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FLEXURAL STRENGTH OF REINFORCED CONCRETE 
SLABS WITH EXTERNALLY APPLIED IN-PLANE RORCES 

by 

A. E. Glrolaml, M. A. Sozen, and W. L. Gamble 

Reinforced concrete slabs, bounded by elements which can develop 

horizontal reactIons, have flexural capacItIes considerably In excess of the 

load calculated by an orthodox applIcation of the yield-line analysis. The 

additional capacity results primarily from changes in geometry of the slab 

which generate In-plane forces reacting against the bounding elements. 

Calculation of the effect of the In-plane forces on slab flexural strength 

Is essentIal for a realistic evaluation of the slab capacity because the 

increase in load caused by the in-plane forces is not negligible, especially 

for short-time loading. 

The Investigation descrIbed In this report was concerned with the 

development of a simple method of calculatIon for the flexural strength of 

reinforced concrete slabs with in-plane forces and to check the applicability 

of the method by exper iments. 

Six reinforced concrete slabs with spandrel beams were built, 

Instrumented, and tested. The test slabs, which were six-ft square and 

1.75 in. deep, were reinforced with Intermediate grade steel (yield stress 

was approximately 48,000 psi) and the concrete strength was approximately 

~500~ll'$t.. The slab and the spandre I beams had both negat ive and pos it ive 

moment reinforcement to simulate an Interior panel in a two-way slab designed 

to carry 150 psf. Three of the test slabs were supported only at the corners 

while three were supported at several points along the spandrel beams to 

investigate the effect of nonylelding beams. 
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Three types of loads were applied on each test slab. At first, a 

set of horizontal loads were appl fed at fIve equally spaced points on each 

side of the slab. Each loading Jack reacted against a yoke which transmitted 

the reaction to the point on the opposite side of the slab. In effect, the 

horizontal loading equipment was supported by the slab and did not impede 

deflection in the vertical plane. The vertical slab load was applied at 

sixteen points on the slab to simulate a uniform loading. In addition, a 

set of eight loads were applied at cantilever extensions of the beams in 

order to maintain a certain amount of restraint at the corners. All vertical 

loads and reactions were applied through systems of long hangers in order to 

minimize the possibility of extraneous boundary conditions. 

Each test was carried out over a period of 8 to 12 hours. After 

the application of the horizontal loads, the slab and beam· loads were increased 

proportionally until failure was obtained. Load magnitudes, deflections of 

the slab, crack patterns, and strains in the steel and the concrete were 

recorded. 

The three slabs with flexible beams initially developed a typical 

positive~nt yield pattern in the form of a diagonal cross but ultimately 

failed with the yield lines running parallel to the edge of the slab. The 

beams participated In the failure mechanism. Failure was limited to the slab 

in the three test specimens with nondeflectlng beams. Collapse of the slab 

was abrupt and caused by reaching the rotation capacity of the negative-moment 

yield line. Evidently the rotation capacity of the slab was reduced by the 

i n-p 1 ane force. 
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An iterative procedure was developed for calculating the flexural 

strength of reinforced concrete slabs with ln-plane forces. This procedure 

uses the basIc concepts of the yield-line analysis but recognizes the increase 

in flexural capacity of the sections along the yield lines and the effects 

of the deflected shape of the slab. The slab load capacities calculated by 

a routine application of the yield-line analysis and by the proposed iterative 

procedure compared as follows with the measured loads for the six test slabs: 

Total Load Capacity in kips 
Mark Yield-line Iterative Procedure Measured 

FS I 18.5 28.5 31 .8 
FS2 18.5 28.5 32.9 
FS3 18.5 28.5 31 .4 
Fs4 18.5 33.0 38.6 
FS5 18.5 33.0 33.7 
Fs6 18.5 33.0 34.7 

The proposed procedure provides a simple and satisfactory method 

for calculating the flexural load capacities of reinforced concrete slabs. 
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STRENGTH OF SLABS SUBJECTED TO 

MULTI AXIAL BENDING AND COMPRESSION 

by 

w. L. Gamble, H. Flug, and M. A. Sozen 

Reinforced concrete slab panels which are supported so that horizontal 

displacements of the edges of the panels are prevented are often capable 

of supporting considerably more load than would be indicated by simple 

yield-line analysis methods because of in-plane compression forces developed 

during deflection. The purpose of the series of tests and analysis described 

in this report was to demonstrate that the basic principals used in predicting 

the strength of reinforced concrete elements subjected to bending moments 

and thrusts in one direction, as in the case of columns, can also be used 

satisfactorily to predict the strength and behavior of slabs subjected to 

bending and in-plane forces acting in several directions at once. 

The importance of the in-plane forces can perhaps be best illustrated 

by reference to a set of tests conducted by Ock1eston on a large reinforced 

concrete building. A single interior beam-supported panel carried a uniformly 

distributed load of 753 psf, while the computed capacity, using the yield­

line analysis technique, was29S psf. The very high load capacity is 

attributable to the presence of in-plane compression forces generated when 

the surrounding panels restrained the lateral movements of the edges of 

the loaded panel. 

Six hexagonal reinforced concrete slabs were constructed and tested in 

order to investigate the effects of the reinforcement ratio and magnitude 

of in-plane forces on the strength and behavior of slabs. The slabs were 

reinforced with steel having a yield stress of about 50 kips/in. Z and the 

average concrete strength was about 6,300 lb/ino 2 The slabs were four in. 
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thick, and the basic hexagon measured about 6 ft 2 in. across flats. The 

edges of the hexagon were slotted to form loading wings, and the load was 

appl ied so as to produce constant bending moments in all directions within 

a three ft diam. central portion of the slab o 

In three slabs the reinforcement ratio was 0.005 and it was 0.01 in 

the remaining three. One slab with each reinforcement ratio was tested 

with no applied in-plane compression forces. In-plane compression forces 

were applied to the other four slabs by means of prestressing strands which 

passed through ducts formed in the slab. Three strands were used, each 

extending across the hexagonal slab tip to tip, and they crossed at center 

of the slab. The applied forces were either 0.55 kip/in. or 1.10 kip/in. of 

width of slab section o The slab was supported and loaded through long hanger 

rods so that these systems would not be able to introduce appreciable 

in-pl~n. restraints o 

The three prestressing strands used to introduce the in-plane compression 

forces were at slightly different levels so each introduced small moments due 

to the different eccentricities which had to be taken into account in the 

analysis of the test r~sults. The bias introduced was such that the most 

critical sections and locations of the fai lures were predetermined in the 

slabs with in-plane forces. 

The applied forces, deflections, reinforcement strains, and concrete 

strains were measured during the tests. The progress of cracking was also 

observed and recorded. The applied forces were used to determine the appl ied 

uni t bending moments and thrusts, and the deflection data were analyzed to 

give measured average curvature values within the central test area of the 

specimens. 

The strengths of the specimens with 0.01 reinforcement ratios agreed 

very closely with the theoretical values. The measured failure moments for 





3 

the slabs with reinforcement ratios of 0.005were 11 to 13 percent higher 

than the theoretical values, with the discrepancies being explained primarily 

by strain-hardening of the reinforcement. The reinforcement strain measure­

ments do not allow direct confi rmation of this, as most of the gages failed 

before strain-hardening strains were reached, but the measured concrete 

strain-moment relationships are consistent with strain-hardening. 

In the slabs with 0.005 reinforcement ratios, application of an in-plane 

compression force of 0.55 kip/in., or 138 psi, caused an increase i,n moment 

capacity of32 percent, while 1.10 kip/in., or 275psi, caused an increase 

of 57 percent. For the slabs with 0.01 reinforcement ratios, the same in-plane 

compression forces produced increases in moment capacity of16 and37 percent, 

respectively. In both cases the increases followed the increases predicted 

by the use of moment-th"ust interaction diagrams for concrete sections very 

closelyo 

Whi le the fai lures always occurred at the edges of the central test 

area, the behavior of the slab within the test area was predictable on the 

basis of the simple theory of flexure for bending in one direction taking 

into account the in-plane compressions. The only modifications needed would 

be those required to take into account large deflections, and this becomes 

a factor only long after yield when the central test area has been deformed 

into the shape of a spherical segment. 
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1.1 Object and Scope 

It has been establ ished through experience in actual structures 

as well as through various experimental investigations that reinforced concrete 

slabs·failing in flexure possess load capacitites well above what may be 

attributed to the flexural moment capacity of the yielding sections. The 

expl ictt causes for the reserve strength, in addition to strain hardening 

of the reinforcement and possible arching of the load, ~re changes in the 

geometry of the slab and forces generated in the plane of the slab by the 

changes in geometry. At small deflections, the in-plane forces are 

compressive, and directly enhance the moment capacities of the under­

reinforced slab cross sections. 

In order to obtain a realistic estimate of the flexural strength 

of a slab, it is necessary to calculate the effects of the in-plane forces. 

Especially for short-time loading of panels bounded by elements capable of 

providing lateral reactions, ignoring the effects of the in-plane forces 

results usually in a gross underestimate of the slab capacity. 

A rigorous numerical analysis of the strength of slabs with 

in-plane forces requires no more than a statement of the conditions of 

equil ibrium, functions describing the response of the bounding elements, 

information on the moment-rotation properties of the reinforced concrete slab, 

~d time on a large-capacity digital computer. For general application in 

practice, the success of such an approach is trivial. The desirable goal is a 

simple and reasonably accurate method of analysis which can be modified on 

the basis of intelligible principles to apply to various cases encountered 

in actual structures. 

The primary object of this report is to describe an iterative method 

developed for calculating the transverse-load strength of reinforced concrete 
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slabs subjected to in-plane forces. The method is based on the yield-l ine 

analysis and rules developed for estimating the deflections of reinforced 

concrete slabs. 

The behavior of six test slabs with flexible and nondeflecting 

edge beams is described. The test slabs were subjected to known in-plane 

forces as they were loaded transversely to failure. The transverse load was 

applied equally at 16 points to simulate a uniform loading. In order to 

minimize the influence of unknown boundary conditions, all loads and reactions 

were applied through long rods hinged at both ends. 

The observed strengths of the test slabs are compared with the 

results of tne proposed iterative method. 

1.2 Acknowledgments 
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2. DESCRIPTION OF THE TEST SPECIMENS 

The test slabs were designed to represent interior panels supported 

by beams, cast monolithIcally with the slab, on all four edges. The thrusts 

and bending moments simulating the restraint caused by the adjacent panels 

were provided by the loadIng system. The overall plan dimensions of the test 

slab (F i g. I), 6 by 6 ft on support center 1 i,nes, were arb i trar i ly chosen. 

The slab thickness was nominally 1.75 in. The beams were 6-in. deep and 

3-in. wide as shown in Fig. I. 

The slab was reinforced in accordance with the requirements of 

Method 1 for two-way systems of the ACI Building Code (4)* for a total unit 

load of 150 psf. The slab reinforcement and the web reinforcement in the 

beams was cut from No.7 gage steel wire. Number 2 deformed bars were used 

to reinforce the beams. The'effective depths and reinforcement ratios for 

the slab and beam sections are listed in Table-I. 

