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CHAPTER 1
INTRODUCTION

1.1 Background

Cracks are present in essentially all structural materials, either as
natural imperfections or as a result of fabrication processing. When the
crack sizes are sufficiently large, their existence can significantly reduce
the strength of the material. Under certain conditions the cracks will
propagate, slowly or rapidly, to further reduce the material strength or
to cause the failure of a structure. Crack growth can result from high load
levels, cyclic loading, or as a time-dependent phenpmenon at low load lev-
els, associated with creep, stress corrosion or other environmental in-
fluences,

The fracture of solids; from a micromechanics viewpoint, can be seen as
a process of nucleation, growth and coalescence of voids or microcracks.
When the crack size is large compared to the characteristic dimensions of
the material microstructure a continuum mechanics theory can be used to
explain the mechanism of fracture. In this case, two broad categories of
fracture processes can be identified: ductile fracture and brittle frac-
ture. These broad classifications are useful, even though the details of
the fracture process will vary with the material, load conditions, tempera-
ture and other envirommental conditions.

Ductile fracture is associated with large-scale plastic deformation and
crack-tip blunting prior to the initiation of crack growth. This implies
high rates of energy dissipation and slow fracture velocities. Ductile
fracture usually occurs in high-toughness, low-strength materials. Fracture

often occurs in a brittle manner if the plastic deformations are confined to



a region which is small compared to a characteristic crack dimension (as in
the case in brittle materials such as glass, ceramics and high-strength
metallic alloys). Even in ductile materials, brittle fracture can occur
when the plastic flow is inhibited by low temperature or triaxial stresses
induced by geometric constraints. Brittle fracture generates low rates of
energy dissipation. Thus, a sustalned level of loading can cause unstable,
fast crack propagation at velocities on the order of the mater‘ia‘l's charac-
teristic wave speeds. Inertia effects become significant when rapid crack
propagation causes large material velocities. | This study is concerned with
brittle fracture, and the following discussion is devoted primarily to
problems in brittle fracture.

A major concern in the continuum mechanics of fracture is the determi-
nation of a realistic fracture criterion [1]. The energy balance theory,
first formulated by Griffith [2], assumes that crack extension will occur
when the change in the external work is equal to the sum of the strain
energy change and a material-dependent surface fracture energy associated
with the creation of new crack surface. Kinetic energy is also considered
in the energy balance for dynamic fracture [3]. Irwin [4] and Orowan [5]
introduced plastic work as an additional energy dissipation mechanism.

In linear elastic fracture the energy variation due to crack advance
can be expressed in terms of the stress intensity factor [6]. The stress
intensity factor indicates tyhe strength of the singularity in the stress
field at the crack tip. This implies that the stress intensity factor not
only defines the local crack-tip stress field but also provides a parameter
for a fracture criterion equivalent to the energy balance theory. The forn
of the stress singularity is common for all stationary cracks in elastic
materials, whether the response is static or dynamic [7]. Therefore, the

dynamic stress field around a stationary, (or slowly moving) crack tip can



also be characterized by the stress intensity factor. Rapid dynamic brittle
fracture involves more complicated features, such as the interaction between
reflected stress waves and the crack-tip zone, fracture initiation and
arrest, and crack branching [8]. Nevertheless, the order of the singularity
in the stress field (for subsonic crack velocities) is the same as for
stationary cracks, and a dynamic stress intensity factor provides useful
information to desecribe these problems. Thus, most analytic and experi-
mental studies are directed to the solution and evaluation of the stress
intensity factors, in both linear elastic fracture [9,10] and dynamic
fracture [11,12,13].

Since analytic procedures are limited to highly idealized geometries
and loading conditions, numerical methods play an important role in fracture
analysis, particularly for problems involving dynamic brittle fracture.
Finite element methods have been used extensively to analyze both linear
elastic [14] and dynamic brittle fracture problems [15,16]. Various singu-
lar elements provide an efficient way to model crack-tip stress singulari-
ties and to compute stress intensity factors. However, existing finite
element techniques suffer some drawbacks. It is difficult to model the
crack-tip motion and the singular strain and velocity fields properly.
Awkward remeshing operations and interpolation of field variables are often
required. These can lead to complex solution procedures and, more impor-

tantly, to inaccurate results. These problems can be attributed to the

~ m e 2 K. PRI, [ S <

H - ) R R Uy T T - o = o 1,0 -
Lilfierenu properuvies 0L L 1LIdlue elelent procedures Ddsed 0Ol Ldgrdngldlil Kirne—

matic models. A major theme in this work is the development of a new kine-

matic model for dynamic fracture to overcome these problems.



1.2 Objectives and Scope

The objectives of this study are to develop appropriate kinematic
models and continuum formulations for the analysis of static and dynamic
fracture problems; and to develop effective computational methods based on
the continuum formulations.

A special small-deformation form of the Eulerian-Lagrangian kinematic
description is developed for modeling static and dynamic fracture problems.
The advantages of this kinematic model over conventional Lagrangian models
are explored. The mixed Eulerian-Lagrangian kinematic description (ELD) has
previously been applied to large-deformation static analysis in solid me-
chanics problems [17j and the analysis of frictional contact problems
[18,191].

Chapter 2 presents a finite element method for computing the energy
release rates and the stress ini:ensity factors in linear elastic fracture
problems. The Eulerian-Lagrangian kinematic description is specialized to
small-deformation problems, and used to derive explicit expressions for the
mutual potential energy release rates. Finite element procedures are devel-
oped to evaluate integral expressions for the energy release rates and to
compute the stress intensity factors. Several pure mode-I and mixed-mode
linear elastic fracture problems are analyzed.

The small-deformation form of the Eulerian-Lagrangian kinematic de-
scription is extended to elastodynamic problems in Chapter 3. Expressions
for relevant field variables in the ELD and their material time derivatives
are presented and used to formulate the variational equations of motion.
The dynamic ELD introduces more stringent continuity requirements than
conventional Lagrangian formulations. A special weak form of the varia-

tional equations of motion relaxes the continuity conditions, and is the



basis of finite element formulation using moving isoparametric elements,
which is suitable for dynamic problems,

In Chapter U4 the dynamic ELD formulation is applied to rdapid crack
propagation problems. Moving isoparametric finite element solution proce-
dures are developed that correctly simulate the crack-tip motion and the
singular forms of the fields of strain energy density and kinematic energy
density. The dynamic stress intensity factor is computed from the energy
release rates obtained by either virtual rate expressions or from global
energy differences. Numerical examples of dynamic crack propagation are
presented. The transient stages of crack acceleration and arrest are stud-
ied. The effects of wave propaéation on dynamic crack propagation behavior

are discussed. Recommendations for further research are given in Chapter 5.

1.3 Notation

Symbols used in this study are defined when they first appear in the
text and wherever clarification 1s necessary. Tensors and matrices are
denoted by boldfaced characters. Tensor quantities are expressed in terms
of Cartesian basis vectors. Repeated subscript indices imply summation,
unless indicated otherwise. The most frequently used symbols are listed
below. Quantities in the Eulerian-Lagrangian model are expressed as func-

tions of the reference coordinates, unless specified otherwise.

B : Strain-displacement transformation matrix
c : Effective damping matrix

E ¢ Elasticity matrix

H : Matrix of finite element shape functions

K : Stiffness matrix



=l
ESI

ol
9 >

Effective stiffness matrices for explicit and implicit
integration

Unit surface normal vector

Mass matrix

Load vector

Effective load vectors for explicit and implicit integra-
tion |

Surface traction vector

Global vector of node displécements and global vectors of
the first- and second-order spatial time derivatives of
the node displacements |

Element vector of node displacements and element vectors
of the first- and second-order spatial time derivatives of
the node displacements

Local natural coordinate vector, used to describe the
reference volume of region N

Auxiliary coordinate mapping for region N

Surface of the material volume v of a structure

Surface of a local material volume V., around the crack tip

0
Portion of a material volume surface on which the trac-
tions are prescribed

Portion of a material volume surface on which the dis-
placements are prescribed

Current length or half length of a crack

Initial crack length

Surface of a reference volume vr corresponding to A

r

Surface corresponding to AO of a local reference volume Vo

around a crack tip



A

D’

R’

Cijkl

ST e

ol

ij

(1,2)

S

Portion of the surface of a reference volume on which the
tractions are prescribed

Length or half length of a plate, or length of a finite
element |
Components of the body force vector per unit mass, ex-
pressed as functions of the reference and material coor-
dinates |

Constants used in Newmark's time integration method
Dilatation, Rayleigh and'shear wave speeds

Components of the elasticity tensor

Young's modulus

Components of the small-deformation strain tensor
Components of body force per unit volume

Potential energy release rate, and mutual potential energy
release rate associated with two independent equilibrium
states 1 and 2

Height or half height of a plate, or height of a finite
element

Finite element shape function for node o

Determinant of the Jacobian 3

Jacobian components of the mapping between the reference
and material configurations

Inverse Jacobian components of the mapping between the

reference and material configurations

Spatial time derivatives of the components J
Surface area metric relating differential areas in the

reference and material configurations



I’

I1°
K(t,v)

y(1,2)

III

Stress intensity factors for modes I, II and III

Time and velocity dependent dynamic stress intensity
factor

Height of a plate

Mutual potential energy associated with two independent
equilibrium states 1 and 2

Direction cosines of a unit surface normal vector

Radial distance from the crack tip

Plate thickness for plane stress and plane strain prob-
lems, or the circumference at the crack tip for axisym-
metric problems

Components of the surface traction vector, expresssed as
functions of the reference and material oéordinates
Components of a prescribed surface traction vector
Displacement components, expressed as functions of the
reference and material coordinates

First- and second-order spatial time derivatives of the
displacement components

Components of the material velocity and acceleration
vectors

Components of prescribed displacement and material velo-
city vectors

Displacement components in direction i at node o and their
first- and second-order spatial time derivatives

Material volume of a structure

Local material volume around a crack tip

Crack-tip velocity

Reference volume corresponding to V



i3

ijk

Reference volume corresponding to VO
Reference volume of crack-tip element g

Plate width

Strain energy density, and mutual strain energy density
associated with two independent equilibrium states 1 and 2
Mutual strain energy density associated with two indepen-
dent equilibrium states 1 and 2, eXpressed as a function
of the material coordinates

Components of the material coordinate vector, and their
first- and second-order spatial time derivatives

Component in direction i of the material coordinate vector
at node o, and its first- and second-order spatial time
derivatives

Components of the reference coordinate vector

Newmark time integration constant, or constant used in
(2.145)

Symbol denoting incremental quantities

Symbol denoting virtual quantities, or Newmark time inte-
gration constant

Kronecker delta

Permutation symbol

Shear modulus

Poisson's ratio

Potential energy functional

Mass density expressed as functions of the reference and
material coordinates

Components of the Cauchy stress tensor



23 =2 ¢t

10

Domain of a region N at time t

Reference volume corresponding to region N
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CHAPTER 2

COMPUTATION OF THE STATIC STRESS INTENSITY FACTORS
USING THE EULERIAN-LAGRANGIAN KINEMATIC MODEL

2.1 General

A crack in a stressed body causes a significant stress concentration in
the viecinity of the crack tip. 1Inelastic deformation usually develops near
the crack tip, except in extreme cases of brittle fracture. When the size
of the inelastic deformation zone is sﬁall with respect to the crack size
and other geometric dimensions, the local stress field can be adequately
represented by a function with a singularity of order r_1/2, where r is the

radial distance from the crack tip [6]. The strength of the singularity is

K and K

often characterized by the stress intensity factors KI, II IIT*

corresponding to deformation modes of opening, in-plane sliding and anti-
plane sliding of the créck surfaces.,

The Griffith fracture criterion is derived from the overall energy
balance of a structure. In linear elastic fracture, the energy variation
due to crack advance is determined by the local stress and deformation
fields near the crack tip; while the surface energy associated with crack
growth is assumed to be a property of the material under consideration.
This implies that the critical conditions for fracture can be expressed in
terms of the stress intensity factors; i.e. fracture will occur when the
stress intensity factor attains a critical value [6].

A primary objective of linear elastic fracture analysis is to calculate
the stress intensity factors for given crack dimensions, structural
geometries and loading conditions. This provides a description of the

stress field near the crack tip, and provides information needed for



12

predicting the onset of crack propagation and the propagation direction
[20].

The energy release rate, G, is the energy change per unit crack advance
per unit thickness. The stress intensity factors are related to the energy

release rate as

2
1-v 2 2 T+v 2 .
G = 5 (KI + KII) t KIII (plane strain) . (2.1)
1,2 .2 2 '
G = = (KI + KII KIII) (plane stress) (2.2)

where E is Young's modulus and v is Poisson's ratio. Rice [21] demonstrated
that the path-independent J-integral is equivalent to ﬁhe energy release
rate and can be used for the analysis of linear elastic fracture problems.
The direct relation between G and the stress intensity factors indicates the
equivalence of the energy balance and the critical stress intensity criteria
for crack growth. Various analytic solutions of linear elastic fracture
problems are iisted in [9].

Analytic solution methods can be used for cases of relatively simple
geometry; but in practical engineering problems with complex geometries and
stress distributions, numerical methods are needed to compute the stress
intensity factors. The finite element method is a versatile and powerful
technique for the analysis of crack problems with realistic complexity. The
virtual crack extension method appears to be the most attractive available
finite element method for calculating the energy release rates.
Conventional Lagrangian kinematic models, the basis of most finite element

elasticity solutions, do not permit the formulation of true energy release
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rate expressions because true variations of the crack length are not
possible.

