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ABSTRACT

The results of four phases of a study of the resistance of
structural steel frames and frame components are describgd in this
report. Three of the phases, the study of fuli-scale beamscolumns
laterally loaded in a principal direction, the model frame study, and
the study of obliquely loaded full—scale beam-colums, are concerned
with the inveétigation of static resistanée° The fourth phase is con-
gerned with the nature of dynamic resistance of beams. ‘The purpose of
this program is to obtain the structural parameters necessary to define
fﬁe resistance of buildings and building components to blast loading.

The static resistances, as measured in tests of the beam-
columns and frames; are compared with the resistances predicted using
the elasto-plastic theory and an extension of this theory to include
the effect of strain hardening. In all studies described the influence
of constant axial loads is discussed and technigques for including this
effect in the analysis are presented except for the case of the oblique
loading study.

The last section of this report describes the results of a
dynamic test of a simply-supported beam and the analytical studies
undertaken in cgnjunction with this test. A criterion for determining
the dynamic yield stress; based on available information on the delay
time for yielding, is described and applied to the data obtained in the
test. Two possible forms for the dynamic resistance of the beam after
yielding are discussed and a comparisén of the measured response with the

response predicted assuming these forms of the resistance is made.
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l. INTRODUCTION

1.1 INTRODUCTION

The object of this program is to obtain the parameters necessary
for the computation of blast effects on buildings and structures by
determining the load-deflection characteristics, under both static and
dynamic conditions, of steel structures and elements.

In this program the parameters and their relationship with one
another in the formulation of the resistance have been studied through
experimental investigations of the response of structural frame elements
to static and dynamic loads. In these studies the experimentally meas-
ured response, as revealed by the loadfdeflection and moment-curvature
relationships, has been compared with the predicted response based on
an elementary theory of plasticity. This comparison of the experimen-
tal and predicted response permits an estimate of the error that is
inherent in the theory, and helps to determineiother variables which
may be of importance but which have not been’included in the analysis.
This procedure has been satisfactory for the static loading conditions.
For dynamic'loading, a further approximation has been made in that the
actual structure, for the analysis only, has been replaced by a simple
single-degree-of-freedom model which, when loaded, exhibits the same
response as the load point of the actual structure. However, the
resistance of the model is to be correlated ﬁith the resistance predict-
ed by the elementary theory through the introduction of parameters which

indicate the time dependence of the resistance.
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1.2 SURVEY OF THE LITERATURE

The application of the procedure outlined above has been used fre-
quently in the past for the evaluation of static response parameters.
In Great Britain, extensive tests of beams and frames have been con-
ducted by Baker(l’2’5’h)*, Hbrne(5’6’7) and Neal(8). These tests
have included many model beams and several full scale portal frames.
In this country extensive experimental investigation of frames,.knee
comnections, and beam columns have been studied at Lehigh
University(9’lo’ll’lg’lB’lh’ls’lé’lT). Theée tests have indicated that
in many cases the response of structurés can be predicted satisfactori-
1y by means of the elasto-plastic theory of inelastic action which
neglects strain hardening of the material. The analytical aspects of
the inglastic behavior problem have been treated by the group at Brown

Univérsity(l8:l9,2o,21)

and many techniques for the analysis of struc-
tures and some general theorems'for certain classes ofiprobléms have
been obtained. Mofé recently, Lazard(ae) has published the results of
an extensive series of tests on beaﬁsvwhich include many variables
such as the influen;e of a geversal of the directionvof loading and
cyclic loading on the static response"of beams. A rather extensive
survey of the literature has been summarized by Steele, Liu, and
smitn(23), ”

Unfortunately, much of the past work on the static response

problem has been limited to the investigation of the response in the

Numbers in parenthesis refer to corresponding numbered entries in
the Bibliography at the end of this section. -
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initial phases of the inelastic deformation before strain hardening
occurred. In the recent portal frame tests by Baker(s’h) the influence
of strain hardening on the response of frames in which the columns were
oriented in the weak direction has been reported. 'These tests indicate
that when the columns are oriented in the strong direction the effects
of strain hardening are hidden by the development of lateral failures
of the columns. The studies'213:17) pave indicatea the importance of
the residual stresses and stress concentrations at the boundary in the
determination of the elastic limit and the response of the structures
for the early phases of the inelastic deformations.