The beams were extended for a distance of I ft 11.5 in. beyond the 

center of the corner supports in order to provide anchorage for the beam 

reinforcement and also to provide a lever for the application of a vertical 

load to restrain the beam rotation at the support. 

In order to prevent torsional distress, stirrups were used in the 

beams as shown in Fig. 2 and 3. The No.7 gage wire stirrups formed close 

loops with a 2-in. lap. Stirrups satisfying ACI Code minimum requirements 

were sufficient to resist the design shear forces. 

One of the governing concerns in the design of the test setup was 

that uncertain boundary conditions be minimized. Accordingly, both loads 

,f. 

~Numbers in parentheses refer to entries in the List of References. 
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and reactions were applied through hangers. To accommodate the hangers for 

the application of a simulated uniform load, one-in. round holes were formed 

through the slab at locations shown in Fig. 1. 
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3. MATERIALS AND CONSTRUCTION 

3.1 Reinforcement 

(a) Slab Reinforcement 

To provide a reasonable spacing of the slab reinforcement without 

exceeding the design requirements for the total amount of steel, it was 

necessary to use small-scale bars. These were cut from No.7 gage wire which 

was subjected to two special treatments. 

To improve its stress-strain characteristics, the wire was 

annealed for two hours at 800oF. After annealing, the wire was washed with a 

50-percent solution of muriatic acid to remove the mill scale. To improve its 

bond characteristics, the surface of the wire was knurled. 

A representative stress-strain curve for the No.7 gage wire is shown 

in Fig. 6. The average yield stresses for the reinforcement in the test 

slabs are 1 isted in Table 2. 

(b) Beam Reinforcement 

The deformed No.2 reinforcing bars used in the beams were purchased 

from the Triangle Steel and Supply Company, Los Angeles. Because these bars 

had been cold worked, they had an unstable stress-strain curve which was very 

sensitIve to the loading rate even at ordinary loading speeds. To stabilize 

the stress-strain response, the bars were annealed for two hours at l200oF. 

A representative stress-strain curve is ·shown in Fig. 7. 

(c) Stirrup Steel 

The stirrups were bent from the No.7 gage steel wire that was 

used for the slab reinforcement. 
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3.2 Steel Assembly and Placement 

The beam top and bottom reinforcement and the stirrups were tied 

into cages before being placed in the form. The bnttl): ,::L~b reinforcement was 

supported on 3/16 in. diameter steel wire, cut into lengths of about one in. 

The reinforcement was thenwired securely to the bottom of the form. The top 

bars in the slab were supported by the beam reinforcement at one end and by 

a chair at the other end. 

Cork blocks were wired to the reinforcement at each location a 

steel strain gage was to be located. The reinforcement was smoothed with a 

file and emergy cloth at each of these locatIons prior to wiring the cork 

block on it. 

3.3 Concrete 

(a) Mix Proportions 

The mix proportions by weight were 1:1:4 (cement:fine sand:sand) 

with a water/cement ratio of 0.7. The aggregate was a mixture of fine lake 

sand and Wabash River sand. Sieve analysis results for the fine lake sand 

are shown in Fig. 8 and the gradation of the combined aggregate in Fig. 9. 

The cement used was type III. A representative stress-strain curve for the 

concrete is shown in Fig. 10. 

Eight 4 by 8 in. cylinders were cast for each slab. Four were used 

for compression tests and four for split-cylinder tests. Four 2x2x8-in. 

beams were cast for modulus-ot.-rupture tests. The control specimens were 

tested at the time the slabs were tested. The averages of these results 

for each specimen are tabulated in Table 2. 
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(b) Casting and Curing 

Three batches of concrete were used for casting each of specimens 

FS1, 2 and 3. The concrete for the second series of specimens FS4, 5, and 6 

was mixed in one batch. 

The slabs and beams were vibrated internally with an electric 

vibrator. The beams were also vibrated externally to insure consol idation. 

The concrete in the slab was finished using a wooden screed and a metal trowel. 

About two hours after casting, the metal tubes used for making the 

holes in the slab were removed. After eight hours, the slabs were covered 

with wet burlap which was kept wet for five days. At the end of five days, 

the burlap was removed and the forms were stripped. The control specimens 

were cured under the same conditions as the slab. 
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4. LOADING SYSTEM 

4.1 React ion Frame 

The loading system was designed to minimize uncertainties in the 

boundary conditions. As illustrated in Fig_ 11 and 12, the vertical loads on 

the slab and on the beam ends as well as the corner reactions were applied 

through long steel hangers which would cause negligible lateral restraint. 

The horizontal loads (Fig. 13) were applied using frames resting on the beams: 

deflection of the beams did not generate vertical reactions in the horizontal-

load system. 

The corner reactions were supported by two structural-steel frames 

(Fig. 11 and 12) spanning 12 ft in the east-west direction and spaced 6 ft 

center-to-center from each other. The corner reactions were transmitted 

from the slab to the frame with 0.75-in. round tlFatigue ?roof ll steel rods 

ten ft in length. 

For specimens FS4 through 6, the reaction system included two 

additional hanging supports (Fig. 11 and 12) for the beams on each side of 

t he spec imen. 

4.2 Vertical Loading System 

The vertical load on the test panel was applied by four jacks and 

distributed to 16 load distribution plates by means of four loading trees. 

Each distribution plate was centered over the holes in the slab of the 

test specimens shown in Fig. 1. 

Each quarter of the slab was loaded by an identical loading tree. 

The base of the loading tree was a 6 ft long main tension rod which extended 

through a hole in the test floor. A 3D-ton center-hole, double-acti~· 

.J_ 

"Trademark of La Salle Steel Company 
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hydraulic ram and an electric dynamometer was attached to the end. The. 

other end of the rod was connected to the center of a main distribution 

beam. Two steel rods, 15 in. long and spaced 9 in. on either side of the 

main tension rod, extended upward from the main tension beam. Each of 

these secondary tension rods was connected to the center of a secondary 

distribution beam. Two tension rods 4 ft in length were connected to each 

secondary distribution beam 9 in. to either side of the secondary tension 

road. These rods reacted on the distribution plates. 

All the rods were pin-connected at both ends except the main 

tension rod which was pinned at the top end. The pinned connection was 

1chieved by using convex spherical washers and concave spherical seats at 

each of the bolted connections. All the rods were made from 3/4 in. diameter 

IIf3tigue P,roofll steel rods except for the main tension rod, which was 1 in. 

in diameter. 

The load distribution plates were 8 In. square steel plates 1 

in. thick. Each plate had a concave spherical seat for convex spherical 

washers. 

The main distribution beams were made using two ft lengths of 

7 in. channe 1 s we i gh i ng l4. 75 1 b per ft. The channe 1 s were connected by 

the pinned connections which held the tension rods. Lighter channels 

weighing 9.8 lb. per ft of the same dimensions were used for the secondary 

beams. 

4.3 Horizontal Loading System 

The horizontal loads were applied by independent loading units along 

five axes in each direction as shown in Fig. 13b. The loading units rested 
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on the test specimen so that vertical deflections of the slab would not 

develop vertical reactions in the horizontal loading system. 

Each loading unit consisted of two ten-ft long one-in. round 

"Fatigue ~oof'steel rods threaded at each end and two steel ''yokes'' cut from 

standard structural tubing. The rods in the north-south direction were 

in planes nine in. from the centroidal plane of the slab while the rods in 

the east-west direction were at 6 in. from the centroidal plane. A 30-ton 

center-hole ram appl ied the force on each rod which was equipped with an 

electric load cell. 

4.4 End Beam Loading System 

Vertical loads were appl ied on the extended ends of the edge beams 

of the slab in order to restrain the beam rotation over the corner support. 

These loads were also applied through hangers. A yoke, connected to a 0.75-in. 

round"Fat i gue ~roof"stee 1 pull rod, fitted around the end of the beam at a 

distance of ft 6 in. from the corner reaction. The pull rod was acted on by 

a hydraul ic ram bearing against the test floor. The appl ied force was measured 

by an electric load cell. 

4.5 Hydraul ic System 

The basic parts of the hydraulic systems were thirty-two 30 ton 

center-hole, double-acting, hydraulic rams, three electric hydraulic pumps 

~d one handpump. The hydraul ic system was divided into three parts. 

(a) Vertical Load Hydraulic System 

The four rams of the vertical loading system were connected to an 

electrically operated hydraulic pump through input and output manifolds. 
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All four jacks were loaded simultaneously by opening all the control 

valves on the input 1 ines. 

(b) Horizontal Load Hydraul ic System 

The hydraulic system for the jacks in the north-south and east­

west directions were independent of one another. In each system, each of 

the ten jacks was connected to ir:put and output manifolds, which in turn were 

connected to an electric hydraul ic pump_ Control valves on the input lines 

made it possible to adjust each pair of jacks independently of the others. 

(c) End Beam Load Hydraulic System 

Each of the jacks used for the end beams was connected to one 

input and one output manifold, which were in turn connected to a hydraul ic 

handpump. The input hydr au 1 j·c flu i d 1 i nes had cont ro 1 va 1 ves so each jack 

could be loaded independently if necessary. 
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5. INSTRUMENTATION 

5.1 Strain Measurements 

Concrete and steel strains were measured electrically in the north­

south direction on both the top (Fig. 14) and bottom (Fig. 15) surfaces of 

the test specimens. Strains were measured across 1 ines of negative and positive 

maximum moment. The locat ions of the gages. in the concrete matched those of 

the gages on the reinforcement. 

(b) Steel Strain Gages 

Budd "Metal-Foil" c-6 121B foil gages (O • .25-"in..gage length) were 

used for measuring reinforcement strains. 

The gages were mounted with Eastman 910 adhesive after removing the 

cork blocks described in Section 3.2 and cleaning the exposed bar surface 

with acetone. 

(b) Concrete Strain Gages 

Concrete strains were measured using SR4 A-156 wire gages with a 

gage length of 13/16 in. 

The surface of the concrete was prepared for the appl ication of 

the strain gage by smoothing the surface with a small electric grinder and 

cleaning the smoothed area with acetone. Eastman 910 cement was used to 

app 1y the gages. 

5.2 Load Measurements 

A total of 32 load cells were used to measure the loads applied. 

Four of these measured the vertical slab load and eight measured the vertical 

loads on the beams. The horizontal loading system required twenty dynamometers. 
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The load ce 11 s were mach ired from 6061 - T6 alum rnum rods, 

(f = 30 kis). Each dynamometer was 6 in. long with a milled outside diameter 
y 

of 2 in. and an inside diameter of 1 1/8 in. The strain gages (Budd Meta1-

Foil C6-141S) on the load cell were wired to form a four arm bridge. 

The load capacity of the load cell was computed as 57 kips. ~uring 

the calibration a maximum load of 50 kips was reached with no sign of yielding. 

Of the 37 dynamometers 76 had a sensitivity of between 80 and 85 lb. per dial 

division, 4 had a sensitivity of 75 lb. per dial division and two had 

sensitivities of about 110 lb. per dial division. The strain indicator used 

was considered accurate to one half of a dial division (a dial division 

equals 10 microinches per in.). 

5.3 Deflection Measurements 

Vertical deflections were measured using O.OOl-in. dial gages. 

Different deflection systems were used for the slabs supported at the 

corners (FSl, 2 and 3) and the slabs which had additional supports under 

the beams (Fs4, 5 and 6). 