In this chapter explicit integral expressions for the energy release
rates and stress intensity factors in linear elastic fracture mechanics
problems are derived using a mixed Eulerian-Lagrangian kinematic model.
This approach was presented previously in [22,23]. Here a more concise
development of the general mixed-mode solution method using the mutual
potential energy functional is presented. A review of finite element
methods for computing the stress intensity factors is given in Section 2.2.
Section 2.3 presents the Eulerian-Lagrangian kinematic description for small
deformation analysis. Expressions for the potential energy and mutual
potential energy functionals are developed using the Eulerian-Lagrangian
model. Explicit expressions for the instantaneous mutual potential energy
release rates are derived in Section 2.4. Finite element procedures for
calculating the stress intensity factors from the mutual energy release
rates in mixed-mode fracture problems are developed in Section 2.5. Section
2.6 presents example numerical results for finite element computation of
fracture stress intensity factors using the new procedure.

2.2 Review of Finite Element Procedures for Computing

the Stress Intensity Factors

The finite element method is a popular technique for the analysis of
fracture mechanics problems. The use of various singularity elements [24-
32] provides an efficient means for calculating the stress intensity factor
(SIF) in elastic crack problems,

Several approaches have been used to evaluate the SIF. First, the SIF
may be calculated by substituting computed values of stress or displacement

into the known crack-tip field equations [33,34]. This approach can produce



14

inaccurate results due to the errors inherent to finite element
discretization. 1In order to overcome these disadvantages, Gifford and
Hilton [35] proposed a direct approach using assumed-stress hybrid crack-tip
elements which contain KI and KII as unknown stress field parameters. The
SIF values are computed directly during the solution process.,

Another alternative 1s to compute the stress intensity factors as
functions of the energy release rates aséociated with crack extension. The
energy release rates can be estimated by computing the change in energy of a
structure for two neighboring positions of the crack tip. Since discretiza-
tion errors tend to be self-cancelling when the energy differences are
computed, the energy method is reliable and accurate and is the preferred
choice of many analysts. Watwood [36] computed the strain energy for two
slightly different crack lengths by performing two complete finite element
analyses. He employed numerical differentiation to determine the strain
energy release rate. Parks [37] and Hellen [38], refined the method so that
the energy release rate is calculated without a full second analysis by
considering only the elements immediately surrounding the crack tip. Since
a true virtual crack extension is not used iﬁ these methods, the analyst
must provide a finite length of crack extension that will accurately predict
the energy release rate. 1In addition, either the computation and storage of
stiffness variation matrices or the use of substructuring and wavefront
solution techniques is required. Another means to calculate the energy
release rate is the J-integral technique [33]. The J-integral, a path-
independent contour integral involving the stress and displacement fields
around the crack tip, is equivalent to the energy release rate G for the
elastic case [10,21]. Parks demonstrated that his method is an area-

analogue of the J-integral.
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2.3 The Eulerian-Lagrangian Kinematic Description
for Small-Deformation Analysis

In this section a specialization of the Eulerian-Lagrangian kinematic
description [17] for small deformation analysis is developed. First, a
kinematic model is developed that accommodates changes in both the
displacement field and the undeformed geometry. A potential energy
expression and the stationary condition for equilibrium are derived using
the new description. The mutual potential energy associated with two
independent equilibrium states is defined, and the principle of stationary

mutual potential energy is stated.
2.3.1 Kinematics

A typical isoparametric finite element shown in Figure 2.1 is used to
illustrate a version of the small-deformation Eulerian-Lagrangian model. A
fixed, Cartesian global coordinate system is used to describe the material
configuration. Here, the material configuration is represented by the
isoparametric finite element geometry. A separate reference coordinate
system is used to describe an independent reference configuration. These
correspond to the element natural coordinate system and the parent element
geometry in the isoparametric element version. Position vectors in the
global and reference (natural) coordinate systems are denoted by X and xr,
respectively.

The novel aspect of this kinematic description is that the natural
coordinates xr are the only independent spatial variables, and both the
displacement field u and the mapping to the material configuration change

with time.

u = u(xr,t) (2.3)
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X = X(x,t) ' (2.4)

In the above t designates an independent "time-like" parameter. 1In a con-
ventional isoparametric model the geometric mapping does not change with
time. Therefore, the set of material particles in each element is invari-
ble. In the present development the material associated with each parent
element can change. ’This requires a flux of material particles across
element boundaries. No attempt is made in this development to define
explicitly the displacement field as a function of the global coordinates
and time. That is, u = u(X,t) is not required.

The Jacobian J and inverse Jacobian J of the mapping between X and xr

have components
l .
R (2.5)

ij r

(2.6)

i
<,
1

Ji5 =915 3

The metric tensor J is the transpose of the familiar Jacobian metric tensor
used in isoparametric element formulations,
Assuming an admissible displacement field u and small deformations, the

components of the strain tensor are expressed as

] —_ -—
eij =3 (ui,k ka + uj,k Jki) (2.7)

where a comma between subscripts denotes differentiation with respect to the

natural coordinate system.
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2.3.2 Potential Energy and Equilibrium

In this subsection an expression for the potential energy of a linearly
elastic body is presented and equilibrium conditions are derived from the
principle of stationary potential energy. Since xr is the independent
spatial variable, all integral expressions are written in the coordinate

system of the parent element. The potential energy is given by

= r r
{Joav jr4Ti u, K da (2.8)
a7

‘ T .r
m = Jr w J dv J.eb, u
v v
where T(xr,t) is a surface traction vector per unit area in the undeformed
configuration, b(xr,t) is a body force vector per unit mass, the strain

energy density is
g.. e, . ' (2.9)
and the components of the stress tensor are

0y < Cijkz €L (2.10)
In equation (2.8) 3 is the determinant of the Jacobian 3, v is the parent
element volume, p is mass density in the undeformed configuration, a; is the
part of the surface of vr on which surface tractions are prescribed, and Ka
is a surface area metric such that a differential area dA in the material
configuration is equal to Kadar.

The equations of equilibrium are derived from the condition Gun =0 for

all admissible variations in the displacement field, su = 6u(xr)°



S .r
r Je ; 3u fq a2 =0 (210
v ij K

2.3.3 Mutual Potential Energy

Two independent equilibrium states, labeled 1 and 2, of a linearly
elastic body are introduced. Superposition of the two equilibrium states
yields another independent equilibrium state, labeled 0. The displacements,

body forces and surface forces for equilibrium state 0 are

uiO) - u§1) + u§2) | (2.12)
(o) _ ..(1) (2) '

0,9 = b+ (2.13)

70 _ 71, (@) (2.14)
1 1 1

The potential energy for equilibrium state 0 can be written in the following

form,
(0 () @ (2 (2.15)

(1,2)

M in (2.15) is the mutual potential energy associated with the two

independent equilibrium states 1 and 2.

M“,Z) =J' w(1,2) 3 dvr‘ _J‘ o

bg1) u§2> + b§2) ug1)) 3 dv’
r r i i
v v

1 1

_ (1) (2) (2) (1) r
ir (T, 7w+ 17w ) K da (2.16)
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The mutual potential energy density w(1’2) is defined by

(1,2) _ (1) (2)
W = eij Cijkl N (2.17)

The principle of stationary mutual potential energy [36] states that

M“’Z) =0 ] (2.18)

$
u(T)

5 (s m1:2) _ g (2.19)
u

for arbitrary admissible variations of the equilibrium displacement fields

u‘1) and u(z).
2.4 Explicit Expressions for the Instantaneous Energy Release Rates

The variation of the mutual potential energy corresponding to a
variation of the crack length is used to derive explicit expressions for the
instantaneous mutual potential energy release rates. The expressions are
general for static mixed-mode fracture problems, and reduce to appropriate
expressions for each pure mode case. Isoparametric finite element

expressions for virtual crack extensions are presented.
2.4.1 Variational Expressions for Mutual Potential Energy Release Rates

In this section an instantaneous mutual potential energy release rate

(1,2) due to a virtual crack extension.

(1,2)

is obtained from the variation of M
First, expressions for the variation of M of an arbitrary fixed
material volume are written in the material coordinate system, and then

transformed to the reference coordinate system,
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Consider a fixed finite material volume VO bounded by the surface AO,
which includes a part of the crack surfaces as shown in Figure 2.2. All of

the field variables are first defined as functions of the material

coordinates, indicated here by a circumflex """. The variation of M(1’2)
due to a virtual crack extension is as follows when expressed in the
material coordinate system,

b(2) (1)) aqv

+

M(1,2) _5 J §(1’2)dv s (b(1) *iz)

Yo Yo

s WL L @0 SEPINED

yan - s f @Vl e iy (2.20)
AO A

in which §A is the crack surface created during the virtual crack extension.
To simplify the analysis, but without loss of generality, it is assumed that
during a virtual crack extension there are no variations of the mass density

and body forces in VO’ no variations of the surface tractions on A and

that the newly-created crack surfaces are traction-free. :
50 = 58(1) - 38(2) -0 in v, (2.21a)
6%§1) = 6%(2) =0 on A, (2.21b)
%§1) = %iZ) =0 on §A (2.21¢)

Then equation (2.20) can be simplified.

R R RN S IR P

i i i
V0 VO

) dv
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- ] (§§1)5ﬁ§2)'+ %§2)5G§1))dA (2.22)
A
0

The fixed material volume V0 and the surface AO map onto the reference

volume vg which is bounded by the surface ag. The field variables can be

defined as functions of the reference coordinates xr, as an alternative to
the above functions based on the material coordinates. Thus, the
displacement function u(n)(x,t) in the material configuration is related to

the function u(n)(xp,t) by the inverse geometric mapping.
u M) - WM xe)) 0= 1,2 (2.23)

A virtual crack extension is modeled by a special variation in the geometric
mapping GX(xr,t). To maintain equilibrium in the material volume during the

virtual crack extension (subject to the conditions (2.21)), there must be

(n)

variations in the displacement fields Su (xr); n=1, 2. Equation (2.22)

is then rewritten in the reference coordinate system as

( ~
st w2 s (1) g
L LD

o (bg1) 6u§2) + bF2)6u§1)) 3 av’
i i i i

-1, (T§1)6u§2) N T§2)6u§1))Kadar e[ s w123y ay" (2.24)
) Yo

X

where éx denotes a variation due to the geometric variation. If the volume

V. is in equilibrium, the first three integrals in (2.24) vanish for

0
(1) (2)

admissible variations Su , by the principle of stationary mutual

and Su
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potential energy ((2.18) and (2.19)). The variation of the mutual potential

energy is then simply

sul102) _p (2 5 5 (1h2) Gygr (2.25)

The variation of the geometric mapping is defined as a function of xr

and the virtual crack length extension §a,
r s, I
§X = 8X(x , 8a) = sa X(x ) (2.26)
where X is an admissible variation of the geometric mapping consistent with
crack growth. To ensure that a fixed material volume is maintained during

the virtual crack extension, the geometric variation must satisfy the

constraint
X, en, =0 on a (2.27)

in which n is the outward normal to ar. The variations of the Jacobian and

0
inverse Jacobian have components
~ axi
§d.. = 8§ —= = 8X. . (2.28)
iJ 8xr i,3
_ axz axl _ _

The variation of the determinant of the Jacobian is given by



13k sz Jk3 6X1’1 + J11 Jk3 GXJ,Z + Ji1 sz 6Xk,3) (2.30)

where eijk is the permutation symbol, and

s W2 (@ s s @) (D)

X %5 Yi,k Yke ®%y,m Imj Iy 8 (2.31)

15 Y,k Jke %%, m Iy
The mutual potential energy release rate associated with a given direction

of crack extension is

(2.32)

in which a is the length of the crack and s is eiﬁher the plate thickness
for plane stress and plane strain problems, or the circumference at the

crack tip for axisymmetric problems.
2.4.2 1Isoparametric Finite Element Expressions for the Energy Release Rates

A two-dimensional finite element model of a crack-tip region is shown
in Figure 2.3. To evaluate (2.25), the isoparametric elements surrounding

the crack tip are chosen as vg, such that
r P
Vo = v (2.33)

where vzo denotes the reference volume of crack-tip element g, and P is the

number of crack-tip elements. In Figure 2.3a the crack tip is positioned at
a material particle labeled C. Eight isoparametric elements are mapped onto

the regions labeled E, through E In Figure 2.3b the crack tip has

1 8"

extended a distance 8a to reach material particle C', and the elements are
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now mapped into regions E{ through Eé as described by variations in the
element geometric mappings 6X(xr). There is also a variation in the
displacement field 6u(xr) caused by the combined effects of the local
variation of the geometric mapping and the change in the overall structural
response due to the crack advance. However, as previously stated, Gu(xr)
has no effect on §lI. Note that the virtual node motions in Figure 2.3
satisfy the constraint (2.27).

The displacement field and the element geometry are interpolated using

isoparametric shape functions as
u. = h u ; o =1, N (2.34)
X. = h X, ; a =1, N (2.35)

where the shape functions ha(xr) provide C_. continuity across element bound-

0

aries and are differentiable within each element. N is the number of nodes
in the element, and uia and Xia are the displacement and coordinate at node

o for direction i. Therefore,

GXi = ha GXia ; a =1, N (2.36)
and

§X. . =h_ . 8X. ; a=1, N (2.37)

The terms 5Xia are expressed as functions of §a,
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ig 52 §a = Dia sa (2.38)

where the terms Dia describe the motion of node o in direction i associated

with a unit crack extension in a specified direction. In other words

Consider the crack-tip elements in Figure 2.3. A virtual crack exten-

sion at the crack tip 6da is assumed to occur in the X,-direction, thus the

1

change in the X, node coordinate at the crack tip is 5X1 = §a. If singular

1 C

quarter-point isoparametric elements [24,25,27] are used, it is important to
preserve the form of the stress singularity during the virtual crack
extension to maintain accuracy. This condition is met by adding the addi-

tional constraints 6XiY = 3/4 §a where the subsdript Y ranges over the

quarter-point nodes. 1In this case, the terms D N are glven by

1

1 (For the degree-of-freedom (d.o.f.) in the X1— direction at the
crack-tip node)

D =< 3/4 (For the d.o.f. in the X, -direction

at quarter-point nodes) (2.39)
L_O (Otherwise)
and D =D = 0, Similar constraints can be developed for other direc-

20 3a

tions of virtual crack growth, as in cases of colinear extension of slanted
cracks.

