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ABSTRACT 

The results of four pbases of a study of the resistance of 

structural steel frames and frame components are described in this 

report" Three of the pbases, the study of full-scale beam- columns 

laterally loaded in a principal direction, the model frame study, and 

the study of obliquely loaded full-scale beam-columns, are concerned 

with the investigation of static resistanceo The fourth phase is con­

cerned with the nature of dynamic resistance of beams" The purpose of 

this program is to obtain the structural parameters necessary to define 

the resistance of buildings and building components to blast loading. 

The static reSistances, as measured in tests of the beam­

columns and frames, are compared with the resistances predicted USing 

the elasto-plastic theory and an extension of this theory to include 

the effect of strain hardeningo In all studies described the influence 

of constant axial loads is discussed and techniques for including this 

effect in the analysis are presented except for the case of the ~blique 

loading study 0 

The last section of this report describes the results of a 

dynamic test of a simply-supported beam and the analytical studies 

undertaken in conjunction with this testo A criterion for determining 

the dynamic yield stress, based on available information on the delay 

time for yielding, is described and applied to the data obtained in the 

test. Two possible forms for the dynamic resistance of the beam after 

yielding are discussed and a comparison of the measured response with the 

response predicted assuming these forms of the resistance is made" 
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1. INTRODUCTION 

1.1 INTRODUCTION 

The object of this program is to obtain the parameters necessary 

for the computation of blast effects on buildings and structures by 

determining the load-deflection characteristics, under both static and 

dynamdc conditions, of steel structures and elements. 

In this program the parameters and their relationship with one 

another in the formulation of the resistance have been studied through 

experimental investigations of the response of st~uctural frame elements 

to static and dynamic loads.. In these studies the experimentally meas­

ured response, as revealed by the load-deflection and moment-curvature 

relationships, has been compared with the predicted response based on 

an elementary theory of plasticity.. This comparison of the experimen­

tal and predicted response permits an estimate of the error that is 

inherent in the theory, and helps to determine other variables which 

may be of importance but which have not been included in the analysis. 

This procedure has been satisfactory for the static loading conditions. 

For dynamic loading, a further approximation bas been made in that the 

actual structure, for the analysis only, has been replaced by a simple 

single-degree-of-freedom model which, when loaded, exhibits the same 

response as the load point of the actual structure. However, the 

resistance of the model is to be correlated with the resistance predict­

ed by the elementary theory throug;t:J, the introduction of parameters which 

indicate the time dependence of the resistance. 



1 .. 2 

l 0 2 SURVEY OF THE LITEBATURE 

The application of the procedure outlined above bas been used fre-

quently in the past for the evaluation of static response parameters. 

In Great Britain, extensive tests of beams and frames have been con­

ducted by Baker(l,2,3,4)*, Horne(5,6,7) and Neal(8). These tests 

have included many model beams and several full scale portal frames. 

In this country extensive experimental investigation of frames, knee 

connections, and beam columns have been studied at Lehigh 

UniVersity(9,lO,ll,12,l3,l4,l5,l6,l7) .. These tests have indicated that 

in many cases the responSe of structures can be predicted satisfactori-

ly by means of the elasto-plastic theory of inelastic action which 

neglects strain hardening of the materialo The analytical aspects of 

the inelastic behavior problem have been treated by t~e group at Brown 

university(l8,l9,20,2l) and many techniques for the analysis of struc-

tures and some general theorems. for certain classes of problems have 

been obtained. Mor~ recently, Lazard(22) has published the results of 

an extensive series of tests on beams which inc~ude many vari~bles 

such as the influence of a reversal of the direction of loading and 

cyclic loading on the static response of beams.. A rather extensive 

survey of the literature has been summarized by Steele, Liu, and 

Smith(23) .. 

Unfortunately, much of the past work on the static response 

problem has been limited to the investigation of the response in the 

* Numbers in parentheSiS refer to corresponding numbered entries in 
the Bibliography at the end of this section. . 



initial phases of the inelastic deformation before strain hardening 

occurred.. In the recent portal frame tests by Baker(3,4) the influence 

of strain hardening on the response of frames in which the columns were 

oriented in the weak direction has been reported.. These tests indicate 

that when the columns are oriented in the strong direction the effects 

of strain hardening are hidden by the development of lateral failures 

of the columns .. The studies(2,13,17) have indicated the importance of 

the residual stresses and stress concentrations at the boundary in the 

determination of the elastic limit and the response of the structures 

for the early phases of the inelastic deformations. 

When attention is turned from the static response problem to the 

dynamic problem the amount of available information decreases and a 

relatively unexplored field pr~sents itself .. The nature of the'proper-

ties of materials for various conditions and rates of loading have been 

of some interest for many years.. Before 1940, limited investigations 

of the effect of rate of loading and loading history on the stress­

strain relationship for mild steel were undertaken by ManjOine(25,26) 

and Davis(27) and have been summarized by Nadai (28) 0 Since 1940, 

further work on the stress-strain relationship for mild steel and other 

materials has been done. Clark, W~od and vreeland(29,30 ), using con-

stant stress tests, have shown that mild steel can sustain a stress 

greater than the static upper yield point for some time before general 

yielding occurSc Stuart(3l ) reports that the stress-strain relationship 

for copper and similar materials, which exhibit a strain-rate effect, 

requires some modification to account for the observation that a 
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transient pulse applied to the inelastically deformed material propa-

gates initially with the elastic velocity rather than the velocity 

corresponding to the tangent modulus for the strained condition of the 

material immediately before the pulse was applied. This strain-rate 

phenomenon has been simulated in an analytical study by Malvern(32 ) for 

longitudinal loading conditions. 

For beam structures rather extensive literature is available on 

the elastic response. In the case of the inelastic response much of 

the literature deals with ideal rigid-plastic beams(33,34). A limited 

study of the response of semi-infinite beams for constant velocity 

impact is available as a closed solution(35). However, in the cases 

which have been reported, the form of the resisting function has been 

assumed and investigations similar to Malvern's, where time dependence 

of the dynamic resistance is included, have yet to be undertaken for 

the beam response problem. 

1.3 SUMMARY 

In this program, attention was first focused on the investigation 

of the static response and the further study of those variables which 

might be significant but which have been neglected in previous studies. 

In this study, the specimen configuration, the applied load, and the 

testing procedure have been selected to cover as wide a range of condi-

tions as possible while Simulating the loads which might be applied to 

an actual structure. In this way it was hoped that information on the 

large deflection response, where strain hardening influences and the 

failure conditions would be magnified, could be studied. The static 



program, which is described in the first three parts of this report, 

can be subdivided into three phases: tests of beam-columns oriented 

in the principal directions with respect to the lateral load, tests of 

beam-columns subjected to oblique loading, and tests of model frames. 

The test specimens used in the full-scale beam-column tests simu­

lated an interior column of a structure by replacing the floor system 

framing into the column by a stub system fastened to the beam. The 

lateral load was applied to the beam through the stub 0 In half of 

the tests the beam-column was subjected to a constant axial load equal 

to approximately the AISC allowable load and a varying lateral load. 

The beam-columns subjected to an oblique lateral load were similar to 

the specimens tested in a principal direction except that, rather than 

maintaining a constant direction of load application, the specimen was 

constrained to deflect in a preset direction. 

The model frame study was undertaken to determine if additional 

variables other than those noted in the beam-column tests. were signifi­

cant in determining the response of simple frames. In these tests, 

column sections which were approximately one-quarter scale models of a 

6 WF 2500 section, were fabricated into two-column bents connected by 

a rigid top girder 0 The frame formed from this bent was essentially an 

ideal frame with fixed column baseso The lateral load, which varied 

throughout the tests, was applied along the axis of the top girder 0 As 

in the case of the full-scale beam-COlumns, the frames were tested with 

the columns oriented in both the strong and the weak directions ~th 

respect to the applied load. In one half of the tests a constant axial 



thrust, equal to approximately the AISC design load was applied to the 

columns. 

1.6 

From the static tests it has been found that, in addition to the 

dependence of the resistance on the shape of , the section and the charac­

ter of the loading, as revealed. by the elasto-plastic theory generally 

applied in limit analysis, the resistance or response depends on the 

applied thrust, the possibility of strain hardening of the material, 

the mode of failure of the structure, and the direction of the applied 

lateral load with respect to the principal axes of the section. 

The effect of the axial load is readily predicted by the elementary 

theory if the influence of strain hardening is included and if failure 

by lateral deflection and twisting does not occur~ Tn most of the weak 

direction tests and some of the strong direction tests reported herein, 

the axial load did not significantly affect the moment-curvaturerela­

tionship and bad to be included only as a primary force in the computa­

tion of the moments. The agreement between the test results and the 

theory was best in the cases where bending about the weak axis of the 

section occurred 0 Greater divergence occurred in the strong direction 

tests where the specimens were subjected to lateral and twisting type 

failures soon after the elastic limit was exceeded. 

The influence of the strain hardening of the material on the 

response was appreciable for most of the tests. In the model frame 

studies strain hardening nearly doubled the load capacity of the struc­

tures while in the full-scale beam-column tests the increase was smaller 

but was still significant. These differences in the contribution of 



strain hardening to the load capacity was a result of the difference 

in the restraints against failure. Fortunately, the effect of strain 

hardening is readily incorporated in the theory for loading which 

resul ts in bending about a principal axis of the section. The increased 

capacity obtained by strain hardening, however, does not continue indef-

initely. In the weak direction tests, the increase in load provided by 

strain hardening was gradually overcome by the local buckling of the 

compression flanges. In the strong direction tests the increased capa-

city resulting from strain hardening was lessened by the development of 

twisting and lateral types of failures. 

In all of the tests performed on this program, the mode of failure 

significantly influenced the static response. In the weak direction 

tests, the primary failure was by local buckling of the compression 

flange. For this direction of loading, the local buckling did not 

destroy the symmetry of the section and the lateral stability of the 

structure was not impaired so that the local buckling provided a limit 

to the load capacity without causing large losses in the load capacity. 

In the strong direction tests, two types· of failure occurred: a 

lateral buckling without local buckling, and local buckling followed by 

a final failure due to lateral buckling. The only case in which lateral 

buckling occurred alone was in the strong direction test of the 6 I 12.5 

beam. The failure was rapid and severely lim! ted the energy absorbing 

capacity of the structureo 

The most common type of failure in the strong direction tests was 

by local buckling followed by lateral buckling. This type of failure 



is dependent on many variables such as the dimensions of the section, 

the type of loading, the restraint conditions, intentional or accidental 

eccentricities of the loading, and the orientation of the loading with 

respect to the principal axes of the section. The lateral buckling and 

twisting type failures were, for these tests, triggered by anti-symmetric 

local buckling of ' the compression flange which was equivalent to an 

inclination of the load to the principal axes. It has been found from 

the oblique loading study that slight inclinations of the load from 

the direction causing bending about the strong axis of the section 

results in a rapid growth of the lateral deflection of the beam when 

inelastic behavior develops. 

In comparing the full-scale beam-column tests with model frames, 

it was noted that the maximum deflection relative to the elastic limit 

deflection was considerably larger in the frame testso However, the 

difference in the restraint conditions for the two types of tests can 

account for this difference. 

In the oblique loading study, the elasto-plastic theory of plastic­

ity has been extended to include the condition of simultaneous bending 

about both principal axes. The theory in its present form, requires 

that two relationships, the moment interaction and moment-curvature 

relationships, be known for the solution for the load-deflection 

relationship of the structure. The moment-interaction relationship 

defines the position of the neutral axes for any given combination 

of bending moments and the moment-curvature relationship relates the 

applied moment to the local curvature of the section. This theory, 

which at present includes the entire cross section, is too complex for 



application but can be used to evaluate the accuracy of approximate 

analysis methods. 

In order to check the theoretical study, two tests were performed: 

one in which only a lateral load was applied and the second in which 

lateral and axial loads were applied. In these tests the direction of 

the deflection at the center of the beam was constrained to a fixed 

line. Because of this constraint the direction of the applied loads 

with respect to the principal axes of the beams changed throughout the 

tests. The results indicate that the theory is'reasonably accurate: 

the errors being the same as those found in the principal direction 

tests of full-scale beam-columns. 

The second aspect of this program is concerned with a study of 

the dynamic response of structures. In this report a summary of the 

results of a test of a 3 I 705 beam loaded with a pulse applied at mid­

span are described. These results are tentative and further work is 

required. The analysis of the data obtained from this test has indicat­

ed that the dynamic resistance can be divided into three parts: the 

initial elastic range, the initiation of inelastic behavior, and the 

reSistance after yield. The nature of the elastic resistance has "been 

studied thoroughly in many places and presents no great problem. ""The 

second part, the initiation of yielding, requires the establishment of 

some criterion for determining when yielding occurs. This problem has 

been approached by formulating a criterion, based on the results of 

tests by Clark and Wood, which permits other than constant stress condi­

tions to be considered. One finds that, for the beam test, the dynamic 
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yield stress, as determined with this criterion, was approximately 1~75 

times the static upper yield point of approximately 40,000 psi. From 

this test it was also noted that the dynamic resistance, after yielding 

occurred at the increased stress, decayed and reached a lower limit that 

was somewhat greatertban the static capacity_ However, further work on 

this problem is required before definite conclusions can be made 

1~4 CONCLUSIONS 

This progr.am has indicated that the static response of steel frames 

and frame elements can be predicted with a theory that is similar to the 

elasto-plastic theory but which includes the effect of strain hardening 

of the material.. However, the tests have also indicated that the mode 

of failure can cause significant deviations from the predicted response 

even though strain hardening has been included.. For nearly all of the 

tests the experimentally determined capacity was between that predicted 

by the elasto-plastic theory as a lower bound and that predicted by a 

theory that includes strain hardening as an upper boundo In the weak: 

direction of loading, although failures generally occurred by local 

buckling and the load capacity was restricted, the response nevertheless 

approached the upper bound. In the strong direction tests, however, the 

failures by lateral buckling caused significant deviations from the 

upper bound predictions and, in many cases, the elasto-plastic theory, 

which neglects strain hardening, provided the best predictions4 How­

ever, the deviation depends on many factors such as the restraint condi­

tions which are not incorporated in the theories at this time .. 



1.11 

In the application of these theories for the prediction of response, 

the effect of the axial load must be included. In the weak direction 

tests, the thrust bad only a small effect on the moment-curvature 

relationShip and had to be included only in the computation of the 

applied moments. In the strong direction tests, the thrust had to be 

included in the computations of the bending moments and of the curvatures 

corresponding to these moments. 

The dynamic tests of the beam specimens have indicated that 'the 

resistance to dynamic loads differs significantly from the static resist­

ance. The change in resistance noted occurs because of an increase in 

the yield stress of the material. This increase is, at first, a result 

of the delayed yield phenomenon which extends the elastic range of the 

response. After yielding occurs the reSistance decays to a level that 

is greater than the static reSistance. For the beam specimens, the dyna­

mic resistance was from 100 to 50 per cent greater than the static 

resistance and consequently the deflections obtained in the tests were 

considerably less than expected on the basis of predictions made assuming 

the dynamic reSistance to be the same as the static resistance. 

Until the nature of the dynamic resistance after yielding is more 

completely defined the Significance of the increased load capacity in 

the blast loading problem is subject to question. However, these 

results indicate that the structure's resistance can be nearly doubled 

for an appreciable range of deformations. In all likelihood, an increase 

in capacity will accompany loading that results in continuing deformation 

of the structure. If the loading is such that the structure comes to 
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rest during the loading, the resistance probably decays to the static 

resistance during the periods of low or zero velocity, However, if 

the motion redevelops after a period of rest, the resistance probably 

increases as the velocity increases. Thus for long duration loadings, 

where rest periods may occur, the resistance of the structure ca~ be 

complex but can, on the average, be significantly larger than the static 

resistance. Further studies of the of the dynami~ resistance 

after yielding are being made at this time and more quantitative infor ... 

mati on should be available in the future. 
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2. STATIC TESTS TO FAILURE OF STEEL BEAM-COLUMNS' 

2.1 INTRODUCTION 

2.1.1 Introductory Statement 

The static response of a member subjected to both bending 

and axial loads can best be described by its load-deflection relation­

ship. To predict the response of a member for both the elastic and 

inelastic ranges, the relationship between the resisting moment of the 

member and the curvature associated with that moment must be known. For 

the elastic range, this relationShip is linear, and is well knowno In 

the inelastic range, the relationship between moment and curvature at 

any section depends upon the magnitude of the axial load, the properties 

of the cross section of the member, and the degree of inelastic action. 

Until recently, the direct determination of the moment-curvature rela­

tionship for a beam-column loaded inelastically was feasible only for a 

rectangular section. It was felt therefore ,that the development of a 

procedure for the determination of the moment-curvature relationShip for 

wide flange beam-columns would be of considerable valueo 

The main objectives of this study were: first p to develop 

a method by which the' moment-curvature. relationship for a wide-flange 

beam-column could be obtained; second, to ascertain, both experimentally 

and analytically, the effect of an axial load on the response of certain 

wide-flange beam-columns; and third, to make comparisons between:the 

predicted responses and those derived from the testso The procedure 

developed for obtaining the desired moment-curvature relationship makes 



use of two expressions which relate the thrust and the resisting moment 

to the curvature for various degrees of inelastic actiono However, 

although the approach described herein was developed independently~ a 

similar approach has recently been published by Lehigh UniVersityo(l)* 

The experimental phase of the study consisted of twelve 

tests using three sizes of standard rolled section - 6 B l5~5, 4 M 1300p 

and 6 I 12050 All of the members were tested in the as-rolled condi-

tion as pin-ended members <> A single concentrated load was applied at 

mid-span, in each case, through a welded connection detail~ Six of the 

beam-columns were tested with a constantly applied axial thrust and 

their companion members were tested as simply supported beams.. In all 

cases, the tests were carried either to the limit of the testing appar-

atus or to the point of collapse, whichever occurred first 0 The magni-

tude of the axial loads to which the beam-column members were subjected 

was approximately the allowable loads which the current AISC Specifica­

tions (2 ) permit for axially loaded members .. 

20102 Summary of Results 

From the experimental and analytical investigations J the 

influence of the axial load on the beam-column is realized in two ways! 

first, the thrust reduces the moment-carrying capacity of the member, the 

reduction depending upon the shape of the cross section and on the magni-

tude of the axial load; and second, the axial load causes a drop-off in 

the lateral load soon after the peak load is reachedo Agreement between 

* Numbers in parentheses refer to correspondingly numbered entries in 
the Bibliography at the end of this sectiono 



the moment-strain, i.e., the moment-curvature, relationships determined 

by test and theory is, in most cases, reasonable. These results are 

shown in Figs. 2.22 to 20270 A major deviation between test and theory 

occurs during the early stages of the inelastic actiono This deviation 

is evidenced by yielding of the test members at loads approximately 

15 percent lower than predicted by the elementary theory of plasticityo 

It is believed that this reduction in the yield load of the test 

members resulted from the presence of residual stresses and stress con-

centrations arising from the welded connection detail at the center load 

pOint. 

Load-deflection relationships were derived from the theoret-

ical moment-strain relationships for each of the sections testedo The 

deflections corresponding to particular loads were obtained by numerical 

integration(5) of the curvatures associated with these loadso Agreement 

between the derived load-deflection relationShips and those obtained 

from the tests is fair. These results are shown in Figso 2028 to 20330 

In each case, the predicted deflection at a particular load is less 

than the measured value for loads up to the peak of the curve c In the 

drop-off portion of the load-deflection relationship, the predicted 

relationShip appears to give a reasonable apprOximation to the test 

results" It should be noted, however, that this region of the curve 

represents an unstable condition in the member and the determination 

of theoretical points along this curve is impossible for purely static 

conditions. For this reason, this portion of the load-deflection rela-

tionship was approximated by a curve passing through the peak load and 
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through the predicted collapse deflection. The collapse deflection was 

chosen such that the thrust alone developed the fully plastic moment of 

the member; any strain-hardening of the member was neglected" It is 

interesting to note that only in specimen 4YlS6 I did the actual collapse 

deflection exceed the predicted value. 