(a) For test slabs FS1, ? and 3 deflections were measured at the 

midpoints of the beams and at the quarter and center points of the panel 

centerl ine in the east-west direction, (Fig. 16). 

A slotted angle framework supported the dial gages. Yhe legs of 

the framework were steel pipe sections which encased the corner hanger rods 

and rested on the slab, (Fig. 16). 

(b) For test slabs FS4, 5, and 6 deflections were measured at 

the midpoints of the beams and at the quarter and center points of both panel 

ce n t e r - 1 i ne s • 

The steel pipe legs of the deflection framework encased the hangers 

at the third points of the beam as shown in Fig. 17. 
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6.. TES TING PROCEDURE 

The loading process was compl icated by the fact that three different 

load systems had to be applied on the test specimen. Furthermore, the individual 

rams in each system had to be maintained at the same load as the other rams 

in that particular system. 

The horizontal loads were applied first. The forces on the rams were 

adjusted individually after one half the target load of 17,000 lb. per ram 

was applied. Subsequently, the remainder of the load was applied and the 

individual ram loads adjusted again to conform to the desired level. Care 

was taken to insure that the forces in the top and bottom rams of each loading 

unit were equal. No further adjustments in the horizontal loads were made 

dur i ng the test. 

The end beam loads were applied in one increment for tests FS1, 

4, 5, and 6, in four increments for FS2, and in two increments for FS3, 

(see Sections 7.la and 7.2a). 

The vertical load was applied in increments of four to six kips 

until yield, then deflection' at the panel center was used to control 

load i ng. 

After each load increment the beams and slab of the test specimen 

were examined for cracks. 
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7. BEHAVIOR 

7.1 Slabs with Deflecting Reams 

(a) Development of Cracking and Deflections 

The deflection and crack development up to maximum load was quite 

similar in the three slab specimens tested without supports under the beams. 

In Fig. 18 the total vertical loads are plotted as functions of the deflections 

at the panel centers (deflections measured with respect to the corner supports) 

for each one of the specimens FS1, FS2, and FS3. Two features of the plots 

should be discussed generally. 

The deflections refer to the position of the slab at initiation 

of vertical loading on the slab. The deflections corresponding to the 

appl ication of the horizontal loads are not shown. These were zero for 

FS1, 0.07 in. for FS2, and 0.15 in. for FS3. The calculated downward deflec­

tion for horizontal loads applied at the slab centroid is approximately 0.05 

in. The deviations indicated for the test specimens are attributable to 

accidental eccentricities of the horizontal loads. 

The abrupt reductions in deflection which can be seen in all three 

curves in Fig. 18 are due to the application of vertical loads at the canti­

lever ends of the beams. For FS2, the deflection reductions are less obtrusive 

because the beam loads were applied in several increments as compared with 

one increment for FSl and two for FS3. 

The response of only one of these three specimens, specimen FS2, 

will be discussed in the following paragraphs in order to provide a detailed 

account of the observed phenomena. 
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The response of specimen FS2 can be divided into two stages with 

the boundary provided by development of cracking In the bottom of the slab 

at a load of 24 kips. 

Cracking in the positive and negative maximum moment sections of 

the beams was observed at a vertical load of approximately 6 kips. Initiation 

of cracking in the beams did not affect the overall load-deflection response 

of the spec imen. 

Except in portions monolithic with the negative moment sections of 

the beams, no cracking was observed in the slab until a vertical load of 

19.7 kips had been applied. At that load, cracking was observed along the 

beam-slab boundary on all four sides. Maximum strains measured in the slab 

top re inforcement were on the order of 0.0004. 

Beam top reinforcement yielded at a load of sl ightly less than 20 

kips, after the application of the last increment of beam loads. 

Positve~nt cracking in the slab was observed at a load of 

24 kips. The overall stiffness of the slab was criti:al1y affected by 

the development of these cracks. After this load, deflections increased at 

a rapid rate as did the network of positive~nt cracking. 

The general yieldi·ng sequence is indicated below. 

(1) Yielding occurred at the negative-moment sections of the beams 

at a load of 20 kips. 

(2) Slab negative-moment yield lines formed completely at a load 

of approximately 30 kips. 

(3) Positive-moment yield lines in the slab formed along the panel 

d i agona 1 s simultaneously· with the negat i ve-moment y Ie 1 d 1 i nes. 
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(4) Positive-moment yield hiinges in the beams developed at a load 

of 32 kips. These hinges generated yield lines in the slab along panel 

centerl ines leading to the formation of a "beam mechanism." 

As deflections increased, failure occurred by crushing of the 

concrete across a panel centerline. Photographs of the top and bottom of 

specimen FS2 after the test are shown in Fig. 19. 

(b) Strain Distributions 

Figures 20 and 21 contain strain distributions measured in 

specimen FS2 at the negative and positive moment sections for three loading 

stages: (1) irrmediately after application of horizontal loads, (2) at a 

total vertical load of 24 kips which corresponds to the general development 

of positive-moment cracking in the slab, and (3) at a total vertical load of 

32 kips which corresponds to the initiation of the final yield mechanism. 

The locations of the strain measurements are indicated on a section of the 

specimen given in each figure. The exact positions of the el.ctrtc straf~n 

gages are shown in Fig. 14 and 15. 

A finite-element solution, based on I inear elastic elements, for 

stresses in the slab and beams at the critical sections under horizontal 

loading is given in Fig. 22. The positive-moment section has a flat strain 

distribution along the top and bottom of the slab. The bottom of the beams 

are in tension. It should be noted that a stress analysis based on a 1 inear 

strain distribution (PIA ~ Mc/I) with the load applied at the mid-height 

of the slab would indicate compression in the bottom fiber of the beams. 

Evidently, in the finite-element solution the in-plane force is not 

transferred into the beams at the rate implicitly assumed in the simpler 



analysis. The negative-moment section has a uniform compressive strain top 

and bottom. The strains in the slab approach zero near the beams and are 

very sma 11 in the beams. 

Stage I: At the negative moment section the beam strains were 

negligible. This is due to the arrangement of the horizontal jacks and the 

geometry of the specimen (Fig. 13). The horizontal load was not transferred 

into the beams at this section. 

At the positive-moment section, the beams are in tension at the 

bottom as the finite-element analysis suggests. Furthermore, part of the 

tensile strain may have been contributed by the accidental eccentricities of 

the in-plane forces. 

The strain distribution in the slab was relatively uniform 

at the positive and negative moment sectton~. Both sections had compressive 

strains that were of the same magnitude top and bottom. 

Stage 7: The steel strains indicate positive~ent cracking 

over the middle half of the slab and negative-moment cracking over the 

entire section. 

The concrete strains were greater than the steel strains at both 

positive and negative~nt sections. The measured steel strains in the 

slab were larger at the positive moment sections with the strains increasing 

almost linearly up to maximum strain in the middle of the slab. 

The beams at the negative-moment section were yielded. At the 

positive-moment section the beams were near yielding. 

Stage 3: The steel strains in the slab at the positive moment 

section indicate yielding across most of the section and the distribution 
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is more uniform, not peaked. The stee~ strains in the slab were larger 

than the concrete strains. The yield hinges had formed in the beams. 

At the negative-moment section the strains indicate yielding across 

most of the section. The steel strains in the slab were larger than the 

concrete strains. 

( c) Hor i zont a I Load 

In Fig. 73 the horizontal load in the NS and EW directions are 

plotted versus the deflection of panel center for specimen FS2. Figure 24 

contains the horizontal load in the NS and EW directions versus the total 

vert i ca 1 load for spec imens FS l, FS 2, and FS3. 

For test specimen FS2 the response of the horizontal load to the 

vertical load, (Fig. 24-b) , could be divided into 2 stages: (1) the horizontal 

load decreased 1 inearly up to a total vertical load of 24 kips, and (2) remained 

essentially constant beyond 24 kips. 

Figure 23 indicates the same behavior. The horizontal load 

decreased until a center of panel deflection at about .38 inches or a total 

vertical load of 24 kips, and then remained relatively constant. The 

deviations from a 1 inear reduction in horizontal load up to a deflection of 

.38 inches was due to the vertical loads applied to the cantilevered end 

beams. 

The reduction in horizontal load during the first stage of behavior 

is due to the fact that up to a vertical load of 24 kips, the length of 

the mid-height of the slab was being reduced. Above 24 kips, the increase in 

the length of the mid-height of the slab due to general cracking and shifting 

of the slab neutral axis compensated for the effective reduction in horizontal 

length due to curvature. 
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7.2 Slabs with Nondeflecting Beams 

(a) Development of Cracking and Deflections 

The deflection and crack development up to maximum load was quite 

similar in the three slab specimens tested with supports under the third 

points of the beams. 

In Fig. 25 the total vertical loads are plotted as functions of 

the deflections at the panel centers (deflections measured with respect to 

the beams) for each one of the specimens FS4, FS5, 'and Fs6. 

The deflections refer to the position of the slab at initiation of 

vertical loading on the slab. The deflections corresponding to the appl ica­

tion of the horizontal loads were 0.093 in. for FS4, 0.061 in. for FS5, and 

0.025 in. for Fs6. 

The reductions in deflection due to the application of vertical 

loads at the cantilever ends of the beams are barely discernible in the 

load-deflection plots because the deflections of the supported beams 

change very little as a result of the appl ied loads. 

The response of only one of these three specimens, FS6, will be 

discussed in the following paragraphs in order to provide a detailed 

account of the observed phenomena. 

The response of specimen Fs6 can be divided into three stages with 

the two boundaries between the three stages provided by the development of 

cracking in the bottom of the slab at a load of 20 kips, and the formation 

of the yield line mechanism at 32 kips. 

Negative moment cracking initiated at a total vertical load of 13 

kips along the beam slab boundary. At this load, measured strains in the 
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slab top reinforcement were on the order of .0005. The effect of negative 

moment cracking on the behavior of the test specimen was small. 

Positive-moment cracking in the slab initiated at a total vertical 

load of approximately 20 kips. The stiffness of the test specimen was 

critically affected by the development of these cracks. After this load, 

deflections increased rapidly as did the network of positive-moment cracking. 

The general yielding sequence is indicated below. 

(1) Slab negative-moment yield 1 ines formed completely at a load 

of approximately 28 kips. 

(2) Positive-moment yield 1 ines in the slab formed along the panel 

diagonals at a load of approximately 32 kips. 

After the development of the diagonal yield 1 ines at the bottom 

of the slab, the slab started developing large deflections with very 1 ittle 

increase in load. The slab capacity decayed beyond a deflection of approxi­

mately one in. Failure was abrupt and was due to the tearing of the slab 

away from the beams. Superficially, the failure resembled a shear failure 

in a slab. However, considering that the average nominal shear stress in 

the slab at maximum load was 75 psi, it is plausible that the primary course 

of failure was compression in the concrete: the slab-beam interface which 

was subjected to high compressive forces had reached its rotation capacity, 

so that shear failure followed failure of the concrete in compression. 

Photographs of the top and bottom of specimen Fs6 after the tests are 

shown i n Fig. 26. 

