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1. INTRODUCTION

l.1 General

Shallow doubly curved translational shells are
efficient and aesthetically attractive structures and as such
are being used with increasing frequency in roof construction.
Due to the realization that the membrane or "momentless"
theory is not always applicable, especially in the case of
hyperbolic paraboloids bounded by characteristics, the bend-
ing theory of this type of shell has received a great deal of
attention in recent years (28, 46, 39, 4, 9, 17).*

The so-called “"shallow shell theory" of Margeurre
(28) and Vlasov (46) is often used since it is reasonably
accurate fo; the range of shell dimensions commonly used in
practice, (46) and since it is considerably simplified in
comparison with more "exact" shell theories. The fundamentél
approximation on which the shallow shell theory is based is
that quadratic terms involving the slopes of the shell middle
surface are negligible compared to unity. While there is
some uncertainty regarding the magnitude of the errors intro-
duced by the approximations, a common rule=of-thumb is that
if the maximum rise/span ratio of the shell is less than
one=fifth the theory produces results sufficiently accurate

for practical purposes (46).

* Numbers in parentheses refer to references listed in
the List of References.



The shallow shell theory is normally formulated in
terms of either a stress function And normal displacement
(¢=w formulation) or in terms of middle-surface'displacements
(u=v=w formulation). The ¢-w formulation results in a pair
of coupled fourth—-order partial differential equations, and
the u-v-w formulation results in a set of three coupled par-
tial differential equations, two of second order and one of
fourth order.

Thus, despite the simplifying assumptions which are
made, the problem is still a difficult one mathematically with
the result that comparatively few analytical solutions have
been obtained. Most of these are of the Levy type (4, 9) in
which the quantities of interest are expanded in infinite
series which allow the reduction of the partial differential
equations to ordinary differential equations, but which impose
simple suppoft boundary conditions on two opposite edges. A
recent study (21) has quantitatively demonstrated the sensi-
tivity of shells to boundary conditions thus emphasizing the
importance of developing methods of analysis which are not
restricted to special boundary conditions, particularly those
specified by the simple support case.

Evidently the most promising épproach to the probliem
is a numerical one, especially in light of complicating fac-
tors such as non-rectangular planform, eccentric edge beams,
tie rods, column supports, and non-uniform shell thickness,

some or all of which often exist in practice.



Among numerical procedures a distinction is often
made between procedures which are fegarded as mathematical
approximations, such as finite differences and variational
methods, and those which are regarded as physical approxima-
tions, such as various discrete element systems.

Das Gupta (13), Socare (43), Mirza (31), Russell
and Gerstle (41) and others have presented finite difference
solutions of the shallow shell equations particularly as
related to various hyperbolic paraboloids bounded by charac-
teristics. Some care is required in the application of
finite differences to these shells, however, so that a *"con=-
sistent" (35, 20) set of equations is obtained.* Abu-Sitta
has applied finite difference methods to elliptical para-
boloids (1) and has, in addition, carried out experimental
work (2).

In the application of variational methods to the
analysis of shallow shells (10), the problem of selection of
approximating functions restricts the versatility of the
method since a definite choice of such functions applies

only to specific boundary conditions. In addition, the

* For both the ¢-w and u-v-w formulations, in the case of
hyperbolic paraboloids bounded by characteristics, inter-
lacing grids should be used. For shallow shells bounded
by lines of principal curvature, only the u-v-w formula-
tion requires interlacing grids. This necessity is due
to the appearance of odd—-order mixed derivatives in the
governing equations and the fact that small errors in the
inplane displacements when multiplied by large stiff-
nesses may result in very large errors in the stresses,



treatment of non-classical boundary conditions presents
serious difficulties. Among discréte element procedures
which have been applied to shell problems are methods using
the lumped parameter model (42, 32), the framework or
lattice model (37) and the finite element technique. While
it is justified to classify the first two methods as physi-

* % %
in some applications the finite ele=-

cal idealizations,
ment method is really a matrix formulation of the Rayleigh=
Ritz variational method. Finite element approaches to

plane stress (11) and plate bending (47, 30) have met with
notable success, however, much work is still being carried
out in refining the method in these areas of application.

A mnatural extension of the scope of the finite
element method is to shell problems. Most of the early
attempts to so extend the method employed assemblages of
flat elements to approximate the curved surface of the shell.
Such an idealization may not be entirely satisfactory, how=

ever, since errors are introduced which are distinct from

those involved in assuming the form of displacements in the

* The lumped parameter model may be regarded as a physical
interpretation of finite difference approximations since
the governing equations of the model are eguivalent to
the consistent difference equations of the problem.
However, the model facilitates the formulation of
boundary conditions without using fictitious grid points.

*%* The applications referred to are those in which the shape
of the structure is not idealized. When, for example,
flat elements are used to approximate a curved surface,

a physical idealization is also involved.



structure (or element). Thus no direct relationship with
the Rayleigh-Ritz procedure is apparent. Curved elements
have been used for axisymmetric shells (44) and, for the

cases that have been reported, more accurate results have

been obtained than with flat elements.

1.2 Object and Scope

The objective of this study is to extend the
finite element method to the bending analysis of skewed
shallow shells subjected to a wide variety of boundary con-=
ditions. The effects of eccentric edge beams and tie rods
on the behavior of such shells are of particular interest.
Normally, torsional rigidity (13) and the inplane bending
stiffness of edge beams (41) are neglected as well as their
eccentricity, if any, with respect to the shell middle sur-
face. Inclusion of these factors presents no difficulty in
the present analysis.

Since the crucial step in the finite element

a +he celerct+ion
o b & L R e s

of
1€ oI

tions, it is deemed worthwhile to examine the effect of
different assumptions. Thus, two different displacement
shapes which have been used in plate bending analyses are
adapted for use in shallow shell analysis.

A variety of numerical examples are presented.

In order to establish the wvalidity of the method, compari-

sons are made with analytical solutions for simply supported



shells of three main types: elliptical and hyperbolic
paraboloids bounded by lines of principal curvature, and
hyperbolic paraboloids bounded by characteristics. The
results of several skewed plate problems are also presented,
since one of the assumed displacement fields satisfies cer-
tain convergence criteria in this case.

Limited comparisons are made with other numerical
results to further substantiate the reliability of the
analysis.

Several problems of more practical interest are
then analyzed in order to investigate the effects of edge
beams, tie rods and skewedness. Here attention is
restricted to hyperbolic paraboloids bounded by charac-
teristics.

In order to isolate the effects of different
boundary conditions, fixed dimensions are chosen.for each
of the three main shells analyzed and these dimensions are
retained throughout. Thus, no attempt is made to provide
data in amounts or range sufficient for design, but merely

to indicate the effects mentioned above.

1.3 Notation

The symbols used in this study are defined where
they first appear. For convenience, frequently used symbols
are summarized below.

2a, 2b Dimensions of element in x and y
directions respectively.



e
x? Ty’ Txy Ty

k)

2 Mg My

(20x20) matrix relating %(k) to Uig)?
k) T P k)

2
Bending stiffness of shell, = Eh>/12(1-v°)

(3x20) matrices expressing strains in terms

em = Dma eb = Dba(k)

of constants a ()’

()’

Eccentricity of beam axis with respect to
shell middle surface

Unit vectors in shell tangent plane
Young's Modulus

(3x3) membrane and bending stress-strain
matrices in orthogonal coordinates

(3x3) membrane and bending stress-strain
matrices in oblique coordinates

Thickness of shell

Stiffness matrix of k?h element

Membrane and bending stiffness matrices

th _ . b
of k element (K(k) = K(k) + K(k))

Span of shell in x and y directions

(20xN) localizing matrix expressing
relationship between element and structure
displacements, u(k) = L(k)u

Moment vectors acting on faces x = con-

stant and y = constant

Bending moment components in orthogonal
coordinates

Bending moment components in oblique
coordinates

Membrane stiffness of shell, = Eh/(l—vz)



> >
Nx’ N Stress resultant vectors acting on faces
Y X = constant and y = constant

N;, N§y N§§ Membrane forces in orthogonal coordinates

NX, Ny’ ny Membrane forces in oblique coordinates

o} Unit vector normal to shell middle surface

P(k) Generalized nodal loading vector for kb
element

P (Nx1) column vector of structure nodal
loads

-5

P Vector of distributed external loading

-
v P Py Components of p in orthogonal coordinates

Py pv, P, Components of ; in oblique coordinates

3 Displacement vector of shell middle surface
) Q§ Transverse shears in orthogonal coordinates

QX, Qy .Transverse shears in oblique coordinates

r, s, t Curvatures of shell middle surface in

orthogonal coordinates

r, s, t Curvatures of shell middle surface in
oblique coordinates

R Radius of curvature of edge beam
T (3%3) transformation matrix relating
orthogonal and skew forces, o' = To,
-b b
o = To
. th
u(k) Nodal displacements of k element
ﬁm, 5b Membrane and bending strain energy in
orthogonal coordinates
Um, Ub Membrane and bending strain energy in

oblique coordinates, U™ = GV, uP = g°



i
o

o
<
£

Total strain energy in_orthogonal and
oblique coordinates, U =1U

(Nx1) column vector of structure displace-
ments

-
Components of displacement vector g in
orthogonal coordinates

-> ~ A
Orthogonal projections of g on e_, e
~ - X Yy
and n respectively

Total potential energy

Cartesian coordinates of point on middle
surface

Surface coordinates interpreted as oblique
axes in x, y plane

Conjugate axes in shell tangent plane

(20x1) column vector of generalized
ccocordinates

Membrane strains in orthogonal coordinates

Membrane strains in obligque coordinates

(3%x1) column vectors of membrane and
bending strains in orthogonal coordinates,

=17 _ T -b _ - - J— T
€ = (SX’ €§, 7§y) s € = (ny Ky, ZKXY)
(3%1) column vectors of membrane and
bending strains in oblique coordinates

m _ T b _
g = (ex, ey, ny) , € = (Kx, Ky, 2ny)

T

Distance of an arbitrary point from the
shell middle surface, measured along n

Rotation vector of shell middle surface

>
Components of 9 in orthogonal coordinates

-5
Components of © in oblique coordinates



Koy 2Kme
Y Xy
Ky, 2ny
-

(o]

Y

10

Bending strains in orthogonal coordinates
Bending strains in oblique coordinates

Dimensionless tie rod stiffness parameter
Poisscon's Ratio

Dimensionless element coordinates,
£ =x/a, n =y/b

Vector stresses acting on faces x = con-=
stant and y = constant

-> >
Components of o_ and 0_ in oblique
. X Yy
coordinates

(3x1) column vectors of membrane and
bending stresses in orthogonal coordinates
=m _ T =-b _ - _ _\T
g - (NX’ NY’ NXY) 9 a - (MX’ My3 MXY)

(3x1) column vectors of membrane and
bending stresses in oblique coordinates,
m _ T b _ T
g = (NX, Ny, ny) , 07 = (Mx, My, Mxy)
Skew angle (angle between x and y
coordinate lines)

Potential of external loads
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2. BASIC EQUATIONS

2.1 General

The objective of the present chapter is to develop
an expression for the strain energy of a shell defined in
reference to a system of oblique coordinates. This is moti-
vated by a desire to describe the quantities of interest in
as natural a manner as possible, consistent with the geo-
metrical shape of the shell. Subsequently, use will be made
of the strain energy expression in the application of the
finite element method.

No attempt is made here to justify the assumptions
of shallow shell theory or to re-=derive the governing equa-
tions in Cartesian coordinates as various authors (28, 46,
36, 17) have already considered thése matters in some depth.
Remarks on the assumptions involved in shallow shell theory
are confined to a reminder that the basic, although not sole,
assumption is that quadratic terms involving the slopes of
the shell middle surface are negligible compared to unity.
If the shell middle surface is a second order surface, this
assumption leads directly to the approximation that the
curvatures of the surface are constant. An additional con-
sequence is that the geometry of the surface is, in effect,
approximated by that of its projection on the horizontal
plane. Thus, if the parametric representation of the shell

middle surface is given in the form
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= X

y =Y (2.1)
z = z(x,Y)

where (§,§,E) are Cartesian coordinates, the approximation
is made that the (§,§) coordinate lines are orthogonal on
the middle surface. It is in this sense that the term
"orthogonal cbordinates" will be used throughout the remain-
der of this study.

In the case of oblique coordinates (x,y) in the
horizontal plane, the corresponding assumption is that the
angle between the x and y axes in the horizontal plane is
equal to the angle between the tangents to the x and y

coordinate lines on the middle surface,

2.2 Shells Considered

The shell considered in the subsequent analysis is
a thin shallow isotropic homogeneous elastic shell which is
parallelogram shaped in planform. Its middle surface is

given in terms of the parametric representation

~ i

= X + Yy COSs ¥
Yy =y sin X (2.2)
Zz = le + kzy + -—2—- + sxy + —2L

where x, k;, k,, r, s, and t are constants, and (x,v,z) are
the Cartesian coordinates of a point on the middle surface.
The parameters (X,y) are surface coordinates which are inter-

preted as oblique axes in the horizontal plane, with included
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angle x, as shown in Fig. 1. The constants r, s and t which
appear in Eq. {(2.2) represent approximations to the curva-
tures and twist of the middle surface and will appear in the
governing equations of the shell. The constants kl and k2
are included for gererality, although they do not appear
subsequently, since the quantities of interest are described
in a manner which is independent of the spatial orientation
of the shell. ¥or example, quantities are referred to unit
vectors which are tangent and normal to the shell rather
than to unit wvectors which are directed along the Cartesian

axes. The notaticns

in
NN

(2.3)

ct
N

H
1
]
i

and

[OF]
1
i
i

(2.4)

rtt
"
N

are used, where the commas denote partial differentiation
with respect to the variable indicated by the subscript.
(Bars will generally designate quantities referred to the
(X,Y) axes while unbarred quantities are referred to the
skew axes (x,y)). The third of Egs. (2.2), when differ-

entiated, agrees with Egs. (2.3).
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When the shallow shell approximations

- 2

Z,;{ << 1

E,i;z c< 1 (2.5)
E,;Z E,§ << 1

are made, the quantities (r,s,t) and (r,s,t) represent the
curvatures and twist of the middle surface, referred to the
(x,v) and (X,yY) axes respectively, as mentioned previously.
Equations (2.3) and (2.4) determine the sign convention for
curvatures and twist of the middle surface. A surface of
positive curvatures (E'> c, £ > 0, s = 0) and a surface of
positive twist (; =‘€ = Q, s > 0) are shown in Fig. 1.