Lateral buckling failures occurred in specimens 4184 M and 

4186 I before the lateral. load had dropped to zero 0 These failures 

developed quite suddenly and resulted in a very sudden drop-off in the 

applied load 0 Similar failures also developed in the members which were 

loaded in the strong direction without axial load.. However, in these 

cases the failure was gradual and no appreciable decrease in the lateral 

load capacity was noted. Two important observations can be drawn from 

these tests: 

(1) For the magnitude of the axial loads and the span 

length conSidered, strain-hardening could be neglected in the determina­

tion of the collapse deflection. 

(2) For those members which were tested without axial load, 

strain-hardening appeared to be of considerable importance in the member's 

ability to sustain the load even after considerable lateral buckling bad 

taken placeo 

A more detailed discussion of the results presented here is 

given in the following sections. The presentation of test results in 

dimensionless form is for convenience since the analytical study is 

most easily expressed in this form .. 



2.1 .. 3 Notation 

The following notation bas been used in this report: 

Cross-Sectional Constants 

f = thickness of flange for wide-flange sections; average 
flange thickness for rolled I sections 

w = thickness of web 

b = width of flange 

b ' = distance between flanges 

c = distance from centerline of section to extreme fiber 

d = 2c = total depth of section 

= 

= 

depth of penetration of inelastically strained material 
from the top fiber 

depth of penetration of inelastically strained material 
from the bottom fiber 

A = total cross-sectional area 

= 

= 

area of cross section which is elastically strained 

area of cross section which is inelastically strained in 
the same sense as the axial thrust 

J! 
2 = area of cross section which is inelastically strained in 

the opposite sense of the axial load 

Qe = 

QP = 
I 

QP = 2 

I = 

Ie = 

Loads 

the first moment of Ae about the centerline 

P the first moment of Ai about the centerline 

P the first moment of A2 about the centerline 

the moment of inertia of the cross section about the 
centerline 

the moment of inertia of A
e about the centerline 

T = applied axial thrust 



T e 
= the axial thrust which would stress the entire cross 

section to the yield stress 

M = total bending moment on the section 

M e = the bending moment corresponding to the yield point of 
the material with no thrust applied 

~p = the fully plastic resisting moment of the cross section 
neglecting strain hardening 

P = applied lateral load 

P e = applied lateral load which would initiate inelastic 
behavior of the beam-column with no thrust applied 

Stresses 

cr = tensile or compressive stress on any fiber 

cr = yield stress of the material 
e 

E = modulus of elasticity 

Strains 

€ = total strain on any fiber 

= component of the total strain resulting from bending of 
the member 

component of the total strain resulting from the axial 
thrust on the member 

€ = yield strain of the material 
e 

Deflections 

c = total deflection at the center of the span 

5 e 

5 c 

= center of span deflection corresponding to the yield point 
of the material 

= deflection at which collapse of the member is impending 

202 ANALYTICAL STUDY OF THE EFFECT OF AXIAL LOAD ON THE RESPONSE OF 
WIDE-FLANGE BEAMS 

2.2.1 The Problem Defined 

2.6 



The problem of determining the response of a member subject-

ed to both lateral and longitudinal forces resolves itself into the 

determination of the following: 

(1) The relationship between the axial thrust, T, and the 

resisting moment, M, as a function of the extreme fiber strains and of 

the inelastically strained material. This relationship may be used to 

determine the interaction between applied thrust and total resisting 

moment for any constant fiber strain or any depth of inelastic action.(3) 

(2) A relationship between the total resisting moment and 

the flexural component of the fiber strain. This relationship is of 

value in determining the load-deflection relationship for the member. 

These two relationships are determined by the same equationso 

Since the primary interest of this investigation is to determine the load-

deflection relationship for a beam-column, the moment-strain relationship, 

i.e., the moment-curvature relationship, is of primary importanceo Also 

of interest is the effect of the axial thrust upon the moment-strain and 

load-deflection relationships for various values of the applied thrust. 

2.202 Assumptions Made In the Analysis 

The analysis is based upon the elementary theory of plasticity. 

The assumptions which were used in the analysis are: 

a. The material is homogeneous and isotropic. 

b. The loading process is always increasing and in the 
same direction. 

c. The stress-strain relationship for the material is 
assumed to be independent of strain rate. 



d. The cross section is symmetrical about its centroidal 
axis .. 

e. The Bernoulli-Navier hypothesis that the bending strain 
is proportional to the distance from the neutral axis 
can be extended to include inelastic deformations. 

fo The stress~strain relationship is based on the relation­
ship determined during a static tension test of a coupon 
of the material 0 In the following analysis this assump­
tion has been further simplified by assuming the material 
to act as a perfect elasto-plastic material. The ideal­
ized stress-strain relationship used is shown in Fig~ 2.2. 
However, when necessary the stress-strain relationship 
has been modified to include the effect of strain harden­
ing of the material. 

2.2.3 Derivation of the General Equations for Combined Bending and 
Axial Loads 

The cross section used in this derivation together with an 

arbitrary strain distribution across this section are shown in Figo 2.l-A 

and Fig. 201-B respectively. With this strain distribution and the 

assumed stress-strain relationship of Figo 202, the resulting stress dis-

tribution across the section will be as shown in Figo 2ol-Co From the 

assumed strain distribution it is quite obvious that a relationship 

exists between the components of strain Ed and €f and the depths of ine­

lastic action, ~, and h2 8 This relationship is useful in the derivation 

of the moment-strain relationship and is presented here as: 

1 
= ~--~~----~~-

1 - ~12c - ~12c 
(1) 

and 
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However, when Ed + Ef > Ee and Ed - Ef > - Ee' no independent relation­

ship exists between €f and ~ with the result that Eq. (2) must be used. 

Since the moment, M, and the axial thrust, T, at a section are functions 

of the stress on the section, it follows that: 

+c -c+h 
2 c-~ c 

J J J 
y 

J T = O"bdy=- 0" bdy+E (Ed + C €f) b dy + 0" b dy 
e e 

-c -c -c+h 
2 c-~ 

where T is positive if thetbrust is compressive 

+c -c+h 
2 c-~ c 

M = J crbydy=- J cr bydy+E J (Ed + ~ Ef ) b Y dy + J cr b Y dy e e 

-c -c -c+h 
2 c-~ 

[~ - ~ ] + E [Ed Qe + 
€ 

Ie] = cr (.-!) 
e c (4) 

where M is positive if the top fiber is in compression 0 A more conveni-

ent form of these expressions results when Eq. (3) is divided by T = cr A e e 

and Eq. (4) is divided by M = (1 ric. The equations then become: 
e e 



M 
M e 

c(~ - ~) 
I 

€f Ie 
(-) 

€ r e 
(6) 

These equations can be transformed into expressions involving 

only ~, ~, and €f by substituting Eq. (2) into Eqso (5) and (6). 

The resulting expressions become: 

'- - (1 - -)-
[
Q

e h:L A
e

] 
cA c A 

: = I [~ -~ + QeJ + :f [f - (1 - :) c~e ] 
e e 

(8) 

Before these expressions can be used to determine the M, €f 

relationship for any value of T/Te, the magnitude of ~ and h2 must be 

determined. Also, some criterion must be established which tells when 

h2 ~ O. The required criterion is to determine when €d - Ef ~ -€ since 

if: 

E <- h2 > 
P exists Ed - € o and A2 f e 

h = P 
= 0 € - €f = - € o and A2 d e 2 

€ - € > - € only ~ exists d f e 

Of interest therefore is that combination of ~ and €f for 

which A~ exists. This condition is satisfied when €d - €f = -€e o 

Substitution of Eq. (2) into this expression gives as the required 

criterion: 

(9) 



2011 

1 
- = --:--

~ 
1 - 2c 

(10) 

The value of ~ associated with this condition on h2 is here­

after referred to as the critical depth of penetration and the value of-

axial thrust compatible with this limit on h2 is similarly referred to 

as the critical thrust. The complete statement of the conditions is: 

for 
Ef 1 P exists -< 

~ 
only Al E e 

1 - 2c 

for 
Ef 1 

h2 0 P is pending (11) - = 
~ 

= and A2 E e 
1 - -c 

for 
Ef 1 P P 

exist~ -> 
~ 

h2 > 0 and Ai and A2 E e 
1 - -c 

With Eqs. (7), (8), and (11), the M/M , Ef/E relationship can e e 

be established. For ~/c less than the critical value, only one plastic 

area exists and Eq. (7) can be used directly to relate Ef/Ee , ~/c, and 

T/Te " For ~/c greater than the critical value, two plastic areas occur 

and Eq. (1) must be introduced into Eq. (7) before ~ and h2 can be 

related. When the relationship between hI and Ef or ~ and h2 is known, 

Eq. (8) can be solved for M. 

The use of these equations for determining the moment-curvature 

relationship is not difficult, for the rectangular cross section.(4) 



However, the application of these expressions to a wide flange beam 

becomes very involved because of the many changes in the section. For 

a wide flange beam-column loaded in either its strong or weak direction, 

seven expressions of the form of Eq. (7) and (8) are required to 

relate completely T, M, €f'~' and h2 for all possible stress distribu­

tions across the section. For this reason, the direct determination 

of the moment-strain relationships for wide-flange sections becomes very 

troublesome. The desired relationship between moment and the flexural 

component of strain can be derived with the use of two auxiliary curves. 

This procedure has recently been presented independently in 

reference (1) and with the exception of a different nomenclature, the 

method of attack presented here is similar to that of the reference. The 

method makes use of the following relationships: 

(1) The relationship between the axial thrust and the flexural 

component of the strain for various values of ~ and h2 0 

(2) The relationship between the total resisting moment and 

the flexural component of the strain for various values of ~ and h2 • 

These relationships have been constructed for all of the sections 

which were tested and are presented in Figs. 2.3 to 2.14. It should be 

noted that all of these curves are based on idealized sections, i.e., the 

wide flange and standard I sections have been reduced to a system of 

three rectangles. This approximation of the shape of the cross section 

is nearly exact in the case of a wide flange beam but only a rough 

approximation in the case of a standard I section 0 
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The required equations for the determination of the above rela­

tionships have been summarized in Appendix 2.Ao Each of the T/Te , €f/€e 

relationships was first evaluated for the critical values of ~/c. In 

the case of the strong direction of loading, it was observed that in 

each case T/T was restricted to rather small values for h_/c at the , e ~ 

critical value. Since any point to the right of this critical condi-

tion falls in a region where only one plastic area occurs, h2 does not 

exist and the relationship between T/T and €f/€ is a simple linear e e 

expression. Hence, in the case of the strong direction, the important 

equation relating T/Te , €f/€e' and ~/c is case 2 given in Appendix 2.Ao 

This is true only as long as T/T . is equal to or greater than approxi-
e 

mately 002. For thrusts less than this value, the region where two 

plastic areas exist will become more important and hence those equations 

which contain both ~ and h2 must be used. 

In the case of the weak direction of loading, inspection of the 

T/Te, €f/€e relationship for critical values of ~/c indicates that the 

region where two plastic areas exist is of importance for values of 

thrust within the working rangec Hence all of the equations presented 

in Appendix 2.A for the weak direction of loading must be used. 

With axial load-flexural strain curves it is possible to obtain 

the 'desired moment-strain relationship for any value of the axial 

thrust. The procedure to obtain one point on the moment-strain curve is 

as follows: 

(1) 

(2) 

Determine the magnitude of T/T acting on the membero 
e 

For any depth of penetration, ~/c find the value of 

€f/€e' compatible with the assumed value of thrusto 



Enter the M/M , €f/€ relationships with this value of e e 

€f/€e and obtain the value of M/Me corresponding to' that assumed depth 

of penetration. 

These pOints plus the value of the resisting moment at the 

fully plastic condition as given by the appropriate expression in 

Appendix 2.A will completely define the desired moment-strain relation-

ship 0 The effect of axial load on this relationship is shown for the 

4 M 1300 section in Fig. 2.15. The fact that the tension flange becomes 

plastic for only small values of axial load is quite clearly shown in 

this figure. 

2.2.4 Determination of the Load-Deflection Relationship 

The load-deflection relationship is of primary importance 

in describing the behavior of the member under load and to determine 

the total energy-absorbing capacity of that membero For the case of an 

elastic beam subjected to flexure only, this relationship may be deter-

mined by integration of the curvatures of the member along its length 0 

In this range the curvature is expressed as MIEle When inelastic 

action occurs within the member, the curvature is no longer a linear 

function of the bending moment and hence this simple relationship does 

not hold. For the case of combined flexure with axial load, the curva-

ture at any section along the member may be apprOximated by dividing 

the flexural component of strain of that section by half the depth of 

the member. This approximation is limited to small deflections, i.e., 

deflections which do not appreciably change the geometry of the member. 
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With this restriction on the curvature, the conversion of the derived 

moment-flexural strain relationships to moment-curvature relationships 

for all values of axial thrust is very simpleo 

The load-deflection relationship is determined by the inte-

gration of the derived moment-curvature expressions. However, the curva-

ture is dependent upon the bending moment which in turn is dependent 

upon the deflection. A numerical integration procedure(5) may be used 

in a problem of this typeo A deflected sbape is assumed and the total 

resisting moments are then computedo The values of curvature corres-

ponding to these moments are then obtained from the derived moment-

curvature relationship- These curvatures are then integrated and a new 

def'lected shape is obtained. If the assumed deflected shape is correct 

for the applied thrust on the member, the deflection values obtained will 

be identical with those which were assumed. This method was applied to 

the analytically derived moment-curvature relationships in order that a 

comparison between the test and the derived values could be made. A 

discussion of the results thus obtained is presented with the test 

results. 

2.3 DESCRIPTION OF SPECIMENS, TEST APPARATUS, AND mSTRUMENTATION 

2.3.1 Test Specimens 

Three rolled steel sections were used in the testing programo 

The sections which were used are listed in Table 201, together with their 

properties as given in the AISC Manual of Steel Construction.(2) Also, 

listed in this table are the properties of each section as determined 

from actual measurements of the test specimens. The essential features 



of each test are summarized in Table 2~2o 

In the early phases of the test program two beams of 12 ft 

span were used. These two tests were conducted on a 6 I 1205 section 

which was loaded about each of its principal axis. It was noted that 

in the strong direction of loading for this section, failure by lateral 

buckling occurred at a relatively low maximum fiber strain 0 For this 

reason it was decided that a shorter span length should be used for the 

remainder of the program 0 Some consideration was also given to the 

matter of shear as related to the span length. It was felt that the 

inclusion of the shear problem would complicate the study of the effect 

of axial load on the response and it was decided that the specimen length 

should be such that the shear forces would not influence the results 

appreciably. A span length of approximately 8 ft was used as a compromise 

in order to achieve sufficient lateral stability and at the same time in 

order that the shear stresses should not be excessive. 

The beam-column specimens were fabricated in such a way that 

they would simulate a single pin-connected column from a structural steel 

frame. A stub beam section was fastened to the center portion of each 

test column to simulate the effect which the floor or roof framing 

system might have in an actual frame structure. This stub connection 

detail was made as rigid as possible in order that full restraint might 

be afforded to the column section at this center sectiono A detail of 

this connection is shown in Fig. 2.16. Inspection of this figure shows 

that the detail is more rigid than might be found in actual practice. 

It was felt however, that the use of such a connection would insure that 



the desired inelastic response within the member would occur outside 

the connection detail. In addition, this connection afforded a rela­

tively simple means for applying the lateral load to the specimen. 

For each of the sections tested, it was desirable to have 

some information as to the mechanical properties of the section.. Of 

particular interest was the information regarding the distribution of 

these mechanical properties through the cross section. To obtain 

this information a 9 in. length of the section was removed from its 

central position. Standard 0.5 to 0.25 in. tension coupons with a 

2 in. gage length were sawed from these sections. The number of such 

coupons used varied from nine to thirteen depending upon the size of 

the cross section. Each of these coupons was tested statically and 

their stress-strain curve for tensile loading was obtained. These 

results are summarized in Table 2.3 where the average yield stress is 

shown for various locations within the cross section. 
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The specimen designation which was used may be explained by 

considering a few of the specimens. For example} specimen 40 S 6B refers 

to a 6B section loaded statically in the strong direction, i.ee, about 

the x-x axis, with no axial load and has a half span of approximately 

4 ft.. Specimen 41 S 6B refers to the same member loaded with axial 

load. Specimens 4YO S 6B and 4Yl S 6B refer to the same section loaded 

in the weak direction, i.e., about the y-y axis. 

2.3.2 Test Apparatus and Instrumentation 

A complete description of the test apparatus and instrumen­

tation used in this study is given in reference (6)0 However a brief 



description is presented here for convenience. 

Essentially, the apparatus consisted of the following 

systems: the lateral loading system, the center restraining system, 

the end reaction system, and the axial loading system~ The lateral 

load was applied through a tens.ion jacking system mounted between a 

hold-down point in the floor of the laboratory and the bottom stub 

beam of the specimen 0 This arrangement is shown in Fig" 2.17 0 The 

applied lateral load was measured by dynamometers located in the banger 

rods which suspended the end reaction systems from the testing frame. 

A detail of the end reaction system is shown in Fig. 2.180 This end 

reaction system was cho'sen because it provided a minimum of constraint 

to the ends of the specimen and therefore allowed the beam-columns to 

act as pin-ended memberso 

An A-frame center support was used in order that no prema­

ture lateral buckling would occur.. A detail of this frame assembly is 

shown in Fig. 2.l9.The restraining system permitted the specimen to 

move vertically downward by adding restraining forces to the upper 

stub beam through a roller and guide assembly. The forces which were 

introduced by this arrangement were of no consequence since the later­

ally applied load was measured at the end reactions. 

T;h.e axial load was applied through a system of two U-shaped 

members connected by four tie rods as shown in Figs. 2020 and 20210 

The axial load was applied by a hydraulic jack placed between one end 

reaction and its corresponding U beam. At the other end of the speci­

men the load was transferred directly from the U beam to the end reaction. 
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In both cases the linkage between these U beams and the end reaction 

plates was accomplished with knife edges which permitted the specimen 

to deflect in the direction of the lateral load. The axial load was 

measured by four dynamometers, one located in each of the tie rodso 

The major problem encountered in the axial loading system 

was maintaining the applied thrust at a nearly constant magnitude. In 

the first beam-column test, that of specimen 4186 I 1205, the applied 

thrust was controlled by the indicated pressure in. the hydraulic 

system. It was found that this system was very insensitive and as a 

result large fluctuations in the thrust occurred. ~s difficulty was 

overcome by use of a null tyPe system activated by the total output of 

the four dynamometers. A complete description of this control system 

can be found in reference (6). 

Rather complete information regarding the deflected shape 

of each specimen was obtained with the use of two deflection measuring 

systems. The first of these systems made use of Ames dials which were 

mounted on a beam connected to the lower stub 0 These dials were used to 

measure the deflections relative to a line through the stub and approxi­

mately parallel to the undeformed axis of the beam-column. This system 

afforded a fairly accurate means for measuring the deflected shape of 

the specimen when the deflections were small. For large deflections 

and when the lateral movements of the specimen produced noticeable rota­

tion of the Ames dial system, a precision level was used to measure the 

deflected shape of the specimen relative to the floor of the laboratory. 

Strain measurements were made with SR-4 electrical strain 



gages of types A-5 and A-7.. These gages were mounted at four or five 

sections along each specimen such that the extreme fiber strains and 

the strain distribution across the section could be determined 0 A 

Baldwin-Southwark portable strain indicator was used to measure all 

strains .. 

203-3 Testing Procedure 

All of the specimens were tested in essentially the same 

manner.. Each test was controlled by the center deflection of the speci­

men. When a desired increment of deflection bad been applied to the 

specimen, the lateral loading was stopped and the load was allowed to 

decrease slightly until the deflection of the specimen stopped.. For 

those tests which included an axial thrust, the thrust was maintained at 

a constant magnitude throughout the test.. All of the specimens were 

loaded until either the limit of the testing apparatus for sideward or 

vertical deflections had been reached or until the lateral load capacity 

had decreased to zeroo In no case was a beam-column test carried past 

the deformation which resulted in a drop-off of the axial thrust on the 

member. 