A finite element expression for the mutual potential energy release
rate is obtained by combining equations (2.25), (2.30) - (2.32), (2.37) and

(2.38):

I. [A§1’2) + Aé1’2)] av’) (2.10)
A%
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where
A1(1’2) -l €1k <3j2 31(3 Bt Pig ¥ T 3k3 a2 Py
~11 ~J2 ha,?) Dm) ; a=1, N (2.41)
and
U AR P W A

a = 1) N (2.)42)

Finite element matrices for evaluating (2.40) are given in Appendix A.

2.5 Calculation of the Stress Intensity Factors from the Mutual Potential
Energy Release Rates

The variation of the potential energy for equilibrium state 0 due to
the change of the geometric mapping is expressed using superposition of the
two independent equilibrium states 1 and 2 as

s = sp() 4 sn@) 4 en(192) (2.43)

The relations between the potential energy release rates and the stress

intensity factors for equilibrium states 1, 2 and O can be written as [39]

o™ - pr{™y? s w2y -, 2 (2.44)
R R S R T L S



27

(2) (1)

- (2) (1) (2
=G + G + 28 [KI Ki™ + K7 K] ] (2.45)
where
1 - 2
a3 v (plane strain) (2.46a)
B =
% (plane stress) (2.46b)

From (2.32), (2.43) and (2.45), the relation between the mutual potential

energy release rate and the stress intensity factors is obtained.

c(1,2)

= 28 [K

(1) (@), () (@, (2.47)

I II II

For mixed-mode crack problems, analytic near-field displacement solu-

(1)

tions for each pure mode behavior are used to isolate KI and KII' Let u

be the equilibrium displacement field for a cracked structure subjected to a

(2a) (2b)

set of actual loads, and let u and u be the analytic near-field

displacement solutions for pure mode-I and pure mode-II behavior such that

k(23) _ x(2P) _ 4 o ang k(28) - (20) |

I I II I 0. These solutions are well known

and given in [9,10]. Then the actual stress intensity factors are computed

from the relations

CT(1,2a) (1)

28 KI

(2.48)

c{1:20) _ o Ké}) (2.49)

The method can be easily implemented in a conventional finite element

(1)

program. First, a conventional analysis is performed to compute u for
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the actual loads. Then routines are added to evaluate the analytic mode-I
and mode-II displacement solutions [9,10] at the crack-tip element nodes and

(1,2a) and G(1,2b)

to compute G by numerical integration of (2.40) over the
crack-tip elements. Only a small number of elements need be included since
Dia = 0 for most elements, Finally, the stress intensity factors afe com—
puted using (2.48) and (2.49).

Two approaches can be used to oaléulate the stress intensity factors
for pure mode-1 behavior. One approach is to use the analytic mode-1 near-
field displacement solution for equilibrium state 2 in the above procedure.

Another way is to use the actual finite element solution for both

(1) _ @ () (@)

equilibrium states 1 and 2, such that KI I O 0. The

relation between the energy release rate and the stress intensity factor

becomes

G(1,2) (1)}2

1 (2.50)

= 28 {K
Similar approaches are possible for pure mode-11 and pure mode-III
behavior.

The latter approach is equivalent to the procedure developed in [22],
in which the stress intensity factor is directly calculated from the
potential energy release rate rather than the mutual potential energy
release rate., The total energy release rate is then obtained by evaluating

the expression

(A, + &) avh) (2.51)
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over singular quarter-point isoparametric elements using the finite element
solution. In this case the relation between the energy release rate and the

pure mode-1 stress intensity factor is

N

(2.52)

Note that the mutual potential energy here is equal to twice the potential

(1,2) = 2G. A, and A, in (2.51) are defined as

energy, so that G 1 >

* iy sz ha,3 Dka); a=1, N ' (2.53)

and

AL =-90

5 ; o =1, N (2.54)

c.ou, . Jd . JD
ij ul,k Jk% ha,m JmJ %o ’
where w is defined in (2.9). Finite element matrices for evaluating (2.51)

are given in Appendix A.
2.6 Numerical Examples

The new finite element technique is applied to several crack geometries
under plane stress, plane strain and axisymmetric conditions. Selected
results are presented to demonstrate the accuracy of the method and the low

sensitivity of the method to the degree of mesh refinement.



30
2.6.1 Mode~I Cracks in Plates and Bars

Several well-known mode-I problems are presented to demonstrate the
accuracy of the method. Rectangular plates with single edge cracks, double
edge cracks, and central cracks and a round bar with a circumferential crack
are analyzed for uniform tension loading. Dimensions and expressions for KI
in terms of a correction factor f(a/b) for finite geometries are given in
Figure 2.4 for each cbnfiguration. The finite element meshes used to model
the upper half of each structure are indicated in Figure 2.5. The meshes
contain a total of 55 linear strain triangular elements and 134 nodes.
Quarter-point singularity elements were used for the crack-tip eléments and
a conventional three-point scheme [U40] was used for numerical integration of
the element stiffnesses and energy release rates.

In Table 2.1, values of the correction factor f(a/b) computed with the
new method are compared with analytic solutions [9] and alternative finite
element solutions by Hellen [38] fof cracks of varying lengths in a plate.
The results are in good agreement with the analytic solutions, and are
virtually identical to Hellen's solutions. Note that the analytic solutions
are based on plates with infinite lengths, whereas both finite element
solutions are based on finite plate dimensions.

Results for a cracked round bar subjected to uniform tension are pre-
sented in Table 2.2. Energy release rates were computed using both the
plane stress and plane strain assumptions for behavior at the crack tip.
Again, the results are in close agreement with previous analytic solutions

[41] and Hellen's finite element computations [38].
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2.6.2 Sensitivity to Mesh Refinement

A single edge crack with a/b equal to 0.3 in a plate with L/b = 2.5 was
analyzed to study the sensitivity of the new method to mesh refinement at
the crack tip. Five different meshes were used, ranging from a coarse rriesh
Wwith 18 linear strain triangular elements to a fine mesh with 40 elements.
The ratio of the crack-tip element width to the plate width h/b was varied
from 0.3 to 0.025. The element aspect ratios were not varied and taken to
be equal to the aspect ratio L/b of the plate. The analysis results are
shown in Figure 2.6.

It has been shown [42] that the convergence rate for stress intensity
factors computed by energy methods without special .singularity elements is
linear with respect to the element size for plane problems with r-1/2 singu-
larities. The results reported for the new method using conventional (non-
singular) crack-tip elementé confirm this conclusion. When singular ele-
ments were used the maximum deviation from Hellen's solution was only 3.6
percent and the solution was stable and virtually identical to Hellen's
solution for values of h/b below 0.1. The choice of numerical integration
scheme was found to have no significant influence on the accuracy of the
results. Therefore, the three-point scheme is recommended on the basis of
efficiency. The results indicate that accurate solutions can be obtained
using fairly coarse meshes. A minimum of two or three elements along the

length of the crack is recommended.
2.6.3 A Cracked Plate Under Shear Loading

The analysis of an edge crack in a rectangular plate subjected to a
uniformly distributed shear stress (Figure 2.7) is presented as an example

of a mixed-mode problem. The reference solutions for KI and KII’ calculated
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by Wilson using a boundary collocation method [39], are KI = 34.0 psi in.”2

and KII = 4,55 psi in.1/2. The structure was analyzed with five different
meshes, ranging from a coarse mesh with 52 elements to a fine mesh with 132
elements. The results are in excellent agreement with the reference solu-
tions, giving maximum deviations from the reference values of KI and KII of
1.6 percent and 0.4 percent, respectively, for the coarsest mesh. 1In
contrast to the results reported for the contour integral teqhnique £391],
the present method produces reliable results even when applied very close to
the crack tip. 1In Figure 2.7 r is the radius of the contour used to
evaluate the integral in [39] and h is the width of the crack-tip elements
used in the new method. It should be noted that the errors in the results
from [39] were obtained by changing the radius of the contour integral
without changing the finite element mesh. However, for the present method,

the increasing errors for h/a > 0.2 are attributed to the coarse meshes

required by the use of larger crack-tip elements.
2.6.4 A Tension Specimen with a 45° Crack

A rectangular tension specimen with a single edge crack inclined at U45°
to the direction of loading is analyzed as a second example of mixed-mode
behavior. The problem geometry and finite element mesh are shown in Figure

2.8, Finite element solutions for KI and KII’ given by Yau et al. [39],

. /
using the contour integral approach, are KI = 7.197 psi 1n.1 2 and

KII = 3,277 psi in.1/2. A mesh of 30 elements and 103 nodes was used. The

present solution method, using a mesh with 52 elements and 125 nodes,

. /
predicts K. = 7,202 psi in.”2 and K - 3.279 psi ln.,1 2.

I I
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2.6.5 An Attachment Lug with a Double Crack

A two-dimensional attachment lug configuration, investigated by Liu and
Kan [43], is shown in Figure 2.9. A symmetric double-crack pattern is
assumed to represent the pattern of fatigue crack growth, and a concentrated
load is used to represent the force of a pin reacting against the lug. The
results presented in Figure 2.10 and 2.11 correspond to a hole diameter
D = 0.25 W. Quaéi—static growth of the crack is considered by varying the
ratio of a/D and assuming that the crack direction remains horizontal. The
combined normalized stress intensity factor, calculated by the present
method, is compared with Figure 2.10 with an approximate solution proposed
by Liu and Kan [43]. Results for the individual stress intensity factors

are shown in Figure 2.11.
2.7 Chapter Summary

A finite element technique has been presented for calculating energy
release rates and the stress intensity factors in elastic crack problems.
Explicit expressions for the energy release rates were obtained using the
isoparametric specialization of the small-deformation Eulerian-Lagrangian
Kinematic model. It is possible to obtain explicit energy rate expressions
because the continuous mixed kinematic model allows variation of the
geometric mapping to represent a true virtual crack extension,

Relatively few elements are involved in the energy rate computations,
so the cost is generally less than a few percent of the cost of the initial
elastic analysis. The method can be implemented with very little
programming effort by adding a subroutine to any existing finite element
code. The efficiency of the method is competitive with existing techniques

and is not dependent on specialized substructuring or equation solving
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algorithms. A major advantage of the method is its low sensitivity to the
details of the finite element mesh geometry. Accurate results are obtained,
even for relatively coarse meshes, without strict limitations on the size of
the crack-tip elements. Therefore, the method can be used in unfamiliar
situations with confidence.

The method could be used in practical engineering problems, such as the
design and maintenance of structures in which fatigue crack prppagation is
a significant concern. Cyclic loads may cause a crack to propagate slowly,
even if the applied stresses are well below the elastic 1imit, until un-
stable growth occurs. Empirical equations [44], relating the crack propaga-
tion rate to the crack length, require computation of the stress intensity
factors during the process of fatigue crack propagation. The method can

provide useful estimates of the fatigue 1ife of structural components.
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CHAPTER 3

ELASTODYNAMIC FORMULATION OF
THE EULERIAN-LAGRANGIAN KINEMATIC DESCRIPTION

3.1 General

Dynamic analysis in solid mechanics is usually based on a Lagrangian
kinemaﬁic description in which the motion of particles is measured from a
known material configuration. In finite element analysis, this implies that
the material geometric discretization ié selected a priori and the finite
element mesh is required to follow the material motion.

There are certain problems that require frequent or continuous remesh-
ing if the mesh is forced to follow the material motion. These include
situations in which either the structural geometry, material interfaces or
the domain of the boundary conditions change with time; and may pertain to
either large- or small-ydef‘or’mation behavior. For example, in dynamic crack
propagation the material particle associated with the crack tip changes as
the crack propagates, and it would be impossible to describe the crack-tip
motion correctly without a remeshing process. The displacement and velocity
fields need to be updated correctly for the new material discretization to
accomplish the remeshing. This is usually done approximately in a conven-
tional Lagrangian description using interpolation techniques [45]. Incre-
mental contact behavior i1s another example that calls for some form of
remeshing [18]. A special form of an Eulerian description has been applied
to mode-1 dynamic crack propagation problems using a moving coordinaﬁe
system centered at the crack tip [46]. The finite element mesh is trans-

lated as a rigid body to follow the crack-tip motion. This procedure is
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restricted to semi-infinite strips whose surfaces are parallel to the direc-
tion of crack growth. Also, appropriate dynamic boundary conditions must be
determined for the leading and trailing edges of the finite element mesh.

The mixed Eulerian-Lagrangian kinematic description (ELD) [17,18] pro-
vides an alternative to conventional remeshing procedures to overcome these
problems. A general development of the ELD is presented in [17] for large-
deformation analysis. A specialization of the ELD to smalljdeformation
behavior is the basis of explicit expressions for energy release rates used
to analyse mixed-mode crack problems in Chépter 2. To date, the ELD has
been applied primarily to static problems.

In this chapter the ELD is extended to the analysis of small-deforma-
tion dynamic problems. Section 3.2 presents the dynamic Eulerian-Lagrangian
kinematic description for small-deformation theory, and the formulation of
the variational equations of motion is described in Section 3.3. A weak
form of the variational equations of motion is developed, suitable for ap-
proximate solution procedures using assumed displacement fields. Section
3.4 illustrates the application of the dynamic ELD to isoparametric finite
element models.

