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Optimal Control in a Mathematical Model of Smoking
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Abstract. This paper presents a dynamic model of smoking with optimal control.
The mathematical model is divided into 5 sub-classes, namely, non-smokers,
occasional smokers, active smokers, individuals who have temporarily stopped
smoking, and individuals who have stopped smoking permanently. Four optimal
controls, i.e., anti-smoking education campaign, anti-smoking gum, anti-nicotine
drug, and government prohibition of smoking in public spaces are considered in
the model. The existence of the controls is also presented. The Pontryagin
maximum principle (PMP) was used to solve the optimal control problem. The
fourth-order Runge-Kutta was employed to gain the numerical solutions.
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1 Introduction

Cigarettes are among the most dangerous Killers in the world. The content of
chemical compounds in cigarettes can be bad for the health of smokers and also
for people in their environment. The chemicals in cigarettes can trigger various
diseases, such as heart failure, hypertension, lung cancer, etc. This is caused by
approximately 4000 chemical compounds contained in cigarettes, of which at
least 200 are poisonous and dangerous to health, while 43 other chemicals can
provoke cancer. Inhaling cigarettes can cause coma or even death. The cigarette
compound that is most often mentioned is nicotine. Possible effects of nicotine
exposure are vomiting, convulsions, and stress on the central nervous system.
Tar, another major compound found in cigarettes, is carcinogenic. Tar also
increases the risk of diabetes, heart disease, and fertility problems. Another
toxic compound that makes up cigarettes is hydrogen cyanide. The effects of
this compound can weaken the lungs and cause fatigue, headaches, and nausea.
Benzene is a residue from burning cigarettes that can damage white blood cells,
reducing endurance and increasing the risk of leukemia. Another residue of
burning cigarettes is formaldehyde. Formaldehyde increases the risk of
nasopharyngeal cancer. Arsenic is a compound in cigarette smoke that is a first-
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class carcinogen. A high level of arsenic exposure increases the risk of skin
cancer, lung cancer, urinary tract cancer, kidney cancer, and liver cancer. As for
cadmium, about 40-60 percent of the cadmium found in cigarette smoke is
absorbed into the lungs when smoking. High levels of cadmium in the body can
cause sensory disorders, vomiting, diarrhea, seizures, muscle cramps, kidney
failure, and cancer. One last dangerous compound found in cigarettes is
ammonia. Ammonia is a colorless poisonous gas with a strong smell. The
cigarette industry uses ammonia to boost the effects of nicotine addiction. Long-
term impacts are pneumonia and throat cancer.

The above description of the chemical substances contained in cigarettes shows
the danger of smoking, but public awareness about the related health risks is
insufficient and in Indonesia smoking is still commonplace. Some children in
Indonesia start smoking as early as at the age of 9. The age of smoking the first
cigarette is generally well before the age of 18, ranging from 11-13 years. There
are some factors that stimulate addiction. Biologically, the nicotine contained in
cigarettes can suppress the brain’s ability to gain pleasure from cigarettes, so
that smokers always need higher levels of nicotine to achieve the same level of
satisfaction, causing dependency on cigarettes.

Phenomena in the real world and their dynamics can be studied by using
mathematical modeling, i.e., converting real-world phenomena into
mathematical formulations. Several studies on smoking with a mathematical
approach have been reported [1-6]. The results can be used for example to
inform policymaking. Many mathematical models on smoking have been built
based on the assumptions of the researchers. In [7], the used mathematical
model was divided into four sub-classes, namely potential smokers, individuals
who smoke < 20 cigarettes per day, heavy smokers who smoke > 20 cigarettes
per day, and people who have stopped smoking. Control was carried out using
two optimal controls, namely anti-smoking campaign and media campaign.
Sikander et al. [8] used the mathematical model that was developed in [9].
Another smoking mathematical model is presented in [10], where the
population is divided into five sub-classes, namely potential smokers,
occasional smokers, active smokers, smokers who have temporarily stopped
smoking, and smokers who have stopped permanently. In the present study, a
mathematical model based on [10] was used. The main contribution of this
study lies in providing four controls with the ultimate aim of reducing the
population of individuals who smoke and increase the population of individuals
who permanently stop smoking.