(b) Strain Distributions 

Figures 27 and 28 conta'i'n the measured strain distributions at 

the negative and positive moment sections for specimen Fs6 for three loading 
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stages: (1) irrrnedtately upon application of the horizontal load, (2) at a 

total vert ical load of 20 kips, which corresponds to the general development 

of positive~nt cracking in the bottom of the slab, and (3) at a total 

vertical load of 32 kips corresponding to development of the yield line 

mechanism. In each figure the location of theelectric strain gages is 

indicated on the cross section. Figures 14 and 15 show the exact location 

of the strain gages. 

Stage 1: At the positive-moment section strains in the slab were 

uniform top and bottom. Concrete strains were. higher as expected because 

of the in-plane forces. The beams were in compression top and bottom with 

practically no strain gradient over the depth of the beam because of the 

support conditions. At the negative-rnoment section the beamstrainswere small 

because of the points of application of the in-plane forces and the additional 

supports for the beams. In the slab, the concrete strain were larger than 

the steel strains and the distribution was irregular. 

Stage 2: At the positive-moment section, the steel strains indicated 

cracking in the middle half of the slab and in the beams. The concrete strains 

were larger than the steel strains and had the same distribution shapes with 

higher strains in the middle of the slab. 

The negative-rnoment region of the slab was cracked across the 

entire section. Tensile strains in the beams were below cracking. The 

concrete strains were larger than the steel strains. The distribution of the 

steel and concrete strains was not uniform. 

The steel and concrete strains were larger at the negative-rnoment 

section than those at the positive-moment section. 
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Stage 3: The strains across the centerline of the panel at the 

positive moment section reached a maximum in the middle of the panel. The 

steel strains in the middle indicated yielding whereas closer to the edges 

of the slab, the steel strains are less than the concrete strains. The 

strains in the supported beams are still below the yield stress. These 

observations are consistent with the observed yield lines along the diagonals. 

The negative moment section had yielded completely across the 

center of the section. The strains nearer the edges were below yield because 

of the tendency of the negative-moment yield lines to form a circle within 

the square outlined by the beams. 

(c) Horizontal Load 

In Fig. ?9 the horizontal load applied to specimen Fs6 is plotted 

versus the center of panel "deflection. Figure 30 is the horizontal load 

versus the total vertical load for specimens FS4, FS5, and Fs6. 

The horizontal load decreased as the total vertical load increased 

until a vertical load of 20 kips was reached, (Fig. 30c). The same response 

is seen in Fig. 79, (a center of panel deflection at about .7 in. corresponded 

to a total vertical load of 20 kips). As the center of panel deflection 

increased the horizontal load increased about 5 percent. The changes in the 

horizontal load were consistent with the changes ,In the length of the slab 

at mid-height indicated by the strain measurements. 
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8. AN ITERATIVE METHOD FOR THE CALCULATION OF THE FLEXURAL 
STRENGTH OF SLABS WITH IN-PLANE FORCES 

8.1 Introductory Remarks 

It is well known that an orthodox application of the yield-line 

theory fails to predict the strength of slabs with in-plane forces. This 

is not a failure of the theory but results from the inadequacy of specifying 

resisting moments along the yield lines without considering the influence 

of the in-plane forces. The effects of the in-plane forces may be inter-

preted as being made up of two compensating effects: the capacity is increased 

because the resisting moments are increased (provided the slab is not over-

reinforced) while the capacity is decreased because the static moments acting 

on the yield lines are also increased depending on the deflected shape of 

the slab. 

The objective of the Iterative procedure described in this chapter 

is to provide a reasonably accurate and simple method of analysis to determine 

the load-carrying capacity of a panel acted upon by known or assumed in-plane 

forces. The proposed iterative method is based In general on the yield-line 

analysis (1) and the method developed by M. D. Vanderbilt (3) for calculating 

deflections of reinforced concrete slabs. In addition to the axioms involved 

in those two methods, ,the iterative method is based on the following assumptions. 

(1) The resist,ing moments are calculated Including the effects 

of the in-plane forces. ~ee Reference 2). 

(2) The deflection along a yield line Is assumed to vary parabol ically 

from a support point to the point of maximum deflection. This is based on 

the assumption that at the time the yield lines first develop the deflection 

of the slab and beams are predominantly elastic. 
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(3) The axial load, (a) remains entirely within the slab and (b) 

is uniformly distributed in the slab. 

The procedure for the trial-and-error analysis involves the 

following steps in the case of a symmetrical panel loaded uniformly: 

(1) Calculate the relationship between load and deflection 

(based on cracked section) using the method developed in Reference 3. 

(2) Calculate the load capacity using yield-l ine analysis with 

the unit resisting moments determined from an interaction diagram reflecting 

the increase in flexural capacity resulting from the applied load. 

(3) Determine the deflection at mid-span corresponding to the 

load calculated from the relationship determined in Step 1. (In a slab 

bounded by flexible beams, the deflection would also have to be determined 

for the mid-points of the column center-l ines). 

(4) Recalculate the load capacity by considering the equilibrium 

of the slab segments bounded by the yield lines, recognizing the fact that 

the segment is deflected as calculated in Step 3. Assume that deflections 

vary parabol ically along yield lines from points of support to points of 

maximum deflection. 

Steps 3 and 4 are repeated until acceptable convergence is reached. 

8.2 Comparison of Calculated and Measured CapaCities 

Before discussing the comparison of the calculated and measured 

capacities, it is necessary to record the essential details of the calculations. 

In calculating the interaction diagrams for axial load and bending 

moment in the slab and in the beams the concrete strength was assumed to be 

5000 psi. The I imiting compressive strain in the concrete was taken as 



0.003. The stress distribution was assumed to conform to the "rectangular 

stress block" with the maximum stress equal to 0.85ft acting over 85 percent 
c 

of the compressed area. 

The yield stress of the reinforcement was 50,000 psi for the beams 

i'n all test specimens. The steel yield stress for the slab reinforcement 

was taken as 48,000 psi for FSl-3 and 49,000 psi for Fs4-6. 

The resulting interaction diagrams for the slab sections are shown 

in Fig. 31. 

Deflections requir;3d for Step 3 of the iterative procedure were 

obtained directly from the tables provided in reference 3. The relative 

beam stiffness, H, was assumed to be l.75 for FSl-3 and 5.0 for FS4-6. 

The deflection coefficients used referred to point supports or c = O. The 

cracked section moment of Inertia was based on the "straight 1 ine formula" 

with the modular ratio (E /E ) assumed to be seven. 
s c 

The equilibrium conditions for Step 4 of the iterative procedure 

were different for the two sets of test specimens. 

For specimens FSl-3, 

(l ) 

where ~eff = 4/3 6cs/mb - 1/3 Amb' 

H1 = the total negative moment resistance of the slab plus the two 

rectangular beams 

M2 = the total positive moment resistance of the slab plus the two 

rectangular beams. 

W total vertical load capacity 

p the total horizontal force acting at the time the yield 1 ines 

form 



where 

Mark 

FS 1 
FS2 
FS3 
Fs4 
FS5 
Fs6 

the relative deflection of the center of the slab with respect 

to the midpoint of the beams for fully cracked beams and slab 

6 mb = the deflect ion at midspan of the beam for fully cracked beams 

L = the clear span of the slab. 

W 

ml 

m
2 

L 

6 cs 

p 

For spec imens FS4 .. 6, 

w 24 
L 

2 fmlL + m
2

L .. - P6 ] 
3 cs 

total vertical load capacity 

tile negative yield moment per unit 

the positive yield morrent per un it 

the clear span of the slab 

(2 ) 

width of the slab 

width of the slab 

the deflection at the center of the slab for fully cracked slab 

and nondeflecting beams. 

= the total appl ied horizontal force. 

The results of the iterative solution were as follows. 

SLAB CAPACITY 

Yield Line Analysis Iterative Proc. Meas. Meas. 
kips kips kips It. Proc. 

18.5 28.5 31 .8 1 • 12 
18.5 28.5 32.9 1 • 15 
18.5 28.5 31 .4 1 .10 
18.5 33.0 38.6 1 • 17 
18.5 33.0 33.7 1 .02 
18.5 33.0 34.7 1 .05 

The last column of the table above indicates that the iterative 

procedure gave conservative results for all six test specimens. Because 

the stiffness of the slab is based on a completely cracked section in the 

analysis, the calculated results would be expected to be on the safe side 

in all instances. Accordingly, the results for specimens FSI through FS4 

are of the expected order. The test results for FS5 and Fs6 appear to be 
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lower than what they would be expected to be. The maximum load is reached at 

a deflection approximately one half that assumed in the analysi.s. This condition 

implies that the resisting moments in the specimens were smaller than those 

assumed in the analysis, since the In-plane loads were measured. There is no 

readily apparent reason for the implied lower moment. resistances in specimens 

FS5 and Fs6. 

The slab capacities calculated ignoring the effect of the in-plane 

forces are listed in the second column of the above table. As would be 

expected, these values amount only to a fraction of the measured loads. It 

should be mentioned that the calculated values refer to yield mechanisms 

confined to the slab. This was the correct pattern for specimens FS4 through 

Fs6 which had supported beams but incorrect for specimens FSl through FS3. 

8.3 Calculation of Deflections 

A reasonable approximation to the load deflection curve can be 

made using the following procedure. 

(1) The uncracked slope is calculated directly from the tables 

provided in reference 3. This represents the uncracked portion of the load 

deflection curve. 

(2) The moment at which cracking initiates at the negative moment 

section of the slab 'is calculated using the following relationship 

where J 
p 

=A+ f 

p = the 

A = the 

f =t~ 
r 

r 

initially 

M cr 
I 

=~­c 

applied horizontal force 

cross sectional area of the slab 

modulus of rupture 
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I the uncracked slab moment of inertia per unit width 

c the distance from the neutral axis to the tension face of the slab. 

(3) The load corresponding to this moment was computed using the 

moment coefficients given in reference (5). This load could also be calculated 

using standard plate theory. This cracking load is plotted on the 1 ine 

calculated in Step above. 

(4) The point calculated in Step 3 is connected by a straight 

line to the point of maximum load previously calculated by the trial and 

error procedure. 

The resulting approximation to the load-deflection curves of 

the tested specimens is shown in Fig. 32. From this figure it can be seen 

that the above procedure gives a reasonable estimate of the energy absorbing 

capacity of the specimen. 
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9. SUMMARY 

The overall objective of the work described in this report was to 

investigate experimentally the influence of in-plane forces on the flexural 

load capacity of reinforced concrete slabs and to develop a simple method 

in order to determine the strength of slabs with known or assumed in-plane 

forces. 

The experimental program involved the testing to failure of six 

test slabs, each measuring 6 by 6 ft in plan (Fig. 1). The slab, designed 

to carry a nominal uniform load of 150 psf, was 1.75 in. thick. The spandrel 

beams measured 3 by 6 in. deep in ,~:cross section (Fig. 2). The concrete 

strength ranged from 4300 to 5500 psi. The reinforcement yield stress varied 

from 47,000 to 50,000 psi (Table 2). 

In order to minimize experimental uncertainties caused by poorly 

defined reaction conditions, all loads and reactions were applied through 

hangers (Fig. 11 and 12). Horizontal in-plane loads were app1 ied at five 

points on each side of the slab (Fig. 13). 

