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We study the quaternionic Calabi-Yau problem in HyperKédhler manifolds with torsion
geometry, introduced by Alesker and Verbitsky in [5], on eight-dimensional two-step
nilmanifolds M with an Abelian hypercomplex structure. We show that on these
manifolds the quaternionic Monge-Ampére equation can always be solved for any data

that are invariant under the action of a three-torus.

1 Introduction

Since Yau proved the Calabi—Yau conjecture in [28], other Calabi-Yau-type problems have
been introduced in various geometric contexts.

In the present paper, we focus on a generalization of the Calabi-Yau problem to
HyperKéahler manifolds with torsion (HKT) geometry, which was introduced by Alesker
and Verbitsky in [5].

HKTs were introduced by Howe and Papadopoulos in [18] in the framework
known as ‘“geometries with torsion.” In a nutshell, they can be thought of as hyper-

complex manifolds admitting a special compatible Riemannian metric.
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2 G. Gentili and L. Vezzoni

A hypercomplex manifold is a 4n-dimensional real manifold M equipped with a

triple of complex structures J,,J,, J; satisfying the quaternionic relations

If g is a Riemannian metric on M that is compatible with J;,J,,J;, then
(M, J,,J5,J5,9) is usually called a hyperHermitian manifold. According to the classical
definition, a hyperHermitian manifold (M,J;,J,,J3,9) is said HKT, if there exists an
affine connection V on M, which preserves the hyperHermitian structure and has totally
skew-symmetric torsion. If such V exists, it is necessarily unique. The existence of V can

be characterized in terms of the differential equation
02 =0,
where 9 is taken with respect to J; ,
Q=w;+ ia)J3 ,
and
0y () =g, ).

In this context 2 is called the HKT form of the HKT structure, and one may think
of it as the analogue of the fundamental form in Kahler geometry. The hypercomplex

condition (1) implies that € is of type (2,0) with respect to J;, and it satisfies
QUy, Jy) =Q
and
Q(X,J,X) >0 for every nowhere vanishing real vector field X on M.
Moreover, 2 determines the metric g via the relation
gX,Y)=ReQ(X,J,Y), forany real vector fields X,Y on M.

An HKT structure can then be defined alternatively, as a hypercomplex structure

together with an HKT form.
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In [5] the authors introduced the following Calabi-Yau-type problem in HKT
geometry. Let (M,J;,J,,J3, Q) be a compact 4n-dimensional HKT manifold for which
the canonical bundle of (M, J;) is holomorphically trivial, and suppose F € C*(M) is a

function satisfying
/(eF—l)Q"A(:):O, (2)
M

where © is a nonvanishing holomorphic (2n,0)-form on (M,J;). The quaternionic

Calabi-Yau problem consists in finding an HKT form 2 on (M, J;, J,,J3) such that
Qr =efQ". (3)

Just like the classical version, the quaternionic Calabi-Yau problem, too, can be
rewritten in the form of a Monge-Ampére equation. Indeed, results in [6] guarantee the

unknown HKT form Q can be written in terms of an HKT potential ¢ € C® (M) as follows
Q=Q+ 007,¢ .
Here 9, is the so-called twisted Dolbeault operator
3y, = —Jy 'aJ,
and the complex structure J, acts on k-forms « by
JaXy,....X) = (—Dra,X,,...,J,X,).
Equation (3) reads, in terms of ¢ and F,
(Q+ 09,0 =" Q. (4)

It has been conjectured in [5] that the above equation can always be solved
under assumption (2). The authors of the same paper propose the continuity method
as a natural approach to attack the problem, much in the same spirit of Yau's proof of
the Calabi conjecture [28]. The hard part in this line of thought is to establish a priori
estimates. Alesker and Verbitsky [5] showed the solution is unique up to an additive
constant and proved a C0-estimate. The latter was later generalized by Alesker and

Shelukhin [3] and then by Sroka [19] in a more general setting. Alesker gave evidence
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for believing the conjecture in [2], where he proved that the quaternionic Monge-Ampere
equation has solutions if the manifold admits a flat hyperKéhler metric compatible with
the underlying hypercomplex structure.

The research of the present paper moves from [10, 11, 15, 23, 24, 26], where it
is studied the symplectic Calabi-Yau conjecture [12, 27] on torus fibrations under some
symmetries on the data. In the same spirit, we study the quaternionic Monge-Ampeére
equation on compact quotients of eight-dimensional nilpotent Lie groups endowed with
an Abelian HKT structure.

By a result of Dotti and Fino [13] the only non-Abelian eight-dimensional two-

step nilpotent Lie groups admitting an Abelian hypercomplex structure are
N, = H;(2) x R3, N, = Hy(1) x R?, Ny = Hy(1) x R,

where H;(n) denotes the real (i = 1), complex (i = 2), and quaternionic (i = 3) Heisenberg
group. Each N; contains a canonical co-compact lattice I';, and the nilmanifold M; =
I;\lV;, that is, the quotient of N; by I';, inherits the structure of a principal T3-bundle
over a five-dimensional torus T® and also an HKT structure (J,,J5,J3,9) (see section 2
for details). In view of [8] the nilmanifolds M; are not Kéhlerian, since a compact
nilmanifold admits a Kdhler metric if and only if it is a torus.

Moreover, the canonical bundle of (M;,J;) is holomorphically trivial [7,Theorem
2.7] and M; carries a left-invariant holomorphic volume form ®. Hence, it is quite natural
to wonder whether the Alesker-Verbitsky conjecture might hold on these spaces.

