

In practice, it is essential to determine the eigenfunctions. The basis they constitute and the associated
eigenvalues are calculated by means of the following iterative process:

A (5) = By (w((;k),wgk)) = min By, (v,v)
ue X (k)

where
x*) = {weXO:Bh (U,wgk)) =0, j:1,2,...,k—1}
for k > 2 and X = X (see [2,57,60,61]).

These facts provide the appropriate framework to solve the following nonlocal elliptic problem: fixed
§ >0 and G € L? (), there is a unique solution in Xy of the stationary elliptic problem

Ls(v(z)=G(z), v=01in Q5 — Q. (12)
That is, there exists us € Xo such that
By, (us, w) = (G, W) 120y p2() for any w € Xo.
More specifically, it has been proved that the only solution of this problem, us, can be written as a series:
ug (2) = 32 S2u® ) (13)
k. Tk
where (Gy),, is the sequence of Fourier coefficients of the given function G € L? () with respect to the
basis {wék) }k. The proof of this existence theorem is, basically, a consequence of the Nonlocal Poincaré
inequality (see (14) below) and the compact embedding Xy C L3 (Qs) (see [2] or [4]).

Remark 2. Even though these results are proved under the hypotheses (4)—(6), these assumptions on the
kernels could be replaced by other classical inequalities without any consequence and therefore, without
any change in the remain of the paper (see [2, p. 501 and Remark 3.2]).
Next result requires a little bit of precise notation: We know that for each § > 0, the operator By, has
ng
a unitary basis of eigenfunctions. If 2! (§) denotes the k-th eigenvalue, then the set {wz((’;)} is made

i=1
of the corresponding eigenfunctions.

Theorem 3. ([2]) There is subsequence of §'s for which the following limits hold:

: nl _
Jim g (0) =

and
Elirg+ w;};) = wgk) strongly in L?, fori=1,... ng,
where wfk),i =1,...,ng, are eigenfunctions of the — div (hV-) operator in Hj () and i, are the corre-

sponding eigenvalues. Moreover, limg_, o+ wg;) = wgk) strongly in Xo, in the sense that

. Kk k k k
}%Bh (wgé) - wZ( ),wg(s) - w§ )) =0.
The proof of this theorem is based on the results by Brezis, Ponce et al., and in particular, it makes
use of this essential compactness statement:

Theorem 4. ([2,18,19,45]) If (vs);s is a bounded sequence in L% (U5) and there is a positive constant C
such that By, (Y5,v5) < C, for any 6 < 8o, then (1s); is relatively compact in L3 (Qs). Moreover, there if
(ng)j is a subsequence such that 15, — 1 strong in L?(Q), if j — +oo, then v € H* (Q).
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Thanks to the above results, a convergence result toward the local problem can be easily obtained:

Theorem 5. ([2]) If (us)y is the sequence of solutions of the nonlocal elliptic problem (12), then:

1. There is a subsequence of it (still denoted by (us)s) such that us — u strongly in L? if § — 0 and
ue H' (Q).

2. The above convergence is also strongly in Xo, in the sense that lims_g By, (us — u, us —u) = 0.

3. The function u is the solution of the local elliptic problem — div (hVu) = G and it is written like

L)
u(x) = —w'" (x
0 =3 @
where (Gy,),, is the sequence of Fourier coefficients of the given function G € L* () with respect to
the basis {w(k)},

Although the procedures may change slightly, the steps to follow in the parabolic case are very similar
to the elliptic one.

3. The Gelfand triplet

The result we give is fundamental since it provides the rules of differentiation we need to look into the
parabolic equations.

Theorem 6. The chain of embeddings Xo C L2 (Qs) C X}y is a Gelfand triplet.