The rest of this paper is organized as follows. Section 2 explains the dynamic
model of smoking used in this study. Section 3 is about the formulations, the
existence of optimal controls and their solution. The simulation results and
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discussion are presented in Section 4. The last section provides the conclusion
of this research.

2 Dynamic Model of Smoking

In this section, the mathematical model used in this study is discussed. N(t) is
the total population at time ¢, divided into five subclasses, i.e., P(t) is the
population of potential smokers, O(t) is the population of occasional smokers,
S(t) is the population of active smokers, Q;(t) is the population of individuals
who have temporarily stopped smoking, and Qp(t) is the population of
individuals who have stopped smoking permanently. The mathematical
representation of the smoking dynamic model is as follows [10]:

ap

—=4- BP(£)S(t) — uP(t)

Z_Ct’ = BP()S(t) — a,0(t) — uo(t)

B = 2,000 + 25D (H) — (+Y)S®) (1)
Lo = @, S()Q () — uQ.(£) +y(1 — 0)S(t)

dQp

L — oyS(t) - nQp(®)

This model can be represented in graphic form as in Figure 1.
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Figure 1 Compartmental diagram.

This dynamic model of smoking was employed with optimal control, consisting
of government prohibition of the utilization of smoking in public spaces, anti-
smoking gum, anti-nicotine drug, and anti-smoking education campaign. The
goals are to minimize the cost function of reducing the number of people who
smoke and increasing the number of individuals who stop smoking
permanently.
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3 Optimal Control

3.1  Optimal Control Formulations

This section discusses a strategy of optimal control that is suitable for the
dynamics of model in Eq. (1). A classical control system design, generally
speaking, is a process of trial and error to determine an ‘acceptable’ or
‘admissible’ system design. Modern technology is needed for complex systems
and multi-input/multi-output (MIMO) systems. For this reason, a new approach
using optimal control theory has been developed [11,12]. Optimal control
theory was first developed in the 1950s. There are two methods to solve optimal
control problems, namely dynamic programming, introduced in [13], and the
PMP method, introduced in [14].

The goal of optimal control is to determine the optimal input while satisfying
the physical constraints by minimizing or maximizing some performance
criteria. In simple terms, the control has to bring the system from the state at
time ¢y, x(to), to the final state at terminal time ¢, x(tf) in such a way that it
produces a result in terms of the maximum or minimum value of the defined
objective function.

Four controls were considered in this study. The controls were constructed in
Eg. (1), by combining them into the standard model, which can be represented
as follows:

ap

2 = A= BP®)S() — (1 +uy +uy) P()

ao

7 = BPOS() — (a1 + pu+uz +u,)0(t)

as

2 = 110 + a5(0)Qe(t) — (u + ¥ + uz +us)S(0) (2)

% = =, S()Qe(t) — (U + uy + uy)Qe(t) + y(1 — 0)S(t)

L = gyS(6) — uQp (1) + (ug + ug)P(E) + (1 +ug)O(D) +

d
t (uz + ug)S() + (uz + uy)Qr(t)

Providing suitable controls can reduce the number of individuals who smoke
and the number of potential smokers to lower levels. Conversely, if the four
controls are not given, the number of individual smokers and potential smokers
will increase and the number of individuals who stop smoking will decrease. In
establishing the objective function, we considered the control problems in Eq.
(2). The following objective function was obtained:
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J(u(®) = fotf (S(t) —Qp(t) + % (kluf(t) + kou () + kau3 (t) +
k4uﬁ(t))) dt 3)

The aim of this study was to minimize J(u(t)) subject to its constraints by
using the optimal control method.