Our main result is the following

Theorem 1.1 The quaternionic Monge-Ampere equation (4) on (M;, J;,J,,J;,g) can be

solved for every T3-invariant map F € C* (M) satisfying (2).

Since we are assuming F is invariant under the action of the fibre T3, it can be
regarded as a smooth function on the base T°. Furthermore, condition (2) can be written

as

s(eF —1)dx'---dx®’=0. (5)
T

By imposing the same invariance property on the HKT potential ¢, we reduce the

quaternionic Monge-Ampeére equation on (M;,J;,J,,J3,9) to

(@11 + P20 + P33 + Pag + D(pss + 1) — 0fs — 055 — 055 — 95 = €, (6)
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HKT Calabi-Yau Equation on Tori Fibrations 5

where ¢, denotes the second derivative of ¢ in the real coordinates x”,x° (xt,..., x5
on T°. Then, we prove that equation (6) has a solution ¢ € C®(T°) whenever F satisfies
(5).

The strategy for proving Theorem 1 goes as follows: in section 3 we prove the C°-
estimate for our equation. Then in section 4 we deduce an a priori C°-estimate for the
Laplacian of a solution to our equation, and in section 5 we achieve the C?>“-estimate by
applying a general result of Alesker [2]. Eventually, we complete the proof in section 6

by applying the continuity method.

2 Preliminaries

Let G be an eight-dimensional Lie group with a left-invariant hypercomplex structure
(Jy,J5.J3) (every complex structure J; is left-invariant). Assume that J; is Abelian,

meaning

[J;X,J,Y]=1[X,Y], foreveryX,Yeg,

where g is the Lie algebra of G. Recall that this is equivalent to requiring that the
Lie algebra g!'? of left-invariant vector fields of type (1,0) on (G,J;) is Abelian. It also
implies that any left-invariant (p, 0)-form on (G, J;) is 9-closed. If g is a left-invariant
Riemannian metric on G compatible with (J;,J,,J;), the hyperHermitian structure
(J1,Jy,J3,9) is HKT because the corresponding form € is 3-closed.

As we mentioned in the introduction, by [13] the only eight-dimensional nilpo-
tent, non-Abelian, Lie groups carrying a left-invariant HKT structure (J;,J,,J;,g) such

that every J; is Abelian are

Ny = H;(2) x R3, N, = Hy(1) x R?, Ny = Hy(1) xR,
where
1 Xl X4 1
Y 1 x'+ix? y®+ipy?
01 0 x° i
H,(2) = » Hy(l) = 0 1 x* +ix3 '
0 0 1 x?
0 0 1
0 0 0 1
1 g h-3q9
Hy(1) = 0 1 —-q | g = x' +ix* 4+ jx® + kx?, h = iy® +jy? + ky!
0 1
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6 G. Gentili and L. Vezzoni

Above, x!,...,x* y', %, v® € R and i,j,k are the familiar units of the skew field of

quaternions, which are known to obey the relations
Note that each group N, is diffeomorphic to R, and there are global coordinates

3 2
N, =H, (Z)Xl,‘..,X‘L,yl X Ryz,y3,x5 , N, = Hz(l)xl,‘..,x4,y2,y3 X Ryl,x5 ,

NS :HS(I)xl, 3 XRxs.

axtyly?y

The Lie algebras of the N, can be characterized in terms of left-invariant frames

{e;, ..., eg} satisfying the following structure equations:
N;: le;, el = —leg, e4]l = e5, and all other brackets vanish;
Ny: lej, esl =ley, e4l = €g, le;, e4] = —le,, e3] = e5, and all other brackets vanish;
Ng: le;, el = —leg el = eg, leg el =ley, e4] = €5, le;, el = —le,, e5]1 = €5, and all

other brackets vanish.

In each case, using the frame {e;,...,e3} we can define the left-invariant HKT

structure as consisting of the standard metric

8
g=>cae
r=1

and the three complex structures (J;,J,,J3) defined by
J.(ey)=e.,, J.(e)=¢e.,5, r=123.

Let us fix co-compact lattices

1 a c

I, =73 x 0 1 b |labeZ? ceZ} CNy;
0 0 1
1 z u

r, =72 x 01 w |luzweZ+iZ; CN,;
0 0 1

1.20Z 1snBny g1 uo Jasn oulo] Jo AusisAun AQ Z268/19/7000BUL/UIWIEE0 L 0 /10P/oIIB-80UBAPE/UIWI/WOD dNO"oIWapeoe//:sdny WoJj papeojumoq



HKT Calabi-Yau Equation on Tori Fibrations 7

1 g h-3q9

I3 =7Zx 01 —q |qeZ+iZ+jZ+kZ, heiZ+jZ+kZ; C
0 0 1

N3-

For r = 1,2,3 we denote by M, = I',\N, the compact nilmanifold obtained by
quotienting N, by I',. The left-invariant quadruple (J;,J,,J;3,9) on N, induces an HKT
structure on M,. Let {Z,,...,Z,} indicate the left-invariant (1,0)-frame Z, = e,,_; —
iJ,(ésr_1), ¥ = 1,...,4, and denote by {¢},...,¢*} the dual (1,0)-coframe. Taking in

account
3, =—J,'oJ
J2 2 27

we deduce the following identity, holding for every smooth real map ¢ on M,.