The transformations relating the curvatures and
twists in the two coordinate systems, obtained by use of the
chain rule for partial differentiation, are

r=r

S = ~=r cot X + s csc X (2.6)
E=r cot2 X - 2s ¢sc X cot X + t csc2 X

The governing equations in orthogonal coordinates
are listed here for convenience. Details of their deriva-
tion may be found, for example, in Flugge and Conrad (17),
Vlasov (46), or Novozhilov (36).

‘The sign conventions adopted for forces, moments
and displacements in the orthogonal coordinate system are

shown in Fig. 2. Double-headed arrows represent moment
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vectors according to the right hand rule. It should be
noted that tangential and normal components of displacement
are used rather than components along the (X,y,z) axes.
The in-plane, or membrane stress resultants NZ, N§, N§§ and

Q=, Q= represent

the bending stress resultants Mz, Mg ¥ 95

y Mxy
appropriate stresses integrated through the thickness of the
shell. They are defined as forces or moments per unit
length of the middle surface. The displacement vector, E,
of the middle surface is resolved into components u and v
tangent to the x and y coordinate lines and w, normal to the
surface, Similarly the vector of distributed load, 5, is
resolved into components (pa, P

5o P;).

2.3.1. Strain-Displacement Relations

The strain displacement relations for the shell
in orthogonal coordinates are listed here. The membrane
strain-displacement relations are

Em = W,= = TW
3 u,x e

e; = v,§ - tw (2.7)

7§§ = ua§ + V3

and the bending strain-=displacement relations are

“X T T Wik
K = = W, mom 2.8
3 '35 (2.8)
K== = = 2W,==

Xy Xy
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2.3.2. Stress=Strain Relations

In orthogonal coordinates, the stress-strain rela-

tions are

N§ = N (e§ + vs§)

N-= =N (€= + ve= 2.9

5= N (e +veg) (2.9)
= 1=V, ___

N§§ = N ( > ) )’Xy

M; =D (K§ + vK§)

M= =D (K§ + vKi) (2.10)

1=V
Mes =D (=5 )(2K§§)

3
where N = Eh2 s D = Eh

1-v 12(1-v2)

and E is Young's Modulus, V is Poisson’s Ratio and h is
the thickness of the shell.

The usual approximations N§§ = N§§ and M§§ = M§§
are implied here., This is a result of the equality of the
in=plane shear stresses, and of discarding terms of the order
of rh and th in comparison with unity, which is permissible
for a thin shallow shell. Kirchhoff's assumption is also

used in the derivation of Egs. (2.7) to (2.10).

In matrix form the above equations become

™ @t =T

?uu - Eul G (2 . ll)
P - gb P (2.12)

where



1l
2z
I

m
=
|

| Txy

K ==

2k ==

o5}
il
<
=

2
and Eb = ‘—lh'——' v 1

12(1-v2)
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(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

The superscript "m" refers to membrane quantities and the

superscript "b" refers to bending quantities.

2.3.3. Strain Energy

The strain energy ﬁ, of the shallow shell is com=

posed of the membrane strain energy ﬁm, and the bending
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strain energy, U . Strain energy due to shear deformation
is assumed to be negligible. In terms of the notation

introduced in Sec. 2.3.2.,

gm L J{gm,T M 3% d§

i
I

%.{j em,T gm,T g0 3% gy (2.19)

|
I

g° = 4 f J 2T P 4% 47 = & f f e2yT gbT P gz @ (2.20)

and =0+ 0° (2.21)

where the superscript T denotes transposition of the desig-
nated vector or matrix, and the integration extends over

the middle surface of the shell.

2.4 Definitions of Forces and Moments in Oblique Coordinates

When defining various quantities in an oblique
coordinate system, it is convenient to introduce a conjugate
set of axes (x',y') in the shell tangent plane, as shown in
Fig. 3, such that the pairs of axes (x,y') and (x',y) are
orthogonal.

Unit vectors in the tangent plane to the shell
middle surface along axes X, Yy, x' and y' are denoted by

~ ~

e, © eé., and éy, respectively (Fig. 3). The unit normal

y’ Xl

vector, n, to the middle surface is given by

n=¢e, xe
. R . (2.22)
or n = e X e
where '"x" denotes the vector cross product; the right hand

rule again being used.
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The distance from the middle surface to an
arbitrary point off the middle surface is denoted by I,
measured positively along the positive normal n. Therefore
the position vector, ﬁ, of an arbitrary point may be written
in the form

R =7r (x,y) + Ch, (2.23)

where ;Vis the position vector of a point on the middle
surface., Thus (x,Y,%) form a three-dimensional coordinate
system, called "shell coordinates™ (27). The (x,y,0)
coordinates are orthogonal curvilinear coordinates if and
only if‘the (x,y) surface coordinates are lines of principal
curvature of the surface (27). As a result, in all other

~

cases, the relative directions of the unit vectors é é

x! Ty’
éx' and éy, change throughout the thickness of the shell.
'This fact is neglected in shallow shell theory and is neg-
lected in this extension to oblique coordinates, since the
angle between the unit vectors éx and éy on the middle sur-
face is approximated by the angle X in the horizontal planec.

The vector stresses acting on the faces x = con=-
stant and y = constant are denoted by gx and gy respectively,
as shown in Fig. 4.

These vector stresses depend on the coordinate ¢.

The vectors of membrane stress resultants and bending moments,

(per unit length of the‘middle surface) may now be defined as

- -
NX = 9 dzc
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(2.24)

=4
it
S
~
3

*
x 0 ) dt
X

> >
M =J zn g dz
v (zh x y)

where ﬁ# and ﬁx act on the face x = constant and ﬁy and ﬁy
act on the face y = constant as shown in Fig. 5. The inte-
grations extend over the thickness of the shell. The
approximation referred to in Sec. 2.3.2, i.e., rh, th< < 1,
has been made here also; that is, the elements of cross
sectional area on both the x = constant and y = constant
faces are approximated by 1 ° di.

In thin shell theory the equilibrium conditions
of the shell are expressed in terms of these integrated

quantities. Thus equilibrium is enforced in a macroscopic

sense, rather than pointwise throughout the thickness of the

shell.
Th £iti - - > - > a >
e quantities Oues Oy’ Nx, Ny’ MX an My are

physical quantities. They may be represented in a variety
of forms by referring them to various sets of unit vectors.
In the case of oblique axes, several alternative representa-
tions are possible. The choice of representation is made
here on the basis of convenience. For example, let EX and

Ey be written in the form



21

5
X X X Xy VY Xz
(2.25)

> ~ ~
g = T e 4+ 0 €. 4+ 71 n
Y Xy X Y Y Yz

No notational difference has been retained for the shear
stresses TXY and Tyx since they are equal even in non-
orthogonal shell coordinates (27). Egs. (2.25) are to be

g T

regarded as definitions of o T and Tyz. They

X’ Ty’ xy’ xz

could be defined in other ways if so desirgd, as long as
they are subsequently used in a ma&nner consistent with
their definitions.

The membrane stress resultant vectors are repre-

sented in the form
>

Nx = NX e, + ny gy + QX n

(2.26)

+
= N e+ N, & + B
Ny = Ny S T Ny &y + Qy

It is advantageous to express the bending moment
vectors in terms of linear combinations of the unit wvectors

e _, and & ,. Therefore
X Y
> A A
My = = Moy S0 + My Sy
> (2.27)

Myo= oMy S+ My &y

It is again emphasized that Egs. (2.26) and (2.27) are the

definitions of the scalar quantities N, Ny, ny’ Nyx’ Qx’
Qy’ Mx’ My’ Mxy and Myx’ The representations of the vectors
> > A > A . .

NX, Ny, Mx and My are illustrated in Fig. 6.

Egs. (2.24), (2.25), (2.26) and (2.27) are used to

obtain expressions for the various scalar stress resultants
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in terms of the stress components integrated through the

thickness of the shell.

Egs.

the unit

>
NX

2y
i

=y
i

M
, =

Comparison of Egs.

yields

Substitution of Egs.

{(2.25) into

(2.24), and integration with respect to r, considering

vectors to be independent of ¢, yields

~

e

X ch dﬂ +-éy[ery dc}+

ny = Nyx = J Ty dc
QX = J TXZ dC
= T dzg
Qy J vz
M, = J o T dz
= [0 T gt
M, j g °d
M =M = JT z q4c¢
Xy ¥YX Xy

x'-'JTxyl;dc}'*ey'[ch

&, [-{o cvatl+e. [ [t tac
SR R DA

(2.28) with Egs. (2.26) and (2.27)

jo 4 =

Y

J e
J =]

dc

(2.28)

P

(2.29)

Therefore when the bending moments are referred

to unit vectors along the axes (x',y') rather than along

the axes (x,y), the approximation which leads to N = N

Xy yX
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also leads to Mxy = MYXo Henceforth, these notational
differences will be dropped, the_iﬁplane shear being
referred to as ny and the twisting moment as Mxy‘ When
X = %, the axes (x',y') coincide with the axes (x,y) and
the above definitions reduce to those for the orthogonal

case. The scalar components NX, N N_ Qx’ Q M M

y’ TRy y' vx? Ty
and MXy then agree with the sign conventions given in
Sec, 2.3 and Fig. 2.

The transformation expressing the relation between
membrane stresses in the oblique and orthogonal systems is
identical to that for the bending stress resultants. This
is to be expected from an examination of Egs. (2.29). These
transformations may be easily derived by considering the
equilibrium of differential elements of the shell bounded

by mixed combinations of coordinate lines (see, for example,

Flugge (16)). The transformations are

- - -
NX csc X cos x cot ¥ 2 cot X Nx
N= = 0 sin X 0 N 2.30
Y Yy ( )
N== 0 cos X 1
xy || *

or, in matrix notation

g" = po™ (2.31)
where csc X cos X cot X 2 cot X
T = 0 sin x 0 (2.32)
0 cos X 1
=b b

Also, o~ = TOC (2.33)
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2.5 Definitions of Displacements and Rotations in Oblicgue

Coordinates

In order to keep invariant the form of the expres=
sion for work done by a force acting through a displacement
or a moment acting through a rotation, which will in turn
lead to a symmetrical stiffness matrix, displacements and
rotations are defined in reference to the oblique coordinate
system in the manner outlined in the following paragraphs.

Let & denote the displacement vector of a point on

the middle surface. The displacement components u, v, w are

defined by
> ~
u=gq - e,
-> A
— oe 2.
v =gq y (2.34)
w=4g - n

That is, the quantities u, v, and w are the ortho-
gonal projections of g on the unit vectors éx’ éy and n
respectively.

The invariance of the expression for tﬂe work done
by a force acting through a displacement is easily verified.

The displacement vector & may be expressed as a
linear combination of the unit vectors éx’ éy, and n in the
form,

> 2 ~
g =[ucsc® x - v cos X cot x| e,

+ [v csc? X - u esc X cot X ] éy + wn (2.35)
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This expression is used to obtain the relationship
between displacements in the oblique and orthogonal coordi-

nate systems.

Let § denote the rotation vector, defined on the

middle surface. Then the quantities ex, ey’ and Gn are

defined by
>
¢l = 8 -3 é
X x!
-> ~
6 = e ° £ ' 20 6
y y (2.36)
e - 3 L] An
n

Therefore, the quantities 6X, ey’ and 6, are the
orthogonal projections of g on the unit vectors éx" éy, and
n. Again the invariance of the work expression is easily
verified. In a manner similar to that used to obtain Eq.

(2.35), the rotation vector ] may be expressed as a linear

combination of the unit vectors éx" e.,, and n, in the form
¥ s

-> 2 ~
6 = S « 8
{ L ©8¢” X + v csc x cot Xx) €.

2 R R
8 8 )
+ { < ©SC¢ X cot X + v csc® X) ey, + 9 n (2.37)

The representations of a and 6 in terms of (u,v,w)

and (ex’ey’en) respectively are shown in Fig. 7.

The rotation and displacement quantities referred
to the oblique coordinate system may be expressed in terms
of corresponding quantities in an orthogonal coordinate
system (Fig. 8). If, as before, barred quantities refer to
the orthogonal system, the displacement and rbtation vectors

may be written as
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- - - A L_IPN
q=ué +v €y + wn (2.38)
] 2 6= & + 6=n
and = 8§ e, + 3 eyl + 6=n (2.39)
Since
e , = sin X e_ - cos X e_,
X X y
) ) ) (2.40)
ey = cos X €y + sin X ey” ’
Egs. (2.35) and (2.37) may be rewritten as
5 = u éX +[-ucot X + v csc X ] éy' + wn (2.41)
—
= |0 9 o 8 g 8 n
and 6 = [0 csc x + y oot x ] ey * Sy ey + %M (2.42)

Comparison of Eg. (2.4l1) with Eq. (2.38) yields
the desired relation between displacement components in the

oblique and orthcogonal systems, namely,

u=u
Vv ==-ucot X + v csc X (2.43)
w=w

Similarly, a comparison of Eq. (2.42) with Eq. (2.39) yields

= = 6 csc X + Gy cot X

X X

6= = 0 4
Y Yy (2.44)
6= = ©

n n

To the degree of approximation involved in shallow
shell theory, the rotations and displacements are related by
the expressions

B =
X

€1
A ]|

(2.45)

b = =

y &3

in orthogonal coordinates. Terms involving curvatures and
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twists multiplied by inplane displacements have been discarded
from more exact expressions to yield Eg. (2.45).
Use of Egs. (2.2), (2.43) and (2.44) yields the

corresponding relations in oblique coordinates,

ex = w'y
(2.46)
8 = - w,

y x

2.6 Strain Energy and Definition of Strains in Oblique

Coordinates

The strains referred to the oblique coordinate
system are defined here in such a manner as to retain formal
correspondence between the governing equations in obligue and
orthogonal coordinates. It must be emphasized that the defi-
pition of strain is completely arbitrary, as long as con-
sistency is observed in subsequent manipulations. Therefore,
let the membrane and bending strains in the oblique system
be defined by the equations

s, T zm _ m,T _m

o (2.47)
and Gb’T Eb - Ob’T Eb (2.48)
S
X
where e = Ey (2.49)
| Txy
M« ]
X
b
and ET = Ky (2.50)
2 ny
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With the use of Eq. (2.31), Eg. (2.47) may be
rewritten as

sm,T -1,T .m _ =m,T =m (2.51)

T €

Therefore since Eq. (2.47) is to be regarded as an identity,

eM _ ol M (2.52)
Similarly, eP - T P (2.53)

Equations (2.52) and (2.53) define e™ and P in terms of
displacements and curvatures relative to the orthogonal
system, through the strain displacement relations Egs. (2.7)
and (2.8). The strain displacement relations in the oblique
coordinate system are obtained from Egs. (2.52) and (2.53),

with the use of Egs. (2.2), (2.6), (2.7), (2.8), (2.32) and

(2.43).