204 RESULTS OF BEAM-COLUMN STUDY 

2.401 Test Results 

A summary of the more important test results is given in 

Table 2.4. The failure conditions for all of the specimens are summariz­

ed in Table 2 .. 5. Also included in this table are the ratios of collapse 

to yield deflection which were observed for those members subjected to 

axial thrusts. For the range of axial loads which were used in these 
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tests, this ratio varied from approximately 6 to 130 

The experimentally·determined moment-strain curves for the 

sections which were tested are presented in Figso 2022 to 20270 In 

order that these results might be correlated with the theoretically 

determined relationships, it was found convenient to reduce the test 

curves to a dimensionless form 0 The yield values of moment and strain, 

in terms of which these results are expressed, are those values which 

correspond to the specimens without axial loado With the experimental 

results expressed in this form, direct comparison can be made between 

the axially loaded and non-axially loaded specimens corresponding to a 

particular cross section and orientationo 

In order that direct comparison between each pair of tests 

could be made it was necessary to adjust, in some cases~ the values of 

yield moment and strain such that each pair of tests were expressed in 

terms of a common yield stresso This adjustment had to be made for speci-

mens 4ns4 M" 41S6; Ij. and 4ns6 I shown in Figs .. 2 .. 23, 2024, and 2025 

respectively 0 For specimen 4ns4 M, inspection of the coupon data 

showed that the yield strength of its companion member p 4YOS4 M» was 

about 10 per cent bigher .. Hence, the values of M and € for 4YOS4 Mj e e 

were reduced by 10 per cent for the dimensionless moment-strain results 

of 4ns4 Mo Similar adjustments to the values of M and € were made e e 

for specimens 4186 I and 4Y1S6 Io The values of M and E which were 
e e 

used to reduce the test results to their appropriate dimensionless 

form are given in each figureo 

In each of the tests it was observed that the moment-strain 

relationship obtained for a section one inch from the stub beam indicated 
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a much lower yield moment than was obtained at the 3 in. and 6 in. 

sections. It is possible that this may have resulted from high stress 

concentrations caused by the welded connection detail. It is interest­

ing to note,however, that this localized effect was overcome after suffi­

cient inelastic action had taken place. Figures 2.22 and 2.26 clearly 

show that the reduced stiffness of the one inch section was overcome as 

the members approached the fully plastic condition. 

The experimentally determined load-deflection relationships 

for each of the sections tested are shown in Figs. 2.28 to 2.33. These 

figures clearly show the effect which the axial load had upon the 

response of each member. For these specimens which were tested in the 

strong direction without axial load a limiting value of the lateral 

load capacity was reached. Reference to Table 2.5 will show that in 

each of the strong direction tests, final failure resulted from lateral 

buckling. This mode of failure did not occur, however, until after the 

fully plastic moment had been developed and the material was well into 

the strain-hardening region of the stress-strain relationship. An 

actual decrease in the lateral load for a strong direction test without 

axial load was noticed only in specimen 6086 I shown in Fig. 2.30. 

This evidently resulted from the fact that the twelve foot span of the 

member was too ~arge for its small moment of inertia about the weak 

axis. 

The load-deflection relationships obtained for the specimens 

tested in the weak direction without axial load show a considerable 

increase in load-carrying capacity above the fully plastiC condition. 
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The ability of these members to strain-harden and resist increasing 

loads resulted from their large resistance to lateral buckling. A 

reduction in load-carrying capacity for a weak direction test was 

noted only for specimen 4yos6 B shown in Fig •. 2.33. Local flange 

buckling developed very early in the test and did not appear to 

influence the response of the member until considerale strain-harden­

ing had been developed. 

The effect of the axial load on the load-deflection rela­

tionships was to cause a decrease in the lateral load-carrying capacity 

of each member. This drop-off in load occurred shortly after' the fully 

plastic moment had been reached in each case. Further deformation of 

the member past this point resulted in an increased thrust moment and 

if equilibrium was to be maintained, a decrease in the lateral load 

was necessary.. It should be pointed out that if the specimens had been 

tested at constant load, the peak load on the load-deflection curve 

would have corresponded to collapse of the member. However, since the 

tests were run by increments of deflection and the load was applied 

with a hydraulic jack, it was possible to obtain the drop-off portion 

to the load-deflection relationshipo 

The members. which were tested in the strong direction with 

axial load failed by lateral buckling with the exception of specimen 

4186 B, Fig. 2.32. This specimen developed local flange buckling very 

early in the test and although this local failure became quite severe 

near the end of the test there were no:" signs of lateral buckling 

present.. The extent of the flange buckling for this specimen is shown 
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in Fig. 2.,4. The lateral buckling failures which developed in speci­

mens 4184 M and 4186 I, Figs. 2.28 and 2.,0, respectively, caused a 

very sudden decreased load-carrying capacity. However, these failures 

did not occur until after the peak value of the lateral load bad been 

applied. 

The effect of the axial load on those members which were 

loaded in the weak direction is shown in Figs. 2.29, 2.,1, and 2.". 

These curves show that the thrust caused a more rapid decrease in 

lateral load capacity than was, evidenced in the strong direction tests. 

This was effected by the decreased strength of the member fo~ this 

orientation which resulted in a large axial load moment component of 

the total bending moment. 

2.4.2 Comparison of Experimental and Analytical Studies 

The analytically determined moment-strain relationships are 

presented with ~heexperimental results in Figs. 2.22 to 2.27. For the 

most part, reasonable agreement was obtained between test and theory. 

Major deviat~on between the test and analytical results occurs "during 

the early stages of inelastic action in each test. In all of the 

tests, this deviation from the theory is most noticeable for the 

moment-strain relationships which were obtained from the gages mounted 

one inch from the face of the stub. This deviation however becomes 

less noticeable for the sections which were , in. and 7 in. from the 

face of the stub. As was mentioned in the previous section, it is 

possible that this deviation is a result of the presence of cooling 

residual stresses and stress concentrations in the material. The 
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effect of such stresses is to initiate yielding at a load which is lower 

than that predicted from the stress-strain relationship as determined 

from a tension coupon. (7) 

In comparing the test moment~strain relationships to those 

derived from theory, some mention must be made regarding the tensile 

properties of the members. Referring to Table 2.3, it is obvious that a 

marked non-uniformity of yield strength 'existed for all of the 4M 

section specimens. This very marked non-uniformity of the yield strength 

may have resulted from severe cold rolling of the member during its manu-

facture. As a result, the stress-strain relationship obtained from these 

specimens differed considerably from that which is normally associated 

with A-7 steel. The material exhibited a strain-hardening characteristic 

immediately after the yield point had been reachedo This then might 

explain why the experimentally determined moment-strain curves for the 

4M section fell above those predicted on the basis of a material having 

a flat yield characteristic. In the case of specimen 4lS 4 M, Figo 2022, 

the departure from theory for large values of strain was increased 

further because of a drop-off in the applied axial loado Control of the 

axial load for this test was maintained by the hydraulic pressure in the 

jack which, as mentioned previously, afforded a rather poor regulation 

of the thrust. The gradual decrease of the axial load amounted to 10 

per cent of the initial axial load. 

Some of the differences between the moment-strain relation-

ships, as derived by test and analYSiS, may be also attributed to the 

manner in which the yield moments were taken. These values were taken 



as the point of departure from the initial straight-line portion of the 

moment-strain relationship. Since this departure usually occurred at 

different values of moment for the 1, 3, and 6 in. sections, the choice 

of the yield moment, in each case, was quite uncertain. Realizing that 

the value of M obtained from the 1 in. section was quite probably e 

reduced by local conditions, it was felt that a more reasonable approxi-

mation to the yield point might be obtained at the 3 or 6 in. sections. 

For this reason, the values of yield moment reported for these tests 

represent an average value obtained on the basis of measurements made 

at sections 3 in. and 6 ino from the load 0 Because of the uncertainty 

in the yield point, some of the test curves may be too low or too high 

at the full plastic condition. This then may account for some of the 

discrepancies encountered between the test and theoretical moment-strain 

relationships. 

With the exception of the 4.M section specimens, the moments 

obtained in the tests at the fully plastic condition usually fell below 

those predicted on the basis of the tensile stress-strain properties of 

the material. This discrepancy cannot be attributed to the presence of 

residual stresses since at the fully plastiC condition a fully developed 

stress block exists within the member. It is possible that this reduc-

tion in moment capacity may have resulted from plastic flow of the mater-

ial. After the yield point load had been exceeded, a slight drop-off in 

the lateral load was noted after each increment of deflection had been 

applied. The amount of this drop-off could not be determined with the 

load measurement system which was used. The loads which were measured 



therefore correspond to values which were lower than the actual maximum 

for any increment.. This phe~omenon of plastic flow; or time-dependent 

yielding, was present in all of the tests. 

An attempt was made to derive the load-deflection relation­

ship for specimen 4yO S 6B from the moment-strain relationship obtained 

experimentally. The experimental moment-strain curve was first extend.ed 

to include the strain-hardening range of the stress-strain relationship 

as determined. from the tension coupons~ The load-deflection relationship 

which was derived, using the numerical integration procedure, (5) is shown 

in Fig. 2.33. Up to the fully plastic condition, which occurred at the 

knee of the curve, the derived deflections were found to be smaller than 

actually occurred at any particular load. This departure from the measur-

ed values may be attributed to the fact that the moment-strain relation-

ship obtained from the 3 in~ section was used in the computations, the 

premature yielding which occurred at the 1 in. section was not consider-

ed and hence the computations are based on a beam which was stronger than 

actually existed. Had this effect been taken into account, closer 

agreement would have resulted. It is interesting to note, however, that 

good agreement was obtained past the fully plastic condition indicating 

that the effect of the reduced stiffness of the l-ino section had been 

overcome. Agreement existed up to the point where local buckling of the 

flanges finally reduced the load capacity of the member. 

The load-deflection relation~hips were predicted for each of 

the axially loaded test members on the basis of the derived moment-strain 

relationships and the stress-strain properties for each membero These 
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predicted load-deflection curves are presented together with -their 

corresponding experimental curves in Figs. 2.28 to 2.33. In each case, 

with the exception of specimen 4Y184 M, the derived values of deflection 

are less than those which actually occurred for loads less than the 

peak load. Again this may be attributed to the residual stresses and 

stress concentrations which apparently influenced the response of the 

test members. For all of the beam-columns studied, the error in the 

predicted yield load varied from 14 per cent to 17 per cent on the high 

side while the error in the predicted maximum load was as much as 25 

per cent on the high side. 

The peak value of the load on the derived load-deflection 

relationship represents the limit at which the deflections may be deter-

mined. If a value of load larger than the peak value is assumed to be 

acting, the value of deflection determined by the numerical procedure 

will become larger and larger. This indicates that the total bending 

moment on the member is greater than its fully plastic resisting moment 

and a state of instability exists. 

An approximation of the deflection corresponding to the end 

point of each test was obtained by dividing the fully plastic moment by 

the value of the axial load. This approximation assumes that the mater-

ial has not strain-hardened and neglects any reduction in moment capa-

city as a result of either local or lateral buckling. This procedure 

was applied to each of the beam-columns and the values of deflection 

thus obtained are indicated as collapse deflections, 0 , on the derived c 

load-deflection curves. An approximation to the drop-off portion of 



the load-deflection relationship was then obtained by passing a curve 

through the value of 5 and tangent to the peak value of load.: c 

Agreement between the predicted and the test curves is fair. 

However, it should be noted that the best agreement exists for those 

beam-columns which were tested in the weak direction. In the case of 

the strong direction specimens rather poor agreement exists owing to 

the fact that lateral buckling caused a sudden decrease in the lateral 

load-carrying capacity 0 Of particular interest with regard to these 

comparisons is the fact that the observed collapse deflection exceeded 

the predicted value in just one test. This would tend to indicate that 

the neglect of strain-hardening from the determination of the collapse 

deflection in the axially loaded beam-columns was reasonable for the 

cases studied. 

Considerable departure of the derived load-deflection 

relationship from the test curve was observed for specimen 41S6 B, 

Fig.. 2 .. .32. This departure may be attributed to the early flange buckl-

ing which developed in the member 0 Near the peak load this buckling 

became quite pronounced and apparently reduced the load-carrying capacity 

of the member considerablyc 

2.5 SUMMARY AND CONCLUSIONS 

The effect of an axial load on the static response of a member may 

be realized in two wayso First, the addition of a thrust reduces the 

moment-carrying capacity of the member; second, this thrust reduces the 

lateral load-carrying capacity of the member by directly adding to the 

bending moment at any section along the membero This reduction in the 
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lateral load-carrying capacity is a function of the magnitude of the 

axial load and the orientation of the specimen with respect to the 

lateral load. 

The procedure used for the development of theoretical moment-

strain relationships for any v~ue of axial load appears to check the 

test results reasonably well. However, major discrepancies between test 

and theory exist during the early stages of the inelastic deformation. 

These differences result from premature yielding of the test members 

caused by either the presence of residual stresses in the material or 

local stress concentrations from the welded connection detail. No infor-

mation regarding the possible magnitude of such stresses is available . 

from these tests. The inclusion of residual stress in the determination 

of theoretical moment-strain relationships has been done at Lehigh 

University 0 (1) These findings indicate that closer agreement between 

test and theory can be obtained if these stresses are known and are 

included in the analysis. However, because of the uncertainty of the 

effect of the welding operation on the member, it was felt that such 

refinements to the analysis were unwarranted and were therefore not 

considered 0 

With the theoretically determined moment-strain relationships 

based on some value of axial thrust and an assumed or known yield 

stress, it is possible to predict a load-deflection relationship for a 

given membero In this study the deflections corresponding to arbitrari-

ly chose~ lateral loads were computed by a numerical integration proced­

ureo(5) The load-deflection relations~ps thus derived could only be 
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determined to the peak value of the lateral load. To obtain some 

measure of the drop-off portion to the load-deflection curve, the 

collapse deflection was approximated by dividing the fully plastic 

moment by the value of the axial load. A curve passing through this 

point and tangent at the peak load was used as an approximation to the 

decay portion of the curve. 

Agreement between the "derived and experimental load-deflection 

relationships is reasonable for those members which did not fail by 

lateral buckling. For those members which failed in this manner, a 

very rapid decrease in the lateral load-carrying capacity and a marked 

departure from the predicted curve resulted at the point of failure. 

This is to be expected since there is no failure criterion in the 

simple plastic theory upon which the derived results are bas~do This 

is perhaps one of the more serious deficiencies of the theory and until 

such time as these failure criterion are developed, a more exact proced­

ure for the determination of the load-deflection relationship is not 

warranted. 

The predicted collapse deflections exceeded the test values in 

every test but one. For these tests, therefore, the neglect of strain­

hardening in the determination of the collapse deflection appears to be 

reasonable. For the members which were loaded in the weak direction 

without axial load, considerable increase in the lateral load-carrying 

capacity above the fully plastic condition was observed. Evidently, 

strain-hardening was of considerable importance in the response of these 

members. In the case of the members which were loaded in the strong 
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direction without axial load, the strain-hardening effect was not 

observed by an increased load-carrying capacity of the member. Each of 

these members buckled laterally with no appreciable reduction in the 

lateral load-carrying capacity below the fully plastic condition. The 

strain-hardening effect in these members evidently overcame any tendency 

of the lateral load capacity to decrease as a result of the lateral 

buckling failureo 
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APPBNDIX: 2.A 

ANALYTICAL EXPHESSIONS li'OR THE DETEHMlNATION OF THE 

MOl-IENT-STRAIN BELA TIONSHIPS 

Strong Direction of Loading 

Case I. 

Case II. f~h :§ 2c-F 
1 

T/ = I + ~ [h. (bf+ w(2c-f)) _\ + ..L (b-w) - ~ fhSJ.] /Te ce C A ZcA 2A \Cl 



Ca.se III .. 

IJ 
Yl: =1-t[Pt (~-lJJ 

%e= ~ fl'[~ -t ~J + i (~'J} 

TL _Z~'nw /Te - A 

Ca.se V.. O~ K < I 

n=I-~(I-K) 

%e¥ (I-K)G-l f(I-K)] 



Case VI .. 
(No Axial Load) 

Case VII. 

(No Axia.l Load) 



Weak Direction of Loading . 

Case I. 

Ji =1-4~(lt)+~t~+~[4~- (~ +~rJ-l} 

%;f[4t) (l-tJe]+tt+¥[i[~j-l~ -[t-~J~~j(4- ~)-4(~m 

Case II. w<':h~ UJ c--= = c+~ Z I 2.. 

~ .~~ 
h.= 1-4~(~) + ~t{-{~ +~r-4(~)+41- ~b[~~r+(i~ +~ 

+%~f+b(l+ 1 ~)J} 

~:f~~(Ic..~~)J+t~+f[~+±b)[1('t) -(~J- ~f(~J+f(ltj(.}~) 

+Zf~(~-l)+ ~~ ~O -l (~1j+ ~b[3 ~~r -t"t)' -4J]} 



Case III .. 

h=I-4~\~)-t![i:(~+~r-~+1t) +IJ 

~M:4t(lt)(I-l~)+tf+f[&f[~1-2~'J-f[~' - (~)r 
+4~~- ~ ~)~) -TI -trb ~~~]} 

Case IV II Fully Plastic Condition 

~ ~ J, 
7"777 7 7 1_ 

~ ~---r 
~ ~ 

Case v.. Neutral Axis Below The Web 



TABLE 2.1 

AVERAGE SECTION PROPERTIES 

y 

1.-----+_--' -L. 

Section Area C f b w Ix I 
y 

; 

* 4M 13.0 3·71 2.00 0.370 3.85 0.263 10.18 3052 
1------ - -------

4M 13.0 ** 3082 2000 --- 3.94 00250 10.4 3.4 

6I 12.5 * 3051 3.04 0.353 3 .. 26 00225 21.72 2.04 

6I 12 .. 5 ** 3061 21080 108 3 .. 00 0 .. 359 3033 00230 

6B 1505 * 4089 3.04 0.291 6003 00251 3209 10064 
~ , '-, .... 

6B 15.5 ** 4062 00269 6000 0.240 9.~9 3.00 30.3 

Measured Values 

** Values Given In AISC Handbook 



TABLE 202 

COMPARISON OF BEAM-COLUMN SPECIMENS 

. -- - - . -- ~ _. --

I 
. - - .. -

I connecti~n*1 AlUal** I Specimen Direction Span 
Number of Between 

Bending Reactions 
I Detail - Load - - I 
j 

I 
~~4M 

I -- - -'-'--'- I 
13·0 x-x 8 ft.-2 in .. I A none 

I 41S4Mi300 x-x 8 fto-2 in. I A 11 .. 3 
[--_._.- _._------1----

I 4YOS4M 13·0 y-y 8 ft.-2 in. B none 
I 

i 4ns4M 1300 y-y 8 ft .. -2 in .. B 1408 
i 

60s6I 1205 x-x 12 ft.-2 in. A none I 
! ~ ----.-
I 

41S6I 12·5 I x-x 8 ft.-2 in .. A 10·9 
i _ .. ..-.. ----.-.-.-------t-----

6YOS6I 12.5 
, 

12 ft.-2 in. B y-y none 

4ns6I 12.5 y-y 8 ft.,-2 in .. B 

.~ 0". -.------- ------- .. ------ .--.... 

40s6B 15 .. 5 x-x 8 ft .. -2 in., A none 

41S6B 15·5 x-x 8 ft .. -2 inc A 13·5 i 
4YOS6B 1505 y-y 8 fto-2 in. B I none 

4ns6B 15.5 i y-y 8 ft.-2 in. B 9·0 i 
I 

'* Details of these connections are shown in Figo 16. 

** Nominal axial stress in kips per sqo in. based on 
the measured areas., 



TABLE 2.3 

SUMMARY OF TENSILE PROPERTIES DETERMINED FROM TENSION COUPONS 
* (Yield Stress Based on 0.2 Offset ) 

r-----~··--~-___r--------_.__--------_r___---------_r_-----I 

Specimen No. Tips of Flanges Center of Flanges Junction of Flange and Center of 
Avo of 4 Coupons Av. of 2 Coupons Web, Av. of 2 Coupons Web 

4M 13.0 Section 
f-- .. - .. - .. '.' -" '-"- ........ ,.. --' .. - .. -.. - _ . ".' ... _ ._ .... . 