Proof. We must prove the above embeddings are dense and continuous. On the basis of the definition of
Xy, the denseness for the first embedding is obvious. The continuity is straightforwardly derived by using
the nonlocal version of Poincaré inequality (see [2,6,45]): For any v € Xy, there is a positive constant C
such that

2
Cllvllzs < Bn(v,0). (14)
Concerning the second embedding, it is clear that any function f € L2 can be injected onto X}. This is
due to the fact that any function f defines the linear functional Ty whose action on any v € Xy is
Ty (v) = (f7U)L2(Q<;)><L2(Q(s) :
To verify that T’ is continuous, we note
HTf”Xé = sup (f7w)L2(Q(;)><L2(Q5)
[|w] x0:1

< sup ||f||L2(S25) ||wHL2(Q(;)'

[lw on =
If we use (14), we conclude that there is a positive constant ¢ > 0 such that

I Trllxy < Wfllz2;) sup cllwlly, -

lwll o =1

and hence
||Tf||xg, = C||f||Lg '

which amounts to state the continuity of the embedding L3 C XJ.
We prove now the denseness. By using the Riesz Theorem, we can identify each F € X{; with one
element f € Xy, in such a way that the action of F' on any v € X can be expressed by the formula

F(v) =Ty (v) = B (f,0).
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Besides, we know that there exists a sequence (f,,), C C% (€25) such that f,, — f strongly in X,. This
means

i (By (fv) — By (£.0)) =0
and this convergence is uniformly on the set {v € X : [vllx, = 1}.
We analyze the way of writing By, (fn,v) : since By, (fn,v) < C and f,, is assumed to be smooth then

Bi (fu,0) = ///‘55(|$/*$|)H(fn (@)= fo @) @) —v (@) |

2

|2 — |
Qs Q5
_ r_ (fn (I/) 7fn (:C)) /
= 2/ / ks (|2" —x|) H ol dz’ | v (x)de
Qs \B(z,0)

= (Ls (fn) 7U)L2($25)><L2(Qg) )
where Lg (f5,) is given by

Lt =-2 [ ksl —app B I @ gy

o’ — |
B(z,0)

The function Ls (f,) defined in this way belongs to L? (€s) for any n, and gives rise to the linear operator
S, on X defined by:

Sn (U) = (L5 (fn) ’U)L2(95)XL2(§25) , UV E Xo.
To conclude, it is enough to check that
Jim (1S, =Tyl =0.
But this is straightforward because

B (1S, Tylly, = lm sup [, () ~ T (0)

=% ye Xo:fo] x, =1

= hm sup |Bh (fn,'l))_Bh (f7’l))|

00 pe Xo: o] =1
= 0’
where the last identity is true thanks to the uniform convergence of By, (f,,-) toward By, (f,-). O

By using the above Gelfand triplet, we are in the position to reformulate a classical result on differ-
entiation:

Theorem 7. ([37,56,59]) Let Xo C L3 (Q%s) C X} be a Gelfand triplet. If u € L?(0,T, Xo) and u; €
L?(0,T, X{) then uw € C ([0,T]; L3 (Qs)). Moreover:

1. For any v € Xy, the real-valued function t — (u,v)Lg(Qé) is weakly differentiable in (0,T) and

d
7 (W Wiz = (U v)

2. The real-valued function t — ||u (ﬂ”i?(szg) 1s absolutely continuous with

%% (I ()35 ) = G () (@)

for a.e. t €0, 7).
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3. There is a constant C = C (T) such that

ot () e 013280200 < © (10 Ol o,y + Nl 2 o 210x)

4. Existence and uniqueness of solutions

As we have commented in the introduction, the construction of solutions completely hinges on the classical
methods of partial differential equations. In order to accomplish the existence in (1), we adapt and combine
the separation variables and the Galerkin—Fourier methods. As in the local cases, we shall obtain an
expression under the format of a series for the solution of the nonlocal problem.

Theorem 8. (Existence)For each h € H and each § > 0 fized, there exists a unique solution us € Yj

of Eq. (1) in the sense of Definition 1. Moreover, if f (x,t) = Zkﬂ for (1) wgk) (x), where (fsk), tis the

sequence of Fourier coefficients given by fsi (t) = [ f(z,t) w((;k) (x)dz, and (gsk), is the sequence of
Q

Fourier coefficients of g, then

We split the proof into several steps:

4.1. Step 0: uniqueness

We first address the proof of the uniqueness. The procedure is standard and is entirely based on the
Principle of Conservation of the Energy: If both f and g are identically zero, and z is a solution of (10),
then the energy vanishes, that is

(20,2) + By (2,2) = 0.