005, =050 = 00y (21T + )8 + 230 + Z4(9)E")
=0 (2,0)6% = Z@)0" + Zy(0)c* — Z4(0)¢°)
= (2,2,(9) + 2y259)) £ + (232,(0) — 2, 24(0)) £ + (ZuZy (@) + 21 Z5(9)) ¢

— (Z3Z1(9) + ZyZ4(9)) £ 22 + (25Z5(9) — Z4Z1(9)) ¢** + (Z3Z5(9) + Z4Z4()) ¢3*.
Since
Q=20"+0%,

it follows that

(Q+00,,0)% = 2(2,Z,(9) + ZoZy (@) + 2) (Z3Z3(0) + Z4Z4(9) + 2) ¢13*
— 2(2325(9) — Z1Z4(9)) (Zo25(9) — 2421 () ¢ 12**

— 2(2425(9) + Z1Z5(9)) (232, (9) + ZyZ4(9)) ¢ 123,
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8 G. Gentili and L. Vezzoni

in other words

(Q+895,9)° = 2((2121 (@) + Z525(9) + 2) (Z323(9) + ZaZ4a(9) + 2)
— (Z325(9) — Z1Z4(9)) (Z2Z5(9) — Z4Z1(9))

— (2422(§0) + Z123(<P)) (2321 (o) + 2224((/3))){1234 )

Furthermore, every manifold M; is naturally a principal T3-bundle over T° with
projection

. 5

My —> T, 5.

A smooth function on M, is invariant under the action of the principal fibre T3 if and

only if it depends only on the five coordinates {x!,...,x°}. What is more, T2-invariant

functions on M; are naturally identified with functions on T°. As mentioned in the

introduction, for a T3-invariant real map F condition (2) becomes (5). Further assuming

that the HKT potential ¢ is T3-invariant, equation (4) can be written as (6) on T°.

Remark. The Lie algebras of the two-step nilpotent Lie groups N; all have four-
dimensional centre 3 = {es, €5, €7, €g}. Therefore, the nilmanifolds M; can be regarded
in a natural way as principal T*-bundles over a torus T* if we project onto the first
four coordinates {x!,...,x*}. From this point of view, requiring all data to be invariant
under the action of the fibre T* implies that the resulting equation can be written as the

following Poisson equation on the base T*
A =11+ @5+ ¢33 T oag =" — 1.

And this can be solved using standard techniques.

From this point on we shall focus on equation (6). In order to simplify the

notation let us set
A=¢11+ @+ ¢33+ ¢+1, B=gs5+1.
Lemma 2.1. If ¢ € C?(T®) is a solution to (6), then A > 0,B > 0 and

0<2ef2<Ap+2. (8)
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HKT Calabi-Yau Equation on Tori Fibrations 9

Proof. From equation (6) we infer AB > ef > 0. Hence, A and B have the same sign. At
a point p, where ¢ attains its minimum we must have ¢g5(py) > 0. This implies B > 0
and then A > 0. Finally, by using A? 4+ B% > 2AB we obtain

(Ap +2)2 = (A+B)? > 4AB > 4ef > 0.

Taking the square root produces (8). |

Proposition 2.2. Equation (6) is elliptic. More precisely, if ¢ € C%(T®) denotes a
solution to (6) then
4
AEZ+BEF +EF +E+ED — 2D pistifis = M@)EF + 85 +£5 +E2 +8D) ©)

i=1

for every (£,&,,£5,£,4,&5) € RS, where

Me) =

A+B—(A+B)?2— 4¢eF).
( )

N | —

Proof. The principal symbol of the linearized equation at a solution ¢ equals

AEZ + B(E] + 85 + &5 + £3) — 201561 £5 — 20958085 — 20355385 — 20456455

and the corresponding matrix is

B 0 0 0  —¢5
0 B 0 0 —g¢y
Plp) = 0 0 B 0 —gg5
0 0 0 B —gu5

—¥15 —¥25 —9¥35 —Pa5 A

Since, by (6),

det(P(p) = D) = (B = 1)° (4 = M(B — 1) — (¢ + o5 + 05 + o))

=B-2° (32— @A+Br+e),
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10 G. Gentili and L. Vezzoni

the eigenvalues are A = B and
1
Ay =7 (A+Bj:\/(A+B)2 —4eF) .
Now (A + B)? — 4ef > (A — B)?> = (A + B) — 2A)? = ((A + B) — 2B)?, so that
O<i_=<B=a,.
This proves the claim. n

3 (C%-Estimate

Although the a priori C°-estimate for equation (6) can be deduced from the C°-estimate
of the quaternionic Monge-Ampére equation, as shown in [3, 5, 19], we shall prove this
fact using an argument that is specific to our setup.

Call Bg(x,) the open ball in RV centred at x, and of radius R > 0. We need to

recall the following results:

Theorem 3.1. Weak Harnack Estimate, Theorem 8.18 in [16]
Consider 1 < p < N/(N — 2), and g > N, where N > 2 is an integer. For every
R > 0, there exists a positive constant C = C(V, R, p, q) such that

—N, : 2—2N
VP Ul b 8y o) SC(XelBIrl(f;{o) ux) +r /q||f||Lq/z(BR<Xo))),

for any x, € RY, 0 < r < R/4, f € CO(RY), and any u € C?(R") that is non-negative on
Br(xy) and such that Au(x) < f(x) for all x € Bg(x,).

Theorem 3.2 Székelyhidi, [20]
Consider a map u € C?(RY) and assume there exist a point x, € R¥ and numbers

R > 0 and ¢ > 0, such that min‘XﬂOISﬂ, u(x) = u(xy), and

u(xg) +2Re < min u(x).
|x—xo0|=R

Then,

2N )
e < — det(D*u),
|BR (0)| T
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HKT Calabi-Yau Equation on Tori Fibrations 11
where

r, = {x € Bp(xp) | u(y) > u(x) + Vu®) - (v — %), ¥y € B(xo), IVu®)| < %} .