40s4M 13.0 57 .. 1 42.6 67.5 66.0 
--- -" _._---_. .- -.-. ----- --~ - -

41S4M 13.0 58.238 .. 3 69.4 59 .. 5 

4yos4M 13.0 56.2 61.9 70.9 62.0 
-.-.----.. -- -. -.-_. - .. -- .-.------------\-----------1--------1 

4Y1S.4M13.0 49.5 37.3 68.0 61 .. 8 

6r 12.5 Section 

6os61 12.5 r 39.1 - - 38.0 I 46.8 42. 7 
, 

4186I 12.5 48.2 39.2 52.7 46 .. 6 i 

6Yos6r 12.5 45.6 46.6 50.9 ----

41S61 12.5 47.8 I 39.3 50.3 . 46.5 

6B 15.5 Section 

I 40s6B 15.5 37·0 I 35.3 39.3 42.0 

I 41S,6B 15.5 3'7 .. 8 I 36.7 37.1 43.0 
_ ........ _._ .. ___ .. _ .. _._ ....... _._ .... _. _._-_.-_._ .. __ 1.. .. . ___ .. ___ _ -_" __ ... __ . __ 

4Yos6B 15.5 38.2 I 37.9 36.0 40.7 

I 4Y1S6B 15 ·5 __ . ___ ~~:5 I 38.0 I ---- ----
* All values given in kips per sq. in. 



TABLE 204 

SUMMARY OF TEST RESULTS 

r----- -

Sp~cimen Number 4os4M 41S4M 4YOS4M 4ns4M 60861 41S61 

Yie1~ load, Pe, kips 1008 601 4040 1030 7006 8073 

Max .. load, p,kips 1508 8 .. 23 8029 2 .. 31 9 .. 41 1309 
i 

Yield momo, Me' ino kips 23705 170 96.7 5805 240 207 i 
I 

Max 0 mom 0 , M, in" kips 348 226 182 
! 

125 320 339 

Yield deflo at center, Be' ino 0064 0055 0075 0031 0 .. 71 0030 

Max 0 center defl .. , 5, ino 4055 3024 9010 2011 704 2044 
! 

0e computed from Me' kai 4607 5007 5208 45.8 3305 39 .. 8 
i 

0e(Avo of:' flange coupons), ksi 52.,2 5105 5605 4905 38 .. 7 45 .. 2 
. 

€e corresponding to observed 1650 1200 1900 1050 1250 1030 
Me,micro in .. I 

_.-------
Axial thrust, T, kips .. 8IS::II ....... __ c.a. 64 ------- 55 ------- 3801 , 

.-..,---.--

Stress resulting from ___ "_.011_ 1703 .,..------ 1408 ------- 10·9 
axial thrust, ksi 

i 

AISe allow .. column stress, ____ c:a __ DoIt 12 .. 8 ------- 1208 -- ... ---- 10.1 
from handbook, ksi 

------.-~~-..... _-
T/Te based on 0e of coupons ------- 0 .. 30 ------- 0 .. 32 ------- 0024 



TABLE 2.4 (Cont'd) 

SUMMARY OF TEST RESULTS 

Specimen Number 6YOS6I 4Y1S6l 40s6B 41S6B 4YOS6B 4Y1S6B 

Yield load, Pe, kips 1·59 1000 14.5 9.41 5·91 5·1 

Max 0 load, p, kips 2 .. 85 1 .. 57 19.4 11.2 lQ.5 7·0 

Yield mom., Me, ino kips 54 36 320 200 130 112 

Max. mom., M, in. kips 96.9 7504 427 284 231 199 

Yield def1 .. at center, 5e, :in .. 1085 0 .. 47 0.29 0.20 0033 0.30 

Max. center defl., 0, in. 14 .. 4 2051 2091 2037 9082 3 .. 92 

0e computed from Me, kai 4301 40 .. 3 2906 32 .. 0 36 .. 8. 40.5 

O'e (Avo of flange coupons), ·ksi 4506 42.5 * 36 .. 4 3704 38 .. 1 ** 38 .. 0 

Ee corresponding to observed 1684 1000 880 670 1155 960 
Me' micro ino 

Axial thrust, T, kips -----j-- 26.8 _____ CIDO .. 66 ------- 44 

Stress resulting from __ c-a- __ c.a_ 1.6 
___ ca ___ 

13.5 ------ ... 900 
axial thrust, ksi 

AlSC allow. column stress, 
__ CI:II __ ~_ 10.1 -_ ......... - 15 .. 2 

__ ... ..;,.1 ___ • 15.2 
from handbook, ksi 

TITe based on ae of coupons 0.16 0.355 0022 
i 

~_"G::I ___ ..... _-- .... --=----- I ------- ------ -- - _L... ----

* Based on AlSC handbook value for ly 

Based on coupon strength of one flange only '** 



TABLE 2.5 

SUMMARY OF FAILURE CONDITIONS 

* 5 Specimen L c Mode of Failure 8 -Number r e 

40s4M 

41S4M 

4YOS4M 

4YlS4M 

60s6r 

41S6I 

6yos6r 

4ns6I 

40s6B 

41S6B 

4YOs6B 

4ns6B 

* 

13·0 --- ---- Lateral'buckling 

13·0 93 5.8 Lateral buckling 

13·0 --- ---- No failure observed within 
the limit of the apparatus 

13·0 93 6.8 Lateral load drop to zero 

12·5 --- ---- Lateral buckling 

12.5 122 8.1 Lateral buckling 

12·5 
No failure observed within --- ---- the limit of the apparatus 

12·5 122 503 Lateral load drop to zero 

15·5 --- ---- Local buckling followed ,by 
lateral buckling 

15·5 60 11 .. 8 Local buckling followed by 
lateral load drop to zero 

15·5 
Local buckling 0 Test carried --- ---- to limit of apparatus 

15·5 60 13 .. 1 
Local buckling followed by 
lateral load drop to zero 

These values are approximate in that a small end 
restraining effect has been neglected; hence they 
are conservative. 
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Fig. 2. 17. Tension Jacking System 
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Fig. 2. 19. Center Restraining System 



Fig. 2.20. Assembled Axial Load Apparatus 

Fig. 2.21. Axial Load Jacking System 
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3. MODEL STUDIES OF FRAMES SUBJECTED 
TO STATIC LATERAL LOADS 

3.1 INTRODUCTION 

3.1.1 Introductory Statement 

In order to determine the large deflection response of 

structures subjected to transient loadings, it is necessary to know the 

resisting force characteristics of the structure well beyond the elastic 

limit. 

Much of the attention that has been given to the plastic 

response of structures has been directed towards the analysis of struc-

tures assumed to be constructed of a material which has n9 .. increase in 

strength for strains greater than the yield point strain. Such studies 

have provided information which is applicable to the early stages of the 

plastic deformation of mild steel structures since ASTM A-7 structural 

steel is ~ material that generally bas a long flat region in the stress 

strain curve immediately following the elastic portion. However, for 

structures in which the maximum moment occurs along only an infinitesimal 

portion of the member, and where the inelastic action is confined to a 

short length of the beam, such as is the case in beams subjected to uni-

form and single concentrated loads, the deflection corresponding to 

large maximum strains may be only 2 to 10 times the elastic limit deflec-

tion, depending on the shape of the cross=section and the loading condi-

tion. Thus, this assumption of the stress-strain relationship confines 

the response study to a region where the structure's deflections cannot 

become large in comparison to the elastic limit deflections. In this 



program the large deflection response of the structure is being studied. 

Since the stress-strain relationship for mild steel does show an 

increased capacity for strains greater than approximately 1 per cent, 

strain-hardening can appreciably affect th~ load-deflection response 

and must be considered in the case of large plastic deformations. 

The objective of this study is to compare the large deflec­

tion response of model beams and frames subjected to static loads with 

the theoretical predictions of the response which can be made by using 

the assumptions following: 

1. The stress-strain relationship for the material of the 

members may be obtained from standard tensile coupon specimens. 

2. The strain distribution across the section is linear. 

3. The curvatures are in accord with the usual small 

deflection flexure theory. 

3.1.2 Summary of the Investigation 

To evaluate the validity of the theoretical moment-curvature 

and load-deflection responses of the structures, model beams and frames 

were testedo These models had an effective length of 15 in. and were 

approximately 1/4 scale models of a 6 w~ 25 section 0 The progr~~ 

included two series of tests, one in which the columns were oriented in 

their weak direction of resistance and another series in the strong direc­

tion. In each series, two model beam-columns and two frames were tested. 

In the model beam-column tests, no axial load was appliedo One frame 

specimen in each series bad an axial load, approximately 9 ksi; the other 

had no axial load. 



Reasonably good agreement was found between the theoretical 

and observed moment-curvature relationships obtained in the beam-column 

tests 0 Tests in the weak direction of resistance gave better agreement 

between the theoretical and observed load-deflection response than did 

tests in the strong direction of resistanceo 

3.2 TEST SPECIMENS 

302.1 Material 

All column members were machined from adjacent strips cut 

from a 2 in. thick ASTM A_7(l)* steel plateo Before the column members 

were machined, these strips were stress-relieved and annealed in order 

to eliminate machining difficulties caused by warping from residual 

stresses and to provide a more homogeneous materialo The heat treat­

ment provided for a heating of the strips to 13000F for three hours and 

then cooling them in the furnace. 

Tension coupons, 00505 inc in diameter, were machined from 

the center of blocks cut from each end of the stress-relieved stripso 

The average properties obtained from the stress-strain relationships of 

the coupons for each of the columns fell into three groupso A summary 

of the stress-strain relationships for these groups is shown in Figs 0 

The stress-strain curves show that the average yield strength 

was 3505 ksi for the group shown in Figo 3.1, 34.7 ksi for those in 

Fig. 302, and 3705 ksi for those in Fig. 3030 All coupons began to 

* Numbers refer to entries in the Bibliography at the end of this sectiono 



strain-harden at a strain that was lower than normal for A-7 structural 

steel. Several of the coupons showed an ultimate strength greater than 

that specified for ASTM A-7 steel. The average final elongation was 

32 per cent which satisfies the ASTM A-7 standards. 

Although the properties of the test material were not 

completely in accord with the requirements of ASTM Designation A-7, it 

is believed that the variations in properties of the test material from 

the properties of standard ASTM A-7 steel has no effect on the applica-

bility of the theoretical procedures used in this study to the analysis 

of structures constructed with A-7 steel. The stress-strain relation-

ships corresponding to the material of the particular structure must be 

used in the theoretical analysis. 

3.202 Column Sizes 

The columns tested were 1/4 scale models of a standard 

6 WF 25(2) section except for the use of constant thickness flanges. 

This modification was made to facilitate machiningo In addition, for 

some specimens the depth of the model was increased slightly (approxi­

mately 0.01 ino) in order to use the laboratory's existing machine tools 

more efficientlyo 

The dimensions of the section are shown in Figo 3040 The 

column speCimens were made 17.5 in. long; however, the free length of 

the members during the tests was only 15 in. The remaining 2.5 ino 

was used in providing rigid end connectionso 

3.2.3 Beam-Column Specimens 

Model 6 WF 25 sections with an effective length of 15 ino 



were used for two types of simple beam-column specimenso Columns Noo 1 

and 1 were tested as simple beams subjected to two-point loadings which 

produ'ced a region of pure moment 0 Columns No 0 4 and 6 were tested with 

the load applied to the center of the beamso Columns Noo 1 and 4 were 

loaded in the weak direction of resistance while Columns Noo 6 and 1 

were loaded in the strong direction of resistanceo In all tests the 

loading blocks and end reaction blocks were made to fit into the 

column section and were rigidly brazed to the specimenso Photographs 

of Columns Noo 1 and 4 in testing position are shown in Figo 3060 

302.4 Frame Specimens 

The test frames were two legged, rigid bents whose dimensions 

can be f:"ound in Figo 3050 The column members of the frames were model 

6 WF 25 sections while the top member of all frames was a 3 x 1-7/8 ino 

rectangular steel baro The stiffness of this top beam may be considered 

infinite with respect to the column stiffnesso Both the top and bottom 

joints of the frame were made rigid by means of additional blocking which 

was brazed around and into the column members at their end connectionso 

In order to insure a strong, rigid connection, welding was used for the 

connections of the columns to the top beam in frame Noo 30 These connec­

tions can be seen in Figso 3.7 and 3~8o 

The fabrication of the frames was begun by brazing the 

columns into recesses in the top beam to form a IlU_shapedTl structure. 

After these jOints cooled the frame was welded to the base plate with a 

1/4 ino fillet weld to complete the fabricationo This sequence and 

method of fabrication minimized the residual stresses, which would have 



developed during the coOling of the specimen, by permitting the move­

ments resulting from temperature differentials to occur before the ends 

of the frame were rigidly attached. The heat produced by the welding 

was small and, because of the 1-1/4 in. end blocks, was restricted to a 

section away from the column members for all specimens except frame 

Noo "3, where, for strength requirements the columns were welded directly 

to the top beam. Consequently, for all sections except those of frame 

No.3, the properties of the material in the column section were~ most 

likely, not affected by the welding. 

3.3 APPARATUS 

3.301 Testing Apparatus 

With the special jigs shown in Fig. ,.6, point loads were 

applied to the beam-column specimens through steel balls. The ends of 

the members were free to move inwards as the specimen deflected since 

in these jigs the end supports were on rollers. In the center-load test 

a center-roller guide system provided restraint against rotation and 

lateral displacement of the specimen. This restraint was provided to 

insure that lateral buckling would not occur. For the two point load 

test the special loading yoke shown in Fig. 3.6 was made to apply the 

point loads through steel balts. 

With the frame testing apparatus, shown in Figs. 3.9, ,010, 

and 3.11, it was possible to apply lateral and axial loads in a constant 

direction even after the frame bad undergone large deflections. The 

ball assemblies at the loading points permitted the movements necessary 

to maintain the direction of loading constanto Springs were used to 



apply the axial loads to the columns of the model frame while the lateral 

load was applied with a hydraulic jack. It was not necessary to provide 

lateral restraint' for the frames Noo 1 and 2, with columns oriented in 

the weak direction. Lateral restraint was provided for the frames with 

columns oriented in the strong direction. This restraint system is 

shown in Fig. 3.110 

3.302 Measuring Apparatus 

Me~surements of the deflections, strains, and loads were 

obtained with mechanical dials, SR-4 type A-7 strain gages, and electric­

al resistance type dynamometers respectively. The dynamometers were 

calibrated weigh bars on which SR-4 type AD-7 strain gages were used to 

measure the strains in the baro Since these dynamometers had a high 

sensitivity, about 203 lb per micro-inch of indicated strain, it was 

possible to determine and control accurately the loads applied to the 

frame. 

Strain gages were used on the be~-column specimens to obtain 

curvature data for the moment-curvature relationshipo Strain gages on 

the model frame specimens provided curvature data from which the resist­

ing moments within the frame could be calculated with the aid of the 

moment-curvature relationships 'found from the beam-column tests 0 

3.4 THEORETICAL RELATIONSHIPS USED IN TEE ANALYSIS 

3.4.1 Moment-Curvature Relationships in General 

In this section the procedures which were used to determine 

the moment-curvature relationships are described 0 For sections with or 



without axial load the moment is defined by: 

M=l yadA 

where: 

A is the area of the cross-section of the member 

dA is an element of area in the cross-pection of the member 

CJ is the unit stress at this element of area 

y is the distance from the neutral axis to the element 
of area 

Curvature is defined as the angle change per unit length 0 

Therefore, with the assumption of linear strain distribution, the 

curvature can be found by dividing the algebraic difference of extreme 

fiber strains by the depth of the sectiono For the case of no axial 

load this relationship becomes the extreme fiber strain divided by 1/2 

the depth of the section. 

;.4.2 Moment-Curvature Relationships for No Axial Load 

To determine the moment at any section subjected to a given 

curvature it is necessary to know how the stress varies with strain. 

The stress-strain relationShips for the materials used in this study can 

be divided into three groupso Average stress-strain curves which can be 

seen in Figs. ;01, ;02, and ;0;, were used to determine the theoretical 

moment-curvature relationships. 

The calculation of the moment-curvature relationship was 

begun by chOOSing a particular curvature. Stresses corresponding to the 

strains resulting from this curvature were found from the average stress-

strain curves. These stresses were then integrated numerically to 



determine the moment for the particular curvature choseno This proced-

ure was repeated to obtain other points on the moment-curvature curves. 

3.4.3 Moment~Curvature Relationships for Axial Load 

The average stress~strain curve shown in Figo 301 was used 

to develop a moment-curvature relationship for the column section 

subjected to an axial load of 8089 ksi and laterally loaded in the weak 

direction of resistanceo This curve was used to pred~ct the theoretical 

response of frame Noo 20 SimilarlY3 for frame Noo 4J a moment-curvature 

curve using the stress-strain curve shown in Figo 303 was found for the 

col~ section subje~ted to an axial load of 8~73 ksi and loaded in the 

strong direction of resistanceo In both cases the average stress-strain . 

curves indicated that the material had a limited range of constant 

stress yielding before strain-hardening begano 

Munz(3) has presented equations which can be used to deter-

mine the moment-curvature relationship for I and wide-flange sectionsJ 

subjected to axial load, when strain-hardening of the material is neg-

lected. These equations were used to obtain the initial portions of the 

moment-curvature relationship for bending in the weak direction of 

resistance and are valid to a curvature of approximately 00005 radians 

per incho After this curvature, strain-~dening began to influence 

the moment-curvature relationship; consequentlYJ the moment~curvature 

relationship was determined by means of a numerical integration proced-

ure in which the actual average coupon stress-strain curve was usedo 

To obtain one point on the moment-curvature curve J an 

extreme fiber strain was chosen, and the strain at the other extrem~ 



fiber was allowed to vary until the desired value of axial load was 

developed on the section. Then the moment and curvature were computed 

for this strain distribution. This moment-curvature relationship for 

the section in the weak direction of resi$tance with axial load was 

found to be almost identical with the moment-curvature relationship for 

the section with no axial loado The moment-curvature curve for the case 

of axial load and bending in the strong direction of resistance was com-

puted entirely by the numerical procedure described aboveo This moment-

curvature curve for axial load was found to differ slightly from that 

for no axial load. 

30404 Load-Deflection Relationship 

The analytical expression for curvature is: 

where: R is the radius of curvature 

x is the coordinate along the length of the beam 

Y is the deflection 

If' the quantity (dY/dx)2 is smail, the curvature is approximately 

d2Y/dx2
o When this approximation is made, the deflected shape can be 

found by solving the differential equation: 



The curvature at any point along the length of the beam or 

column was determined from the moment at that point by using the theoret-

ical moment-curvature curve.. In the determination of the moments along 

the specimen, account was taken of the change in the length of the moment 

arm resulting from the deflection.. The deflections were found directly 

from the known moments and moment-curvature curve by the use of a numeri­

cal integration pr~cedure.(4) This method was found to be quite rapid .. 

With the assumption of linear strain distribution, curvatures were 

calculated from strains measured at sections 1/2 in., 1 ino, and 2 in. 

from the loading stub of the beam-column specimens.. The relationShips 

between these observed curvatures and moments is compared in Figs 0 3012 

and 3.13 with theoretical relationships obtained from the average stress-

strain curves. Figure 3.12 shows the results for .the weak direction of 

reSistance; Fig. 3013, the strong direction. 

The distribution of strains across a section will be affected by 

discontinuities or restraints in or near the section. Therefore, the 

readings of the strain gages close to the loading stub reflect the in-

fluence of the stub. In order to evaluate this influence on the 

moment-curvature response~ beam-column No .. 1 (weak direction of resist-

ance) and beam-column No. 7 (strong direction of resistance) were tested 

as simple beams loaded at two points.. Strains at sections approximately 

2 in. from rigidly fixed loading blocks were measured within the region 

of pure moment. The moment-curvature curves obtained from these strain 

readings are in good accord with the theoretically predicted relation-

ships. 



