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CHAPTER 1

INTRODUCTION

This study presents a systematic investigation of the
effects of ground motion characteristics, especially its multi-
directional character, on the response of torsionally coupled
elastic structural systems. The ground motion model is proba-
bilistic and is founded on the assumption of the existence of
ground motion principal directions. The structural systems
considered are single-story and multi-story elastic shear beam

models with stiffness eccentricity.

1.1 General Remarks

Conventional dynamic response analyses of structures to
earthquake ground motions have often employed planar structural
models and a single horizontal component of earthguake ground
motions. There certainly exist many situations in which this
approach furnishes sufficiently accurate information for
design. However, there are cases in which planar structural
models are not adegquate and in which, in addition, the multi-
directional character of the ground motion should be considered.
Nuclear reactor components, pipelines, bridges, and buildings
with asymmetric plan configurations are important examples. It
has also been widely recognized that multi-story buildings which
are nominally symmetric in layout are seldom actually so. As

a result, such buildings respond in coupled translational and



torsional motion when subjected to horizontal ground motions.
Building codes usually recognize such torsional response
effects by specifying an eccentricity (a given percentage bf
the longest plan dimension of the structﬁre) at which design
horizontal forces are to be applied. The effects of multi-
directional ground motions are also recognized by recent codes
of practice (3,6). ATC-3-06 [6] requires that structural
elements be designed for 100 percent of the effects of seismic
forces in one principal direction combined with 30 percent of
the effects of seismic forces in the orthogonal direction. For
offshore platforms, the API Recommended Practice [3] specifies
that 2/3 of the spectral acceleration for the principal hori-
zontal axis be applied in the direction of the minor horizontal
axis. Each of thebtwo principal axes must be considered as

possible directions for the larger horizontal ground motion.

1.2 Previous Work

The effects of torsion in buildings appears to have first
been considered by Ayre [7, 8] who examined coupled trans-
lational and torsional vibration in discrete and continuous
shear beam models. Most of the research in the area has been
done in the last four decades, either mathematically for
specific models of building structures or through experiments,
and much insight has been gained.

A strong coupling effect can occur if corresponding natural



frequencies are close together, even when eccentricities are
small [34, 47, 66, 77, 79]. A 95% increase in shear at the
corner of a rectangular building was reported by Hoerner [34],
as compared with 30% implied by 5% ecéentricity in the code.
The dynamic torque may be significantly larger than the product
of horizontal shear times the eccentricity [47, 66, 71].
This effect arises from differences between dynamic and static
methods of analysis, and is often associated with the term
"dynamic magnification" of eccentricity. Rosenblueth and other
authors [16, 47, 71]1 have concluded that horizontal shears are
reduced as a result of torsional coupling. A second, distinct,
cause of torsional response is "accidental" eccentricity
resulting from inaccurate or imprecise knowledge of stiffness
or mass distributions and the effects of the rotational compo-
nents of ground motion (Newmark [58]). However, all these
results are based on the assumption that ground motions are in
the principal directions of the structure, and are uncorrelated.
The overall response of buildings is sensitive to the orien-
tation of the structure with respect to ground motion [26, 55].
Many papers have dealt with random process models for
earthquake excitation. Commonly used models are discussed in

standard texts [62]. Most early work modeled the ground motions

as stationary random processes. The frequency characteristics

are often modeled as white noise [17, 35] or filtered white

noise [48, 81]. The time varying intensity is often handled by



modulating the stationary random process with a deterministic
time wvarying function [2, 78].

Attention has only recently been given to modeling multi-
directional ground motion [67]. Arias noted the existence of
principal axes of ground motion. Later, Penzien and his
colleagues [49, 67] found that "the uncorrelated components
.should be directed along a set of principal axes with the
major principal axis being directed toward the expected
epicenter and minor principal axis directed vertically". Thus,
it may be reasonable to assume ground motion has principal
axes, but these need not coincide with structure axes. With
respect to the principal axes of the structure, the ground
motion components are then statistically correlated.

Recent studies [22, 47] of single story elastic systems
have provided valuable insight into the general features of
torsional coupling. These studies employ either a smoothed
design spectrum or actual recorded earthquake motions to
describe the ground motion input. They also deal primarily
with "one-way" torsional coupling and consider only a single
component of ground motion. In addition, most previous work
employs certain rules for combining modal responses [71]. Such
combination rules may not be accurate enough when frequencies
are closely spaced and ground motion correlations are present.
Therefore, a method which can account for the correlation
between components of ground motion and which does not rely on

an arbitrary rule for the combination of modal responses is



desirable.

1.3 Object and Scope

The object of this study is to systematically investigate
the effect of ground motion characteristics on the response of
torsionally coupled elastic systems. It was desired to arrive
at results which are as generally applicable as possible.
Therefore, a probabilistic approach was selected so that the
use of a limited number of specific recorded earthquake motions

could be avoided.

-

on

Q

The multi-directional ground motion model was base
the premise that a fixed set of ground motion principal direc-
tions exist, along which the ground motion components are
statistically uncorrelated. Other important characteristics of
earthquake ground motions which were addressed were freguency
content, and time-varying intensity and duration. Limited
attention was also given to some peripheral issues: lack of
spatial correlation of ground motion components resulting in
an effective rotational ground motion input; and the presence
of large isolated acceleration pulses in the ground motion.
Before carrying out the primary objective, a concerted effort
was made to examine the ground motion model and compare its
predictions, behavior, and features with the existing body of
knowledge on recorded earthquake motions and response spectra.

In Chapter 2, the basic ground motion models used in this



study are presented. The characteristics of ground motions are
discussed, commonly used stochastic models are re-examined and
some properties necessary for later work are derived.fFrequency
content, time varying intensity and duration, and directionality
are modeled. A previously unreported defect is revealed in a
general class of ground motion models in which time varying
intensity is modeled by modulating a stationary random process
with a deterministic envelope function. Isolated acceleration
pulses and ground motion spatial correlation characteristics

are illustrated with a simple white noise model.

In Chapter 3, the methods used for computing structural
responses to the ground motion models are described. An
efficient solution algorithm is devised for evaluating the
nonstationary response statistics of general multi-degree-of-
freedom (MDOF) systems to the excitations of various ground
motion models.

In Chapter 4, the effects of various ground motion charac-
teristics on single-degree-of-freedom (SDOF) systems are
discussed. Three frequency-content models described in Chapter
2 are evaluated by comparing computed SDOF response spectra
with typical deterministic earthquake response spectra. Rela-
tions between mean sgquare ground acceleration, velocity and
displacement predicted by the ground motion model are compared
with corresponding estimates proposed by Newmark and Hall [57].

Effects of ground motion frequency content and duration and



the presence of large acceleration pulses in the ground motion
are also examined.

In Chapter 5, the effects of ground motion on the response
of single-story torsionally coupled systems are investigated. A
wide range of structural parameters is considered using a
white noise model. The effects of frequency content and time-
varying intensity of the ground motion are also examined.
Ground motion correlation and directionality effects are studied
and compared with the provisions of a recent recommended code
of practice.

Lack of spatial correlation in the ground motion input
is treated and related to the "accidental eccentricity"
approach of Newmark [58].

In Chapter 6, the response of a special class of tor-
sionally coupled tall buildings is considered and a numerical
example for an 8 story structure is given. An approximate
solution which yields a good approximation using only a few

modes is discussed.



CHAPTER 2

RANDOM PROCESS MODELS OF
EARTHQUAKE GROUND MOTIONS

2.1 Introduction

Selection of an appropriate earthquake ground motion
is an old and persistent problem facing earthquake engineering
researchers who wish to carry out either analytical or
experimental studies of structural response and behavior.

Two common approaches to defining ground motion are:

1) . to assume that certain recorded ground motions are
representative of future site ground motions. 2). to consider
them as being sample funtions from stochastic processes having
specified intensities and frequency contents.

The use of a (small) set of recorded accelerograms has
disadvantages. The question immediately arises as to how many
accelerograms must be used in order that the results will not
be unduly biased. There is also no guarantee that future

d motions at a given site will resemble ground motions

groun
previously observed at that site. The task of selecting a
suitable set of recorded accelerograms would be much easier

if more were known about the significant characteristics of
earthquake ground motions as they relate to structural response
and behavior. Thus the selection of a set of recorded accelero-
grams is often made in the hope rather than the certainty that

the important characteristics of'ground motions are represented.



The second approach involves stochastic modelling of
ground motion. The stochastic models are devised to possess
similar characteristics, insofar as they are known, to recorded
ground motions. The obvious pitfall in this procedure is that,
at the present state of knowledge, the significant characteris-
tics may not have been fully recognized and so are not incor-
porated in the ground motion model. However, despite this, the
advantage of using a stochastic ground motion model is that its
properties are well defined. As a result general conclusions
regarding structural response can be drawn within the context
of that well defined set of premises. It seems essential in
such an approach to investigate carefully the characteristics
of the stochastic ground motion model to make sure that it does
in fact represent as well as possible the known characteristics
of recorded ground motions. This is all the more important if
the ground motion model is to used to study effects on structu-
ral response of ground motion characteristics, since in effect
such a study becomes a study of variations of the parameters
defining the model.

Two important characteristics which have received the
most attention are: 1). frequency content 2). variation of
intensities with time (nonstationarity). Many records have
been analyzed to>obtain information about these two character-
istics and numerous models have been suggested [2, 10, 13, 14,

42, 48, 78, 83]. In this chapter, some commonly used models
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which are employed in this work will be summarized. Some
properties associated with these models will be examined,
and a previously unreported defect in a widely used class
of ground motion models will be pointed oﬁt. Interested readers

should refer to the original references for additional details.

The model of ground motion acceleration, a(t), is taken

in the general form

a(t) = I(t) £(t) | (2.1)

where £(t) is a zero mean stationary random process, and I (t)

is a deterministic,envelope‘function. £(t) gives the desired
frequency content defined by a specified power spectral den-
sity function (PSDF) (Appendix [A]), while I(t) accounts for
the variation of ground motion intensity with time. The pro-
cess a(t) in Eg. (2.1) is called a "locally stationary process"”.
This process has been successfully used to model nonstationary
random phenomena by many researchers [53, 64, 68]1. The auto-

correlation function [Appendix A] of a(t) is

Ralta,tz) = I(t1)I(t2) R, ([t1-t2]) (2.2)

where Rg([tl-tzl) is the autocorrelation function of £(t).
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2.2 Duration

The envelope function I(t) accounts for the variation of
ground motion intensity with time. The simplest choice for the
envelope function I(t) is a constant value. In this case, the
ground motion is stationary. This assumption is not entirely
reasonable from a physical standpoint. Nevertheless, it is of
great importance because it leads to simple results which
provide a great deal of insight. In addition, it often yields
conservative estimates of the response of structural systems.

A number of envelope functions which give time-varying
intensities have been proposed [2, 13, 14, 43, 78]. In this
study, the envelope function proposed by Shinozuka and Sato
[78] is employed. This choice was made because the Shinozuka
and Sato envelope function is simple, and involves only a
single analytical expression which makes it possible to
analytically evaluate responses in many cases. The envelope

function has a double exponential form given by

I(t) = Ce(e_at - e-Bt) ' (2.3)

in which

e o B

0 B3 _ o B-a
3 &

is a normalizing constant chosen to make I(t)max =1,
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In the limiting case a-»0, B8+, a(t) is stationary. The en-
velope functions for o = 0.25/sec, B = 0.75/sec and o = 0.10/
sec, B = 0.20/sec are shéwn in Fig. 2.1. These two sets of
parameters were chosen to provide a "short duration" and a
"long duration" ground motion for the subsequent numerical

work.

The time at which I(tmax) =1 is

t = (2.4)

Fig. 2.2 and Table 2.1 show the variation of atmax with
the ratio B/a of envelope parameters for a range of values of
o and B.

In order to describe the variation of ground motion in-
tensity with time by a single index with some physical meaning,
the concept of "duration" of strong ground motion is often used.
Many definitions have been proposed, all of them rather arbi-

trary.
Husid [40] proposed a method for studying the evolution of

ground shaking intensity with time. He suggested that the ex-

pression

(2.5)
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be used as a measure of time-dependent intensity. In Eg. (2.5),

tf is the total duration of the record.
Trifunac and Brady [82] and Dobry et al [25] define sig-
nificant duration as the time interval between h(t) = 0.05

and h(t) = 0.95.
A parallel definition for time-dependent intensity for a

probabilistic ground motion model is given by

E[a?(t)]dt
hit) = — (2.6)
E[a®(t)]dt

For the ground motion model described by Eg. (2.1), the inten-

sity h(t) reduces to the simple expression

I%(t)dt

(2.7)
I%2(t)dt

in terms of the envelope function alone.
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Note that 0 < h(t) < 1. For the ground motion model des-

cribed by Egs. (2.1) and (2.3), it can easily be shown that

= - - < 71-
hit) = 2% , 28 I - oegl (2.8)

The intensities h(t) for the two envelopes shown in Fig.
2.1, are given in the "Husid Plots" shown in Fig. 2.3. The
"short duration" envelope reaches the 95 percent intensity
level after about 8 seconds, while the "long duration" enve-
lope reaches the 95 percent intensity level after about 23
seconds.

The corresponding Trifunac-Brady durations for the two
envelope functions shown in Fig. 2.1 weré calculated from

Eg. (2.8) and are shown in the table below.

Trifunac-Brady
Envelope Duration DTB(Sec)
Short Duration 7.24
Long Duration 20.41

Trifunac-Brady Durations for "Short"
and "Long" Duration Envelopes
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Table 2.1 shows the variation of duration DTB with the
envelope parameters o and 8 and Fig. 2.2 shows the ratio

tmax/DTB as a function of R/a, for a range of values of o

and B.

Fig. 2.2 shows that the shape of the envelope (tmax/DTB)

is primarily controlled by the ratio g/o. The peak time tmaX
is then determined by the parameter o, given the desired shape

of the envelope as specified by tmax/DTB.

A more commonly used envelope in earthquake engineering
is the well known three segment envelope consisting of a
segment with parabolic buildup, followed by a segment of cons-
tant intensity and a segment of exponential decay. However,
the envelope I(t) given in Eg. (2.3) was much more convenient
for the purpose of this study since many of the results were

then obtainable in closed form.
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2.3 Frequency Content

The frequency content of the ground motion model is

accounted for by the stationary random process £(t) in Eqg.

(2.1). In this section several models for £(t), with diffe-

rent levels of complexity and realism are presented.

2.3.1 White Noise

The simplest stochastic model for £(t) is white noise.
The white noise has a constant power spectral density func-

tion (PSDF),

Sg(w) = SO (2.9)

The corresponding autocorrelation function is

Rg(T) = So8(T) (2.10)

where §(t) is the Dirac delta function.

2.3.2 Filtered White Noise

2.3.2.1 Kanai-Tajimi Spectrum

Frequency domain analyses of recorded strong motion ac-

celerograms demonstrate that earthquake power spectra are not
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independent of frequency. They tend to have predominant
frequencies. This suggests that stationary filtered white
noise is a more reasonable assumption for g£(t) than is
stationary white noise. Kanai and Tajimi [48, 81] havé pro-

posed a semi-empirical power spectral density function

2 W 2
1+ 42;9‘((.0_)

= g9
Sgw) = % (2.11)
-0+ aZ@)
g g

where wg and Cg are low pass filter parameters. These
parameters can be thought of as foundation properties in a
situation where a white noise disturbance is applied at bedrock
and the motion is transmitted to the ground surface through a
soil layer. The corresponding ground surface motion £(t) can
be obtained by passing white noise of spectral density S,
through a low-pass filter [Appendix C]. The autocorrelation

function of £(t) [Appendix C] is

SowZ /S 1+8z2  -w ¢ |7|
R_(1) = —3- —3J (e 979 d
: gty 1-z2 cosluglt] - ¢)} (2.12)
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where
wd=w/‘1-;2
g g g

-1 T _(1-4g?)
¢ = tan g g

1-z2 (1+4c?
/ cZ (1+452)

For firm soil conditions, wg = 15.56 rad/sec, ;g = 0.64 have
been recommended by Housner and Jennings [37] in the frequency
range from w = 2.1 rad/sec to w = 21 rad/sec, corresponding

to a period range from T = 0.3 sec to T = 3 sec. Sg(w) and Rg(r)
are shown in Fig. 2.4.

The variance, oé = R.(0), can be easily obtained as

3

w
g 4T

o2 = -9 (1 + 4c?) s, (2.13)
g g

2.3.2.2 Clough-Penzien Spectrum

If ground acceleration £(t) is modeled as described in
the previous section, then an inconsistency arises because
the variances of ground velocity and ground displacement be-
come infinite as w+0. This can be seen from the relationships
between power spectra for ground acceleration, velocity and

displacement
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S, {w) S, (w)
3 Sd(w) —

Sv(w) =

In Eg. (2.14) Sv(w) and Sd(w) are respectively the ground

velocity power spectrum and the ground displacement power
spectrum. To remove the singularity atw = 0, Clough and
Penzien modified the Kanai-Tajimi formulation. Clough and

Penzien suggest the power spectral density function

' w w
1+ 4gi)° 7{ ()" So
g(“” _ g | f
2 (2.15)
(1 - (292) + 4<;’-(‘*’—)2j[(1 (£-)2)  + 4g2(2)>
L wg g wg we f We

where We and Le are high-pass filter parameters [Appendix C].
The ground acceleration £ (t) can be obtained by passing white
noise successively through the Kanai-Tajimi filter and then

through the Clough-Penzien filter. The corresponding autocor-

relation function Rg(T) has the general form
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tolTl

=
R, (1) = S, {Age g°g cos(mglrl - ¢)
(2.16)

“wele|T] '
+ Bge £-f cos(wglrl - 8)}

where Ag,B€,¢, 8 are functions of wg’ Cg

tical expressions for these parameters are given in Appendix

v Wer and Cee Analy-

[cl.

The variance of £ is equal to Rg(O).

Ruiz and Penzien [75] analyzed several ground acceleration
records for firm soil site conditions and obtained an average
transfer function linking the motions of bedrock and ground
surface [Fig. 2.5]. The two horizontal components of the four
grouna acceleration records indicated in Fig. 2.5 were used.
They were normalized to unit spectral intensity as defined
by Housner [39]. An optimization routine was used in [33] to fit
the Clough-Penzien spectrum to the average transfer function.
The filter parameters obtained in this way are Wy = 15.46 rad

/sec, Cg = 0.623, we = 1.636 rad/sec, Lg = 0.619. For these

filter parameters and S; = 1.0 m?/sec?,
A€= 16.0895 m? /sec" ¢ = -0.1657 rad
B£= 0.8459 m? /sec" 6 = 4.2591 rad

The corresponding S, (w) and Rg(T) are shown in Fig 2.6.

g
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For the same filter parameters, the autocorrelation function

corresponding to the Kanai-Tajimi spectrum gives

-w .z |7
R_.(1) = 16.0690 e 99 |

: cos(wglrl - (-0.1724))

which is almost identical to the first term in Eq. (2.16).
The second term of Eg. (2.16), although quite small in

magnitude, contributes significantly to the response of

systems with low natural frequency. The curve for WOy = 57
w z ‘

rad/sec, Cg = 0.6, Eﬁ = 0.1, Ei = 1 is also shown in Fig. 2.4.
g g

For these rounded parameters and So = 1.0 m?/sec?, AZ= 16.1416

m?/sec”, ¢ = -0.1291 rad, B€= 0.8228 m?/sec", and 6 = 4.3336
rad.
The auto-correlation function of ground velocity and

ground displacement for the Clough-Penzien spectrum are

_ -w_ T da__ -w_ T T . a__
R (1) = {Agcge g°g cos(wgr ¢) + Ange g-g 51n(mgT ¢)
+ BgEge-wachos(wgt-e) + BgFge-wafTsin(wa—e)}So
(2.17)
2 - d - T . d_
Rd(T) = Ag{(cé-Dé)e wgCchos(ng—¢) + 2Cnge wgcg 51n(wgl-¢)}so
d

+ BE{(Eé-Fé)e—wachos(me—G) + 2E€Fge~wafTsin(wa—e)}So
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where 17 2 0 , and
a
dz 2(.0C
2 (w2)
C=_C_g____g_ D______g__g
€ w2 ot & w?
g g 9
a d
2 lwg)? o o - 2Wely
EE B ;; ) wh g w?
£ £ £

In order to relate the properties of the probabilistic

ground motion model to the body of existing information on

recorded ground motions, three sets of filter parameters for

the Clough-Penzien spectrum are chosen as follows:

Ground Fiiter Parameters
Motion
w_ rad z w.xad
No. | So glzzs) g £lsgg)  °r
1 1.0 2T 0.400 0.2m 0.400
2 1.0 15.46 0.623 1.636 0.619
l 3 1.0 10w 0.800 m 0.800
The three cases are selected to represent ground motions
having different characteristic freguencies, The correspondin

spectrum shapes are shown in Fig. 2.7.

The variances of these ground motions are
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Variance
Ground
Motion o
2 2 2 C,.0 __\_/'_
No. Oi 9 od £ d o
2
Ov (in/sec/q)
1 6.63 1.101 2.5695 3.75 157.44
2 15.50 0.270 0.0941 4,48 50.96
3 33.36 0.107 0.0102 5.49 21.84

in which oé=RE(0), ol = R_(0), of = R4(0)

A parameter equal to the product Qf peak acceleration
times peak displacement divided by the square of peak velocity
is found to be about 6 for a large number of recorded earth-
quakes [30]. However, the value appears to be somewhat less
for close-in earthquakes and the value was taken as 4 in the
development of design spectra for the Diablo Canyon reactor
facility [60]. Newmark and Hall [61] recommended the ratio
of maximum velocity to maximum acceleration be taken as 48
in/sec/g and 36 in/sec/g for competent soil conditions and
rock respectively. These values, based on analyses of recorded
earthquakes, are intended for use in constructing smooth
design spectra, given an estimate of peak ground acceleration.
The coefficients cgod/ov and ovlcg for ground motion No. 2
show good agreement with the corresponding deterministic quanti-
ties recommended by Newmark and Hall. Fig. 2.8 shows the R.M.S.

ground motion on a tripartite logarithmic plot (see also

Figs. 4.1 and 4.2)
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From the above discussion, one can see.that the Clough-
Penzien spectrum is quite flexible and can realistically model
the frequency content of earthquake ground motions. Analytical
expressions for the statistics (variances) of the ground
motion can be easily obtained as functions of the filter

parameters.

2.4 Low Frequency Behavior

In this section, the adequacy of the class of ground
motion models specified by Eg. (2.1), for studying the response
of very low frequency structural systems is examined. It
appears that there is a fundamental defect in this class of
ground motion models which has not previously been noted.

It is well known [62] that elastic response spectra for
real ground motions exhibit a certain asymptotic behavior at
low and high system frequencies. For very low system frequency
the spectral displacement Sd approaches the peak ground
displacement. For very high system frequency, the spectral
pseudo—acceleration approaches the peak ground acceleration.

The low frequency behavior of the elastic response
spectrum is dependent on the fact that for any real ground

motion the relation

T
J a(t) dt = v(T) - v(0) =0 (2.18)
0 .

must hold, where T is the total duration of the ground motion.
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Recorded accelerograms may hot precisely satisfy this relation
for a variety of reasons, including the presence of recording
and digitizing errors. As a result, it is necessary to perform
base-line adjustments on recorded accelerograms. If accelero-
grams are not adjusted to satisfy Eg. (2.18), then below some
limiting frequency response calculations for low frequency
systems are unreliable. The limiting frequency is dependent on
the tolerance to which Eg. (2.18) is satisfied. If the
tolerance is kept small enough, the limiting frequency can be
kept below frequencies of practical interest. Pecknold and

Riddell [65] estimate the limiting frequency as

£,5 Vo/2md (2.19)
T
where Ve = | J a(t) dt |
0
and dm = peak ground displacement

Chopra and Lopez [18] recently evaluated the suitability
of simulated ground motions for studying response of long
period structures. They’developed a set of 8 simulated ground
motions by generating samples of stationary Gaussian white
noise, applying the 3-segment duration function described
earlier and then passing the signal through a second order
filter corresponding to the Kanai-Tajimi spectrum. They then
applied two different base line correction procedures to the

simulated motions and computed elastic response spectra.
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Comparisons were made with elastic response spectra for a
set of 8 recorded ground motions which had been subjected to
the same base line correction procedures. The. low frequency
behavior of the set of simulated ground motions was quite
different from that of the set of recorded ground motions,
which was inevitable since they had different maximum ground
'displacements.

It should be expected that the simulated motions would
not behave particularly well at low frequency since, as already
noted, the Kanai-Tajimi spectrum is not realistic at low
frequency. Perhaps all that the findings quoted aboﬁe mean,
in the context of this study, is that the base line correction
procedures studied by Chopra and Lopez can not completely
correct a gross vilation of relation Eg.(2.18) as was probably
the case for the simulated ground motions.

The surprising fact which emerged during the course of
this study is that even if the Clough-Penzien spectrum is used,

which gives realistic behavior at low frequency, the basic form

of the ground motion model

a(t) = I(t)&(t) (2.1)

introduces some low frequency error.

This may be shown as follows. Systems with extremely low

natural frequencies "see" the ground motion as an impulse.
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Consider then the impulse

X = J a(t)dt = J I(t)e(t)de (2.20)
/0 0

Note that E[X] = 0. However, the M.S. value of x is

=]

J I(t)I(s)Rg(t—s)dtds (2.21)
0

E[x?] = J
0
If I(t) = 1, then E[x?%] = 0 for the Clough-Penzien
spectrum. If a time varying envelope I(t) is used, it seems
extremely unlikely that E[x?] = 0. For the double exponential

envelope function and the Clough-Penzien spectrum, Eq.(2.21)

can be put in the form

- 2 - -
Elx?] = cZ{f(a,0) - £(a,8) - £(8,0) + £(8,8)} (2.22)
in which a,
w z ~B w “=(o+w 7 ) (w_z -B)
— _ g°g g g’g g’g
f(a,B) - 2 Agcp {I. a+B + C ] COS(¢)
M
wd wd(a—B+2w z )
+ 2y -2 - 2251 sin(4)} So

M

da_ | _
wfcf—e We (a+wfcf)(wfcf B)

+ ZBgDP {I 5t s ] cos(6)
M
wg wg(a—8+2wfg )
+ [a+B - 5 ] sin(8)} So
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and
1 d
C, = C, = {(atw_z )?% + w_?}
P —py24,.92 M g-g g
(wg;g B)‘+wg
(wfgf-B) +we

Thus the impulse X is a zero mean random variable with
a non-zero variance, which is evaluated explicitly for the
Clough-Penzien spectrum and double exponential envelope

function.