Since
i 1
[ Gzt =5 el (@),
0
then
i 1
[ Bue2)dt+ 5 lal3aq (1) =0
0

and thereby z = 0.
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4.2. Step 1: Galerkin approximation

For each 6 € RT, we shall seek us, a solutions of Eq. (10). Firstly, we shall deal with a finite-dimensional
version of (10). We set ugk)(x, t) = d((;k) (t)w?”(x)7 where wgk) (x) are the eigenfunctions with eigenvalues
AL (8) (see Sect. 2.3) and dgk)(t) are functions that will be defined later. Clearly

By () (@), v @) = 8" 0) (1" (2.8) 0 (@) (7)

Also, if gsy, are the Fourier coefficients of g, g (z) = 22/1:1 g(;kw((;k) (2), and the functions d((;k)are assumed
to satisfy the initial value problem (16), then the function

Z d® ) wl (x (18)

is a weak solution in Y of the nonlocal equation

ug (,t) + L (u(x,1)) = [ (,1)
u (z, t)—Oan(;—Q (19)
u(z,0) = gj' (2)
onto the finite-dimensional subspace £ {Uklewgk)}.
4.3. Step 2: convergence
By using (19), we have
M M M M M
((u5 ) y Us )L2(Q)><L2(Q) + Bh (US y Us ) = (fa Us )LZ(Q)XLQ(Q) (20)
and therefore, thanks to Theorem 7 and the orthogonality of the functions w((;k), we have
M
1d M2 (k) 71 Ly g2
2 dt (H“é HLQ(Q(;)) + Z (sz ) F <3 ”fHL?(Q ) ||U5 HLz(Qé)- (21)

Thus, Gronwall’s inequality (see [30, Appendix B, p. 624] or [37, Th. 6.41, p. 208-209]) ensures the
existence of a positive constant C' such that

t
Hu5 HL2 (Qs) (t) S eCt HU51HL2(QS O) + / Hf”iz(ﬂ) dt ) (22)
0
and hence
R g’ HLz(QJ) <cC (H9H2L2(Q) + Hf||iz([o,T];L2(Q))) : (23)

By performing integration in ¢ in (21) and using (23), we derive
2 2 2
S, dt < € (Iola + 1120 ramce) (21)
0

dt < C for every M. The

T
where a C is a positive constant independent of M. In particular [ ||u§/[H2L2(Qs)
0

bounds we have just found allow us to state u}! — 2 both weakly in L? (€25) and weakly in Yy for any ¢
if M — +o0.
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In addition, we are going to prove convergence for the sequence ((ug\/[ ) t) IvE We fix v € X such that
[v]|x, = 1 and we write v = v1 4 vz, where v; € L {Ujl\/ilng)} and (Uz,w((;k)) —0 fork=1,..., M. By
using (20), we get

M M
((u5 )t ’vl)L2(Q)><L2(Q) = (f7 U)L?(Q)XL2(Q) - By, (’U,(; 7’01)

so that
’((Ué\l)t ’Ul)H(Q)xL"‘(Q)‘ s¢ (||fHL2(Q) + Hu‘]SMHXO) '

This estimation serves to define (ué\/f ) as a bounded operator in X{;, namely

t

163y < € (oo + 1, )

Thus, by (24) we have
T

T T
Sl g ae <o | [ ae+ [, a
0 0 0

2 2
<C <||f||L2([0,T];L2(Q)) + ”9”L2(Q)> '

Then, (ug’), is bounded in L? ([0, T]; X3), and for a subsequence, (uj’), — 2" weakly in L? ([0, T]; X{).
In particular we derive z € C ([0, T]; Xo).