Thus, e, = (u,x - rw) csc X
fy = (v,y - tw) csc X (2.54)
Txy = (u,y + v, = 2 sw) cscX

and Kx = = W, . CSC X
K = - W csc X 2.55

Y Yy ( )

2ny = =2 w,xy csc X

wWith the exception of the constant factor "csc X", Egs.

(2.54) and (2.55) are formally the same as Egs. (2.7) and

(2.8). The factor "csc X" could have been, of course,

absorbed in the defining equations, Egs. (2.47) and (2.48).
The stress=strain relations in the oblique

coordinate system are now easily derived using the
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stress=strain relations in orthogonal coordinates, Egs. (2.11)
and (2.12), and the transformations for stresses, Egs. (2.31)

and (2.33), and strains, Egs. (2.52) and (2.53). Therefore,

M = gM M (2.56)
and P = Eb P (2.57)
where g = ¢~ T g0 gl (2.58)
and g° = p~1T gP o1 (2.59)

Since E™ and E° are symmetrical, E" and Eb are
also symmetrical. As will be seen later, this will lead to
a symmetrical stiffness matrix, which is wvery desirable.
When the matrix operations indicated in Egs. (2.58) and
(2.59) are performed, the explicit forms of E™ and Eb are

found to be

csc2 X v+ cot2 X =-CsC X cot ¥
D = —EBE- v o+ cot2 X csc2 X -csc X cot X (2.60)
1=V
-csc x cot X -csc X cot X l;v + cot? y
L A
B 5 5
csc” ¥ v + cot”® ¥ =csc x cot X
b Eh> 2 2
ET = — v + cot” x csc X =csc X cot X (2.61)
12(1=Vv7)
]l=v 2
=CSC X ¢cotx =csc X cot X —E_ + cot™ x

Finally, the expressions for the membrane strain energy g™

and the bending strain energy Ub are,
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U =% J Jom,T e sin x dxdy =

= % J J ems T Em’T eM™ sin X dxdy (2.62)

U =%jJ0b’T P sin x axdy =

[ fEb’T Eb’T eb sin X dxdy (2.63)

= % J
where the integrations extend over the middle surface of the

shell. The total strain energy is, as before,

U =u" + uP (2.64)

m b

and U° are of course, identical to U" and G°

U
respectively, as given by Egs. (2.19), (2.20) and (2.21).
In fact, the strains referred to the oblique coordinate
system were defined by equating the strain energy densities
(see Egs. (2.47) and (2.48)) in the two coordinate systems.
In Chapter 3, the expressions for membrane and
bending strain energy will be utilized in the application of

the finite element method.
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3. METHOD OF ANALYSIS

3.1 General

The idealization of continuous structures as
assemblages of individual pieces or elements has often been
used as a device for obtaining approximate solutions to prob-
lems which are insoluble in their original form (25). This
discretization of the structure results in the replacement of
the original governing ordinary or partial differential
equations by a set of linear algebraic equations. With the
general availability of high=speed electronic computers, this

reduction of the problem is significant, since the solution

O
~

Hh
|
w
i

e systems of linear algebraic equations poses no dif-=
ficulty. When two or three dimensional elements are employed,
the method is generally referred to as the "finite-element"
method.

The finite element method historically has been
visualized by supposing the structure to be "cut up" or
divided into a number of sub-regions or elements, which are
interconnected at a finite number of points, or "nodes". The
force-deformation properties for an individual element,
expressing relationships between nodal forces and displace~
ments are established usually by employing a variational
principle. Once this relationship is determined,; the
remainder of the analysis follows the usual procedure of

the stiffness method of structural analysis. Therefore, it
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is the determination of the nodal force-deformation relations
for the element, or "element stiffness matrix" which is the
significant portion of the analysis.

If the displacements of the structure are regarded
as the fundamental unknown quantities, the principle of
minimum total potential energy may be employed to obtain the
element stiffness matrix. Other variational principles can
be employed in the finite element method (38, 18, 24), how-
ever the potentiél energy principle is most often used (47,
30) and is used here.”

In any numerical approach to a given problem
questions of convergence are very important. A great deal
of attention has been focussed on such questions in the case
of the finite element method (30, 18, 6); and much remains to
be done in this area. Most of the early investigations of
convergence simply involved successive refinements of grid
size and comparisons with existing analytical solutions.
While this procedure certainly does not prove convergence it
at least allqws one to gain some confidence in the method in
the absence of theoretical assurances of convergence,

Melosh (30) formulated the finite element method in
terms of the principle of minimum potential energy, and set

forth some criteria for selecting displacement fields. He

* It may be mentioned here that the finite element method
is not restricted to problems of structural analysis.
It may be applied to any field problem which is formu-
lated in variational terms.
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distinguished between three types of errors which can 6ccur:

1) Idealization errors, such as those involved in
replacing a shell structure by an assemblage of
flat elements.

2) Discretization errors, such as those involved in
assuming the form of the displacements within an
elemént.

3) Manipulation or round-=off errors in the arithmetical
operations.

Variational principles can, at best, guarantee the conver-
gence of the discretization error to zero as the grid size is
refined. Thus, in order to relate the finite element method
directly to variational methods, the idealization error
should be eliminated if possible. 1In the present case, the
use of curved elements achieves this end.

The admissibility criterion of the coordinate
functions in the conventional Rayleigh Ritz method is equi-
valent to the criterion of "sufficient" continuity* of the
assumed displacements, together with the imposition of the
forced boundary conditions at a later stage in the analysis.
Likewise, the usual “completeness" criterion of the Rayleigh-
Ritz method is analogous to the inclusion of rigid body dis-
placements and constant strain states in the assumed dis-

placements. Melosh (30), and Bazely et. al. (6) have

* vuwgufficient" continuity here means that u, v, w, Wiy
and w,y are continuous over the entire structure.



34

enunciated these requirements. It must be remarked, however,
that the above conditions guarantee monotonic convergence
only to the true value of the potential energy. Uniform
convergence to the true displacements and derivatives of
displacements (i.e. stresses) does not necessarily follow.

It is interesting to note that omission of terms representing
a constant strain state has apparently resulted in conver-
gence to incorrect results in applications to plate bending
problems (12).

Bazely et. al. (6) have presented the argument that
the only necessary requirements for convergence to the true
energy level are the inclusion of a complete rigid body
motion and all constant strain states, although convergence
is no longer monotonic in this case. The conclusion that
these requirements are sufficient to guarantee convergence
is reasonable since successive refinements of grid size lead
to ever-increasing Satisfaction of continuity between ele-
ments, thus producing, in the limit, an admissible displace-
ment field. In support of this argument, results of plate-
bending analyses comparing "conforming" and "non-=conforming"
displacement assumptions were presented (6) and showed, in
almost all cases and for all grid sizes, that the so=called
"non~-conforming" displacement field produced superior,
although not monotonically converging, results.

Herein, displacement functions are selected in this
spirit; continuity is sacrificed for completeness. As will

be seen later, for one of the displacement functions employed,
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a choice arises between achieving inter-element continuity
and including a complete rigid body displacement. The latter
is chosen. 1In practice, it may be true that neither is all-
important, as Haisler and Stricklin (22) have shown that
omission of rigid body terms for shells of revolution does
not affect convergence. This conclusion is borne out by
results, not feported herein, of comparative studies using
element stiffness matrices derived subsequently, with and
without inclusion of complete rigid body motions. However
when the finite element method is regarded as a physical
idealization rather thanm a mathematical one it is more satis-
fying to deal with a stiffness matrix which is "equilibrated",
that is, one which gives rise to self-equilibrating nodal
forces due to nodal displacements, and this is achieved
through the inclusion of a complete rigid body motion in
the assumed displacements.

In principle, it is possible to include Lagrangian
multiplier terms to take into account the effect of discon-
tinuities (26). However, this significantly increases the
computational effort involved in obtaining a solution. It
seems preferable instead to refine the grid size in order to

obtain greater accuracy.

3.2 Review of Method of Derivation of Element Stiffness
Matrix
For the sake of completeness, and in order to

introduce notation used later, a brief account is given in
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this section of the method of derivation of the element stiff-
ness matrix, Fof fuller details, reference may be made to
any of a number of works, for example, Clough (11) or
Gallagher (19). The notation used by Gallagher (19) is,
for the most part, used here.

The form of the displacements within the kth sub-
region or element is assumed to be

u

v Mo

(k) (3.1)
w

where M is a (3x20) matrix, which is a function of position

within the element and @(k) is a (20x1) column vector of,

as yet, undetermined constants. It is assumed at this stage

that the displacements defined by Eq. (3.1) give rise to a

sufficiently continuous displacement field over the entire

structure, as discussed in Sec. 3.1, since no account will

be taken of discontinuities in computing the approximate

total potential energy of the structure.

The projection of the kth element on the horizontal
plane is shown in Fig. 9. The local coordinates of the
element are (x,y). The element has projected lengths of 2a
and 2b along the x and y axes respectively, and a skew angle
of X.

The (5x1) column vector,
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drxy = < w > (3.2)

W,y

Wox )
is computed from Eg. (3.1), with the result that

Ax) = M'vd(k) (3.3)

in which M' is a (5x20) matrix, the first three rows of
which are identical to M. The last two rows of M' are
obtained by differentiating the third row of M in accordance
with Eq. (3.2).

The nodal values of q(k) are denoted by dgs 9p7s
dr11° and Ay in accordance with the numbering scheme shown
in Fig. 9. The (20x1) nddal displacement vector of the kth
element is then
9r
911

< > (3.4)

u =
(%) 9111

| 1v

A relationship may now be found between the
undetermined constants u(k) and the nodal displacements
Uik)e since

He) T B ) (3.3)
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where
ﬂ 3\
My
M ]
B = < IT r
]
MIII
L]
| My
and Mi, MiI’ MiII’ Miv, indicates insertion of the local

coordinates of nodes I, II, III and IV respectively in the
matrix M'. B is thus a constant matrix containing the coor=-
dinates of the four nodes of the kth element. The constants
a(k) could have been retained as the generalized coordinates
of the p;oblem, however it is desirable to express them in
terms of the new set of generalized coordinates u(k), since
the forced boundary conditions, which must be imposed later,
are stated directly in terms of u(k). In contrast to the
conventional Rayleigh Ritz method in which the coordinate
functions are chosen to satisfy the forced boundary condi-
tions a priori, in the finite element method, no distinction
i1s made between an element in the interior of the region and
an element on the boundary in the initial derivation. The
forced boundary conditions are imposed when the structure
stiffness matrix is assembled, thus producing an admissible
displacement field. The great advantage of the finite element
method is that it is formulated independently of boundary
conditions, and the mere specification of appropriate boundary

nodal displacements produces a displacement field satisfying

the forced boundary conditions of the problem.
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If the matrix B is non=-singular, which must be
regarded as an additional restriction on M, Eg. (3.5) may be

inverted to yield,

. &
k) 5B Wk (3.6)
which, with Eq. (3.1) gives
— ms n—l

An examination of Eq. (3.7) reveals whether or not
the contipuity conditions are satisfied. 1In general, if a
quantity, defined according to Egq. (3.7), along a given
boundary of the element depends only on nodal values of
generalized displacement at nodes on that boundary, it is
continuous between elements.

The strains ETk) and E?k) may now be computed from
Eq. (3.1), by employing the strain = displacement relations,

Egs. (2.54) and (2.55), as

I
w)
Q

am =
(x)

and : , (3.8)

b _
() TP %)

or, with the use of Eq. (3.6), as

m _ =1
e(k) =D B u(k)
and ‘ (3.9)
b _ b =1
" TPP Y

Approximations to the strain energy are now obtained by

inserting Egs. (3.9) in Egs. (2.62) and (2.63) to yield



40

# _ % *b
Y = Y T Yk (3.10)

where

*m T -1,T m,T m,T m _. -1
U(k) = 3 u(k)B {I[D E D sin X dxdy }B u(k) (3.11)
and

*p T _=-1,T b,T_b,T b _. -1 (3.12)
U(k) =% u(k)B {L[D E D~ sin x dxdy } B U k)

The stars indicate that the values are computed from approxi-
mate displacement modes.

The vector 5 of distributed extermnal loading is
resolved into components along the x and y axes and normal

to the shell, so that

~

=
P =P, & * P

+ P, n (3.13)

é
v Yy
As a result, the approximate potential of the external

distributed loading is

Q:k) = = {[J pT M sin x dxdy } B-l u(k) (3.14)
where
| =
p = P,
Py

Concentrated loads are resolved in the same manner
as the distributed loading to yield

* C -
= PT M B 1 u(

Q(k) = =P, M (3.15)

k)
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where

and Mc is obtained by inserting into M the local coordinates
of the point at which the concentrated load acts. Let the

(Nx1) column vector of structure displacements be denoted by
u. Then the relation between the nodal displacements of the
kth element and the structure displacements is expressed by

the (20xN) "localizing" matrix L(k)’ such that

=L, . u (3.16)

Y(x)

When no transformation of coordinates is required in order
to impose the forced boundary conditions, L(k) consists of
zeroes and ones. When transformations are required, L(k)
contains the appropriate transformation matrix.