While it has not been explicitly evaluated for any other

cases, it seems virtually certain that
E[x?] >0
is a general property of the class of ground motion models
a(t) = I(t)g(t) (2.1)
The manner in which this quantity is related to structural
response of low frequency systems is explained below.
If the system frequency is very low, the ground motion

impulse becomes an initial velocity for the free vibration

response of the system [65]. If the initial wvelocity is
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the maximum displacement of the system is

N
s, = EX L £, (g | (2.23)

d

where £i(z) = exp{—(%% - arcsing)z/vVI-z%}

is a factor which depends on system damping as shown in the

table below

Fraction of
Critical Function
Damping
r £1(2)
0 1.0
.01 .9845
.05 .9267
.10 .8626

thus the spectral pseudo velocity

v

S =cuSd = VE[x°T £;(7)

is independent of system frequency at low frequency.
Therefore the R.M.S. response spectrum asymptotically

approaches the limit
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s, *VEIXTT f1(z)

at low frequency, rather than the limit

Sd - Ud

These asymptotes are shown in Fig. 2.9, for the Clough-
Penzien Ground Motion No. 2 and the short duration envelope.
An estimate of the frequency at which this spurious
asymptotic behavior is likely to become evident can be made
by finding the frequency at which the two asymptotes (for

zero damping) intersect. This gives the frequency limit

£, = _K__Vngwd “] (2.24)

which is analagous to the result quoted by Pecknold and

Riddell [65].

Clough-Penzien
fl (Hertz) Ground Motion
No. 1 No. 2 No. 3
short Duration . 104 .151 171
Long Duration .053 .058 .060

Fig. 2.10 shows the variation of the low frequency limit
fg with a range of values of the envelope parameters a and B8

for the Clough-Penzien Ground Motion No. 2. (see also Table 2.1).



The frequency limit, fl, seems to be primarily a function
of tmax and the "spurious" low frequency behavior is quite
evident for ground motions with small tmax“
With the aid of Figs. 2.2 and 2.10 it is possible to
choose a set of envelope parameters which provide the desired
envelope shape, and to immediately determine an approximate

system frequency above which the "spurious effect" mentioned

above will be insignificant.

2.5 1Individual Large Pulses

There has been speculation from time to time about the
effect on structures of large isolated acceleration pulses
in ground motions. For example, the 1971 Pacoima Dam record
contains three acceleration pulses each lasting about 2/3
seconds between 2-4 seconds after the start of the record.
These pulses have peak accelerations ranging from about
0.2 g to 0.7 g and contribute greatly to the structural
response (Bertero [12]). In this study an attempt was made to
incorporate pulses in the ground motion model and to study
the effects of such motions on simple structural systems.
This phase of the study is rather limited because no satis-
factory method was found of relating model parameters describing
the pulses to actual ground motion characteristics. Chopra and
Lopez [18] compared a set of 8 artificially generated earth-

quake with a set of 8 recorded earthquakes. They found that
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the ensemble of artifically generated earthquake had more
zero crossings than the ensemble of recorded earthquakes
and that the ensemble of recorded earthquakes had a greater
number of large acceleration pulses (defined as the area
under the accelerogram between successive zero crossings)
than did the ensemble of artficial earthquakes.

This sectioﬁ outlines a method for including the effects
of pulses in the ground motion model. A later section presents
a limited parameter study on the effects of pulses on struc-
tural response.

The three ground motion models discussed above éan all
be obtained by passing white noise through linear filters.

If the probability distribution of the white noise is Gaussian,
then the linearly filtered motions are also Gaussian. In this
case, the second-order moment statistics are sufficient to
characterize the probability distribution of the ground ﬁotion.
Previous studies of earthquake response [2, 52, 62] have assumed
that the earthquake acceleration consists of a series of
(filtered) impulses distributed randomly in time. If the
average number of impulses per second, A, tends to infinify,
and the variance of the impulse magnitude o? tends to zero

in such a manner that Ac® is constant, then the impulses can

be shown using the central limit theorem [64] to be Gaussian
white noise. Therefore, small impulses with a relatively

high incidence rate are properly modeled as Gaussian white
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noise. However, large less frequent pulses are not well
represented as Gaussian white driven processes. A filtered
compound Poisson process provides a better model for large
pulses [Appendix D]. Therefore, it is perhaps more realistic
to model ground motions as a combination of (filtered)
Gaussian white noise and (filtered) compound Poisson impulses.
The Poisson pulses are white, that is, they have a
constant PSDF; however, they do not have a Gaussian probability
distribution. Hence, the response to this input is not
Gaussian and the second order statistics do not therefore
provide a complete description of the response. The details
of the compound Poisson process are presented in Appendix D.
Response of SDOF systems to this ground motion model are

presented in Chapter 4.

2.6 Multi-Directional Ground Motion

An important factor in the response of structures to

earthquakes is the multi-directional character of the ground
motion. Recent recommended codes of practice such as ATC-3-06
[6] and API RP2A [3] provide methods for accounting for effects
of multi-directional ground motions. However, these recommen-
dations are not as solidly based on experience or research
results as are other aspects of earthquake resistant design
procedures. In this study, the effects of multi-directional
ground motion on simple structures is studied in a systematic
mahner. This section presents the multi-directional ground mo-

tion model which was used.
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Modelling of multi-directional ground motion is much
more complicated than one-directional motion because the co-
rrelation between the components in various directions must
be taken into account.

At any instant of time, the covariance matrix for multi-
directional ground motion is symmetric and positive definite.
Therefore, a set of orthogonal axes can always be found along
which the components are uncorrelated statistically. These
axes are defined as principal axes for ground motion. The
determination of principal axes of ground motion is identical
to that for principal axes of stress via Mohr's circle, which
is familiar to structural engineers.

Unfortunately, the directions of principal axes for ground
motion are time dependent. However, Penzien and his coworkers
[49, 67] examined the San Fernando accelerograms and found that

the directions of ground motion principal axes are relatively

constant over time, particularly during the period of high
intensity ground motion. They conclude that "the major
principal direction points in the general direction of the
epicentre and the minor principal axis is nearly vertical.

It is concluded that artifically generated components of
ground motion need not be correlated statistically provided
that they are directed along a set of principal axes". There-
fore, it seems reasonable to assume that translational ground
motion has principal axes with constant directions, but these

obviously need not coincide with the principal axes of the
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structure.

Because insufficient data are available on rotational
components of ground motion, they are not considered in this
study. The only exception to this is the case in which spatial
variability of translational ground motion can produce, for
structures with large horizontal dimensions, an effective ro-
tational ground motion input to the structure. This is dis-
cussed in Section 2.7. Since this work is focused on the in-
teraction of lateral-torsional motions, vertical motions are
also not considered. Hence, two uncorrelated horizontal com-
ponents of ground motion directed along a set of principal

axes are considered in this study. Each component is modeled
as indicated in Eq. (2.1), with the same envelope function
and frequency content.

Let e and d be the ground motion principal directions
as shown in Fig. 2.1l Then the ground motion accelerations
in these directions are modeled as

(=
ae(t) (ae;

= _ I(t)E(t)
ad(t) 1ad

The autocorrelation functions for ae(t) and ad(t) are

R_ (ti1,t2)
ag ’

(!tl‘tzl)
e

Ie(tl)Ie(tZ)Rg

(2.25)

R (tlltz)

2 Id(tl)Id(tz)Rgd(ltl“tzl)
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where subscripts e and d indicate that the guantities are
associated with e and d directions respectively.

The assumption of constant principal axis directions im-
plies only that the cross-correlation function is zero at a
given instant of time. It is further assumed in this study
that the cross-cprrelation function

R (t1,t2) =0 (2.26)

a a
e d

at different times t;, t,. There is not sufficient information
available about the cross-correlation function to clearly jus-
tify this assumption. However, real earthquake accelerograms

demonstrate a rapid loss in correlation with increaéing values

lt; - t»

. This suggests that the influence of Raead(tlrtZ)
is negligible and that the assumption given in Eg. (2.26)
is reasonable.
Let X and Y denote the principal axes of the structure,
and let § be the angle between the X direction and the e di-
rection (Fig. 2.11) . Then, the correlation functions of ground

motions, ax(t) and ay(t), in the structure principal axes are

R, (ti,tz2) =R, (ti,tz)cos®(8) + R (ti,tz)sin?(§)
a
X e d
R, (ti,t2) = R, (ti1,tz)sin?(8) + R, (ti,t;)cos?(4)
y e d
(2.27)
R, a4 (t1,t2) = {R_ (t1,t;) - R (t1,t2)}sin(8)cos($)

%x y e d
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The covariance Ra a (t,t) achieves its maximum value (Ra (t,t)-
XYy e

R (t,t))/2 at 6§ = /4. The normalized covariance, the cross-

d

correlation coefficient, pxy(t) is obtained through the rela-

tion

R (t,t)
axay

Pyy (£) = (2.28)
/Ra (t,t)Ra (t,t)
X Y

and takes values in the range (-1, 1). is a good indicator

DXY
of linear dependency of two random variables. Kubo and Penzien
[49] studied the San Fernando 3-directional ground motion re-

cords and determined statistical properties of principal vari-

ances for different geological classifications These properties

are summarized in Tables 2.2 and 2.3. Since the minor principal

direction is nearly vertical during the strong motion period,
the major and intermediate principal directions are approxi-
mately horizontal. Table 2.3 shows that for hard soil condi-
tions the average major principal variance is about .61/.26
= 2.35 times the average intermediate principal variance.
This corresponds to an average cross-correlation coefficient
{(Ri=R2) /(R1+Ry) = 1.35/3.35 = 0.40 for ground motions in a
set of axes rotated 45 degrees with respect to the ground

motion principal directions. Therefore, treating ground motions
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as independent quantities in the structure principal directions
may sometimes be quite unconservative.
The variances Ra (t,t) and Ra (t,t) are plotted as
X

y
functions of angle of incidence § in Fig. 2.12, in which the

principal variances Ra (t,t) and Ra (t,t) are assigned values

e d
1 and 1/2.35 = .4255% respectively. As shown in Fig. 2.12,
at § = 1/4 and § = 7/8 Ra (t,t) and Ra (t,t) are equal and
X
Ra a (t,t) reaches its maximum absolute value.
Xy :

2.7 Spatial Correlation

For structures which have large horizontal dimensions,
spatial differences in translational ground motion can produce
an effective rotational ground motion input to the structure.
Newmark [55, 59] used a travelling wave model to derive an ex-
pression for rotational ground motion input.

In this section, the spatial correlation of translation
ground motion components is accounted for, which results in a

probabilistic model for rotational ground motion, analogous

to that of Newmark [59].

The ground motion models discussed up to this point are
assumed to be uniform over the structure base. Previous re-
search on spatial correlation [1, 33] showed that correlation
of ground motion decays with the increase in distance. There-
fore, the full correlation assumption is probably not appro-

priate for structures with very large base dimensions. The
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partial correlation of ground motion may cause torsional ex-
citation. To illustrate this, consider a structure being sub-
jected to a one-directional translational base excitation
shown in Fig. 2.13. The foundation is assumed to be rigid. The
free-field ground motion at location y is designated as
gx(t,y). The effective translational excitation gx(t) averaged

over the foundation dimension, is

jb/Z
-b/2

gy
=
]
ol

Eét,y)dy : (2.29)

The effective torsional excitation £ (t) is obtained by

¢
finding a £¢(t) which minimizes the expression
J b/2 A
[Eft,y) - € _(t) - y& (t)]1%d 2.30
b2 &4 % Y&, (t)]7dy ( )

After simple calculations, g¢(t) is obtained as

b/2
(t) =i§f T e (2.31)
-b/2 x /Y)Yy dy
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It is emphasized that this effective torsional excitation
is due to the smoothing effect of a rigid structural base on
free-field translational ground motion which is not perfectly

correlated spatially. It is also assumed that the wave shape

is not affected by the presence of the structure, which

may be questionable.

If ground motion &x(t,y) is assumed to be stationary and
spatially homogeneous, then the PSDF of gx(t,y) can be denoted

. The PSDF of gx(t) and ge(t)

as Sg (t,r), where r is |yi-y2
~°X
= b£¢ are then

1 b/2 ; b/2
S~ (w) = — [ J Sg (w, |y1-y2|)dy1dy2
£, b2 J=b/2 '=b/2 x
(2.32)
lagq [ B/2 [ B/2
Sa (w) = J J Y1Y2Sg (w, |yi-y2|)dy:1dy:
Eq b* J-b/2 J-p/2 X

In the absence of information about the form of spatial
correlation, a convenient expression is chosen. Suppose

(w,r) takes the form
X :

Sg

S, (w,r) = S(w)R(w,r) (2.33)
gx
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where S(w) is a local spectrum and R(w,r) is a normalized

cross spectrum. R(w,r) is conveniently described by

R(w,r) = exp[-cs(zégi)m] (2. 34)
s

where VS = shear wave velocity of soil and c, = a constant.
The shear wave velocity, Vs’ is in general greater than

600 m/sec for firm soil conditions and is less than 600 m/sec
for soft soil conditions. The parameter Cq accounts for the
spatial correlation effects. A value of cg = 0 corresponds to
perfect spatial correlation. A value of cg = 0.5/21 was used
in the study by Hindy and Novak [33] and is shown to be
acceptable according to some ray measurements. This value
corresponds to a correlation length of about (10 sec) x Vs
for acceleration and (45 sec) x VS for displacement. The
correlation length is a characteristic length indicating

how fast the spatial correlation decays. Interested readers
should refer to Hindy and Novak et al [33] for details.

For m = 1, the following relations result
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sr (2) =2{1+ 1% -1) ts)
£ A
X
{2.35)
1 1., -z 1 -2 1 -2z
St (z) = 288{+5= - —(e ©) - —(1+te ") + =—(1-e 7) }g(w)
Ee 122 z3 422 Zl"
4 bcsw
in which the dimensionless variable z = v - For example,
s
if cg = 0.5/2m, Vs = 600 m/sec, b = 100 m, w = 107 rad/sec,
then z = 0.41667 and Sg (z) = 0.874 and Sg (z) = 0.844.
b 4 0

Therefore, for systems with a large natural frequency and huge
base dimensions, the torsional excitation is quite significant.
S7 (z) and S; (z) are plotted in Fig. 2.14 against z. S7 (z)

Ex ) Ex
decreases with increasing z. However, Sg (z) increases with

6

increasing z up to z = YI1.5 = 3.39 and then decreases after-
ward. It is noted that the radius of gyration of a bar element
is r = /Z%; ;, so the torsional spectrum reaches a maximum

v
approximately when the relation Eﬁ— =

b - ¢ hoilas.
s /12

2.8 Summary and Discussion

In this chapter, a class of stochastic ground motion
models (Eg. (2.1)) was examined.

(1) Time varying intensity was modeled by means of a
double exponential envelope proposed by Shinozuka and Sato.
Time to peak intensity, tmax' and Trifunac-Brady duration,
D were related to the envelope parameters.

TB
(2) Three different frequency content models were
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considered: white noise, the Kanai-Tajimi spectrum, and the
Clough-Penzien spectrum. Ground motion R.M.S. accelerations,
velocities and displacements were calculated and appropriate
ratios were compared with values recommended by Newmark and
Hall for use in constructing smoothed design spectra given an
estimate of peak ground acceleration.

(3). It.was shown that ground motion acceleration models
of the general form of Eg. (2.1) possess a previously unreported
deficiency. Care should be taken in using such stochastic
ground motion models in studies of structural response of very
low frequency elastic systems. |

(4). A multi-directional ground motion model based on the
'premise of the existence of fixed ground motion principal
directions was discussed.

(5) . The presence of large individual acceleration pulses
in the ground motion was modeled, although there is not suffi-
cient information available to select a reasonable range of
parameters.

(6) . Lack of spatial qorrelation in the translational
ground acceleration resulting in an effective rotational ground
motion input was modeled using a travelling wave model originally

introduced by Newmark [59].
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CHAPTER 3

RESPONSE OF LINEAR SYSTEMS
TO SEISMIC EXCITATION

3.1 Introduction

This chapter introduces .and summarizes the methods used
in this study for computing structural responses to the ground
motion models described in Chapter 2.

The ground motion models used in this study are zero mean
random processes. The response to this ground motion of any
linear structural system is therefore also random and has zero
mean. Therefore, a great deal of information is contained in
the second-order moment statistics of the response. Most of
the response calculations carried out in this study involve
determination of displacement and velocity response covariances.

Special consideration is given to systems with closely
spaced fregquencies, Since such a situation arises in systems
with lateral-torsional coupling. It is well known that conven-
tional procedures experience accuracy problems when applied to

systems with nearly equal natural frequencies [41, 47, 58, 71].

In this chapter, the effect on response of close frequen-
cies is illustrated by considering the stationary response of
systems excited by white noise; expressions are derived for
covariances of response for general multi-DOF systems in terms
of system properties and grouhd motion parameters; an efficient

and accurate time domain response calculation procedure is
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developed; and the probable response, which blends information
on various response covariances into a better indicator of
structural response is discussed.

It is assumed that damping in the structural model may be
specified as a fraction of critical démping in each mode of
vibration . For simplicity it is assumed that each mode has
the same value of damping. Therefore, the well known normal
mode method is employed. Throughout the study, the systems are
assumed to have zero initial conditions. However, other initial

conditions can be incorporated into the analysis i1f so desired.

3.2 Normal Mode Method for Multi-DOF Systems

This section contains a brief summary of the well known
normal mode method for linear systems, in order to introduce
notation.

Consider a general discrete, lumped mass system with N
DOF subjected to ground motion excitation a(t). The equation

of motion of the system is

[MI{d} + [c1{u} + [K]{u} = -[M]{r}a (3.1)

where [M], [K] and [C] are mass, stiffness, and damping
matrices of order NxN. {u}, {u} and {{i} are respectively

displacement, velocity, and acceleration vectors relative
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to the base. {r} is a vector which represents the displace-
ments resulting from a unit base displacement.
Let {wj} be the j-th free vibration mode of the system

satisfying

[KI{wj} = w§IM]{wj} (3.2)

and the orthogonality conditions
T
i = 3Ry = o if %k (3.3)

where wj is the natural frequency of mode j.
Let [y] denote the modal matrix whose columns contain

the mode shapes

[¥] = [{wl}]{wz}l...l{wj}

(o]

The displacement {u} is transformed into mode shape co-

ordinates {g} through

1

{gq} = [¥]1 “{u}
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or

{u}l = [Y1{qg}

where {g} is a vector of modal displacements. Eg.

——

[

(3.4)

(3.1) becomes

M1 0¥1 (g} + [CII¥I{&} +[KI[¥]{q)} ="IM]{r}a (3.5)
Premultiplication of Eg. (3.5) by [w]T, produces
[M71 (&) + [€™(q} + K™ {q} = ~[v]T[M] {r)a (3.6)
where
MM = [v1T M)y
(€™ = v171c] 1y
[K™] = [¥]T[K][¥]
[Mm], [le and [Km} are respectively modal mass, damping and

stiffness matrices. They are all diagonal matrices as a re-

sult of the orthogonality property of the mode shape vectors,

and the modal damping assumption. Therefore, the method trans-
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forms complicated systems into a set of N independent SDOF

systems in the mode shape coordinates. From Egq. (3.2), one
m m 2 , .
h k. /mL. = wl n which k.. d m..

as kyy /myy = @5, in which kjy and myy
elements of {Km] and [Mm] matrices respectively.

are j-th diagonal

3.3 Multi DOF Systems with Closely Spaced Frequencies

In dynamic analyses of structures, closely spaced modes
typically arise from symmetry or near-symmetry in buildings.
The interaction between modes with nearly coincident frequen-
cies may account for a significant increase in response. To
illustrate the effect of close natural frequencies, consider
linear systems excited by white noise. The equation of motion

in the mode shape coordinates can be written as

==\
J

j

%1} (011 ?1
?éi% ey 9
{ " . ) E y +
K] 0o 33 %
{&N } .CNN’ kéq
‘ (3.7)
/wil S r?l‘ (:1
-_wgi 0 a, lg |
. R R el
0 33 fj ?J
g sl (% U
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E[W(t)W(s)]

where Sij is cross-spectral

Rewrite Eqg.
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intensity.

§ (t-s)

consider only the i-th and j-th modes, leading to

(a,) o 1 0
- - 2 -

;3 “ii iy O

a ! =

. 0 0 0
95

I 0 0 -2
%)L

Applying Eg. (B.18),

A
0 a |
0 c}i
> dt +
1 qj ’
-cji_ quJ

W is a vector of white noises with

(3.8)

(3.7) in a state variable representation and

» dt (3.9)

the second moment evolutionary

equations, which give the time variation of the second moments

of response, are written as follows

a _ ® °
L ® _ ° e - 2

C..
11

E[d;9,]

(3.10)

(3.11)
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8 o " °
= E[9, = d.] - wi, 9.1 - c_. g
=E [qlqj] E[qqu] '35 E[qqu] C]j E[qlqj] (3.12)
9 RE.4.] = -w? 3] - w2 : (3.13)
_ c e e
( ii ¥ ij) E[qiqj] + Sij

If only stationary response is considered, the time deriva-
tives appearing in Eg. (3.10) to Eg. (3.13) are replaced by
zero. These equations can then be easily solved for the cova-

riances as follows. From Eg. (3.10)

E[éiqj] = - Elq.9.] (3.14)

Subtraction of Eq. (3.11) from Eg. (3.12) and use of Eq.

(3.14) yields

. w2, -y2,
Elq;d,1 = ——il—;ll— Elg.q.] (3.15)

Addition of cjj times Eg. (3.11) plus ciy times Egq. (3.12),

vields

2 2
(cjjwii+cii@jj)

i73 (cii+cjj)

E[g.q9.]
] (3.16)
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Substitution of Egs. (3.14), (3.15), and (3.16) into Egqg.

(3.13), then gives

El9;q4] = NES R (3.17)

in which
(w?.-w2.)?2
T.. =¢.,.02, + C..02, + —x2 JJ
1] 11 33 JJ 11 c. . +C..
117733
m (20 (0, 0..) + a0, =0, ) 2] (W, s )
ii~3jj 2z ' ii "33 ii ™53

Tij’ which is completely determined by system properties,
is analogous to stiffness in static analysis, while Sij is .
analogous to force description.

For the variance, i = j and

- - - 3
Ty = Ty3 = 2043%35 = 40y (3.18)

which is a familiar result for SDOF systems.



52

Consider the effect on the response of mode i of a second

mode j with the same frequency, wjj = Wiy If the cross term
Sij in the input spectrum is of the same order of magnitude as

Sii’ then E[qiqj] is of thé same order of magnitude as E[qi}

and has an important effect on the response.

To see the effect of nearly equal frequencies, define the

parameter Yy

T.. W W,. 2 WL

1] = 4[% (wjj) + 31 (1--23) y@a + =4 (3.19)
3 P 2 W, . W, .

4gwii ii 8¢ ii ii

Y =

. . . 2 . -
which is the ratio of E[qi] to E[qiqj] if S;; = Sij’
The parameter y is shown in Fig. 3.1 as a function of

wjj/wii for damping ¢z = .02, .05, and .10. The figure shows

clearly that y increases rapidly with increasing g;; for
small damping, thus, it is reasonable to omit cros;lmodal
response for systems having separated natural frequencies
providing that damping is small. Eg. (3.19) can be used
as a quantitative measure of the feasibility of omitting the

cross modal response.
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3.4 Covariance of Responses

Since modal damping is assumed, a system is completely

characterized by mode shapes and natural frequencies. Let

wij =

AQ
w. g Heou )
~

).

gy 2 R Mok X o
|
J.
1

[\)
~

]

j-th

number of degrees of freedom of structure.
impulse response function of modal response

impulse response function of modal response

element of j-th mode shape
element of modal response {qg;}
element of modal response {qg,}
generalized input

component of response {X}
component of responsé {Y}
component of input

modal mass

For displacement response

E‘H
.

- .CT
e J Sin(ij)

For velocity response

“where

Then

=-W.CT 1 -w.ITT
cos(W.T) - w t—y e sin(w: T)
w™ J
J
1 - ¢? z =1o0or 2

qu

9ok

(3.20)
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X3 (8) = % ¥i4914 (%) Yo(t) = i ¥k (8)

]
\—‘_—\
o ct

1 .
hlj(t_T)M_ Qj(T)dT

ay 4 (£) -
J

J

t
q2k(t) - JO th(t T)ME Qk(T)dT

0y (t) = % V5., Q, (t) = % N

The covariance of Xi and Yp is then

111 Vs e Y (t)
inyp(t't) %kl wljwpk £3j7mk Mij jk,im

t ¢t

If the input is stationary, the stationary form of Eq.

can be written as

R (t,t>=l.[ 1L gy

xiyp £ 2m

—o jkim pszjwmk

*
v H.. (w)H,, (w)S (w) dw
MM T13 2k FoF_

(3.21)

(3.22)

(3.22)

(3.23)
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where H(w) is the transfer function of the response and =
denotes complex conjugation.

Eg. (3.22) involves double integrals. It is prohibitive
to evaluate these integrals numerically due to high computa-
tional cost. In the past, the covariances of reéponses have
been obtained via frequency domain analysis. Since ground
motions are assumed to be locally stationary, the evolutionary
power spectral technique by Priestley enables one to evaluate
Eg. (3.22) numerically by performing a series of one-dimen-
sional discrete Fourier transforms and numerical integrations
rather than by evaluating double integrals [68, 69, 89]. Ne-
vertheless these procedures are still quite expensive and
numerical errors are difficult to assess. In order to evaluate
nonstationary covariance of responses efficiently and accura-
tely, it is desirable to obtain an analytical expression for
double integrals. For the ground motion considered, this can
be done in a straightforward manner due to the simple, well
structured, integrable autocorrelation function of the input.
Therefore, computational cost can be cut drastically.