4.4. Step 3: existence

Let us check that the function z is the solution to our problem. We fix ¢t € (0,7') and k € N, and we take
M > k. By multiplying in the equation

(), 0l @) + B (3wl (@)) = (£ @)

by any function ¢ (t) € C*° ([0,T]), with ¢ (T)) = 0, and denoting ¢y (x,t) = ¢ (¢) w((;k)(x), we perform
integration by parts to get
T

T
/(_uéwv(QOk)t) dt+/Bh (Uf;‘/[,gok) de¢
0

0

L2(Q)x L2(Q)

T
_ /(f, o) paqeagey A+ (! (2,0) Y (@) 0.(0)
0

If we pass to the limit when M — 400, then
T T

/ (_Z’wgk)) @' (t)dt + /Bh (z,wgk)(a:)> o (t)dt

0 T 0 (25)

— (k) (k)
~ [ (1) s $ O+ (307 0 0).
0
Since we can use any ¢ € C2°([0,77]) then, in particular, the above identity implies

<z’, wgk)> + By, (z,wgk)(x)) = (f, w‘(;k))m(g)xﬂ(ﬂ) ;
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where the derivative must be understood in the sense of the distributions.
Since the set of functions w((sk) is dense in X, then the formula from the above can be generalized,
namely:

(,0) + Br (2,v) = (f,0) 12y x 12(0) (26)

for any v € X and for a.e. t € (0,7).
In order to check z (0) = g, we integrate by parts in (25 ) to obtain

(20, 0{) ¢ (0) = (908" (@)) » (0)

for any w6 ) and any ¢. Therefore, z (x,0) = g (x).

4.5. Step 4: strong convergence

Throughout the remain of the paper, we shall denote by us the solution of the problem (1). To verify
that us can be written as a series, we shall prove the sequence (uéw ) converges strongly in Y, to the
function

M

z=ug(z,t) = Y df (Hwi (2),

k=1
where d((;k) is the solution of (16), that is
A (i / fik () exp (41" (5~ 1) ds + 94 exp (~1'1) , d§(0) = g
In other words, we shall see
T
~ M _ M _ _
A}lgloo By (ug' — z,uy’ — z)dt = 0. (27)

0

We note this convergence serves to state that, for each ¢, the sequence (ué”

the norm X, (and consequently strongly in L?), that is

) 5y strongly converges to z in

. M M

]\/}Enoo By, (us" — z,us" —z) =0. (28)

Indeed, if we assume limp;_.o Bj (ué‘/l —z uf;” — z) > 0 in a set of t's of positive measure, for instance,
for all t € S C [0,T], then, thanks to the Fatou’s Lemma

M —o0

0</Mlim Bh(uf;w—z,uf;w—z dt < lim /Bh — 2, u;s —z)dtzO.
5

Whence we get a contradiction and thereby we prove (28).
Now, it is enough to follow the lines given in [39] to prove (27): by using the variational equality

(") us") + Bu (", us") = (fou3")

we derive the following identity:
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~
Il

1
By, (ué\/f — z,ué\/l — Z) dt + 3 ||u(I;VI (T) — Z(T)Hig((z&)

Oty T

1 2 1 2
(f ug")dt — > s’ (D2 + 5 [Jud” Ol 20

1 2 1
+ 5 ||u(15\4 (T)HLg(m) + 5 ”Z (T)HQLS(QE) - (U(sz (T) ) % (T))

T T
f/Bh (uf;w,z)dtf/Bh (z,ué‘/[ fz) dt.
0 0
If we take into account the limits
T T T T
/(f,uf;w)dtﬂ/(f,z)dt, /Bh(u(];\/[,z)dta/Bh(z,z)dt,
0 0 0 0

2 2 2 .
(W} (1), 2 (1)) = 12 (D) Z3,) 43" 0|30, = 12 OlZz0y - 1f M = +oo,

(where the last limit is true since u} is the solution of (19) and g converges to g strongly in L?), then
we deduce

T
. 1 2
Jdm 1= [ (f2)dts 3 (D,
0
T
+1\| 03 3 B dt
205000 — Iz D230 — [ Baz2)
0
:O7

where the last equality is due to the fact that z is the solution of the nonlocal problem.