3.12 

The moment-curvature curves calculated from the strains measured 

at sections 1 ino and 1/2 in. from the loading stub lie considerably 

above the theoretical curves. This indicates that the relationship 

was considerably influenced by the loading block. These deviations 

from the theoretical moment-curvature relat~onsbip in regions near 

boundaries were neglectedo The neglect of the. "stiffeningl1 effect of 

the loading stub on nearby sections of the specimen lowers the theoret­

ical load-deflection curve. 

A theoretical load-deflection relationship determined for the 

center loaded, simple beam-column Noo 4 is compared in Fig. 3014 with 

the observed load-deflection curves. In this figure, two test curves 

are seen because the test was performed by increments of deflection 0 

The load required to reach each new deflection is shown in Fig. 3014 

as the high load. While the specimen was held at a particular deflec­

tion the load required to maintain this deflection decreased because 

of a relaxation and redistribution of stresso In a few minutes the load 

stabilized to a value which is shown as the drop-off load. 

The fact that the observed curve intersects and then lies below the 

theoretical curve can be attributed to a large degree to the increase in 

effective length caused by the failure of the brazing material at the 

loading stub. This break in the bond allowed a local buckle to extend 

into the region of the loading block which was intended to be rigidly 

connected to the flanges. As a result of this break the effective 

length of the specimen was increased 0.75 in. It is not known when the 

failure at the loading stub first occurred, but it is known that it 

occurred before a deflection of 104 in, 



o deflection 
0e = elastic limit deflection = approximately 50~ 

since at that deflection the bond failure was noted • 

. For the center loaded, simple beam-column test loaded in the weak 

direction the computed load and deflection at initial yielding, based 

on a yield stress of 35.5 ksi, were 0.824 kips and 0.029 ino, respect-

ivelyo As yielding progressed, and if no strain-hardening were present, 

the stress block would have· approached a limiting value, a rectangle~ 

and the maximum. load capacity would have approached only 105 times the 

load at first yieldingo However, because strain-hardening did occur, 

the maximum load sustained by the beam was approx1ma tely 303 times the 

yield loado Thus, it can be seen that strain-hardening had an important 

effect on the behavior of the specimen 0 

The load-deflection curve for column No.6, a simple center loaded 

beam-column tested in the strong direction of reSistance, is compared 

in Figo 3015 to the theoretical load-deflection curve. The "stiffeningtf 

effect of the loading stub caused the test curve to lie above the 

theoretical curve immediately after the elastic limit was passedo At 

large deflectiOns, however, the buckling and twisting which the columns 

experienced reduced the load capacity and the test curve then falls 

below the theoretical curve. At a deflection of approximately 55 times 

the elastic limit deflection the buckling was so severe that the load 

began to drop quite rapidly. 

The computed load and deflection at initial yielding, based on a 

yield stress of 34.7 kSi, were 20438 kips and 0.027 ino respectively 0 



;.14 

The lateral load to cause the fully plastic moment without consideration 

of strain-hardening is approximately 1.13 times the elastic limit load. 

Strain-hardening increased the maximum load sustained by the beam-column 

to nearly 2.2 times the elastic limit load. 

It was realized after the beam-column tests that the deflections 

measured included a deformation of the loading system. The deformation 

of the loading system was found to vary non-linearly from 0 to 0.020 ina 

This deformation was erratic, and no corrections for it have been made 

in the reported curves. The errors are not Significant after large 

deflections have occurred. They are, however, very important to the 

elastic deflection measurements and the disagreement of the theoretical 

and observed elastic limit deflections, even after shear deformations 

are considered, may be attributed to these errors in measurements. 

3.6 FRAME TESTS IN THE WEAK DIRECTION 

3.6.1 Frame No.1 

The average stress-strain curve, shown in Figo 301, was used 

to determine the theoretical load-deflection response of frame No. 10 

The theoretical load-deflection relationship is compared in Fig. 3016 

to the observed load-deflection curve. In this figure the values of 

P and 5 are those for no axial loads. These curves show reasonably 
e e 

good agreement between the theoretical and observed responseo Since the 

theoretical curve was computed neglecting the stiffening effect of the 

rigid boundaries it is somewhat below the observed response 0 The final 

deflected shape can be seen in Fig. 3.170 



In this test axial loads were produced in the columns by the over­

turning effect of the lateral load. Tension was produced in the wind­

ward column, and compression in the leeward columno These axial loads 

affected the moment-curvature relationship; however, since the axial 

stresses were small, less than 305 kSi, their effect on the moment­

curvature relationShip was small and has been neglectedo As a result 

of this simplification the curvature at any section became a function 

only of the total moment 0 

Theoretically, as the deflections became large, the induced axial 

loads should have increased the percentage o~ the total shear carried 

by the windward column because the axial tension load in this column 

produced a moment that opposed the lateral shear momento Since theoret­

ically the end moments were approximately equal in both columns for the 

same deflection, the shear was larger in the windward columno In the 

leeward column the axial load bad the opposite effect; it reduced the 

shear in this column. The net result was that the induced axial loads 

changed only the distribution of lateral resistance and did not Signi­

ficantly affect the total resistance of the frameo To a small extent 

the axial loads did affect the moment-curvature relationShip and thus 

the load-deflection response. If these effects had been included, the 

theoretical lateral load resistance would have been reduced slightlyo 

With data from the strain gages placed at the third points of the 

columns it was possible to determine the resisting forces within the 

frame. The measured strains were used to determine curvatures, and the 

moments corresponding to these curvatures were found from Figo 3,,120 



Shears computed from these measured moments show that the percentage of 

shear carried by the windward column was about 50 per cent of the total 

in the elastic stage of the test, dropped to about 35 per cent in the 

early plastic stage, and then began to riseo Although the shear distri­

bution to the windward column did not increase continuously from 50 per 

cent as theoretically predicted, the theoretical load-deflection behavior 

of the frame was in accord with the observed behavior" 

The theoretical load-deflection response of frame Noo 1 was round 

by considering a cantilever beam of 1/2 the column heightJ loaded at 

the end with a single concentrated forceo When twice the load on this 

beam.was plotted against twice the corresponding deflectionJ the load­

deflection curve for the frame was obtainedo The shortening of the 

moment arm of the force, because of the deflections~ was considered in 

the calculation of momentso 

It is apparent that this frame test and the center load beam-column 

test are directly relatedo. If the deflections of the beam-column are 

doubled the load-deflection curve will be the same as that for this frameo 

The results of this study are in good agreement with this fact 0 Conse­

quently, it appears that the behavior. of the frame with column oriented 

in the weak direction of resistance can be determined in terms of the 

·behavior of a beam-column member" 

30602 Frame Noo 2 

The columns of frame NoD 2 were subjected to an axial load 

of 4003 kips; this corresponds to an axial stress of 8089 ksio During 

the test the external load of 4003 kips was kept constant and maintained 



in a vertical direction with the apparatus described in Section 303010 

However, the total axial load in the columns actually varied somewhat 

because the overturning effect of the lateral load produced additional 

compressive stress in the leeward columno Since these induced axial 

forces were small~ the maximum being less than 007 kipsJ in comparison 

with the external load of 4003 kips, the theoretical moment-curvature 

relationship was computed ~or 4003 kips, neglecting the variations caus­

ed by the overturning effecto Even the 4003 kips load had little effect 

on the moment-curvature relationship for this sectiono 

The load-deflection curves for this frame are shown in 

Figo 3.160 In the deflection calculations the moment was assumed to be 

linearly distributed along the columnso The linearizing of the distribu­

tion of the moment is an approximation because the axial load contr~bu­

tion to the total moment depends upon the deflected shape of the columnso 

However, after inelastic action had become extensiveJ the deflected 

shape was approximately a straight line since the curvature was concen­

trated predominately at the endso For this reason, the deflections of 

the frame calculated from the linear moment distribution were nearly 

identical to those which would have been obtained if the actual deflected 

shape of the columns were used in the computation of the momentso With 

the above approximation it was possible to compute a load-deflection 

curve for frame Noo 2 by conSidering a cantilever beam~ 1/2 the column 

height in length, loaded by a concentrated lateral force and an axial 

force of 4003 kips applied' at the endo The deflection ,of the frame is 

twice that of this beam for twice the lateral forceo 



The lateral elastic limit load and deflection for the 

sections used in the frame without axial loads were 00824 kips and 

00058 in., respectively, based on a 3505 kip yield stresso The maxi­

mum load was approximately 1068 times the yield load~ and the deflec­

tion at the maximum load was approximately 12 times the yield deflec­

tion·o 

If there were no strain-hardening, the maximum lateral 

load would have been approximately 1013 times the elastic limit lateral 

load for the frame without axial load, since the contribution of the 

axial loads to the moments is negligible for deflections in this rangeo 

The maximum lateral force which was resisted by the axially-loaded frame 

was increased by strain-hardening; however, the increase was much less 

than that for frame Noo 1, which carried no axial loadso This occurred 

because, in order to.develop the increased strength resulting from 

strain-hardening, the frame had to resist additional moments resulting 

from the large deflections and axial loads. In a frame with axial load 

the large deflections produce additional moment because of the corres­

ponding eccentricity of the axial loado For axial loads as great as 

those in this test the amount of additional moment caused by the eccen­

tricity of the axial loads was nearly as great as the amount of increas­

ed strength resulting from strain-hardening; therefore p the maximum load 

capacity did not increase greatly because of strain-hardeningo 

The strain-hardening was important, however, because it did 

increase the energy absorbed by the frame before collapse; the observed 

collapse deflection was apprOximately 73 times the yield deflection. 



By taking strain-hardening into account, one obtains a predicted 

collapse deflection approximately 80 times the yield deflectiono Had a 

stress-strain relationship with no strain-hardening been used$ the pre-

dieted deflection at collapse would have been only approximately 39 

times the yield deflection~ Thus, it is apparent that the energy-

absorbing capacity of the frame is greatly increased by strain-hardening 

of the material. This fact is especially important in the consideration 

of loadings to cause total collapse of frameso 

It is important to note also that, after the maximum lateral 

resistance had been reached, the theoretical load-deflection response 

was above the observed response. This suggests that a reduction of capa-

City, because of local buckling, may be accentuated by the axial loado 

The final deflected shape of frame No. 2 can be seen in 

:5 • 7 FBP.ME TESTS m THE STRONG DIRECTION 

The average stress-strain curve shown in Figo 303 was u~ed 

to determine the response of frame No.3. The induced axial loads 

resulting from the overturning effect of the lateral load varied from 0 

at the beginning of the test to 4.1: kips at a deflection of 50 times 

the yield deflection. Account was taken of the effect of these axial 

loads on the moment-curvature relationships which were used to determine 

the theoretical deflections. 

Shear stresses were large, with a maximum of 30 ksi)) in this 

test. oHa1l(4) has determined the shear-detrusion curve for a specimen 



of.ASTM A-7 steel. With this information, the additional deflections 

caused by shear deformations were considered. The load-deflection 

relationships both with and without consideration of shear deformation 

are compared in Fig. ,.18 to the observed responses. In this figure p 

the values of P and 5 are those for no axial loads. The comparison e e 

shows that the observed loads are less than the theoretical load at 

the same deflectiono Since the stiffening effect of the boundary on 

the moment-curvature relationships and the load-deflection relationship 

was observed in the strong direction beam-column tests it can be expect-

ed that the observed response for this frame would also lie above the 

theoretical relationship which did not take the stiffening into account. 

This difference in behavior between the beam-column and corresponding 

frame test was caused, to a great extent, by the difference in the 

restraint against twisting and lateral buckling that each type of test 

provides. In the beam-column testing apparatus, the tension flanges 

were held in line to prevent twisting and lateral buckling at points 

705 in. apart while this distance was increased to 15 in. in the frame 

specimens. 

The drop in lateral load which occurred after a deflection 

of 50. times the yield deflection is attributed to twisting and local 

buckling of the columns aggravated by a tearing of the flange material 

at the edge of the heat-affected zone of the welding. The picture of 

the final deflected frame, in Fig. '019, shows the buckling, twisting, 

and rupture that occurred. 



30702 Frame Noo 4 

Frame Noo 4 was similar to frame Noo 3 with the exception 

that all joints in frame Noo 4 were brazed togethero The stress-strain 

relationships for the columns used in this frame are shown in Figo 3030 

Axial loads of 4003 kips, or 8073 kSi, were applied to each of the 

columns of the frame in addition to the lateral loado The same lateral 

restraining system that was described in Section 30301 was used for this 

frame 0 

The theoretical load-deflection of this frame is compared in 

Figo 3018 to the observed load-deflection relationshipo The curves show 

that the observed load is smaller than the theoretical loado However, 

if the resistance of the frame to lateral load is considered to be that 

observed in the test of frame Noo 3, the observed response of frame Noo 4 

can be predicted quite accuratelyo Figure 3020 shows this comparisono 

Since frame Noo 4 was completely of brazed construction~ there was no 

tearing of the flanges near the weld as there was in frame No e :3; this 

accounts for the fact that the load capacity obtained from frame Noo 3 

decreases rapidly after deflec~ions of approximately 70 times the elas­

tic limit deflectiono It is believed that the response would follow 

the dashed line in Figo 3020 if the tearing had not occurred in frame 

Noo 30 By observing the load-deflection curves~ it can be reasoned that 

the effect of axial loads was to reduce the moment capacity of the 

members of the frame only slightlyo The same phenomenon was found in 

the weak direction testse As an approximation$ the small reduction can 

be neglected, and the effect of the axial loads needs to be taken into 

account only in the calculation of primary forces acting on the frameo 



Apparently the mode of failure of these frames was not 

significantly changed by the addition of axial forceso If the mode of 

failure for columns with and without axial loads is found to be the 

same for a1l structural shapes, the problem of predicting the response 

of axially-loaded sections can be reduced to a study of the. simple non­

axia1ly-loaded caseo 

;08 CONCLUSIONS 

Good agreement between the theoretical and the observed load­

deflection and moment-curvature response was found for beam-column and 

frame specimens tested in the weak direction of reSistanceo This agree­

ment indicates that the assumptions listed in the Introductory Statement 

are reasonable approximations when the short-time static response is 

des'ired for laterally-loaded frames tested in the weak directiono 

The tests of columns oriented in the strong direction did not show 

agreement as good as that found for' the weak direction testse The 

observed load for these tests was considerably less than the theoretically 

predicted loads for corresponding deflectioDSe Figures 3015 and ;c18 show a 

comparison between the observed and theoretical responseo 

It was observed in both the strong and weak direction tests that 

the mode of failure was nearly the same for frames with or without axial 

loads on their columnso This is Significant because if it is true for 

the ordinary rolled sections~ the action of axially-loaded members will 

be known from a study of non-axially-loaded memberso 

There was no significant difference in the behavior of a centrally­

loaded beam-column specimen and a fixed-ended~ laterally-loaded frame 



when the specimens were loaded in the weak direction of resistanceo 

There was, however, considerable difference between the responses found 

for the strong direction specimenso It is believed that the cause of 

this discrepancy lies in the differences in restraint provided against 

buckling and twistingo Since the restraints in the beam-column tests 

were higher than those for the corresponding frame$ the resistance was 

also greatero 

The effect of strain-hardening on the response of the structures 

was considered also in this study 0 Strain-hardening increased the 

energy-absorbing capacity of all frames tested$ by increasing the maxi­

mum lateral load and, in the case of the frames with high axial loads 3 

increasing the collapse deflectiono 

The collapse deflection for the weak direction frame was predicted 

with considerable accuracy by conSidering strain-hardeningoi The load­

deflection response in the strong direction of resistance 3 however» 

was not predicted as well as that in the weak direction since 

twisting, combined with the local buckl.ing occurredo 

The load-deflection results show that the moment resistance for a 

particular curvature was not appreciably ~ffected by axial loadso The 

observed load corresponding to a given deflection was found to be 

slightly lower than that which would be predicted even when the effect 

of the thrust on the moment-curvature relationship is taken into accounto 

Some of this discrepancy can be attributed to the assumption of linearly 

distributed moments along the leng1:;h of the column 0 The analysis.? how­

ever, would be complicated considerably by the introduction of a 



refinement in the distribution of moments and it is thought that the 

procedures outlined were sufficiently precise. 
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FIG. 3.8 STRONG DIRECTION CONNECTIONS 
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FIG. 3.11 LATERAL RESTRAINT SYSTEM 
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40 STATIC OBLIQUE LOADING TESTS OF STEEL BEAM-COLUMNS 

40l INTRODUCTION 

The elastic load-deflection response of a member subjected to a 

static lateral load not in the direction of a principal axis bas been 

treated in many references(4)*o However~ very little work has been 

done on the inelastic response to a static oblique load~ the major 

sources being the theoretical and experimental results for rectangular 

and triangular sections presented in a paper by Ho Ao Williams(5) and 

a thesis by Bo Wo Anderson(l)o 

In the present report a method of analysis is presented for the 

determination of the load-deflection response of rolled I or WF beams 

subjected to obliquely applied lateral loads which result in inelastic 

deformation 0 The prediction of the response is approached through th~ 

use of relationships between the moments about the principal axes for 

specific neutral axis positions and moment-curvature relationships for 

these neutral axis pcsi tions 0 The analysis is based on the following 

assumptidns~ 

(1) The stress-strain curve of the material can be repres~nted 

by two straight lines- which neglects the strain-hardening of ~ld steelo 

(2) The strains are distributed linearly across the sectiono 

* 

(3) The effect of shear is negligibleo 

(4) The curvatures are in accord with the small deflection theoryo 

Numbers in parentheses refer to correspondingly numbered entries in 
the Bibliography at the end of this sectiono 



(5) The torsional moment ~an be neglectedo 

Since the analysis is cumbersome$ an attempt was made to simplify 

it by neglecting the web of the sectiono The results obtained using 

this approximation differed considerably from the results obtained when 

the web was included 0 

The experimental portion of the investigation consisted of two 

tests of beams with an as-rolled 6 B 1505 sectiono In order to simplify 

the apparatus the specimens were restrained so that the deflection was 

essentially in one directionJ at 45 degrees to the principal axeso As 

a result of tp~s restraint condition the direction of lateral loading 

changed throughout the testso 

One specimen was loaded only laterally and the other was loaded 

both laterally and with a constant axial thrust of approximately 65 per 

cent of the AISe allowableo The results obtained from these two tests 

are compared with the results obtained from tests of specimens loaded in 

the strong and weak directions of resistanceo 

The experimental load-deflection relations~~p of the specimen with­

out axial load is compared with the theoretical curveo The difference 

between the two curves is of the same magnitude as has been reported 

elsewhere for members loaded in the strong and weak directions of resist­

anceo However~ because the theory does not include strain-hardening of 

the material$ the analysis only covers 12 per cent of the total range of 

deflections 0 For deflections greater than tbis p it is possible that 

strain-hardening of the material will significantly affect the load­

deflection relationshipo However~ the development of local failures 



will, in all likelihood, tend to reduce the influence of the strain­

hardening and the response of the structure will be between that given 

by the elasto-plastic theory, which neglects strain-hardeningp and the 

response obtained assuming strain-hardening of the materialc This 

problem is now being considered. 

402 ANALYTICAL INV~TIGATION 

402.1 Introduction 

The theoretical static load-deflection relationship or the 

static response of obliquely loaded I or WF beams in the inelastic range 

has been obtained from a moment-curvature relationship.. Since the de­

flection of the beam will, in all likelihood, have a component perpendicu­

lar to the plane of loading, a torsional moment will exist ~ changing the 

direction of loading with respect to fixed coordinates in the cross-section .. 

In this analYSiS, the torsional effect is neglected; consequently, the 

direction of loading is constant and only one moment-curvature relationship 

is necessary for any specific direction of loading .. 

In order to compute the magnitude of the deflection by numeri­

cal integration, the direction of the curvature must be known as well as 

the moment-curvature relationship.. For beams loaded in the principal 

planes of the cross-section the direction of the deflection is known .. 