In seismic building analysis, one significant advantage
associated with normal mode analysis is that a good approxi-
mation of displacement or velocity can usually be achieved
using only a few modes. Hence, another reduction in compu-
tational cost can be made by establishing criteria for selec-
tion of significant mode pairs to yield results with the
specified accuracy. More details will be discussed in Chapter

6.
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3.5 Analytical Evaluation of Response Covariances

If £(t) is white, the double integrals in Eqg. (3.22)
automatically reduce to single ihtegrals which can easily be
carried out analytically. If the Kanai-Tajimi or Clough-Penzien
spectra are used, it is onlyrnecessary to evaluate éxpressions
of the form

. _ ftJt (€T (6mt) e-wgcglrl-rzl .
(3.24)

cos(wgltl—rzl = ¢)I(T1)I(T2)dT1dT>2

For most envelope functions which have been proposed, Eqg.
(3.24) can be integrated. The analytical expressions for dis-
placement response, velocity response, and displacement-
velocity joint response are given in Appendix E, in which the

Shinozuka-Sato envelope function is employed.

3.6 Maximum Response

In previous sections, the covariances of various reéponses
are derived. These response statistics contain much of the
information concerning structural response characteristics.
They represent the mean square responses. However, in struc-
tural analyses, maximum responses are of particular importance.
Since the structural response in this formulation is random,
maximum response can only be discussed in terms of probability.

A meaningful way to phrase the problem of finding extreme res-
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ponses is to determine the probability that a prescribed dis-
placement threshold, d*, will not be exceeded by structural
random response [Fig. 3.2]. This is known as the First-Passage
problem. It is perhaps more useful to solve the problem the
other way around; prescribe a probability of no exceedance and
to determine the corresponding threshold (level). The response
threshold associated with a fixed probability of no exceedance
will be called Probable Response. For instance, the threshold
corresponding to 90 percent probability of no exceedance is

called 90 percent Probable Response and denoted as da 9°

3.6.1 Probability of No Exceedance (Reliability)

Let d be the random response of interest. Then the proba-
bility of no exceedance A(d*, t) of level d* in the time in-

terval 0 £ T £ t is defined by

%* * .
Af(d ,t) = p {t>t : d(1) > d for the first time} (3.25)

If the ground motion is assumed to be Gaussian, then all response
quantities are Gaussian. However, so far no solution has been
obtained for A(d*, t). Consequently, it is necessary to employ
approximate methods. A number of approximation methods have

been devised [54, 70, 84]. In this study the Poisson process

(crossing assumption) approximation is used because of its
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simplicity. This approximation is often conservative for nar-
row band Gaussian processes [21] which is the case in this

study. The approximation assumes that the number of crossings
at time t is a Poisson process. Accordingly, the probability

of no exceedance is

* t
A(d ,t) = exp [-J v o, (1) drt] (3.26)
0 d

where vd*(r) is expected rate of upcrossings of level d* given

by [70]
1 di
Vax (T) = | F;g;;;?:y exp[- 5237:7]}¢
Og (1) Pgq (t)a* (3.27)

EET?T Dda(r) o d*¢ [

]
s 20
od(T)/ 1 Pag

2
p2.(r)d*
dd 1}

+ og(t)/ 1=-pgg 1) expl-

1
2(1-p2.,
ver 20d(1 Odd(T))
where Od(T), and Gé(T) are respectively the standard deviation
of 4 and d, and pda(r) is the correlation coefficient. ¢[-]
denotes the cumulative distribution function of the unit nor-

mal distribution. In structural analysis, the absolute value

of 4, |d|, is of particular concern and



59

(3.28)

A(ld*l't) = exp [—J v *fr) dt]

The above approximation involves only response covariances
(first order probability information), and correlation infor-
mation for two different time instants is not considered.

For stationary response, Pad in Eg. (3.27) 1is zero, and

A(]d*]|, t) becomes

(3.29)
05 * 2
exp[-

Acla’],e) = exp{-2t 1}

2TTOd Zoé

In Eq. (3.29), knowledge of Oqr 08 and duration t is re-
quired. In the nonstationary case, the response will die out
eventually and duration of response can be omitted. However,
s is no longer zero for the nonstationary case.

Pad

3.6.2 Probable Response

For a fixed duration, A(|d*|, t) is a monotonic increasing

. Therefore, |d*| can always be obtained

function of |d%

numerically by an iteration process. Let |d*| be expressed in
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terms of M.S. displacement as

* ) .
|d | = ¢ o4 for stationary case

o
*
|

= for nonstationary case
c (od)max o) o) Yy

in which ¢ will be termed the Multiplication Constant. From

Eg. (3.29), c¢ for stationary response is

] (3.30)

c =[] 2 1n

3.7 Summary and Discussion

The methods used in this study for computing structural
response of linear MDOF systems to ground motion input were
presented.

For stationary white noise input, modal covariances
were computed using Eg. (B.18). For stationary and nonstationary
response to Kanai-Tajimi and Clough-Penzien spectra input,
responses were computed using the auto-correlation function.

Expressions for time-varying modal displacement and velocity
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variances and covariances were evaluated analytically.

Eq. (3.22) gives the general form for time-varying response
covariance, and Eg. (3.23) gives the stationary response
covariance. The canonical form of the double ihtegrals which
are involved in the analytical evaluation of covariances, is
displayed invK. (3.24) and evaluated in Appendix E.

The closed form expressions for response covariances
were incorporated into a normal mode analysis procedure for
linear elastic MDOF systems.

Rice's approximation [70] for maximum response (with

a specified probability of no exceedence) was also summarized.
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CHAPTER 4
EFFECTS OF GROUND MOTION CHARACTERISTICS ON

THE RESPONSE OF SINGLE DEGREE OF
FREEDOM (SDOF) ELASTIC SYSTEMS

4.1 Introduction

In this chapter, the ground motion models described in
Chapter 2 are used as input to single degree of freedom (SDOF)
elastic oscillators.

SDOF systems are studied in order to provide some insight,
in as simple a context as possible, into the effects on res-
ponse of various ground motion characteristics. In addition,

a thorough understanding of the response of SDOF systems is
fundamental to the understanding of more complicated systems;

Response spectra, which contain important information on
the response characteristics of SDOF systems, have been widely
used in earthquake engineering . A typical response spectrum
(E1 Centro (1940 EW)) is shown in Fig. 4.1. The smoothed
design spectrum obtained by applying the rules due to Newmark
and Hall [57] and Newmark [56] is shown in Fig. 4.2. This
spectrum may be thought of as an expected response spectrum .
The figures indicate the general pattern of response of SDOF
systems to ground motion shaking. The spectral shape illus-
trated in Figures 4.1 and 4.2 is typical of earthquake ground
motions recorded at medium epicentral distances on firm soil
or rock sites. These deterministic spectra provide a frame of

reference for evaluating the stochastic ground motion models
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used in this study.

The most important general characteristics of the ground
motion models discussed in Chapter 2 are frequency content and
nonstationarity or duration.

Three commonly used models for the frequency content of
strong ground motions were discussed in Chapter 2. These models
provide varying degrees of realism in spectral shape when
compared with reéponse spectra of recorded motions. The three
models, ranked in order from most realistic to least realistic,
are:

1) Clough-Penzien spectrum

2) Kanai-Tajimi spectrum

3) White noise
Conversely, a ranking of the models on the basis of simplicity
and convenience would reverse the order shown above.

Likewise, the introduction of a nonstationary envelope
function may provide a realistic variation of ground motion
intensity at the expense of complicating the problem. In
structural analyses, it is the response that really counts.
The use of a more realisticAmodel may (sometimes) lead to
analytical difficulties and make it impossible to draw useful
general conclusions. On the other hand, the simpler models may
not yield reasonable results in the range of interest. A ba-
lance must be reached between these conflicting objectives.
Therefore, the ranges of applicability and the adequacy of the

models must be carefully investigated.
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In this chapter, R.M.S. responses to the ground excita-

tions are computed and plotted on tripartite spectral charts

so that 1). the effects of ground motion characteristics
(frequency content and duration) on structural response can
be clearly seen, and 2). comparision can be made with actual
earthquake response spectra, so that the models can be evalu-
ated.

Since linear structures are of concern, the responses
are proportional to the spectral level, S,. Another advantage
of plotting the results on tripartite logarithmic paper is
that the response spectra are merely shifted when different
spectral levels S; are used, and therefore, S, can be chosen
quite arbitarily.

The effect of individual large pulses on the response
will be illustrated using the white noise model because its

simplicity.

4.2 Response of SDOF System

Consider the SDOF system shown in Fig. 4.3. The equation

of motion is

Q1.1!"‘2 =+2=-
wﬂcu wou a(t) (4.1)

where u is the displacement of the mass relative to the base,

wo and r are respectively natural circular frequency and
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damping, and a(t) is the ground acceleration. In earthquake
engineering applications, the natural frequency £, ( = wy/2m)
is normally in the range from 0.05 cps to 20 cps. The damping
coefficient r depends on the type and condition of the struc-
ture. In this chapter, only 5 percent critical damping

(z = 0.05) is considered.

4.2.1 M.S. Responses

As will be seen later, the effect of frequency content
and duration (nonstationarity) will be illustrated through
the stationary and nonstationary R. M.S. displacement and
velocity responses of SDOF systems. The stationary response
is the response at t+» to a stationary excitation. The non-
stationary response discussed in this research implies that
the oscillator is at rest initially and the excitation is a
locally stationary process as descibed in Eq. (2.1).

For the convenience of later discussion, let cu(t) and
Oﬁ(t) denote respectively the R.M.S. displacement and velo-
city response. (o.(t))max denotes the maximum over the time
history and t_ denotes the time at which the maximum occurs.
o, (=) denotes the stationary result.

If the ground acceleration a(t) is Gaussian white noise,
applying Eg. (B.18), the second moment evolutionary equations ,
which are a set of coupled ordinary differential equations

which give the time history of the second moments of response,

can be derived as follows
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3 3 N e 3
(E[u?] [ o 2 0 ‘Elu?] 0
2_J{Eluals = |-0? =20z 1 JE[ualt + ¢ o L(4.2)
ot 0 0
E[u?] 0 -2w? -du E[ﬁzu' I2(t)So
L J 0 0 L : | )

where S, is the spectral level of g(t). If stationary responses

are of concern, one immediately obtains the familiar result

2 2 SO
Ou(oo) = E[u<] = mz—i
) S, (4.3)
= 221 =
0il=) = E[W?] = Tt

After some calculation, the nonstationary response can be ex-

pressed as

(E[u?]] o (t-1)]
{Efunl} = Son J¢23(t—1)> 1% (t)ar (4.4)
E107]) | 0, (t-7)
in which
e-ZwOCt
o (8) = 2w§(1—C2) {1 - cos (2w _ 1-z% t)}
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Eg. (4.4) can be evaluated analytically [Appendix F].

The M.S. responses of systems to ground motions having =~
Kanai-Tajimi or Clough-Penzien spectrum characteristics can be
obtained by specializing Egs. (3.22-3.24) and Appendix E. The
stationary results are obtained by keeping only those terms
involving e>‘t in Appendix E since all the other terms die out
as t-ow,

The stationary R.M.S. displacement and Velocity responses

to ground motion with the Kanai-Tajimi spectrum characteristics

can then be arranged in the following simple forms:

2 2

-1 w_ g - we(1-4¢%)
= E[u?] = 2 g-g -

9y [u?] mzA{ wg(1-+w z )A1 + 70T 2wg;g]A2}

, 0 0
(4.6)
e = .2 _—_____.-l—_ 3 2 . 2
o E[u‘] ZwOCA{ chngI + wg(l 4cg)A2}
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in which
A = = wz_wz 2 _ 4 2+ 2 +
( ] g) (wgcgwo wOng)(woc wg;g)
So 2 2
A = -
. 5T {wo wg + ngcg(wog+wg;g)}
g-g
So ,
A = 4 -
, 4wgcg.{ wgCg + Zwag(wgc wocg)}

The stationary R.M.S. displacement and velocity res-
ponses to ground motion with Clough-Penzien spectral character-
istics can be evaluated using the expressions given in

Appedix E but are too lengthy to repeat here.

4.3 Effects of Ground Motion Characteristics

4.3.1 Effect of Frequency Content

In this section the stationary responses to the three
types of input spectra (white noise, Kanai-Tajimi, Clough-
Penzien) are examined to determine how well the general
characteristics of the response spectra agree with the
response spectra computed from actual earthquakes. Then,
using the Clough-Penzien input spectrum, the effect of
dominant ground motion freguency is examined.

The stationary responses Ou(w) and Oﬁ(m) to ground
motions with white noise, Kanai-Tajimi, and Clough-Penzien

frequency content characteristics are shown in Figs. 4.4



69

and 4.5. In these figures, So= 10000 in2/sec?® and filter
parameters of wg = 15,46 rad/sec, Cg = 0.623, we = 1.636
rad/sec, and g = 0.619 are used.

The figures reveal that the general shape of the
R.M.S. displacement and velocity response spectra for
the Clough-Penzien input closely resembles the El1 Centro
response spectrum shown in Fig. 4.1. This general shape
is typical of earthquake response spectra. As expected,
the response spectra for the Kanai-Tajimi and white noise
input tend to diverge as the natural frequency approaches
zero. However, for very low frequency systems, the displacement
response should be equal to the ground displacement. For the
Clough-Penzien spectrum with rounded parameters wg=5ﬂ rad/sec,
wg=0,6, wf/wg=0.1, ;f/cg=1.0, and Sp=1.0 in2/sec3 (Fig. 2.5),
the R.M.S. ground displacement is computed as 0.3308 in. from
Eg. (2.17). For the same set of parameters, the R.M.S. displace-
ment response for a system with very low natural frequency,
say fo = 0.01/27m cps, is obtained through Eg. (3.24) and
expressions given in Appendix E as 0.3426 in. This confirms
that the Clough-Penzien spéctrum provides a reasonable ground

motion model especially in the low frequency range.

The responses cu(w) and oﬁ(w) due to white noise are
identical straight lines on the spectral charts. This can
easily be seen from Eg.(4.3) which shows that the pseudo-

velocity response (defined as woou) is equal to velocity
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response oﬁ(w), For the same Spectral level, the white noise
input yields higher response in the low and high frequency
range, but smaller response in the mid-frequency range when
compared with those from Clough-Penzien spectrum input;

The response for the Kanai-Tajimi spectrum input are
virtually the same as those for white noise in the low
frequency range. In the mid and high frequency range, the
responses are very close td those for the Clough-Penzien
spectrum input.

From the above discussion and in view of Figs. 4.4
and 4.5, it is clear that the white noi;e model represents
the effects of ground motion well only if the natural
frequencies of the structural system fall within a very
limited range. The Kanai-Tajimi spectrum yields reasonable
results 1f the system natural frequencies are not in the
low frequency range. In much of the subsequent work reported
in this study, the Clough-Penzien spectrum will be used to
represent ground motion frequency content. However, in a
few cases, the white noise model will be used for the sake
of simplicity.

The displacement and velocity response spectra for
Clough-Penzien spectrum input are in general quite similar.
In the mid frequency range, the pseudo-velocity woou(W) is
approximately the same as velocity oﬁ(w), The pseudo-
velocity woou(w) underestimates the velocity o, () in the

low frequency range, but overestimates the velocity in the
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high fregquency range.

To compare the effect of ground motion dominant fre-
quency, the R.M.S. displacement response spectra for the three
ground motions with Clough-Penzien spectra (Fig. 2.7) are
plotted in Figs. 4.6 to 4.8. Applying the Newmark-Hall
approach [57] for the construction of spectra, R.M.S. ground
acceleratioh, R.M.S. ground velocity, and R.M.S. ground
displacement ;;e employed as control parameters to separate
the frequency range into three regions. Amplification
factors are indicated in the figures. It is evident that
the amplification patterns over the three regibns are quite
similar for the three spectra used despite the fact that
the spectral shapes of the three ground motion inputs are
quite different. This suggests that one can adequately
estimate response spectra using only M.S. ground acceleration,
velocity, and displacement. These guantities can be obtained
analytically for the ground motion model with Clough-Penzien
spectrum characteristics using Egs. (2.16) and (2.17).

2

are quite different

The relations o and cv/c

E)Ud/cv £
for the three ground motions used (Refer to Sec. 2.3.2.2).
Therefore, a single set of numerical value of these guantities
does not seem appropriate for ground motions with significantly

different frequency content.

4.,3.2 Effect of Duration

In this section, the effect on response of ground motion

duration is considered.
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First, a short-duration earthquake (Trifunac-Brady
duration = 7.2 sec., Sec. 2.2) is considered, with fre-
quency content characteristics corresponding to white
noise, Kanai-Tajimi and Clough-Penzien spectra. For the
same set of filter parameters used in the previous section
and S, = 10000 in?/sec?® , the max imum responses (ou(t))ma

X

and (0ﬁ are shown in Figs. 4.9 and 4.10. In all cases,

(t))max
the stationary response levels are attained if the§system
natural frequency is in the high frequency range. (Compare
Figs. 4.4 and 4.9 and Figs. 4.5 and 4.10) In the mid and
low frequency ranges, the maximum nonstationary responses
are generally smaller than the corresponding stationary
results.

Unlike the response for white noise or the Kanai-
Tajimi spectrum, the maximum displacement response (ou(t))max

for the Clough-Penzien spectrum exhibits some unusual be-

havior. (ou(t))ma starts to depart from the stationary

X

response ou(m) at about f0 = 2 Cps. As f0 decreases further

the divergence first becomes laiger, then becomes smaller.

This can be explained by the fact that the transient res-
ponse of low frequency systems can greatly overshoot the
stationary response. This is demonstrated in Fig.4.11 which
shows the response history of a SDOF system having fo =

0.05 cps to stationary input with the Clough-Penzien spectrum
(Ground Motion No. 2). Note that the M.S. impulse of the ground

motion (Chapter 2) is zero for the stationary Clough-Penzien

spectrum input so that at low frequency the correct asymptotic
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behavior is observed.

Second, a ground motion with Clough-Penzien spectral
characteristics is considered. Two durations, designated
as "short" and "long"” in Sec. 2.2 with Trifunac-Brady
durations equal to 7.2 seconds and 20.4 seconds, respectively,
are used. Figs 4.12 and 4.13 show displacement and velocity
response spectra, i.e., (ou(t))max and (Gﬁ(t))max,for
S¢=10000 inz2/sec3.

In Fig. 4.12, the short duration response curve is
beginning to show evidence of approaching its (spurious)
horizontal_low frequency asymptote, which for 5 per cent
damping, is SV=27.03. The low frequency limit fl (Eg. (2.24))
gives 0.151 cps as an estimate of the frequency below which
the nonstaﬁionary responses are likely to be inaccurate
because of deficiencies in the ground motion model. This

estimate appears to agree well with one's visual impression

of Fig. 4.12.

The probable response has been discussed in Sec. 3.6
as a more useful quantity than R.M.S. response in structural
engineering. It blends the information of the statistics of
structural random responses and duration into a single mean-
ingful index. For convenience, the probable response is often
expressed in terms of R.M.S. response, ou(m) or (ou(t))max

by introducing the multiplication constant described in Sec.

3.6.20
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The 90 percent probable responses of SDOF oscillators are

obtained for the aforementioned ground motions according to

the formula and approximation described in Sec. 3.6. For

the nonstationary cases (short duration and long duration)

the "t" in Eqg.(3.26) is chosen to be sufficiently large

so that vd*(t) in Eg. (3.26) becomes virtually zero. The
probable response for the stationary case is obtained
through Eg. (3.30) using t=10 seconds. The multiplication
constants for the three cases are shown in Table 4.1. Table
4.1 shows that the multiplication constant for a system is

greater if earthquake duration is longer as expected.

It is worth noting that the probability of no excee-
dance according to a instant response probability distri-
bution (shaded area in Fig. 4.14) should be greater than
the probability of no exceedance over an entire duration.
The probabilty obtained from a instant response distribution
will be refered as Instant Probability of No Exceedance.
For example, a multiplication constant c = 2.807 is obtained
for f¢ = 1 cps, short duration, and 90 percent probable response
(Table 4.1). This corresponds to a 99.75 percent instant proba-
bility of no exceedance if the Gaussian assumption is valid.

The 90 percent probable responses are shown in Fig.4.15. The
figure shows that in the frequency range plotted, the probable

responses are consistently larger for the long duration mo-

tion than for the short duration motion. At lower frequencies,



the spurious low frequency behavior due to the short duration
envelope is again evident.

Since many important structures such as pipelines and
offshore platforms may have very low natural frequencies, care
should be taken in using stochastic ground motion models of
the form given by Eg.(2.1) for studies of such structures.

It is entirely possible that the more commonly used 3-segment
intensity envelope may not produce as severe an effect at low

frequencies. This remains to be demonstrated however.

4,3.3 Effect of Pulses

In this section, the effect of large acceleration pulses
in the ground motion is considered. As mentioned in Sec. 2.4,
no satisfactory way was found to relate the parameters of the
pulse model to observable properties of recorded ground mo-
tions. Thus, in the absence of a method of determining a
reasonable range for the ground motion mcdel parameters,; only
a very limited study of the effects of acceleration pulses
on system response was undertaken. Nevertheless, the results
do show that pulses increase the probable response of SDOF
elastic systems.

Unless the response is assumed to have a Gaussian
Probability distribution, the M.S. response is not sufficient

to characterize the response distribution. For non-Gaussian

cases, besides M.S. response, Skewness (third moment), and
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Kertosis (fourth moment) are quite important in determining

the response probability distribution. As discussed in

Sec. 2.4, let the ground acceleration a(t) consist of a
combination of Gaussian white noise (continuous) with spectral
level Sy, and marked poisson pulses (discontinuous) with
intensity A, and zero mean symmetrically distributed mark H.
The marked poisson pulses are employed to model individual
large acceleration pulses in the ground motion with random
arrival time.

Applying Eqg.(B.18), the second moment evolutionary
egquations are the same as Eqg.(4.4) except that S, is
replaced by S, + AE[H?]. Since all gquantities are assumed
to be zero mean and symmetrically distributed, all third
moments are zero. The fourth moment evolutionary equations

are as follows

E{u* 1 0 4 0o 0 0 E[u* ]‘
Efu’u ] —0? =20 ¢ 3 0 0 E[u’u ]
%f jE[uzﬁz] = 0 —2w§ -40 T 2 0 JE[u?u?]
Elu u?] 0 0 30} 6w T 1 E[u u®]
(Elu* 1 o 0 0 4w’ -8w T \E[{lq ]
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0 0
0 0
+ I%(t) ¢ 0 p+ 8§ ¢ E[u® 1p I?(t) (4.7)
0 3E[u u ]
| E[H") \6E[ﬁ2 ]‘J

in which 87 = S, + AE[H?]

The contribution to E[u*] of I2(t)Sg{E[u2],3E[uﬁ],GE[ﬁQ}T
is denoted as E[u“]G and is equal to 3E2[u?] (as in the
Gaussian case). i.e., Eiu“]G is the fourth moment of response

u excited by Gaussian white noise of spectral density S§.

The contribution to E[u®] of I*(t)E[H*] is denoted as E[u“’]P

and is equal to
Efu*l, = AE[H"] J ¢P(t-T)I“(T)dT (4.8)

It can be shown that the transfer function ¢P(t) is

-4m0ct
= —3——~————-{% cos(4w0 1-z2 t) -

¢ (t)
F w:(l"cz)z (4{9)

1 -y 3
5 cos(2w0 1-z%2 t) + 8}
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The fourth moment E[u“]P is always positive and Eqg.
(4. 8) can be integrated in closed form [Appendix F]. Thus,
for same total input spectral level, the existence of acce-
leration pulses produces a response distribution which is
flatter than a gaussian distribution (as illustrated in

Fig. 4.16). The increase of fourth moment of response can be

expressed by the ratio

E[u“]P
= (4.10)
Elu ]G
For the stationary case
3 s}
E[u*] .~ = ==
G 16 wzgz
(4.11)
AE[H"
E[u*] _ = f% El ]2
P m2§(1+3c )
Let E[H?] = uS}, E[H"] = gE2[H?] = gu2(S{/})?2
then
w
1 2 0 |4
r=s4au —~ T 4.12
2 A o(14322) (4.12)
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The parameter p is a measure of the proportion of the
ground motion power contained in the pulses. The parameter
g characterizes the probability distribution of the pulse
intensity.

In order to compute probable responses, a response
probability distribution mﬁst be assumed. A family of
distributions due to Karl Pearson is selected for this
purpose. Some background on the Pearson family of distri-
butions is given in Appendix G.

As mentioned above, the presence of pulses‘always yields
a response distribution which is flatter than a gaussian
distribution if the total spectral level is fixed. However,
the M.S. response ou(t) remains the same. Therefore, the
response level corresponding to a fixed instant probability
of no exceedance is always greater than if the response was
Gaussian [Fig. 4.16]. Fig. 4.17 shows the probable stationary
response (99.75 percent instant probability of no exceedance) to
white noise excitation. In the figure, the pulses are assumed
to account for one third of the total spectral level, i.e.,
p=1/3, and H is assumed-to have a wide distribution with
g =9 (g =3 for a gaussian distribution). The intensity of
pulses is assumed to be A = 0.5/sec. It is emphasized that
the choice p = 1/3 is entirely arbitrary and is made simply

to demonstrate the positive effect of large pulses on response.

These limited results show that acceleration pulses do
increase the probable response, although it is difficult to

conclude very much more than that until a way is found to



80

establish physically reasonable values for the parameters
p and g which characterize the pulse model used in this

study.

4.4 An Approximation - Equivalent White Noise

The stationary response to white noise excitation,
Egs. (3.15-3.17) or Eg.(4.3), is easily computed. Since
the response transfer function is narrow banded and the
ground motion model has a broad spectrum, (except for the
Clough-Penzien spectrum in the low frequency range) Eg. (3.23)

may be approximated as

1 1
EQ (w - .. . - .
2T %% %% “<2,m wj,wk) wljwpkamek Mij

)

<
r’-
"

(4.13)

* *
H (w)H (w)dw
J_w xj yk

If ¢£(t) has the Kanai-Tajimi spectrum characteristics

g Fsz

can be in general expressed as (Refer to Egs. (2.11), (2.27)

with filter parameters w_ and Cg’ S (w) in Eg.(3.23)

and (3.21-3.23))

1 24W 2
i+ 4Cg(w ]

_ g S
- w 2.2 K 2m
(l-(a) ) + 4€g(6) (4.14)
g g

S (w)
FoF

in which SQm is the spectral level.
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In this case, EQ2 m(wj,wk) in Eg.(4.13) can be chosen as
7

LW,
2 2
b

EQ (wWsrwy) =S
2,m 3’k % ,m 0y .
[1- (712 + a2 (5D ?
g g

(4.15)

w [
[1-(=5) 212 + 4c2 ()2
g g

Eg. (4.13) physically means that the system is excited
by white noise with a frequency dependent spectral level
equal to Elem(wj,wk)[Fig.4.18]. Table 4.2 shows the displacement
response computed using the equivalent white noise appro-
ximation, for a series of SDOF systems with different natural
frequencies and damping. The results are expressed as a
ratio of exact to approximate M.S. responses.