Three test slabs were supported at the intersection points of the 

spandrel beams (corners.) Additional supports were provided along the spandrel 

beams in order to investigate the effect of strong nondeflecting beams in 

three other specimens. 

In the test slabs with flexible beams, the yield mechanism formed 

initially in the slab, with the typical diagonal cross pattern, but was 

modified eventually to include the beams in the yield mechanism (Fig. 19). 

In the test slabs with nondeflecting beams, failure was limited to the 
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slab (Fig. 26). Collapse was abrupt and due to the reaching of the rotational 

capacity of t~e "hinge" at the negative-moment yield line along the faces of 

the spandrel beams. 

As a result of the studies of the experimental data, an iterative 

analysis was developed for calculating the flexural load capacity of reinforced 

concrete slabs subjected to compressive in-plane forces. 
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TABLE 1 SECTION PROPERTIES 

Slab Rein1. Beam Refn1. 
Pos. Sec:t • Neg. Sect. POSe Sect. Neg. Sect. Stirrup 

p d P d P d P d Spacing 
Mark % in. % in. % in. % in. in. 

FSl .297 1 .51 .354 1.47 .94 5.32 1 .25 5.32 2 

FS2 .297 1 .51 .354 1.47 .94 5.32 1 .25 5.32 2 

FS3 .297 1 .51 .354 1.47 .94 5.32 1 .25 5.32 2 

Fs4 .297 1 .51 .354 1.47 .60 5.32 1 .25 5.32 

FS5 .297 1 .51 .354 1.47 .60 5.32 1 .25 5.32 

Fs6 .297 1 .51 .354 1.47 .60 5.32 1 .25 5.32 

p' = re i nforcement rat i 0 

d = effective depth 



TABLE 2 MATERIAL PROPERTIES 

Age f' f f c sp r 

Mark days psi psi ps i 

FSl 150 5500 515 1070 

FS2 180 4600 450 

FS3 240 4890 490 1015 

Fs4 30 4450 480 775 

FS5 30 4300 355 870 

Fs6 77 5405 1000 

f' - compressive strength of concrete 
c 

E 

106 ps i 

2.9 

3.0 

2.4 

2.7 

f - tensile strength of concrete (split cylinder) sp 

f - modulus of rupture of concrete 
r 

Slab Reinf. 

f 
y 

ksi 

48 

47 

47 

49 

49 

49 

E - secant modulus of deformation of concrete (@ 0.40ft) 
c 

f - yield stress of steel 
y 

Beam Reinf. 

f 
y 

ksi 

50 

50 

50 

50 

50 

50 
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1. INTRODUCTION 

1.1 General 

Tests to failure of slab structures have shown, on many occasions, that 

the avai 1ab1e load capacity may be much greater than would be indicated by 

the results of conventional yield-line analyses. Two tests may be referred 

to in order to demonstrate the problem. Ockleston (5)* reported the test of 

a large reinforced concrete building in which a single interior panel supported 

a load of 753 ps f, wh i 1 e the computed capac i ty was 295 ps f • Gamb 1 e (6) reported 

that the ·interior panel of a nine-panel test structure failed at an applied 

load of 829 psf whi le the theoretical capacity was 426 psf. 

In each case the parts of the structure surrounding the loaded panel 

were able to restrain the lateral movements of the edges of the panel. and 

consequently, significant forces were developed in the plane of the slab. 

In the first instance the deflections were small and in-plane compression 

forces were developed. In the second case, the deflections were very large 

and in-plane tension forces were developed. 

The work in this report is concerned with the influence of known 

in-plane compression forces on the response of the slab cross-section, and 

was undertaken as a phase of an investigation into the strength of reinforced 

concrete floor slabs which are loaded into the inelastic phase of behavior. 

Six slab specimens were constructed and tested in order to provide quanti­

tative checks on the influence of in-plane compression forces on the 

strength and behavior of slab sections which are subjected to multi axial 

bending forces. 

* Numbers shown in parentheses refer to entries in the References. 
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The specimens, shaped as shown In Fig. 2.1. were loaded .to produce 

uniform bending moments in all directions In the central portion of the 

specimens. Two different reinforcement ratios, 0.01 and 0.005 were used 

to represent the normal range of reinforcement ratios in slabs, and three 

different levels of externally applied compressive force were applied to 

the slabs for each reinforcement ratio. 

The principal aim of these tests was to demonstrate that the strengths 

of the slab sections could be satisfactorily predicted on the basis of 

calculated bending· moment-thrust interaction diagrams for the appropriate 

concrete sections. This was necessary to provide a tool for predictions 

in ~ases in which the axial compression forces were developed as a result 

of inelastic deformations rather than being directly applied. 

1.2 Acknowledgements 

The work reported here was part of an investigation of the Structural 

Interaction of Building Members carried out in the Structural Research 

Laboratories of the University of Illinois, Department of Civi 1 Engineering, 
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2. DESCRIPTION OF SPECIMENS 

2 . 1 Dime n s i on s 

The "ci rcular" specimen has been successfully used in an earl i er 

investIgation (1) " in obtaining a uniform moment over the test area. 

Since the object of this investigation was to determine the effects 

of in-plane axial compression forces on the behavior of the slab, in-plane 

compression forces, in addition to the bending moments, were imposed on 

four of the test specimens. These forces were applied by means of cables 

which passed through ducts in the slabs. 

The specimen is shown in Fig. 2.1. The test area is within the 3 ft 

diam circle in the center of the specimen. The test slabs were supported 

along the 3 ft 6 in. diam inner circle and loaded with downward forces on 

the 6 ft diam outer circle. The loading area contained six evenly placed 

slots to minimize the membrane forces outside the test area. 

The thickness of the specimens was approximately four inches. The 

thicknesses were measured at 15 points within the test area of each slab. 

Average values for the thickness were used in computations, and are listed 

in Table 2.1. 

The reinforcement ratio was one of the variables considered in the 

tests. Three specimens, marked FC1, had reinforcement ratios of 0.01. 

The other three, marked FC5, had reinforcement ratios of 0.005, as shown 

in Table 2.1. The reinforcement consisted of tension steel only. Figs. 

2.2 and 2.3 show the placement of steel for specimen FC1C. Bars in 

specimens with the higher steel percentage were placed in pai'rs to facilitate 

fabrication and improve conditions for casting and vibration of the concrete. 
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The steel consisted of two layers of No.2 deformed bars placed In 

perpendicular directIons withIn the test area, as shown in Fig. 2.3. 

The loading areas of the wings were reinforced with supplementary U­

shaped No. 3 bars to prevent failure of the .specimens in the loading area, 

as can be seen In Fig. 2.2. 

Duc"ts wh I ch were 5/8 In. d t am were formed in the slab to permi t t n­

stallation of the 1/2 in. prestressing strands used for applying the axial 

compression forces. Running from diametrically opposite wings, the cables 

crossed in the center of the slab, as shown in Figs. 2.1 and 2.2. Although 

it was desired to place these openIngs, (and hence the axial load) at the 

plastic centroid of the section, it was necessary to place one openIng above 

and one below this position, as is shown In Fig. 2.4. The ducts were 

s t ra i ght. 

The horizontal forces were applied through ducts through the slab 

rather than by external means, such as large horizontal clamps, so that 

there would be no changes In eccentricity of the force as the slabs deflected. 

2.2 Materials 

a) Concrete 

Since It was desired to obtain results which could be compared with 

previous works, the mix was the same as used in other investigations (1) 

conducted in the laboratory. Atlas brand, Type II I, high-early strength 

cement was used. Wabash River sand and pea gravel was used in all specimens. 

The maximum size of the gravel was 3/8 in. These aggregates have been 

used in this laboratory for many previous J-nvestigations. The origin of 

the aggregates Is an outwash of the Wi scons i n g 1 ac i at i on. The maJ or con­

stituents of the gravel were limestone and dolomite. The sand consisted 

mainly of quartz. 
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No attempt was made to obtain the moisture content of the aggregates 

before each ~asting. Reductions were made in the mix water when the moisture 

content of the aggregate was excessive. 

Table 2.2 lists the average compressive strength, average tensile 

strength from split cylinder tests, slump, and age of specimen at time of 

testing. The mix proportions were approximately 1:2.7:3.0, cement;sand:gravel, 

by weight, for all specimens, and the water-cement ratios were about 0.6 

in each case. 

The mix was designed for a nominal 7-day compressive strength of 5000 psi; 

the actual strengths at the time of testing varied from 5420 to 7370 psi. 

The compressive strength was determined from tests on 6 by 12 in. control 

cylinders. Splitting strengths were found from tests on 6 by 6 in. control 

cylinders. Strips of stiff fiber-board of 1/8 in. thickness were placed 

between the sides of the cylinder and heads of the testing machine to 

distribute the load evenly along the length of the specimen during the 

splitting tests. The control cylinders were taken from each of the concrete 

batches to give representative samples of the concrete placed throughout 

the spec f men. 

b) Re i nforcing Stee 1 

No.2 deformed reinforcing bars were used. This steel was purchased 

from the Triangle Steel and Supply Company of Los Angeles, California and 

o was annealed at 1200 F for two hours by the Fred A. Snow Company of Chicago. 

The yield stress and approximate stress-strain diagram were obtained 

from tension tests of samples with five In. effective lengths, performed on 

a Tlnius Olsen testing machine with an attached load-time plotter. The 

elongation indicated by the charts Included the slippage of the specimen in 
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the grips. The stress-strain relationship, including modulus of elasticity 

and initiation of strain hardening, were obtained using a mechanical strain 

indicator with a two in. gage-length. Several values obtained by this means 

substantiated results on specimens from the same shipment performed by 

R. Lenschow (1). This steel gave a nearly elasto-plastic stress-strain re­

lationship to a strain of about 0.02, as shown in the representative stress­

strain curve of Fig. 2.5. 

A significant variation in the yield stresses was observed between 

bundles of steel and between ends of a given bundle. A representative 

sampling was made for each specimen and an average yield stress found. An 

attempt was made to use, for anyone specimen, a bundle of steel with a 

6 constant yield stress. Tests indicated a modulus of elasticity of 30 x 10 

psi. The yield stresses are tabulated for each specimen in Table 2.2. 

2.3 Fa rrrwork , Casting and Curing 

The test specimens were cast in forms with a plastic-coated plywood 

bottom and steel sides. Holes were formed in the specimen for the loading 

and supporting rods by screwing 4-1n. long pieces of steel pipe to the form 

bottom. Plates welded to these 1-7/8 In. dlam pipes formed tear-drop shaped 

holes in order to permit greater deformations of the specimen than circular 

holes alon~ would allow. 

The reinforcement was placed tn the form and supported on short pieces 

of No.3 bars which provided the minimum cover of 3/8 in. 

Wooden triangular-shaped blocks were clamped into the apex of each 

wing to block off this point. This provided a flat surface against which the 

axial Jacking force could be applied. Holes were drilled through these blocks 

to permit the insertion of greased 5/8 in. cold-rolled steel rods through 

diametrically opposite wings. These holes were at a depth corresponding to 
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either the plastic centroid or 5/8 in. above or below it. These rods were 

removed before the final setting of the concrete and eventually replaced 

by cables before testing of the specimens. The rods and blocks can be 

seen in Fig. 2.2. 