The approximate total potential of the kth element
is
v?k) = uTL'fk)B’l’T{ ”[D“"TE‘“’TD"‘

sin x dxdy} B L, u

b,T_b,T b
E ? D]
(k) (3.17)

+ D7’

- [JJ pTM sin X dxdy J B-lL(k)u

T, =1
The approximate total potential of the entire

structure is computed by summing over the M elements or
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regions. Therefore

M
v* = ) [% uTL'fk)K(k)L(k)u. - Prl('k)L(k)U} (3.18)
k=1
where
K = g~1,T [JJ(Dm,TEm,TDm
+ D2 TE® TPy sin dxdy:] gt (3.19)
and
Pfk) = [ngc + JJ pTM sin ¥ dxdyt] B-l (3.20)

" :
V is now minimized with respect to the N general=
ized coordinates u, yielding

M

T T
I [B00 X Bao ¥t B Pag | =0 (3-2D)
k=1

ince K is symmetric.
sinc (k) y c

If the notation

M T .
= K L °
K= L o ¥ao B (3.22)
Mot
- P ®
P kzl Lix) ®(x) (3.23)
is introduced, Eq. (3.21) may be rewritten as
Kus=P (3.24)

where K is called the structure stiffness matrix, and K(k)
as given by Eg. (3.19) is the element stiffness matrix,

which may be decomposed into a "bending" stiffness matrix
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K?k) and a "membrane" stiffness matrix, K?k)‘ Therefore
b
= + o

X = Koo * X (3.23)
‘where
KTk) = B'l’T{ H p™TE™Tp™ sin x dxdy } g™t (3.26)
and
K‘?k) = B_l’T{ ” p?sTe®TpP sin x axay } gt (3.27)

The same result is obtained by first minimizing the
potential energy of the kth element or region and then
assembling the element stiffness matrices to form the structure
stiffness matrix.

It is to be emphasized that the actual generation of
the structure stiffness matrix is not carried out in this way
since much more efficient aigorithmé are available (45). The
above approach, however, permits a convenient symbolic formu-
lation of the procedure.

Eq. (3.24) is a set of linear algebraic equations
which are solved to yield the values of the structure dis=
placements (or generalized coordinates) U. Séveral methods
of solution are available. The method used herein is the
“Choleski" or "square=root" method (15) which is very effi-
cient for positive-definite symmetric band matrices.

The column vector P(k) given by Eg. (3.20) is
normally designated as the "gemeralized loading vector" for

the kth element. 1In order to consistently apply the
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variational method the generalized loads should be computed,
rather than simply "lumping" the external distributed loads
at the nodes to produce a statically equivalent'set° This
point has been noted by several writers (47, 5).

The stress resultants at a general location (x,y)
in the kth element ma§ be computed using Egs. (2.56), (2.57),
and (3.9), so that

m . m _=1

" =g 3.28
b b b _=1
o =E° D
and (k) B u(k)
or o =EDB Ty (3.29)
(k) (k)
where
[ m
(k)
x) T,
o(k)
and
g" p"
ED = |=—=====-
E° pP

The matrix EDB'-'l is termed the stress matrix, and
E™™8~! and E°pPB~! the membrane and bending stress matrices
respectively.

Other procedures for computing stresses from the
nodal displacements have been proposed (34), however Egs.
(3.28) and (3.29) are used herein, since it is desired to

formulate the method in a manner which emphasizes as much as

possible its relationship with the Rayleigh - Ritz method.,
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In the following sections, explicit forms will be
given for the various matrices used above in symbolic form.

The equilibrium equations for the shallow shell do
not appear in the derivation, and to solve the problem by the
finite element method, knowledge of them is not required.
However, they can easily be obtained by first substituting
the strain-displacement relations, Egs. (2.54) and (2.55)
into the strain energy expressions, Egs. (2.62) and (2.63),
adding the potential of extermnally distributed loads and
setting equal to zero the first variation of the potential
energy. This procedure yields the natural boundary condi-
tions as well as the equilibrium equations. The equilibrium
equations so obtained are given in Appendix A, since they will
be specialized for various cases and used for the comparison

analytical solutions discussed in Chapter 4.

3.3 Rigid Body Motion

In this section, the expression for a rigid body
motion of a shallow shell is determined.”* The displacements
uR, vR, and wR corresponding to a rigid body motion are
defined as the solutions of the homogeneous Egs. (2.54) and

(2.55). That is,

* Under an exact rigid body motion, the shallow shell
equations yield non-=vanishing stresses due to the
approximations which are made. What is desired here
is an expression for a "rigid body motion®" within the
accuracy of the theory.
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u? rwR = 0
v]i‘y - twh = 0 (3.30)
u§y + V§x -2 8w =0
B = 0
Wl}yy =0 (3.31)
Wigy = ©
Integration of Egs. (3.31) immediately yields
WR = dg + dlo X + all v (3.32)
where © & o are constants.

9’ 10 11

Substitution of Eq. (3.32) into Eq. (3.30) and integration

yields
uR=OL + G (rx+s)+€l (EE.?_...t_li)
1 9 Y 10 V72 2
+ Q (rxy + syz) (3.33)
11 )
and
V= o + o (sx + ty) + ¢ (sx2 + txy)
5 9 10
2 2
ty _ rx

The rigid body displacement
u = ky
Vv = =kX
has been dropped from Egs. (3.33) and (3.34) since it cor-

responds to the enforcement of equilibrium of moments about
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the normal to the middle surface, which is violated by the
assumptions of shallow shell theory.

The inclusion of the five rigid body motions repre-
sented in Egs. (3.32), (3.33) and (3.34) in the assumed dis-
placement functions guarantees that the stiffness matrix will
be such that self-equilibrating nodal forces are produced by
arbitrary nodal displacementsu* As will be seen later, the
price that is paid for the inclusion of all five rigid body
degrees of freedom is the introduction of some inter-element
in=plane discontinuities dﬁe to the presence of the “9’ alo

and all terms in the u and v displacements.

3.4 Choice of Displacement Functions

The choice of displacement functions is the crucial
step in the finite element method. With this in mind, two
separate stiffness matrices are presented, using different
displacement assumptions. Both represent adaptations to
shallow shell analysis of displacement functions which have

been used in plate bending and plane stress analyses.

3.4.1. Melosh = Zienkiewicz Polynomial

The first of the displacement shapes is obtained
from the twelve-parameter polynomial expression for w used
by Melosh (30), Zienkiewicz (47) and many others in plate

bending analyses. It is combined with the usual plane stress

*# This is equivalent to the statement that no strain energy
is produced by a rigid body displacement of the element.
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functions for u and v, augmented to include the rigid body

motion discussed in Sec. 3.3. Therefore,

U= Gy 4+ GX 4 Oy o+ 0,XY + O (rx + sy)

2 2
+og B - B0 v o) (o + sy?) (3.35)

vo= o+ GX + Y + dgXy + % (sx + ty)

2

2 &y X
+ alo (sx” + txy) + ¢ > 5

11

2

2 3
= O
W 9 + Ollox + ally + Oﬂlzxy + 0"13X + al4y + Oﬂlsx

2 3 3

2 3
T %eX Y F U XY+ ¥ 4 G gXY 4+ GHgXY

The matrix Bnl for this case is shown in Table 1.
It is well known (47) that the above form for the normal dis-
placement gives rise to discontinuities of derivatives of w
normal to the boundaries between elements. The explicit form
for the in-plane displacement u may be obtained from Eq.

(3.35) and Table 1. It is

1 -5Ha - -‘@]ul + [% 1 -5+ %)]u?_

+[% 1+ 5 -%)Ju3 +[% (1 + 5+ %’-)]u4

p 4 3ar abr
+(l-—--—)[——(w+w-‘w--w)+———(e -6 =9 46 )
a2 16 1 2 "3 4 16 X, X, Xy Xy
—aZr 8 6 6 0
- ( + + + ﬁ (3.36)
160y Yy ¥3 ¥y
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2

: 2
v oo Y 3b7t 3sb
+ (1 bz) [—ng (~wl-w2+w3+w4) + —g—-(wl—w2+w3—w4)
3 2
+ %gg (=9 +8 +8_ =6 ) 4 §§—-(8x +6  +6 40 )
a X, Xy Xy X, 1 ¥p X3 X,
+ QEE (9 +0 +6 48 ) + abs (=6 +6 +06 =06 )
16 " ¥y ¥ Y3 ¥y 8 Y1 Yy Y3 Y
where ex = w,y and ey = =W, and the subscripts refer to the

appropriate nodes. From Eq. (3.36) it can be seen that
unless r, s and t are all zero, the value of u along an edge
of the element is not defined solely by the generalized dis=
placements at the nodes on that edge., Obviously, the situa-
tion is the same for v. Thus, due to the inclusion of the
“9, ‘30 and all terms in the expressions for u and v given
in Eq. (3.35), discontinuities in the in-plane displacements
appear.

In order to simplify the tables, the notation

2
c, = esc” x
c, = l;v + cot? X
5 (3.37)
cy =V + cot® x

C4="C0tXCSCX

is introduced for the elements of the jou and Eb matrices.
Also introduced are

f. = rcl + tc, + 2sc

1 3 4
£, = rc, + te, + 2sc
f3 = rc4 + tc4 + 25c2

g, = rfl + tf2 + 25f3
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The matrices

[ ( p™T g™T p™ gin x dxdy} y

JoJ

Tl
| ’f | oP,T b, b

[—

and sin X dxdy]

for the case of the constant thickness element are presented
in Tables 2 and 3 respectively. The matrices joul Dm, and

Eb Db used in computing the stresses are given in Table 4.

3.4.2. Birkhoff = Garabedian Interpolation Formula

The second displacement shape used is obtained from
a l2-parameter "compatible" interpolation formula developed
by Birkhoff and Garahedian (7), which has been applied to
plate bending problems by Dedk and Pian (14). Three of the
twelve functions are defined in a piecewise fashion through-=
out the region in order to obtain compatible normal deriva-
tives of the lateral displacement. The use of Hermitian
polynomials has been proposed (8) in orxrder to achieve this
continuity, however it appears that to include all constant
strain states additional nodal degrees of freedom must be
introduced, which is a computational disadvantage. There-
fore, the l2-parameter form for w is used here.

It is convenient in this case to use dimensionless

local coordinates ( , ) defined by

£ = x/a
(3.39)
n =vy/b
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The displacements of the "compatible" element are now assumed

to be
E G.f + a.n + o F 5 £ + sbn)
= (64
u G F oot 3" 450t % (ar sbn
2 2, 2
\ aré b®tn 2
+ %0 { > > ) + %9 (arén + bsn™)
N LV N o &\, £ bt
= O a ¢ s gt °
v 5 + g0 T dqn + agkn 4+ oy (as& + n) (3.40)
. 2 2.r2
v 2 v bt" a“rt
a n o -
+ %0 (as&“ + btén) + 11 ( 5 55 )
_ v v 4] ¥} v ,2 v 2 f&: g3
e T R E L P R R R DU
¥ SRR I i
G i
th6fs T Y7ot f1g" T %19F11 * %20%12

Eight of the twelve functions given by Birkhoff and

Garabedian are the same as those used in Eq. (3.35).

To define the functions F6’ F9, Fll and Flz the
region le | <1, [n | 1 is divided into subregions (a),
(b), (c), and (d) as shown in Fig. 10. Fll is defined
throughout the entire region as
[
F = &n [3 (€2 + n2) - €2 n2 - 5] (3.41)
11
The three remaining functions F6’ F9, and Fl2 are defined
in the four sub-regions as follows
. 2 2
Sub-Region (a): F6 = £ -~ 2& + 1
1 - Y [
F9 2n (% 1)
Fooo=%n (2 =38 (02 -£2)

12
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Sub-Region (b): F6 28 (n=1)

F9 = n2 - 2N <+ 62 (3.42)
2 2
Fip = %¢ (n3 = 3n) (n® = &%)
. 2 2
Sub=Region (c): F6 = = (&% + 28 + n7)
F9 = = 21 (& + 1)
= L 3 2 _ ;2
Fi, = %N (& 3€) (n £7)

Sub=Region (d): F6 = =28 (n+ 1)

Fg = = (n2 + 2n + 52)

2

Fo_o=X%¢&(n> - 3n) (n? - £2)

12

It can be shown (7) that the twelve displacement
functions given in the third of Egs. (3.40) are such that
they vary at most cubically along a given boundary, and the
normal derivative has, at most, a linear variation. Thus w,
W, and w,, are continuous between elements. From an exami=-
nation of the definitions of the functions Fgs F9, and F12’
it is apparent that w, W, and W, are continuous within an
element but discontinuities in the second partial derivatives
occur along the boundaries of the sub=regions in Fig. 10.
Therefore, in evaluating the curvatures at a node, for exam-=
ple, an average is taken of the values defined in the two
separate sub-regions common to that particular node.