The approximation appears to be quite good.
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4.5 Summary and Discussion

Effects of ground motion characteristics on the response
of SDOF elastic systems were examined.

(1) The SDOF elastic response spectra computed using
the Clough-Penzien input ground motion agree qualitatively
with actual earthquake response spectra. The ground motion
model also predicts relations between mean square ground
acceleration, velocity and displacement which agree well with
corresponding estimates proposed by Newmark and Hall [57].

(2) To study the effects of variations in ground motion
frequency content on the response of SDOF elastic systems,
the filter parameters controlling the Clough-Penzien spectrum
were varied to simulate different "predominant" ground motion
frequencies. The corresponding response spectra exhibited
response amplification factors (relative to mean square ground
motions) which were insensitive to quite large changes in
ground motion frequency content. It is noted that this is a
prediction of the model rather than an established fact, and
it remains to be verified by comparison with recorded earthquake
motions.

(3) The effect of time-varying intensity and duration
of the ground acceleration was modelled by means of an
exponential envelope function proposed by Shinozuka and Sato.
Mean square responses were sensitive to duration only for
medium and low frequency systems. Mean sgquare displacement
response to the long duration motion consistently exceeded

the response to the short duration motion except
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Ifor very low frequency systems in which the "spurious" low
frequency behavior mentioned in Chapter 2 is gquite evident.
Maximum (90% probability of no exceedence) responses show a
slight dependence on duration for high frequency systems as
well.

(4) Limited results obtained using a white noise ground
motion model suggest that for ground motions of the same
general intensity level, those containing large individual
acceleration pulsés produce large maximum responses than those

without such acceleration pulses.
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CHAPTER 5
EFFECTS OF MULTI-DIRECTIONAL GROUND MOTION ON

THE RESPONSE OF ONE-STORY TORSIONALLY
COUPLED ELASTIC SYSTEMS

5.1 Introduction

An understanding of the response characteristics of
SDOF-systems is prerequisite to understanding the behavior
of more complex systems. For this reason, torsional coupling
in a simple one-story structure is investigated in this
chapter. A subsequent chapter (Chapter 6) will consider
torsional coupling in multi-story structures.

Newmark and Rosenblueth [62] separate the causes of
torsional coupling in buildings into two categories.

The first category arises even in nominally symmetric
buildings and includes calculation errors, inaccuracies or
imprecise knowledge of stiffness and mass distributions, and
also the effects of rotational components of ground motion
which are normally not considered. These are termed
"accidental eccentricities"; On the basis of studies of
idealized single story systems, combined with estimates of
the effect of rotational ground motion components, Newmark
[58] found that an accidental eccentricity of 5 per cent of
the longer plan building dimension was reasonable for
framed buildings with fundamental period greater than about

0.6 seconds or shear wall buildings with fundamental period
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exceeding about 1.0 seconds. For shorter fundamental periods,
accidental eccentricities of about 10 to 15 per cent of the
longer plan building dimension were reasonable. These
accidental eccentricities compensate for the torsional effects
of rotational ground motion components only.

Accidental eccentricity due to rotational ground motion
components is studied in this chapter. The rotational component
of ground motion is assumed to arise from the lack of spatial
correlation in the translational component of ground motion.
This is thevstochastic counterpart of the model for rotational
ground motion introduced by Newmark [58].

The second category involves the difference between static
and dynamic methods of analysis, and is termed "dynamic magni-
fication" of eccentricity.

The dynamic magnification of eccentricity is studied in
detail by considering a series of single story structures with

a full range of structural parameters and eccentricities.

The effect of torsion in buildings has beeen studied in
the past either mathematically for specific models of build-
ing structures or through experiments [7, 8, 16, 26, 29, 34,
41, 47, 58, 71, 79, 89]. However, previous studies are based
on the assumption that ground motions are in the principal
directions of the structure, and are uncorrelated. The over-
all response of a building is sensitive to the orientation
of the structure with respect to the ground motion [26, 55].

A systematic evaluation of the effects of ground motion cor-
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relation and incidence direction is not available in the
literature. This chapter addresses this need. In addition,
most previoﬁé work émploys arcertain rﬁle for combining
modal responses [16, 41, 47]. Such combinétion rules may not
be accurate enough when structural frequencies are closely

spaced and ground motion correlations are present. In this

chapter, single story buildings modeled as a lumped mass
shear beam subjected to the ground excitations described in
Chapter 2 are analyzed. The M.S. responses'of systems are
obtained without recourse to modal combination rules, and both
system and ground motion coupling are incorporated in the
analysis. Parameter studies are conducted of stationary
system response to white noise excitation to serve as a bench
mark for other more realistic excitations. Since the Clough-
Penzien spectrum was shown in Chapter 4 to accurately model
actual ground excitations; stationary and nonstationary res-
ponses of the system to the Clough-Penzien spectrum input are

then calculated and compared with the white noise results.

5.2 Egquations of Motion

A one-story structure (Fig. 5.1) idealized as a rigid
diaphragm on massless columns is considered. Throughout this
study, only elastic systems are considered.

The structure principal directions are designated as

the X, Y axes. The system has 3 DOF. They are:
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u_ = translational displacement of the mass center in the

X direction.

uy = translational displacement of the mass center in the
Y direction.
ue = rotation about the vertical (Z) axis.

The stiffnesses of the i-th resistance element (column ) are:

(kx)i = translational stiffness in X direction

(ky)i = translational stiffness in Y direction

The coordinates of the i-th resistance element with
respect to the center of mass are (xi, yi).

The structure stiffness properties are then expressed

in terms of element properties as:

K. = stiffness in X direction = Z (k).
x ) & x'i
K, = stiffness in Y direction = ) (ky)y
i
Ke = rotational stiffness about the mass center

1]

2 2 {3
:ZL xpd)y F i)y

The coordinates of the center of rigidity (C.R.) with

respect to the mass center are (ex, ey).

The idealized lumped mass, three dimensional shear beam
model is shown schematically in Fig. 5.2. Three dashpots with

linear damping constants Cx, C and Ce are used to take

yl
account of structural damping. Let M denote the mass and I
denote moment of inertia of the rigid diaphragm. The equa-

tions of motion of the system are
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MuX + Cx(uX - eyue) + Kx(uX - eyue) = —MaX
Iue + Ceue - Cxuxey + CyuyeX + Keue— Kxeyux'+ Kyexuy = —Iae
Mi_ 4+ C_(4_ + e_u + K _(u_ + e_u = -Ma 5.1)
y y Uy x"e) y Yy x%e) y (

in which

a, = ground acceleration in X direction.

ay = ground acceleration in Y direction.

ag = rotational ground acceleration
In terms of the parameters W wy, Wgr T defined by

)
I
=i HLF' 34L<\N| 2

= radius of gyration

Zgs. (5.1) can be expressed as

(0} + [c1{U} + [KI1{U} = - {a} (5.2)
in which

{U} = {ux, rug, uy}T

{a}

{ax, rag, ay}T
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and
( e A
1, ——1{1 , 0
e w » w e
Kl = el |- G2 Grd
X - Wx
© e w
o, XrZF, (X
X X
o Ve
e
1, --} 0
e w w e
- X e 4 X
[C] = 2w,.Z r T r (=) —
r Wy we T
w e w
o , (ﬁz) j? ’ TX
LL»X ux
L J
in which
C C C
r = X _ 2‘y = 5 8
2w M wyM weI

W s wy and wy are respectively the natural frequencies in

the X, Y and 8 directions for the case when eccentricities

vanish (eX = e 0). They will be termed "uncoupled natural

y

frequencies™ in the X, ¥, and 8 directions. The matrices [K]

and [C] will be termed "stiffness® and "damping" matrices

although they have been normalized with respect to mass M.
The foregoing relationships can also be written in terms

of displacements referred to the center of rigidity (C.R.).

Let the displacements of the C.R. be denoted
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{0} = {uxl ruel uy}

The quantities {U} are related to the displacement {U} referred

to the center of mass (C.M.) by the relationships

(U} = [A1{T} (5.3)

in which
r e 5
1, -f‘l, 0
[aAl = 0, i, 0
eX
O -z 1)

Eg. (5.2) can then be easily transformed to

M1{T} + [C1{U} + [K1{U} = {F}

~in which
4 e N
1, -4 0
r v
I T _ EX €,2 €, _ex
[M] = [A]”[I][A] L, M)+, -F
e
X
0, - ’ 1 J
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1, o , o |
— T 62 4
K] = [a]TIK1[A) = | o, —° , o
wX
.,
y
0, O 7 (q)
N J
[C] = [alT(c](a]
)
-a
X
_ T ) e &
{F} = [al{a} = -a, ?¥ -ra, +ay-jf y
J
and
_ ex e
Bl el - (P w - (=£)2 w2

The eghations of motion are therefore in a form (by
referring quantities to the C.R.) in which the stiffness
terms uncouple. However, if this is done, mass coupling is
introduced and in addition the input acceleration vector
has a more complicated form, with translational accelerations
and eccentricity terms entering the rotational equation of

motion.



92

In dynamic analysis, modal damping is normally used,
and the damping matrix is implicitly specified in the mode
shape coordinates. In the following, the damping matrix in
Eg. (5.2) will be referred to as the "special damping"”
matrix. The frequency ratios, as will be seen later are quite
important in determining the degree of torsional coupling.
Three commoﬁ types of layout of the resistance elements of
buildings are shown in Fig. 5.3. In general, buildings with
a central core, uniformly distributed columns, or peripheral
shear walls tend to have respectively lower, nearly equal or
higher torsional frequencies than corresponding lateral
natural fregquencies. Frequency ratios for one story buildings
with resistance patterns shown in Fig. 5.4 are tabulated in
Table 5.1.

As a result of interaction between lateral and torsional
motions, columns at the perimeter of buildings may have sig-
nificantly larger displacements than when the motion is un-
coupled. Consider the columns at locations E, W, N, S shown

in Fig. 5.5 The displacements in the X direction are

3
]
c

s)x x Tt (b/2) ug =u  + (b/2r)(rue)

(uN)x =u - (b/2r)(rue)
(5.4)

The displacements in the Y direction are
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(uE)y = uy + (a/2r)(rue)
(uw)y = uy - (a/2r)(rue)
(uN)y = (us)y = uy

Thus the shape of the floor diaphragm and the distances to
the outer columns are also guite important. For the same
systems shown in Fig. 5.4, the ratio of the floor dimension
to radius of gyration of the floor, %, are listed in Table

5.2.

5.3 Stationary Response to White Noise Excitation

From the discussion in the previous section, it is
evident that there are many parameters involved even for the
idealized model of a one story building. A great deal of
simplicity in the presentation of results can be achieved by
examining the stationary response to white noise excitation.
In this case, the results depend only on ratios of system
frequencies and not on their absolute values. This is due,
of course, to the frequency independent white noise power
spectrum. Although the white noise model for ground excita-
tion has some deficiencies , as discussed in Section 4.3,
it provides a convenient framework within which to stﬁdy
response to the more reasonable Clough-Penzien spectrum.

The solution algorithm has been discussed in Sections
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3.2 and 3.3 for modal damping. Therefore, the derivation
which follows, unless otherwise specified, is for special
damping (Section 5.2).

In Eg. (5.2), let the ground acceleration, {al}, be

stationary and white with covariance

Ra(tlrtz) = S r S 4 S 5(t2 = tl) (5.5)

Then, it can be shown (see Appendix E) that the stationary
displacement responses are given by the solution of the

system of linear egquations

[T1{s} = {P} (5.6)

in which

T
— 2 2..2 2 .
{§} = {E[uX], Elr ue], E[uy], E[uxrue], E[uxuy], E[uyrue]}
S S S
66 T
{P} = { ):;xl 2 4 —-%X’ Sxel Sx}y' Sye }

[T] is a symmetric (6 x 6) matrix with constant elements

given in Appendix H.
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The M.S. response quantities of Eg. (5.4) can then be

obtained. For example,

n

El(ag)2] = Elu2] + () (2 El(rug) *] + (F) El(uruy)]

(5.7)

E[(UN)il = E[uil + (%%)(%?V E[(rue)zl - (%%) E (u rug)]

In addition to the M.S. translational and rotational
responses of the center of mass, the correlation between
them is also important in determining the response of the
columns on the periphery.
Let

Base shear in X direction.

i
il

Base shear in Y direction.

(1)

!
i

T = Torgue about C.M.

Then the covariance of forces can be expressed as

~ 2y Y

2 T ,
E[Fx], E[Fx .rJ, E[FXFY] E[u;], E[rugux], E[uxuy]
EL(E)?), BIF, = K] Elr?ul] , Elrugu ]| (K7
symm. E[F2] symm. E[u?]
] Y Y Y Y J (5.8
P = :

(1) The torque T about the C.R. is T =

T+ e F =- e
Vv X

F

XYy
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5.3.1 oOne-Way Torsionally Coupled Systems

To obtain a better intuitive understanding about the
effects of torsional coupling on response, an even simpler
one-way torsionally coupled system is fi:st considered. In
this model torsional motion is coupled with lateral motion
in only one direction. Most previous studies on torsional
coupling have been concerned with this special system [7, 8,
26, 71, 77). However, the previous work on this class of
torsionally coupled systems has employed a deterministic
approach.

In this section, one-way torsionally coupled systems
are investigated in depth using random white noise excita-
tion. Both special damping and modal damping are discussed,
and comparisons of responses with these two forms of damping
ate made. Figure 5.6 shows the one-way torsionally coupled
system in which e, = 0. In this case, the coefficient matrix

[T] of Egq. (5.6) takes the special form

Tiz T2 0 Ty 0 0

T2 0 T2y O 0

: T3 0 0 0
[r] = rve 0 0 (5.9)

sym, I'ss Iss
TssJ
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where the Fij are given in Appendix H. As expected, the M.S.
torsional response is coupled with the M.S. translational
response in the X direction. The M.S.‘response in the Y
direction is uncoupled. In the following discussion, only
guantities associated with torsional and X direction motion
are considered. Since Eg. (5.6) is a set of linear equations,
superposition holds. Therefore, the responses due to indivi-
dual components of {P} can be considered separately. It
should, however, be clearly understood that cross spectral
levels S S..., and Sy6 in{P}cannot, on a physical basis,

X0, "Xy
exist alone without proper spectral levels SXX, See, and Syy‘
The responses due to individual cross spectral levels should
be interpreted as response influence functions for the va-

rious input spectral values, from which responses to physi-

cally realizable inputs can be constructed by superposition.

5.3.1.1 The Effect of Spectral Level Sx

One-dimensional ground motion input in the X direction
corresponds to a nonzero value of Sx with other spectral
inputs equal to zero. Sx induces lateral response in the X
direction as well as torsional response because of coupling.
For special damping, the analytical expression for the dis-
placement responses are obtained in a straight forward

manner and are given by
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Ae AX
E[rzug] = E[u;] = —2
msA ng
X X
{5.10)
Lq
Efu rug] = —£
X w3A
X

where

A= 8BL(1+B,)C° + 283 (B,-1) (BE-1)T +

e
(Ly [(-883-3283-8BY)C° + (~26,+12B1-6B,)c] +

. .
4
(_rl,u (248, (B,+1)z® + (- T + 6 - 148, +

s ___ 1 Sy - 3 4
180 1y )]t D -168° 4 8 =y ]

w
*
m
E‘i—:
¥ |
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S e
g = = 5 {(D)? [-48,(B,+1)2% - 1 + 8, - BZ] +
e, 5
2 P R e —
(0188 - gy
SX
by =3 {BR(B,+1)[4B,2% + (B,-1)% ] +
e, - . e 2
; - 2 ——
(S0 (481 (8310 2% - By + 2801 + (D' [z gy))
SX e 3
boy =+ 2 LD (88ic® + 81 (8,-1)] +

e
2
(=X’ (E ooy — 1t 2Be - 4B, (8,+1)27)

The base shear and torque can then be obtained through Eqg.

(5.8) as
2 —_ 1 312 AEX
E[Fx] —mX-A—{(r) Ae-Z(r)A6X+AX} (5.11)
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T 1 ° °
E[()2] = w3 {8ia, - 282(Da,, + (D20}

W
Computed responses are plotted against Eg for three
X

small eccentricities (ey/r = 0.05, 0.10, 0.15) in Fig. 5.7

| and three relatively large eccentricities (ey/r = 0.2, 0.3,

0.4) in Fig. 5.8 for special damping. Figures 5.9 and 5.10
present similar.results for modal damping. Section 5.3.1.1.3
presents the computational procedure for modal damping using

a Mohr's circle approach. Damping values ¢ = 0.02 (solid-line)
and 0.05 (dashed-line) are used for special damping, and damping
equal to 2 percent (solid-line) and 5 percent (dashed-line) of
critical damping are used for modal damping. All responses are

normalized by the M.S. X directional response of the uncoupled

system, so that the effects of coupling can be better visualized.

Sx
For displacement response, the normalizing constant is 0l
w,S X
For force response, the normalizing constant is ZCX The

normalized results are denoted as EN(°). The general charac-
teristics of response with the two types of damping are similar.
However, numerical differences between the two cases increase

with increasing eccentricity.

5.3.1.1.1 Force Responses for One-Dimensional Input

Before discussing individual force responses, an inte-
resting interaction relationship for the forces given by

Kan and Chopra for the deterministic case [47] is presented.
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Define
T
F2 + F2 + (£)?
suMp = =X b4 z
2
(Fx)uncoupled
in which (FX)uncoupled denotes the base shear in the X direc-

tion for the corresponding uncoupled systems (no eccentri-
city). They have shown that SUMP based on the combination
rule given by Rosenblueth [71] is always equal to one for two
types of response spectra (hyperbolic and constant).

A guantity parallel to SUMP in the stochastic sense is

{E[(Z)2] + E[F2] + E[F2] }
SUMF = r 5 X Y (5.12)

w_ S
in which z X is the M.S. base shear in the X direction for

the corresponding uncoupled systems.
In one-way torsionally coupled systems, E(Fé) = 0. For

special damping, SUMF can be analytically expressed as
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T -
E[(??)Z] + E[ﬁzl

1=
= 1+ 5 ()2 [(885-1683+883)C° -

e
2(83-3Ri+R3+2R2-8,)z) + (7§w . (5.13)

[1 - 8R2(R,=1)2¢® + 28, (1-8,)zl1}

If there is no eccentricity, SUMF is always one. SUMF is
' w w

also egual to one if - = 1. For other values of Eg’ SUMF

X X
is close to 1 if the eccentricity is not large. (Fig. 5.7.e
and 5.8.e). For modal damping, SUMF is very close to 1 for

w e .
all values of Bﬁ and 1? (Fig. 5.9.e and 5.10.e). These

results show th:£ the existence of eccentricity produces a
redistribution of forces. This relation implies that the
base shear is reduced as a result of torsional coupling,
which has also been found in several other studies [16, 47,

71]. The gquestion is how much of the force is transferred to

the torsional mode. From the numerical results, the M.S.

torsional force reaches its maximum when %ﬁ is close to one.
Consider an extreme case in which the ecce;;ricity is so large
that the system is almost unstable, i.e., i; is just slightly
less than gﬁ . If %ﬁ = 1, then Ae = Ax = Aex and is independent

n

of damping. From Eq. (5.11), E[(%)Z] E[Fé]'and is independent
"of damping. This shows that a maximum of about 50 percent of
the M.S. force may be transfered to the torsional mode as a
result of torsional coupling. For small eccentricity, the amount

of redistribution is quite sensitive to damping. This sensitivity

decreases with increasing eccentricity. From Egs. (5.10) and
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(5.11), it can easily be verified that for-ag =1and ¢z +~ 0,
X

the normalized torsional force is 0.5. Therefore, the coupl-
ing may be quite strong for small damping even if the eccen-
tricity is very small. The results show that the normalized

torsional force may be close to 0.5 for small eccentricity
w

if the damping is small and Bﬁ is near 1 (Fig. 5.7.a, 5.9.a).
X

For larger values of eccentricity (Fig 5.8.a, 5.10.a), the

normalized torsional force can approach 0.5 oﬁer a wider
w
interval of frequency ratio Bg' The ratio, R, of dynamic
X
torque about the center of rigidity to the product of uncoupled

base shear times eccentricity is defined as

JE [TE] Teap 2 Wy 2
_ N "CR - CR r, _ 6 r
R ="—pg—— = [Eg[915) = (57 [Egl(zug)?T(x)
y y X Yy

(5.14)

in which TCR denotes the torsional force about the center of
rigidity. |

The product R'ey can be interpreted as a "dynamic eccentri-
city". When the maximum amount of redistribution occurs, the
normalized torsional force approaches 0.5. In this case, the
dynamic eccentricity can greatly exceed the static eccentricity.

The dynamic amplification of eccentricity, R, can approach

(0,707)/(ey/r) for small damping, when we/wX is near 1.
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The table below shows values of R at we/wx =1, for

different values of damping and eccentricity.

e /r
y
z
' .05 .10 .15
0.02 11.08 6.64 4.66
0.05 6.38 5.09 4.04
0.10 3.53 3.28 2.98

Dynamic Amplification of Eccentricity (R) for
One-Way Torsionally Coupled System (we/wX = 1)

Rosenblueth and Elorduy [71] presented a plot of dynamic
magnification factor for eccentricity for a one-way torsionally

coupled system subjected to flat and hyperbolic ground accele-

ration spectra.

5.3.1.1.2 Displacement Responses for One-Dimensional

Input

A relationship for the change due to torsional coupling

of total M.S. displacement response exists which is similar

to that for SUMF. Define
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{El(rug) ®] + E[ul] + E[u:f,] }

SUMD = 3 (5.15)

(—=—)

3
4gwx

SUMD is always greater than one and asympototically approaches
one as ;ﬁ tends to « (Fig 5.7f). SUMD increases greatly with
increasiig eccentricity (Fig 5.8f) and is almost independent
of damping. This implies that the system is effectively softer
due to torsional coupling. The phenomenon can be explained
using Mohr's circle plots presented later. The value of SUMD
for special damping is generally greater than that for modal
damping for the frequency ratios of interest.

The figures show that there is a peak in torsional res-

w
ponse near Bﬁ = 1 for small eccentricities. However, the peak

becomes lessxpronounced as eccentricity increases. For small
eccentricities, the two system natural frequencies are quite
close, so the large torsional response is the result of
beating. For large eccentricity, the beating phenomenon is
less significant. However, in this case the lowest natural
frequency is much lower than the uncoupled natural frequency.
Therefore, the response is significantly greater than that

of the uncoupled system because of the fact that the response

to white noise is proportional to the inverse of natural

frequency to the third power.
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No consistent trend is found for lateral displacement at
the center of mass when eccentricity is large (Fig. 5.8.d). M.S.
displacement at the center of rigidity is obtained through

the relation,

e

. e
E(u ) q. = E(u2) + (XPE(r?ud) - 2(-Z)Elu rug] (5.16)

The normalized result is, of course, the same as the norma-
lized lateral force (Egs. (5.10),(5.11)).
The M.S. displacement responses at locations N and S are

obtained through Eqg. (5.7). The maximum of the two responses,

E[uilmax' is plotted against gﬁ in Figs. 5.7 - 5.10 (g&h)

for sguare and rectangular floir geometry. For a square floor
diaphragm, b/r =,/6 = 2.45, and values of §¥ = 0.05, 0.10, 0.15
then correspond to ;¥ = 0.0204, 0.0408, and 0.0612 respec-
tively. An aspect ratio of g = 2 is used for the rectangular
floor geometry. In this case, b 3.10 and 2? = 0.05, 0.10,

e
and 0.15 corresponds respectively to 7¥ = 0.016, 0.032 and

0.048. The figures indicate that the response at the outer
edges of the building is significantly increased. For large
eccentricity the results are again insensitive to damping.

The figures also show that the greatest response of the outer
W

columns may not occur near Eﬁ = 1, although the greatest
X w
torsional response occurs at around EE = 1.

X
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5.3.1.1.3 Use of Mohr's Circle Plots for Presentation

and Interpretation of Responses - Modal Damping

For one-way torsionally coupled systems with modal damp-
ing, the eigenvalue analysis and coordinate transformations
involved in the modal analysis method can be represented by
means of Mohr's Circle.

Let ecéentricity in the X direction, e, = 0. The equa-
tions of motion for a one-way torsionally coupled system

subjected to white noise excitation, Wx, in the X direction

are
.. modal . W
{u} + [ damping ]{u} + [K]{u} = { } (5.17)
matrix 0
in which
I ey ]
- X
2 1 r
[K] = w
r % J

E[ﬁk(t)ﬁx(s)] = S ¢6(t-s)

With reference to Egs. (3.2) to (3.6), the stiffness
matrix and correlation function of white noise excitation in
the mode shape coordinate, [Km] and ﬂRm(t—s)] can be expressed

in the form of
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wi ; O
K™ = [v]T[KR][¥] = (5.18)
' 0 , w?
2
0
m T o
[RM(t=s)] = [¥Y]7|{ [Y]1S8(t=-s)
0o, o0
(5.19)

Si11s, S12
= § (t-s)
Si12, S22

The modal matrix [¥] in Egs. (5.18) and (5.19) can in

general be expressed as

cosé, sin®

-sinf, cosb

in which 6 is a properly determined rotation angle. The M.S.

displacement responses E[{q}{q}T] in the mode shape coordinates
can then be obtained from Eg. (3.17). From Eg. {(3.4), the M.S.

displacement response E[{u}{u}T] is

B[ {u}{u}T] = [¥] E[{qH{q}T] [v1T (5.20)
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Egs (5.18) to (5.20) involve a similarity transformation

of the following form:

a11’ a12 _ cos¢, —s;n¢ axx, axy cosd, sin¢
alz, a22 sin$, cosd axy’ ayy -sind, cos¢
, (5.21)
axx+a 1 b
——_i—zx + E(axx-ayy)cos(2¢)
sSymm.
- axysin(2¢) ’
a,.~a axx+a 1
(—————--X-Y2 4<-) sin (29) ————-ﬂz + —f(ayy-axx)cos(Zcb)
+ axycos(2¢) ’ + axysln(2¢)
~ /

It is noted that the similarity transformation in Eg. (5.21) can
be done graphically on a Mohr's circle plot shown in Fig. 5.11.
The natural fregquencies wi and w? are (refer to Fig.