When attention is turned from the static response problem to the
dynamic problem the amount of available informstion decréases and a
relatively unexplored field presents itself. The nature of the proper-
ties of materials for various conditions and rates of loading have been
of some interest for many years. Before 1940, limited investigations
of the effect of rate of loading and loading history on the stress-

(25,26)

strain relationship for mild steel were undertaken by Manjoine
and Davis(27) and have been summarized by N’adai(28)° Since l9h0,
further work on the stress-strain relationship for mild steel and other
materials has been done. Clark, Wéod and Vreeland(eg’Bo), using con-
stant stress tests, have shown that mild steel can sustain a stress
greater than the static upper yield point for some tims before general
yielding occurs. Stuart(5l) reports that the stress-strain relationship

for copper and similar materials, which exhibit a strain-rate effect,

requires some modification to account for the observation that a



1.k

transient pulse applied to the inelasticaily deformed material propa-
gates initially with the elastic velocity rather than the velocity
corresponding to the tangent modulus for the strained condition of the
material immediately before the pulse was applied. This strain-rate
phenomenon has been simulated in an analytical study by Malvern(32) for
longitudinal loading conditions.

For beam structures rather extensive literature is available on
the elastic response. In the case of the inelastic response much of
the literature deals with ideal rigid-plastic beams(3373*), A limitea
study of the response of semi-infinite beams for constant velocity

(35)

impact is available as a closed solution However, in the cases
which have been reported, the form of the resisting function has been
assumed and investigations similar to Malvern's, where time dependence

of the dynamic resistance is included, have yet to be undertaken for

the beam response problem.

1.3 SUMMARY

In this program, attention was first focused on the investigation
of the static response and the further study of those variables which
might be significant but which have been neglected in previous studies.
In this study, the specimen configuration, the applied load, and the
testing procedure have been selected to cover as wide a range of condi-
tions as possible while simulating the loads which might be applied to
an actual structure. In this way it was hoped that information on the
large deflection response, where strain hardening influences and the

failure conditions would be magnified, could be studied. The static
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program, which is described in the first three parts of this report,
can be subdivided into three phases: tests of beaﬁrcolumns oriented
in the principal directions with respect to the lateral load, tests of
beam-columns subjected to oblique loading, and tests of model frames.
The test specimens used in the full-scale beam-column tests simu-
lated an interior columm of & structure by replacing the floor system
framipg into the column by a stub system fastened to the beam. The
lateral load was applied to the beam through the stub. In half of
the tests the beam-column was subjected to a constant axiasl load equal
to approximately the AISC allowable load and a verying lateral load.
The beam-columns subjected to an oblique lateral load were similar'to
the spécimens tested in a principal direction except that, rather than
maintaining a constant direction of load application, the specimgn was
constrained to deflect in a preset direction. -
The model frame study was undertaken to determine if additional
variables other than those noted in the beam-column tests were signifi-
cant in determining the response of simple frames. In these tests,
column sectioné which were approximately one-quarter scale models of a
6 WF 25.0 sectioﬁ, were fabricated into two-column bents connected by
a rigid top girder. The frame formed from this bent was essentially an
ideal frame with fixed column bases. The lateral load, which varied
throughout the tests, was applied along the axis of the top girder. As
in the case of the full-scale bea.m-n:zol‘t;:rzms‘9 the frames were tested with
the columns oriented in both the strong and the weak directions with

respect to the applied load. In one half of the tests a constant axial
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thrust, equal to approximately the AISC design load was applied to the
columns.

From the static tests it has been found that, in addition to the
dependence of the resistance on the shape of .the section and the charac-
ter of the loading, as revealed by the elasto-plastic theory generslly
applied in limit analysis, the resistance or response depends on the
applied thrust, the possibility of strain hardening of the material,
the mode of failure of the structure, and the direction of the applied
lateral load with respect to the principal axes of the section.