Now, let us identify functions on T° with functions ¢: R® — R that are periodic

in each variable. Denote by C*(T°) the Banach space of functions ¢: T® — R with C"-

norm
lellcn = max sup al(p(X)’
IIl<n ycRrS
where I = {i},...,i5}. We are adopting the multi-index notation ol = 8{1 3;'2 82,3 8243‘,’;5 with

Il = iy +1, + i3 + iy + i5. For @ € (0,1) we also consider the Banach space C"*(T®) of

functions ¢ € C*(T®) with Holder-continuous derivatives of order n:

lellgne =max{ll@llen , l@lcna} < 00,

where
|07p(x + h) — d1p(x)|
l¢lone = max sup sup < .
l=n yecr3 0<|h|<1 I
Set
ck(rd) = [<p e Cr (1) | / g = 0]
K
where

117°
K=|—>-|.
2 2
Theorem 3.4. Assume that F € C°(T®) satisfies (5). Let ¢ € C2(T®) be a solution to (6).

Then, there is a positive constant C,, depending on ||F||,0 only, such that
lglico < Co- (10)
Proof. Let x, € R® be a point where ¢ attains its minimum on K. Fix ¢ > 0 and define

u(x):<p(x)—mlz{ix<p+4e |X—X0|2 . (11)
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12 G. Gentili and L. Vezzoni

Then,

u(x, = ¢(X,) — max < min X) — max = min ux
(%) +& = ¢(xy) —ma §0+5_|X_X0‘:1/2<ﬂ() axg+e= min A x)

and by Theorem 3, with R = 1/2, we have

25
<= [ det(D?w). (12)
1B,,,(0)| /1

Differentiating (11) twice gives D?u = D% + 8¢I. Hence, we may rewrite equation (6) as

(Ugy + Uy + Usg + Uy — 326 + 1) (Ugg — 88 + 1) — udg — uds — uds —ui; = e’ (13)
Now, on I', the function u is convex; therefore, the Hessian matrix D?u(x) is non-
negative for all x e I',. In particular u;;(x) > 0 foralli = 1,...,5 and every x € I,.
In addition,

U (X)Ugs(x) — uf5(x) >0, foralli=1,...,5, andeveryxeTl,. (14)

Set ¢ = gy = 1/48, so that from (14) and (13) we obtain, for every x € |

Au(x) 5 1
5 = E(uu(X) + Ugp (X) + Uzz(X) + Ugye (X)) + §u55(x)

IA

1 5\ — 5
i=1

—F0 _ O _ gmaxF
18

Using again the fact that D?u is non-negative on TI',, the arithmetic-geometric mean

inequality forces

Au(x)
5

5
det(D?u(x)) < ( ) < edmaxk F, foreveryx e T, . (15)

At last, (12) and (15) imply

1)\° ‘Bl 2(0)‘
Ly e < det(D?u) < ed™&x Fyeas(T. ),
48 25 L 0
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HKT Calabi-Yau Equation on Tori Fibrations 13

that is,

e—maxKF 5
meas(FsO)z‘Bl/z(O)‘(T) = C. (16)

Now observe that
&
u(x) < u(xy) — Vux) - (xo — x) < u(xy) + ZO , foreveryx eI ,

that is,

2 €0 . &0
X) —max +48 X — X < X —maxe + — = min —maxep + —, fOI‘ everyx e I’ .
@(x) \ax ¢ ol ol® < o(x0) ax g + g —maxe + Y &0

This implies
max¢ —ming < maxe — ¢(x 1, foreveryx e I', .
ax ¢ K¢_K<p¢()+ Y £
It follows that for every p > 1

1/p
p
. 1/p
max ¢ — min meas(I" < maxe — ¢ + 1 = |max¢p —¢p +1 ,
(Kgo K‘P)( (Teg)) _(/FSO(K«? ¢ )) HKso ¢ HLP(FEO)

and since I', | € By 5(x() € K + x,, we have

maxe — ¢+ 1 < |max¢g —¢@ +1
fgxe-v+1],, <|mgxe-v+1]

LP(T¢y) LP(K)

Therefore, since [, ¢ = 0, we have |l¢|c0 < maxg ¢ —ming ¢. Then, (16) implies

llellco <maxg —ming < /P Hmaxq)—(pH +1]), Vp>1. (17)
K K K P (K)

By (8) we see that A(maxg ¢ — ¢) < 2, and since maxg ¢ — ¢ > 0 we can apply Theorem
3.2 with maxy ¢ —¢ in place of u, N =5, p = 4/3, q = 6, Xy € K such that ¢(x,) = maxy ¢,

r=1/2 and R = 3. This eventually shows there exists a positive constant C’ satisfying

<C (inf (mI?X(p — go) + ||2||L3(K)) =2C . (18)

max¢ — ¢ <
H K 14/3(K) K

Estimate (10) now follows from (17) with p = 4/3 and (18). |
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14 G. Gentili and L. Vezzoni
4 (%-estimate for the Laplacian

In this section we shall prove a C°-estimate for the Laplacian of ¢. The technique we

employ is an adaptation of that found in [11].