2

5.1z.a) ¢

(5.22)
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in which
w ,
A2 =21+ (D21 + R
i X
w
A§=%[l+ (w—e)zl - R
X
and
w
(27 -1 .
X 2 Yy 2
R = [ ]+ (=)
v 2

Note that A; 2 A, . For zero eccentricity, if Wy > Wy then

A1 corresponds to the torsional mode and A, to the translational

mode. If w, < W s A1 corresponds to the translational mode and

8
A2 to the torsional mode.
The white noise spectral levels in the mode shape coor-

dinates can be easily obtained as (Refer to Fig. 5.12.b)

Sll = C11 x'’ Szz = sz x’ S12 = Clzsx
in which
Yo
(—) -1
C =%—[1- X ]
11 2R
W
6
() -1
1 X
C =-2-[1+ ]
22
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From Eg. (3.17), the M.S. displacement responses in the

mode shape coordinates normalized by the M.S. displacement in
S

the X direction of the corresponding uncoupled system,

3
4wxc
are
2 Cll
E =
N[q1] )3
1
2 C22
Enle] = = (5.23)
2
C
12
Exla,9,) = ¥w=x SR
1+ 2 ( 1 2)
(s 2) (A A+ 22
1 2

4?

The normalized M.S. displacement responses, EN[u;] and
EN[rzué], can then be obtained with the Mohr's Circle plot

shown in Fig. 5.12c.

Note that the sum of M.S. responses is equal to the sum

: - 2 27 =
of modal responses, i.e., SUMD = EN[uX] + EN[(rue) ]

2 2 :
EN[ql] + EN[q2]° The sum is
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Cll C22
SUMD = — +
Mo
(5.24)
w
X [ (=2)2-1]
Speedi S (2o,
SERY 4R ALl

The sum is always greater than one and is independent of

damping.
Consider the special case in which Wy = Wy v The sum is
1 1 1
SUMD = 3 [ + ] (5.25)

e e
(/1+ G2 (f1-E)H?®

The sum is greater than or .equal to one (Fig. 5.14).

When Wg = Wy A1 and A, in Eg. (5.22) become
/14 X
Al = 1+ (r)
e
A= /1 - (D)
2 r

C = C = 0.5

and C
11 22 12
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Then Eg. (5.23) reduces to

1
_ 1
Eyla?l =5 = <
[/ 1+ 1°
1
21 = &
Eylal =3 2
[/1-D 1°
(5.26)
1
EN[qlq.’?_‘j - ()\ - )2
1 2

(A +X )X A+ ]
1 2 1 2

4r?

2z?
e e, e e
[/1+) +ﬁ—(—¥)1[1— 1-(=0) 2 + 227 f1-(H)2 ]
r r r r

The M.S. displacement responses [Fig. (5.13.c)] are

1
EN[u.f(] =51 EN[qi] +EN[q§] } o+ E[qlq?_]
1
Eylr?ugl = 3 {Eg(a’] +Egla’]l } - Elq q ] (5.27)

Ey [u rug] = %{ EN[qil - EN[qil }
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Eg. (5.27) shows again that for very small damping, EN[rzug]
tends to E[u;].

For square floor geometry, % =

V6, the maximum of the two
M.S. displacements, max ( EN[(u )2], Eyq [(u )2 ]) , at the outer

edges of the building is [Eg. (5.7)]

By [(ug)2] = Eg[u2] + 3 E [(ru,)?] + /6 Byl (u rug)]
(5.28)
= 2% )5 1q%) + 205 1¢7] - § Blaq,)
. 1 1
=§{(5-2/6‘) + (542 V6 ) }
e e
[ /1+H1° [/ 1= e

2

[+ f1-& [-&ne e i Sy
{1+ + 1-(r)}{1- 1-(59 " +207/1-(59)° )

Since the last term in Eg. (5.28) tends to zero for small

~

damping (z £ 0.1), thus for small damping

(5.29)

1 1 _ 1
5{(5-2/‘6) + (5+2 /6 ) }

Sy /1- X
3 -
[/ 1+ ] [/1-(Z) 13

n

Eg [ (ug) 2]
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5.3.1.2 The Effect of Cross Spectral Level Sxg

Although the effect of Sx is not of primary concern in

9

this research, this section is presented for completeness.

The M.S. displacement responses due to S.q are given by

3]

for special damping by

S e
El(ruy) 2] = =2 (- () (48, (B,+1) 2% + (1-8,)] +
wiA
X
Sy 2
3 2 -
(r) [8¢ 1 8*+1]
S e
Elu?] = - %86 . ¥ 3(8r2+8,-1)1]
[ux] waA {(r)[B*( C B* (5.30)
X
e 2 2
+ (_r_z,s [-4B8, (B,+1)T% = 1 + 2B, + TE—*TD—]}
S e 3 e
_ x6 2 8 +1 __Xu - 2 __g__
E{(urug)] = - ~ {4B3z? + (7§) 5t [-4z% + B*+1]}
p.4
Sxeu
The sum of M.S. forces due to Sxe’ normalized by —_TE;X

is given by

L(ET(E)?] + EIF2])

e
42 Xy [(-4g5 5y,2 _ b (1-
TR A {( I)[( 45+4B83)¢ B (1-B,) ]

)

—4B4+285+B5+1
B, 1

e
+ (5 (881 (Bu-1)2? +

e 48i
+ (1¥)5[(—4Bi+46*)c2 - 284 * g7 I} (5.31)
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W
When Eﬁ = 1, the sum of M.S. forces due to S4s is exactly
b4 w
zero. For other EQ , the normalized sum of M.S. forces is
% .

close to zero if the eccentricity is not very large (Table
5.3). This indicates that excitation correlation also redis-
tributes the forces. This relation will be further_discussed

in the next section.

5.3.2 Two=Way Torsionally Coupled Systems

For a particular value of damping and stationary white

noise excitation in the X direction, the effects of one-way
W

torsional coupling on stationary responses depend on Gﬁ and
e X
<X | 1n two-way torsionally coupled systems, the results

r
Cw e
depend also on X and ?§ . In this section, numerical results

are obtained for 5 percent modal damping. As in one-way
torsionally coupled systems, torsional coupling is very
sensitive to damping at low damping levels.

For convenience, the influence on response of the com-
ponents of the input spectrum are obtained separately and

combined later, as appropriate.

5.3.2.1 The Effect of Spectral Level Sk on Response

The responses due to Sx for 5 percent modal damping are
W w _
shown in Fig. 5.15 to Fig. 5.18 for &L = 1 and EX = Y2 as

(L)x %
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w e
functions of 5@,. In the figures, ?¥ is fixed, and three values
e e
of ?§ are used. In all cases, the quantity SUMF is virtually

equal to 1. This again shows that torsional coupling simply
redistributes the force. A similar relation was found by Kan

and Chopra [47]. As in one-way coupled systems;, SUMD is always
e
greater than 1. For fixed ?¥ , the peak torsional response

e
. . . X . .
decreases with increasing —= . This decrease is more pronounced

w
when JX is near 1. This trend was also .observed by Kan and
X
Chopra. They also concluded that 1) the base shear in the

w

direction of ground motion is essentially independent of ;x
e , X
and ??' i.e., this component of base shear is about the same

as in the corresponding one-way torsionally coupled system.

w w

2) except for a relatively narrow band of GX , around EX =1,
X X

the normalized torque is about the same as in a corresponding

one-way coupled system. However, the results of this study
show that these conclusions hold only when eccentricities are
relatively small. Figures 5.15b, 5.16b, 5.17b, and 5.18b
pertain to conclusion (1) above. Figures 5.17a and 5.18a

pertain to conclusion (2) above.

In addition, it may be noted that the value of gﬁ for peak
torsional response shifts away from that of the corresponding
uncoupled system as é? increases [Fig. 5.18].

S

5.3.2.2 The Effect of Cross Spectral Level “xy on

Res ponse

Since the ground motion may'be correlated with respect
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to the strucfure principal directions, it is necessary to
examine the effect on structural response of this correlation.
Once again it is emphasized that a spectrum level Sxy cannot
exist by itself. A physically realizable ground motion input
which has uncorrelated components in directions which do not
coincide with the structure principal directions, will in

general have nonzero values of Sx’ S Sxy' Results obtained

v’
separately for inputs Sx' Sxy are combined appropriately to
give results for general ground motions. Numerical results
for the same syétems discussed in the previous section are
shown in Figs. 5.19 to Fig. 5.22. SUMF due to Sxy is essen-
tial zero for general torsionally coupled systems. This shows
that the ground motion correlation only redistributes the
force. The effect on torsional response of the ground motion
correlation may be very significant for systems having very
close uncoupled freguencies and equal eccentricities in both
+

principal directions, i.e., Wy = Wy = 04 and e, = = ey (Fig.

5.19,a and Fig. 5.20.,a ).

5.3.3 Effect on Response of Ground Motion Directionality

The principal directions of ground motion obviously need
‘not coincide with the structure principal directions. This
section examines the effect on response of ground motion di-
rectionality (Fig. 2.11).

Symmetric structures (wx = wy) with square geometry

(b/r = v6) are considered. Numerical results are obtained
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for the following two structures:

e
.S

I
(en)
N
HL<m
i
[en]

STRUCTURE I -
modal damping

e, 5% of critical
k3

I
(e»)
[ V)
HL<m
I
o
[ o]

STRUCTURE II -

Let SE and Sp be major and minor (intermediate) principal
intensities. They can be decomposed into spectral levels SX
and sy and»a cross-spectral level SXy in the structural prin-
cipal axes [Eg. (2.27)]. The structural response to this

excitation is a linear superposition of the responses to

individual spectral levels. [Figs. 5.15 to 5.22].

The R.M.S. displacement responses are normalized by
/E;FZZE—_. The maximum normalized displacement responses
in the X and Y directions over all “e/mx of interest for the
four locations N, S, E, W at the perimeter of the building are

denoted as (Ox)max and (oy)max . (qx)max and (oy)max for

STRUCTURE I and STRUCTURE II are shown in Figs. 5.23 and
5.24 as functions of the angle of incidence § (Fig. 2.11). In

the figures, ratios of principal variances SD/SE = 1,0, 0.5

and 0.0 are used.(z)

The figures show that the values of (ox)max and (Oy)max

increase with increasing SD/SE ratio for a fixed angle of

(2) Note that these ratios correspond to "relative strengths"
of the ground motion components equal to 1, .707, 0 res-

pectively.
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incidence §. When Sj and S are of equal strength (SD/SE = 1),
as is easily seen, the response is the same for all angles of
incidence.

In practice, the angle of incidence § is not known.
However, design must allow for the worst éase. The figures
show that the response for the worst case SD/SE = 1 is not

that much greater than the response for SD/SE = 0. In Fig.

5.23 (STRUCTURE I), the worst case for (oy)max occurs at

§ = 90°. At § = 90° the response is the same for all SD/SE

since it really just the one-way system response to SE

excitation. For STRUCTURE II, the worst case obtained for

SD/SE = 0 1is about 90% of the worst case for SD/SE = 1.

Therefore, the use of SD/SE = 1 leads to results which are not
overly conservative.

STRUCTURE i and II are in fact one-way torsionally
coupled systems (rotate the axes of STRUCTURE II by 45°) with
eccentricities 0.2 and /2 x 0.2 respectively. The response for

sD/SE = 1 can be obtained through the equations in Sec. 5.3.;.
The analytical expressions for the responses of structures’
with frequency ratio é% = 1 are quite simple [Eg. (5.25) -
(5.29)1. Although the maximum response at the outer edges of
»buildings does not occur at a frequency ratio ;@ = 1 [Figs.
(5.7) - {5.10) g & h], the results obtained by ﬁetting gﬁ =1
estimate the maximum responses reasonably well. (ox)maX and

Oy)max for STRUCTURE I are respectively 1.31 and 1.39. The
w

results obtained by setting ;Q = 1 give 1.29 and 1.30. For
X

(
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STRUCTURE 1II, (Ox)max = u()cy)max = 1.44 and the X and Y R.M.S.
response at E and S for Eﬁ =1 is 1.42.
X
With reference to Fig. 5.25, the normalized displacement
w
response uc. at south west corner for Bﬁ = 1 can be easily
X
obtained from Egs. (5.25) - (5.27) as
E [ (ug,) 2] = % {(2-/3) —= + (24/3) —L }
N SwW 2 = S
= 3 A 3
[/1+) ] /1= 1
(5.32)
4r?
/143 + f1-D) 1 [1-/1-(57 +202/1- 592
in which e = /2 e, = V2 ey
e e

. S A, = // 2
For STRUCTURE II (r 0.2), Uusw EN[(uSW) ] equals

r

1.75 which is 1.23 times the X or Y R.M.S. response at W or S.
e
Note that % = V2 ?§ = 0.283 corresponds to £ = 0.115, and more

b
than a 75 percent increase may arise as a result of torsional
cdupling.
The orthogonal effects have been considered by current
codes. In the ATC-3 code [6], it is required that structural
elements be designed for 100 percent of the effects of seismic

forces in one principal direction combined with 30 percent of

the effects of seismic forces in the orthogonal direction.
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The maximum of the two responses

0) + 0.30.(8 = 90°)

o. (8
(5.33)

90°) + 0.30.(8§ = 0°)

o. (8

for the case SD/SE = 0 corresponds to the ATC-3 recommendation.

For STRUCTURE I, (Ox)maX and,(oy)max obtained from Eg. (5.33)

are 1.25 and 1.39. The worst case from the analysis gives

respectively 1.31 and 1.39. For STRUCTURE II, Eg. (5.33) gives

(o) = (o_) = 1.49. The worst case shown in Fig. 5.22 is
X' max y’ max

1.44. Therefore, the method of accounting for orthogonal

effects proposed in the ATC-3 code seems gquite reasonable.

Rosenblueth [72] assumed equal intensity ground motions
in two orthogonal directions, and excluded the case of closely
spaced frequencies. He recommended combining 100 percent of
the seismic force effect in one direction with 30 percent in
the orthogonal direction except for towers and chimney stacks.
In that case, he recommended’that 50 percent of the seismic

force effect in the second direction be used.

5.4 Response to Clough-Penzien Spectrum Excitation

As discussed, the effects of torsion are dependent only
W )
on the frequency ratios,mE and EX ;, when white noise excita-
X b4
tion is used. This is due to the uniform frequency content

of white noise. This section considers the effect of non-
uniform frequency content and time varying intensity in the
ground motion input on the response of torsionally coupled

systems.
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5.4.1 One-Way Torsionally Coupled Systems
e
The normalized results for systems with ?} = 0.15 subjected

to ground motion excitation in the X direction are shown in Fig.
5.26 to Fig. 5.31. Three uncoupled frequenciés in X direction,
fX = 0.2 cps, 1.0 cps, and 5 cps are-employed to represent
respectively soft, medium, and stiff systems. 5 percent modal
damping is assumed. For nonstationary response, the short
duration envelope is used (a = 0.25, B = 0.75). The M.S.
responses are normalized by the (maximum) M.S. respohse of the
corresponding uncoupled system. The response of the systems to
white noise excitation is also presented in the figures for
comparison. The figures show that in general the stationary
white noise results can be used to predict the effects of
coupling for the Clough-Penzien spectrum input. The effect of
coupling for f# = 1 cps is quite close to that of white noise
especially when stationary responses are of concern. However,
for the stiff system, fX = 5 ¢cps, the white noise result
under-estimates the outer edge response. For the soft system,
fX = 0.2 cps, the effect of coupling is not as strong as for
white noise. The effect of coupling on the soft system is
even less important when nonstationary response is considered.
This can be seen from the response time history shown in Fig.

w
5.32 inwhich Eﬁ = 1,0 is used. It shows that there is a time

b4
lag (about 1.5 period) between the maximum torsional response
and maximum lateral response.

From the figures, one may observe that the fregquency

ratio at which peak torsional response occurs shifts to the
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right for soft systems and to the left for stiff systems when
compared with white noise results.

The multiplication constants, ¢, for the probable res-

ponses of the outer edge columns are tabulated in Table 5.3
and Table5.4. For a fixed probability of no exceedance, the
constants are almost the same as those of the cd}responding
uncoupled system. This suggests that the probable response

of torsionally coupled systems can be approximately obtained
as the product of the M.S. displacement and the multiplica-
tion constant of the corresponding uncoupled systems. There-
fore M.S. displacement response is a good indicator of maximum

response.

5.5 The Effects of Spatial Correlation

To illustrate the effect of (the lack of) ground motion
spatial correlation on response, we consider only one story
strﬁctures with no eccentricity and the ground motion des-
cribed in Section 2.7.

The translational M.S. response and rotational M.S.

responses are

(" H 2d
E[u;] 5 J_m ng(w)l x(w)l w

(5.34)
E[(rue)zl = f% J 5. (m)jHe(m)F dw

w00 L,e
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where Hx(w) and He(w) are transfer functions.

If the ground motion is fully spatially correlated,

i.e., cg = 0, then Sg (w) = S, and Sg (w) = 0. This leads
X 0

to the familiar result E[u;] = So/4w;c,E[r2ué] = 0. If the

ground motion is partially correlated, the responses are

approximately
o S, (w))
E(u?] = S, (w)) = 1 () |2 dw = —X
X gx x' 21 ) _ X 4wir
X
(5.35)
2 1 (co | (Y 12 8 Sge(we)
Ef{rug) i = 5, {(wy) == (Hy (w) 7 dw =
6 £, © 2 J__ e sulc

Therefore, the lack of correlation of ground motion results

in torsional response and a reduction of translational res-
ponse. By referring to Eg. (2.29), (2.31) and (2.35) and Fig.
(2.14) , one can see immediately that the magnitude of the
torsional response and the reduction of translational response

increases with building size and frequency.

"Accidental eccegtricity" éy is defined so that the trans-
lational force times %? applied as a torsional force to the
uncoupled system produces the same torsional response as the
rotational ground motion component [58]. Using the approximate

responses of Eg. (5.35),
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e

EX r Y Sg@(a; i

5= ®/5, /5 @ | (>-36)
X

bcswX b
in which z = V_ = 2ncstbfx, tb = v;

Plots of accidental eccentricity are shown in Figs. 5.33

and 5.34 for c_ = %ﬁ?, together with Newmark's results [53].

S

Newmark's results, which are based on realist.c response
spectral shapes, show a roughly linear relationship between
accidental ecceﬁtri;ity éy/b and the parameter tbfx' The white
noise model used here does not have a very realistic ground
motion frequency content, and in addition, the spatial corre-
lation parameter Cg has been arbitarily selected. Although the
white noise model does not predict a straight line relationship
between éy/b and tbfx' the white noise results are in general
agreement with Newmark's results over the significant range of

tbfx.
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5.6 Summary and Discussion

The effect of torsion in one-story systems was studied.
The stationary responses to white noise excitation for one-way
and two-way torsionally coupled systems were evaluated and
plotted as functions of ;@ .

The following resultg are drawn based on the numerical
results :

(1) One-way torsionally coupled systems show an increase
in torsional response and a reduction in translational response
when the uncoupled torsional and translational frequencies are
nearly equal. The peak torsional response increases as eccen-
tricity increases and damping decreases. (See, for example,
Fig. 5.9)

(2) The sum of the mean square torsional and translational
forces (normalized by the value for zero eccentricity) remains
essentially equal to one indicating that the torsional coupling
merely produces a redistribution of forces.

(3) The maximum normalized torsional force is 0.5 and this
large redistribution occurs even when the eccentricity is small,
if the damping is small and the torsional/translational fregquency
ratio is near one.

(4) The sum of the normalized mean square torsional and
translational displacement responses is independent of damping‘

and always greater than one indicating that the system is

effectively softened by the torsional coupling.



128

(5) The dynamic eccentricity (defined as the eccentricity
at which the base shear in the uncoupled system must be applied
in order to produce the dynamic torsional force) can greatly
exceed the static eccentricity if gﬁ is near 1 and the damping
and static eccentricity are small. ?For example, the dynamic
eccentricity is 11.08 times as large as the static eccentricity

e

for 7? = 0.05 and 2 percent modal damping)

(6) Compared to uncoupled translational response, the
maximum root mean square responses at the periphery of the
single story modél are increased by about 40 percent for an
eccentricity equal to about 6 percent of the floor plan
dimension. For a two-way coupled system with equal eccentri-
cities equal to ébout 8 percent of the floor plan dimension,
the maximum root mean square response at the corner of the
floor diaphragm increased by about 75 percent.

(7) For two-way torsionally coupled systems subjected to
one-directional ground motion, eccentricities in the direction
of the ground motion reduce the peak torsional response. Some
conclusions drawn by Kan and Chopra [47] relating the response
of two-way torsionally couéled systems to one-way torsionally
coupled systems were shown to be valid only when the eccentri-
cities are quite small.

(8) Ground motion directionality was considered by varying
the incidence angle of the ground motion principal directions
with respect to the structure. Results computed for different
relative strengths of the_two ground motion components showed

that when the governing incidence angle for each case is taken
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into account the maximum responses at the periphery of the
floor diaphragm are relatively insensitive to the relative
strengths of the two ground moﬁion components. The "worst
case", that of two components of ground motion of equal
intensity, is not grossly overconservative. Comparison with
the procedure recommended by the ATC-3 Code for recognizing
orthogonal effects showed that that procedure is quite
reasonable.

{9) The stationary and nonstationary responses of a one-way
torsionally coupled system with é? = 0.15 to Clough-Penzien
spectrum excitation were computed and compared ﬁith the
corresponding white noise results. The comparison showed that
in general the stationary white noise results can be used to
predict the effect of coupling for more realistic (Clough-
Penzien spectruﬁ) inputs. However, the white noise result tends
to underestimate the outer edge response for stiff systems.

The effect of coupling for soft systems is overestimated by
the white noise results. The effect is further reduced for soft
systems when nonstationary response is considered.

(10) The effect of ground spatial correlation was considered
using an approximate solution. The response due to the resulting
rotational component of ground motion input was determined in

terms of an accidental eccentricity. A comparison with results

given by Newmark [58] shows general agreement.
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CHAPTER 6

THE EFFECT OF EARTHQUAKES‘ON TORSIONALLY
COUPLED MULTI-STORY BUILDINGS

6.1 Introduction

The response of tall buildings under earthquake excitations
has drawn much attention recently because the number of tall
buildings in seismic regions has increased rapidly. Previous-
chapters have shown that the response at the outer edges of a
one-story building is significantly increased by the existence
of coupling between translation and rotation. Most previous
studies of torsional coupling have also involved only single
story systems ([47], [58], [71]) and the general results have
been assumed to be valid for multi-story systems. The purpose
of this chapter is to investigate the effect of torsional
coupling on the response of a multi-story building and to
verify that the general trends observed for single story systems
can indeed be extrapolated to multi-story structures.

A particular class of buildings excited by two horizontal
ground motion components is considered. The ground motions are
assumed to be uniform over the base of the structure, however,
they may have principal axes different from those of the
structure. In the numerical example presented, the ground motion
is assumed to have equal intensity in two orthogonal directions
since that assumption was shown previously to produce not overly

conservative "worst case" results. The frequency content of the
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ground motion is described by the Clough Penzien spectrum and
its time varying intensity by the short duration envelope.

Since torsional coupling may result in a significant
increase in response at the perimeter of the building, the
interstory drifts at the outer edges of a torsionally coupled
building are obtained and compared with those of a corres-
ponding uncoﬁpled building. As was mentioned in Section 3.4,
it is desirable to consider dominant participating mode pairs
from which response can be obtained with sufficient accuracy.
In this chapter, some general guidelines concerning the

selection of modes are discussed.

6.2 Equations of Motion

Consider a particular class of N-story buildings (Figure
6.1) in which the floor mass centers lie on a single vertical

axis and which has identically oriented principal axes in all

beams with two translational DOFs and one rotational DOF

associated with each mass. Let Kx. K . and K

i Ky 0i represent

respectively the translational stiffnesses in the structure
principal directions X and Y and the torsional stiffness of

the i-th story. Then

(6.1)
Ko = % Lk Iyi) + kyi(j)xi(j)]
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Y
the j-th resisting element connecting floors (i-1) and i.

where kxi(j) and k i(j) are the translational stiffnesses of
(xi(j), yi(j)) is the position of the element with respect to
the line of mass centers. Let e i and eyi be the static
eccentricities of the stiffness elements connecting floors

(i-1) and 1i.