The effect of the axial load is readily predicted by the elementary
theory if the influence of strain hardening is included and if failure
- In most of the weak
direction tests and some of the strong direction tests reported herein,
the axial load did not significantly affect the moment-curvature rela-
tionship and had to be included only as a primary force in the computa-
tion of the moments. The agreement between the test results and the
theory was best in the cases where bending about the weak axis of the
section occurred. Greater divergence occurred in the strong direction
tests where the specimens were subjected to lateral and twisting type
failures soon after the elastic limit was exceeded.

The influence of the strain hardening of the material on the
response was appreciable for most of the tests. In the model frame
studies strain hardening nearly doubled the load capacity of the struc-
tures while in the full-scale beam-column tests the increase was smaller

but was still significant. These differences in the contribution of



strain hardening to the load capacity was a result of the difference

in the restraints against failure. Fortunately, the effect of strain
hardening is readily incorporated in the theory for loading which
results in bending about a principal axis of the section. The increased
capacity'obtained by strain hardening, however, does not continue indef-
initely. In the weak direction tests, the increase in load provided by
strain hardening was gradually overcome by the local buckling of the
compression flanges. In the strong direction tests the increased capa-
city resulting from strain hardening was lessened by the development of
twisting and lateral types of failures.

In all of the tests performed on this program, the mode of failure
significantly influenced the static response. In the weak direction
tests, the primary failure was by local buckling of the compression
flange. For this direction of loading, the local buckling did not
destroy the symmetry of the section and the lateral stability of the
structure was not impaired so that the local buckling provided a limit
to the load capacity without causing large losses in the load capacity.

In the strong direction tests, two types of failure occurred: a
lateral buckling without local buckling, and local buckling followed by
a final failure due to lateral buckling. The only case in which lateral
buckling occurred alone was in the strong direction test of the 6 I 12.5
beam. The failure was rapid and severely limited the energy absorbing
capacity of the structure.

The most common type of failure in the strong direction tests was

by local buckling followed by lateral buckling. This type of failure
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is dependent on many variables such as the dimensions of the section,
the type of loading, the restraint conditions, intentional or accidental
eccentricities of the loading, and the orientation of the loading with
respect to the principal axes of the section. The lateral buckling and
twisting type failures were, for these tests, triggered by anti-symmetric
local buckling of the compression flange which was equivalent to an
inclination of the load to the principal axes. It has been found from
the oblique loading study that slight inclinations of the load from

the direction causing bending about the strong axis of the section
results in a rapid growth of the lateral deflection of the beam when
inelastic behavior develops.

In comparing the full-scale beam-column tests with model frames,
it was noted that the maximum deflection relative to the elastic limit
deflection was considerably larger in the frame tests. However, the
difference in the restraint conditions for the two types of tests can
account for this difference.

In the oblique loading study, the elasto-plastic theory of plastic-
ity has been extended to include tﬁe condition of simultaneous bending
about both principal axes. The theory in its present form, requires
that two relationships, the moment interaction and moment-curvature
relationships, be known for the solution for the load-deflection
relationship of the structure. The moment-interaction relationship
defines the position of the neutral axes for any given combination
of bending moments and the moment-curvature relationship relates the
applied moment to the local curvature of the section. This theory,

which at present includes the entire cross section, is too complex for
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application but can be used to evaluate the accuracy of approximate
analysis methods.

In order to check the theoretical study, two tests were performed:
one in which only a lateral load was applied and the second in which
lateral and axial loads were applied. In these tests the direction of
the deflection at the center of the beam was constrained to a fixed
line. Because of this constraint the direction of the applied loads
with respect to the principal axes of the beams changed throughout the
tests. The results indicate that the theory is' reasonably accurate:
the errors being the seme as those found in the principal direction
tests of full-scale beam-columns.