The matrix ﬁ—l for this displacement assumption is
shown in Table 5. An examination of the in-plane displacement

forms expressed in terms of nodal displacements yields
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u = %[(lmi)(l-n)}ul + %[kl-i)(l+n%'u2 + %[(l+£)(l—n)Ju3

+ %{(1+£)(l+nﬂ u,

2 2 2 2 2
+ I%g ‘a r(l=£°) = b"t(1=n") + 2sab(l=-n ). (wl---w4
(3.43)
3 [.2 2 2 2 2, ]
+ T6a | @ r(1=£%) = b“t(1-n") 2sab(1=-n )_ (wz-w3)
. 2 (1=n2) (6. +6_ +6_ +6_ ) + —i-{- a’r(1-£2)
8 X, xz x3 x4 16

2 2
+ b7t (1l=n1 )J [e +6  +9 +9 J
Y, Yy, Y3 ¥,

and a similar expression for v. Again the inclusion of the
complete rigid body displacement has led to in-plane discon=-
tinuities unless r, s, énd t are all zero, in which case the
skewed shell degenerates to a skewed flat plate. Thus, for a
skewed plate, the displacement functions, Egs. (3.40) satisfy
the continuity requirements and should yield a soclution which
converges monotonically to the true energy level. If the
coupling effect between the in-plane and normal displacements
were disregarded as far as the rigid body motion is concerned,
that is, if the
expressions for u and v in Eq. (3.40), the continuity require-
ments would be fulfilled for non-zero r, s, and t as well. In
fact, comparative studies, referred to earlier, have shown
that solutions are insensitive to whether this is done or not.
In all examples presented in this study, however, the com=

plete rigid body motion is included.
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The matrices
Vo v
[{ JDm’T g™ T D™ sin x dxdy } y
and [J Jﬁb’T Eb’T Bb sin X dxdy }

are presented in Tables 6 and 7, once again for the case of
uniform thickness. In Table 8, the matrix ED is given. This
matrix is valid only at the nodes of the element since, in
place of the functions F6’ F9, FlZ’ and their derivatives
which have certain symmetry properties, simpler functions
with the same symmetry properties have been inserted. For
example, Fe’gg is an odd-~even function (an odd function of

£ and an even function of n), with averaged nodal values + 1.
Therefore, to give the same nodal values the function 1°& may
be substituted for it. This simplifies the programming.

For simblicity, the two element stiffness matrices
developed in this section will be referred to as "non-compa-=
tible" (Sec. 3.4.1) and "compatible" (Sec. 3.4.2) although
strictly speaking the element displacement field used in
Sec. 3.4.2 is completely compatible only when (r,s,t) are all
zero (i.e. a skewed plate) or when the 39, &10, 311 terms are
omitted from the expressions for u and v in Eq. (3.40) (i.e.

a complete rigid body motion is not included).

3.5 Generalized Nodal Forces for Uniform Pressure Loading

For the case of uniform pressure loading, the

matrix of external distributed loading reduces to
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p = 0 (3.44)

' The column vector of nodal loads for this case is
the same for the two displacement shapes which were intro=-

duced in Secs. 3.4.1 and 3.4.2. It is

P(k)(unif-)= <O’O’l’§’ 3’0’0’1’ 3’ 3?05031?5’—3-’0,0,1’ 3’-3-}
- abp, sin X (3.45)

If statically equivalent loads were used instead,
+b + a

the nodal moments -3 —-E-would not appear. However, it is
apparent from Eqg. (3.45) that when four similar elements are
joined together at a node, the sum of the nodal couples is
zero. Therefore, in the interior of the shell, there is no
difference between generalized and. statically equivalent
nodal forces for the case of uniform normal pressure loading
and the particular sets of displacement functions chosen.

On a boundary, where two elements are connected to a node,
the nodal couple vectors normal to the boundary cancel.
However, the nodal couple vectors in the direction tangent
to the boundary, i.e. bending moments normal to the boundary,
do not. Consequently, unless the boundary condition on this
edge is such that rotation in the direction of the nodal
moment is not permitted, a difference does exist between

generalized and statically equivalent nodal forces, in the

special case under discussion.
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3.6 Stiffness Matrices for Edge Beams and Tie Rods

The stiffness matrix forka straight edge bean”™ is
given in Table 9. The beam axis has an eccentricity e
relative to the shell middle surface. The stiffness matrix
for the case of zero eccentricity may be found in any one of
a number of references (29, 45, 23) and the eccentricity is
taken into account merely by a transformation of coordinates
as shown in Appendix B. The stiffness matrix for an axial
force member (the tie rod) is likewise readily available (29,
45, 23) and is not listed herein. The stiffness matrix for
a curved edge beam™** is listed in Table 10 and a brief account
of its derivation is given in Appendix B. Eccentricity of the
beam axis with respect to the shell middle surface is again

considered.

3.7 Transformation of Stiffness Matrices

In order to satisfy forced boundary conditions which
are expressed in terms of linear combinations of u, v, w, ex’
and 9y rather than in terms of a single one of these quanti-
ties, it is necessary to transform coordinates. This is a
standard operation, and is dealt with in many works on matrix

structural analysis (23). However, a brief outline is

included here for completeness.

* Applicable in the case of a hyperbolic paraboloid
bounded by characteristics.

*%* As in the case of shells bounded by lines of principal
curvature
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In order to facilitate the transformations, the

(20x20) shell stiffness matrix is expanded to a (24x24)
matrix by inserting rows and columns of zeroes corresponding
to the sixth (neglected) degree of freedom at each node.
Let the expanded (24x24) shell stiffness matrix be denoted
by K. The column vectors of nodal displacements and forces
are likewise éxpanded to dimensions (24xl). These are |
denoted by P and u respectively. Therefore, in the original
coordinate system,

P=Ku (3.46)
If P is now transformed to the new coordinate system by the
relation

*

it follows from the equality of work done in the two coordi=-
nate systems that the nodal displacements transform according

to the relation

u = Tg u* (3.48)

where u*, p* are the nodal displacements and forces respec-
tively, in the new coordinate system.
Equations (3.47) and (3.48), together with Eq.

(3.46) yield the desired relation

p* = k* ¥ (3.49)

where K* =T KT

T o EAs
o (3.50)
Thus, Eg. (3.50) expresses the transformation law

for the stiffness matrix.
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Beam and tie rod stiffness matrices may be trans-

formed in an analogous manner.

3.8 Boundary Conditions

Several types of boundary conditions are defined in
this section. It is to be emphasized that only forced
boundary conditions are specified in the analysis. The
natural boundary conditions, together with the equilibrium
equations are satisfied approximately as part of the minimi-
zation procedure.* Thus, for example, on a free edge the
nodal force in the direction of © is not to be set equal to
zero in an attempt to satisfy the natural boundary condition
of zero effective shear. 1In fact, for the free edge case, a
uniform normal load would recquire such a nodal force (together
with moments if generalized loads are used). It might be
expected thérefore that convergence would be superior for
those problems in which all or most of the boundary condi-
tions are of the forced type. Also, the extent to which the
natural boundary conditions are satisfied for a given problem
can be used as a means of assessing whether or not convergence
is satisfactory in a practical sense.

Boundary conditions are defined below for an edge

x = constant. Both forced and natural boundary conditions

* This, of course, is in agreement with the conventional
Rayleigh=Ritz method in which the natural boundary con-
ditions need not be satisfied by the coordinate functions.
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are given for each case, together with the appropriate nodal
displacements which are to be specified in the finite element

analysis.

3.8.1. Simple Supports

The term "simple supports'" is often used in the
literature to signify quite different types of boundary

conditions. Three types of simple supports are used herein,

and are
3.8.1.1 Hinge Support
The boundary conditions for an edge x = constant
are:
u =0
v =0
w =0 (3.51)
Mx = 0

The nodal displacements which are specified are

u =

v =

v = (3.52)

o O O O

6 =
X

The specification of w = 0 and 6x = 0 at the
nodes are together equivalent to the condition w = 0 along

the entire edge,

3.8.1.2 Roller Support

The boundary conditions for roller supports are
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v =0
w =0
Nx = 0
Mx = 0
and the specified nodal displacements are
v =0
w =0 (3.54)
) = 0
X

3.8.1.3 Knife Edge Support

This type of support arises when Levy-=type solu-
tions are sought in the case of the hyperbolic paraboloid

bounded by characteristics. The boundary conditions are

u = 0
W = 0
= (3.55)
ny = 0
Mx =0
The specified nodal displacements are
u =0
w =0 (3.56)
S| = 0
X

3.8.2 Clamped Support

In this case, all of the boundary conditions are

of the forced type. They are

(3.57)

@ € < £
Il
O O o o
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and the corresponding specified nodal displacements are

u =0
v =0 (3.58)
w = 0
6. =0
8 =0
Y

3.8.3 Free Edge

In contrast to the previous case, the boundary con-

ditions here are all of the natural type. They are

N = Q0
X
N = 0
Xy (3.59)
Mx =0
R = 0
X
_ S Mxy
where Rx QX + 0y

is the effective transverse edge shear, analogous to that
occurring in Lagrange's plate theory.
In this case, no specification of nodal displace=-

ments is made.

3.8.4 Symmetry

For this case transformations are required. The

boundary conditions are then

%

u = 0
0¥ =0
: z (3.60)
Ny, = O
* ——
Ry =0

where the stars indicate transformation of the coordinate

system; and u* is the displacement normal to the plane of
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symmetry, 8* is the rotation vector in the plane of symmetry

~ %*
perpendicular to n, and N; and R, are the membrane shear and

Y
effective transverse shear respectively, in the plane of

synmetry.

3.8.5 Corner Conditions

Several different boundary conditions at the shell

corners are referred to in the numerical examples.

3.8.,5.1 Pin Support

This signifies that no displacements are allowed,

but the cormer is free to rotate. The specified nodal dis-

placements are then

u =
v=20 (3.61)
w =0

3.8.5.2 Horizontal Roller Support

The nodal displacement in the vertical direction is
restrained. This also requires a coordinate transformation.

The specification of nodal displacements is therefore

wvertical =0 (3.60)

3.8.5.3 Buttress Support

The buttress corner support is identical to the
clamped support. Therefore the nodal displacements to be

specified at the corner are
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(3.61)

© £ < @
non
O O o o o

Once again the formal correspondence between
quantities defined with respect to the oblique and ortho-
gonal coordinate systems is apparent. The boundary condi-
tions given above for the general (oblique) case have exactly
the same form as the corresponding boundary conditions for the
orthogonal case, X = w/2. Such is not the case if, for
example, the bending moment vectors, as well as the in plane
stress resultant vectors are referred to the unit vectors
éx and éy. |

In the following chapter several numerical examples

are presented and discussed.
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4, NUMERICAIL RESULTS

4,1 vGeneral

The examples presented in this chapter are of two
main types. First, a variety of plate and shell problems
for which analytical or other numerical solutions are avail=-
able are analyzed. These problems are intended to substan-
tiate the finite element method as applied to shallow shells
and to enable one to evaluate in a limited sense the con=-
vergence characteriétics of the two element stiffness matrices
presented. Second, a group of problems of more practical
interest are dealt with, in order to investigate the effects
of skewedness, tie rods, and eccentric edge beams on thé
behaviour of hyperbolic parabolecids bounded by characteris=-
tics. |

Three shells of fixed dimensions are chosen in
order to isolate the effects of the various boundary condi-
tions imposed on them. For ease of reference, they will be
designated as Shell I, Shell II, and Shell III in the remain-
der of this chapter. The dimensions of the shells are given
in Fig. 1l1.

Shell I is a square elliptical paraboleoid with
equal radii of curvature, for which considerable numerical
data is presented in Reference (21).

Shell II is a square hyperbolic paraboloid bounded

by lines of principal curvature. It is similar in dimensions
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tq Shell I except that the positive radius of curvature
is approximately twice that of the negative radius of
curvature.*

Shell III is a square hyperbolic paraboloid
bounded by characteristics, for which numerical results
obtained by a variational method have been given (10). The
first main grdup of problems, comparisons with analytical and

numerical results, are now discussed.

4,2 Skewed Plates

4.2.1 Simplv-Supported Skewed Plate Under Central

Concentrated Load

A simply supported rhombic plate of side length a
with a skew angle of 72° is subjected to a concentrated cen-
tral load =P, Analyses using both the compatible and non-
compatible elements for grid sizes of (2x2), (4x4), and
(8x8) over the entire plate were carried out. The central
deflection vs. grid size is plotted in Fig..l1l3. The refer=-
ence value of Wo = =,01067 Paz/D is taken from results pre-
sented by Aggarwala (3).

This problem illustrates the trend noted by Bazely
et al. (6). PFor all grid sizes for which results have been

obtained, the non=-compatible element gives superior results,

* According to the sign convention used herein, positive
curvature_(i.e. positive r or t) is concave in the
positive z direction.
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although the convergence is not monotonic. However the
inference that the non=compatible element always produces
superior results is not correct as is shown by the next

series of examples,

4.,2.2 Clamped Skewed Plates Under Uniform Normal Load

A series of clamped rhombic plates of side length
a, under uniform normal load ~poand with varying skew angles
are analyzed. The central deflection, and the bending
moments on diametral sections are given in Table 11 for skew
angles of 75°, 60°, and 45° and compared with results given
by Morley (33). The bending moments Mad and Mbc are computed

from the quantities M, My and Mxy by the formulae:

— X

My = % cot 3 (M_+2M +My)
= X -

Mad % tan 5 (M_=2M +My)

which are easily obtained by conéideration of the equili=-
brium of differential elements of the plate,

Grid sizes of (8x8) over the entire plate are used
for each element and for each skew angle. In addition, for
the 60° skew plate, results of analyses using (12x12) grids
over the entire plate are given.

Although the difference is not marked, for this
series of plates the compatible element does produce more
accurate results in most instances, For a given grid size,

the accuracy of the central deflection and bending moment

My,. given by the compatible element analysis decreases as the



67

skew angle decreases. This difficulty has been noted by

Morley (33) in his series solutions. The non-=compatible

element, on the other hand, is unpredictable, in some cases
exhibiting decreasing accuracy as the skew angle decreases
and in some cases not.

Generalized nodal loads must be used with the
compatible elément in order to consistently apply the
variational procedure., However, with the non-compatible
element it appears that statically equivalent nodal loads
lead to greater accuracy than do the generalized nodal
loads. The examples presented in Sections 4.2.1 and 4.2.2
were selected so that comparisons could be made between the
two element stiffness matrices under the same nodal loads,
since for the two problems analyzed in these Sections, the
generalized and statically equivalent nodal loads are
identical.