1
i T E T L %30k, (3)

R T R £ (6.2)
ey = w— 1 v, Gk, (3)

vi Kxi 3 i xi

The undamped equations of motion for the structure sub-

jected to horizontal ground accelerations ax(t) and ay(t),

are
3 ~ N\ r A -
( ( (
. T T
m E@& + LK Ky Ky < U, = - 0 > (6.3)
m 4 0 K mla
=1y = &y Syy| | Sy == %y

In Eg. (6.3), the displacement sub-vectors are



133

. \ \
Uix r1 upg fuly
Uog T2 Y29 Yoy
ge =y - f 0 e T - g BT g >
UNx N Ne “ny
. J . J L J

where T, is the radius of gyration of the i-th floor about a

vertical axis through the center of mass; the mass sub-matrix

where m, is the lumped mass of floor i; all elements of the

column vector 1 are unity; and the stiffness sub-matrices are
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(Ky1 * Kyo) “Ky2
K, (Ko + Ky 3) K3
“K,3 (K . + K
1 1
(=) 2 (K ,+K_,) - K
ry 81 62 rir, 2
1 1.,
- K (—) “ (K. ,+K
rlr2 92 r2 52 83
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r1
}—l(ele 17ey2%x2) r—zeyszz
——l—e K 1 (e. JK_,+e_,K_.) — e, K
ry y2 x2 r, y2 'x2 "y3'x3 I, y3 x3
- ?}ey3xx3 T ]
1 1
- ——— K —
rN-1 yN xN 'n
[ 1 1
fz(eleyl+ex2Ky2) EEQXZKyZ
1. 1 1
?Iex2xy2 rz(eXZKy2+ex3Ky3) r3ex3Ky3
1
f}ex3Ky3 T .
1
- — e K
-1 xXN"yN

eyN %N
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6.3 Response Covariances

6.3.1 Frequencies and Mode Shapes

The response covariances of the system can be obtained
by using the formulas given in sections 3.4 and 3.5. The
first step is to find the natural frequencies and mode shapes
of the system. In general this requires the solution of an
eigen-problem of order 3N. However, if all stories have the
same radius of gyration, eccentricities, and stiffness ratios,
then the eigen problem can be split into two smaller problems,
one of order N and the other of order 3. Such simplification
in modal extraction was noticed by Shiga [76] and employed in

the work of Kan and Chopra [47]. More specifically, let r; = r; -

e e
yi y2
Then the natural frequencies,

= - = = r, e = @ = - = e = e
N rTxa X2 xN x'

eyn = Syr Kos = Bo¥unr Xyy T Byfux

Weon ? and mode shapes of the coupled system, wmn’ can be obtained

as follows:

W = 0 w
mn m xXn
m=1,2,3
¢ ¥ i
Xm =xn n=1,2,3,°°+ N (6.4)
Emn = ¢8m Exn
dJym Exn

where Weery and Exn are the natural freguencies and mode shapes

of the N DOF system
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(K

—X

and Qm and {¢xm’ ¢em’ ¢

2

= w. m) Y

Xn—"=Xn

i
o

eigen-value problem

137

ym

2, c°c N (6.5)

}T are determined from the 3 DOF

=0 m=1,2,3 (6.6)

and eigenvectors of

(6.5) can be analytically expressed

e -
- 02 . 4 ] )
(1-92), E3 v 0 S em
e e
- X - Q2 X
e . ,

0 7 T BY 7 (By - Qm) d)ym
For a uniform structure, i.e., m; = my
sz = - = KxN = K; the eigenvalues
the N DOF system of Eg.
as

Xn

—Xn

g
K : n
2/ sinty)

{ wnl, wnZ, oo wni '°°>wnN

(6.7)
}T
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6.3.2

For the systems described in Eq.

m

wni =
=f{2n - 1)m
2N + 1

n =
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Input Cross Correlation Function

(11, T2)

RF F (11, T2)

2

m

(Tlr

T2)

{3.22) is
m,m. Rax(rl, T2) L =
m:
My 2N ° -2y Ra (T2e T2)
Y
g =
m:
Mp-2N ™m Raxay(fl’ Tz2)
g =
m=
m, m_ R (TliTﬁ)
L T m=2N axay
QL =
m:

(6.3), the

2N+1,
2N+1,

2N+1,
1, 2,

1r 2:
2N+1,

input corre-

2N+2,
2N+2,

2N+2,
.OQN
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2N+2,

°

3N
3N
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RF F (t1, 12) =0 Otherwise

where Ra (ty, T2), Ra (t,, T2) and Ra a
pe vy Xy
in Eg. (2.21)

(11, 1,) are described

6.3.3 Displacement Covariances and Interstory-Drifts

The displacement (of centers of mass relative to base)
covariance can be obtained by Eg. (3.22). The interstory
drifts, in the structure principal axes, of i-th story at

center of mass are

dxi(o'o) = Ugi T Uxi-a
(6.9)
Ay (0,0 =ugy =,
at location E, W are (refer to Fig. 5.5)
a. a. a.
i _ i i
dyi(t 2 0) = (uyi T = Ugy) (uyi-l - 72 Ugjq!
a (6.10)



"140

and at location N, S are:

/

b Py e
dxi(O, t—f') = (uxi + 5 uel) - (ux1-l t 5 uel-l)
(6.11)
_ Py
= (U 7 U)o gy g ) ()

Therefore, the M. S. interstory drifts can be obtained with
the knowledge of mass center displacement covariances. In
this study the M.S. interstory drifts dyi(ja/Z,O) and

dXi(O, +b/2) are obtained and compared with the M.S. drifts
of the corresponding uncoupled system to show the importance

of torsional coupling.

6.4 Approximate Solution

For tall building analyses, a good approximation of dis-
placement response can be achieved byAconsidering only a few
of the lower modes. Some general guidelines regarding the

selection of modes are suggested so that a good approximation
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can be obtained using a small fraction of the computation
time and storage needed for an exact solution.

In the low frequency end of the response spectrum, the
displacement responses are nearly constant. For this reason
all the modes in the low frequency range are considered,
although, strictly speaking, the contribution of each mode
to the response depends also on the modal participation
factor. The knee frequency, f£*, below which the displacement
response is nearly constant is dependent on the ground motion
characteristics and can be determined in advance. For the
Clough-Penzien spectrum parameters used previously, the knee
frequency is about 0.33 cps. For those modes having frequencies
above f£*, say f,, the displacement response is close to that
of the Kanai-Tajimi spectrum. Using the equivalent white
noise analogy, the M.S. modal displacement is (refer to Sec-

tion 4.4)

S
Ef{u?] = EQ(2rf,, 27f;) ———— (6.12)
4(2m1£,)% ¢

where S, is the modal spectral level.
For the filter parameters used, EQ(21f,;, 27nf,) is less
than 1.75. Let fc (reference frequency) be the maximum of £,

and £* in which £, is the fundamental natural frequency. Then
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the ratio

Sl
EQ(27fy, 27fy) — ——— s
' 421£1)° 2 o g 95 (=S > (6.13)
- < 1. ) 3 i
c C

EQ(2rf , 27f ) ——w—r
c c 4(2mE ) ¢

For the shear beam structural model, the participation
factors, {wi}T[M]{l}, of the first few modes are generally
greater than those of higher modes. Therefore, the contribu-
tion of the higher modes is approximately inversely propor-
tional to frequency raised to the third power.

In Eq. (3.21), Egq. (3.22), in order to obtain covariance,
one needs to calculate the double integrals for all partici-
pating mode pairs. It is desirable to calculate only those
participating mode pairs which have a significant influence
on response. Using white noise results and considering the

mode pair (i,]j), one can see immediately that

_ 2
_ Ty (EsrE)(B4-E)
3 2 3
4(2wfc) z 8¢ fc

(6.14)



143

For the same modal intensity, the contribution due to
(fi+fj)(fi-—fj)2

the mode pair satisfying > p*¥ is approxi-

. 8gf? :
mately less than 1.75/p* of that®of reference mode.

With these guide rules, most of the terms in Eq. (3.22)
can be eliminated without seriously affecting the accuracy of

the results. This saves a great deal of computational time

as well as data storage.

6.5 Numerical Example

An 8-sto£y building with a special type of stiffness
"taper" is now considered. It is assumed that the.ground motion
has equal intensity in the two principal directions. This
assumption was shown in Section 5.3.3 to produce reasonable
upper bounds to the responses due to other ground motion
intensity ratios for the governing ground motion incidence angle.
The ground motion frequency content is described by the Clough-
Penzien spectrum (Ground Motion No.2 of Chapter 2) and the short
duration envelope is used for the nonstationary results. The

system properties are:
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1). m =m, = -== = mN = m
Ky
2). —= = 1075, 1045, 985, 896, 776, 627, 448, 239
—_ —_ 2
3). Ky = B,K . and By = (1.3)% = 1.69
Koy = 8Ky, and 8, = (1.15) = 1.3225
e . ei
4) . —%i = 0.2 —%— = 0.3 for all floors

5). damping is 5% critical

. a.
6). all floors are assumed to be square. i.e., Bi =
i

U‘lm

= 1.

The floor to floor variation of stiffnesé is such that
the system has a linear first mode for the corresponding

uncoupled systeme The mode shapes and natural frequencies for

the uncoupled system are shown in Fig. 6.2.
For this example, the results of eigen-value problem in
Eg. (6.6) are

2y = 0.9305, @, = 1.113, Q3 = 1.381

~o

and
[ o oo ] [ 0.8884, 0.3573, -0.2882 ]
X1’ "x2' "xs3 ‘ ! . ’ .
bg,1 Og,r bg, | = 0.3972, -0.2837, 0.8728
T \—0,2301, 0.8899, 0.3940 |
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The natural frequencies and mode shape of the coupled
system are obtained through Eg. (6.4). The natural frequencies
of the system are 5.08, 6.08, 7.55, 12.46, 14.90, 18.49,
19.69, 23.55, 26.91, 29.24, 32.18, 34.11, 39.95, 40.79, 41.31,
48.50, 49.40, 50.64, 55.70, 58.00, 61.32, 66.60, 72.01, and
82.69 rad/sec. The mode shape for the first mode is obtained

as

wT = {0.062, 0.124, 0.187, 0.249, 0.311, 0.373, 0.435,
=11
0.498, 0.028, 0.056, 0.083, 0.111, 0.139, 0.167,
0.195, 0.223, -0.016, -0.032, -0.048, -0.064,

-0.081, -0.097, -0.113, =0.129}

The structural responses to ground excitation are sum-

marized in Tables 6.1 to 6.5 and Figs. 6.3 and 6.4. The

Clough-Penzien spectrum and filter parameters wg = 15.46
rad/sec, ¢ = 0.623, wg = 1.636 rad/sec, z, = 0.619 and
S =1 m?/sec? are used (Ground motion No. 2 of Chapter 2).

0

Non-stationary responses are computed using the "short
duration"” envelope (o = 0.25/sec, B = 0.75/sec, see Chapter

2). Notation used in the tables is defined as follows:

Q
Il
Q
||

2
xi //E[dxi(o’o)] yvi //E[d§i(°'°)]
2 a a
Ei V/Ewyﬂim)] Owi ‘/Em;ﬂ'7'M]

2 b b
Wi = /ELE2, (0,5 0y = /EIE2, (0, -2))

Q
Il

Q
i
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The results show that the interstory drifts are quite
uniform below the 6th floor. In the top story, the drifts are
about 25 percent larger than the average values. The smallest
interstory drifts occur between the 3rd and 4th floor and
exceed the corresponding results for a single story structure
by about 1 percent. The largest interstory drift, at the top
story, exceeds the single story structure driff by about 35
percent in the stationary case and 42 percent in the nonsta-
tionary case. The spatial distribution of response drifts
is undoubtedly dependent on the fact that the stiffness
distribution was selected to produce a linear fundamental mode
shape.

It is of greater significance to establish whether or not
the relati?e effects of torsional coupling in the multistory
structure are predicted by the results for single story struc-
tures. As in single story systems, the translational displace-
ments at the center of the mass decrease as the result of
torsional coupling. The responses at the outer edges of the
building are significantly greater than those of the corres-
ponding uncoupled system by amounts ranging from 39 percent
to 55 percent (Fig. 6.3 and 6.4). In the corresponding single
story system (Table 6.5) the outer edge responses exceed the
uncoupled responses by 39 - 50 percent. The amplification of
response due to torsional coupling is virtually the same for
the short duration motion as for the stationary case (compare

Figs. 6.3 and 6.4). However, the magnitudes of the interstory
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drifts for the shért duration motion are reduced by about
15 - 20 percent as compared to the stationary case (compare
Table 6.1 and 6.2). For the single story structure the short
duration drifts are reduced by about 12 - 16 percent as compared
to the stationary case. |

From these comparisons, it is apparent that the general
trends which were observed for torsionally coupled single
story structures carry over to multistory structures, in which
there is not much variability of response from story to story.
That is , the average response in the multistory structure is
well predicted by the single story model. For multistory
structures with significant changes of stiffness, mass, or
eccentricity from floor to floor, the spatial distribution
of interstory drifts would be expected to be quite nonuniform.
In such cases, extrapolation of single story fesults is ques-

tionable.

A good approximation is obtained by considering only a
few important modes (pairs). The numerical results shown in
Tables 6.3 and 6.4 are obtained by neglecting all the modes
satisfying (£.:/ f£<) 2 4.0 and all the mode pairs satisfying
(fi"‘fj)(fi“fj)2 2 250. The approximate results are very close

8rfd
to the exact results. Table 6.5 shows the results obtained by

considering only the first three modes (one in each direction).
The approximation is quite good except at the top two floors,

and the drifts are the same at every floor.
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6.5.2 Computational Considerations

In order to obtain the exact solution, all 24 modes are
considered. If advantage is taken of symmetry , 300 mode pairs
in Eq. (3.22) are needed. If one is interested in the results
for 10 instants of time, there are 3000 double integrals to
be calculated. The cost of such calculation would be prohibi-
tive. With the algorithm described in Chapter 3, all the co-
variance of displacement responses at the mass center and all
drift information (stationary and nonstationary) sampled at

10 arbitrary time instants was obtained in less than 20

seconds of CPU time on the University of Illinois Cyber 175.
The approximate solution (15 mode pairs involved) takes only
about 1 second of CPU time to obtain the same information.
Therefore the algorithm which has been presented is very
efficient for the calculation of the response of general M-DOF
systems to earthquake ground excitations. A significant ad-
vantage of this algorithm is that one can directly obtain the
responses at the time instant of interest. One can always use
the approximate solution to compute the nonstationary results
cheaply, and then compute the exact solution in a reduced

time interval of interest.
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makes it feasible to systematically investigate the structural
response characteristics for a variety of ground motion input
and structural characteristics. The effects of various ground
motion characteristics on the response of SDOF elastic system
are discussed in Chapter 4. These include the effects of
frequency content, temporal variation of intensity, duration
and the presence of individual large acceleration pulses in
the ground motion. In Chapter 5, the effects of modal coupling
and multi-directional ground motions are studied through simple
one story torsionally coupled structural systems. An extensive
parameter study is conducted with white noise input. Effects
of ground motion frequency content and duration are also
investigated.

A class of tall buildings is considered in Chapter 6.
Numerical comparisons for interstory drifts between coupled
and uncoupled systems are presented. Exact solutions as well
as approximate solutions are obtained and the accuracy and

computational cost are discussed.

7.2 Conclusions

The following conclusions are drawn based on the results
of this study:
1. Ground Motion Model
a) The ground motion model with frequency content spe-

cified by the Clough-Penzien spectrum realistically models
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CHAPTER 7

SUMMARY AND CONCLUSIONS

7.1 Summar

The effects of ground motion characteristics on the res-
ponse of simple elastic structural systems are systematically
investigated using stochastic ground motion models.

The characteristics of commonly used stochastic models
for ground motion are first investigated in Chapter 2. These
include white noise and filtered white noise models (Kanai-
Tajimi spectrum and Clough-Penzien spectrum) for frequency
content and a double exponential envelope function for inten-
sity and duration. Qualitative comparisons are made with re-
corded ground motions. Multi-directional ground motions are
considered assuming the existence of ground motion principal
directions.

Time domain nonstationary response analysis is considered
in Chapter 3. Modelling of isolated large acceleration pulses
and ground motion spatial correlation are illustrated by white
noise model in Chapter 2 and their effects are discussed respec-
tively in Chapter 4 and Chapter 5. The effect of close natural
fregeuncies is illustrated with white noise input in Chapter 3.
In the same chapter, an efficient solution algorithm is
obtained for evaluating nonstationary response of systems to

Kanai-Tajimi and Clough-Penzien spectrum excitation. This
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high frequency systems as well.

It was demonstrated that when the ground motion
is modeled using a time varying intensity functicn as an
envelope to modulate a stationary random process, a previously
unreported defect appears in the ground motion model. The
behavior of very low frequency elastic systems may not be
accurately portrayed using such ground motion models.

d) Limited results obtained using a white noise ground
motion model suggest that for ground motions of the same
general intensity level, those containing large individual
acceleration pulses produce larger maximum responses than
those without such acceleration pulses.

2. Response of Single Story Torsionally Coupled System

The response of a single story elastic system with
stiffness eccentricity was studied extensively using both a
white noise and a Clough-Penzien frequency content model for
the ground motion.

some general results obtained in previous studies
[47] using a deterministic approach were confirmed.

a) One-way torsionally coupled systems show an in-
crease in torsional response and a reduction in translational
response when the uncoupled torsional and translational fre-
quencies are nearly equal. The peak torsional response increase
as eccentricity increases and damping decreases. (See, for

example, Fig. 5.9)
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earthquake ground motions. SDOF elastic response spectra com-
puted using this input ground motion agree qualitatively with
actual earthgquake response spectra. The ground motion model
also predicts relations between mean square ground acceleration,
velocity and displacement which agree well with corresponding
estimates proposed by Newmark and Hall [57].

b) Effects of variations in ground motion frequency
content and duration on the response of SDOF elastic systems
were studied. The filter parameters controlling the Clough-
Penzien spectrum were varied to simulate different "Predominant"”
ground motion frequencies. The corresponding response spectra
exhibited response amplification factors (relative to mean
square ground motions) which were insensitive to quite large
changes inlground motion frequency content. It is noted that
this is a prediction of the model rather than an established
fact, and it remains to be verified by comparison with recorded
earthquake motions.

c) The effect of time-varying intensity and duration
of the ground acceleration was modelled by means of an exponen-
tial envelope function proposed by Shinozuka and Sato. Mean
square responses were sensitive to duration only for medium
and low frequency systems. Mean square displacement response
to the long duration motion consistently exceeded the response
to the short duration motion. Maximum (90% probability of :

exceedence) responses show a slight dependence on duration for
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eccentricities equal to about 8 percent of the floor plan
dimension, the maximum root mean square responses at the
corner of the floor diaphragm increased by about 75 percent.

g) For two-way torsionally cbupled systems subjected
to one-directional ground motion, eccentricities in the
direction of the ground motion reduce the peak torsional res-
ponse. Some conclusions drawn by Kan and Chopra [47] relating
the response of two-way torsionally coupled systems to one-way
torsionally coupled systems were shown in this study to be
valid only when the eccentricities are quite small.

h) Ground motion directionality was considered by
varying the incidence angle of the ground motion principal
directions with respect to the structure. Results computed for
different relative strengths of the two ground motion compo-
nents showed that when the governing incidence angle for each
case 1s taken into account the maximum responses at the peri-
phery of the floor diaphragm are relatively insensitive to the
relative strengths of the two ground motion components. The
"worst case", that of two components of ground motion of equal
intensity, is not grossly overconservative. Comparison with
the procedure recommended by the ATC-3 Code for recognizing
orthogonal effects showed that that procedure is quite
reasonable for this simple structural model.

j) Effects of ground motion fregquency content and

duration were investigated to determine whether the general
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b) The sum of the mean sguare torsional and trans-
lational forces (normalized by the value for zero eccentricity)
remains essentially equal to one indicating that the torsional
coupling merely produces a redistribution bf forces.

c) The maximum normalized torsional force is 0.5 and
this large redistribution occurs even when the eccentricity is
small, if the damping is small and the torsional/translational
frequency ratio is near one.

d) The sum of the normalized mean sgquare torsional
and translational displacement responses is always greater
than one and is independent of damping indicating that the
system is effectively softened by the torsional coupling.

e) The dynamic eccentricity, defined as the eccen-
tricity af which the base shear in the uncoupled system must
be applied in order to produce the dynamic torque, can greatly
exceed the static eccentricity if the torsional/translational
frequency ratio is near one and the damping and static eccen-
tricity are small. For example, for 2 percent modal damping
and static eccentricity %; = 0.05, the dynamic eccentricity
is 11.08 times the static eccentricity.

f) Compared to uncoﬁpled translational response, the
maximum root mean square displacement responses at the peri-
phery of the single story model are increased by about 40 per-
cent for an eccentricity equal to about 6 percent of the floor

plan dimension. For a two-way coupled system with equal
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f = 0.81 cps, and with a stiffness "taper" such that the first
mode was linear for the uncoupled system. The Clough-Penzien
spectrum and the short duratién envelope were used to model
the ground motion.

Root mean square interstory drifts computed at the
periphery of the floor diaphragms were greater than those of
the uncoupled system by amounts ranging from 39% to 55%.
Interstory drifts were quite uniform except in the top two
stories, and the effects of torsional coupling were well
predicted by the responses of the corresponding single story
structure. However, for multi-story structures with significant

changes of stiffness mass or eccentricity from story to story

the extrapolation of single story results is not justified.
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trends found for the white noise ground motion model can be
assumed to hold for the more realistic ground motion models.
The results for the medium freguency system (fX = 1 cps) were
guite close to the white noise results. Fdr the stiff system
(fx = 5 cps) the column response at the periphery is under-
estimated by the white noise model. For the soft system
(fX = 0.2 cps) the effect of coupling is overemphasized by
the white noise model. When the time-varying intensity of the
ground motion is considered, the effect of torsional coupling
on soft systems is reduced further due to the time lag between
maximum torsional and translational response. The frequency
ratio at which peak torsional response occurs shifts toward
wg > W, for soft systems and towards wg < Wy for stiff systems.
(j) Accidental eccentricity arising from lack of

spatial correlation of ground motion was calculated using a
white noise approximation. The results show general agreement
with those of Newmark [58].

3. Response of Multi-story Torsionally Coupled Systems

A special class of multi-story structures was con-
sidered in which floor mass centers lie on a single vertical
axis and floor mass principal axes have identical orientations
at all floors.
A computationally efficient procedure for computing

the responses was developed, and a numerical example was

presented for an 8 story structure, with fundemantal frequency



Dop (sec) B/a
£, (cps) 1.5 2.0 3.0 5.0 10.0
16.22 13.86 10.99 8.05 5.12
0.05 45.40 40.83 36.20 32.75 30.63

0.026 0.030 0.039 0.054 0.085
8.11 6.93 5.49 4.02 2.56
0.10 22.82 20.40 18.09 16.41 15.33
0.050 0.058 0.073 0.098 0.141
3.24 2.71 2.20 1.61 1.02
o 0.25 9.11 8.16 7.24 6.56 6.15
0.112 0,127 0.151 0.184 0.225
1.62 1.39 1.10 0.80 0.51
0.50 4.58 4.08 3.62 3.25 3.06
0,185 0.203 0.227 0.250 0.269
0.81 0.69 0.55 0.40 0.26
1.00 2.27 2.04 1.81 1.65 1.53
0.261 0.272 0.282 0.286 0.283

Table 2.1 Variation of t__. ., Dpp and £ with the Envelope

Parameters o and B

6GT
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TABLES



INTERMEDIATE

GEOLOGICAL CLASSIFICATION HARD SOFT
NUMBER OF SAMPLES 3 8 14 25
.3 . 0.53 .54
P,y 0.33 0.65
Mean p13 0.63 0.73 0.72 .71
2]
012 0.40 0.16 0.28 .26
o} 0.07 0.15 0.19 .19
23
Cross Correlation Standard
deviation 013 0.16 0.11 0.09 .11
Coefficients eV
le 0.19 0.09 0.14 .15
Coefficient 023 0.20 0.23 0.36 .35
. . .13 .
of 013 0.26 0.15 0.1 15
Variation ’ pl2 0.47 0.58 0.50 .58

Table 2.3 Statistical Properties of Cross Correlation Coefficients

During the Strong Motion -~ San Fernando (1971) Earthquake

(after Kubo and Penzien [49])

9T



GEOLOGICAL CLASSIFICATION HARD INTERMEDIATE SOFT
NUMBER OF SAMPLES 3 8 14 25
Major 0.61 0.53 0.58 0.57
Mean Inter. 0.26 0.39 0.33 0.34
Minor 0.13 0.08 0.10 0.10
Ratios of Principal )
Variances to the Sum Standard Major 0.12 0.05 0.06 0.07
of the Principal deviation Inter. 0.07 0.05 0.07 0.07
Variances Minor 0.05 0.04 0.04 0.04
Coefficient Major 0.19 0.08 0.10 0.12
of Inter. 0.27 0.12 0.21 0.22
Variation Minor 0.39 0.44 0.36 0.40
Mean Inter. 0.44 0.74 0.58 0.61
) . Minor 0.23 0.16 0.17 0.17
Ratios of the Intermediate
and Minor Principal Standard Inter. 0.18 0.13 0.16 0.18
Variances to the Major deviation Minor 0.12 0.07 0.06 0.07
Principal Variance ici
Coefficient Inter. 0.41 0.18 0.28 0.29
£
© Minor 0.52 0.46 0.38 0.43
variation

Table 2.2

Strong Motion - San Fernando (1971) Earthquake (after
Kubo and Penzien [49])

Statistical Properties of Principal Variances During the

091
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Condition Resistance Pattern
Quantity
a/b Zkyﬁ/Ekx Uniform Perimeter 9-Column 4-Column
1.0 1.0 we/wx 1 1.732 . 1.414 1.732
0.5 1.0 we/wx 1 1.897 1.414 1.732
0.0 all we/wX 1 1.732 1.414 1.732

Table 5.1 Frequency Ratios for Building
Resistance Patterns shown in
Fig. 5.4 (After Newmark [62])

a/b b/r

1.0 /6 = 2.45
0.5 Y4875 = 3.10
0.0 V12 = 3.46

Table 5.2 Ratio of Floor Dimension
to Radius of Gyration for

Rectangular Floor Diaphragms
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System Natural Frequency (cps)

0.05 0.10 0.20 0.50 1.00 2.00 5.00 10.00

Short \
Duration 2.01 2.23 2.51 2.67 2.807 2.95 3.17 3.34
Long
Duration 2.54 2.67 2.73 2.90 3.07 3.25 3.48 3.63
Stationary
(10 sec.) 2.61 2.60 2.74 3.03 3.24 3.44 3.68 3.83

Table 4.1 The Multiplication Constant c¢ for
90% Probability of No Exceedance

Kanai _ .Exact

E[u?]
z. =0.64 w_ = 15.6/sec r = =F—; =
g g Elu ]Eq.White Approx.

System Natural Frequency (rad/sec)

T~F | 1.0 5.0 10.0 14.0 20.0 24.0 30.0

)

0.02 11.000 0.

~

0.988

Yo
0
[0.6]
-l
(]
[93)
(e]
[
L]
(en]
(o))
(o]

1.008 1.