Lemma 4.1. Let ¢ be a C? function on the n-torus T%, fix x4 € R and pick a point p,

where ® = (Ag + 2)e”#% attains its maximum value. Define
n; = m(Ag + 2) (g + nee) — Agy;, Lj=1,...,n.
Then,
n;;(Po) =0, and  /m;m; = Inl at py,
foreveryi,j=1,...,n.
Proof. We begin by recalling the standard formulas

Vo =e " (VAp — n(Ap + 2)Vo)

and
(VO V) =— pue ™ (Vo @ VAp + VAp ® Vo) + n?e " ((Ap + 2)Vy ® Vo)
+e (Ve V)Ap — u(Ap +2)(VR V)g).
Since
V=0, (Ve®V)d<0 atpg,
we infer
VAp = u(Ap+2)Vp atp, (19)

and

(V@V)Ap = u(Ap +2) (VR V)e +uVe ® Vo)  atpy.
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HKT Calabi-Yau Equation on Tori Fibrations 15

In particular

2
(M(AQO + 2)(¢y5 + neiej) — A‘Pij)
< (i(ag + 2 + ned) - Agig) (19 + 205+ 1eP) - Agy)

at p,, forevery 1 <1i,j <n, and also

(A + 2)(g;; + ngie) —Apy; =0 atpy, i=1,...,n.
Hence, the claim follows. ]

Proposition 4.2. Let F € C?(T®) satisfy (5). There exists a positive constant Cj,
depending on ||F||-2 only, such that

Apllco < Ci(1+ llellc) (20)
for any solution ¢ € C(T®) to (6).

Proof. For starters,

4
Aef = AAB+AAB+2VA-VB-2> (|V(pi5|2 + §0i5A(pi5) . (21)
i=1

Let py and n;; be as in Lemma 2 with

£
= max(ae + 2)

and ¢ € (0,1) to be determined later. Then, by using (9) with

& =sgn(ei) iy, 1=1,....4, & = /M55,

we find

4 4 4
1(Ap +2) | Algss + 1ned) + B Y (¢ii + 1e?) | — A Agss —B Y Agi;—2 D giskifs > 0.
i=1 AB i=1 i=1
———
AA

at py. Lemma 2 now implies

Visti€s = |9i5| /Tiin/Tss = PisMis+ At Do
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16 G. Gentili and L. Vezzoni

that is,

05685 > ¢;5 (M(Afﬂ + 2)(p;5 + 1@;@s) — A‘Pis) atpg .

Therefore, we obtain

4 4
1w(Ag +2) [ Alpss + ned) + B (0ii + 19?) | =2 0i5 (1(Ag + 2) (05 + 1eigs))

i=1 i=1
4
> AAB+BAA -2 ¢i5Agis, atpg.
i=1
By (21), and the definition of A, B, at the point p, we have
Aef <p(Ap+2)(AB—1)+B(A —1))+2VA- VB

4 4
+ 12 Do +2) (A +BY 0? | — 2080 +2) > (0k + noisvivs)

i=1 i=1

4
=2u(Ap +2) [AB— D 9% | — u(Ap +2)(A+B) + 2VA - VB

i=1
4

+ 12 (Ap +2) | AgE + B9} + 05 + 93 +¢5) — 2 0is0ivs
i=1

<2u(Ag + 2)ef — u(Ap +2)% +2VA - VB4 2u2(Ag + 2) (A¢g +B? + 93 +F + <p§)) .
Observe that in the last inequality we used (9) with §; = ¢;(py) fori = 1,...,4 and
&5 = —¢5(Po)-

By (19) we then have
12 (Mg +2)% |Vp|? = [VAp|? = V(A +B)|? = |VA|? +|VB|> + 2VA - VB > 2VA - VB, atpq,
and with the help of
Aw§ +B(w% + w% + go% + <pﬁ) < A|Vg|? +B|Vg|? = (Ap +2)|Vg|?
we deduce

1(Ap(po) +2)? < —Aef (pg) + 21(Ap(po) + 2)eF P + 312 (Ap(po) +2)2 [Ve(po)>.  (22)

Let us set
m=A¢(py)+2, @5=¢[Py-
Since p, is a maximum point for ¢, clearly

max ® = me *%0,
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HKT Calabi-Yau Equation on Tori Fibrations 17

From (22) we obtain

,umz < HAeF

oreum|e| 4+ 3utm? Vel (23)

Now fix a point p; where A¢ + 2 reaches its maximum, and call ¢; = ¢(p;). Then
m < max(Ag + 2) = et < met@1—¢o) < me2rlelco (24)
By the definition of u and inequality (8), we have

2 1 <e” min(F/2) ,

hence by (24)
£ exp (—e— i/ ||<P||CO) < e 20l = pmax(Ap +2)e 200 < pm
and also
exp (e~ ™2/ g o) max(Ag +2) < e 240 max(ag +2) < m.

Next, we multiply the last two inequalities and use (23), recalling that um < ¢, to the
effect that

eexp (~2¢” ™D gl o) max(ag +2) < |ae| | +2¢ |ef]| | +3e2 1901

Put otherwise,

—mi 1
1A¢lio < exp (267 ™2/ g o) (; e o 2 o], +3¢ ||wu§o),

and by choosing

1
E= ——
1+ [Vellco

the claim is straighforward. |

The next theorem will provide us with an a priori C!-estimate for ¢. Together

with Proposition 2, it will give an a priori C°-bound for Ag.
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18 G. Gentili and L. Vezzoni

Theorem 4.3. For all solutions ¢ € C*(T®) of equation (6) with F € C?(T®) satisfying (5)

there exists a positive constant C,, depending on ||F| 2 only, such that
lellgr < Cs. (25)

Proof. FixO<ao<landp= % > 3. Morrey's inequality says

lollgre = Cllollwzp

for some positive constant C depending only on «. Elliptic LP-estimates for the Laplacian

also generate another constant C’, still depending on « only, such that
lelliwzs < C (@l + 1 AUllLp) -
If ¢ € C?(T®), the C%-estimate (10) for ¢ and bound (20) for Ag imply
lelle + 1A@lie < ll@lig, + 1A@llgo = Co + C1 (1 + ll@llcr) -