3.2  Optimal Control Existence

The methodology was used to demonstrate the presence of ideal control to be
applied to the model [15-16]. It was assumed that the control system in Eq. (2)
can be rewritten as follows:

{t+ =C{+F() (4)
where the vector of the state variables is

¢ =[P(),0(t),S(t),Q:(t), Qp ()],

—-a 0 0 0 O
(O—booow
C=0a1—C00
\OOd—eO/
f g h m —u

uw+u +u+4)
(a1 +pu+u; +uy)
(uy + usz + uy)
y(1-o0)

(U +up +uy)
Uy + Uy

Uy + Uy

oy + Uz + Uy
Uy + Uy

F({) = (A—BPS BPS a;SQ; — a;5Q. 0 )

Eqg. (4) is a nonlinear differential equation with bounded coefficients, where {;
is the time derivative of {. We have:

B(O) = C()+F()

and

where,

- STKQ +~D® o 0 oTw
Il
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F({1) —F({) = (—ﬁP151 + BP,S; + BP3S3 + BPySy BP1 S, —
BP;S2 — BP3S3 — PS4 a251Q¢, — 22520, —
253Q¢; — @254Q¢, — @251Q¢; + 25,0, +

@353Qc; + @25,Q1, 0 )
Therefore,

|F($1) = F(32)l

|=BP,S1 + BP,S;| + |BP1S; — BP,S,]
+ |a;51Q¢, — @25,Qy,|
+ | 28,Q¢, + 35,0,
< 2B|P1Sq + PyS;| + 2a5(51 Q1 + 520421

= 2B1S1(Py — Py) + P2 (S1 — S2)I
+ 2a5]Q1 (51 — S2) + 52(Qnr
— Q¢2|

< @BIP;| + 2a31Q¢1 DIS; — Sa|
+ 26|81 [|Py — P, |

y + 2a2|52||ch— Q2|
< (23+2a2);|51—52|+2ﬂ;|P1—P2|

A
+ 2“2; [Qr1 — Q2]

We have |B({;) —B({3) <Z|{; — (3|, where Z =max{(28 + 2a,)A/
i, [ICI[} < o0. It can be seen that B({) is uniformly Lipschitz continuous, so
that by looking at the definition of w; it can be concluded that a solution of the
controlled system (4.1) exists.

3.3  Optimal Control Solutions

Let optimal control Egs. (2)-(3) be written with a Hamiltonian function as
follows:

where the Lagrangian function can be written as:
L(S, Qe ) = A1S(E) — A2Qp () + 5 [kyul (6) + kpu3 (6) + ksu (6) +
kyuz ()] (6)

and

_dp _d0o _dS _do _ _dop
91=3092= 0093 = 94 = 30 95 =, (")
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Thus, the following Hamiltonian function is obtained:

= (50 = @o(®) + (kB (©) + ku3(©) + ka3 (©) + ki () +

2(A = BP(®)S(®) — uP (1)) + 2, (BP(O)S(E) — a1 0(t) —
HO() + 23(@10(8) + a2S(Q: () — (u +V)S(V)) +
Aa(—a2S(0)Q: () — nQ: () +y(1 = 0)S(E) + A50YS(¢) —

HG))

The PMP method was used to obtain the adjoint variables [17-23].

Theorem Given the solutions P*(t), 0*(t),S*(t), Q; (t), Qp(t) and the optimal
controls uj(t), us(t), u3(t), us(t) of the appropriate condition system in Egs.
(2)-(4) are adjoint variables that satisfy the following equations:

Ty = = (4 (=BS = (0 + 1wy +us)) + 1,(BS) + A5 (uy +uy))
/'fz = —(Az(al +ut+uy Fuy) +Azaq + As(uy + u4))

X3 = =1+ 2,(BP) + 2,(BP) + /13(ath —(utytuz+ u4)) +
AyaQ; + (Y(l - U)) + /15(0)/ + (uz + u4)) (8)

1‘4 = —13(a25) + 14(—a25 - (‘Ll + u2 + u4.)) + }{S(uz + u4)
A = —(—1 - Asp)

Ai(ts) =0,j =1,2,3,45. (9)
u; (¢) = min (max (0, Al“)”“’:S“)”“)) 1) (10)
Wi () = min (max( Az(t)o(t)"'}ul-(t)Qt(;)z As(t)(o(t)"'Qt(t)))’ ) (11)
uz(t) = min (max (O, LBOS®- AS(t)S(t)) , 1) (12)