In the analysis of shell problems, complete
compatibility is no longer achieved, so that it might
appear that there is now nothing to be gained by employing
generalized nodal loads. However, in some cases more
accurate results are obtained when this more consistent
procedure is followed, as will be shown in Section

4.3,2.1.
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4,3 Simply Supported Shells: Comparisons with Series

Solutions

4.3.1 Roller Supported Elliptical Paraboloid Under

Central Concentrated Load: Comparison of

Compatible and Non-=Compatible Elements

Shell I, the sqﬁare, equal radii-of-curvature
elliptical paraboloid is roller suéported on all edges, and
subjected to a central concentrated load =Pge. Advantage is
taken of symmetry, with grids of (6x6) being used on oﬁe
quadrant of the shell. Fig. 14 shows the normal deflection
w, and the membrane stress resultant N- across the seétion
X = 0 as given by the compatible and non-compatible element
analyses. A Navier solution (3600 terms) is also plotted.

No bending moments are shown since the double series for the
moments are extremely poorly converdent and in fact are
divergent under the concentrated load.

As expected, the deflections are highly localized
near the pqint of application of the concentrated load. At
this point, the deflection w computed using the non=compat=
ible element is closest to the series solution. However,
the compatible element results for w at all other points
and for N; across the entire section agree more closely
with the "exact®” series solution.

‘When sharp variations of displacements and stresses
are expected, as is the case here because of the concentrated

load, finer grids would normally be employed. The relatively
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coarse (6x6) grids are used for purposes of illustration so
that some distinction can be shown graphically between the
two finite element analyses. As the grid size is further

refined, the two finite element analyses agree more closely.

4,3.2 Roller Supported Elliptical Paraboloid Under

Uniform Normal Load

The square equal radii=of-curvature elliptical
paraboloid (Shell I) is roller supported on all edges and
subjected to a uniform normal load of intensity =po- For
this case, and for all cases investigated in which a shallow
shell is subjected to a uniform normal load, the compatible
and non-=compatible element analyses agree to approximately
three significant figures for grid sizes of (6x6) or finer.
Therefore, since all shells treated subsequently are sub=-
jected to uniform normal loads, only the results of the

compatible element analyses are given,

4.3.2.1 Comparison of Results Using Statically

Equivalent and Generalized Nodal Loads

Grids of (6x6) are used on one quadrant of the
shell., The normal deflection w, the membrane stresses Ng
and N; across the mid-section X = 0, and the membrane shear
N§§ across the end=-section, § = Ly/2 are shown in Figures
15 and 16, for statically equivalent and generalized nodal
loads.

The maximum normal deflection occurs at a distance

of approximately Ly/9 from the roller support, then decreases
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slightly and remains essentially constant in the central
region of the shell. Both nodal loadings produce close
agreement with the exact solution near the center. Near the
edge however, the generalized loading results in superior
accuracy. As should be expected the agreement with the
exact solution is much better for the uniform load case
than for the concentrated load case discussed in Section
4.3.1.

The membrane force N§ across the mid=-section
X = 0 is insensitive to the type of nodal loading used. The
finite element results agree very well with the series solu-
tion in the central region of the shell where N§ is largest.
Near the edge the finite element N§ force "dips" and under-
estimates the exact N§ force. As will be seen in further
examples this occurs frequently and appears to be due to the
lack of satisfaction of the natural boundary condition.

The plot of the membrane force N; across the mid~-
section X = 0 also demonstrates the superior accuracy
achieved through use of generalized nodal loads in this
particular case.

The most sensitive membrane force is N;§ along the
support X = L,/2. As the corner is approached, Nz5 rises to
a maximum and in the region within a distance of approximately
Ly/9 from the cofner the finite element N§§ force underesti-
mates the exact N;§. Once again the generalized nodal loads

produce superior accuracy.



71

The bending moments vary extremely rapidly, and are
large only in the region of the shell near the boundary.
Therefore, in order to adequately approximate the bending
moments, grid sizes of (9x9) on one quadrant of the shell
are used. The bending moments Mg across the mid-section
Yy = 0 are shown in Fig. 17.

A réversal of the relative accuracy due to the two
types of nodal loadings occurs here, the statically equiva=-
lent nodal loads producing the superior results. This may
once again be traced to the degree of satisfaction of the
natural boundary conditions. The computed values of Mo on
the boundary are shown in Fig. 17, and it can be seen that
the use of statically equivalent nodal loads results in
more complete satisfaction of the natural boundary condition
on the normal bending moment. Convergence of natural
boundary conditions is discussed in Section 4.3.2.2.

The finite element results using the (6x6) grid
for the normal deflection w and the membrane forces N§ and
N§ are certainly accurate enough for practical purposes.

A finer grid, for example (9x9), must be used to obtain
accurate bending moment curves, apd the shear N§§ on the
end-section y = LY/Z can also be obtained with a greater
degree of accuracy by use of finer grids. The effect of
grid size on the finite element results is discussed in the

following section.
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4.3,2.2 Lffect of Grid Size

Grids of (3x3), (6x6) and (9x9) on one quadrant of
the shell are used, for the case of generalized nodal loads
only. The membrane shear force N£§ across the end-section
§ = Ly/2 and the membrane force N§ across the mid-section

= 0 are shown in Figures 18 and 19. As expected, the use

k|

of finer grid sizes substantially increases the accuracy of
the finite element results.
The shear at the corner of the shell using a
(9%9) grid underestimates the exact value by more than 10%.
However, since the membrane theory predicts an infinite
shear at the corner, it is not surprising that the con-
vergence to the true value using the bending theory is slow.
As increasing numbers of terms are taken in a
series solution, the convergence trend is similar to that

exhibited by the finite element results shown in Fig. 18.

4.3.2.3 Convergence of Natural Boundary Conditions

Some of the deviations of the finite element
solutions from the exact valﬁes may be attributed to the
fact that the assumed displacement field does not satisfy
the natural boundary conditions. For the roller-supported
elliptical paraboloid, the natural boundary conditions on

the edge x = L, /2 are
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Table 12 shows the computed value of N; and M; at the point
X = L./2, Yy = 0 for grid sizes of (3x3), (6x6) and (9x9) for
each of the two types of nodal loads.

As the grid size is refined, the computed wvalues
of N; and M; on the edge decrease and in the limit should
approach zero if the method is convergent. For finite grid
sizes the use'of generalized nodal loads leads to closer
satisfaction of the condition N§ = 0 for this particular case,
and also produces more accurate membrane forces. The stat-
ically equivalent nodal loads satisfy more closely the con-
dition Mo = 0 and produce more accurate bending moments.

More intensive investigations are required before any general
rule can be stated, but it seems likely that a comparison of
the computed values of boundary stress resultants with the
natural boundary conditions can be used as a practical

measure of the adequacy of convergence.

4,3.3 Roller Supported Hyperbolic Paraboloid Bounded

by Lines of Curvature Under Uniform Normal Load

A comparison of finite element results with the
series solution for Shell II, the hyperbolic paraboloid
bounded by lines of curvature, is given here so that the
validity of the finite element method may be demonstrated
for the three main types of shells considered herein.

The normal deflection w across the mid-section

b
1

0 and the bending moment M§ across the mid-section

0 are shown in Fig. 20. The membrane forces N; and N§

Nt
i
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and the bending moments M; and M§ across the mid-section
X = 0 are shown in Fig. 21.

The agreement with the series solution is excellent
for all quantities and is slightly better than for the
elliptical paraboloid discussed in Section 4.3.2.

A comparison of the results given in Figs. 20 and
21 with the résults given in the previous sections clearly
points out the comparative disadvantages of the hyperbolic
paraboloid bounded by lines of curvature. The central
deflection is approximately 25 times that of the elliptical
paraboloid analyzed in the previous section, and while the
membrane forces are lower, the bending moments are larger
and do not rapidly damp out away from the roller support.
Thus the roller-supported hyperbolic paraboloid bounded by
lines of curvature carries load primarily by bending'rather
than by membrane forces, and is therefore comparatively

inefficient structurally.

4.3.4 Knife-=Edge Supported Hyperbolic Paraboloid

Bounded by Characteristics Under Uniform Normal

Load
Shell III, the square hyperbolic paraboloid bounded
by characteristics is knife-edge supported on all edges and
subjected to a uniform normal load of - 1.0 lb/inz. A grid
of (12x12) over the entire shell is used in the analysis.
The normal deflection w and the membrane shear Ngs

Y
across the mid-section X = 0 are shown in Fig. 22 and the
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membrane force N; and the bending moment M§ across the mid-
section X = 0 are shown in Fig. 23.

All quantities plotted agree with the series solu-
tions to within 2%. The membrane theory predicts a constant
N§§ of 16.0 1b/in. throughout the shell, while the bending
theory yields a value of N§§ = 21.8 1lb/in. at the center of
the shell. The bending moment M§ is fairly large, producing
bending stresses of the same order of magnitude as the mem-
brane stresses, and dies out slowly toward the center of the

shell.,

4,4 Comparisons with Other Numerical Results

4.4.,1 Clamped Hyperbolic Paraboloid Bbunded by

Characteristics Undexr Uniform Normal Load

Shell III is clamped on all edges and subjected to
a uniform normal load of =1.0 lb/inz. This shell has been
analyzed by Chetty and Tottenham (10) using a variational
method, Figure 24 shows the comparison of the finite ele-
ment results for a grid of (10x10) over the entire shell
with the results given in Ref. (10). The agreement is quite
good considering the coarseness of the grid used in the
finite element analysis. This is in agreement with what has

been stated previously regarding the expected improvement of

accuracy when the boundary conditions are all of the forced

type.
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It is interesting to note that the agreement is
better for the bending moment Me than for the membrane shear
force N§§. It must be remembered however, that the compari-
son here is with another approximate solution rather than
with the exact solution as has been the case in previous
examples,

The‘membrane shear N§§ exceeds the membrane value
of 16.0 lb/in.2 by only a slight amouhf at the center of the
shell, but the bending moment propagates into the central

region of the shell, producing fairly large bending stresses,

4.4.2 Clamped Elliptical Paraboloid Under Uniform

Normal Load

Shell I is clamped on all edges and subjected to a
uniform normal load of =-p_. A grid of (9%9) on one quadrant
of the shell is used in the analysis.

Figure 25 shows the normal deflection w and the
membrane force Nz across the mid-section X = 0, as compared
with results given by Gustafson and Schnobrich (21). Figure
26 shows a similar comparison for the membrane force N§ and
the bending moment Mg across the mid-section x = O.

The results of Ref. (21) were obtained using a
discrete model approximation and thus the comparison made
here is With another approximate solution rather than with
the exact solution.

In this case, the finite element’solution does not

agree with the comparison approximate solution as closely as
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was the case in the previous section, Section 4.4.1.

There is a difference of épproximately 104 in the
two values for the central deflection. The membrane stresses
N; and N§ agree very closely at the center of the shell but
diverge near the boundary. The bending moments M= damp out
within approximately the same distance from the support, but
the finite elehent analysis predicts higher bending moments
in the boundary region. From a practical standpoint the
discrepancy between the two sets of results is not serious,
but it is doubtful that this amount of disagreement can be
attributed to coarseness of grid. Some of the difference may
be due to the fact that the discrete model used in Ref. (21)
includes the effect of inplane displacements on the bending
moments, a factor which is neglected in shallow shell theory.

Fo; the roller supported case, comparative studies
have shown that the inclusion of the inplane terms has
virtually no effect on the results, so that if the discrepancy
is due to this factor, it is a result of the particular

boundary conditions, and not of the shallowness of the shell.,

4.5 Hyperbolic Paraboloid Bounded by Characteristics Under

Uniform Normal Load

Shell III, the square hyperbolic paraboloid analyzed
previously{ is buttressed at omne low corner and supported on a
horizontal roller at the other low cormer. One of the high
corners is supported on a horizontal roller and the remaining

high corner is free. The shell is subjected to a uniform
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normal load of -1.0 lb/in.? as before, and a (12x12) grid
over the entire shell is used in the following series of
analyses which are carried out to determine the effect.of

a tie rod and edge beams on the behaviour of the shell. The
results are intended for comparison purposes‘only, since for
these particular bdundary conditions the (12x12) grid is

fairly coarse.

4.,5,1 Effect of Tie Rod Connecting Low Corners

A non-dimensional parameter ), which is a measure
of the tie rod stiffness relative to that of the shell, is
defined as

(EA)tie rod
EhL
bl

where (EA)tie rod is the axial stiffness of the tie rod.
Analyses are carried out for wvalues of 2 equal to

0, 0.04, and =,

The normal deflection w across the diagonal con-
necting the high corners is shown in Fig. 27. The effect of
the tie rod is very pronounced as can be seen from the
figure, and for even a moderate value of *, a marked reduc-
tion in the deflection results. The actual numerical wvalues
for deflections are rather large compared to the thickness of
the shell, which is % in.; however this is not of ﬁajor
importance since the example is intended only to show the
relative effect of the tie rod,

The membrane force N; across the mid-section § = 0

is shown in Fig. 28 and the membrane shear N§§ and the bending
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moment M§ across the mid~section y = 0 are shown in Fig. 29.
The "arching force" N across the diagonal connecting the low
corners 1s shown in Fig. 30. Once again the tie rod has a
very beneficial effect on the stress distribution in the
shell. It is important to note that a relatively small tie
rod produces, in this case at least, nearly all the benefits
of fully restfaining the low corner, that is placing the low

corner on a pin support rather than a roller support.

4.,5.2 Effect of Edge Beam Eccentricity

Edge beams 3/4 in. wide by 2 in. deep are placed
on each éage of the shell. Analyses are carried out for
values of eccentricity, e, equal to =% in., O and +% in.
Young's Modulus and Poisson's Ratio for thevbeam are the
same as those of the shell. All the stiffness properties
of the beam are taken into account in the analyses as well as
the eccentricity and transverse slope of the shell middle
surface with respect to the beam. Although the cross sec-
tional dimensions of the edge beams are reasonable in com=
parison with the thickness of the shell, the (length/depth)
ratios of the edge beams are relatively small due to the
large (thickness/span) ratio of the shell.