Using standard interpolation theory (see [16,section 6.8]), for any ¢ > O there is

a constant P, > 0, such that
loller < P ll@llgo + € llelicra s for every ¢ € C1(T°).
Putting all this together, we obtain
lgllgr < P,Cy+ &Ky (Co+ Cr (1 + ll@llgr)) = P,Cy + €Ky (Cy + Cy) + €Ky Cy ol

for some positive constant K, again depending on « only. This produces (25) once we

choose

1

&< .
KOCI

Corollary 4.4. Assume that F € C?(T®) satisfies (5) and let ¢ € C*(T®) be a solution to

(6). Then, there exists a positive constant C;, depending on | F| ;2 only, such that

[A@llco = C5.
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HKT Calabi-Yau Equation on Tori Fibrations 19
5 (C?“-estimate

The C?“-estimate for our equation (6) can be deduced directly from the general result
of Alesker, which we state next. It holds for compact hypercomplex manifolds that are

locally flat, in the sense that they are locally isomorphic to H".

Theorem 5.1. Theorem 4.1 in [2]
Let M be a 4n-dimensional compact HKT manifold whose underlying hypercom-
plex structure is locally flat. Suppose ¢ € C?(M) is a solution to the quaternionic Monge—

Ampere equation (4). Then,
lollgze = C

for some « € (0, 1) and a positive constant C, both depending on M, &, ||F||z, lellc, and

| Apllco, where

- 33, 0 AQVE
Ap=—""2 on

and 2 is the HKT form.

The HKT structures we are considering on M, are flat for the Obata connection
[13,Proposition 6.1]. Hence the underlying hypercomplex structure is locally flat.
Moreover, for T3-invariant functions the operator A acts as a multiple of the Laplace

operator, hence Theorem 6 and Corollary 1 imply

Proposition 5.2. Assume F e C?(T®) satisfies (5). For every solution ¢ € C*(T®) to
equation (6), there exist « € (0,1) and a positive constant C,, depending on ||F||sz, ll¢llco

only, such that

lellgze < Cy.

6 Proof of Theorem 1

In this section we shall use the previously established a priori estimates in order to

prove the following result. This will then imply Theorem 1.

Theorem 6.1. Let F € C®(T®) satisfy (5). Then, equation (6) admits a solution ¢ €
C(T).
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20 G. Gentili and L. Vezzoni

Proof. TFort € [0, 1], we define
F, =log(1 —t + te")
and set

S=1{0 € CET®) | W11+ 02+ 933+ Gas + Dl + 1) — o — o35 — o35 — s = o™},

and S = (Jyo 1) S;- Clearly 0 € Sy, and S, is the set of smooth solutions of (6). We thus
need to show that S; # ¢. For any ¢ € [0, 1] the map F, satisfies (5) and

max [F:]lge < o0

Proposition 3. therefore implies there exists « € (0,1) such that

sup [l¢llgze < 00. (26)
peS

Let
T =sup{t €[0,11|S; # 0}.

We claim that S, # @J and r = 1.

S, #0. Let {t;} €0, 1] be an increasing sequence converging to t, and for any k € N
we fix ¢ € Sg- Condition (26) implies that {¢;} is a sequence in Cf'“ (T®), so
by the Ascoli-Arzela theorem there exists a subsequence {‘/’k,»} converging to

some ¥ in C>*/?(T5). The function v satisfies

(V11 + Vg + Ve + Vag + DWss + 1) — Yis — Y35 — Y35 — Va5 = €.

In view of Proposition 1, equation (6) is elliptic, and elliptic regularity (see
e.g., [21,Theorem 4.8, Chapter 14]) implies that ¢ is in fact C*. Therefore,
S, # ¥, as required.

7 = 1. Assume that, by contradiction, t < 1, and consider the nonlinear operator

T: C2(T®) x [0, 1] — C%*(T®)
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defined by

T(p, 1) = (91 + P22 + 933 + 0ag + D@55 + 1) — 95 — 055 — 935 — 0as — €.

Since S, # ¥, there exists ¥ € C2°(T®) such that T(y, t) = 0. Let L: CZ*(T®) —
co« (T®) be the first variation of T with respect to the first variable. Then,

Lu = Augg + B(Uy; + Ugy + Ugg + Uyy) — 2C U 5 — 205Uy — 203Uz — 20, Uy
where

A=+ Yo+ Va3 +Yaa+ 1), B=(Ys55+ 1), C;=1Yis,

which implies that L is elliptic since ¢ € S,. The strong maximum principle
guarantees L is injective because Lo = 0 forces ¢ to be constant. Fur-
thermore, ellipticity implies that L has closed range, and Schauder theory
together with the method of continuity (see [16,Theorem 5.2]) ensures L is
surjective. Hence, by the Implicit Function theorem there exists ¢ > 0, such

that for every fixed t € (t — ¢, T + ¢), equation
T(p,t) =0

has a solution ¢, which is additionally smooth by elliptic regularity. There-

fore, S; # ¥ for every t € (r,7 + ¢), which contradicts the maximality of

T. | |

7 Further Developments

As a follow-up to the present work, we plan to study the quaternionic Monge-Ampere
equation on other homogeneous spaces.

The manifold M,, for instance, can be regarded as a T2 bundle over T®, so it
is quite natural to wonder whether Theorem 1 might extend to T?-invariant functions
(instead of T3-invariant). We shall next describe this setup for M, and point out the
differences from the T3-invariant setting considered in Theorem 1.