For an obliquely loaded beam in the elastic range, the direction of the 

deflection is related to the principal moments of inertia of the section 

and the direction of loa.ding.. In the inelastic range this relationship 

may be determined by the moment interaction diagram which relates the 

moments about the principal axes of a section; for various neutral axis 





where 

Cf = the stress at the elastic limit e 

€ = the strain at the elastic limit e 

v = the distance from the neutral axis to where the elastic e limit strain occurSo 

With this stress distribution the moments about the X and Y 

principal axes, assuming positive bending moments as shown in Figo 4,,1 09 

can be determined as follows: 

or 

-Cf 

I
v el (y2 coscp - xy sin<p) da - 1 

e ~ p 

which can be written symbolically as: 

e 
Cf [Ix coscp 
e IV I 

e 
(2-a) 

In the same manner the moment about Y can be written: 

where 

M 
Y 

p 1 
~J 

= the component of the resisting moment of the cross 
section about the X axiso 

= the component of the resi~ting moment of the cross 
section about the Y axis. 



A = the total area of the cross section. 

A = the area of the cross section strained elastically. e 

A = the area of the cross section strained inelastically. 
p 

Ie = the second moment of the elastic area about the X axis. x 

Ie = the second moment of the elastic area about the Y axis. 
y 

Ie = the product of inertia of the elastic area. x:y 

~=J v da TVT y 

A 
P 

~ J v = TVT Xda ' 

A 
P 

For a section symmetrical about the X and Y axes these 

equations have the following form: 

For the elastic limit case: 

Me = - (j I sin cp Ilvel y e y 

For the fully plastic case: 

!l = (j ~ x e 

_.P -P 
~ = (j ~ y e 

The moment relations, in general form, are presented in 

4.6 

Appendix B for an idealized I or WF shape composed of three rectangular 

elements .. 



4.2.3 Moment Interaction Relationships 

The moment interaction diagram obtained from the equations 

in Appendix 4.B is shown in Fig. 4.3, in dimensionless form, for an 

idealized 6 B 1505 sectiono The moments about the X and Y axes are 

divided by the elastic limit moment about the X axis (Me) for which the 
x 

neutral axis is coincident with the X axiso By plotting the moment inter-

action diagram in this way, the lines of constant resultant applied 

moment (M ) take the form of circles or ellipses j depending upon the 
- r 

scales, and are shown in the figureo 

For a constant direction of loading, represented on the dia-

gram by a radial line from the origin, 0, the angle between the direc-

tion of load the the Y axis, is given by 

M 
tan 0 = MY 

x 

It is evident from the diagram that for a constant loading 

direction the neutral axis rotates in the inelastic range and that for 

small angles of loading, the rotation can become quite large 0 For 

instance, if a cantilever 6 B 1505 section is loaded at 1006 deg and 

the load is increased- so that" the-- maximum moment- increases from the 

elastic limit moment to the fully plastic moment, the neutral axis at 

the fixed end rotates from 30 deg at the elastic limit moment to 50 deg 

at the fully plastic momento 

40204 Moment-Strain Relationships 

As a consequence of computing the moment interaction curves, 

the values for the moment-curvature relationship are also obtainedo 



The curvature is determined in a dimensionless form (vtl /vll
) and the e 

numerical values are identical with the dimensionless extreme fiber 

4.8 

strain values (€/€)e It is more convenient to use the dimensionless e 

strain values in the numerical integration procedure since the elastic 

limit strain is a constant quantity whereas the elastic limit value of 

curvature (vlt
) varies for each neutral axis positiono With a sutfi­e 

cient number of moment interaction and moment-strain curves for various 

angles of the neutral axiS, the moment-strain relationship can be con-

structed for a specific direction of loadingo 

The moment-strain relationship shown in Figo 404 bas been 

plotted on the basis of total moment (M ), in order to show the rela­
r 

tionship for all neutral axis positions from 0 to 90 dego HoweverJ 

when a particular direction of loading is considered» the more practical 

value to use is the dimensionless moment used in plotting the moment 

interaction diagramo The moment-strain curves for loads at 1006 and 

45 deg to the Y axis are shown in the figureo 

4e2.5 Deflections 

From the moment-strain relationship corresponding to a 

specific direction of loadingi the deflections can be computed using 

numerical integratione The neutral axis position for corresponding 

moments may be found from the moment interaction relationship either 

directly or by interpolation between curveso From the neutral axis 

position the distance to the extreme fiber can be computed 0 The strains 

for corresponding moments are found from the moment-strain relationshipo 

Assuming a linear distribution of strain and small deflec-

tions the curvature takes the form: 



where 

€ = the extreme fiber strain 
m 

v = the distance to the extreme fiber m 

z = the coordinate axis along the length of the beam. 

The curvatures for the deflections in the direction of a 

set of reference axes ~ and T} rotated an a.ngle t3 from the X and Y axes 

respectively are related to the curvature of the neutral axis by the 

following relationships: (See Fig. 4. 5) 

Tjlt = vTt cos (t3-cp) 
II s = v fl sin (t3 -cp ) 

(4) 

n 

where i}11 and S are components of the curvature referred to the T} and 

S reference axes. Using these relationShips, the curvatures, slopes, 

and deflections in the plane of the set of reference axes can be 

computed. 

The elastic limit deflection for a cantilever with a concen-

trated load at the end is found from the relationships: (See Fig. 4.6) 

where 

5; = sin (t3-cp) L2 e /3 v 
~ e m 

o ; = the elastic limit deflection in the direction of the 
~ coordinates. 

5 e = 
T} 

the elastic limit deflection in the direction of the 
T} coordinates. 
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When the elastic limit deflections are exceeded, the solu­

tion of the deflection Eqso (4) are required to obtain the deflected 

shape of the beam. The relationship of the deflection of a cantilever 

6 B l5~5 section in the directions of the X and Y axes is shown in 

Fig. 4.7 for loads at 10 .. 6 and 45 deg to the Y axis. Since the strain-

hardening portion of the stress-strain curve for mild steel begins at 

strains in the order of 10 to 20 times the yield strain, an upper limit 

of 20 e is used as the maximum strain on the beam. This is done in e 

order to obtain the maximum possible deflection and still be within the 

range of applicable values of the stress-strain relationShip for mild 

steel. The moment at this value of strain differs from the fully 

plastic moment by something less than one per cent. Therefore, a 

strain of 20 times the elastic limit strain corresponding to the fully 

plastic moment is used in calculating the Itfully plastic deflectionl1. 

In general, ~ varies along the length of the beam when the elastic limit 

is exceeded.. However, since the rotation of the neutral axis is only 

about plus or minus one deg for the load application at 45 deg, the 

deflection relationship shown in the figure is nearly linear. For the 

load application of 10.6 deg, a non-linear relationship exists between 

the deflections in the X and Y directions because of the 20 deg change 

in the direction of the neutral axis. 

4 .. 2.6 Simplified Analysis 

Two attempts were made to simplify the analysis by aSSuming 

the section to be made up of two rectangular flange plates. This elim-

inated all the terms in the equations shown in Appendix 4.B which 
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involved the thickness of the webo The method materially reduced the 

amount of work involvedo However, the errors involved in determining 

both the load and the deflection are larger than are desirable. 

In the first attempt to simplify the analysis, Case B, the 

web of the 6 B 15.5 section was neglectedo The moment interaction dia-

gram for this case is compared in Figo 4.8 with Case Ap the section with 

the web. The moments about the X and Y axes are divided by the elastic 

limit moments about the X axis (Me) for Case A. The error in the elastic x 

limit moments decreases from 11 per cent to less than one per cent as ~ 

increases from 0 to 90 degrees. The error in the fully plastic moments 

for ~ from 0 to 75 deg is about 18 per cent and for 90 deg is less than 

one per cent. 

Case CJ the second attempt to simplify the analysis, was 

studied to eliminate the error in the elastic limit moments found in 

Case B. This was accomplished by increasing the depth of the section 

used in Case B so that the elastic limit moment about the X axi~ (Me) 
.x 

was the same as for Case A, the section with the webo The effect of 

increasing the depth is to rotate the moment relationsbips for constant 

angles of the neutral axis toward the strong direction of resistance. 

The elastic limit moments are approximately correct because of the 

increased depth of the section. The errors in the fully plastic moments, 

in this case, range from about 1 to 13 per cent. 

The deflections in the directions of the X and Y axes for 

loading directions of 10.6 and 45 deg are shown in Fig. 4.7 for the 

three cases considered. The errors in the deflections range from 
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20 to 32 per cent in the X direction and 0 to 21 per cent in the Y direc-

tiOD. The error in the resultant deflection, neglecting the fact that 

they are in different directions, ranges from 18 to 23 per cent. 

4.207 General Discussion 

The deflections determined by the approximate methods are 

smaller than those determined by the more exact method. This is a 

result of the shorter length of the beam which is inelastically deformed. 

For the 1006 deg loading the inelastic length of the beam, when the fully 

plastic moment exists p is 00245L for Case B as compared to 0.323L for the 

more exact method~ Case Ao The ratio of the length of the beam inelastic-

ally strained to the total length of a cantilever beam loaded at the free 

end is given by: 

where 

L = the length of the beam 

L = the length of the beam strained inelastically 
p 

Me = the elastic limit moment 

MF = the maximum moment on the beam. 

It was noticed in the moment interaction relationship that, 

for a loading direction just slightly asymmetric to the strong direction 

of reSistance, the rotation of the neutral axis from the strong direc-

tion at the fully plastic condition could be as large as 42 deg instead 

of at 0 deg as is usually assumed. The deflections in the X and Y direc-

tions were computed for a loading direction of approximately 002 deg from 
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the Y axis and are shown in Fig. 4.70 The deflection in the x direction 

was found to be approximately 25 per cent of the deflection in the y 

direction for the fully plastic condition which might possibly explain 

the initiation of the lateral buckling and torsional type failures 

which are common for members loaded in the strong direction of resist­

anceo 

403 EXPERIMENTAL INVESTIGATION 

4.3.1 Test Specimens 

The test specimens simulated interior building columns pinned 

at the base and fixed at the floor or roof framing members 0 The speci­

mens were each cut from a 10 ft length of a 6 B 1505 section. After cut­

ting and removing a 9 ino length from the center for tension coupons, 

the specimen was welded back together. A stub beam of a 10 WF 77 section, 

which simulated the floor beams j was welded to. the specimen at the center 

line (Figo 409) so that the longitudinal axis of the stub was 45 deg to 

the principal axes of the specimen 0 Plates were welded between the 

flanges of the specimen and the flanges of the stub so that the stub 

became a continuous member through the specimen 0 Then the stub was stif­

fened with plates in the directions of the principal axes of the specimen 

in order to simulate the stiffness of framing members in those directions. 

The stub provided a convenient method for applying the lateral load to 

the specimen and also for restraint against lateral movement. The ends 

of the specimen were welded to end reaction plates. The specimens meas­

ured 4305 in. from the center line of the end reactions to the face of 

the stub, and j therefore, had an effective span of 87 in. between end 

reactions. 
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4.302 Specimen Properties 

The measured dimensional properties for the two specimens 

are shown in Table 4.1 along with the values given in the AISe handbook. 

Thirteen tension coupons from each specimen were tested in 

a 120,000 lb hydraulic testing machine 0 The strains were recorded auto­

matically with a 2 ino gage length recording extensometer up to strains 

of about one per cent, at which time the load was allowed to drop off 

slightly and a "et! type extensometer, using SR-4 strain gages, was 

used until the maximum load was reached. 

It was necessary to idealize the stress-strain curve of the 

material in order to obtain a stress-strain relationship that could be 

used to compare the test results with the theoretical worko Therefore, 

the yield stress was selected as that value of stress which corresponded 

to a 002 per cent offset and the yield strain was selected as that 

value of strain for which a projection of the truly elastic portion of 

the curve intersected the selected yield stress. A stress-strain curve 

for each specimen was derived from an average of all of the yield 

stresses and strains selected in this waYo The two idealized relation­

ships for the specimens are shown in Figso 4010 and '4.11 with the 

curves which show the maximum deviation 'of these curves from the indivi­

dual stress-strain relationships. 

40303 Test Apparatus 

The load was applied to the specimen through the stub by 

means of a hydraulic tension jacko Since the jack bad only a 6 in. 

stroke, a frame was made by which the specimen could be held in place 
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while the jack was readjusted. In this way it was possible to continue 

the deflection of the specimens beyond 6 in. This loading frame, shown 

in Fig. 4.12, was anchored to the floor. 

On either side of the loading frame, a 10 in. I section was 

placed vertically to restrain the specimen. Rollers attached to the 

stub above and below the specimen rode on a 1/2 ino round rod which had 

been tack-welded to the flange of the restraining I section 0 The 

restraining system may be seen in Figs. 4013, 4.16, and 4.17-

The end reaction system was composed of three basic parts: 

the vertical reaction system, horizontal reaction system, and the axial 

load unit. 

The vertical support for each end reaction assembly (See 

Fig. 4.14) was provided by two vertical tension rods. Knife edges and 

seats provided the necessary freedom for rotation of the end reaction 

assembly in a vertical planeo 

Two horizontal rods connected above and below the specimen 

by means of spherical bearings provided the horizontal support and 

freedom for rotation in a horizontal planeo No provision was made for 

torsional rotation of the specimen. 

The axial load was applied through ball joints at each end 

reaction plate by a hydraulic jack placed at one end of the specimen. 

A f1Uf1 yoke at each end carried the axial load reaction to the outside of 

the end reaction plate where the yokes were tied together by tension 

rods making the. unit independent of the other reaction supports& The 

weight of the axial load unit was supported by bearings on the end 
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reaction plate. The system was balanced on these supporting bearings 

before the test so that the line of action of the axial load was at or 

very near to the centroid of the section. An isometric detail of the 

end reaction system is shown in Fig. 4.14. The reaction systems for 

each end of the specimen are shown in Figs. 4.15 and 4.16, with and 

without the axial load units in place. 

The vertical and horizontal end reaction rods and the center 

restraint were connected to a supporting four column, main test frame. 

The entire test set-up may be seen in Fig. 4.17. 

4.3.4 Instrumentation 

The lateral loads were measured with calibrated weight-bars 

which were inserted as a part of the horizontal and vertical reaction 

systems. Similarly ~ the axial load was measured with weigh-bars includ­

ed in the tension rod system of the axial load unito The weigh-bars 

were calibrated tension rods in which the strains were measured by means 

of electrical resistance type strain gages. 

The extreme fiber strains in the test specimen were determin­

ed with SR-4 type electrical resistance type· strain gages at 1.5, 3, 6, 

12, and 20 ino from the stub on the north side and at 6, 12, and 20 in. 

stations on the south side. Specimen 4xyO S 6 B (without axial load) 

was instrumented heavily at each station in order to have an approximate 

measurement of the neutral axiS position. 

The vertical deflections were measured with mechanical dials 

on each side of the stub at 3, 6, 9, 12, 20 and 43.5 in. from the stub. 

It was necessary to offset these dials from the vertical because of the 
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interference of the flange of the beam with the wire from the dial to 

the centroid of the section. Horizontal deflections were measured at 

the same sections as the vertical deflections for specimen 4xyo s 6 B. 

However, the error in these deflections was of the same order of magni­

tude as the actual deflection because of the vertical deflection of the 

specimen. Therefore~ for the specimen with axial load (4XYl S 6 B) the 

horizontal deflection was measured only at the stub and end reactions. 

The vertical deflection at the centerline of specimen 4XYO S 6 B was 

measured with a mechanical dial on the stubo 

4.,.5 Test Procedure 

The lateral load was applied to the specimens in such a way 

that the extreme fiber strains increased in increments of about 100 

microin. for each increment of load, until the specimens showed signs of 

inelastic actiono When this occurred, the test was monitored by incre­

ments of deflection and the specimen was allowed to creep, thereby pro­

ducing a decrease in the load until the deflection became nearly steady 

at which time the measurements were madeo The greatest waiting period 

amounted to less than about 5 min. The axial load on specimen 4XYl S 6 B 

was kept very nearly constant throughout the test by means of a null 

type system activated by the total output of the four weigh-bars. The 

variation in the axial load from the initially applied load was only 

plus 0.8 per cent and minus 1.2 per cent. 

4.,.6 Method of Testing 

The more obvious method of testing obliquely-loaded beam£ is 

to apply a load in some constant direction. In the present tests, the 
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applied lateral load changed direction in the inelastic range as a result 

of restraining the stub section so that the deflection at the stub was 

in a vertical direction and 45 deg to the principal axes of the specimen. 

This made it possible to use a lateral loading unit that was stationary. 

In the test without axial load, it was planned that the direc­

tion of curvature in the elastic range would be at 45 deg to the principal 

axes of the beam and the deflection would be vertical. In the inelastic 

range, if the same neutral axis position existed at the stub, the deflec­

tion of the beam would not be vertical but would have some horizontal 

component. Thus~ in order for the deflection to be only vertical at 

the stub, the neutral axis at the stub would have to be rotated through 

an angle greater than 45 deg 0 Thus ~ the experimental moment interaction 

curve would follow the theoretical curve for 45 deg neutral axis position 

in the elastic range and, in the inelastic range, the angle would be 

slightly greater than 45 deg. 

4.3.7 Test Results of Specimen 4XYO S 6 B 

A small horizontal load was initially applied to specimen 

4XYO S 6 B through the end reactions in order to counteract the horizontal 

deflection produced by the weight of the specimen. This applied load was 

not sufficient to take up all the slack in the horizontal reaction assembly 

and a relaxation occurred which resulted in a rotation of the neutral axis 

at the stub from the intended 45 deg to about 54 deg. This relaxation 

continued throughout the test because of the continually increasing hori­

zontal loads and deflections at the stub resulting from the formation of 

grooves in the rollers of the restraining system. The effect of the 
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relaxation in the inelastic range is to rotate the moment interaction 

relationship toward the relationship for a constant direction of loading. 

From the dimensional properties of specimen 4XYO S 6 B, a 

theoretical moment interaction relationship was obtained. The experiment-

al and theoretical relationships are compared in Fig. 4.18. The experi­

mentally determined moments about the X and Y axes are divided by Me, the 
x 

elastic limit moment about the X axis for ~ = 0 degrees, which was comput-

ed from the dimensional properties of the section and the average yield 

stress of the tension couponso 

The experimental curve follows the theoretical relationship 

for a 53.6 deg neutral axis position and is nearly linear in the elastic 

range. .The small discrepancy near the elastic limit is probably caused 

by the variation in the true stress-strain relationships from the one on 

which the theoretical work is basedo In order to satisfy the restraint 

condition and the relaxation which occurred in the horizontal reactions, 

the experimental curve in the plastic range deviates. from the moment 

relationship for a 53.6 deg neutral axis position and approaches the 

theoretical relationShip for a 56 deg neutral axis positiono 

Local buckling as observed visually began at about M /Me = 0.80 x x 

and M/M; = 00250 The effect of the local buckling condition was sufficient 

to overcome the effect of strain-hardening; thus the curve rotates toward 

the moment relationship for the strong direction of resistance instead of 

nearly radially outward as should be expected if only strain-hardening 

had occurred. 
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In Fig. 4.19 the observed moment-extreme fiber strain 

relationships are compared with the theoretical curveso The experimen-

tally determined strains are divided by the average elastic limit 

strain of the tension couponso The moments about the X axis are used 

rather than the resultant moments in order that there be a common basis 

between the moment interaction and moment-strain relationships. 

It is not possible to compare the theoretical and experi-

mental curves directly since the neutral axis for the theoretical curves 

has a fixed position whereas the experimental relationships do not. If 

the specimen were to respond according to the theory, the strains for 

the 1.5 in. section should fall between the theoretical curves for the 

52 and 56 deg. positions of the neutral axis for the range in which the 

gages were in operation. The actual curves for this and the 3 ino 

section show a considerably larger strain for corresponding moments 

than the theory predicts 0 This phenomenon has been observed(2)(3) in 

tests of beams in the strong and weak directions of resistance and may 

be attributed to residual stress and stress concentration. 