3.2 The Dynamic Eulerian-Lagrangian Kinematic Description for Small-

Deformation Analysis

This section presents the kinematic quantities used in the dynamic
Eulerian—-Lagrangian model. A convenient fixed domain, defined in a special
reference coordinate system, is selected as the spatial reference domain.
The mapping of the reference configuration onto an actual material domain,
defined in the global coordinate system, varies with time., All field vari-
ables and field equations are expressed as functions of the reference coor-
dinates. Material and spatial time rates and the relation between the two

rates are defined.
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3.2.1 Kinematics

The small-deformation ELD kinematic model is illustrated inyFigure 3.1,
The material configuration at time t is denoted by the volume V. Since
there is no distinction between the geometries of deformed and undeformed
configurations in small deformation problems, material particles are identi-
fied at all times by a single position vector X defined in a fixed Cartesian
coordinate system. A convenient spatial reference configuration is selected
which is invariant in time. The reference configuration does not necessar-
ily represent an actual deformed state of the material volume. The refer-
ence position vector and volume, xr and vr, are defined in a separate refer-
ence coordinate system. The reference coordinates xr are the only indepen-
dent spatial variables; and both the displacement field u and the mapping to

the material configuration change with time.

u(x’,t) (3.1)

e
1}

<
[

X(x',t) (3.2)

The following notation for differential operators is used.

8l _ (. : 8C) _ (. (3.3)

Then

X, . =x . =35,. (3.4)
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where Gij is the Kronecker delta. The Jacobian of the mapping from x' to X

has components

I =X, . (3.5)

7= x . =g (3.6)

The differential volumes dV and dvr, in the material and reference

configurations respectively, are related by

dv = J dv (3.7)

where J is the determinant of the Jacobian components Jij’

~ ~

J (3.8)

I = &5k Ji1752%3

in which eijk is the permutation symbol. It is assumed that the determinant
of the Jacobian is positive at all points in the structure. The
differential areas dA and dar in the material and reference configurations

are related by
r
dA = K da (3.9)
The components of the small-deformation strain tensor are

‘| —_— —
€yy = -2~(ui’k ka + uj,k Jki) (3.10)
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3.2.2 Time Rate Expressions

"Time derivatives in the two coordinate systems are written as

o( ) ¥ . . . . .

=t ! X fixed - () ; Material time derivatives (3.11)

3l ) r = () ; Sbatial time derivatives (3.12)
ot x fixed ! :

It is obvious, from (3.11) and (3.12), that

>3k
1]

0 and ki 0 (3.13)

The following important relation between the material and spatial time

derivatives is obtained from (3.13) and the chain rule.

() - );j xj (3.14a)

()

or

Ky = (Y- () T.% | (3.14b)

The spatial time derivative of the inverse Jacobian is expressed as (see

equation (25) in [171]),

“t , 1 =t+At _ =t
J.. = 1lim — (J.. )
ij AL>0 At ij ij
. 1 -t ~t 2
= lim c { Jik Axk,l Jgj + 0(AX7)}
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where superscripts t and t+At

t+At, respectively.

The material velocity and acceleration,

configuration, are derived fr

rial particle is

* [] L]
u, =u, - u, ., X,
i i isd " J

or

* o m——— k

b R B B VS B
and its acceleration is

* ¥ b Y o

u, =u, —2u, . X. +2

i i i;3 73

or

** 0 ° — i

u i = ui 2 ui,k ka )

T g At Y e

J

50

t
23

(at) + 0(at3)}
(3.15)

denote variables evaluated at times t and

described in the reference

om (3.14) and (3.15). The velocity of a mate-

(3.16a)
(3.16b)
Uiy Ry KT gy Ryt i Ry R BT)
v2ug e Ko T Xy
Jij Eﬁk ij °k (3.17b)
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3.3 Formulation of the Variational Equations of Motion Using
the Dynamic Eulerian-Lagrangian Kinematic Description

A general elastodynamic problem is first defined in the material con-
figuration. The results of the previous section are used to formulate the
variational equations of motion in the reference configuration. A weak fbrm
of the equations of motion is developed to relax the continuity requirements
on thg field variables. Specializations’of the equations for finite bodies

and unidirectional variations of the geometric mapping are discussed.
3.3.1 The Elastodynamic Problem

The equilibrium and constitutive relations for a general elastodynamic

problem, written in the material configuration, are
+F, =pu : (3.18)

05 = Ciij, e (3.19)
where Fi are components of body force per unit volume, Oij are components of

the Cauchy stress tensor, and Cijk are components of the elasticity tensor.

%
The mass density p is assumed to be uniform over the volume V. The strain-
displacement relations are defined in (3.10). The displacement and traction

boundary conditions are
-,
u, = ui(x ,£) on A (3.20)

. n, =T, = "fi(x ,t) on A (3.21)
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in which Ei and Ti are prescribed displacements and surface tractions, Au

and AT are surface regions in the material configuration on which displace-
ments and tractions are prescribed, and nj are the direction cosines of the

surface normal vector. The initial conditions for the dynamic problem are

in v (3.22)

fi
=
—~
L

r
ui(x ,0)

i

* r
ui(x ,0)

(x ) in v (3.23)

- ¥
where uy and u; are prescribed displacements and velocities at t = 0.

3.3.2 The Variational Equations of Motion

Let 6u denote a kinematically admissible variation of the displacements

at time t. The variational statement for the problem in the material
configuration is

J r I ¥**
. 6ui dav + v s Sui dv v P dui dv

Iy %ij; ]

= (0,5 ny = T;) 6u; dA (3.24)
A
Application of the Gauss theorem to the first integral and the relation
1 .-
e, = 5(8u; . +6u, .) leads to

1 3 J Js

J 0;5 68y dV - [ P osu dv -] T, éu da
v v A

%% ’
o ug duy dv = 0 (3.25a)
Vv
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or, by substitution of (3.17a)

| o,. sy AV - i F, éu, av - [ T su aa+] o u du, dv

ij
v v A v

—IV 20 Uy, 5 %y suy dv - Iv 20 up, g Xy % oouy av

ui;jk Xj Xk Su, dV

1

i
(@]

-IV p ujy Xy Suy AV + ] o (3.25Db)

3J v
The last integral in (3.25b) includes a second-order spatial derivative of
the displacements, which would require the trial functions in an assumed-
displacement solution procedure to be C1-continuous.’ This requirement can
be inconvenient in finite element solutions, so the Gauss theorem is applied

to relax the continuity requirement to CO trial functions.

-] oou, . {(X, %), su, + X, X osu,  }dv (3.26)

The variational equation of motion expressed in the material configuration

is obtained from (3.25b) and (3.26)

[ 6..6e.. dV -] F, su. dv -] T. su da + [ o u, su, dv
y 1 ij v 1 i A i i v i i

- ? ° o 2
J 290, . X uy dv o+ J pu, . X, X su, dv



. X, sug Av « [ ou, . X, X n, su, dA

- I ey, :
v 1;3 73 a0 1id 3k

- Jv b Y xj Xyoy up Qv = IV P Y, xj X, 8uy . 4V =0 (3.27)

It is convenient to describe the equations of motion in the reference
volume, because the displacement field and the geometry mapping are defined
by functions of the reference coordinates. Equation (3.27) is rewritten in

the reference coordinate system using the relations (3.7) and (3.9).

T r - ro_
I, oy e J av' - [ F; su, J dv |
\' \"% a

T. su, K_da"
r 1 1 a
T

- r o ° = r
p u du, J dv J 20w T . X; duy J dv

- o - T r - iy = r
+ {p 0 Uik T Xpom Tmg Xy Suy I A ir o Uy Ty Xy By I v
+J pu J.X. %X n su, K da°
ar ik “kj T3 T oe CUi Ta
— ° ° - it r
ir P Uy Ty Xy Ky g T Buy I AV
— [y o — -~ r
ir JETEINS SR s (3.28)

ro. . . . .
where aT is a surface area in the reference configuration corresponding to

A Equation (3.28) is a variational statement in the reference coordinate

T*

system that can serve as the basis of weak formulations of general linear

elastodynamic problems.
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The variational equation of motion (3.28) can be simplified for certain
special cases. The spatial rate of the material coordinates on the surface

of a finite body are constrained by
X en=0 (3.29)

to prevent material motion across the physical boundaries qf the structure.
In this case the second surface integral in (3.28) vanishes. Note that
(3.29) does not hold when the reference configuration is mapped onto a
subdomain of a large structure as in [46]. In this case, some portions of
r

a do not represent physical structure boundaries. When the mapping changes

only in the X,-direction, as in the analysis of mode-1I dynamic fracture

1

problems, equation (3.28) reduces to

ij ij

f g.,. 8e.. d dvr - I F. su, J dv' - f T. su, K_da"
r r i i r i ia
v \ ap

- X - 3 To.r
+ ip p u; Suy Jdv ir 200 0y Ty Xp Sy Jdv

— e ~ r
{r P Uj o Jpq Xy Bup Joav

- ir poug y T % suy T 9 v =0 (3.30)

It is easily verified that the variational equations of motion (20) in [46]
for uniform p is equivalent to (3.30) if a moving spatial domain centered at
the crack tip is chosen as the reference configuration in the dynamic ELD

formulation. It should be noted that this equivalence is only valid for the
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special case of cbnstant—velocity, uniform motion of the spatial domain. In

fact, the equation in [46] is not valid for general non-uniform motions.,1

3.4 Specialization to Isoparametric Finite Element Models

This section presents a specialization of the dynamic ELD kinematic
model to isoparametric finite element formulations. Finite element expres-
sions are written for a general three-dimensional linear eléstodynamic
problem using the weak form of the Variational'equations of motion (3.28).
In general, the motion of a spatial domain can be either known or unknown in
advance., in this section the finite element formulation is only developed
for a known mesh motion, but extension to the case of unknown motion is also
discussed.

Computational aspects of various finite element time integration
schemes are discussed, and finite element equations, for both explicit and

implicit time integration, are presented.
3.4.1 Isoparametric Finite Element Model

In the isoparametric specialization of the ELD a mapping is established

between a mesh of isoparametric elements and an actual material domain. The

! The left-hand side of equation (20) in [46] is missing the term

9c qui . . . . . .
I P CEY % 6uidV which arises from a convective term in the spatial time
A 1 1
derivative of 3u,/3x, for the case of general non-uniform motion. This

1 1

integral cancels with the corresponding right-hand side term. For uniform

motion these terms are zero, and have no effect.
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Kinematic model 1is depicted in Figure 2.1. The parent element geometry is
selected as the spatial reference configuration for each element. A local
natural coordinate system is used as the reference coordinate system in each
parent element. Motion of the finite element mesh is represented by changes
in the isoparametric mapping. The displacement field, the element geometry

and other field variables are interpolated using isoparametric shape func-

tions gs,
u; = hauia , u=HU, ‘ (3.31a)
&i = na&ia, , u-=H ﬁe (3.31Db)
u, = haﬁia , u=HU_ (3.31¢)
su;, =hsu Su = H §U, (3.31d)
X; =hX , X = H X (3.31¢)
21 = haiia , X =H ie (3.311)
X, = haiia , X = HX_ (3.31g)

where ha are element shape functions, the subscripts io indicate the compo-
nent in direction i at node a, and o ranges from 1 to the number of nodes in
the element. The matrix H is the usual interpolaﬁion matrix containing the
element shape functions, and column matrices with subscript e contain
quantities measured in the global coordinate system, but evaluated at the

element nodes.
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Equations (3.31) are used to obtain a discrete form of (3.28)

T T < r T - r T . = r
sU ) ( {P B'EB J dv + {r p H'DG J dv ir pH'AG J dv
e e e

+

T, r T = . P Te
IP p HAG A K da Ir p H'SG J dv, J o GA
ae Ve Ve

+

sUTY ( Ip o HH J dvz ) U+ sUY( - Ir 20 HUAG J dvg ) U
\'

vV .
e e
-=sU ) ([ H FJ dv + [, H T, K, da_ ) (3.32)
Ve aT

in which the summation symbol indicates assembly over the number of ele-
ments, and vg and ag are volume and area in the parent element geometry.
The column matrices U, ] an‘d U are assembled forms of the corresponding
element matrices. B and E are the strain-displacement transformation and
elasticity matrices. Other matrices and the scalar quantity A1 are defined
in Appendix B. The reader is cautioned that U and U do not contain material
velocities and accelerations, but rather first- and second-order spatial
time derivatives of displacement at the finite element nodes.