From (7) the quaternionic Monge-Ampere equation (4) on (M,,J;,Jy,J3.9)

reduces to the following partial differential equation (PDE) on the six-dimensional
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22 G. Gentili and L. Vezzoni

base T® when the map F is T?-invariant

(@11 + @22 + ¢33 + @aa + (@55 + 9g6 + 1)

- (‘P35 - ‘st)z - (‘P45 - (016)2 - ((P46 + (P15)2 - ((036 + (P25)2 = eF . (27)

where ¢ is an unknown function in C>(T%). By calling
A=y + ¢+ @33+ +1, B = @55 + ¢ 1 1
and
a; = ¢35 — P26+ Ay = ¥45 — P16+ a3 = Qa6 + P15 Ay = Y36 T P25/

we may rewrite (27) as
4
AB- Y a?=¢". (28)
i=1
The above is elliptic and
2 £2 | £2 | £2 2 | £2
By + &5 + &5 +&5) +A($5 +&6) — 2a,(5385 — £66) — 2a, (8465 — &%)

— 2a5(8466 +§155) — 2a,(5385 + £565) > O, (29)

for every £ e RS, £ # 0.

In order to show that (27) can be solved, we need only prove an a priori C°-
estimate for the Laplacian of the solutions to (27). The natural approach consists in
adapting the proof of Proposition 2 by mixing Lemma 7 with the ellipticity of the
equation. In this case, however, it seems that condition (29) should be replaced with

a stronger assumption, one implied by the estimate
2(|ayag| +|aja,]) < €. (30)

Applying the Laplacian operator to both sides of (28) we get

4
BAA +AAB+2VAVE -2 (|Vay|* + apaay) = AcF,
k=1
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which readily implies
4
Aef <BAA+AAB+2VA-VB-2 ayAay. (31)
k=1

Let py be a maximum point for (Ap + 2)e™#¢, as in Lemma 7, and

1 1
M= max(Ag +2) 1+ Vel

Using (19), we see that the following relation holds at p
12 (Ap +2)% |Vo|? = [VAg|* = |V(A + B)|* = |VA|? + |VB|* + 2VA - VB > 2VA - VB,
that is,
2VA - VB < 1*(Ap + 2)* |Vol? . (32)

To produce an upper bound for BAA+AAB—2 Y 4_; ayAay, we consider n;; as in Lemma 2

and

§ = /M-
Then, at p, we have
§:&; = Inyjl .

Moreover,

la11(5385 + §286) = la1l [|IJ«(A¢ + 2)(p35 + 1e395) — Agss| + [ (Ap + 2) (w26 + 1e2906) — A¢726|]
>ay {M(Afﬂ + 2)(p35 + ne3¢s) — Apzs — w(Ap + 2)(g26 + ne2¢6) + A(ﬂzs}
= u(Ap + 2)(0% + a1 u(p3ps — 206)) — a1Aa

at py, that is,

@) 1(E55 + £286) > 1(Ag + 2)(a% + na; (p30s — P296)) — a1 Aa,
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24 G. Gentili and L. Vezzoni

at pg. Similarly,

|ag| (€485 + £1£6) > (A + 2)(a5 + pnay (9405 — 0106)) — AyAa,,
’a3’ (%'455 + 5155) > M(A(P + 2)(a§ + Ma3(¢4¢6 + (/71§05)) - a3Aa3 ’

|ay| (586 + £285) = (A + 2)(ag + 1ay (9306 + 9205)) — azAay,

at py. If we add up the last four inequalities and use (29) with & = ¢, fork =1,...,4

and & = —g5, £ = —¢g, We end up with

2|a;|(€385 + E2€6) + 2 |ay| (5ads + 6156) + 2| ag| (Eafe + &185) + 2 |y (6385 + E265) >

4 4
(g +2) (Z(Zai — uBg}) — pA(gE + wé)) —2) ayAay
k=1 k=1

at pg.
To handle the last inequality, we need the following estimate

BEEVEZHEE+EH +AEE+ 8D >

2la,|(6365 + &2€6) + 2 [ag| (Babs + £186) + 2 [ag] (Bafis + £165) + 2 |aa| (B3 + £r85).  (33)

Notice this is stronger than (29).

In fact, if we assume (33), then

4 4 4
BY & +AE +£5) > n(hp+2) (Z(zai — uBgp) — nA(p¢ + goé)) —2> apha
k=1 k=1 k=1

at p, and, keeping in mind the definition of &,
4 6 4
BY 1 +AE+83) = n(Ap+2) (A D (G + 1P +BD (o + w,%))—AAB—BAA,
k=1 k=5 k=1

at pg.
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Therefore,

6 4

w(Ap +2) (A D Grk + 10 +B Y (pp + mo,%)) ~AAB—BAA >
k=5 k=1

4 4
(Mg +2) (Z(zai — uBg}) — nA(wf + wé)) —2> aphay,
k=1 k=1

at p,, which implies

4
AAB+BAA -2 apAay <
k=1

6 4 4
< (Mg +2) (A D Gr +2000) + B D (9 +2u08) — 2 ai)

k=5 k=1 k=1

4
< u(Ap +2) (ZAB —(A+B)+2u(A+B)|Vg|*> -2 Zai)
k=1

= u(Ap +2)