The concrete for slabs FC1A and FC1S was mixed in a non-ti lting drum­

type mixer. The first two specimens were cast using three batches of con­

crete. Three wings were cast first, then the test area, and finally the 

remainder of the loading areas. Three 6 by 12 in. cylinders for determining 

compression strength and two 6 by 6 in. cylinders for splitting strengths 

were cast from each batch. 

A 1/2 cu yd capacity pan-type mixer was used for the remaining speci­

mens, permitting casting each specimen with one batch of concrete. S'ix 

compressive strength control cylinders and five tensile-splitting strength 

control cylinders were cast for each of these specimens. The concrete in 

the test specimen as well as in the control cylinders was vibrated with 

a high frequency internal vibrator. The top surfaces of the test specimens 

were troweled smooth, and the pipe Inserts and the steel rods forming the 

horizontal ducts removed two to four hours after casting. The cylinders 

were capped with either neat cement or Hydrocal before testing. The forms 

for the specimens were struck the day after casting and the specimens were 

then covered with wet burlap and polyethylene film. The control specimens 

were also stripped at this time and placed under wet burlap and polyethylene 

film. The specimens were kept under the wet burlap for at least two days. 

The specimens were cast with the reinforcement near the lower face, and were 

turned over before testing. 



8 

2.4 Instrumentation 

a) Electrical Strain Gages on Reinforcement 

One reinforcing bar in each layer Qf reinforcement was instrumented 

with electric strain gages placed within the test area. Five gages spaced 

at 7 1/2 in. intervals along each bar gave the strain distribution along a 

diameter of the test specimen. Budd HE-Ill Metal-foil gages were used. 

The surface of the reinforcing bar was prepared for the mounting of the 

gage by grinding down one rib of the deformed bar. The surface was then 

cleaned using emery cloth and acetone. Before mounting the gage with Eastman 

910 cement, the bar was treated with a metal conditioner. The lead wires 

were soldered to the gages before the gages were waterproofed with an air­

curing s i 1 leone-rubber caulking compound appl led over a thin coating of wax 

which was brushed onto the gage while melted. 

The gages were located as shown in Fig. 2.6. 

b) Electric Strain Gages on Concrete 

Concrete strains were measured on the compression face of the specimens 

with SR-4, Type Al-s6 bonded-wire paper gages. Thirteen gages were placed 

on the concrete surface in the locations shown in Fig. 2.7. 

The concrete surface at the location of a gage was smoothed with sand­

paper and then cleaned with acetone. Eastman 910 cement was used to bond 

the gages to the concrete. 

c) Mechanical Dial Gages 

The curvatures of the specimens were obtained from deflections along a 

gage line using equally spaced dial gages which were supported on a light­

weight steel bridge. Two types of bridges were used; 5 dial gages spaced 

7.5 in. apart, and 3 dial gages 3 in. apart. 
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The larger two bridges were used to obtain curvature in two directions. 

The bridges IIhung" under the specimen from diametrically opposite "notches" 

and gave deflections relative to the edges of the slab. The location of the 

gages was as shown in Fig. 2.8. Gages 1 through 5 were supported from the 

same steel bar, and gages 6 through 9 were supported from a second bar. The 

deflections relative to the edges of the slab were thus measured at five 

points along one diameter and at four points along the second diameter. 

Three small bridges were welded together to form a triangle. This 

moveable triangular bridge was placed in the center of the top surface and 

curvatures In the central portion of the slab, in three directions, could be 

obtained. These deflections were measured relative to the fixed corners of 

the triangle which were 12-in. apart. Deflections were measured in 0.001 in. 

divisions In both types of .bridge. 

d) Slope Measurements 

The slopes of the wings were monitored during the tests by means of a 

machinist's level which had the bubble mounted on a rotatable protractor. 

The sensitivity was about 0.5 degree rotation. 

e) Load Measurements 

Electrical load-cells were used to measure the loads. The vertical loads, 

producing bending in the slab, were measured by load-cell consisting of a 

steel ring between two steel plates. In each load-cell, the central torodial 

steel ring, of T-l steel, was supported on three steel balls spaced at 120 

degrees. The ring was loaded on the opposite face by 3 steel balls which 

were located midway between the supporting balls. The applied load produced 

bending and torsional moments in the ring element. The resultant strains 

were measured with electrical-resistance strain gages connected as 4-arm 

bridge circuits and calibrated against known loads. The load-cell sensitivity 
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was about 40 lb per division of deviation on a strain indicator. The 

load-cells were placed between the Jacks and the reaction frame or test floor. 

The load-cells for measu~ng the axial compressive forces were 

axially loaded thick-walled cylinders at 6061-T6 aluminum. These load­

cells were instrumented with four SR-4, Type A-7, strain gages, connected 

as 4-arm bridges. The sensitivites were about 40 lbs per division and 

capacities were 30 kips. Load-cells were placed at each end of each pre­

stressing strand passing through the slab. 
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3. TEST APPARATUS AND PROCEDURE 

3.1 Loading -and Supporting Systems 

The loading system was adapted from a test setup developed by Lenschow (1). 

The slab specimen was suspended about six ft above the floor from an overhead 

steel frame on long high-strength steel rods, and was loaded by similar rods 

extending below the slab to Jacks located below or near the floor of the 

laboratory. This arrangement was adopted in order to minimize the in-plane 

forces that could be induced in the test specimen from the supporting and 

loading equipment. Known axial forces could be imposed on the test specimens 

by means of cables passing horizontally through the slabs. 

Figs. 3.1, 3.2 and 3.3 show the supporting and loading systems for the 

slabs. The specimen was suspended from the three corners of a triangular 

frame placed on top of the steel frame. Three spreader beams distributed the 

supporting forces to six steel blocks placed in a circle of 3 ft 6 in. dia­

meter. A one-In. thick rubber pad was placed between the 15 by 3 in. steel 

blocks and the concrete. The blocks formed a hexagon around the test area. 

Three spreader beams under the specimen transferred the vertical forces 

from three hydraulic Jacks to the six loading "wings" along a circle at 6 ft 

diameter. A 20 by 3 in. loading block with a rubber cushion under it was 

placed on each wing. 

Each spreader beam consisted of two steel channels placed back-to-back. 

The channels were held 2.5 tn. apart by three pins, one at the center and 

one near each end of the channels. The pins were fitted through holes in 

the channel webs with sufficient clearance to permit easy rotation, and 

were iooseiy secured with nuts on the outside faces of the channels. Each 

pin was drilled with a vertical hole to permit the passage of a loading rod 

and counter-sunk with a spherical seat to accomodate a spherical washer. 
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The loading system was statically determinate, and the arrangement of the 

pins and spherical bearings equalized the forces In various parts of the 

system and minimized the friction forces. 

Three 30-ton center-hole Simplex jacks, connected to a single electric 

pump, were used to apply the loads. It was possible to utilize the structural 

floor system at the laboratory directly for two of the loading forces by passing 

rods through holes in the floor and jacking against it. Jt was necessary 

to construct a steel frame to transmit the third loading force to the floor, 

as can be seen in Figs. 3.1 and 3.2. 

The axial loads were applied through three internally placed 1/2 in., 

seven-wi re prestressing strands. These strands were coated with grease to 

minimize friction forces. The strands were placed in the ducts formed in 

the slab when the 5/8 in. rods were withdrawn. 

Strand-vises, load-cells, 1/2 in. steel plates, and cork tiles were placed 

at each end of the strands. Three 30-ton Simplex Jacks, connected to one 

hand hydraulic pump, were used to apply the axial compressive force. Valves 

were installed on all lines leading to and from Jacks so that individual 

loads could be altered if needed. 

3.2 Test Procedure 

In each test, zero readings for the strain gages, deflection gages, 

and load cells were taken and then the axial load was applied, with all 

jacks being loaded simultaneously. The same axial load was applied to all 

the strands; this load was maintained throughout the test. After any ad­

justments necessary to equalize the loads, readings of forces, strains, 

deflections, and slopes of wings were taken. Then bending moment was 

then applied to the test specimen. The yield load was ordinarily reached 

in 10 to 12 increments, the ultimate after 14 to 18 increments. Up to yield, 
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equal load increments were applied. After yield, increments of deflection 

were imposed ~n the structures. 

Immediately ~ter each increment of load or deformation, force readings 

were taken, strain and deflection measurements were read, and the moment 

arms for the loads were measured. The slab was examined for cracks, which 

usually appeared after the third or fourth load increment. At the completion 

of the readings the loads were re-checked and any adjustments in the axial 

load made. All specimens were loaded to fat lure. In each case failure 

occurred when concrete crushed across the width of a loading wing, as can 

be seen in Fig. 4.2b. Each test took from five to eight hours. Concrete 

control specimens were tested concurrently with or immediately after the 

test. 
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4. TEST RESULTS 

4.1 Determination of Applied Forces 

The moments considered are those caused by the applied vertical loads, 

the dead load of the slab and loading equipment, and the moments introduced 

by the eccentricities of the forces applied to the plane of the slabs. The 

in-plane forces in the three directions had different eccentricities; the 

bias thus introduced precipitated failure along a particular, predetermined 

plane (wing A or D) rather than on a random plane. It was necessary to 

consider this effect in the analysis of the data. 

The applied forces within the central area of the test specimens were 

obtained in terms of unit moments (kip-In./tn.) and unit axial loads (kip/in.). 

The unit forces within the central hexagonal area of a test specimen were 

the same as the unit forces applied to the boundaries of the area, since 

the loading Induced no shearing forces in the central region of the specimen. 

When computing the unit moments caused by the vertical forces, the 

average of the three Jack forces was used. The variation between the various 

jack forces was no more than 2 to 3 percent. The average Jack force was 

then divided equally between two loading wings, and the force multiplied 

by the measured lever arm between the support and loading rods. The lever 

arm was nominally 15 in.; the measured lever arm of the wings which were 

forced to fail by the bias resulting from the eccentricity of the prestress­

ing force was used in the moment computations. The lever arms changed slightly 

at the later loading stages because of the large deformations of the test 

specimen, but the small changes were not taken into account in the compu­

tations. 

The average unit forces at the minimum section of the critical wing 

were considered as the applied forces. 
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4.2 Determination of Curvatures 

Deflecttons were measured at nine locations on the lower surface of 

the slab, as shown in Fig. 2.8. Curvatures were determined from the deflec-

tions measured along the gage line which was rotated 30 degrees from the 

diameter connecting the centers of loading wings A and D. The data were 

reduced using a numerical procedure which is illustrated in Fig. 4.1. The 

procedure assumes constant curvature along the span between three adjacent 

deflection gages. The equation for curvatures was 

1 
~ = - (6 - 2~2 + ~3)' where 

h2 1 

~ = average curvature, in radians per inch, 

(4.1) 

h = horizontal distrance between adjacent gages, in 

inches, and 

~l' ~2' b3 = deflections at gage points, 1,2, and 3, respectively, 

in inches. 

Deflections were also measured at nine locations on the top surface 

of the slab, using a equilateral triangular bridge arrangement. Curvatures 

could be determined in three directions. 