The finite element equations for arbitrary 6U are obtained from equa-

tion (3.32) as
MU+CU+KU-=P (3.33)
where M is a consistent mass matrix, C and K are nonsymmetric "effective

damping" and stiffness matrices, and P is a load vector. Matrix expressions

for M, C, K and P are presented in Appendix B. Alternatively, a lumped mass
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matrix can be used. The basis of a choice between a consistent and lumped
mass matrix, and computational strategies for nonsymmetric matrices are

documented in [45-UT].
3.4.2 Explicit Integration Equations

The solution to (3.33) can be obtained by either implicit or explicit
time integration methods. The analysis of dynamic problems in which the
effect of wave propagation is important requires a small integration time
step for an accurate solution. Thus, accuracy considerations, rather than
stability requiremgnts, might control the step size for explicit integration
methods. Using the central difference method the explicit integration

equations are

=t _t+AL =t

K U = P | (3.34)
where
X - —1—2- Mt o+ —2—%5 ct (3.35)
AtS
st _ Pt _ (Kt _ _32_ Mt) ot - ( b - 2_;_{ ct) gtat (3.36)
ALS AtS

Matrices in (3.35) and (3.36) are dependent on the solution at time t.
Thus, the usual advantage of explicit integration methods (i.e., only one
factorization of K is required) vanishes in the case of a moving finite

element mesh.
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3.4.,3 Implicit Integration Equations

Implicit time integration methods for (3.33) are based on equilibrium
at time t + At. The first- and second-order spatial rates of the displace-

ments are approximated in Newmark's method as

ﬁt+At _ ﬁt + 07 Gt + cq Gt+At ‘ (3.37)
Gt+At - c, (Ut+At _ Ut) _ 03 ﬁt - oy Gt ' (3.38)

where the integration constants Cy are defined using the Newmark parameters

B and §,

1/(8At%), c, = 8/(8AY), cy = 1/(BAL), c) = 1/(28)-1,

(@)
]

(¢}
1]

§/8-1, ¢, = é%(6/3-2), c

6 = At(1-8), cg = 84t (3.39)

7

The implicit integration equations are then written as

LAt THAL St+At

AL - P (3.40)
where
§t+At - Kt+At + 01 Mt+At + 02 Ct+At (3.41)
§t+At _ Pt+At + Mt+At (01 Ut + 03 ﬁt + Cu Gt)
AL TN LA | LIS T (3.42)
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Matrices in equations (3.41) and (3.42) are evaluated based on the
geometry at time t + At. This presents no problem for cases in which the
history of mesh motion is known. For cases where the element mesh motion is
not known (e.g., crack propagation prediction, free surface and moving
boundary [18] problems), the variational equation (3.28) can be rewrit‘ten
using incremental expressions for both the displacement and the mapping.
This renders equation (3.28’) nonlinear Qith two sets of unknown variables:
increments in the displacements Au and in the mapping AX. One way of solv-
ing the problem is to approximate AX basedv on conditions at time t, and then
treat the problem as a known mesh motion problem. Iteration might improve
the prediction of the mesh motion. Another way is to add AX as unknown
solution variables and solve a linearized form of (3.28). This procedure
requires additional constraint equations, derived from appropriate criteria
(e.g., crack propagation criteria or moving boundary definitions), to deter-
mine the mesh motion. The solution can be obtained by either implicit or
explicit time integration methods; but explicit methods, based on known
geometry at time t, produce simpler finite element expressions. Further
study and tests are needed to demonstrate the practicality of the method for

problems with unknown mesh motions.

3.5 Chapter Summary

The dynamic Eulerian-Lagrangian kinematic model for the analysis of
elastodynamic problems has been developed. Expressions are derived for
field variables and material time derivatives using the new kinematic de-
scription. The variational equations of motion are written in a form
suitable for use with isoparametric finite elements and either explicit or

implicit time integration methods.
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The ELD formulation is particularly effective for analysing problems in
which the structural geometry, material interfaces or the domain of the
boundary conditions change with time. The ELD allows the finite element
mesh to change continuously without a discrete remeshing process, so the
displacement and velocity fields remain continuous in the time domain. The
dynamic ELD finite element formulation results in a nonsymmetric stiffness
matrix, as is common. in other moving mesh procedures using a Lagrangian
model [45,46].

Finite element equations using the ELD require the evaluation of the
velocity and acceleration fields of the moving mesh. Thus, it is necessary
to establish finite element modeis of the moving mesh velocity and accelera-
tion fields, in addition to the mesh deformation. These are presented in
Chapter L4, in which the dynamic ELD formulation is applied to the analysis

of dynamic crack propagation problems.
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CHAPTER 4

DYNAMIC CRACK PROPAGATION ANALYSIS
USING THE EULERIAN-LAGRANGIAN KINEMATIC MODEL

4,1 General

Brittle fracture often involves fast crack propagation at velocities on
the order of the material's characteristic wave speeds. This generates
rapid material particle motions, and inertia effects become important.
Inertia effects are also significant in bodies with stationary cracks that
are subjected to impact or expleive loads. Stress waves, generated by
either a running crack or dynamic loads, propagate through the medium and
reflect at the boundaries. The propagation of stress waves influences the
history of the crack-tip stress field and, consequently, effects the motion

of the crack.

The near-tip dynamic stress field in a linearly elastic solid is
described as a function of the dynamic stress intensity factor, the crack
tip velocity, and spatial coordinates local to the crack tip. The spatial
dependence of the stress distribution is common for all (subsonic)
elastodynamic crack problems, so the crack velocity and the stress intensity

factors completely characterize the near-tip stress field [48,49].

KI(t) I KII(t) II
S v Z"(G,V) Y73 2::(6,V) + 0(1) (4.1)
{znr 1] (2nr) iJ

The first two terms in (4.1) dominate as r goes to zero, where r is the

radial distance from the crack tip and v is the crack-tip speed. The func-

I

tions Z (6,v) are velocity-dependent and reduce to the corresponding
iJ

expressions for the stationary crack when v = 0. These functions are given
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in [49]. For a running crack in a half plane, the dynamic stress intensity
factor can be expressed as the product of a universal function of the in-
stantaneous crack-tip velocity and the stress intensity factor for a sta-
tionary crack, of length equal to the instantaneous length of the running

crack, in a half plane subjected to the same load history [50].

K(t,v) = k(v) K(t,0) ‘ (4.2)

The universal function k(v) is given in [51]. The relation is a general
result for arbitrary load histories and non-uniform crack-tip motion [52].
It is also valid for running cracks in finite bodies until the time at which
reflected waves return to the crack tip.

Crack-tip motion is generally assumed to follow an energy balance
criterion, i.e. a crack propagates in such a way that the dynamic energy
release rate is equal to a Specific fracture energy. The specific fracture
energy is a characteristic property of the material under consideration, and
is known to be dependent only on the instantaneous crack-tip velocity
[11,12,53]. For a uniformly running crack under pure mode-I conditions, the
dynamic energy release rate can be expressed as a function of the crack-tip

speed and the dynamic stress intensity factor [54],

G==— f(v) « K (4.3)

where u is the shear modulus and f(v) is a velocity-dependent factor given
in (4.22). This is valid for all symmetric loading conditions and geometric
configurations, and also for a non-uniformly running crack [8]. Nishioka

and Atluri have proposed relationships between the modal stress intensity
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factors and energy release rates for mixed-mode problems [55]. This study
is concerned primarily with dynamic fracture under pure mode-I conditions.

A major concern in the study of dynamic brittle fracture is the solu-
tion and measurement of the dynamic stress intensity factor, because the
behavior of a crack is determined by the local stress field near the crack
tip. A detailed review of available analytic solutions is given in [56],
and recent develobments are described in [11,12,13,57]. Ex@sting analytic
solutions are limited to idealized geometries and loading conditions,
because of mathematical complexity. As discussed in [11], simple analytic
analysis is not adequate for realistic problems, particularly for problems
in which the effects of wave propagation are important. Consequently, a
reliable numerical analysis method for dynamic fracture is needed.

In this chapter the dynamic Eulerian-Lagrangian kinematic description
is applied to the analysis of elastodynamic fracture problems. A dynamic
moving isoparametric finite element method, based on the special weak form
of the variational equations of motion developed in Chapter 3, is used for
the analysis. Section 4.2 reviews existing finite element methods. Simpli-
fied forms of the finite element equations for the analysis of mode-I prob-
lems in finite bodies are given in Section 4.3, Section 4.4 presents solu-
tion procedures for dynamic crack propagation using the Eulerian-Lagrangian
finite element method. The simulation of singular fields near the crack tip
and techniques for modeling crack propagation are explained. Computational
methods for extracting energy release rates and stress intensity factors are
described. In Section 4,5 numerical examples of dynamic crack propagation
analysis are presented. The transient stages of crack acceleration and
crack arrest are studied in detail, and the effects of wave propagation on

dynamic crack growth behavior are discussed.
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4,2 Review of Finite Element Methods for the Analysis of Dynamic

Crack Propagation

The earliest finite element methods for dynamic crack propagation use a
node decoupling technique with a simple nodal force release mechanism [58-
63]. In this approach the inter-element forces at the crack-tip node are
prescribed to decay from their values at the instant prior to the release of
the 0ld crack-tip node, to zero when the crack tip reaches the next node.
The energy release rate is computed by numerical differentiation of the
change in global energy. This procedure often produces inaccurate results
when explicit time integration is employed, since the prescribed nodal force
is not generally in dynamic equilibrium with the state of stress in the
adjoining finite elements. Also, the effect of impulse stress waves gener-
ated by the instantaneous application of the prescribed nodal force reduces
the accuracy of the method. Kanninen [15] concluded, based on available
methods at the time, that the finite element method was not appropriate for
modeling crack propagation.

Bazant, et al. [U46] have proposed a special finite element procedure
based on a moving coordinate system centered at the crack tip. The finite
element mesh is translated as a rigid body to follow the crack-tip motion.
As discussed in Chapter 3, this procedure is restricted to semi-infinite
strips whose surfaces are parallel to the direction of crack propagation.
Also, appropriate dynamic boundary conditions must be determined for the
leading and trailing edges of the finite element mesh. More refined finite
element methods have been proposed, but they still suffer some disadvan-
tages; e.g., limited applicability and inaccurate modeling of the special
characteristics of dynamic crack propagation behavior. These are documented

in [16] and [64].



57

Recently, significant progress has been made by Nishioka and Atluri
[45] who use a "moving singular element procedure" to model dynamic crack
propagation. 1In their method, a special singular element is formulated
using analytic asymptotic solutions for the singularities near the crack
tip together with a variational statement that accounts for the motion of
the singular element. To simulate crack propagation, only the conventional
finite elements immediately surrounding the singular element are distorted,
so that no geometric distortion is applied to the moving crack-tip element.
Thus, only limited remeshing is required’at each time step. The dynamic
stress intensity factor, which is embedded as an unknown parameter in the
singular element formulation, is computed directly in the solution process,
The numerical results obtained with moving singular elements are compared
with those obtained using quarter-point singular isoparametric elements in
[65]. Later, Atluri applied a path integrél [66] to the moving singular
element procedure [67]. A similar moving singular element procedure has
been reported by Gunther et al. [64].

Mosf finite element methods used in dynamic fracture problems use a
Lagrangian kinematic model, in which the geometric discretization is se-
lected a priori for a material configuration, and the finite element mesh is
required to follow the material motion during a time step. This is disad-
vantageous, particularly for modeling fast crack propagation, since it
requires local remeshing between time steps and frequent overall remeshing.
Interpolation of the displacement and velocity fields is required whenever
any remeshing is performed. These problems are reduced or eliminated by the

dynamic ELD finite element formulation described in the next section.
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4,3 The Dynamic Eulerian-Lagrangian Finite Element Method

The elastodynamic version of the Eulerian-Lagrangian kinematic de-
scription (ELD), developed in Chapter 3, is an alternative to conventional
Lagrangian descriptions for problems in which the geometry of the structure,
the material interfaces, or the domains of the boundary conditions change
with time. A weak form of the variational equations of motion, written in
the reference coordinate system, was presented for linear elastodynamic
problems. This form can be simplified for cases in which the geometric

mapping changes only in the X, -direction in bodies with finite geometry (see

1
equation (3.30)). Finite element equations, suitable for the analysis of
mode—-1 dynamic fracﬁure problems, are obtained by discretizing the
simplified conﬁinuum form of the variational equation. Motion of the finite
element mesh is represented by continuous changes in the isoparametric
element mappings. The stiffnesé equations produced by the dynamic ELD are
reviewed next.

Implicit integration equations based on the dynamic ELD are formed

using Newmark's method,

RE+AL JEAt _ Steat (4.1)
where
REFAL _ ptrat c, wEHAE c, ctrat (4.5
pEHAL _ pteAt | teAt (e, - e, gt . ) ot
e eyt e G5 o, UY) (4.6)
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The column matrices Ut, ﬁt, Ut in (4.6) are the vector of node displacements

and its first- and second-order spatial time derivatives; and the terms ¢y
are integration constants defined in Chapter 3. The matrices Kt, Ct, Mt and

Pt are defined as

t T - ro_ T = r
K =1 (], BEBJdv, [0 HAG J dv,

A% A\
e e
- I e 6'iMhe g avh) (4.7)
\%
e
¢t -7 —;JP 20 HUAG J de) (4.8)
v e
M =] e HE Jav)) (4.9)
v |
e ~.

Equations (4.7)—(&.9) are evaluated based on the geometry at time t. To
evaluate (4.5) and (4.6) the mesh geometry, velocity and acceleration at
time t+At must be either known or estimated based on conditions at time t.
The required information can be generated using variable geometric mappings,
controlled by crack-tip motion, as described in the following section.
Expressions for the matrices and scalar quantities used in (4.7)-(4.9) are

given in Appendix B.
4,4 Finite Element Solution Procedures for Dynamic Crack Propagation

This section presents a new finite element method for modeling dynamic
fracture problems using the ELD kinematic model, and special techniques for
computation of the dynamic energy release rate and the stress intensity

factor. Quarter-point singular isoparametric elements simulate the singular
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fields near the crack tip. Procedures for simulating crack propagation are
discussed, and advantages of the dynamic ELD model with respect to conven-

tional Lagrangian models are noted.
4,4,1 Singular Fields Near the Crack Tip

The strain field near a crack tip in a linearly elastic material pos-
sesses a singularity of order r—T/Z, for stationary cracks and cracks propa-
gating at subsonic speeds, where r is the radial distance from the crack
tip. This singular form can be incorporated'in finite element models by
using quarter-point isoparametric elements [25]. The strain in the isopara-

metric elements are expressed as

“ —
eij =3 (uiyk ka + uj,k Jki) (4.10)

The singular strain field results from a singular Jacobian at the crack tip,
which is produced simply by placing side nodes at the quarter point. The
displacement gradients in the natural element coordinate system are non-
singular.

For a running crack, there is also a singularity of order r—1/2 in the
material velocity field surrounding the crack tip. Quarter-point isopara-
metric elements based on a conventional Lagrangian kinematic description do

not generate the desired singularity, because the material velocity field is

simply interpolated as,

=h u (4.11)
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where ha are element shape functions, and subscripts ia indicate the compo-
nent in direction i at node a. The subscript o ranges from 1 to the number
of nodes in the element. Finite element methods using conventional Lagran-
gian kinematic models generally require special singular elements [45,64] to
incorporate the singular velocity field. These elements are formulated
using analytic solutions for infini@e bodies. They can be difficult to
incorporate in general finite element‘programs, because they introduce
incompatibilities in the displacement model at the interface between the
singular elements and the rest of the mesh; Approximate satisfaction of the
compatibility requirement is obtained by a least squares minimization of
error [U45], or by introducing additional boundary displacement functions
[oul.