—

26" — (Ap +2) +21(Ag +2) Vo) ,

at py. In other terms,
4
AAB+BAA — 2 Z apAay < (Ag + 2) (2eF — (A@ +2) + 2u(Ag + 2) |V<p|2) (34)
k=1

at py. From (31), (32), and (34) we finally deduce
1w(Ap +2)* < —Aef + 2u(Ap + 2)e" + 3% (Mg + 2)% Vo2,

at p,. At this juncture the a priori CC-estimate for Ag can be obtained as we did in the
second part of Section 4.
Let us point out that requiring (33) for every & € R® is equivalent to (30). Indeed

the quadratic form

QE) = BEZ+EZ+EIVED +AEE+ED)

—2|a, (€365 + 286) — 2| @z (6485 + 6186) — 2| a| (6ad + 5185) — 2 |as| (5386 + 5255)
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26 G. Gentili and L. Vezzoni

has matrix

B0 0 0 —la| |

0 B 0 0 —lay —la

0 0 B 0 —lay| a4

0 0 0 B —lap| —lag| |’
—las| —laa| —la| —las) 4 0
—las| —la| —las| —fas] 0 4

which is positive definite if and only if

4 2
" (A_B—l Z) — 482 (Jagag| + |ayaq))? | > 0
k=1

since B > 0. A direct computation tells that the last condition is equivalent to

2(|ayas| +|aja,]) < €.

In analogy to the above discussion, the manifold M; arises as an S1-bundle over
a T”-torus, and the function F may be chosen to be S!-invariant. If so, the quaternionic

Monge-Ampére equation (4) reads

(11 + @22 + 033 + aa + 1) (955 + g6 + 977 + 1)

— (a5 — P16 — P27)° — (935 + P17 — P)”

— (@36 + P47 + P25)° — (046 — 037+ 915)° = €",

where ¢ is an unknown function in C®(T7).

Setting
A=¢;1 + @+ @33+ @u+1, B = @55 + @5 + 977 + 1

and

A1 = Q45 — P16 — P27+ Ay = P35 + Y17 — o6

a3 = Q36 + P47 + Y25, Ay = Qg6 — P37 T @15,
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the equation turns into

4
AB- ) a?=¢". (35)
i=1
The above is elliptic and
BT + &5 +E5 +ED + AL + 8 + &) — 2a, (5 — &£ — 287 (36)

—2a3 (8385 + 5187 — §286) — 2a3(5386 + 54857 + 6285) — 2a4(6486 — 367 + 6165) > O,

for every £ e R7, £ # 0.

We proceed as in the previous case, and choose p, and 7;; as in Lemma 2 and

1 1
"= max(Ap +2) 1+ Vol

resulting in
4
Aef <BAA+AAB+ i*(Ap +2)* Vo> — 2D a;Aay, atpy.

k=1

Set §; = ,/7; and apply Lemma 2 to obtain

@1 |Eafis + E186 + £267)
2101 {|1(A0 + 20045 + 10a05) — Agys| + [11(Ag + 2)(g15 + 10196) — Ao
+ |1(A0 + 2) (07 + 10297 — Ay |}
>a, {M(A§0 + 2)(Pa5 + 1P495) — Apgs — (Ap + 2) (016 + @1 96) + Agys
— 1(AG + (7 + 19207) + Agay |

=1(A¢ + 2)(a3 + a L(9a05 — 9195 — 9207)) — A1 AG,

at p,, that is,

@ |(Egfs + &1 86 + £267) = 1(A@ + 2)(a2 + nay (9,05 — 9195 — P207)) — Q; Aay
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at pg. From that we deduce

|ay| (E3&5 + £187 + E286) = (A@ + 2)(a5 + 1ay (9305 + 9107 — $206)) — AyAay,
|as| (Ba8 + £487 + &x85) = (D@ + 2)(a3 + nas(9396 + Pags + P205)) — AzAag,

|ay| (€4 + E3E7 + £165) > (A + 2)(a] + 1na4(9406 — 307 + 0105) — Aglay,
at py. The sum of the previous four inequalities, together with (36), yields

2|a;1(5aks + 6186 + 5257) + 2| ay| (5385 + &6 + 5255)

+ 2 |ag| (6386 + Ea&y + Ens) + 2 |ay| (Bu8g + E387 + E185) =

4 7 4
uw(Agp +2) (Z(Zai - /,LBq)]%) — UA Z wi) -2 Z apAay
k=1 k=5 k=1

at pg.
We need the following estimate

B(EZ+ 82+ 62+ E2) + AEE + 82 + £2) — 2|ay |(E485 + & 66 + £257) (37)
—2|ag| (8365 + &1867 + E286) — 2]asz|(E386 + £487 +E265) — 2|agl| (64 + £357 +£185) > O,

at py, which is stronger than (36). Once this has been established, the result follows.

To prove (38) one has to show that the quadratic form

Q) = BEE + &2+ E2 +£2) + AEZ +EE +£2) — 2|a; (485 + &85 + E267)

—2|a,| (8385 + §157 + 5286) — 2|asl (8386 + 8487 + 5255) — 2|ayl (5486 + £387 + §155)
on R is positive-definite. This is equivalent to demanding two things:
e’ —4(|ayas| + |aya,))® > 0,
& — e ((|azas| + [a1a4])” + (@8] + [a2a4]) + (|@1a,] + |asaa))?)
— 16 (|ayas| + |a,a4]) (|@1a5] + |22a4]) (|2, 82| + [aza,]) > 0.

We wrap up this overview of our future plans by observing that there exist torus
fibrations whose hypercomplex structure is not locally trivial. On these spaces Alesker’s
theorem cannot be applied, so once the C%-estimate of the Laplacian is at hand one needs

to prove the C?“-estimate by alternative arguments.
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We expect that the study of the equation on these explicit examples will give

new insight for the handling of the general case.
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