5. Convergence to the local problem

The aim of this section is to prove
Theorem 9. (Convergence to the local problem) If (us)s is the sequence of solutions of the nonlocal

parabolic problem (1), then:

1. There is a subsequence of it (still denoted by (us)s) such that us — u strongly in L* if § — 0 and
u € Hy (), for any t € [0,T).

2. w € W(0,T) and it is the weak solution of the local problem (11).

3. The above convergence is also strongly in Yy, in the sense that

T
}in})/Bh(u(g —u,us —u) = 0. (29)
0

In particular, us strongly converges to u in Xq, in the sense that
}ii% Bp(us —u,us —u) =0, a.e. t €[0,T]. (30)

The proof consists of three steps.
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5.1. Step 1: classical estimates and strong convergence in L? (2)
Under the present framework, we have V = Xo, H = L2 (Qs) and the underlying X/. The classical

procedure of calculus in abstract spaces (see Theorem 7) enables us to state that the function ¢ —
[|us (t)||2LQ(Qé) is absolutely continuous and

1d 2
R (Hua( )HLQ(Q&)) = ((us), (t) ,us (t)) and a.e. t €[0,7].
Therefore, by repeating the arguments from Sect. 4.3, we can write
1d 9
Sdi (Hu5||L2(Q5)) + B (us, us) < ||fHL2(95) +5 ||u5HL2(Q (31)

which, by using Gronwall’s inequality, yields
2
e ) / 191 oy

: 2 2 :
Since [[us]|72(q;) (0) = [|9ll72(q), we can write

2 2 2
g (sl 0,) < € (l9l30) + 11 orrnecon) (32)

uniformly in §. Combining Theorem 8 with (31) and (32), we ensure there is a positive constant C' such
that

T T IS
sl = [ Batus,usiae = [ 3 () sitae < 0 (33)
0 0

for every §. From the above estimations, we deduce the existence of a function v € L?(Q) such that
for a subsequence of &'s, us — u weakly in L?(£2). Moreover, by Theorem 8 we know us (z,t) =

Sorey d((;k) (t)w((;k) (x) where

t

k k n
d (1) = /fg V(s)exp (v (s — 1)) ds + g5 exp (—ptt) .
0
By using Hélder and other basic inequalities, we deduce this chain of inequalities:

B (us, us)

t t
2
2/ (0) ( /%gl exp (2901 (s — 1)) ds + 2 (ggk)) ! exp (—27¢'t)
0 0

IN

(]2 EM@B

(fék) (8))2d8 L2y (gék))Qw?l exp (—297'1)

k=1

B () ds o L5 (o®)
(57 @) ds 5 3 (")
k=1
Consequently, for each t € (0,T], there is a constant C' = C' (t) (not depending on ¢) such that for any ¢

By (us,us) = i (df;k))Qv}jl <C.

k=1

~
Il
-

M

Tt — 5 T —

~
Il
=
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Then, thanks to Theorem 4 we ensure that the sequence (us), or a subsequence of it strongly converges in
L?(9) to a function u € H' () if § — 0. It remains to prove that u € Hg (Q): By extending the functions
us by zero to an arbitrary domain O containing €2, we deduce likewise the sequence of extensions (s)
converges in L% (0), to the extension by zero of u, u, and uw € H' (O). The arbitrariness of the set O
implies that w € H* (RY), and since u € H* (Q), then u € Hj (Q).