When quarter-point isoparametric crack-tip elements are used with the
dynamic ELD to model running cracks, the appropriate singular form is auto-
matically generated ih the material velocity field. Using the relation
between material and spatial time derivatives (3.14b), the material velocity
is expressed in the element natural coordinate system as

* .
u; o= Uy - ui,k ka Xj (4.12)

e

The convective term in (4.12) introduces the singularity through the Jacobi-
an components. The singularity in the velocity field vanishes, as is ex-
pected, for zero crack-tip velocity. Thus, the combination of singular
quarter—point iscoparametric elements with the dynamic ELD is suitable for
all subsonic crack-tip velocities. This model is relatively easy to imple-
ment. It is interelement compatible, and there is no need to formulate

special crack-tip elements.
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4.4,2 A Geometric Model for Crack Propagation

In finite element procedures crack growth motion is usually modeled
incrementally, by shifting the crack-tip node to a new material location at
each time step. This requires at least a local remeshing prior to every
time step, and frequent over-all remeshing. Interpolation of the
displacement and velocity fields are required whenever any remeshing is
performed. These problems can be reduced or eliminated by using the dynamic
ELD finite element procedure, as described in this section.

Crack growth is modeled by continuous Eulerian mesh motion, rather than
by discrete remeshing operations. This eliminates the need to remesh and
interpolate between every time step. The need for over-all remeshing is
greatly reduced, and often eliminated, by smoothly distributing the mesh
motion over a selected region of the structure. A two-level mapping is used
to describe the Eulerian motion. The actual Eulerian mapping is defined
locally by the isoparametric mapping and node coordinates for each individ-
ual finite element, as described in Chapter 3. Auxiliary regional mappings
are used to relate node coordinate changes to the crack-tip motion. Appro-
priate regions and mappings are selected prior to analysis for this purpose.

The mapping process is illustrated in Figure 4.1. A topological sub-
division is established that describes the structure as a series of regions,

whose shapes vary with time. The volume occupied by a typical region N at

t
time t is designated QN . Figure 4.1 shows the geometry change of QN from
time t1 to time t2. An independent reference parent volume mg, described by

"natural coordinates EN, is established for each QNQ A coordinate mapping

+ Q, is then used to describe the geometry of each region through
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N
Xy = oy(E,t) (4.13)

The changes of the mappings through time are constrained to follow the crack
growth.

Nodes at the corners of the finite elements are assumed to represent
fixed locations £ in the parent regions. The coordinates and motion of the
corner nodes are calculated by (4.13). To avoid undesirable distortions,
side node positions are not computed directly from the mapping ¢. Instead,
straight sides are assumed; and appropriéte proportional spacing (mid-side
or quarter-point for singular crack-tip elements) is used to determine the
side node locations, based on the mapped locations of the element corner
nodes.,

In the present implementation, the parent regions are unit squares that
map to quadrilateral regions of the actual structure via a bilinear mapping.
Other mappings, such>as transfinite mappings [68], could be useful;
especially for curved crack geometries. The four corner nodes of a region
control the bilinear mapping. Simple geometric relations are established to
link the motion of the region corner nodes to the motion of the crack-tip
node. In this way the motion of every finite element node can be expressed
explicitly as a function of the crack-tip motion. Using the ELD finite
element model described in Chapter 3, the position, velocity and accelera-
tion of any fixed spatial location xr within a given element can then be

written as an explicit function of the crack-tip motion.
4. 4,3 Computation of the Dynamic Energy Release Rates

In this section procedures for computing the dynamic energy release
rates are described. Two distinct cases are considered: a stationary crack

subject to general dynamic loading and a propagating crack in a dynamic
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field. For a stationary crack, an instantaneous "virtual energy release
rate" due to a virtual crack extension is used because there is no actual
energy flux into the stationary crack tip. For a propagating crack, the
dynamic energy release rate is extracted from the real global change in

internal energy and external work between time steps.
4,4.3,1 Stationary Crack

This section presents a continuum formulation of the integral expres-
sions for an instantaneous virtual energy reléase rate for a general dynamic
mixed-mode problem. In Section 2.4,1 the variation of the mutual potential
energy due to a virtual crack extension was derived for a stationary crack
subject to a static stress field. Here dynamic effects are incorporated by
including inertia forces as part of the body force expression. In contrast
to a growing crack, a stationary crack does not generate a singular
distribution of inertia forces around its tip. Therefore, the singular
forms of the stress and strain fields are unaffected by the inertia forces
and a virtual energy release rate can be used to compute the stress
intensity factor by the same procedure outlined in Section 2.4.1.

Consider a fixed finite material volume V., bounded by the surface A

0 0’
which includes part of the crack surfaces, as shown in Figure 2.2. All of
the field variables are first defined as functions of the material coordi-
nates, indicated here by a circumflex """, The variation of the mutual
potential energy due to a virtual crack extension, expressed in the material

coordinate system and including inertia forces as a part of the body forces,

is

12 s a Dy L) ((ég” - {;gw) £§2)
VO Vo
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~(1)

in which §A is the newly-created crack surface. Now b

~(2)

and b represent

all body forces other than the inertia forces. To simplify the analysis,
but without loss of generality, it is assumed that during a virtual crack
extension there are no variations of the surface tractions on AO or the mass
density and body forces in VO” and that the newly-created crack surfaces are
traction-free. It is also assumed that there is no change in the material
acceleration field during a virtual crack extension.l

Sp = Gb(1) = Gb(Z) =0 in Vv (k.15a)

~(2)

5T§1) = 6T =0 on A (4.15Db)

T§1) = T?Z) =0 on §A (4.15¢)
1 1

() 2) .

su; = su;< =0 in v, (4.15d)

Then equation (4.14) can be simplified.

R B A N ((b(1) '§1)) 5G§2)

Yo Yo

(2) ;§2)) 6&§1)) av
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S (T(‘) “(2) . T<2> §1>) da (4.16)

Ao

The fixed material volume VO and the surface AO map onto the reference

volume vg which is bounded by the surface ag. The field variables can be

. . . r .
defined as functions of the reference coordinates x ; as an alternative to

the above functions based on the material coordinates. Thus, the displace-

A

"(n)(x,t) in the

(n)

material configuration are related to the functions u t) and

(n)

~(n)

ment function u (X,t) and the acceleration function u

(x ,£) by the inverse geometric mapping. There is no difference between

%% (n)

u(n)(xr,t) and u (x ,£) for a stationary crack

dMixe = &), n (4.17a)

]
—a
N

ﬁ(”)(x”(x,t)> , n=1,2 (4.17p)

a(n)(x’t)

A virtual crack extension is modeled by a special variation in the
geometric mapping Gx(xr,t). To maintain equilibrium in the material volume

during the virtual crack extension (subject to the conditions (4.15)), there

(n)

must be variations in the displacement fields Su (xr); n=1, 2, Equation

(4.,16) is then rewritten in the reference coordinate system as

(1,2) (1,2)

(1,2) _
M =J umw ) J av

o B O R S I N G S N S DI I I

Yo
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-] N (T§1)6u§2) + T£2)6u§1)) K da” + i .8 (w(1’2)3) av’ (4.18)
%0 ) Yo

X

where 6X denotes a variation due to the geometric variation. If the volume

VO is in equilibrium, the first three integrals in (4.18) vanish for admis-
Sible variations du(1) and Gu(2>, by the principle of stationary mutual
potential energy ((2.18) and (2.19)). The variation of the mutual potential

energy 1s then simply

sl L (2 g 1,2) 5y e (4.19)

Equation (4.19) is the same expression as (2.25), and the virtual energy
release rate can be evaluated using the finite element expressions given in
Section 2.4.2,

For pure mode-I cases, the virtual energy release rate can be written,

as in Section 2.5, as

-z s g s D) av’ (4.20)
\

4,4,3.2 Propagating Crack

The real energy release rate for a propagating crack is here calculated
from a finite difference expression based on the global energy difference
between time steps. For a crack increment Aa between time steps an average

energy release rate is
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_ AP - AW - AK ' .
G = sAa (4.21)

where AP 1is the change in external work, AW the change in strain energy and
AK the change in kinetic energy between time steps. The instantaneous
energy release rate 1s obtained in the limit as Aa goes to zero. Equation
(4,21) is used to compute the dynamic stress intensity factor at the mid-
point of a time increment. This procedure usually produces accu?ate results
in finite element methods since discretization errors tend to be self-
cancelling when the energy difference is compuﬁed. However, problems may be

encountered as the crack velocity approaches zero, as noted in Section

§,.5.3.
4, 4.4 Computation of the Dynamic Stress Intensity Factor

In the present method the dynamic stress intensity factor is computed
from the dynamic energy release rate using a relation given in [54]. For

pure mode-I propagation, the proper relation is (4.3), where

aD(1 ag)
f(v) = 55 (4,22)
MaDaS - (1 + as)
ag =1 - (%—)2 ; as =1 = (%—)2 (4.23)
D S
e _ ¥
CS =5 : (4.24)
2y -y . .
5 (1-2v) ; plane strain (4.25a)
5 ,
¢y = <
2u (—l—) ; plane stress (4.25b)
p1-v :
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Here, v is the crack propagation speed, CS the shear wave speed and CD the

dilatation wave speed. When v goes to zero, i.e. for a stationary crack,

1T - ; plane strain (4.26a)
£(0) =X
1
T ; Dplane stress (4.26b)

and (4.3) becomes equivalent to (2.48).
4.5 Numerical Examples

In this section the dynamic ELD moving finite element method is applied
to the analysis of mode-I dynamic crack propagation problems. Finite ele-
ment solutions are presented, and compared to analytic predictions and other
numerical results using conventional kinematic descriptions.,

4,5,1 Crack Propagation in a Finite Strip with Prescribed Boundary
Displacements

A square plate with an edge crack of length a. is subjected to stati-

0

cally applied prescribed displacements under plane strain conditions. After
a given time, t = 0, the crack propagates with constant velocity while the
prescribed displacements are maintained. The following dimensions and

material properties are used (see Figure 4.2): W = 40 mm, 2h = 40 mm,

a =8 mm, E=7.56 x 10'% N/m%, v = 0.286, u = 2.94 x 100

0
p = 2.45 x 103 Kg/m3. The dilatation wave speed C

N/m2,

D is 6.33 Km/sec, the

shear wave speed CS is 3.46 Km/sec and the Rayleigh surface wave speed

CR is 3.2 Km/sec. Three different crack velocities are considered:

v = 0.2 CS’ 0.4 CS and 0.6 CS; where v is the crack-tip velocity. This

problem is a transient, finite body version of Nilsson's problem [69].
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Nilsson presents steady-state solutions for the problem of a semi-infinite
crack propagating with constant velocity in an infinite strip.

A mesh of quadratic triangular isoparametric elements is used to model
the vpper half of the structure. Four quarter-point singular elements [25]
are used to model the crack-tip region. As discussed in section 4.4.1,
quarter-point isoparametric singular elements correctly model the
singularities in the stress field and in the material velocity field for a
dynamically propagating crack, while maintaining displacement compatibility
at the interface between the singular and conventional elements. The finite
element mesh used for v = 0.4 CS is‘shown in Figurg 4.3, The mesh in Figure
4,3a represents the initial crack geometry. As the crack propagates, the
mesh changes continuously to model the crack growth according to the
procedure in section 4.4.2. The final mesh at a/W = 0.5 is shown in Figure
4.3b.

Finite element solutiohs were obtained using implicit integration with
Newmark's parameters § = 0.5 and B = 0.25. The initial crack length ao is
8 mm , and the change in crack length per integration time step is
Atev = 0.2 mm for all three velocities. The dynamic energy release rate is
obtained by considering the increments in global energy and work during a
time step, and the dynamic stress intensity factor (SIF) is computed from
the energy release rate by the relation (4.3). The SIF values plotted in
Figures 4.4 - 4,6 are normalized by the SIF, K;(O), of a stationary, semi-
infinite crack in an infinite strip. For plane strain,

u.E
K;(0) = 2 (4.27)

h1/2(1 - v2)

where Uy is the prescribed boundary displacement [69].
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According to (4.2), the SIF immediately after the crack begins to
propagate should be k(v)KI(O), where k(v) is the universal function of
crack-tip velocity given in [51], and KI(O) is the SIF for a stationary

crack of length a Normalized values of k(v)KI(O), obtained by numerical

0
evaluation of k(v) and finite element solutions for KI(O), are marked in
Figures 4.4 - 4.6. For all crack-tip velocities studied, the present method
predicts values of SIF virtually identical to k(v)KI(O) immediately after
the crack starts propagating. A detailed study of the transition period in
which the crack tip accelerates fr'om'zer'o to a constant velocity is
presented in the next section. The SIF predicted by the present method
increases steadily until the time tf when the first reflected waves arrive
at the crack tip. In the long term, the SIF exhibits small oscillations
near Nilsson's steady-state solution, until the crack approaches the far
edge of the plate.