The gages on the lower surface were spaced at 7.5 in., and those on the 

upper surface at 3 in. The lack of sensitivity of the deflection bridge 

on the upper surface prevented use of the data from it except to provide 

rough checks. The deflectf-ons were measured to the nearest 0.001 in. in all 

cases. The curvature sensitivity is essentially the deflection gage sensi-

2 tivity divided by h , and for the case of h = 3 in., the rotation sensitivity 

was on the order of 15 to 20 percent of the curvature expected at yield. 

Consequently, all of the curvature data presented was computed from 

deflectIons measured on the lower surface of the slab. The curvatures were 

computed using several different sets of three gages each in order to check 
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the precision of the computations. The curvatures that are presented were 

based on the deflections measured at gage points 1,3 and 5, and consequently 

are on the basis of h = 15 in. The check values were computed from gage sets 

1,2, 3; 2, 3,4; and 3,4, 5. It was noted that the measured curvatures 

were not always distributed uniformly along the measuring line for the 

lower load levels, but that at loads near yield, the curvature was nearly 

uniformly distributed. This may have been as much an effect of the measuring 

precision as of the distribution of curvature, however, as the cracking 

curvatures were of the same order as the best measurement attainable using 

the gages spaced at 7.5 in. 

4.3 Behavior of Test Specimens 

In every case, the observed behavior of the slabs could be divided into 

three separate phases. Initially, the slab was uncracked, and the applica­

tion of load produced only small deformations which were within the elastIc 

range of material behavior. Cracking initiated near the bases of the loading 

\A{,ings;,and after a transition range, the slabs reacted as cracked reinforced 

concrete sections which were considerably more flexible than before cracking. 

During this second stage of behavior cracking spread over most of the sur­

face of the test area of the specimens. The cracks eventually were approxi­

mately evenly spaced in an orthogonal pattern, with each crack following the 

path of a reinforcing bar, as can be seen in the photograph in Fig. 4.2a. 

Initiation of yielding of the reinforcement leads to the third stage, 

where relatively large deformations were developed with only small increases 

in applied load. This stage ended with the failure of the test specimen. 

In every case the failure was initiated by crushing of the compressed con­

crete across the base of one or more of the loading wings, and the failur~ 
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locations are listed in Table 4.1. The compression face of specimen FClA, 

after fai lure, is shown in Fig. 4.2b. 

The failures occurred at the bases of the loading wings partially as a 

result of the obvious stress and strain concentration conditions at those 

sections. There were, however, additional factors leading to fai lures at 

these sect ions ins tead of in the cent ra I po rt ions of the spec i mens. The 

central portions of the specimens were subject to uniform bending moment in 

all directions, and consequently deflected to the shape of a spherical 

segment. This deformation increases the moment capacity slightly since 

the section is"no longer a flat slab section, but rather a slightly curved 

"section, as shown schematically in Fig. 4.3. Since the average moment 

capacity of the central portion of the specimen was slightly larger than 

at the bases of the loading wings, the failures had to occur at the bases 

of the wings. 

Although the failures occurred at the bases of the wings, the moments 

in the central portions of the slabs without in-plane forces, FC1A and 

FC5A, exceeded the yield moments and relatively large deformations developed 

before the failures occurred, as described in the next section. 

The sections at the bases of the loading wings were subjected to strain 

concentrations and relatively steep moment gradients. It has been observed 

in beam tests (2,3) that sections with stress concentration and moment 

gradients are often able to sustain deformations substantially larger than 

would be possible in a section of constant maximum moment. One of the 

results of this deformation is that strain-hardening of the reinforcement 

at these sections may be very important, and large increases in moment 
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capacity can occur. Such behavior in the slab specimens would help 

explain how enough moment could be applied at the edges of the test area 

of a specimen to cause yielding throughout the central test area in spite 

of the fact that the edge sections appear slightly weaker than the interior 

parts because of curvature effects. 

The specimens with in-plane forces had additional effects which forced 

fai lures at the bases of either loading wing A or D, as was mentioned 

earlier. This can probably best be illustrated by referring to Fig. 4.4, 

which is a partial moment-thrust Interaction for a typical slab section 

with a reinforcement ratio of 0.005. Only the lower portion of the curve 

is shown, as the balance-point thrust is nearly 9 kip/in. and the fai lure 

axial thrust in excess of 20 kip/in., and the thrusts of interest are no 

more than 2 kip/in. 

Because of the eccentricities of two of the prestressing strands used 

in applying the horizontal compression loads, the application of the in­

plane compression forces produced positive bending moments at the bases of 

wings A and 0, negative bending moments at the bases of wings C and F, and 

only thrusts at the remaining two sections. Points representing these 

initial conditions are plotted in the figure. 

Application of the external positive bending moment moves all of the 

points plotted in Fig. 4.4 to the right by the same distance, and it is 

obvious that when the point representing the conditIons at the base of wings 

A and D reaches the yield or ultimate line, the other sections still have 

appreciable moment capacity remaining. No single eccentricity is completely 

representative of the conditions in the central portion of the test speci­

mens, but the average eccentricity must be approximately zero, so that the 
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strength would be about the same as that at the base of wings Band E, 

neglecting the effects of curvature and stress concentration. 

Since the central portions of the test specimens with axial forces 

were subjected to moments no greater than the yield capacities, the de­

formations within the area were still relatively small at the time the 

failure occurred. 

4.4 Measured Moment-Curvature Relationships 

Measured and theoretical moment-curvature relationships for each of 

the six test specimens are plotted in Fig. 4.5 through 4.10. The measured 

values were obtained from measured loads and deflections, as explained 

. earlier. The derivation of the theoretical relationships is described in 

Sec. 5.2. The curvatures shown were determined considering deflection 

gages 1, 3, and 5, spaced at 15 in. intervals. In each case, the dead-load 

curvature before application of the in-plane compression forces is assumed 

to be zero, and the total moments, including dead load and those due to 

eccentricity of the in-plane forces are plotted. The moments correspond 

to those at the bases of wings· A and D. 

The measured ultimate moments are tabulated in Table 4.1, as are the 

theoretical fai lure moments, the measured thrust values at failure, and 

other information to be discussed in the next chapter. 

The two specimens without axial loads, FC1A and FC5A, Figs. 4.5 and 

4.8, respectively, exhibited appreciable ductility, in terms of increasing 

curvature at approximately constant load. The two specimens with axial 

loads and reinforcement ratios of 0.01, FC1B and FC1C, exhibited only very 

small inelastic deformations of the central test areas of the slabs, while 

the two with reinforcement ratios of 0.005 underwent small deformations 

beyond yield before failure. 
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These observations are consistent with the expected results, as 

discussed in the last section, in that large inelastic curvatures were de­

veloped only in cases where there were no axial forces. 

4.5 Measured Strains in Reinforcement and Concrete 

Unit moment-strain curves for various locations on the concrete and 

reinforcement are given in Figs. 4.11 through 4.22, giving representative 

data for each of the six slabs tested. 

The general shapes of the moment-strain curves are similar to the 

moment relationships, and indicate changes in stiffness accompanying 

cracking of the concrete and yielding of the reinforcement. However, since 

the strain measurements give indications of local deformation while the 

curvatures measured indicate only gross deformations, it is possible to 

have high strains at particular locations in a slab and still have only 

relatively small curvatures at the same applied moment level. 

Large reinforcement strains were measured at one or more strain gage 

locations in all of the test specimens, with the slabs with lower reinforce­

ment ratios and lower levels of axial force tending to have the larger 

strains. 

The exact values of the maximum reinforcement strains in each slab 

cannot be determined since strain gages were not installed on every bar, 

and also because many of the gages showing the highest strains failed before 

the maximum load was reached. The maximum recorded strain exceeded 0.020 

in slabs FCIA, FCIC, FC5A, and FC5B, with the greatest recorded value being 

0.0267 in slab FC5A. This represents a strain about 15 times the yield 

strain. 

In the cases of slabs FCIC and FC5C, the application of the in-plane 

compression forces caused compressive strains in the reinforcement so large 
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that they were not always overcome by the moment applied during the first , 
increment of vertical load, as can be seen in Figs. 4.15 and 4.21. 

The measured concrete strains gave a better representation of the gross 

behavior of the specimens than did the reinforcement strains, with smaller 

differences between readings on adjacent gages. Large concrete strains were 

produced throughout the central test areas of those specimens in which large 

curvatures occurred before failure. 

In most cases the largest strains were indicated by gages located near 

the tip of a slot between adjacent loading wings, as would be expected from 

considerations of expected strain concentrations. In each case, the strain 

at gage Cl on the concrete was greater than that at C2. Gage Cl was per-

pendicu1ar to a diametral line connecting the tips of slots between loading 

wings, while C2 was parallel to the line. This is evident in the curves of 

concrete strain versus load in slab FClA, Fig. 4.12, for example. 

Concrete strains approaching the crushing strain, 0.003 to 0.004, 

were measured at least at one gage location in all slabs except FCIB. 

Maximum strains of 0.0026 to 0.0036 were observed in each of the other test 

specimens. In no case was there a strain gage in the area of crushed con-

crete which fell from the slab at the time of fai lure, so the measured strains 

do not necessarily represent the maximums which occurred. 
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5. COMPARISONS OF THEORETICAL AND MEASURED RESULTS 

5.1 I nt roductory Remarks 

The results of the tests are discussed in this chapter, and the 

observed loads and deformations are compared with theoretical values. 

The derivation of the theoretical moment-curvature relationships is de-

scribed briefly in Sec. 5.2, and the comparisons between theory and 

measurements are made in Sec. 5.3. 

5.2 Theoretical Moment-Curvature Relationships 

The theoretical moment-curvature relationships were idealized as 

three straight line segments connecting the origin and points representing 

initiation of cracking, yielding of the reinforcement, and failure. The 

curves obtained are plotted in Figs. 4.5 to 4.11. 

The points on the curves were computed using the measured values of 

material properties and slab dimensions as tabulated in Tabies 2.1 and 

2.2, except that the modulus of rupture, f~ was taken as 7 If! instead of r c 

using measured values. 

The strain and stress distributions assumed within the cross-sections 

are shown in Fig. 5.1. The moments of the forces were summed about the plastic 

centroid of the section. 

5.3 Discussion of Test Results 

The measured ultimate moments, in terms of kip in./in., are listed 

in Table 4.1 for each of the six test specimens. The moments tabulated 

include the dead load and the moment introduced by the eccentricity of 

the in-plane compression force at the base of wings A and D in addition 

to that caused by the vertical applied loading. The in-plane compression 

force measured in each slab at the time the maximum moment was reached 

is also listed for each slab. 
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The theoretical moment capacities, calculated as indicated above, 

are also given, as are the theoretical values of reinforcement strain at 

fal lure and a listing of the sections at which the failures occurred. 

The ratios of measured to theoretical moment are listed, and it can 

be seen that the agreement between the two values is extremely good for 

the specimens with 0.01 reinforcement ratios. In the cases of the specimens 

with 0.005 reinforcement ratios, the measured moments are consistently 

higher than the theoretical values, by amount of 11 to 13 percent. The 

reasons for this discrepancy are not completely clear, although strain 

hardening was the most important factor. 