The resultant lateral load-vertical deflection relationship 

for the specimen without axial load is show'n in Fig. 4020a. The elastic 

limi t and the theoretical fully plastic loads are noted" The maxi mum 

load of 22.1 kips corresponding to a deflection of 7056 in" is about 

21 per -ce·ntgreater -than the theoretical "fully plastic load 0 The duc-

tility factor (0/0 ) at the maximum load is 290 At the end of the test e 

where the ductility factor was 39 the lateral load had dropped off only 

slightly 0 The deflected shape of the specimen at the end of the test 

is shown in Fig. 4021. 
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The load at the fully plastic condition represents the maxi-

mum load which can be calculated from the theory without taking strain-

hardening into account. In Fig. 4.2Gb the load deflection curve for 

this range is shown along with the curves computed from the theoretical 

and observed moment-strain relationships. An extreme fiber strain of 

20 € was used in calculating the deflection corresponding to the fully e 

plastic moment. The experimental moment~strain relationship was extra-

polated slightly in order to calculate the deflection at the fully 

plastic moment. 

The errors in the computed and the experimental curves at 

the elastic limit are not too alarming in that the 24 per cent error 

in deflection is of the same order of magnitude as has been noticed in 

other tests. The effect of the residual stress and stress concentra-

tion on the deflections can be seen by comparing the computed deflections 

with the observed value for the fully plastic load~ At this load, there 

is virtually no difference between the deflection computed from the 

actual moment-strain relationships and the observed deflection but the 

deflection computed from the theoretical moment-strain curves is in 

error by about 45 per cent. 

It was possible to determine a torsional moment at the end 

reactions because of the weigh-bar system used to measure the horizontal 

and vertical loads. The torsional moments are shown in Fig. 4.23 plotted 

to the vertical deflection of the beam. No attempt is made to explain 

these twisting moments since it was impossible to trace them to their 

source. It is felt that these moments are of major consequences in 
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oblique loading of I or WF shapes and more work should be done on this 

aspect of the problemo 

4.308 Test Results Specimen4XYl S 6 B 

The 50 kip axial load applied to specimen 4XYl S 6 B 

resulted in a stress of approximately 10 kips per sqo in., which corres-

ponds to about 63 per cent of the allowable AISC value. 

The horizontal reactions were adjusted after the axial load 

and a small lateral load bad been applied so that the neutral axis posi-

tion in the elastic range would be approximately the same as for the 

specimen without axial load. This procedure eliminated the initial 

relaxation caused by the slack in the horizontal reactions which occur-

red. i~ the test of the specimen without axial loa~and since the maximum 

horizontal load was only about 75 per cent of that for the specimen 

without axial load the relaxation problem was never as severe. 

The moment interaction relationship is shown in Fig. 4.24 

for the experimentally determined moments which include the lateral and 

axial momentso The moments are divided by Me, the elastic limit moment x 

for the strong direction of resistance without axial load on the section, 

determined from the d~ensional properties and the average yield stress 

of the tension couponso The theoretical moment interaction relationships 

for the specimen without axial load are also shown in the figure. 

The relationship of the moments along the length of the beam 

are shown on the figure for various loads. The distribution of the 

moment along the length of the beam is very nearly linear up to the load 

at which the maximum resultant moment on the specimen is reached, at 
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which point the web of the section is affected by local buckling and 

the distribution becomes non-linear.. At failure the specimen still 

carried a horizontal load but the vertical load had dropped to zero and 

the specimen could not sustain the axial load .. 

The relationship between the moments about the X and Y axes 

and the vertical deflections at the stub are shown in Figo 4.250 The 

contribution of the axial and lateral loads to the total moments about 

the X and Y axes are also shown in the f'igure" For com;parison the 

moments for the specimen without axial load are shown" There is virtu­

ally no difference in the total moment about the Y axis for the two 

specimens 0 The total moments about the X axis are very nearly the same 

up to a moment of approximately 350 kip ino At about that moment the 

specimens were both affected by local bucklingo The local deformation 

reduced the rate of increase in the moment-carrying capacity of the 

axially-loaded specimen much more than it did the specimen without 

axial loado 

The strains which contribute to lateral deflections 

(flexural strains j €f> were determined from the average of the differ­

ence of the two extreme fiber strainso The moment-flexural strain 

relationships, shown in Fig .. 4026, for the various sections using this 

definition of flexural strain are similar to the curves for the speci­

men without axial load. Again the effect of residual stress and stress 

concentrations on the relationships for the 1.5 and 3 in .. sections are 

evident.. The moment-flexural strain relationships for specimen 4XYl S 6 B 

are compared in Fig. 4026 with the theoretical relationships for 
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specimen·4XYO S 6 Bo The experimental curves have been placed in dimen-

sionless form by dividing the strains by the average yield strain deter-

mined from the tension coupons and the moments about the X axis have 

been divided by Me 0 As in the specimen without axial load, the moments 
x 

about the X axis have been used rather than the resultant moment in 

order to have a common basis with the moment interaction diagram 0 

The resultant lateral load-vertical deflection relationship 

for the axially-loaded specimen is compared in Figo 4027 with the rela-

tionship for the specimen without axial loado The maximum resultant 

lateral load of 1504 kips for specimen 4XYl S 6 B is about 70 per cent 

of the maximum resultant load of the specimen without axial loado The 

ductility factor (5/5 ) based on the elastic limit deflection of the e 

specimen without axial load was 502 at the maximum lateral load or 18 

per cent of the ductility factor at the maximum load for the specimen 

without axial loado At failure, the specimen still c~rried a horizontal 

load of 906 kips which amounts to 62 per cent of the maximum load on the 

specimen 0 The deflection at failure could not be measured precisely 

because the specimen was lifted from the knife edge supports at one endo 

However, the deflection was estimated at 6003 ino which makes the 

ductility factor about 23 at failureo The final deflected shape of the 

specimen is shown in Figo 40280 

404 SUMMARY 

The objective of this report is to present an analysis which can 

be used to determine the load-deflection response into the inelastic 

range of structural I or WF shapes when subjected to obliquely applied 
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lateral loads. The analysis is based upon an elasto-plastic stress­

strain relationship which does not take into account'the additional 

energy absorption capacity of a member caused by strain-hardening of 

the materialo Although experimental results were obtained for a beam 

loaded with both lateral and axial loads~ no analysis was developed to 

handle this problem 0 

The load-deflection relationship computed from the elasto-plastic 

theory differs considerably from the experimental relationShip. The 

theoretical deflection at the elastic limit load is only about 80 per 

cent of the corresponding experimental deflection, and, at the fully 

plastic load, which is the maximum load which can be computed from the 

elasto-plastic theory, only 56 per cent of the experimental deflection 

was obtained 0 Differences of these magnitudes have been reported else­

where and may be explained in part by reSidual stress and also by the 

way in which the yield strain was approximated in order to obtain an 

elasto-plastic stress-strain relationshipo However, when the deflec­

tion is computed from the observed moment-strain relationship the 

deflection at the fully plastic load is in very good agreement with the 

experimentally measured deflectiono Before these differences can be 

considered significant, the analysis should be extended to include the 

effect of strain-hardening since only about 12 per cent of the experi­

mental deflection range can be determined with the present elasto­

plastic analysiso The theoretical response of the member may be entire­

ly satisfactory when the effect of strain-hardening is introduced even 

though the initial range is somewhat in error. 



The 6 B 15.5 section was tested in both the strong and weak direc­

tions of resistance, with and without axial loads by Ro J. Munzo The 

results of these tests and the oblique loading tests are presented in 

Table 4020 The values have been adjusted for the average yield stress 

of ·the tension coupons determined on the basis of a 002 per cent offset 

in order to place them on a common basis for comparison 0 The yield 

load and moments for the tests without axial load were determined from 

the average yield stress. Since there was very little non-linearity 

in the oblique and weak directions of loading at these computed values, 

they were considered satisfactory to deSignate the beginning of inelas­

tic action. For the strong direction of resistance, these computed 

yield values were far into the non-linear range of the test because of 

the greater effect of local buckling; therefore~ the yield values from 

this test are based on the beginning of non-linearity as observed from 

the moment-strain relationshipo 

The maximum value of load~ moment and deflection are not comparable 

to the theoretical values since the specimens were affected in different 

ways by local buckling~ strain-hardening and the restraint conditions of 

the testso The local buckling had its greatest effect on the specimen 

loaded in the strong direction of resistance since it resulted in 

a final failure by lateral buckling. The obliquely loaded specimen was 

prevented from failing laterally by the restraints provided by the verti­

cal and horizontal loads on the specime~thus making it possible for the 

maximum load to exceed that of the strong direction of resistance test. 



4.27 

The lateral load capacity of the specimens with axial load was 

redu~~d appreciably from the load capacity when no axial thrust was 

applied 0 The amount of thrust applied to the three specimens differed 

considerably, making a comparison between them difficult. The specimen 

loaded in the strong direction of resistance was affected more by local 

buckling than the weak and oblique directions of loading tests. However, 

the restraints applied to the oblique direction test make it possible 

for the maximum values of that specimen to exceed those for the specimen 

loaded in the strong direction of resistance. 

One of the more important features of the analysis presented is the 

inSight that the moment interaction relationship gives into the behavior 

which can be expected when an oblique load is applied to a member.. If 

the load is applied at a very small angle~ for the 6 B 15.5 section less 

than one degree to the Y axis of the specimen it is possible with unsym-

metrical yielding conditions to build up a lateral deflection of consid-

erable magnitude. Another feature is the inSight into the effect that 

torSional moments, which may be caused by deflections perpendicular to 

the direction of loading, can have on the direction of loading along the 

length of the beam. Although the effect of torsional moments has been 

neglected in the analysis it is felt that it is of major consequence and 

more work should be done on this aspect of the problem~ 
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APPENDIX 40A 

The foilowing notation is used in this report: 

X, Y Rectangular coordinate system in which X, and Y denote 
the principal axes of a WF or I section .. 

U, V Rectangular coordinate system of which the U axis is the 
neutral axis .. 

s, ~ Rectangular coordinate system used as a reference in 
space 0 

z Coordinate axis along the length of the beamo 

~ Angle between the X~ Y and U, V coordinate systems. 

t3 Angle between the X, Y and S J! ~ coordinate systems .. 

a Angle between the Y axis and the applied load .. 

(j stress 

(j Yield Stress 
e 

E Strain 

€ Yield strain e 

€ Extreme fiber strain 
m 

€f Extreme fiber flexural strain 
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Distance to the elastic limit strain line from the neutral 
axis 

Distance to the extreme fiber from the neutral axis 

Distance to the elastic limit strain line along the X axis 

Distance to the extreme fiber strain line along the X axis 

Distance to the elastic limit strain line along the Y axis 

Distance to the extreme fiber strain line along the Yaxis 

Curvature referred to the U and V coordinate system 

Elastic limit curvature referred to the U and V coordinate 
system 

Curvatures referred to the S and " coordinate system 

Deflection in the direction of the axis indicated by the 
subscript 

Elastic limit deflection in the direction of the axis indi­
cated by the subscript 

Length of the beam 

Length of the beam strained inelastically 

Thickness of the web 

Width of the section 

Depth of the section 

Distance between flanges 

Area of the section 

Area of the section subjected to elastic strains 

Area of the section subjected to inelastic strains 

Component of the applied concentrated load in the direction 
of the axis indicated by the subscript 

Applied concentrated load 



4.30 

P Elastic limit load e 

Pfp Fully plastic load 

M Moment of the applied load about the a.:tis denoted by 
the subscript 

Me Elastic limit moment about the axis denoted by the sub­
script and for a neutral axis position indicated in the 
following way ~ 

I 

When the neutral axis is coincident with a principal 
axiS, the notation is as follows: 

e 
o=M 

q> = 0 x 

Fully plastic moment about the axis denoted by the sub­
script and for a~eutral axis position indicated in the 
same way as for M 

Resultant moment 

Maximum. moment on a cantilever beam about the axis indi­
cated by the subscript 

Moment of inertia of the total area about the axis denoted 
by the subscript 

Moment of inertia of the area strained elastically about 
the axis denoted by the subscript 

Product of inertia of the area strained elastically about 
the X and Y axes 

nP=f. ~yda x A Ivl 
p 
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APPENDIX 4. B 

For a WF or I section idealized, as shown in Fig. 4.B-l, the 

moment relations about the X and Y principal axes derived in the text 

(2-a, 2-b) can be related to the depth of inelastic penetration, the 

angle of the neutral axis and the dimension of the section. The line 

through the point hand k and having a slope ~ determines the elastic 

limit strain line.. This line cuts the section in one of five ways, 

neglecting the cases in which the line cuts the section at the ends of 

the flanges or at the junction of the flanges and web.. In Fig .. 4.B-2, 

the five cases are shown.. The moments about the X and Y axes are 

found by integrating the elastic and plastic areas within the limits 

shown in the figure .. 

v 
y 

~--
d / 

.. U 

c 

FIG. 4"B-l 



Case A 

Case A: 

Case B: 

Case C: 

Case D: 

Case E: 

Case B Case C 

-1 c-k ~1 d-k 
tan b+h < cP < tan h+a 

-1 d-k -1 d+k 
tan h_a<CP<tan .­b-h 

tan -1 c+k < cP < 900 
b-h 

-1 c tan -
b 

-1 d < cP < tan -a 

Case D 'Case E 

If we let k = 0 and v = h sin~, we can write the equations for e 

the moments in terms of the depth of yielding along the X axis (h), and 

the angle of the neutral axis (cp) and the dimensions of the cross 

sectiono These relations are shown below, where a, b, c, d and h are 

absolute quantities, a, b, c and d refer to the dimensions of the cross 

section and h refers to the depth of inelastic penetration along the X 

axis of the sectiono Moments determined from these equations will have 

positive valueso The proper Sign must be determined from the geometry 

of the problemo 



Case A 

> > d cot~ - b - h - 0 

Case B 

Mx 1 J 3 [: 2 ] 2 [ 2 2] a. = 12h l h .. Sa tan ~ + h -6(c -d ) 
e 

+ h [-Sa' tan2~ + 8Cc'-a?) co~ + l2bCc2_d2) + 24ad2] 

+ [-,Cc 4 -d~ cot2~ + 8b(c' -d') cot~ _ 6b2(c2 _d2)] } 

+ h [-4Cc'-a?) cot2~ + l2b2(c_d) + 16a' tan~J 

+ [(C4_d4) cot'~ _ 6b2(c2_d2) cot~ + 8b'(C-d)]} 

d cot~ -b ~ b ~ {c cot~ b}· 1t?-d cot~·· whichever is larger 

Case C 

Mx 1 f 2 [ 2 2 ] [, 3 3 2 2 ] o = 12h l h -6( c -d) + h . 8( c -d ) co~ + 12b (c -d ) 

4.33 

e 

+ [_'(C4_d4) cot2~ + 8b(c'-d') cot~ - 6b2(c2_d2
)+ 16ad' co~]} 



+ 

b + d cotcp 2: h ~ J d cotcp . +a} hi h . la 
Lb-d co~ w c ever ~s rger 

Case D 

b-c cotcp 2: h 2: a + d cotcp 

Case E 

-= 
(] 
e 

:y = ~h {..; [-8(e-d)] + h [_8(e3 _d3) eot2q> + 24b2(e-d) + 1.003 tanq>]} 
e 

whichever is smaller { b-c cotcp }. ~ h 2: 0 
d cotcp -8. 

For small angles of cp, h becomes exceedingly large for cases A, B 

and C; therefore, it may be desirable to indicate the depth of inelastic 

penetration by k, the depth of yielding along the y axis. This can be 

done by letting h = 0 and v = k coscp. e 

Case A 



d - b tan~~ k ~ 0 

Case B 

+ 

+ k [_4(C5_d5) cot2~ + 12b2(C-d) + 16a5 tan~J 

+ [(c 4 _d4) cot2~ - 6b2(l_d2) + 8b5( c-d) tan~J } 

d - a ta.n~ ~ k ~ { c - b ta.n.~}. 
b tan~ -d . 

whichever is larger 

Case C 

Mx 1 { 2 [ 2 2 J [:;:; 2 2 ] cr == 12k k -6(c -d ) cot~' + k : 8(c -d ) cot~ + 12b(c -d ) 
e 

[ 4 4 3 3 2 2 2 3J }: + ~:;(c -d) cot~+ 8b(c -d) - 6b (c -d) tan~+ 16ad 

M 1 {3[' 2J 2[ 22 cry == 12k k -4{c-d} cot ~ + k 6(c -d ) 
e 

+ k [_4(C5_d5) cot2~ + 12b2(C-d) J 



+ 

d + b tan~ ~ k ~ .Jd + a tan~} whichever is larger 
jb tancp - d 
\.. 

The strains and curvatures are related to the depth of inelastic 

penetration by the following relations: 

€ V h k 
m m m m~ v" 

e-=-V=h='k=-yr 
e e e 



TABLE 4.1 

DIMENSIONAL PROPERTIES OF SPECIMENS 

FIR.IQ'P' Web Ix I 
Depth Width Thickness Thickness y 

AISC 6.00 6.00 0.269 0.240 ,0., 9.69 

* 6 .. 13 6.09 33.44 10.96 4XYos6B 0·291 00255 

* 6.16 6.10 4XY1S6B 0.291 0.254 ,4 .. 2, 11002 

* Measured Values 



Length 

Axial 
Load 

pe T 
r 0 

pm 0 
r 

Me T 
r 0 

r!f1 0 
r 

Be T 
0 

om 0 

€e 

O'e 

TABLE 402 

RESULTS OF TESTS ON THE 6 B 15 05 SECTION m THE 
STRONG:; WEAK, AND OBLIQUE DIRECTIONS OF RESISTANCE 

Specimen 

4os6B 4YOS6B 4XYos6B 4lS6B 4YIS6B 4xns6B 

44 44 4305 43075 43075 43,,5 

0 0 0 66 44 50 

1907 6048 9,,38 _ .. _- ....... -_ .. ---- -------
{1505} 6048 9038 ------- ------- -------
2009 1100 2200 1108 704 1504 

434 143 204 ----- ..... --_ .. _-- -------
(344) 143 204 ------- ------- -------
459 242 478 299 211 402 

0028 0029 0021 ------- ------- __ ... CID ___ 

(0031) 0037 0026 ------- --QIIIto--- .. -------
3,,19 1003 

i 

2049 4016 6003 1002 

1330 1375 1420 1305 1285 13.50 
(950) 

4001 4001 4001 40 40 40 
(3108) 

I 
Units 

inches 

kips 

kips 
kips 

kips 

kip-inches 

kip-inches 

inches 

inches 

~ in./ino 

kips/in 0 

2 

Failure * ** ** *** *** **** 

* Local buckling followed by lateral. buckling 0 

Local buckling and deflected to the extent of the apparatuso 

Local buckling and lateral load drop-off to zeroo 

Local buckling and vertical load drop-off to zeroo 
I 

I 

Note: Tbe values shown for "Tn are theoretical values based on the stress 
corresponding to a 002 per cent offset of straino The values shown for nOn 
are the actual observed values 0 In order to obtain a common basis for 
comparison, all values have been adjusted to the yield stresses of the 
oblique direction tests 0 The values shown in parentheses are based on the 
yield value determined .. from the moment-strain relationship" 
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Fig. 4.12 

lateral loading Unit 

Fig. 4. 13 Center Restraining System 
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Fig. 4.15 South End Reaction System 
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Fig. 4. 16 
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Fig. 4.17 The Entire Test Set-up 



°fIG.418 MOMENT INTERACTION RELATIONSHIP FOR SPECIMEN 4XYOS68 



I ---
~o ~-- ---1----

I. 0 -1---- f-
-1 

--------./ 
V 50° 1----1--- ---f----

-
,.// 

~--
--- I 

,// - 53.6° 

40° 1// 
1------- --- --1---~--- 1----~-- 1----1 

8 

J/ 
// ---.... --

1// / ,./ --- 56° . 

/ / ./- --- ----------------- ---f----

/ ./ v ......... --1----
/ 6 11 • /,./ ----- - l----

V / / ~/'/ ./ 
I if "/ / ~/ -...--

I, / /// 3" L--'-:::-~ 
"" 20" 

I-

'" --
-''\ ~ V;/ /1/ 11/ ~ ~ 

/11/:; 
V ~ . 1.5"~ 

o 

0. 