[Xe)
o0
Ut

0.05]11.000 0.995 0.970 0.964 1.019 1.071 1.144

0.10 1 1.000 0.989 0.944 0.934 1.032 1.128 1.270

Table 4.2 Equivalent White Noise Approximation for
M.S. Response to Ground Motion with
Kanai-Tajimi Spectral Characteristics




UNCOUPLED SYSTEM COUPLED SYSTEM 90¢%
__u)_e' o Co G (oF} g Coy C; C,
£fo w max max max
(Cos) X 80% 90% 95% at N 80% 90% 95% at s 80% 90% 95% Col| C,
0.10{ 1.0} 0.64 ] 1.96 2.23 2.48 | 0.60] 2.10 2.36 2.6110.68]1.93 2.19 2.43 ]11.06{0.98
0.151 1.0 0.57 | 2.14 2.40 2.64 | 0.57[ 2.20 2.46 2.69 | 0.59 ] 2.14 2.39 2.62 [{1.02]1.00
0.20] 0.9 0.6342.37 2.63 2.86 | 0.54}2.08 2.35 2.60 [ 1.05{0.94
- 0.20(1.0{10.55|2,24 2.51 2.75( 0.56( 2.30 2.56 2.78 {1 0.57|2.27 2.54 2.77 {1.02]1.01
0.20} 1.1 0.51) 2.20 2.48 2.73 | 0.62 | 2.37 2.63 2.86 1]0.99]1.05
"10.20} 1.2 0.50 | 2.12 2.41 2.66 | 0.65 | 2.31 2.58 2.81 | 0.96[1.03
0 0.30] 1.0} 0.49 | 2.33 2.60 2.84 | 0.49| 2.38 2.64 2.87 | 0.53 |2.35 2.62 2.86 | 1.02[1.01
0.40}1.0]0.40 | 2.36 2.62 2.86 | 0.39}{ 2.43 2.69 2.92 ]/ 0.45]12.38 2.64 2.88 |1.03[1.01
0.50(1.0|3.16 | 2.41 2.67 2.90| 3.05| 2.47 2.73 2.96 | 3.68 | 2.42 2.68 2,91 }11.02[1.00
o 0.70}1 1.0 2.14 | 2.48 2.74 2.97 | 2.09 | 2.52 2.78 3.01 | 2.54]2.48 2.73 2.97 |1.02{1.00
o|1.00| 0.9 1.73 ] 2.55 2.80 3.03 | 1.40 1 2.51 2.76 2.99 |1.00|0.98
—{1.00| 1.0 1.42|2.55 2.81 3.03}|1.40| 2.59 2.84 3.07 | 1.69|2.55 2.80 3.02|1.01|1.00
mi1.00 1.1 1.12 ¢ 2.52 2.77 3.004¢1.86 | 2.55 2.80 3.02 0.99(1.00
o11.00] 1.2 1.03} 2.56 2.81 3.03|1.84|2.53 2.78 3.01|1.00[{0.99
wIl1.50/1.0/0.89]2.65 2.90 3.12] 0.89] 2.67 2.91 3.13]1.07|2.64 2.88 3.10 [ 1.01/0.99
2.00{1.01/0.62|2.72 2.95 3,171 0.61| 2.74 2.98 3.18 10.76 1 2.70 2.94 3.16 | 1.01|1.00
3.00}11.0}3.04}|2.82 3.05 3.26| 2.81| 2.84 3.07 3.28 | 3.90 | 2.81 3.04 3.25]1.01{1.00
4,.00{1.011.58|2.89 3.13 3.33(1.42{ 2.92 3.15 3.34/2.081}2.88 3.10 3.31 [1.01[0.99
g 5.001 0.8 1.114} 2.96 3.19 3.39|1.06}2.89 3.11 3.3211.01}0.98
o |5.00] 0.9 1.02) 2.98 3.19 3.39}|1.10 4 2.90 3.14 3.34 {1.010.99
S!5.00]1.0}10.92]2.95 3.10 3.38| 0.82| 2.98 3.20 3.40|1.22}2.93 3.16 3.36 | 1.01{1.00
0 5.00) 1.1 0.65] 2.96 3.19 3.39 | 1.25]2.95 3.17 3.38 {1.01]1.00
5.00( 1.2 0.674 2.95 3.17 3.38|(1.19|2.95 3.17 3.38 |1.00/1.00
»n17.0011.0]0.40)3.04 3.26 3.47]1 0.36] 3.07 3.29 3.49[0.53]3.02 3.24 3.44 [1.01/0.99
10.01.0}1.72}3.13 3.34 3.55| 1.51} 3.15 3.37 3.56}2.24 1 3.11 3.33 3.52]1.01}{1.00
(me/wX =1, ey/r = 0.15, b/a = 1)
Table 5.4 Multiplication Constants - Input: Clough-Penzien Spectrum,

Nonstationary ("Short Duration" Ground Motion, Trifunac-

Brady Duration =

7.2 sec)

SoT



UNCOUPLED SYSTEM COUPLED SYSTEM 903
fo _wg g Co g . o] °’ C1 C2
We | MaX | g0g 90% 95% aé?if 80% 90% 95% ai?if 80% 90% 95% c. | <co
0.10 | 1.0] 0.73 ] 2.30 2.60 2.87| 0.81] 2.29 2.60 2.86 | 2.76 | 2.27 2.58 2.85| 1.00/0.99
0.15| 1.0 0.85] 2.37 2.67 2.92 | 0.94| 2.38 2.67 2.93] 0.89 | 2.34 2.64 2.90 | 1.00]0.99
0.20] 0.9 1.13] 2.45 2.74 2.99] 0.73 | 2.43 2.72 2.98 ] 1.00]1.00
0.20| 1.0{ 0.90| 2.45 2.74 2.99| 0.77| 2.47 2.75 3.00| 0.97 | 2.42 2.71 2.96 | 1.01]0.99
= 10.20] 1.1 0.73| 2.49 2,78 3.03| 1.12{ 2.42 2.71 2.97 | 1.02|0.99
nl0.20] 1.2 0.67] 2.49 2.78 3.03 | 1.12 1 2.43 2.72 2,97 1.02|0.99
- [0.30] 1.0 0.76] 2.59 2.86 3.10| 0.78| 2.61 2.88 3.12| 0.89 | 2.55 2.83 3.08 | 1.01/0.99
© [0.40 | 1.0] 0.56 | 2.69 2.95 3.19 | 0.56 ] 2.71 2.98 3.21] 0.68 | 2.66 2.92 3.16 | 1.01]0.99
0.50 | 1.0 4.20 | 2.77 3.03 3.25| 4.13| 2.79 3.05 3.28 | 5.12 | 2.74 3.00 3.23 ] 1.01]0.99
- [0.70 [ 1.0 2.64 ] 2.88 3.13 3.35] 2.59] 2.91 3.15 3.38 | 3.22 | 2.85 3.11 3.33] 1.01]0.99
S [1.00] 0.9 1.97| 3.01 3.25 3.47 | 1.63 | 2.96 3.20 3.42 | 1.00{0.99
= {1.00| 1.0 1.63| 3.00 3.24 3.46 | 1.61| 3.03 3.26 3.48 | 1.98 | 2.97 3.22 3.43 | 1.01|0.99
0 11.00) 1.1 1.21| 3.03 3.27 3.48 | 2.16 | 2.99 3.23 3.44 | 1.01|1.00
_l1.00] 1.2 1.17 | 3.02 3.26 3.47 | 2.10| 2.99 3.24 3.45| 1.01]/1.00
w [1.50] 1.0 0.98 ] 3.13 3.36 3.57] 0.96] 3.15 3.38 3.50 | 1.18 | 3.11 3.34 3.55] 1.01/0.99
2.00] 1.0] 0.66 | 3.22 3.44 3.65] 0.64 | 3.24 3.46 3.67] 0.81 | 3.19 3.42 3.63 ] 1.01/0.99
3.00] 1.0] 3.13 | 3.33 3.55 3.75] 2.88| 3.36 3.57 3.77 | 4.04 | 3.31 3.53 3.73 ] 1.01]0.99
4.00| 1.0 1.61] 3.41 3.62 3.82 | 1.44 | 3.43 3.65 3.84 | 2.12 | 3.39 3.61 3.80 ] 1.0111.00
o (500 0.8 1.12 7 3.48 3.69 3.88 | 1.08 [ 3.40 3.62 3.81 | 1.00[0.98
S |5.00| 0.9 1.03| 3.49 3.70 3.89 | 1.11 | 3.43 3.64 3.83 | 1.01|0.99
S |5.00| 1.0 0.93| 3.47 3.68 3.87 | 0.83| 3.49 3.70 3.89 | 1.23 | 3.45 3.66 3.85| 1.01|1.00
5.00| 1.1 0.66| 3.48 3.69 3.88 | 1.26 | 3.46 3.67 3.87 | 1.00]|1.00
" {5.00] 1.2 0.68| 3.46 3.67 3.86 | 1.20 | 3.47 3.68 3.87 | 1.00]|1.00
o [Z1.00]1.0] 0,41 3.55 3.76 3.94 | 0.36] 3.58 3.78 3.97 | 0.54 | 3.53 3.74 3.93 | 1.01[1.00
10,0 1.0| 1.73 | 3.63 3.83 4.02 | 1.52| 3.66 3.86 4.04 | 2.25| 3.62 3.82 4.01 | 1.01/1.00

(we/wX =1, ey/r = 0.15, b/a = 1)
Table 5.3

Stationary (t =

10 sec)

Multiplication Constants - Input: Clough-Penzien Spectrum,

POT



STORY DRIFTS STORY DRIFTS
STORY {UNICOUPLED) {COUPLED)

(Ox)max (Oy)max (Ox)max (OT)max (Oy)max (GE)max (Ow)max (ON)max (OS)max
7-8 0.0405) 0.0332} 0.0386| 0.0218 | 0.0314 | 0.0296 | 0.0505| 0.0321 | 0.0581
6-7 0.0342| 0.0286 | 0.0326| 0.0180 | 0.0270 | 0.0253 | 0.0425| 0.0284 | 0.0479
5-6 0.0314 | 0.0265| 0.0300}| 0.0165| 0.0250 | 0.0234 | 0.0392 | 0.0265 | 0.0437
4-5 0.0301| 0.0256 | 0.0288 | 0.0159 | 0.0240 | 0.0226 | 0.0378 | 0.0256 | 0.0420
3-4 0.0297| 0.0252| 0.0283| 0.0158 | 0.0237 | 0.0224 | 0.0373 | 0.0252 | 0.0414
2-3 0.0298 | 0.0253 | 0.0284 | 0.0159 | 0.0237 | 0.0224 | 0.0375| 0.0253 | 0.0416
1-2 0.0301) 0.0256 | 0.0287 | 0.0161 | 0.0240 | 0.0226 | 0.0379 | 0.0256 | 0.0421
0-1 0.0305| 0.0259 | 0.0291 | 0.0162 | 0.0243 | 0.0228 | 0.0384 | 0.0259 | 0.0426

Table 6.2 The Interstory Drifts (Exact, Nonstationary)
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STORY DRIFTS

STORY DRIFTS

STORY (UNCOUPLED) (COUPLED)
Oy Oy o rog oy OR w ON OS
7-8 0.0457 | 0.0369 | 0.0438 | 0.0244 | 0.0353 | 0.0323 | 0.0568 | 0.0359 |0.0657
6-7 0.0394 | 0.0324 { 0.0379 | 0.0204 | 0.0310| 0.0281 | 0.0488 | 0.0321 | 0.0556
5-6 0.0367| 0.0303| 0.0353 |0.0189 | 0.0289 | 0.0263 | 0.0454 | 0.0302 | 0.0515
4-5 0.0354 ) 0.0294 | 0.0340 | 0.0184 | 0.0280 | 0.0256 | 0.0439 | 0.0292 | 0.0497
3-4 0.0350| 0.0290 | 0.0336 [ 0.0182 | 0.0277 | 0.0253 | 0.0434 | 0.0288 | 0.0492
2-3 0.0351) 0.0291 | 0.0337 | 0.0183 | 0.0277 | 0.0254 | 0.0436 | 0.0289 | 0.0494
1-2 0.0355) 0.0294 | 0.0340 | 0.0185 | 0.0280 | 0.0255 ] 0.0440 | 0.0292 | 0.0499
0-1 0.0359| 0.0297 | 0.0344 | 0.0186 | 0.0283 | 0.0258 | 0.0445 | 0.0295 | 0.0504
Table 6.1

The Interstory Drifts (Exact, Stationary)
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STORY DRIFTS

STORY DRIFTS

STORY (UNCOUPLED) (COUPLED)
(Ox)max (Oy)max (Gx)max (rae)max 0y)max (OE)max 0W)max 0N)max 0S)max
7-8 0.0404 [ 0.0320 | 0.0383 0.0215 | 0.0304 | 0.0289 | 0.0491 | 0.0313 | 0.0579
6-7 0.0338 { 0.0283 | 0.0322 0.0178 | 0.0267 | 0.0250 | 0.0422 { 0.0281 | 0.0474
5-6 0.0311 [ 0.0262 |0.0297 0.0164 | 0.0246 | 0.0230 | 0.0388 | 0.0262 | 0.0434
4-5 0.0299 | 0.0252 | 0.0285 0.0159 | 0.0237 | 0.0223 | 0.0374 | 0.0253 | 0.0417
3-4 0.0295 | 0.0251 |0.0281 0.0158 | 0.0235 | 0.0222 | 0.0371 | 0.0251 | 0.0412
2-3 0.0298 | 0.0253 | 0.0284 0.0159 | 0.0237 | 0.0225 | 0.0375 [ 0.0253 [0.0416
1-2 0.0303 [ 0.0257 [0.0289 0.0161 j 0.0241 ) 0.0227 } 0.0381 | 0.0257 j0.0423
0-1 0.0307 | 0.0259 |0.0293 0.0162 | 0.0243 | 0.0229 | 0.0384 | 0.0259 | 0.0428
Table 6.4 The Interstory Drifts (Approximation, Nonstationary)

691




STORY DRIFTS

STORY DRIFTS

STORY {(UNCOUPLED) (COUPLED)
O oy Oy rog Oy epe T Iy ag
7-8 0.0457 | 0.0359 | 0.0436 | 0.0241 | 0.0343 [ 0.0318 | 0.0556 | 0.0350 | 0.0657
6-7 0.0391}0.0322 | 0.0375)| 0.0203 )} 0.0307 | 0.0279 | 0.0484 | 0.0318 | 0.0552
5-6 0.0364 | 0.0300 | 0.0350 { 0.0188 | 0.0286 | 0.0260 | 0.0450 | 0.0299 [ 0.0511
4-5 0.0352 | 0.0290 | 0.0338 | 0.0183 | 0.0276 | 0.0253 | 0.0435 | 0.0289 | 0.0495
3-4 0.0348 | 0.0288 | 0.0334 | 0.0182 | 0.0275 | 0.0252 | 0.0432 | 0.0286 | 0.0490
2-3 0.0351|0.0291 | 0.0336 | 0.0183 | 0.0277 | 0.0254 | 0.0436 | 0.0289 | 0.0493
1-2 0.0356 | 0.0295 | 0.0341 | 0.0185 | 0.0281 | 0.0256 | 0.0441 | 0.0293 | 0.0500
0-1 0.0360 | 0.0297 | 0.0346 | 0.0187 | 0.0283 | 0.0258 | 0.0445 | 0.0296 | 0.0506
Table 6.3 The Interstory Drifts (Approximation, Stationary)
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STORY DRIFTS

STORY DRIFTS

(UNCOUPLED) (COUPLED)
(Ox)max (Gy)max (Ox)max (rge)max (qY)max (OE)max (Ow)max (ON)max (OS)max
STAT%??ARY 0.0347 ] 0.0288 | 0.0332| 0.0181 | 0.0274 | 0.0251 | 0.0431 | 0.0286 | 0.0487
NONST?§TONARY 0.0294 | 0.0251 | 0.0280] 0.0157 | 0.0235| 0.0222 | 0.0371 | 0.0250 | 0.0410
(2)/(1) (2)| 84.7 86.8 84.3 86.7 85.4 88.0 86.0 87.4 84.2
Table 6.5 The First Three Modes Contribution

to the Interstory Drifts
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Envelope I(t)
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Fig. 2.1 Shinozuka and Sato Envelope Functions

(a) Long Duration (oa=0.10,R3=0.20)
(b) Short Duration (a=0.25,B=0.75)
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Strong Motion Earthquake Records Used for Determination
of Clough-Penzien Filter Parameters

Location and Date Components é.If (ft)
El Centro, Calif. Dec. 12, 1934 N and W 1.9
El Centro, Calif. May 18, 1940 N and W 2.7
Olympia, Wash. April 13, 1949 N8OE and N1OW 1.9
Taft, Calif. June 21, 1952 N69W and S21w 1.6

* g.I., : Spectrum Intensity

2.5
Ruiz and Penzien (1969)
Optimum Parameters
2.0 Rounded Parameters
n

Spectrum Shape

T
0 5 60 75 90

[t
o
w

Angular Frequency w (rad/sec)

Fig. 2.5 ©Power Spectrum from Analysis of Strong

Motion Earthquakes
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Fig. 2.7 Clough-Penzien Spectra with Different
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SPECTRUM AMPLIFICATION FACTORS FOR HORIZONTAL ELASTIC RESPONSE

Damping, One Sigma (84.1%) Median (507)
Z Critical
A A D A v D
0.5 5.10 3.84 3.04 3.68 2.59 2.01
1 4.38 3.38 2.73 3.21 2.31 1.82
2 3.66 2.92 2.42 ° 2.74 2.03 1.63
3 3.24 2.64 2.24 2.46 1.86 1.52
5 2.71 2.30 2.01 2.12 1.65 1.39
7 2.36 2.08 1.85 1.89 1.51 1.29
10 1.99 1.84 1.69 1.64 1.37 1.20
20 1.26 1.37 1.38 1.17 1.08 1.01

Velocity, cm./sec.

SCRSRKA

%%,

<

>
')&
/

KR KD

Frequency, hertz

Fig. 4.2 Smoothed Earthquake Design Spectrum (0.5g Max.
Accel., 5% Damping, 84.1% Cumulative Probability)

(after Newmark and Hall, [61])
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APPENDIX A

CORRELATION AND POWER SPECTRAL
DENSITY FUNCTION

Some basic definitions used in this study are summarized

here. [64]

A.l1 Mean: Cross-Correlation; Cross-Covariance

The following functions are basic in the study of sto-

chastic processes.

The mean n(t) of a process £(t) is the expected value

of the random variable £(t):

n(t) = E[E(t)] (3.1)
where E[-] denotes ensemble average.
The Cross-Correlation R (t1, t,) of two processes

€182

£.(t) and £,(t) is the joint moment of the random variables

£1(t1) and &, (t2):

R z(tlltZ) = E[E£;(t1)E2(t2)] (A.2)

£18

and their cross-covariance, Cglgz(tl’tZ) is the joint cen-
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tral moment of the random variables £;(t) and &, (t):

Cg1£2(tl't2) = E[(£1(t) = na(t)) (Ea(t) = na(t))] (A.3)
If £;(t) = &,(t) = £(t), then R fti,t2) = R, (ti1,tz) , and
€182 g
CE £ (t,,t2) = Cg (ti1,t,) are respectively called the auto-
162

correlation and autocovariance of £(t).

In earthquake engineering, zero mean random processes
are of concern. In this case, correlation is the same as co-
variance. Therefore, only the correlation function is dis-
cussed. For convenience, if t, = t, = t then Rg(t,t) will be

called the variance of the random variable &£(t), and R&liz

(t,t) will be called the covariance of two random variables

g1 (t) and &, (t).

A.2 Power Spectrum of Stationary Processes

A process &£(t) is said to be stationary in the wide
sense (weakly stationary), if its mean is a constant and its

autocorrelation depends only on t, - t; :

E[E(t)] = n = constant
(A.4)

E[g(t+T)E(E)] = Rg(T)
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Two processes are jointly stationary in the wide sense

if each satisfies (A-4), and their cross-correlation depends

'only on |[t;-t,

E[€1(t+T)E2(2)] = Riliz(T) (A.5)

The power spectrum (or spectral density) Sg(w) of a pro-

cess £(t) is the Fourier transform of its autocorrelation:

_  —iwt
sg(w) = (_m e RE(T)dT (A.6)

and the cross-power spectrum Sglgz(w) of two processes £; (t)

and £, (t) 1is

St.E (w) =J e 10T R, ¢, (D)dr - (a.7)
162 -0

From the Fourier inversion formula it follows that

("[) - J ein Sg(w)d(ﬂ/ZTT (A.S)
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and

_ [T gur g (w)dw/2m
R€1€2(T), [—w © 2

£18

physically, S,.(w) describes the distribution of total mean

g

square value (energy) over the frequency domain.
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APPENDIX B

DIFFUSION OPERATORS

In this section, a brief summary of some fundamental
background information needed for this work is presented.
Emphasis is on intuitive justification rather than mathema-
tical rigor. Interested readers may refer to [24, 28, 46, 50,

85] for fuller details.

B.1 State Variable Representation [28]

Early work in stochastic theory involved system descrip—
tion and analysis in the frequency domain. In contrast to
these efforts, most of recent advances have involved system
description in the time domain. The formulation used in this
study employs state-variable notation, which is particularly
useful in providing statistical descriptions of system beha-
vior.

Many physical systems can be represented by a differen-

tial equation of the form

X () = £(X; (0), X,(8), &) (B.1)

where X, (t) is a bandlimited (nonwhite) random forcing func-

tion having bounded variance, i.e., white noise is physically
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unrealizable. We shall model X, (t) as a gaussian random pro-

cess generated by the linear system

%, (€) = [F(£)]X, () + [G(t)IW(t) (B.2)

in which W(t) is gaussian white noise and is formally ex-

pressed by

aw (t)
W(t) = (B.3)
dt

where W(t) is Wiener (Brownian) process.

Combining Egs. (B-1) and (B-2) and defining

X, (%)

X, (£)

we obtain the augumented equation of motion
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£(xq(8), X(8), t) 0
X(t) = + (B.4)
[F (£)1X, (t) [G () IR (t)
or dX(t) = m(X,t)dt + [o(t)]1awW(t)
ﬁ(zl(t), §2(t), t)
where m(X,t) =
[F(£)1X, (t)
0 0 Mo
[0(t)] = Wo(t) =
0 [G(t)] W(t)

B.2 Diffusion Operators and Moment Evolutionary Equation

The conventional rules 6f calculus are not valid for
stochastic processes because conventional calculus is based
on the assumption tha£ "Bounded Variation" exists. However,
this may not be true for stochastic problems. To illustrate

this, let X(t) be a scalar random process given by
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dX = m(X,t)dt + o(t)dw(t) (B.5)

and let Q(X) be any functional differentiable once with

respect to t and twice with respect to X, then

dQ(X) = Q(X + dX) - Q(X)
3 1 32 2 _
= 0(X) + 3% 0(X)AX + 5 =— Q(X) (@) + ... -0(X)
PG (B.6)
2
=2 omyax + £ & o) @x)? +
OX 2 BXZ

The conventional differential rule holds only when all higher

order terms, (dX)?, (dX)3?, etc., are negligible when compared

with dX. Bowever, in this case

(dX)2 = [m(X,t)]12(dX)?% + o2 (t) (W(t)dt)?
(B.7)

+ 2m(X,t)o(£)W(t) (dt) 2

which has expectation

E[(dX)2] = 0((dt)?) + o02(t)S,8(0) (dt)? (B.8)
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where S, is white noise spectral level.

Since

dt/2
lim [ §(h)dh =1
dt-+0 /-dt/2
we can write formaily
= L
$(0) = 3¢

therefore

E[(dX)?] = of(t)S.dt

which is of the same order of magnitude as the term involving
(dX) . So, in Wiener process driven stochastic problems, it is
necessary to carry up to second order differential terms. It
can be easily verified that terms involving (dX)3, (dX)*, etc.
Ean be neglected.

Consider

iuX

1
o

Q(X)
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then

d0(x) = iuei®ax - 1 y2e19¥(gx) 2 (B.9)

Let (-) denote

[

E[ () |Xo] J (+)p (X]|X,)dx

where P(X|X,;), t2t,, is the conditional probability density

function. Then

. /\\ -
do(X) = iue*¥ax - % uzelux(dx)2
{(B.10)
T T 1 iux
= jue™m(x,t)dt - 5 ule o?(t)S,dt

Take the inverse Fourier transform, leading to

'g? p(X|Xo) = - -g—x{m(X,t)p(X|Xo)} +
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lf—{oz(t)sop(x}xo)} (B.11)

2 32

which is the Fokker-Planck equation.

Define the forward diffusion operator L* (- (X)) as

2
L (- (%) = - %i-{m(X,t)v(X)} + % 3 [ 62(t)S,-(X)} (B.12)

X2

Then g% p(X|X,) satisfies the forward diffusion equation. The

adjoint operator of L* is the backward diffusion operator, L,

which satisfies following relation
f [ *
J v(X)L(u(X))dX = J u(X)L (v(X))dx (B.13)

It can be easily shown that

2
L(-(X) = m(X, 003 { - (0} + 3 0% (£)S0 i;{«(x)} (B.14)

Since
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p(X1]|Xe) = J p(X1|X)p(X|Xo)dX t1 >t 2> to
then
2 p(X,]X,) =0
3t 1 0
= J—mp(xl]x)%E p(X]XO)dX + J-mp(X]XO) %E’p(xlgx)dx
={pMMM@mmn+%m&mmx
thus

- %E p(X,|X) = L(p(X,[|X)) (B.15)

The results derived above are also true for the vector case.

In the vector case, let

ax; = my(X,t)de + | o4 AW (B.16)
a
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Repeating the same argument in Egs. (B.9) to (B.15), the

diffusion operators are

* 9 1 92 .
L (s) == ) s {m X, 0) ()} + 35 ) 1 555 (b ()}
3 9%y 3 J ok %%5%% 3
(B.17)
L) =] me) 3 1))+ 3511 by e ()
j J j k k
where
b.. =13} o0, 0.,S
jk o g J° JB aB
. L ~m .m
Consider the conditional moment Xi X?
T P ~
g_ m . n, _ m ,n g X
ot Xy Xy = | Xp Xy gp pE|Xo) X
f *
= xi‘ xrle (p(X|X0))dX (B.18)

Cmon. T om
= | L(X] Xj)p(§i§0)d§ = LX; X5)
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(B.18) shows that the evolution of conditional moments satis-

fies the backward diffusion operator.
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APPENDIX C

AUTOCORRELATION FUNCTION
OF RATIONAL POWER SPECTRA

C.1 Rational Power Spectra

A set of random processes of interest are stationary and
have spectra that can be written as a ratio of two polynomials

in w?.

_ N(w?)
Sgle) = prw?) e

in which N(@?) is a polynomial of order g in w? and D(w?) is
a polynomial of order p in w? and g < p. These spectra are
called rational spectra. The Kanai-Tajimi spectrum and Clough-

Penzien spectrum are in this category.

C.2 Differential Equation Representation of Random Process

Generation

Random processes &(t) having rational spectra can always
be obtained as stationary outputs from a linear system driven

by white noise in terms of the state variable representation.

dx(t) = FX(t)dt + GAw (t) (C.2)
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E(t) = CX(t) (C.3)

where X(t) is a vector of state variable, F, G, and C are

constant matrices, and W(t) is a vector of Wiener process.