0%)1) 3

A = L @OP®) + 2,(0D)0() + 23(£)S(t) + 24(£)Q: (D)
—As(O)(P(t) + 0(t) + S(8) + Qe (D)
Proof: Distinguish the Hamiltonian equation H by its respective conditions and
use the PMP method to obtain the equations of the adjoint variables.

y OH(t
346 = -0

uy (t) = min(max

where,
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PAGESE-
20 = -5
24 = -52
as() = =552

We use the optimal conditions and obtain the following equations:

7. = ki (0) = 4, (OP() + A5(DP() = 0,at uy = ui(t)

ouq -
= ka3 (£) = 22(0)0(1) — 24 ()Q: (1) + A5()(0 (1) + Q¢ (1))0,
at u, = uj(t)

a—i = kauz(t) = A3(0)S(0) + A5()S(t) = 0, at uz = u3(t)

;—i = kauz(£) — 2 (OP(E) — 22,(0)0() + A3(D)S(E) — 2.(D)Q: (1) +
As@OPE +0@) +S(O) +Q,() =0, at uy = uj(t)
Then we obtain:

uj(t) = minmax A1 (OP” (t) As(0)P” (t)), 1)

u3(t) = min
k2

A3(8)S” (t) As(@)S” (t)),l)

(max (0,
(max (O, 2200 )+, (£)Q; (t)-A5()(0* (t)+Qt(t)))’ )
(max (0,

u3(t) = min(max

uy(t) = min (max (0, M (OP (t)”Z(t)o*(t)k*'/ls(f)S*(t)+/14(t)QZ‘(t)) ’ 1)
4

Thus, we obtain the following optimal control function:
A (@OP* ()45 (P (D)

wi(t) = {0, if Al“)”*“)k‘l 40P 5 - Jif 0<
LOPOAOF© _ 11 0 OPOTOFO
kq keq
W) =1{0,if q=0q,if0<q<11ifqg<0
w00 = (0,if 13(t>s*(t>l;zs(t)s*(t> -0 13(t)s*(t)k—las(t)s*(t)’i 0 <
Ag(t)s*(o:s(t)s*(o <11if As(t>s*(t)l;as(t>s*(t) <0

u(6) ={0,if r=0r,if 0<r<11,ifr<0
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where,
_ 200" (O)+A,()0; ©)-25(®)(0*®)+Q; @)
k»

_ M@OP () +2, ()0 (1) +A3()S™ (1) +A4(£) Q¢ (£)
ky

The optimal control system is given by:

drP*(t) do*(t) ds*(t) dQi(t) dQp(t)
dt ' dt '’ dt ' dt ' dt

A=— (h(‘ﬁs —(u+u + u4)) + 2,(BS) + As(uy + u4))
/'fz = —(Az(al +ut+u; Fuy) +Azaq + As(uy + u4))

A3 = —(1+ A (BP) + 2,(BP) + /13(ath —(utytuz+ u4)) +
Ay (a0Q; + (Y(l - 0)) + A5 (oy + (u3 + uy)))

X, =— (,13(a25) + A (=S — U+ up +uy)) + A5 (uy + u4))
Als = _(_1 - AS.“)

wi(t) = min (max A ®P®)- /'ls(t)P(t)), 1)

key
A3 (t)S(t) As (t)S(t)) 1)

(max (0
w;(t) = min (max (0' 22(D0(E)+24(£)Q(8)— ls(t)(O(t)+Qt(t)))’ )
(max (0

u3(t) = minmax

uy(t) = min (max (O, k%) , 1)

Thus, it is easy to see that the theorem has been proven.

4 Results and Discussion

In this section, we use a numerical method to solve the optimal control problem
[24-27]. In this study we used the PMP method by employing the fourth-order
Runge-Kutta. The parameter values are presented in Table 1.