The deflection w across the diagonal connecting the
high corners is shown in Fig. 31. Also plotted is the de-
flection from Section 4.5.2 for the case * = 0, In this
case the fact that edge beams are present is much more

important than whether they are eccentric or not.



80

The deflection w is re=plotted on a larger scale
in Fig. 32 together with the'membrane shear N§§ across the
mid-section y = 0. In Fig. 33 are shown the membrane force
N; and the bending moment Ms across the mid-section y = O.
The "arching force" N across the diagonal is plotted in
Fig. 34.

In the region near the supported high corner, the
upstanding edge beam reduces the deflection as compared to
the other two edge beams, while in the region near the
unsupported high corner the upstanding edge beam produces
the largest deflection.

The membrane forces N§§ and N; show the same effect:
the upstanding edge beam is most beneficial in the region near
the boundary but is least beneficial in the central region
of the shell.

The upstanding edge beam results in a more symmet-
rical distribution of bending moment Mi than does the down=
standing beam, but the concentric edge beam is superior to
both. Near the low corners where the compressive arching
force is the greatest, the concentric edge beam yields the
lowest stresses.

An overall assessment favours the concentric beam
for these particular boundary conditions. The results of
an experimental investigation (40) on a hyperbolic paraboloid
of differeﬁt dimensions and with different corner supports
prompted the conclusion that upstanding edge beams were more

beneficial than either concentric or downstanding ones. The
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effect of eccentricity appears, however, to be dependent on

the type of support provided at the corners.

4.6 Skewed Hyperbolic Paraboloid Bounded by Characteristics

Under Uniform Normal Load

Shell III is converted into a skewed hyperbolic
paraboloid with a skew angle of 60°., The side lengths and
relative elevations of the cofners remain the same. The shell
is clamped on two adjacent edges and the two remaining edges,
intersecting at one of the high corners, are free. A uni-

form normal load of =1.0 lb/in.2

is applied.

The normal deflection w across the diagonal from
the clamped high corner to the free high corner is plotted
in Fig. 35 as is the membrane shear N§§ along the fixed edge.
All stresses are converted from skew quantities to orthogonal
quantities so that N§§ is the actual shear on the edge. The
N§§ is shown dotted near the corner since it is uncertain
whether the computed wvalue at the corner is accurate.

The force ﬁ; across the section § = LY/Z and the
bending moment M§ across the section x = Lx/2 are shown in
Fig. 36.

The direct membrane force N§ is relatively small
near the clamped edge but rises to a large (compressive)
value along the free edge., The bending moment M§ decreases
away from the clamped edge but rises in the region near the

free edge to a value which is approximately two=thirds of

the clamping moment at the fixed edge.
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The direct stress N and the normal bending moment M
across the diagonal connecting the clamped low corners are
shown in Fig. 37. The distribution of N resembles the dis=
tribution of fibre stress in a deep cantilevered beam. The
bending moment M is considerably reduced due to the curvature
of the shell, being an order of magnitude smaller than in the

corresponding plate structure.

4,7 Effect of Valley Beams on Umbrella Hyperbolic Paraboloid

An umbrella shell is constructed from four hyper-
bolic paraboloid units, each of the dimensions of Shell III.
Normally, when such shells are built, valley beams are
included along the boundaries between the four separate
units.

To determine the effect of the valley beams two
analyses are carried out, one with the valley beams and one
without. Grids of (12x12) are used on one quadrant of the
total umbrella shell. The valley beam used is of the same
dimensions as the edge beams used in Section 4.5.2, and are
concentric. The value of Young's Modulus for the edge beam
is 10,000 1b/in.2 and Poisson's Ratio is 0.39.

The normal deflection w across the diagonal from
the column support to the free corner is shown in Fig. 38.
The beam has little effect on the deflection except near
the column support where the deflection is small anyway.

Figure 40 shows Ni and M= across the section

b4
X = L,/2. The reduction of the N- force due to the valley
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beam is much less pronounced away from the valley, although
the bending moment M§ is reduced significantly by the wvalley
beams even in the central region away from the.beam.

Thus it may be concluded that while the valley beam
is not effective in reducing the maximum deflection, it has a
beneficial effect on the stress distribution and prevents
large direct stresses from developing in the shell along the

boundaries between the four separate units.
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5. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY

5.1 Conclusions

The finite element method as herein applied to
shallow shells, using elements of the same shape as the
shell middle surface rather than a series of flat elements,
has been shown to give results in good agreement with exact
solutions. Agreement with other numerical solutions is also
good, although some discrepancies are noted. The most
advantageous feature of the method is its versatility and the
ease with which, for example, edge beams and tie rods can be
included.

The two displacement assumptions used in this
study produce almost exactly the same numerical results when
applied to uniformly pressure-loaded shallow shells, although
this may not always be the case for other loading conditions.
Therefore it is concluded that the continuity of derivatives
of the displacement w across inter-element boundaries is not
essential. The inclusion of a complete rigid body motion in
the displacement assumption may also be nonessential, as a
recent study (22) has suggested, and numerical results, not
reported herein, have tended to confirm. However, all
results presented in this report are obtained with the com-
plete rigid body motion included.

The use of generalized nodal loads as opposed to

statically equivalent nodal loads produces some desirable and
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some undesirable features. 1In the example presented, and
for the displacement shapes used here, the generalized nodal
loads resulted in superior accuracy for deflections and
membrane forces and the statically equivalent nodal: loads
led to more accurate bending moments.

Some of the peculiarities of the finite element
results, notably the underestimation of the membrane forces
near the boundary, may be traced to the fact that fhe natural
boundary conditions are not satisfied exactly for a finite
grid size. In a problem for which the exact solution is
unknown, the degree of satisfaction of the natural boundary
conditions may be used as a practical method of assessing
whether or not a fine enough grid has been used in the
analysis,

The numerical examples presented have shown the
extreme sensitivity of corner supported hyperbolic paraboloids
to horizontal movement of the corners,* and the beneficial
effects of even a relatively small tie rod connecting the
low corners.

The effect of edge beam eccentricity was not marked
in the particular case treated, the presence of the edge
beam being much more important than its location with respect
to the shell middle surface. However, it is not to be con-

cluded that such is the case for all boundary conditions.

*# FElliptical paraboloids are also very sensitive to corner
movement, (3), (21) and tie rods are desirable for them

also.



86

The umbrella shell analysis showed that while
valley beams do not significantly reduce the maximum deflec=
tion or the membrane forces away from the valley, they do
prevent the development of large direct stresses along the

valley and reduce bending moments throughout the shell.

5,2 Recommendations for Further Study

Further studies of shell behavior in which several
parameters such as (rise/span) and (thickness/radius of
curvature) ratios are varied would be of interest.

'Improvement of the rate of convergence of the finite
element analysis is desirable. Some possibilities for doing
this are:s

(1) The use of a graded mesh near the boundaries
or wherever rapid variations of displacement or stresses are
expected, Since a fairly large number of elements is required
to adequately approximate the bending moments when uniform
meshes are used, graded meshes may allow the use of coarser
grids for the same accuracy.

(2) The improvement of the satisfaction of the natu-
ral boundary conditions. Displacement shapes which are capa=-
ble of satisfying, for example, the membrane natural boundary
conditions might be used. This, however, would result in
an increased number of generalized coordinates per element
and thus for the same computational effort, not as fine a
mesh could be used. Therefore, whether or not improved

accuracy should be sought by using more refined displacement
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assumptions, or by using relatively crude assumptions
together with fine grids is answerable only by actual
numerical comparisons.

Alternative methods of satisfying the natural
boundary conditions are the use of Lagrangian multipliers
(26) or a reformulation as a mixed variational problem in
which some of the displacements and some of the stresses
are assumed in terms of generalized coordinates (24, 38).

Several extensions of the scope of this investiga=
tion suggest themselves., Temperature effects, non-uniform
thickness, anisotropy, and flexible column supports could all
be immediately included. Normally in the finite element
technique, geometrical variations are handled in a step-
wise fashion, which is appropriate to the type of analysis
in which the curved shell is approximated by an assemblage of
flat elements. In this case, since curved elements are used,
it is preferable to express the thickness analytically in
terms of x and y if possible and include it in the integra-
tions which are performed in the process of obtaining the
stiffness matrix. Anisotropy can be included by making the
E" and Eb matrices slightly more general, that is by not
setting some of the elements of the matrices equal as has
been done in this study. Flexible column supports require
no modifications in the procedure.

Other extensions, such as to vibrations, buckling

and plasticity could also be made, with the extension to

plastic behavior requiring perhaps the most effort.
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45° - .388 = ,.359 = 377 -1.025 = .897 -~ .,976}| =1.551 =1.396 =1.444
b d

* Non=Compatible element

#% Compatible element X

k%% Morley, Reference (33) a X

+ Mbc and Mad denote normal bending moments at center of plate on diametral

sections bc and ad respectively.

TABLE 11.

Comparison of Deflections and Bending Moments
in Uniformly Loaded Clamped Skewed Plates
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Grid Size (N}-E)}_c _ E—’zi,?:o (M=) - %&:0
St. Eq.* Gen.** St. Eqg. Gen.

3x3 -.461 .323 4,27 =4,30
6x6 -, 088 . 044 1.75 =3,18
9x9 -. 042 -.011 =.67 -1;78

# Statically equivalent nodal loads

*%* Generalized nodal loads

Ne

Mz

TABLE 12.

(table entry) x 10~

Convergence of Natural Boundary Conditions

(table entry) x Poly

4 2
Poly

for Uniformly Loaded Roller Supported
Elliptical Paraboloid
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FIG. 1 SURFACES OF POSITIVE CURVATURE AND TWIST

(a) Membrane Stress (b) Bending Stress
Resultants Resultants

N

(c) Displacements and Loads

FIG. 2 SIGN CONVENTION FOR FORCES, MOMENTS AND
DISPLACEMENTS IN ORTHOGONAL COORDINATES
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PIG. 6 REPRESENTATION OF STRESS RESULTANT AND
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PIG. 7 REPRESENTATION OF DISPLACEMENT AND
ROTATION VECTORS IN OBLIQUE COORDINATES
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FIG. 8 RELATION BETWEEN ORTHOGONAL AND OBLIQUE
COMPONENTS OF DISPLACEMENT AND ROTATION
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FIG. 11 SHELLS COMSIDERBD IN NUMERICAL EXAMPLES
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APPENDIX A
SHALLOW SHELL EQUILIBRIUM EQUATIONS

IN OBLIQUE COORDINATES

The shallow shell equilibrium equations are given
here in terms of displacement components (u,v,w) defined with
respect to the oblique coordinate system introducea in Chapter
II. They are then specialized for several simple cases and
solutions of the Navier type are given for purposes of com=
parison with results of the finite element analyses.

The strain energy of the shallow shell is, according

to Egs. (2.62), (2.63) and (2.64),

U = %J [{em,T gT <M (DT BT by o aiae (all)

which may be rewritten in terms of displacements (u,v,w) by
use of the strain displacement relations Egs. (2.54) and
(2.55).

The potential of the externally distributed loading
(pu,pv,pw), where the components are defined by Eq. (3.13),
is

Q = = J J(puu + PV + pww) sin X dxdy (a.2)

The double integrals extend over the middle surface
of the shell. For simplicity, it is assumed that no pre-
scribed tractions act on the boundary. Then the total

potential energy of the shell is
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V=U+Q (2.3)
The principle of minimum potential energy,
8V = 0O (a.4)

yields after integration by parts, the equilibrium equations,

CU, +»2c4u,xy + czu,yy + CyuV, o (c2+c3) Vixy
.2 Py (A.5)
+ c4v,yy - flw,x - f3w,Y + sin” X N = 0
CoVigx T 2C4V’xy + clv’yy tcu, ot (cz+c3) u’xy
. 2 Py (A.6)
+ c4u,yy - f3w’x‘_ fzw’y + sin” X —¢ = 0
CiWsnnx T 4C4W?xxxy + (2c3 + 4c2) w,Xxyy + 4c4w,xyyy
+ Cc.W - 12 {:f u + £ u + £_v
17 yyyy h2 17x% 37y 37 7%
(A.7)
+ £.v - g.w } - sin2 X Eﬂ = 0
2’y 1 D

as coefficients of the independent variations Su, Sv and
dw respectively.

The notation used in Egs. (A.5), (A.6) and (A.7) is
the same as that used in the derivation of the element stiff-
ness matrices, and is defined by Egs. (3.37) and (3.38). For

convenience, these equations are repeated here,

c, = csc” X
_ 1=y 2
c2 = + cot” x
_ 2
cy = + cot® ¥ (A.8)
c, = = cot X csc ¥
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fl = rcl + tc3 + ZSc4
f2 = rc3 + tcl + Zsc4
f3 = rc4 + tc4 + Zsc2

g, = rf, +tf, + 2sf,

On an edge x = constant, the vanishing of the boundary

integral requires

(N.Su + N_8v + R_&w = M Sw,_) = 0 (A.9)
x XY X x x x=constant
where
oM oM
z 3
Rx = % + 2 5y (2.10)

is the effective transverse edge shear or "Kirchhoff shear",
which may also be written as

aMXV
Rx = QX + oy (A,11)

where Qx is defined in Eq. (2.29), since equilibrium of
moments acting on a differential element of the shell gives

the relation

BMx BMXV
QX = X + ay (A.lz)

(The negative sign in front of the moment M, in eq. (A.9)
results from the sign convention adopted. The positive
sense of M, is opposite to that of w,x).