111)0( 

~ 
.~ 

~ ~ 
V 

:1' / /, 

4 
,}'; 

ff/J V 
/ ~/!J 

---- THEOREl'I CAL 

/~i~j 
-. --E XPERIME:NTAl 

Vf! 
Ee : 0.001420 IN./IN. 

/ !/~' ~ = 437.46 KIN. 

2 
,~j 

,f 

" )0( 

~ 
o 

0. 

V ) . . 
o 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 

Em/tEe 

FIG.4.19 MOMENT - STRAIN RELATIONSHIP FOR SPECIMEN 4XYOS68 



en 
a. 
;;: 

~ 

0 
ort 
0 
..J 

..J 
ort 
a: 
UJ 
I-
ort 
..J 

l-
Z 
ort 
I-
..J 
;:) 
en 
UJ 
a: 

(0) 

en 
a. 
~ 

~ 

0 
e:( 
0 
..J 

..J 
e:( 
a: 
UJ 
l-
e:( 
..J 

I-
Z 
ort 
I-
..J 
;:) 

en 
UJ 
a: 

(b) 

24 

20 

16 

---~ - V-~ Pfp= 18.3 K 

/ 

I 12 

S +- Pe :9.3S K 

4 J 
IT 

o 
o 

20 

IS 

16 

14 

12 

10 

8 

- ---/ 
II 
'/ 

2 4 5 6 

VERTICAL DEFLECTION IN 

I 
Ff.p~18.3 K - r--- - - -

. ...--
I/~ 

.--/ ~ 
/ V V 

// ./ 

v ....... ./ 
V / 7 ,~ 

/' 
/' 

J / 

I / ' 
V 

ll/~>--~ Pe'9.3S
K 

' I 
V 8~=0.262 IN. 

I 

7 S 9 10 

INCHES 

-- ·1_ -
~ ~ I 

~ 8-ry= 1.22 IN 

6 
/J'j --- COMPUTED FROM THEORETICAL MOMENT 

10/ STRAIN RE LATIONSH lP E'e = 0.001420 IN 

4 

2 

-- ----- COMPUTED FROM TEST' MOMENT I---

/Ii STRAIN RELATIONSHIP' 

---'---- EXPERIMENTAL 

V 

.lIN. 

o 
o 0.1 0.2 0.3, 0.4 0.5 0.6 0.7 O.S 0.9 1.0 1.1 1.2 1.3 

DEFLECTI'ON IN INCHES 

FIG.4.20 RESULTANT LATERAL 'LOAD - VERilCAL DEFLECTION 

REl:-AT10N SHIP FOR SPECI MEN 4XYOS68 



Fig. 4.21 Specimen 4XYO S 6 B After the Test 

Fig. 4.22 Specimen 4XYl S 6 B After the Test 
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5 " DYNAMIC RESPONSE OF BEAMS 

5.1 INTRODUCTION 

The study of the response of dynamically loaded beams requires 

the evaluation of the dynamic resisting functiono Thus the problem is 

to define the parameters which affect the dynamic resistance and to 

correlate these parameters with those that determine the static resist-

ance. 

For a dynamically loaded beam, the resistance in the form of a 

moment-curvature, moment-deflection or similar type of relationship 

requires knowledge of the elastic resistance, a criterion for determin-

ing when inelastic action starts, and the nature of the resistance after 

yielding 0 The first requirement, knowledge of the elastic resistance, 

has been rigorously studied by many investigators and offers no serious 

problem for this program 0 For this region of the resistance, -simplifics-

tions in the form of single-degree-of-freedom models can be made and 

reasonable estimates of the response computed without difficult Yo 

The establisbment of a criterion to determine when yielding starts 

bas been found to be of considerable importance in estimating the 

dynamic resistance. Statically ~ the yield stress, as determined by 

static tension tests of the material, provides the required criterion 

for the structures of interest here Cl Howeyer, when the material is 

loaded dynamically the upper yield stress at which general yielding 

starts degendson ~iables such as the strain rate, the excess stres~, 

and the past loading historyo The studies by Clark and WOOd(1)*,(2), 

* Numbers in parentheses refer to correspondingly numbered articles 
in the Bibliography at the end of this section .. 



have shown that mild steel can be subjected to high stresses without 

yielding for some timeG In their study~ the applied stress at yielding 

is related to the time required for the material to yield.. Unf'ortunate-

ly, the stress-time relationShip in a dynamically loaded beam rarely is 

constant and the available data are not applicable" In order to over-

come this difficultYJ a criterion~ based on the available data3 has been 

formulated 0 This criterion] which is~ in a sense~ empirical j is describ-

ed in the next sectiono 

The nature of the dynamic resistance after yielding is still some­

what doubtfulo Some information is contained in. the work by E" A" Davis(3) 

and Manjoine (4 ) J which has been summarized by Nadai (5) 0 These data indi-

cate that the resistance after yielding is sensitive to the strain rate 

and history of the strain 0 However~ a considerable amount of further 

work will be required before the significance of this variability can be 

noted 0 

When the required parameters and their inter-relationship in the for-

mulation of the resistance are known~ any of the available analyses 

techniques can be used if proper consideration is given to the time-

dependence of the phenomenono However J further stu~- is required before 

definite recommendations can be madeo 

5" 2 CRITERION FOR DETERMINING THE DYNAMIC YIELD STRE!SS 

Recent studies of the dynamic upper yield stress for mild steel by 

Clark and wood(1)p(2) have shown that~ for constant stress conditions~ 

a stress greater tp~n the static upper yield stress can be sustained by 

the material for some time before yielding occurSc In their investigations 



the delay time, the time during which the material is subjected to the 

increased stress without yielding, is reported as a function of the 

stress. These tests indicate, as shown in Figo 5.1, that the log of the 

delay time is a linear function of the stress 0 In this section, an 

analytical statement of the criterion for yielding, based on these data, 

will be presented. 

In the criterion it is assumed that the condition of the material 

witn respect to general yielding can be described by a parameter ~ such 

that when ~~ ~ general yielding occurs and when ~ < ~~ the material is 
c 

essentially elastic. The parameter q:> is assumed to be related to ins tan-

taneous excess stress, 50, which is the applied stress minus the static 

upper yield point, by 

where a = the static upper yield point of approximately 40 ksio 
y 

0-0 = the excess stress = 500 
y 

Thus it is assumed that the time rate of change ofq:> is some unknown 

function of the excess stress ratio zo 

From the test results reported by Clark and Wood, the function 

(1) 

f{z) can. be determined 0 For the constant stress condition, we have the 

relation Z = Z , where z is the stress ratio of the applied stress, m m 

and Eqc (1) becomes~ 



If the time is measured so that when t = 0, ~ = 0, then, from Eq. (2), 

~ = fez )t 
m 

When the time equals the delay time t d, ~ equals ~c and general yield­

ing occurs. Therefore fez) is, from Eq. (3), 

From the Clark and Wood test results the relationship between the 

delay time and the stress is 

where C1 = 40,000 psi 
y 

k = 12.28 

so that the function f(z) can be written as 

fez) = ~ c 
kz e (4) 

From (4) the general expression for the criterion of yielding is 

where.z = Z(T) is the stress time history and yielding occurs when 

cp/~ = 1.0 .. c 

Because of the form of fez), analytical solutions for arbitrary 

loading conditions are difficult to obtain.. However, expressions for 

the change in ~ are readily obtained for conditions of constant stress 



5·5 

and constant strain-rate. Since the changes in ~ can be summed for 

intervals for which one of these conditions occur, it is possible to 

determine approximately when yielding occurs by replacing the given 

stress or strain-time relationship by a series of straight lines and 

summing, from the start of the loading, the changes in ~ for each 

interval 0 When the sum equals one, general yielding occurs 0 

For a constant stress test in wbich z = z , the value of ~ at any 
m 

time t is 

kz 
~=te m+ C 
CD 
'c 

where C is an arbitrary constant determined by the initial conditionso 

If the conditions are such that when t = 0, ~/~ = ~ /~ then c 0 c 

and the change in 

-kz 

<Po 
C =­

CPc 

ocp cp - ~ 0 
- = = te 
~c Cf.>c 

kz 
m 

However, since td = e m Eqo (6) can be written as 

For constant strain rate conditions, the loading is 

z(t) = z o 
€ 

+-t 
€ 
Y 



where z = the excess stress ratio at t = 0 
0 

€ = the strain rate in in. per in. per sec .. 

€ = the strain corresponding to the static upper yield stress. 
y 

The change in cp for this condition is, from (5), 

[ 
kz kzo ] 

e - e 

where z = the excess stress ratio at the end of the interval, 

= the stress ratio at the start of the interval and 

= cp/cp at the start of the interval. 
c 

5.3 DYNAMIC TEST OF SPECIMEN 46 D 3 I 7.5 

5.3.1 Introduction 

(8) 

This specimen was tested to determine when yielding occurred 

and to obtain information on the nature of the dynamic resistance after 

yielding. 

The specimen similar to the one shown in Fig. 5.2, was.a 

simply supported beam, with an effecti ve span of 80 in., formed from a 

3 I 7.5 section oriented in the strong direction with respect to the 

applied lateral load. The lateral load was applied by a 500 lb weight 

falling from a predetermined height and was measured by means of a 

dynamometer placed between the weight and the stub system at the center 

of the beam. The specimen was subjected to a series of loadings so that 

a variety of energy input conditions, as summarized in Table 5.1, could 

be studied. 
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5.,.2 Instrumentation 

In this test the applied load, the deflected shape, and the 

maximum fiber strain along the length of the beam were recorded as 

functions of time on magnetic oscillographs. A diagram of the load and 

strain-recording system is shown in Fig. 5.3. The load dynamometer was 

an axially-loaded aluminum tube in which the load was measured by means 

of an SR-4 strain indicating bridge located near the specimen end of the 

tube. The effective strain indicated by the bridge output was related 

to the load applied to the specimen by statically loading the dynamometero 

This procedure(6) has been shown to be satisfactory. 

The maximum fiber strains were measured at ten locations 

along the length of the beam. A majority of the measurements were made 

at sections close to the stub where yielding was initiated. At each 

location, two gages, one on the tension and the other on the compression 

flange, were connected into a single bridge circuit whose output was 

proportional to the flexural strain component. 

The deflected shape of the specimen was obtained by measur-

ing the deflection-time relationship at the midpoint, one quarter, and 

three eighths pOints of the beam. These deflections were measured with 

the slide wire gages shown in Fig. 5.4. Static calibrations indicate 

that these gages are satisfactory for these tests. The co~lete deflec-

tion recording system is shown schematically in Fig. 5.5. 

Since fifteen channels of records were made in this test an 

interlocking timing system was used to provide a consistent zero for 

the time scales. The interlocking system, shown in Fig. 5.6, was used 



also to provide the time scale. The timing signal of 400 cps was 

recorded by one galvanometer in each oscillograph and the interlock was 

provided by the switch driven at syncnronous speed which provided steps 

in the time trace. 

5.3.3 Test Procedure 

As was mentioned earlier, this specimen was subjected to a 

series of loadings obtained by dropping the 500 lb weight from various 

heights. For this beam all of the heights used should have produced 

measurable inelastic behavior. In performing the tests, the weight 

was raised to the desired height and the instruments checked. Before 

releasing the weight the oscillographs were started and recording contin­

ued throughout the initial loading and for several of the loadings caused 

by the rebounding of the weight. These later loadings, however, caused 

elastic response of the beam and any inelastic deformation was a result 

of the initial loado After the test, the final positions of the traces 

were recorded and the instrumentation checked. Calibration of the strain 

and load circuits were obtained by shunting the bridge arm with a 

known resistance. The deflection records were calibrated by changing 

the resistance of one of the arms of the bridge. The output of the 

bridge for the changes in resistance was related to the equivalent deflec­

tion during the static calibration of the gage. 

5.3.4 Test Results 

The load-time and deflection-time relationShips for the 

various heights of drop are shown in Figs. 507 and 5.8, respectively. 

The load-time relationship shows that as the height of drop increased 
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the length of the pulse and the amplitude increased. However~ for the 

last tesis p the 24 and 30 in. drops, the load amplitude did not change 

appreciably but the pulse length increased markedly. The deflection 

records indicate an increase in duration and an increase in the maxi­

mUm deflection with the height of drop. 

The strain-time relationships for the section 2.5 in. from 

the stub are shown in Fig. 5.9 for the various heights of drop. These 

traces indicate that when yieldingJ indicated by permanent set$ becomes 

general the character of the strain history is- changed. This is indi­

cated by comparing the traces for the 12 and 24 in. drops with the 

other traces. It should be noted that in the 6 ino droPJ yielding did 

not occur even though strains in excess of the static elastic limit 

yield strain existed for an appreciable time. 

In the lower part of Figo 509~ the strain-time relationship 

for various sections along the beam are shown for the 24 in. drop 0 

As before, the strain history at the section where yielding occurs are 

considerably different than that of the sections that remain elastic. 

The strains at the 6025 in. section, which just started to yield~ and 

the strains at greater distances from the stub indicate one of the 

features noted throughout the tests. Apparentlyp when general yielding 

occurs at a section, in this case the 205 and 3075 ino sections3 Fig. 509p 

there is a tendency for relaxation of the strains to occur in the elastic 

portions of the beam. Thus the 12059 20 and 30 ino sections strains 

indicate that the maximum strain occurred approximately 18 milliseconds 

after the start of the test while the 3075 ino section strain» which 



yielded appreciably, reached a maximum 50 milliseconds after the atart 

of the loading. At the 6.25 in. section, where yielding just started, 

the maximum strain occurred between these time limits. The maxi-

mum center deflection for this test occurred at about 47 milliseconds 

after the start of the test. 

Since rather complete information of the maximum fiber 

strains were obtained for this specimen the yield criterion, described 

previously, was used to determine the yield stresses at various locations 

along the beam. In Table 5.1 are summarized the results of this analysis. 

The dynamic yield stresses indicated are based on a static upper yield 

point of 40,000 psi. This summary shows that the dynamic yield stresses 

for this specimen were considerably greater than the static yield 

stress 0 In the case of the 24 and 30 in. heights of drop» the dynamic 

yield stress was equal to approximately the ultimate tensile strength 

as measured in a static tensile test of the material. 

The nature of the dynamic resistance after yielding is 

still unknown. However;J two' possibilities exist: the resistance is of 

the same form as the static resistance but corresponds to some higher 

stressj or, the dynamic resistance decays from the resistance at yield 

to some lower levelo 

In order to determine if the dynamic resistance could be 

similar to the static resistance» the response of the beam was computed 

assuming some resisting function and using the measured applied load. 

In these computations the beam was replaced by the single-degree-of­

freedom model shown in Figo 5.10. The elastic stiffness of the model 



was adjusted so that the period of the model and the beam were the same. 

After yielding the model was assumed to develop a resisting moment equal 

to the fully plastic moment of the beam section that corresponded to 

selected yield stresses. In deteimining the response of the model, the 

experimentally measured load was applied and the re'sponse computed 

using a step-by-step numerical integration procedure. The assumed 

resisting functions are shown in Fig. 5.11-a. In Fig. 5.l1-b the com-

puted responses are compared with the experimentally measured center 

deflection. These results indicate that the response is sensitive to 

the magnitude of the resistance as has been reported preViOu$ly(7). It 

should be noted that the relative magnitudes of the deflection for 

points where the velocity is small inthe.computed. response s· are not: 

similar to the relative magnitudes measured in the test. 

A second form of the resistance can be approximated by using 

the dynamic yield stresses determined previously and the deflection-time 

record. For the same single~degree-of-freedom model the new resisting 

function can be obtained as follows. The elastic range is the same as 

previously used. This range is terminated at the moment corresponding 

to the dynamic yield stress. A second point on the resisting function 

is , approximately, the point on a line through the measured permanent set 

of the center deflectionJ parallel to the elastic portion of the resist-

ance, where the deflection equals the maximum measured deflection. Two 

reSisting functions passing through this point are shown in Fig. 5~12a 

With these resistan'ces and the experimental load, the computed response 

of the model would be as shown in Figo 5.l2b~ This form of the reSisting 



functions seems to provide a better approximation to the response, parti-

cularly with reference to the relative magnitudes of the deflections. 

From this test, and in part from the previous tests, it has 

been found that mild steel beams can be subjected to considerable. excess 

stress without yieldingo This phenomenon of delayed yield results in the 

dynamic resistance at yielding being significantly higher than the static 

yield resistanceo The amount of increase appears to depend on the strain 

history of the material during the time in which it is subjected to the 

excess stress 0 

After yielding occurs, the dynamic resistance apparently 

decays and approaches a lower resistance which is somewhat higher than 

the static resistance 0 The nature of the resistance in this range is 

still uncertain and further work is required before the parameters which 

influenGe the resistance are quantitatively defined. 
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TABLE 501 

SUMMARY OF THE TEST RESULTS 

Center Minimum Fiber Stress At 
H Deflection Initiation of Yielding orO P! 

H ~ ttl 0 in. 
Q) 

rO~ ~ ] I 

1-1/4 in. 2 ... 1/2 in. 3-3/4 in. Q) 

~ {Q~CQ CH 0 
~ l2; :::>o,-I~ Od Q) Section Section Section 

..-f s:I~ 

~ ~~ 
~ '. ..-I 

~~ (1) § x cryd ° .. °yd H bOP! ~ 'yd 
A o,-I~ ..-f Q) 

°yd ~ P-t --- cr - 0 
~ cr cr y cr y 

y psi y psi y psi 

0 Calibration ~ 

1 500 3 0.59 0 Elastic Elastic Elastic 

2 500 3 0059 0 Elastic Elastic Elastic 

3 500 6 0084 0005 1058 63,200 Elastic Elastic 

4 500 6 0.81 0006 1058 63,200 Elastic Elastic 

5 500 12 1.34 0059 1068 61,200 Elastic Elastic 

6 500 12 1038 _GllD .... __ 1068 61,200 1051 60,400 1040 56,000 

1 Calibration ~ 

8 500 24 2.14 1038 Gage Out 1.16 10,400 1064 65,600 

9 500 3 2.15 1090 Gage Out Gage Out 1074 69,600 

(1) Ratio of the Dynami.c Stress At Initiation of Yield To the Static Upper 
Yield Stress for cr ~ 40,000 psi 

y 
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Fig. 5.2. Typical Test Specimen and Apparatus 



Calibrated 
resistors 

Hathaway MRCI8 Corder Hathaway SI4-C 

strain measuring oscillograph 

Bridge, supply 

5000 CPS 

regulated 

NOTE I 

system (modified) 

NOTE 2 

1 other similar 
bridges 

fill er 
(Hath. group 23 

system 
OC-2 each) 

Total of 7 cha'nnels of strain equipment used. (6 for strain measurements 
and I for load measurements). 

NOTE 2 
Standard 
channels 
0.01 0/0 

Hathaway MRC 18 unit mOdified ta reduce cross-talk between 
and to provide carrier supply oscillator with approximately 
regulat Ion. 

FIG.5.3 LOAD AND' STRAIN MEASURING CHANNELS 



Fig. 5.4. Slide Wire Deflection Gage 



Gage I 

Gage 2 

Gage 3 

NOTE I 
Connections to B. C, and 0 for calibration purposes. Nominal values: 
B= 0.5 II ; C= 2.0"; 0= 4.0". Precise values taken from gage calibration 

curves. "A" is the balance position at zero deflection. 

NOTE.. 2 
Recording galvanometers are Hathaway Type OC2 ,gf01JP 23 units used 
in Hathaway SI4-C magnetic oscillographs. 

FlG.5.5 DEFLECTION GAGE SYSTEM 



NOTE I 

400 CPS 

Hewlett 

Packard 

200BR 

Oscillator 

NOTE I 

120 VAC 
Synchronous Motor 

-~~ 
NOTE 2 

otter Inst. Co. 

Model 830 

Eput Meter 

G I and G 2 are Hathaway OC 2 group 23 gal vanometen . One galvanometer 

is located In each Hathaway S14- C oscillograph. 

NOTE 2 
Switch driven at synchronous speeds modulating the amplitude of the 
timing signal with steps every 0.02 min. and a step omitted once 
each 0.1 minute. 

FIG.5.6 TIMING AND RECORDING OF SYNCHRONIZING TRACES 
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