Figure 2 shows the numerical solution of the smoking problem with initial
conditions P(0) = 40,0(t) = 10,S(t) = 20,Q:(t) = 10,Qp(t) = 5. It shows
the dynamic behavior of the smoking model without control. From this figure it
can be seen that the population of potential smokers decreased drastically in the
beginning but then gradually increased. The number of occasional smokers
increased, the number of active smokers decreased, while the number of
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smokers who temporarily stop smoking also decreased. Lastly, the number of
individuals who permanently stop smoking showed an increase.

Table 1 Parameter value and descriptions.

Parameters  Values Descriptions

A 1 Recruitment rate in P(t)

u 0.001 Natural death rate

B 0.14 Effective contact rate between S(t) and P(t)

a, 0.002 Rate at which occasional smokers become
regular smokers

a, 0.0025  Contact rate among smokers and people who
stop smoking but return to smoking

y 0.8 Rate of people who stop smoking

g 0.1 Rate of people who stop smoking permanently

The treatment with an anti-nicotine drug for 25 days was considered here, since
long-term treatment with drugs has the potential to have dangerous side effects
and the best time for vaccination is probably in the early stages of a disease. The
non-smoking population who can potentially become smokers is shown in
Figure 3(a). This population showed a significant decrease on the first day. For
the following day the graph shows an increase but not a significant one. After
giving control, the number of potential smokers on the 20th day increased
slightly compared to before introducing the control. This shows that this
population is likely to continue decreasing if it is given this control for a longer

period of time.

70

B0 R

s0F
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Figure 2 Plot of the model without control.
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Figure 3 (a) The non-smoking population who can potentially become smokers
with and without control. (b) The population of individuals who smokes
occasionally with and without control. (¢) The population of individuals who
actively smoke with and without control. (d) The population of individuals who
temporarily stopped smoking with and without control. () The population of
individuals who have stopped smoking permanently with and without control.

For the population who smokes occasionally, control was given in the form of
anti-smoking gum and government prohibition of smoking in public spaces. In
Figure 3(b) it can be seen that on the first day a significant increase occurred
and on the following days it further increased. After being given the control, the
population who smoke occasionally showed a significant increase on the first
day but a decrease on the following days. In contrast to before control, on the
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first day this population also showed an increase but not as large as before
control. After that, the control started to show an effect.

Figure 3(c) shows the population of individuals who actively smoke with and
without control. The control suggested for this population is anti-nicotine drug
treatment and government prohibition of smoking in public spaces. The
performed simulations showed that the population of active smokers decreased
from the first day to the end of the simulation. The population with control also
showed a decrease, but more significantly than before being given the controls.
Thus, the controls had a good result in this case.

The population of individuals who temporarily stopped smoking is presented in
Figure 3(d). The red line describes the simulation results without control and the
green line shows the simulation results with control. For this population, the
control given was in the form of anti-smoking gum and government prohibition
of smoking in public spaces. Without control, the simulation results showed a
decrease of this population from the first day to the 25th day, but with control
this population decreased exponentially.

This study recommends providing controls in the form of anti-smoking
education campaign, anti-smoking gum, anti-nicotine drug, and government
prohibition of smoking in public spaces to the population of individuals who
have stopped smoking permanently, see Figure 3(e). The simulation results
show that from the beginning to the end of the simulation period there was an
increase of the number of individuals who stopped smoking permanently. After
giving control, there was a more significant increase. Giving control to this
population gave better results compared to without control. Thus, this strategy
shows the effectiveness of giving control.

5 Conclusion

A mathematical model of smoking was presented by considering four control
variables, namely anti-smoking education campaign, u, (t); anti-smoking gum,
u,(t); anti-nicotine drug treatment, us(t); and government prohibition of
smoking in public spaces, u,(t). The aim of the control was to reduce the
population of individuals who smoke and increase the population of individuals
who permanently stop smoking. The existence of optimal control in the
mathematical model of smoking dynamics was proven. In this study, we find
that the PMP method gives the optimal control solution for the fourth-order
Runge-Kutta as the numerical method. According to the obtained simulation
results, it can be concluded that the control variables that were used have an
impact in accordance with the desired purposes.



392

lImayasinta, N. & Purnawan, H.