After insertion of the appropriate forced boundary
conditions for a given problem, Eq. (A.9) yields the natural

boundary conditions. If boundary tractions had been
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prescribed, instead of setting Nk equal to zero as a natural
boundary condition, for example, N would be set equal to the

[+
prescribed value Nx’

For the case of orthogonal coordinates, Egs. (A.5),

(A.6) and (A.7) reduce to

p-n
= 14V, = 1= v, = = - em = «n u
u, 22 + > )V’;‘El—’ + ( > )u,§§ - (r+Vt)w,§ = s(l-\))w,y-» + N - 0
; -ee (l""\))a mam (l-\))\'; —— - (E-}-\)E)‘; R E(l_\))v-; - + —i = 0
vy 2 'xy 2 ' XX 'y ’x N
- -z > 12 - - om - - e (Aol3)
Wogzxx T 2izzgy T Ygyey T 2 (z+vE)u, o + (E+Vvr)v, 5
- - - - - S S P
+S(l-\’)(u,§+v,;;) - [(F4)? - 2(1-v)(rt—s2)}w}- —-‘g =0

Equations (A.13) have been given by Apeland (4).
For purposes of comparison, some simple solutions of

Eqg. (A.13) of the Navier (double series) type are now given.,

(1) Simply Supported Shallow Shell (On Rollers) Bounded by

Lines of Principal Curvature

The region occupied by the shell is 0 < x < Ly
0¥ S L, Since the X,y coordinates are lines of principal
curvature, s = 0 and Egs. (A.13) may be satisfied by choosing
for the displacement components (E,G,Q) and the distributed

loading (pﬁ’pG’PQ) the double series expansions
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(A.14)

(2.15)

(A.16)
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For the case of a uniform normal. load Pgs

—u —
Pon = ©
—V -
Py = O (A.17)
=W _ l6po l=cos muw i-cos nm
Pon = 72 ( 7 ) ¢ 2 )
7 mn
For the case of a concentrated central load Po’
—u .
Pon = 0
-sv _
Ppp = O (a.18)
=W 4Po pulis n
Pon T L_L sin 2 sin 2
Xy

From Egs. (A.17) and (A.18) it is obwvious that for

v__ and ;mn will be zero. This

even values of m and n, U Vin

is also the case for all symmetric loadings.
From Eqs. (A.14) it is evident that on the edges

X =0 and X = L, the conditions

v =0
w =0
N§=0
M§=0

are identically satisfied, with analogous conditions holding
on the edges § =0and y = Ly. Therefore in this case, the
term "simple supports" signifies "roller" supports as defined

in Chapter 3.
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The in-plane and bending stresses are given by the

relations
N = -N Y ) [uumn + vnv o+ (T+vE)w ] sin uxX sin ny
m=1 n=1
Ns = =N 7 ) [nv_ o+ vmag o+ (E+vr)w ] sin ux sinny
m=1 =1
Ne= = N(l-v) 2 ) (nU__ + HV__) cos uX cos ny
Xy 2 mn mn Y
m=1 n=1
(A.20)
_ 2. 2= = =
Me = D ) ) (v"+vn )wmn sin ux sin ny
=1 n=1
_ 2. 2= i = =
M§ =D ) ) (n"+Vu )wmn sin Ux sin Ny
=1 n=1
Mgo = ~D(1-Y) ) L wnw__ cos uX cos ny
m=1 n=1

(2) simply Supported Hyperbolic Paraboloid (On Knife Edges)

Bounded by Characteristics

In this case, r==t-= 0, and the equilibrium equa-

tions (A.13) may be satisfied by choosing



u = Z Z Uin sin ux cos ny
m=1 n=1
v = ) ) —mn cos UX sin ny
=1 n=1l
w o= ) ) w o Sin uX sin ny
m=1 n=1
p== y —;n sin uX cos ny
m=1 n=1
ps = ) ) .;n cos ¥X sin ny
=1 n=1
ps = ) ) Exn sin ¥X sin ny
m=1 n=1
where W' Vin and w must satisfy
2, ,1l=v, 2 1+ 1 { )
@m \) mn .
+ -
u (55 SN s(1=v)n u
2 1=V, 2 “ oo . _
n +(—5~)u s(l=v)u Von =
5 B< >
25 (1-v) _
“mn
Lh2 2 22
T3 (W7 +n%) J
L L J
on the edges x = 0 and X = L, Egs. (A.21) lead to
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(A.21)

(r.22)
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u =0
w =0
(r.23)
N;y = 0
M= = 0

with analogous conditions holding on the edges y = 0 and

vy = Ly' These are the boundary conditions which were desig-
nated as "knife edge" supports in Chapter 3. The expressions
for gwmn for the cases of uniform normal load and a central
concentrated load are the same as for the previous case and

are given by Egs. (A.l1l7) and (A.18).

The membrane and bending stress resultants are

given by
N- =N ) ) (wa_ + vnv_ ) cos ux cos ny
=1 n=1
N§ =N ) ) (nvmn + vuumn) COS UX cOos ny
m=1 n=1
_ _aggl=v - - - . - -
Ngo = N(=5-) ) ) (nu + uv,  + 28w ) sin uX sin ny
m=1 n=1
(a.24)
o 2 2= . = . -
Mz =D ] b (v + vn Jw . sin uxX sin ny
=1 n=1
_ 2 2= = -
Mz =D ) } (0% 4+ )W sin ux sin ny
=1 n=1
M5 = =D(1-Y) ) [ wnw__ cos uX cos ny

m=1l n=1
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The double series solutions given here, while
possessing the virtue of simplicity, are very poorly con-
vergent in general. Greatly superior converdgence at the
cost of increased complexity may be obtained by using a
single series solution, i.e. a Lévy solution rather than a
Navier solution, which reduces the partial differential
equilibrium equations to ordinary differential equations.

The single series method also may be applied to any shell
which is simply supported on two opposite edges with virtually
any boundary conditions on the remaining two edges. For the
‘case of a concentrated load, the convergence problems are

even more severe, and for practical computations the method

of singularities given by Flugge and Conrad (17) is greatly
superior. However in this study only a limited amount of
analytical data is needed for comparison, and in the interest
of simplicity the double series solutions are used, with an
extremely large number of terms being computed to obtain

satisfactory convergence.
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APPENDIX B

STIFFNESS MATRIX FOR CURVED EDGE BEAM

In this appendix, the derivation of the stiffness
matrix for a curved edge beam is briefly outlined.* In
addition to the assumption of a homogeneous,; isotropic
elastic material, assumptions are made which are of the
same order of accuracy as those made for the shell. They
are:

(1) The beam axis is a portion of a circle, i.e.
the radius of curvature of the axis is constant. This
corresponds to the shallow shell approximation.

(2) The radius of curvature is large compared to
the depth of the beam. This is the counterpart of the
"thin shell" assumption.

(3) Shear deformation is neglected (The "Kirchhoff-
Love Approximation"),

It is also assumed that the beam cross=section
possesses two axes of symmetry so that the shear centre
coincides with the‘intersection of the principal axes.

As a result of the second assumption listed above,
the strain energy of the beam may be approximated by that

of a straight beam.

* Martin (29) has obtained the stiffness matrix for a
beam of constant curvature loaded in its plane of
curvature,
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The beam is shown in Fig. 12. R denotes the
(constant) radius of curvature, B is the total angle
subtended by the beam, and ¢ locates an arbitrary point'
on the axis. The coordinates (X,¥,2) in the beam cross
section change directions as ¢ is varied so that X always
points along the beam axis and Z is directed towards the
center of curvature. The cross=sections ¢ = 0 and ¢ = B
are designated as ends 1 and 2 respectively.

A set of nodal forces and moments are applied at
end 1, with the sign convention as shown in Fig. 12. The
displacements and rotations corresponding to the nodal

Zl,MX MY Z ) are (le,GYl,

forces and moments (PX

§ 0 S
Zy, Xy, ¥

l)
l’ezl) with the same positive sense.
The stress resultants acting at an arbitrary

section located by the angular coordinate ¢ are determined

from equilibrium considerations to be

PX = —le cos ¢ = le sin ¢
P, = =P
Y ¥,
P, = ~PZ cos ¢ + Py sin ¢
1 1
(B.1)
M, = -Mg cos ¢ - M, sin ¢ + Py R(l=cos ¢)
1 1 1 '
My = =M,y - P, R sin ¢ + P, R(l-cos $)
1 1 : 1
MZ = —MZ cos ¢ + MX sin ¢ + PY R sin ¢

1 1 1
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Since the (X,Y,Z) axes are principal axes of the cross
section, and in consequence of the assumptions mentioned

previously, the strain energy of the beam is given approxi-

mately by
B
U = X sz + MY2 + MZZ + sz R d (B.2)
ey T EI, T EI, W AE R d ¢ .
O

where E is Young's Modulus for the beam,
G is the shear modulus ( = ET%I:T , where v is
Poisson's Ratio),
A is the cross=sectional area of the beam,
IY and IZ are the moments of inertia of the cross=-
section about the ¥ and Z axes respectively,
and J is the torsional rigidity of the cross-=section,
Castigliano®s Theorem is now employed to relate the

nodal displacements at end 1 to the nodal forces applied

there, since

5 = AU
x - BP 9 ® 00
1 Xl
(Bo3)
= 93U
exl = a 9 o 0o
1

Substitution of Egs. (B.l) into Eq. (B;2), integration with
respect to ¢, followed by the application of Egs. (B.3)
yields

§, = £__P (B.4)



where

and

If the notation

is used,

thi ©f Qi QfF U1 Wi
] i i it ] ]

Lo}
i

o}

the

B = sin B

cos B + % sin28 -1

% B = 2 sin B + % sin 28

% B =% sin 28
cos 8= 1
% B+ % sin 28
% sin® 8

sin B = % B =% sin 28

(6x6) matrix £,, may be written as
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(B.5)
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3 3 2
R° = R . R> = R = . -R® = .
S—c=f =—b+2=g =3
EI, 'AE EI, 'AE EI,
3 3 2 2 2 2
R~ R = -R°= R = R~ R® =
GictET. A . GaMEr.d o GIPTET
Z z Z
3 2
R R = -R¢ -
(7=—+=)d . g .
EI, AE EI,
f =
11
R = R R R .=
2 Z
R
EI )
R =R =
c39 T £
Z
(B.6)

The desired (12x12) beam stiffness matrix K may be

written in partitioned form as

where each of the submatrices in Eq.

The jth column of Kll

at end 1 due to a unit

(B.7)

{B.7) is of order (6x6).

represents the set of six nodal forces

odal displaceme

nt at end 1 in the j

direction with all other displacements maintained equal to

zero. Therefore,

The matrix Kll

beam and the remaining submatrices of Eqg.

obtained from it.

K

11

=

£

The jth column of matrix K

(B.8)

contains all the stiffness properties of the

(B.7) can be

21 represents
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the fixed end forces and moments at end 2 when the unit
displacement or rotation is imposed in the j-direction at
end 1. These are obtained directly from equilibrium con-

siderations. Therefore

K21 = T21 Kll (B.9})
where
=008 B ° _sin g ° ° ®
° _l 'Y ° ® °
sin B e =cos B ° ° o
Tr1 =
° R(l=cos B) . =cos B e =ginB
R({(l=cos B) ° =R sin B ° =1 .
. R sin B o sinB e =cos B
(B.10)
T21 can be obtained by setting ¢ = B in Egs. (B.l).
Since the beam stiffness matrix is symmetric,
_ T
The remaining submatrix, K22’ is obtained from
Kll by the transformation
K =T K T T (B.12)
22 22 711 22 °
Where r -l L] @ ® -3 (-] T
o -l L] @ o o
v = < -1 o (B.13)

22 -1
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That is, the diagonal elements of K,, are identical to those

of K while some of the off-=diagonal terms have their signs

11
reversed,

In order to obtain the stiffness matrix with respect
to a set of axes which are eccentric to (X,¥,2Z2), as shown in
Fig. 12, an axis transformation of the form given in Eqg.
(B.12) is performed.

If Ke denotes the (12x12) beam stiffness matrix

with respect to eccentric axes, and e is the eccentricity of

Y, with respect to ¥ as shown in Fig. 12, then

K, =T KT (B.14)
where _ _
I 0 0 0
Q I 0 0
eTlo o 1 o
o o0 o 1|
and (L - . - e
I= | 1 = |, Q= |-& < -
- . 1 . . .

(The transformation (B.1l4) is used also to obtain the stiff-
ness matrix given in Table 9 for the straight edge beam with
respect to eccentric axes,)

It is perhaps most convenient to perform the
required transformations numerically within the computer

once the matrix fll’ given by Eq. (B.6), is known. However,



156

an explicit form for Kg is given in Table 10 in terms of the

notation
O‘zj% k1=i3:'[1"
AR S
p = gég ky = :§§
2
A =83 (l+a) - &°
B =ae - 8 (b + «g)
C =R{ad (l+a) - & (b + ag)?}
5=28 (C+of) -3
"E=R{e (c + af) - 3 (b + og)}
F==R%2{d (140)(C + oF) =~ (B + 25)?}
G= (3 +0F) (F+0d) -3 (p-1)2
H= =R {(£ + pd) (d = ph) = g (p=1) (pb - g)}
I=R{g (p=1) (d -~ ph) = (d + 0£) (b - g)}
3 =R% ((§ +08) (E+ 0d) - (65 - )%}
R = =R% (3 (@ + 03) (p-1) - (3 + oh) (oB = §)}
i=R2-{(a-p¢—)‘ (d + o %) '-('c'l-pﬁ)z}

A, = (¢ + of) dB (1+a) + 283 (b + og) = 523 (1+ @)

- 52 (c + of) = B8 (b + a§)2

b, = (A + oc) (A + eE) (£ + od) + 2(d = eh) g (P=1) (PB - q)

- (@ + 0F) (0B = §)% - 32 (0-1)2 (0 + &)
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It would be desirable to obtain the stiffness

coefficients of the curved beam in the form
y (1+k)

where y is the coefficient for a straight beam and k is a
curvature correction. However, it appears that such a form
is not easily obtainable. It is to be noted, for example,

that the approximation

{14
(o]

cos B

11
™

sin B

_if applied to Eq. (B.6), is inconsistent since the various
stiffnesses of the beam EIY’ EIZ, GJ and AE can vary widely
in relative magnitudes. If dimensionless ratios of these
stiffnesses are introduced, and power series approximations
for sin B and cos B are used, difficulties still persist in
making approximations which are accurate for a sufficiently
wide range of parameters. Therefore the stiffness matrix
K is obtained from fll with no further approximations than

were used in the derivation of flla