Numerical results obtained with a moving singular element procedure
[65,70] are presented for comparison. In Figures 4.4 - 4.6 results for a
special singular element with propagation eigen functions [70] are plotted
as a solid curve, and results for the usual quarter-point isoparametric
elements with global energy balance computation [65] are plotted as a dashed
curve., Upward arrows indicate the times at which a remeshing process is
performed in the moving singular element procedure. For v = 0.2 CS both
results are nearly identical, so only the results of the propagation eigen
function method are plotted. The propagation eigen function results do not
match the analytic prediction of an instantaneous drop in the SIF as the
crack begins to propagate. The SIF values are overestimated, and the error
is larger for higher crack-tip velocities. A disturbance in the SIF is

reported in [65] for the quarter-point isoparametric element procedure at

higher crack-tip velocities each time remeshing is performed. This might be
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an artifact of the displacement discontinuities (in time) that are produced
by remeshing operations in a conventional Lagrangian description. In the
dynamic ELD formulation the displacement field evolves continuously as the

mesh moves, and no disturbance of the SIF is observed.
4.,5.2 A Detailed Study of the Crack Acceleration Period

In this section the convergence of the present method to the analytic
prediction at the initiation of crack propagation in the previous example is
investigated. In an analytic analysis the créck at rest suddenly starts to
propagate with a finite speed. As Eshelby observed [71], this is not im-
proper since no inertia is associated with a brittle crack tip. Therefore,
the crack speed can change discontinuously. Equation (4.2) implies that the
dynamic stress intensity factor value is instantly reduced from its static
value, KI(O), by the factor k(v), immediately after the crack begins to
propagate.

In the present study, the crack is assumed to accelerate smoothly from

zero velocity to a constant speed of 0.4 C_, during a short transition period

S

ttr' The case of an instantaneous change of the crack-tip velocity is

attained in the limit as ttr goes to zero. The crack-tip velocity varies
according to a cubic function, such that there is zero acceleration at the

beginning and end of the transition period. Three different transition

(1) _ (2) _ (3) _
tr At, ttr = 1/2 At and t = 1/4 At, where At

times are considered: t tr

is the time step size used in the previous example, i.e. At = 0.1443 sec.
The geometry, prescribed displacements and material properties are identical
to those in the previous example. Reduced time step sizes At are used to
capture the details of the transient response. The time step sizes used in

() _ 2@ (3)

the analyses are At = 1/8 At and At = 1/16 At.
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Values of the SIF, normalized by K;(O), are plotted in Figure 4,7. The
times tD’ tS and tR marked in Figure 4.7 indicate the times when the dilata-
tion, shear and Rayleigh waves generated by the initial crack-tip motion
pass out of the crack-tip elements. In all three cases, the neQ method
predicts SIF values virtually identical to the analytic prediotidn,
k(v)KI(O), after the dilatation, sheaf and Rayleigh wave fronts completely
leave the crack-tip elements. However, erratic response ie observed prior

to t particularly for shorter transition times, This response is attri-

D!
buted to the inability of the singular element shape functions to correctly
model the strong wave fronts while they are within the crack-tip elements.
However, good results are obtained once the waves pass the singular elements

(after the times ¢t t. and tR). The use of smaller crack-tip elements

D’ s

reduces the times tD’ t. and tR; and thus produces reliable results after a

S
short time. For best results, a transition time ttr roughly equal to tD is
recommended. A minimum of four steps should be used during the transition

period, while larger time steps may be used after the solution has stabi-

lized following the transition.
4.5.3 A Crack Arrest Problem

In this section crack arrest behavior in a square plate subjected to
statically applied prescribed displacements under plane strain conditions is
investigated. The dimensions and material properties are identical to those
used in the problem in Section 4.5.1. An edge crack begins to propagate
with constant velocity at time t = Q0 while the prescribed displacements are
maintained, as inkthe previous example; but suddenly arrests at a time

designated t Results for the case in which the running crack velocity is

A°

0.4 CS and the crack arrest time t, = 2.382 usec are presented. In the

A

numerical simulation, the crack decelerates over a short time period equal
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to a regular integration time step (At = 0.1443 psec). The crack-tip
velocity is assumed to change smoothly from its running velocity to zero
velocity according to a cubic function, similar to the assumptions for the
crack acceleration period. Sixteen reduced time steps were used during the
deceleration period to capture the details of the crack arrest behavior.
Values of the SIF, normalized by the value K;(O) defined in (4.27), are
plotted in Figure 4.8. The times tCD’ tCS and tCR marked in‘Figure L.8
indicate the times when dilatation, shear and Rayleigh waves generated by

the initial crack-tip motion travel to the nearest free boundary and reflect

and t are the times at

back to the arrested crack tip. The’tlmes tAD’ tAS AR

which the dilatation, shear and Rayleigh waves generated by the crack arrest
travel to the nearest free boundary and reflect back to the crack tip. A
prediction of the SIF at the instant of crack arrest (prior to the time when
the first reflected waves return to the crack tip) can be obtained from the
analytic result (4.2) and a finite element solution for K(tA,v). This
prediction is indicated by K(tA,O) in Figure 4.8, The present method pro-
duces an instantaneous jump in the SIF virtually identical to the predicted
value at the instant of crack arrest. This close agreement was also
obtained for a simulation using a different velocity for the running crack.
Immediately after crack arrest, a continued rise of the SIF due to material
inertia is predicted. In the long-term, the SIF oscillates around the
static stress intensity factor associated with the arrested crack length,

denoted by K, in Figure 4.8, as expected. This was confirmed in the

S

simulation for times up to t = 25.0 psec, although Figure 4.8 shows only the

SIF history for a short time after arrest. The value of K, shown in Figure

S
4.8 was computed by the finite element method described in Chapter 2 using
the arrested crack length and the static stress field produced by the

prescribed boundary displacements. The same type of oscillation of the SIF
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after crack arrest has been observed in experiments where the effects of
wave reflections are significant [72].

It should be noted that a problem did arise in the numerical computa-
tidn of the SIF during the deceleration period. As the crack-tip velocity
approaches zero, the finite difference approximation of the energy releése
rates can lead to unreliable predictions of the SIF. The sum of the kine-

tic and strain energy rates is computed from

S(K + W) _ 8(K + W) st

53 St sa (4.28)

The term §(X+W) tends to zero as the crack-tip velocity v approaches zero.

§(K + W)

5T will lead to

Small errors in the finite difference approximation of

large errors in the computed values of the SIF as v goes to zero because

lim &8t _ ‘

v+0 §a - " (4.29)
In Figure 4.8 the SIF at the mid-point of the deceleration period is plot-
ted. Erratic values for the SIF were computed at only the last three of the‘
sixteen small time steps used during the deceleration period. For tZtA the
explicit method of Section 4.4.3.1 was used to compute the SIF. No problems

were encountered in the calculation of the SIF subsequent to tA°
4,5.4 Crack Propagation in a Finite Plate with Stress-Wave Loading

A rectangular plate with a central crack of length 2a0, shown in Figure
4,9, is subjected to uniformly distributed tensile traction stresses Py
under plane strain conditions. The time-dependent stress loading Py is

defined by
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REPPLISY (4.30)
where H(t) is the Heaviside unit step-function. Dimensions and material
properties are (see Figure 4.9): W = 104 mm, L = 40 mm, ZaO = 24 mm,

10 10 3

E =7.56 x 10 N/m2, v = 0.286, p = 2.94 x 10 N/mz, p = 2.45 x 10 Kg/m3.

The crack, with an initial length of 2a remains stationary until a time,

0’
t = 4.4 usec, shortly after the stress wave arrives. The crack then begins
to propagate at both tips with a constant velocity v = 1.0 Km/sec.

The upper-right quadrant of the structure is modeled with a mesh of LST
isoparametric elements, and quarter-point isoparametric elements are used as
crack-tip elements. The time step size used is At = 0.2 psec; and § = 0.5
and B = 0.25 are the Newmark time integration parameters. At time
t = 4.4 usec the crack tips accelerate from zero velocity to v = 1.0 Km/sec
using the smooth acceleration scheme described in the previous example. A
single regular time step is used as the transition period ttr’ which is
subdivided into eight reduced time steps. Reduced time steps are continued
for an additional regular time step after the crack tips achieve full velo-
city.

The SIF values plotted in Figure 4.10 are normalized by the static SIF
1/2

for a crack of initial length 2a0 in an infinite body, ozz(vao) . The

notation for specific times marked in Figure 4.10 is explained as follows.

t : the time for the dilatation waves to travel from the
boundary where the time-dependent tension is applied
to the stationary crack tip.

t : the time when the crack starts to propagate.
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tLD’ tLS’ tLR : tL plus the time taken by the dilatation, shear and
Rayleigh waves first scattered by a stationary crack
tip to reach the other crack tip.

tCD’ tCS’ tCR : tC plus the time taken by the dilatation, shear and

Rayleigh waves emanéting from a crack tip at tC to

reach the other crack tip.

tLOL ¢ the time for the dilatation waves to Fravel from the
boundary where the time-dependent tension is applied
to the opposite side, and reflect back to a moving
crack tip.

tCOL ’ : the time taken by the dilatation waves emanating from

a crack tip at tc to travel to the nearest boundary

and reflect back to the same crack tip.

The analytic solution for the SIF for a stationary crack in an infinite

body subjected to stress-wave loading is given by Freund [50] as

K(t,0) = 2(2/m) "2 0gug (t - tL)”2 (4.31)

where w. is given in [50], and o, is 2¢ in this problem. For a propagat-

0 0 22

ing crack the corresponding analytic solution is [50]

K(t,v)

1/2 1/2
2(2/7) LA k(v) (t tL)

k(v) K(t,0), t >t (4.32)

For the finite body problem, the analytic solutions are only valid prior to

the time at which reflected waves reach the crack tips. Normalized values
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of K, obtained by numerical evaluation of the analytic expressions for k(v)

I

and wg given in [50,51], are plotted in Figure 4.10 as a solid curve.
Results obtained with the new method are also plotted, and are in excellent
agreement with the analytic solutions until there is significant interactio’n
of the reflected waves with the crack tip.

Numerical results by Nishioka and Atluri [70] using a moving singular
element procedure are also presented in Figure 4.10 for comparison. Their
results were obtained using a special singular element based on propagation
eigen functions. Upward arrows indicate the times at which over—-all re-
meshing is performed in the Nishioka and Atluri solution. The procedure
does not predict an instantaneous drop in the SIF as the crack starts to
propagate; and values of the SIF slightly higher than the analytic results
are observed for some time thereafter., It is worth noting that an inac-
curate solution at the time when the crack begins to propagate can reduce

the accuracy of the solution at subsequent times, when reflected stress

waves generated by the moving crack return to the crack tip.
4,6 Chapter Summary

A moving finite element method, based on the dynamic Eulerian-
Lagrangian kinematic model, has been used for the analysis of brittle dynam-
ic fracture problems. The finite element equations, developed in Chapter 3
for a general three-dimensional linear elastodynamic problem, were simpli-
fied for cases in which the geometric mapping changes only in the X1-
direction, in finite bodies. This model is suitable for the analysis of
mode-I dynamic crack propagation. A history of the mesh motion, based on
the crack propagation history, is assumed to be known,

The isoparametric finite element version of the dynamic ELD provides a

simpler and more effective model of dynamic crack propagation behavior than
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conventional Lagrangian kinematic models. Commonly-used quarter-point
singular isoparametric elements automatically capture the singularities in
both the material velocity field and the stress field at the orackvtip. The
convective terms in the dynamic ELD model ensure that the proper singular
form is generated in the velocity field. The mesh motion used to model
crack growth can be distributed over a selected region of the structure
using an auxiliary mapping. This greatly reduces - and often eliminates -
the need for discrete remeshing of the over-all structure; and local remesh-
ing between time steps is completely eliminated. Since the mesh motion is
introduced continuously in the ELD kinematic model, there is no need to
interpolate field variables between time steps, as in Lagrangian remeshing
procedures.

The dynamic stress intensity factor is computed from either a dynamic
énergy release rate, based on a global energy difference computation; or
from an instantaneous energy rate expression associated with a virtual crack
extension. Finite element discretization errors tend to be self-cancelling
in the energy methods. Numerical examples of mode-I dynamic crack propaga-
tion demonstrate the advantages of the ELD with respect to conventional
kinematic descriptions. Excellent agreemeht is achieved with analytic
predictions. The dynamic ELD finite element model performs well, even for
cases in which the motion of the crack tip is discontinuous, such as sudden
crack propagation at a finite speed. Potential applications of the method
to additional problems in the analysis of brittle dynamic fracture are

discussed in the next chapter.
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CHAPTER 5
CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY

This study has presented a small-deformation Eulerian-Lagrangian kine-
matic description for the analysis of static and dynamic brittle fracture.
Three novel accomplishments can be identified: The development of a compu-
tational method for extracting virtual energy release rates in _linear‘ elas-
tic fracture mechanics; formulation of an elastodynamic version of the ELD
in continuum form and its specialization t‘o moving isoparametric finite
element analysis; and the analysis of rapid brittle fracture using the
dynamic ELD moving isoparametric finite element method.

Explicit expressions for mutual potential energy release rates and
mixed-mode stress intensity factors for linear elastic fracture mechanics
problems were presented in Chapter 2. The ELD kinematic model allows a
geometric variation to represent a true virtual crack extension. Thus, a
true variational formulation of the energy release rates is possible. The
need for finite difference approximation of the energy release rates, re-
quired in conventional Lagrangian virtual crack extension methods, is elimi-
nated. The instantaneous energy release rates are evaluated directly from
integral expressions defined over quarter-point singular isoparametric
elements. The method produces very accurate results, even for a relatively
coarse mesh and for an integration domain close to the crack tip.

The small-deformation version of the ELD was extended to dynamic prob-
lems in Chapter 3. Time rate expressions for various field variables were
derived using the dynamic ELD kinematic model; and a continuum formulation
of the variational equations of motion was developed. The variational
equations of motion based on the ELD model introduce more stringent con-

tinuity conditions than conventional Lagrangian formulations. A special
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weak form of the variational equations was derived to overcome these prob-
lems and to provide a suitable basis for dynamic moving isoparametric finite
element formulations. Finite element expressions for a general three-
dimensional dynamic problems were presented using both implicit and explicit
time integration methods. The method is particularly effective for analys-
ing problems in which the structural geometry, material interfaces or the
domains of the boundary conditions change with time.