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

Ucar, S., Ucar, E., Ozdemir, N. & Hammouch, Z., Mathematical Analysis
and Numerical Simulation for a Smoking Model with Atangana-Baleanu
Derivative, Chaos, Solitons and Fractals, 118(C), pp. 300-306, 2019.
DOI: 10.1016/j.chaos.2018.12.003.

Mahdy, A.M.S., Mohamed, M.S., Gepreel, K.A., Al-Amiri, A. & Higazy,
M., Dynamical Characteristics and Signal Flow Graph of Nonlinear
Fractional Smoking Mathematical Model, Chaos, Solitons and Fractals,
141, p. 110308, 2020. DOI: 10.1016/j.chaos.2020.110308.

Lahrouz, A., Omari, L., Kiouach, D. & Belmaati, A., Deterministic and
Stochastic Stability of a Mathematical Model of Smoking, Stat. Probab.
Lett., 81(8), pp. 1276-1284, 2011. DOI: 10.1016/j.spl.2011.03.029.

Ur Rahman, G., Agarwal, R.P., Liu, L. & Khan, A., Threshold Dynamics
and Optimal Control of an Age-Structured Giving Up Smoking Model,
Nonlinear Anal. Real World Appl., 43, pp. 96-120, 2018. DOI:
10.1016/j.nonrwa.2018.02.006

Zhang, Z., Ur Rahman, G. & Agarwal, R.P., Harmonic Mean Type
Dynamics of a Delayed Giving Up Smoking Model and Optimal Control
Strategy Via Legislation, J. Franklin Inst., 357(15), pp. 10669-10690,
2020. DOI: 10.1016/j.jfranklin.2020.09.002.

Mahdy, A.M.S., Sweilam, N.H. & Higazy, M., Approximate Solution for
Solving Nonlinear Fractional Order Smoking Model, Alexandria Eng. J.,
59(2), pp. 739-752, 2020. DOI: 10.1016/j.aej.2020.01.049.

Sun, C. & Jia, J., Optimal Control of a Delayed Smoking Model with
Immigration, J.Biol. Dyn., 13(1), pp. 447-460, 2019. DOI:
10.1080/17513758.2019.1629031.

Sikander, W., Khan, U., Ahmed, N. & Mohyud-Din, S.T., Optimal
Solutions for a Bio Mathematical Model for the Evolution of Smoking
Habit, Results Phys., 7, January, pp. 510-517, 2017. DOI:
10.1016/j.rinp.2017.01.001.

Guerrero, F., Santonja, F.J. & Villanueva, R.J., Analysing the Spanish
Smoke-Free Legislation of 2006: A New Method to Quantify Its Impact
Using a Dynamic Model, Int. J. Drug Policy, 22(4), pp. 247-251, 2011.
DOI: 10.1016/j.drugpo.2011.05.003.

Ullah, R., Khan, M., Zaman, G., Islam, S., Khan, M.A., Jan, S. & Gul, T.,
Dynamical Features of a Mathematical Model on Smoking, J. Appl.
Environ. Biol. Sci., 6(1), pp. 92-96, 2016.

Mardlijah, llmayasinta, N., Hanafi, L. & S. Sanjaya, Optimal Control of
Lipid Extraction Model on Microalgae Using Linear Quadratic Regulator
(LQR) and Pontryagin Maximum Principle (PMP) Methods,
MATEMATIKA: Malaysian Journal of Industrial and Applied



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

Optimal Control of a Mathematical Model on Smoking 393

Mathematics,  34(3), 129-140, 2018. DOIl: 10.1088/1742-
6596/1218/1/012043.

Mardlijah, llmayasinta, L., & Irhami, E.A., Optimal Control for
Extraction Lipid Model of Microalgae Chlorella Vulgaris Using PMP
Method, J. Phys. Conf. Ser., 1218(1), 2019. DOI: 10.1088/1742-
6596/1218/1/012043.

Bellman, R. & Kalaba, R., Dynamic Programming and Statistical
Communication Theory, Proc. Natl. Acad. Sci., 43(8), pp. 749-751, 1957.
DOI: 10.1073/pnas.43.8.749.