5.2. Step 2: the convergence of nonlocal Galerkin-Fourier expansion toward the solution

What we prove in this step is the convergence of nonlocal Galerkin—Fourier expansion toward the local
one.
We recall again that the sequence of solutions of (1) admits the specific writing:

Z 4 ()l (2

/f§ eXp ( — t)) ds + g((sk) exp (—V,Z”t) w((;k)(sc).
k=1

We know from Theorem 3 that
lim 7" (8) = .,

lim wgk) (z) = w® (z) strongly in L* (),

6—0

where ~; is the corresponding eigenvalue of the eigenfunction w(k)(z) for the local operator b;,. We recall
that by, is defined by means of the formula

bhumw>:J/hcm<vw<x»Vw<x»dx,mramzumw>efﬂ<n>xfﬂ<9»

Q

Then, as result, we deduce
lim £ () = lim (£, wf”) = (£,0®) = fi,

gl_r%gg )= = lim (97wz(sk)) = (g,w™) = g.

Due to the weak convergence us — u in L? and the strong convergence wgk) — wk) (see Theorem 4), we
also deduce

. . k
i = o ) = (00) =

which is the same to write

lim (ug), = lim d”) (1) = lim / 15 (s)exp (1 (s = 1) ds + g5 exp (—9f"1)

= /fk (s)exp (vk (s — 1)) ds + gi exp (—yxt) -
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Since the function u is the weak limit in L? of us, u can expressed as a series in the Fourier basis
{w(k)(m)}k and therefore, necessarily,

Z de(H)w™ (2 (34)

where

t

@@:/ﬁ@ﬂﬂw@*m®+%ﬁﬂﬂm (35)
0

Now, it is automatic to be convinced that this limit u, defined by (34)—(35), is the only solution of the
local problem (11). It would remain to check that this function u belongs to the space W (0,T), but this
is precisely what we know from the classical theory ([39]).

5.3. Step 3: proof of the strong convergence

We prove strong convergence in Yy, in the sense given at (29). The strategy to follow is as in the proof of
Theorem 8. From the equality

((us), s us) + Bn (us, us) = (f, us)

we perform integration to get

/Bh us, us) dt =

T

(f,us) dt — / (ug), , us) dt

T
1 d 2
/f7u5 )dt — 5/& |U5I|L2(95)) dt
0

1 1
(Fyus) dt = 2 llus (D300 + 5 s Ol 20 -

5 ST

I
c:\H =

If we let 6 — 0, the strong convergence of (us)s to u in L2 (€25) ensures the limits

T

SV

0

and
lim [[us (T)l|7200,) = e (T)lI7200,) -
5—0 L3 (Qs) L§(Qs)
Besides, it is obvious that
. 2 2 2
}E}% [[us (O)HLg(Q,;) = ||U(O)HL3(Q5) = HHHLg(m)-

Thus, all the previous convergences, together with the fact that w is the solution of the local problem,
lead us to
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T

T T
iy [ B Cus,us) e = sy [ (Fou e =t [ (Cus), )
0 0

6—0

0

. 1 1
(= Jin (5 us (D)0, - 5

Jos Oy, |

1 1
(e (51Dl a0 - 5 1Ol )

T
/uut
0

by (u, w)dt.

St~ O\ﬂ Tt — 5 TT—

Now, if we consider the identity ((us),,u) + By (us,u) = (f,u) and we carry out the same procedure,
then we arrive at
T

Jim / By (us, u) dt

§—0

0

1
(fwdt =5 (Iu (D30, — 93z,

St — s TT—

(fau)dt—/Tw,ut)dt:/Tbh(u,u)dt.
0 0

By using the above results, we obtain

T T
}ir%/Bh (u(;—u,u(;—u)dt:;im/Bh (ug,us) dt—2h / (us,u

—0

0 0

li B
+5Lmo/ h(u,w)dt

T T
= —/bh(u,u)dt + (%iII(l)/Bh (u,u)dt.
0 0

From Corollary 1 of [18], we derive the existence of a positive constant C' such that
By (u,u) < C||Vul7,

for any ¢, and
gimo By, (u,u) = by (u,u)

(see also [3]). These asserts joined with the Dominated Convergence Theorem guarantee the limit

T T
gin%)/Bh (u,u)dt = /bh(u,u)dt
0 0
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and therefore, the limit (29) holds. As we have seen in Sect. 4, the limit (30) is a straightforward conse-
quence of (29).
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