C.3 State Transition Matrix

Consider the homogeneous solution of Eg. (C.2)

== = FX(t)

then ) (C.4)

X(t) = ®(t-to)X(to)

where X(t,) is the initial condition, ¢(t-t,) is called the
state transition matrix of the system. It can easily be shown

that ¢ satisfies the equation

Fo(T) (C.5)

1




278

The solution to Eg. (C.5) is easily obtained by using coven-

tional Laplace transform techniques.

(1) = L T{[sI - F17%) (C.6)

1

where L™~ (°*) denotes the inverse Laplace transform, and I is

the identity matrix.

C.4 Autocorrelation Function

The autocorrelation function of £(t) in Eg. (C.3) can be

easily derived as

T
R.(t1,t2) = C®(t1-t2)Rx(tzrt2)C t1 > t2

: (C.7)

T T
= C RX(tl,tl)Q’ (t'z"tl)c t1 < ts

where T denotes matrix transpose. Since only the stationary

case is considered,

R, (1) = Rg(tz-t1) = Co(-7) lim Rx(s,s)CT T <0
- s (C.8)
. T T .
= C lim Rx(s,s)® (1)C T >0

s
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where 1lim Rx(s,s) can be obtained by applying Eg. (B.18) in
So0
Appendix B. For a real stationary process,

R. (1) R, (-T1)

(C.9)

[aal

This allows us to examine only the case 1 > 0.

C.4.1 Autocorrelation Function of Kanai-Tajimi Spectrum

The generating differential equation for a process having

the Kanai-Tajimi spectrum can be written as

= . dt +
aw

e
i
€
L
N
Y
€
e

(C.10)

, 1 Ix
= ;s 2
E(t) = soqul CQ&?} .

Using (C.7), after simple algebraic manipulation, one obtains

®11(1), %12(T)
d(1) = (C.11)
b21(7), P22(71)
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where

-C W T z
®11(T) = e 949 {cos(wg'r) + —9 sin(wg'r)}

g
- W T z
¢;2(1) =e 99 {cosmg‘T) e sin(wg'r)}
1-z2
g
= W T
1 .
¢:2(1) = e g9 {;a*— s:.n(wg't)}
g
-z w T =wl
o0(1) =e 99 {— sin(wg'r)}
“g

The steady-state covariance matrix

(C.12)

lim Rx(s,s) =

g+ 4w g

3
g

[le]

[
[
o

S——
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Substitution of Egs. (C.11) and (C.12) into (C.8), gives

Sow? 14822  -w g _|T|
R(1) =2 /9 (e 99 cosllt]| - o)} (C.13)
g 4w_z _,2 , g
g°g 1-2

C.4.2 Autocorrelation Function of Clough-Penzien Spectrum

The state variable representation for random processes

£(t) having the Clough-Penzien spectrum can be obtained as

~N A r ~
rxf (0 1 0 0 Xe) 0
; - -2z w 0 0 X aw
d/Xf _ | “es ¢ fﬁdt+<
X 0 0 0 1 X 0
3 -2 - -w? =2C W X aw
L5 ) [wE T2oewr Yy 2% LK) -
(C.14)
( 3
Xg
(t) = {0, 0, w?, 2 _w_ 1} ¢ if>
E 2 ' gg
X
\}‘(‘4
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Let

o (1) (9557 4xa . (C.15)

By application of Eg. (C.6), it can be shown that ¢ij takes

the general form

=W C T d . d
_ g°g B
@ij(r) =2 e {aijcos(wgr) bl]Sln(ng)}
=W T T
£5F a ., _ .. a
+ 2 e {cijcos(wft) dij51n(wf1)}
(C.16)
i=1, 2, 3, 4 i=1, 2, 3, 4

Let

;33 Ry (s,s) = [Rij]4x4 (C.17)

Substitution of Egs. (C.17), (C.15), and (C.14) into (C.8),

leads to

1 Jak Rka (C.18)
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Let

2 _ (W T, = W )
D = (0 - w%) + 4wfwg(wfcf wgCg) g f f-g
g

(C.19)

; Eg. (C.18) are
C ired for evaluating
tities require
then, the quan

2
-
£ 2 - w?}
a, ., -~ ¢, 72 {wf
3
L aut) - 2y
b = loglug g g f
31 2
2D /1 Lg
-w% 2 2 2wew g}
a = = {eglug + o t97g
31 /1.
2D/ 1-¢
- -1 g, (wel o = w te)d
a =-¢ = tw ety gt
32
N T - wl) (g = 200 wety)
32 2Dwd
g
- 2w )}
+ 2mgwf(wgcg ‘wfif)(wfgg g-f
}
o2 Weo o = W Tp)
= f g
d32 2Dwd £
£
a =0.5

Hetz Reference Room
University ef Illinois
B106 NCEL

208

N.Bothm-&hmet
Urbana, I1line

iz 6180n
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33

33

34

34

41

41

y 1

42
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=-C
— 9
2/1-¢?
;g
d =0
33
c = d =0
3y 34
-1
de
g
_wé
wfz 2 2 }
{w (0 -w + 2w w. T (W = W g
R T R A AR
2D /1-¢
wfz l 2 2 }
{mf(wf - wg) + zwgwfcf(wgcf - wfcg)
2p /1-¢f
-1

2_,.2 2_
5 {(wf wg)(wf ngcgwfgf) +

2wgwf(wgcg—wfcfﬂwfcg-nggf)- ngCg[wfwg(wfcg-wng)]}

"'1 I T tn2_,,2 2
———— o _[{we-w_ ) (we-2w T welp) +
2D, 1 Qg

o = e 2 oun
2wgwf(wgcg wf;f)(wfcg ngcf) + 2wg(1 ;g)wfwg(wfgg wgcf)}
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L2

43

43

1y

13

285

=1 2,.2_,.2 2
55 {wf(wg wf) + 2ufwg§f(w

- wacfwfwg(wng’wag

£°97 g

)}

z;)

-1
2 {c [w (w? -wf) + wau cf(wf g ng)
—— 2 -
+ 2wf(1 Qf)wfwg(wgcf wfcg)}

c = d =0

4 3 43

w
-9
2 /1-¢?2

Cg

0.5

z
9

S4_,2
2/ 1 Cg
d =0

4oy

We
. R = —_—
23 2 2_..242
(U)g (Uf) + 4wgwf(wglg*wf(§f) (U) C_»g ng)

-1 1
S {4UJFZ + 2(wgcg+wfcf)R }

g f -



w

sz, ;l 2 4Cf
(mg—wf) £
2
w
Rys = Z_w—l—f;* 1+ 2f 2
99 @g—wf
R R =0
34 43
R —% {R  + 2w_.C
Ly wg 33 £~ f
denote:
4
o 2 a . R,
33 i=1 31 i3
4
Y 1 e R
33 i=1 31 13
4
o 2 a , R,
Ly i=1 41 1y
4
Y 1 ¢ . R,
[Py i=1 43 14

286

[ZwE -
Swfcfw wf
2,2
wg wf
_ 2
Y wlea}
B
33
)
33
B
by
)
4y

+ 2wgwf(wf§g+wgcf)le}

(wfcg+wgcf)]Rlu}
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>

L 2, .2
o = w_o + 4 a
g °g%g%..

4 2,.2
gPss tq¥gP,,

™ >
I
€
+
w
+

>

N + 2 2
Y ng33 4nggYuu
N — Y + 2.2
8 w9633 4ngg6qu

then, (c.l1l8) becomes

W _C_.T ~

_ g-g d oo, d
T) = 2 e cos (¢ -
Rg( ) {aco (ng) BSln(ng)}
“WeleT - ~
+ 2 e £°f {YCOS(U?T) - Ssin(wgr)} (C.20)
-w _C T -W LT .
= A-e g9 cos(wdT - ¢) + B.e £°f cos (w81 - 8)
S g S £
where R
' -1 -8
- A2 ~2 — t [Pl
Bo=2/5" t g $ = tan

-1 =§
— ~2 ~2 T,
B = 2/ v + 5 8 tan Q

I
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APPENDIX D

COMPOUND POISSON PROCESS

In this section, only intuitive arguments are employed
in the discussion. Interested readers should refer to [50]

for complete details.-

"' D.1 Poisson Process (Poisson Counting Process)

A stochastic process by definition is a time parametered
family of random variables. The Poisson process is an impor-
tant class of random counting processes in which the random
variables can take only integer values, i.e., the random va-
riable is the count of the occurrence of events during a
fixed time interval. The Poisson process satisfies the follow-
ing assumptions:

1. Independent increment; the probability of a random
occurrence is any subinterval t is independent of previous
occurrence.

2. Unit jump; the probability of an occurrence in a
interval (t,t+dt) is A(t)dt, where A(t) is positive. The
probability of more than one occurrence in the interval is
zero.

For a homogeneous Poisson process, A(t) = A = constant,
is independent of absolute time. A nonhomogeneous Poisson

process can always be reduced to a homogeneous process by the
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nonlinear time transformation

t )
T = [ A(s)ds (D.1)

Therefore, it suffices to consider only the homogeneous case,
r(t) = )} . From the assumption, the probability of k occur-

rences in (0,t) satisfies
plk;t) = p(k-1;t-dt)Ardt + p(k;t-dt) (1-Adt) (D.2)

Eg. (D.2) can be rearranged as

dp(k;t) _ p(k;t) - plk;t-dt)

dt dt

= -ap(k;t) + Ap(k-1,t) (D.3)

from which p(k;t) can be determined as

e (D.4)
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The parameter ) can be easily shown from assumption 2 to be
the expected rate of occurrence normally referred to as

intensity or incidence rate of the process.

D.2 Compound Poisson Process

A marked counting process is a counting process with an
"auxiliary variable, called’a mark, associated with each
ccurrence. If the counting process is Poisson, and the marks
{Hi} are a seguence of mutually independent, identically dis-
tributed random variables which are also independent of the
counting process, then the process is termed a compouhd
Poisson process.

It is noted that for a Poissén counting process the in-
cidence rate, A , is sufficient to characterize the process.
For a compound Poisson process, we introduce another mark

random variable H.

D.3 Moment Evolutionary Equation

Let N(t) denote a Poisson counting process having inten-
sity A, and P(t) = HN(t) denote a compound Poisson process
with mark variable H. The Poisson impulse P(t) is formally

expressed as

P(t) = I (D.5)
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As discussed in section B-2, conventional calculus does
not hold here. For Gaussian white noise, one must carry up to
second-order differential terms to obtain the correct result.
For a (compound) Poisson process not all higher order diffe-
rential terms can be neglected. To illustrate this, consider

a scalar Poisson driven process X(t) given by

dx(t) = ax(t)dt + o(t)dP(t) (D.6)
Since
E[dP (t)] = E[H]dt
E[(dP(t))?] = E[H?]dt
(D.7)
E[(dp(t))"] = E[H"]at

Eg. (D-7) can be immediately obtained from assumption 2 for

a poisson process and the independence assumption between the
Poisson process and mark variable. Therefore, much informa-
tion is contained in the higher order differential terms and

should not be neglected. This is due to the highly disconti-
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nuous nature of the process and is analogous to the Gibbs
phenomenon in Fourier integrals or series.

The differentiation rule of Dolean-Dade and Meyer (1970)
can account for this discontinuous process.. Let X(t) be a
scalar process described in Eq. (D-6), and Q(X) be any diffe-

rentiable functional of X. The differeatiation rule gives

3

dQ(X(t)) = S5 Q(X(t_)ax + dto<£<t[Q(Xs) - Q(xs_) -
(D.8)
20X, ) (X_-X_ )]
X s s s

The summation is carried out over those values of s where X

jumps. Again, let Q(X(t)) = elux(t), and apply the diffe-
rentiation rule to give
a0 (x(t)) = iuer (8 [ax(r)at + o(t)dp(£)]
. . . (D.9)
1u[XS_+G(s_)H 1uXS_ 1uXS_
+ada ) fe - e - iue [c(s)H]}
toiSét
where X_ - Xs = o(s)H if a jump occurs at s.

Since for any function Y, one has
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I

t
a ) yx_) = dJ P (X ) AN (s) P (X ) AN (t)
tossit S- to ’

Eg. (D.9) may be written as

40 (X(t)) = iuaxX(t)elWX(tlay 4

eiuX(t)(ein(t)H - 1)dN(t)

Rearrange the right-hand side of (D-11) as

40 (X(t)) = iuaX(t)elu¥(t)gy *+ ;giuk(t)  iuc(v)E

eiuX(t) iuc(t)H

+ [e - 1] [an(t) -Adt]

Let (<) denote

E[(-) |Xo] J J (+)p(X]X,)dXdG (H)
.o -00

- 1lldt

(D.10)

(D.11)

(D.12)
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where G(H) is the distribution function of H. Then

T

A0 (X(t)) = iuax(t)er ¥ (Bl gy 4

/\

AeiuX(t)[eiucr(t)H - 1]4t

Take the inverse Fourier Transform, leading to

S px[Xo) = - g lax(tip|xo)} +

XJ pP(X-0(t)H|X,)AG(H) = Ap(X|Xo)

*
L (p(X]Xo))

where L* is forward diffusion operator given by

LY (x)) = - g}—({ax[-(xm#r

AJ [« (X=0(t)H)]AG(H) - X[-(X)]

(D.13)

(D.14)

(b.15)
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then the backward diffusion operator L, the adjoint operator

of L, is easily obtained as

(- (X)) +

- A (D.16)
kJ [« (X+0(t)H)]AG(H) - A[-(X)]

By the same argument as used in Eq. (B.21), the conditional
moment evolution satisfies backward diffusion equation. The

derivation can be easily extended to vector processes.
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APPENDIX E

ANALYTICAL EVALUATION OF
RESPONSE COVARIANCES

This appendix gives some formulas required for the eva-
luation of displacement, velocity, and displacement-velocity

joint response covariances ij(t) in Eg. (3.24). It is

sufficient to consider the following three cases.

Case I:
_ 1 "ijT ) d
hxj(T) = ;a e 51n(wj7)
J
1 TwgeT g
hyk(r) = ;a e 51n(wkT)
k
Case II:
“W.CT
- 3 d
hxj(T) = e cos(ij)

=) CT
_ k d
hyk(T) = e cos(wkT)
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Case III:

-w.CT
hxj(T) = i% e sin(w?T)
J

-, TT ,
_ k !
hyk(T) = e cos(wkT)

~

The ij(t) for Case I and II can be expressed as

~ 4(wj§+wkg)t .
ij(t) = e { f(wj,wk,u,a) - (wj,wk’a,B)

- f(wj,wk,s,a) + f(wj,wk,BIB)

+ f(wklerala) = f(wkleru'l 5)

= f(wklerBlu') + f(wk,wj,B,B)}

(E.1)



where for Case I

f(wy,w2,M,98)

for Case 2

f(wy,w2,n,06)

298

{W,cos¢ +W,osin¢ }

+evt-{W3cos¢1-+quin¢1}

vt : :
+e ~{Wscosd, + Wesinog, } (E.2)
+ {W7cos¢3+WgsSind ; +WecoSd,+W1oSindy }

+{W11COS¢5+W125in¢5+W13COS¢5+quSin¢5}}

= ext{ Wiscoso +Wigsingl

+ evt-{W17cos¢1-+W13sin¢1}
vt .
+ e {ngCOSd)z +W2°s:t.n¢2} (E. 3)

+ { Wocos¢pz + Wgsing; + WecOSdy + Wy oSindy }

- {W;1c08¢0s5 +Wy1,8in¢s + Wy 3c0s¢g + Wy uSinde }
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The ij(t) for Case III can be expressed as

ij(t) = e

((1)1,032:”,5)

_(ij+wkC)t
. {fa(wj,wk,a,a) -fa(wjlwklo"lg)

- fa(wj,wk,B,cx) + fa(wj,wk,B,B)

(E.4;
+fb(wklerura)"fb(wkrwjralg)
-fb(wk,wj,B,oc) +fb(wk,@j,8,8)}

= -la-{ ekt {W,,cos¢ +W,,sing}
[
3
vt , .
+e’ " {W,cos¢; ~Wssind,}
vt .
+e’ " { -Wgcosd, +Wssing, } (E.5)

+ {-Wgcosd3 + Wysings = Wy ,CcOSdy, + Wesing, }

+ {lecosq)s -wl'lSin(bs +W11+COS¢6 = Wl 3Sin¢5}}
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fb(wllw?.lnl(s) = '}a' {ekt{Wzg,COSq) +W2gSin¢}
(I3
J

+ eVt {-Wigcosd1 +Wi17sind}
~+evt-[wzocos¢2-ngsin¢2} | (E.6)
+ {Wgcosds; =Wysinds + W1 oCcOSdy = Wesind, }

+ {W1,c0os¢s5 ~Wy115in¢s + W1,C08¢¢ = Wy 3Singel}

The parameters used in (E.1l) to (E.6) are defined as

follows:




M

Fi

Fj
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)\2

1
2 d d 2
vy (w, +wg)
1
2 —a d, 2
V(g (w1+wg)
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a, = (D, = D,)A

d d
a, =D, (~w;, + w,) - Dz(w? + w?)
a, = (Ez_— El)\)6

a, = B, (=of + Q) = B e + u)

a, = - DA+ El\)6

a, = - Dl(;w? + w?) - El(w? + wg)
a, = D,A - E,vg

a, = - Dz(w? + m?) - EZ(—w? + wg)
a, = -‘Dlx + EZ\)6

a,, = - Dl(-w? + w?) + Ez(—w? + wg)



11

12

13

14

15

i6

D,x» - Elv

E, (0,

d
D, (w,

- (D,

d d
+ mg) = D, (wy

+ w,) - Dl(m? -

+ D,)A

303

+ w?)

wy)

d
Ez(wg - w?) + El(wg + w?)

-(E,

(F, + Fa)a1 - (F2 + F,)a

(F, - F,)a, + (F,

Fia,

+ Ez)\)6

+ F,a,

2

- F,)a,



-(F, + F,)a,, - (F,

(F, - Fyla;; + (-F,

- Fia,¢ = Fia;s

-F,a,s - F,a;,

304

+ Fl‘)a13

+ F,)a;,
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¢,

- F;a;5 + Fua;,
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-(F, + F,)a, = (F;, + F,)a,

(-F, + F,Ja, + (F, - F;)a;

-(F2 + Fq)alq + (F]_ + Fa)aIS

(F, - F,)a;; + (F;
(w

d
+ wg)t (o)

a a
(-uz + wgdt = 0

(w? - m?)t + ¢
(w‘li - wf)t -9

- Fjla,,



(w

(w?.

rode - ¢

+w?)t+¢

306
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APPENDIX F
THE SECOND AND FOURTH MOMENTS OF

RESPONSE OF SDOF SYSTEMS TO
WHITE NOISE EXCITATION

F.1 Second Moments

Eq. (4.5) can be integrated as follows for the envelope

function described in Egq. (2.3)

C2
E[u?(t)] = SN S h(2a)+h(28)-2h (a+8)=-£f (2a)-£(2R)
2w§(l-cz)
+2f (a+R) }
: Cé Wz
Efu(t)ul(t)] = { —=—[f(2a)+f (28)-2f (a+8)-h(2a) -h (23)
2 2 2
w-(1-z°)
O 1-z*
+2h (a+B) + 5 [g(2a)+g(2R)-2g(a+B) ]}
. Ce (1-272)
E[uZ(t)] = { 5 [f(2a)+f(28)-2f (a+B) 1 -
(1-22%)

r /1-2%[g(20) +g (28) -29 (oa+8) +3[h(20) +h(28)~2h (a+8) 1}

in which
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t -2w z(t-g) _
h(£) = J e O e ¢ Tar
0
-2w ¢t
= 1 r.TEt
= ZwOC‘i{ e e ° 1}

t =20 z(t-1) _ S
£(g) = j e 0 e chos(ZwoJ 1-z2 (t-1))dT
0
_ -2w ¢t —
= 1 { (2w z-g)e it e ® [(2w z-%)cos (2w / 1-z%t)
£2-4w gE+dw? 0 0 0
0 0
-2w0//l-Czsin(2wo///l-C2t)]}
t -2w z(t-1) _
g(g) = j e 0 e ETsin(ZwO//l-cz(t-T))dr
0
= 1 {(2(1.) / l-cz) e_gt -
E2-4w CE+4w? 0
0 0
-2w0Ct Vounry Y r—ry Younry
e [2w /1l-z?cos(2u . 1-z%t) + (20 z-E)sin(2w , 1-z%t) 1}



309

F.2 Fourth Moment

Eg. (4.11) is obtained in a straightforward manner as

E[u“(t)]p = F(4a)-4F (30+B8)+6F (20+2B) —4F (a+38) +F (4B) (F.2)

where
1 1 1 3
F(E) = ———~—*——:“{§ FI(E) -3 Fz(E) + 3 Fs(ﬁ)}
w'(1-7%)
0
-4w ¢t
F o(£) = 1 [law z=8)e™ %% - e 07 [(40 z-E) -
: £f-8w rE+léw’ ° °
cos(4wo//1—§2t) - 4w0//l-czsin(4wo/’l-czt)]}
-4w zt
F (£) = 1 {40 z-E)e %% - e 7 (4w z-¢)
2 £2-8uw zE+4w?+12w2g? ° 0
0 0 0
cos (20 /1-z%t) - 2wn/’l-gzsin(2w0//l-c2t)]}
-4w zt
_ 1 =&t _ 0
Fo(E) = —————4woc_€{e e }
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APPENDIX G [32, 45]

PEARSON DISTRIBUTIONS

Frequently, there are insufficient theoretical grounds
for selecting appropriate probability distributions. In
this situation, very often empifical distributions are used
in evaluating systém performance. Standard probability dis-
tribution models do lead to a wide variety of distribution
shapes. However, they do not provide the degree of generality
that is frequently desirable. Therefore it is useful to have
available more general techniques for representing dafa.

A group of distribution families due to Karl Pearson,
which is defined by the first four central moments of a

random variable, is employed in this work.

G.1 The Pearson Law

It can be easily verified that the probability density
function p(X) of the Gaussian distribution is the. solution

to

1 dp(X) _ _ X-u
p(X) dX 2

(G.1)

The law, therefore, has the properties that dp(X)/dX vanishes
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in the limit when p(X) tends to 0, and at one intermediate

value of X, namely, u. If we consider the generalized form

1 dp(X) _ X - a

-7 G.2
px) dX by + b1X + b,X? ( )

the same properties will usually hold, but we now have two
more parameters available -and are able to represent a wider
range of probability distribution shapes. The integral of

Eg. (G.2) can in general be written in the form

p(X) = Co(X-c1)™ (c,-x)™2 (G.3)

where C, will be fixed by the condition that the integral of
p(X) is 1, and c; and c, are the zeros of the denominator in
Eg. (G.2).

This generalized law was proposed by Karl Pearson [32].
The solution of Egq. (G.3) leads to a large number of distri-
bution families including all the standard probability dis-
tributions. A plot of the regions in the (f,, B,) plane cor-

responding to various Pearson distributions is shown in Fig.
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G.1l, where

o
3

By = —2 B2

I
WE |Ci
N

ahd “n denotes the n-th central moment of a random variable.
This chart shows the wide diversity of Pearson distribution
shapes and may beAused to select the appropriate approximation
for a given variate, based on knowledge of R, and B,. The ex-
pressions for the probability density functions for the va-

rious Pearson distributions are given in [45].
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Fig. G.1

Region in (8,,B,) Plane for Various Type
Pearson Distributions. Letters U and J

Denote U-Shaped and J-Shaped Distribution.
(From E.S. Pearson, Seminars, Princeton

University, 1960)
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APPENDIX H

COEFFICIENTS OF MATRIX [TI]

Applying Eq.(B.18), a set of 21 evolutionary equations
are obtained for second moments. If the stationary displacement
responses are considered, Eg.(5.6) is obtained by condensing
out all terms other than displacement responses. The coeffi-

cients of matrix [T] in Eg.(5.6) are as follows:

u' ey 2
T = wy{2¢ + —= (=) 3
11 2CA
e L e . e e
= @}l AN 1 —u” (L) 2 - urp? (=X (Y
Flz wx{ 20 () 7+ o [ ul(r) uzsy(r) (r)]}
. [
3 u'B; e, e
roo=w (2 ()G}
13 2CA'
3 ey 1 2 2 eX
Tlu = wx(j?) { -4z + 2;A’[(—u1)(86_1) - ussy(??)]}
S 2| 2 2 Cx Sy
rls = w_ () {Ezzj[—ua(By-l) - uley(??) - uz(r)]}
Sy 1 2_g2 Sy
— 3 -11" - - s
Tls = wx(r) {ng’[ uz(By Be) ua(r)}}
T = w2 {283c + 1 [u’(fi)z + 2U'82(E§)(EX) + V'B”(fz)zl}
29 X 5} ZCA’ 1 I 2 ¥ I r 2 Yy T
e e e e
= 3 (= 3, (X 1 o eaw Xy _ 2, Y
T'23 —wx(r){ZByC(r) + [sty(r) uzsy(r)]}

2zha”
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e
= wy {-2850(50) (148,) + ——[(1-82) (-u] (—X) -u BZ(—M

24 2cn-
[N eX 2 2 ex __e_x
+ wZB-y(—r—) + u3By(_r_)(r)]}
3 ) eX EX 2 _X ».2 ex
= uit-26,0 ) (D 18 + -8k (-l () - wlEH )

25 207

+ (u;+V;)62(-—) (—X) +u’ ((—X)2 + BY(—r—M}}

[(B2 B)(u( )+VB (———))

e
3 X
Lo = 05 128 B T(B+B) () + z;v

ey ) ex e
tulH® + el 82 F) )

— .3 3 2
s —wX{ZByC'}'ZCA [VB( )]}
4 eX
- = X r) {;—C—A—-[(l 8 )(u B ) - wzﬁy(—f—)]}
3 eX e __X
35=wx(—r—){2gz&[(18)(w8)—u y(r)“VB( )1}

e e
= w? (X 3 1 1 (82-82) (v’R2) - w B2 (X
o T uxlE) Lasgr + 25[3}[(69 By (VIBY) = wiBl ()]
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e

= wl { 28,7 (1+85) + ar(FH 7+

I

e
2(1-82) (B2 (F)) + w8

2zA°

[u(lB)z"
1

e
Xy 2
4(_{_) 1}

e
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