Pontryagin, L.S., Selected Works, Volume 4. The Mathematical Theory of
Optimal Processes, Gordon and Breach, New York, 1986.

Fleming, W.H. & Rishel, R.W., Deterministic and Stochastic Optimal
Control, Springer, New York, 1975. DOI:
10.18485/ai_diskurs_pobede.2019.ch9.

Lukes, D.L., Differential Equations: Classical to Controlled,
Mathematics in Science and Engineering, Academic Press, New York,
1982.

Gollmann, L., Kern, D. & Maurer, H., Optimal Control Problems with
Delays in State and Control Variables Subject to Mixed Control-State
Constraints, Optim. Control Appl. Methods, 30(4), pp. 341-365, 20009.
DOI: 10.1002/0ca.843.

Mahdy, A.M.S., Higazy, M., Gepreel, K.A. & El-dahdouh, A.AA,,
Optimal Control and Bifurcation Diagram for a Model Nonlinear
Fractional SIRC, Alexandria Eng. J., 59(5), pp. 3481-3501, 2020. DOI:
10.1016/j.aej.2020.05.028.

Gepreel, K.A,, Higazy, M. & Mahdy, A.M.S., Optimal Control, Signal
Flow Graph, and System Electronic Circuit Realization for Nonlinear
Anopheles Mosquito Model, Int. J. Mod. Phys. C, 31(9), 2020. DOI:
10.1142/S0129183120501302.

Alzahrani, E.O., Ahmad, W., Khan, M.A. & Malebary, S.J., Optimal
Control Strategies of Zika Virus Model with Mutant, Commun. Nonlinear
Sci. Numer. Simul., 93, p. 105532, 2021. DOIl:
10.1016/j.cnsns.2020.105532.

Khan M.A. & Fatmawati, Dengue Infection Modeling and Its Optimal
Control Analysis in East Java, Indonesia, Heliyon, 7(1), p. e06023, 2021.
DOI: 10.1016/j.heliyon.2021.e06023.

Algarni, M.S., Alghamdi, M., Muhammad, T., Alshomrani, A.S. & Khan,
M.A., Mathematical Modeling for Novel Coronavirus (COVID-19) and
Control, Numer. Methods Partial Differ. Equ., pp. 1-17, 2020. DOI:
10.1002/num.22695

Alrabaiah, H., Safi, M.A, DarAssi, M.H., Al-Hdaibat, B., Ullah, S., Khan,
M.A., Ali Shah, S.A., Optimal Control Analysis of Hepatitis B Virus ith



394

[24]

[25]

[26]

[27]

lImayasinta, N. & Purnawan, H.

Treatment and Vaccination, Results Phys., 19(1), p. 103599, 2020. DOI:
10.1016/j.rinp.2020.103599.

Chai, Q., Loxton, R., Teo, K.L. & Yang, C., A Class of Optimal State-
Delay Control Problems, Nonlinear Anal. Real World Appl., 14(3), pp.
1536-1550, 2013. DOI: 10.1016/j.nonrwa.2012.10.017.

Liu, C., Gong, Z., Teo, K.L., Sun, J. & Caccetta, L., Robust Multi-
Objective Optimal Switching Control Arising in 1,3-Propanediol
Microbial Fed-Batch Process, Nonlinear Anal. Hybrid Syst., 25, pp. 1-20,
2017. DOI: 10.1016/j.nahs.2017.01.006.

Liu, C., Loxton, R, Lin, Q.U.N. & Teo, K.L., Dynamic Optimization for
Switched Time-Delay Systems with State-Dependent Switching
Conditions, SIAM J. Control Optim., 56(5), pp. 3499-3523, 2018. DOI:
10.1137/16M1070530.

Liu, C., Loxton, R. & Teo, K.L., A Computational Method for Solving
Time-Delay Optimal Control Problems with Free Terminal Time, Syst.
Control Lett., 72, pp. 53-60, 2014. DOI: 10.1016/j.sysconle.2014.07.001.