In Chapter 4 the dynamic moving isoparametric finite element method has
been applied to the analysis of dynamié brittle fracture problems. The
dynamic ELD model applied to moving isoparametric elements provides a more
effective means for modeling crack propagation behavior than conventional
Lagrangian models. The convective terms in the dynamic ELD model, in con-
junction with singular quarter-point isoparametric elements, produce the
proper singular forms in both the stress and material velocity fields.
There is no need to use special non-conforming singular elements, as with
conventional Lagrangian finite element models. Crack growth is modeled by
mesh motion, which is smoothly distributed over a selected region of the
structure using an auxiliary geometric mapping. The need for local remesh-
ing between every time step, required in Lagrangian procedures, is complete-
ly eliminated; and the need for over-all discrete remeshing is greatly re-
duced or eliminated. The mesh motion is introduced in continuous form in
the dynamic ELD model, so there is no need to interpolate field variables as
.in Lagrangian remeshing procedures.

In general, the ELD kinematic model provides a more effective approach
to brittle fracture problems than conventional Lagrangian models. This is
attributed to the fact that geometric changes due to crack growth cannot be

modeled directly by Lagrangian models, while these changes and their effects
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on material motion can be incorporated in a natural way using the mixed
Eulerian-Lagrangian kinematic model,

In the present study, the ELD model is used primarily for the analysis
of two-dimensional brittle fracture problems. However, there are many
problems that cannot be adequately described by two-dimensional models.
These include crack initiation and branching, where the initial cracks or
branches do not penetrate the thickness. Cracks in three—dimen;ional bod-
ies, such as weldments, are another important example. Since the present
formulations are developed in three—dimensibns, the new methods can be
applied to three-dimensional analysis with the use of appropriate three-
dimensional isoparametric singular elements [73,74]. Three-dimensional
quarter-point isoparametric elements should be used with caution, since
negative Jacobians can occur due to geometric distortion when these elements
are used to model a curved crack front [75]. Mixed-mode behavior is impor-
tant in three-dimensional problems. A procedure for extracting the dynamic
stress intensity factor for each fracture mode of a propagating crack is
needed for this type of problem.

An explicit computational method for extracting the instantaneous
dynamic energy release rate of a propagating crack would be of great inter-
est. The continuum formulation for a stationary crack developed in this
study might be extended to the case of a propagating crack by accounting for
the velocity field of the moving mesh induced by the actual crack-tip velo-
city. A version of this procedure based on an extended mutual energy proce-
dure, incorporating a kinetic energy term, might provide an efficient means
for the analysis of mixed-mode problems.

Many fracture problems involve nonlinear or rate-dependent material

behavior. These include problems involving large-scale yielding, metals
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creeping at high temperature, and fracture in various viscoelastic materi-
als., Large-deformation effects may also be significant in these problems.
Large deformations in linear materials pose no special problems, as the
general ELD [17] was first formulated for this class of problem. However,
rate-based constitutive laws do add an additional degree of difficulty.
First, the ELD model does not directly incorporate material stress and
strain rates. Convective terms must be introduced to convert spatial defor-
mation rates to material rates. Following application of the constitutive
relations, the predicted material streés rates must be converted back to
spatial rates. These operations can introduce more difficult continuity
requirements than those encountered in the linear elastodynamic formulation.

Another possible extension of the present study is the analysis of the
temperature field around a moving crack tip, and its effects on the near-tip
stress field. An appropriate finite element modeling of the heat transfer
equations [76], including Eulerian convective terms could be developed.
Even in brittle fracture, the difference between the elastic energy release
at the crack tip and the specific fracture energy of the material is mostly
converted to heat [77]. Thermal stresses, associated with temperature
changes at the moving crack tip, can effect significant stress redistribu-
tion at higher crack velocities., Insufficient time for heat conduction at
high crack velocities results in an adiabatic heat rise [78,79]. As a first
step, a simple linear analysis of the heat transfer problem, assuming that
the material thermal properties are independent of temperature, could be
useful,

The dynamic moving finite element model in this study is restricted to
cases of known mesh motion. This is useful for interpreting experimental
tests with the goal of developing crack propagation criteria. However, this

restriction would prevent the use of the method for predicting fracture
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behavior. As discussed in Chapter 3, the dynamic ELD can be extended to
cases of unknown mesh motion. The variational equations of motion can be
rewritten using incremental expressions for both the displacements and the
mapping. The resulting equations are nonlinear with two sets of unknown
variables. The equations in linearized form can be solved iteratively using
additional constraint equations derived from appropriate criteria; e.g.,
crack propagation criteria and moving boundary definitions. This would be
useful for investigating crack growth initiation, arrest and direction
criteria; particularly for propagation-type direction criteria [20], which
are based on conditions after an increment of crack extension. In Lagran-
gian models the crack is constrained to grow along predetermined element
grid lines, so extensive mesh refinement or frequent remeshing is required.
In the ELD model, the finite element mesh can move an arbitrary distance in
any direction,

The use of computer graphics to prepare data and to interpret the
complex transient results of dynamic moving finite element analyses is of
great interest. Automatic mesh generation techniques have been used in this
study to expedite the pre-processing of the finite element data and to
automatically define the geometric mapping used to describe the crack-tip
motion. Color computer graphics displays are very useful for post-
processing the results of finite element analyses. Color displays of
stress, strain and strain energy density distributions have been used.
Three-dimensional color animation techniques are under development for
depicting transient dynamic fracture behavior, such as the interaction

between reflected stress waves and the crack-tip zone.
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Table 2.1. Correction Factor f(a/b) for Cracks in a Plate

Present method Analytic solution Hellen
Crack
geometry a’/b L/b=1.0 L/b=2.5 L/ b= ~ L/b=1.0 L/b=1.0 L/b=2.5
0.1 1.18 1.18 1.19% 1.20%% 1.22 1.19
Single 0.2 1.36 1.36 1.37 1.37 1.36 1.36
edge 0.3 1.65 1.65 1.66 1.68 1.65 1.65
crack 0.4 2.10 2.10 2.12 2.14 2.10 2.10
0.5 2.80 2.80 2.82 2.86 2.81 2.81
0.6 4,00 4,00 -= - 4,01 4.01
0.1 1.12 1.13%% 1.13
Double 0.2 1.14 1.13 1.14
edge 0.3 1.18 1.14 1.18
crack 0.4 1.19 1.16 1.19
0.5 1.18 1.14 1.18
0.6 1.15 1.10 1.14
0.1 1.01 1.00 1,00%%% 1.02 1.01
0.2 1.05 1.02 1.03 1.05 1.02
Central 0.3 1.12 1.05 1.07 1.12 1.05
crack 0.4 1.21 1.11 1.13 1.21 1.11
0.5 1.33 1.18 1.21 1.33 1.18
0.6 1.48 1.30 1.35 1.48 1.30
*¥ Gross
¥*  Bowie

¥%¥%  Paris and Sih
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Table 2.2 Correction Factor f(a/b) in a Notched Round Bar, L/b=2.5

Present method Analytic Hellen's solution
a’b plane strain plane stress solution1 plane strain plane stress
0.1 0.214 0.204 0.210 0.213 0.203
0.2 0.260 0.248 0.251 0.256 0.243
0.3 0.268 0.255 0.259% 0.265 0.253
0.4 0.260 0.248 0.255 0.259 0.2u47
0.5 0.211 - 0.230 0.240 0.243 0.232

*

Bueckner, L/b=w
a/b=0.293
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Isoparametric Element Geometry

Parent Element

Figure 2.1 The Specialization of the Small-Deformation ELD
to Isoparametric Finite Elements .
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(b) Reference Volume

Figure 2.2 A Fixed Material Volume Surrounding the Crack-Tip Region;
(a) the Material Volume, Before and After Virtual Crack
Extension, (b) the Reference Volume
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Aor B Crack Plane

Figure 2.5 Finite Element Meshes for Mode-I Problems
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Material Configuration

Figure 3.1 The Eulerian-Lagrangian Kinematic Model
for Small-Deformation Analysis
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Figure 4.9 Dimensions and Material Properties for a Mode-I Dynamic
Crack Propagation Problem in a Finite Plate with
Stress-Wave Loading
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APPENDIX A

FINITE ELEMENT MATRICES FOR COMPUTING
THE ENERGY RELEASE RATES

This appendix presents finite element matrices for evaluating the

mutual potential energy release rate (2.40) and the potential energy release

rate (2.51).

Field variables marked with superscripts (1) and (2) indicate

quantities in the two independent equilibrium solutions used in the mutual

potential energy formulation.

Isoparametric shape functions are used to interpolate the displacement

field (2.34) and the element geometry (2.35).

by

) ax, ]
- r r ~
- X 9X . J
7 - 1 2 _ ~r
r r
B 8X1 3X2 ___J

and the inverse Jacobian matrix is

-1
11 12 11

<
Ca2
ol

The Jacobian matrix is given

LI

12
22
(A.1)
(A.2)
912
_ (A.3)
22

The stress and strain components for an axisymmetric problem are

arranged in vector format as
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}

e = {eyy e,y 20, eqg

and

T = {011 Tos 015 033}

Ee

where E i1s the elasticity matrix. The terms in the strain vector are

R B CE PR EPCPY

22 T U o900 U5 95

2815 = Uy qdqp T Uy odns U, o,

Therefore, the strain-displacement transformation is

where

(A.4)

(A.5)

(A.6)

(A.7)

(A.8)
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3.3 o o 0 ]
1 0 0 0 0] A
0 0 0
o 0 0 1 0 e ez L
B - o o J, J, 0
0 1 1 0 0 0 0 312 322 0
0 0 0 o0 1/r]
o o o o 1 _|
h1’1 0 h2’1 0 hN,1 0
. hyo 0O Byn 0O eee by, 0
0 11 0 h2’1 ... O hN’Z (A.9)
0 1,2 9 P By, 2
B h1 0 h2 0 hN 0 ]
and
UT = {u,, u,, u, . u eosl, U} (A.10)
e 11 721 12 22 71N 2N °
, (1,2) .
The scalars A1 in (2.53) and A1 in (2.41) can be expressed as
A, = 1 eTr JT v (A.11a)
1 2
a (108 L T L2 Ty (A.11b)
where

J = {J,, -J -J,, J,.} (A.12)

and
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D4
D
— — 21
h1,1 0 1(12’1 0 hN,1 0
P12
h1,2 0 h2’2 0 hN,2 0 D
v = ez (A.13)
0 h1,1 0 }‘12,1 0 hN,1 .
0 om0 hy, 0 by, | )
1N
| Pan |
in which values of the elements Dia are given in (2.39).
The scalars A2 in (2.54) and A;1’2) in (2.42) can be written as
T ~ «
A2=-T RQJ , (A.14a)
a1 T R® (BT Ry (A.14b)
where
u1,1 u1,2 0 0 0
0 0 u u 0
2
R = 2,1 ’2 (A.15)
Up i Yo W Y O
2
B 0 0 0 0 u1/r’ 3
Q1
Q = (A.16)
QZ
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._2 —_ — —_— — —_— —_
T 19 Idie I
72 3.3 J..7
21 11°22 21°22
Q1 = v (A.17)
_2 — —
Symm, J12 J12J22
-2
_ Tz
and
Py
Do
Pis -
Q, = {h, Oh, 0 ... h 0} D, (A.18)
Pin
| Pan |

The energy release rate, (2.40) or (2.51), is numerically integrated over
the crack-tip elements by evaluating (A.11) and (A.14) at the Gauss points.

For plane stress and plane strain problems the terms e and Q2,

33* 933
row 4 and column 4 of E, row 4 and column 5 of R and row 4 of B are dropped.
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APPENDIX B

FINITE ELEMENT MATRICES FOR THE DYNAMIC EULERIAN-LAGRANGIAN FORMULATION

This appendix presents matrices for general three-dimensional isopara-

metric finite element analysis based on the dynamic ELD kinematic model

developed in Chapter 3.

As in the text,

assembly over the number of elements,

is

M=3f o H'H Edvl;
A\

e

and the effective damping matrix is

Te, 7. r
cC =) (—{r 20 HAG Jdv,)
e

where matrices A and G are

J..X. T.oX. T..X 0
1377 23] 337
i- 0 0 0 J X, 37
1375
0 0 0 0

the summation symbol indicates

The consistent mass matrix in (3.33)

(B.1)

(B.2)
0 0
0 0
X. J..X.
237 J3J J ]
(B03)
(B.4)
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and

gl - (a/0x] 3/3x] 8/8xg} | (B.5)

The stiffness matrix is defined as

Ton Jqul Toe ol Ty, oo
-7 ({r B'EB Jdv_ + £r p HDG Jdv_ £P p HAG Jdv,_
e e e

+J. 0 H Tic ALK, da - I o H'SG Edv - J.
e e Ve

o G A AG Jdv ) (B.6)

Here, matrix A has the same form as A with X being beplaced by i. D and S

are defined by introducing the following two vectors:

b = AGX , q = a HX (B.7)

where a = Xg,meg’ Then

D = 0 0 0 b.J.. b.Jd.. b.d.. O 0 0 (B.8)

iJ1i i“2i iJ3i

and matrix S is obtained by replacing bi in D by q - When the mapping

changes in the X ,~—direction only, matrices D and S are identical, and the

1

corresponding integrals in (B.6) cancel.
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The scalar A Ka in (B.6), where A

o
1 = Xini’ is expressed as,

1

- . e ™M
Jopd33 T Igadng
AK =%T .ul. Jood.. = J..J (B.9)
1a e 32713 12733 °
12923 7 Ja2di3
Sz .

Note that the surface integral in (B.6) will vanish for finite bodies by

(3.29).

The load vector in (3.33) is

T T.r T= r

P=17 ( Ir HP_ Jdv + [ HT_ Kda) (B.10)

v ‘ a
e T

where Fe and Té are vectors containing nodal intensities of body force and

surface traction for each element,
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