The theoretical values of E , the reinforcement strain at failure su 

of the cross-section, were .calculated using an ultimate concrete strain, 

s , of 0.003, and are listed in Table 4.1, The theoretical ultimate steel cu 

strain for specimen FC5A is in excess of 0.05, which is well into the 

strain-hardening range of the reinforcement. However, this argument 

cannot be used indiscriminately since the theoretical values of final 

steel strain for specimens FC1A and FC5C are comparable, while the fal lure 

moment capacities are 2 and 11 percent greater than the theoretical 

values, respectively. 

The yield stress values of the reinforcement, as listed in Table 

2 2.2, are within one kip/ln. of the correct values, on the basis of the 

range of results obtained in the sample testing. The measured values of 

slab thickness, reported in Table 2.1, were used in all computations. 

The concrete strangth values were established by means of cylinder tests, 

but even if the tests were not completely representative of the concrete, 

the moments capacities would have been insensitive to concrete strength 

variations, especially in the specimens with 0.005 reinforcement ratios. 
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Variation in dimensions or properties from those assumed are ,apparently 

not responsible for the lack of agreement between measured and theoretical 

values of the FC5 slabs. 

That strain-hardening in the reinforcement must have been a factor 

in the,high moment capacities of the FC5 slabs can be seen by examination 

of the moment-strain diagrams for these slabs, Figs. 4.17 to 4.22. In 

specimen FC5A the reinforcement strains, Fig. 4.17, go off-scale too 

quickly, but the concrete strains, Fig. 4.18, present a reasonable picture 

of the behavior. Yielding of the reinforcement obviously started at a 

moment of about 3 kip-in./in., and the strain trace for gage Cl shows a 

very gradual increase in moment up to a concrete strain of about 0.0028 

and a moment of 3.25 kip-in./in., after which the moment capacity increased 

at a somewhat higher rate until the failure occurred. The only reasonable 

explanation for this change in slope would appear to be initiation of 

strain hardening of the reinforcement. 

The moment resistance i'ncreased from 3.0 to 3.25 kip-in./in. because 

of a gradual increase in the internal level arm as the neutral axis moved 

toward the compression face, and as the cross-section was distorted by 

the bending moment in the perpendicular direction. 

If the 3.0 kip-in./in. moment is taken as the yield moment, the 

ultimate moment was 14 percent higher than yield. If it were assumed 

that strain hardening alone were responsible for the increase in moment, 

which is not true, and assuming that the stress-strain curve for the 

reinforcement shown in Fig. 2.5 is represent'ative of the strain-hardening 

properties of the reinforcement, an increase in stress to 14 percent 

above the yield value would require a strain of less than 0.03, which is 

reasonable in view of the measured and calculated values of ultimate 

reinforcement strain. 
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Neither specimen FC58 nor FC5C exhibited large plastic deformations 

with minor changes in moment, but both showed substantial reductions in 

stiffness at loads corresponding to initiation of yielding of the reinforce-

ment within the central test area of the slabs. These changes in stiffness 

occurred at applied moments of about 3.9 kip-in./in. for FC58 and 5.0 kip-

in./in. in FC5C. The value for FC58 is comparable to the theoretical 

ultimate moment, ignoring the influence of strain hardening, whi Ie that 

for FCSC is about five percent larger than the calculated value for failure. 

In slab FC5C, yield strains in the reinforcement (€ ~ 0.0016) were 
y 

indicated by gage S9, Fig. 4.21, at a moment of about 4.5 kip-in./in., 

which is slightly higher than the computed yield moment, Fig. 4.10. There 

was no appreciable change in stiffness at this load, so most of the 

reinforcement obviously had not yielded. 

In most cases, the moment-strain diagrams and the moment-curvature 

diagrams indicated substantial reductions in stiffness at the same value of 

applied moment, so these measurements are in agreement. However, in most 

slabs at least some of the measured reinforcement strains exceeded the 

yield strain without causing major changes In slab stiffness. Whl Ie the 

development of yield strains In one or two bars does not necessarily indi-

cate that an entire cross-section has yielded, it does not seem reasonable 

to expect the particular bars which have strain gages mounted on them to 

always reach yield strains before the other bars in the section. 

The measured strains from zero load to yield of the reinforcement 

may be larger than the expected value of f IE if the bars have been corn­
y s 

pressed before the initial strain reading was made by shrinkage of the 

concrete. For example, a precompression strain of 0.000400 in the re-

inforcement for which E m 0.001600 would cause a strain reading of y 



26 

0.002000 when the bar begins to yield. The stress at yield is not altered, 

arid the moment capacitIes of sections are not changed. The moment-strain 

relationships would be somewhat altered because of the release of strain 

energy accompanyIng cracking. The cracking moment would be lowered be-

cause compression of the reinforcement requires tension in the concrete in 

order to satisfy equi librium. 

Shrinkage strains in the concrete were not measured, but some 

qualitative conclusions about the magnitude of the precompression of the 

reinforcement can be made. It can be shown, ignoring creep of the concrete 

under the shrinkage-induced stresses, that for a rectangular section 

where 

E = ------------~-------s 2 
~l t p n ( 1 + 12~) 

9 t 2 

ES - shrinkage-induced compression strain in reinforcement, 

E - free shrinkage of unrestrained concrete, 
sh 

p - gross reinforcement ratio, As/bt, 
g 

n - modular ratio, E /E , s c 

e - eccentricity of reinforcement from center of gravity of concrete, 

t - thickness of concrete section, and 

A - area of reinforcement per width of section b. s 
E 

For the Fel slabs this gives ES=t 1~~6' and for the FC5 slabs, 
Esh 

Es=TJD8' so the precompresston strains In the reinforcement are only slightly 

smaller than the free shrinkage strains. The effect of creep of the concrete 

would be to reduce the compressive strains developed in the reinforcement. 

Since many of the moment-steel strain curves indicated yielding started 

at strains of 0.002000 to 0.002200, and the yield strains for bars tested 
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in air were from 0.001600 to 0.001700, precompression strains of 0.000300 

to 0.000500 would be required to explain the test results adequately. 

Since shrinkage strains were not measured, no positive conclusions 

can be drawn. However, shrinkage strains of 0.000300 to 0.000500 are 

not completely unreasonable (4), especially In view of the thin sections, 

4 in., and the low relative humidities occurring in the laboratory, where 

the relative humidity seldom exceeds 50 percent and drops to 20 percent 

or less during the winter. Shrinkage strains of this magnitude are 

probably not reasonable for slab FCIS, which was tested at 7 days, but 

are possible for the other five slabs. 

The measured ultimate moment values are also shown in Fig. 5.2, 

where values of thrust, in kip/in., and plotted versus' values of moment, 

in klp-in./in. In addition', partial theoretical moment-thrust inter-

action diagrams for lIideal ll specimens having f' = 6,500 psi, f = 50,000 
c Y 

psi, and d - 3.50 in. are plotted, for conditions corresponding to initiation 

of yielding of the reinforcement and to failure, for reinforcement ratios 

of 0.005 and 0.01. 

The measured values for the FCI specimens lie close to the theoretical 

M-P failure curve, with the variations being explained in terms of actual 

values of yield stress of the reinforcement. The points for the FC5 

specimens lie uniformly to the right of the theoretical line, as was dfs-

cussed earlier. 

This figure demonstrates the validity of the method of calculating 

the strength of a reinforced concrete slab section subjected to combined 

axial load and bending moment, as the test results and the theoretical 

results follow exactly the same trends as the axial forces are applied. 
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6. SUMMARY AND CONCLUSIONS 

The fabrication and testing of six reinforced concrete slabs used in 

an investigation of the influence of known in-plane compression forces 

on the strength and behavior of slabs is described. 

The slabs were hexagonal in general shape, Fig. 2. l, and were supported 

and loaded to produce uniform bending moments in all directions within the 

central test area of the slab. Horizontal In-plane compression forces were 

applied to four of the slabs by means of Jacks acting on cables passing 

through ducts cast in the slab. 

The variables were the amount of reinforcing steel, p - 0.005 or 

0.010, and the level of in-plane force, 0,0.55 kip/in., or 1.10 kip/in. 

width of slab section. 

Loads, axial forces, reinforcement and concrete strains, and deflections 

were measured, and were used in determining the moments and curvatures at 

various stages of testing. 

Since the three cables used in applying the in-plane forces could 

not be located at one level within the slab thickness, the locations of 

failure planes were biased in the specimens wIth in-plane forces, as shown 

in Fig. 4.4. 

In all slabs the failure moments could be satisfactorily explained in 

terms of conventional reinforced concrete theory, taking into account the 

presence of the In-plane compression forces, although the effects of 

strain hardening had to be considered in the specimens with the lower re­

inforcement ratios. 

Application of an in-plane force of approximately 0.55 kip/in., or 138 

psi, caused increases in moment capacity of 16 and 32 percent for slabs with 
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0.010 and 0.005 reinforcement ratios, respectively. In-plane compressions 

of 1.1 kips/in., or 275 psi, caused Increases of 37 and 57 percent, respec­

tively, for similar slabs, relative to slabs without in-plane forces. These 

increases were compatible with those predicted by the use of theoretical 

thrust-moment interaction dIagrams, Fig. 5.2, for reinforced concrete 

sections. 
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Tab 1 e 2. 1 

Physical Properties of Slab Specimens 

Steel 
Ratio, Axial Load Slab Th i ckness 

Seecimen e kie/ in . in. 

FCIA 0.01 0 4.03 

FC1B 0.01 0.55 3.97 

FCIC 0.01 1 . 10 4.04 

FC5A 0.005 0 4. 15 
w 

FC5B 0.005 0.55 3.99 

FC5C 0~005 1 . 10 3.99 



Table 2.2 

Material Properties of Slab Specimens 

f Compressive Young's Splitting Age at 
y Strength, fl Modulus, E Strength, f Slump Test 

S2ecl men (k5 i ) (2 5 J) C (25 I) C (25 i) sp ( in.) (Dals) 

FC1A 48 6800 3.85xl0 6 470 2, 2.5, 2.5** 25 

FC)B 50 5420 3.79 440 0.8, 2.8, 2.3** 7 

FC1C 52 6260 4.06 468 2 24 

w 
FC5A 50 6260 3.63 410 4 28 N 

FC5B 48 6570 3.82 451 15 

FCSC 48 7370 3.77 423 1 .8 17 

** - 3 batches 



Table 4.1 

Compari son of Measured and Theoret tea 1 Moments 

Meas. M Theo. M Meas. M Meas. Thrust at M Failure u u u u 
Slab k-in./in. k-In./in. Theo. M 

u 
k/in. Theo. E at Wi ng su 

FC1A 5.54 5.44 1.02 0 0.0285 D&E 

FClB 6.42 6.54 0.98 0.55 0.0148 0 

FC1 C 7.61 7.62 1 .00 1 . 11 0.0131 A 

FC5A 3.36 2.98 0.0543 
w 

1 .13 0 B w 

FC5B 4.43 3.93 1 . 13 0.64 0.0305 0 

FC5C 5.27 4.76 1. 11 1 . 12 0.0255 0 
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FIG. 4.2a TENSION SURFACE OF SPECIMEN FC1A AFTER TESTING 

FIG. 4.2b COMPRESSION SURFACE OF SPECIMEN FC1A AFTER TESTING 
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