The second aspect of this program is concerned with & study of
the dynamic response of structures. In this report a summary of the
results of a test of @ 3 I 7.5 beam loaded with a pulse applied at mid-
span are described. These results are tentative and further work is
required. The analysis of the data obtained from this test has indicat-
ed that the dynamic resistance can be divided into three parts: the
initial elastic range, the initiation of inelastic behavior, and the
resistance after yield. The nature of the elastic resistance has been
studied thoroughly in many places and presents no great problem. The
second part, the initiation of yielding, requires the establishment of
some criterion for determining when yielding occurs. This problem has
been approached by formulating a criterion, based on the results 6f
tests by Clark and Wood, which permits other than constant stress condi-

tions to be considered. One finds that, for the beam test, the dynamic
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yield stress, as determined with this criterion, was approximately 1.75
times the static upper yield point of approximately 40,000 psi. From
this test it was also noted that the dynamic resistance, after yielding
occurred at the increased stress, decayed and reached & lower limit that
was somewhat greater than the static capacity. However, further work on

this problem is required before definite conclusions can be made

1.4 CONCLUSIONS

This program has indicated that the static response of steel frames
and frame elements can be predicted with a theory that is similar to the
elasto-plastic theory but which includes the effect of strain hardening
of the material. However, the tests have also indicated that the mode
of failure can cause significant deviations from the predicted response
even though strain hardening has been included. For nearly all of the
tests the experimentally determined capacity weas 5etween that predicted
by the elasto-plastic theory as & lower bound and that predicted by a
theory that includes strain hardening as an upper bound. In the weak .
direction of loading, although failures generally occurred by local
buckling and the load capacity was restricted, the response nevertheless
approached the upper bound. In the strong direction tests, however, the
fajilures by lateral buckling caused significant deviations from the
upper bound predictions and, in many cases, the elasto-plastic theory,
which neglects strain hardening, provided the best predictions. How-
ever, the deviation depends on many factors such as the restraint condi-

tions which are not incorporated in the theories at this time.
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In the application of these theories for the prediction of response,
the effect of the axial load must be inecluded. In the weak direcﬁion
tests, the thrust had only a small effect on the moment-curvature
relationship and had to be included only in the computation of the
applied moments. In the strong direction tests, the thrust had to be
included in the computations of the bending moments and of the curvatures
corresponding to these moments.

The dynamic tests of the beam specimens have indicated that the
resistance to dynamic loads differs significantly from the static resist-
ance. The change in resistance noted occurs because of an increase in
the yield stress of the material. This increase is, at first, a result
of the delayed yield phenomenon which extends the elastic range of the
response. After yielding occurs the resistance decays to a level that
is greater than the static resistance. For the beam specimens, the dyna-
mic resistance was from 100 to 50 per cent greater than the static
resistance and consequently the defiéctions obtained in the tests were
considerably less than expected on the basis of predictions made assuming
the dynamic resistance to be the same as the static resistance.

Until the nature of the dynamic resistance after yielding is more
completely defined the significance of the increased léad capacity in
the blast loading problem is subject to question. However, these
results indicate that the structure's resistance can be nearly doubled
for an appreciable range of deformations. In all likelihood, an increase
in capacity will accompany loading that results in continuing deformation

of the structure. If the loading is such that the structure comes to
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rest during the loading, the resistance probably decays to the static
resistance during the periods of low or zero velocity. However, if

the motion redevelops after a period of rest, the resistance probably
increases as the velocity increases. Thus for long duration loadings,
where rest periods may occur, the resistance of the structure can be
complex but can, on the average, be significantly larger than the static
resistance. Further studies of the mature of the dynamic resistance
after yielding are being made at this time and more quantitative infor-

mation should be available in the future.
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2. STATIC TESTS TO FAILURE OF STEEL BEAM-COLUMNS -

2.1 INTRODUCTION

2.1.1 Introductory Statement

The static response of a meﬁber subjected to both bending
and axial loads can best be described by its load-deflection relation-
ship. To predict the response of a member for both the elastic and
inelastic ranges, the relationship between the resisting moment of the
member and the curvature associated with that moment must be known. For
the elastic range, this relationship is linea: and is well knowgf In
the inelastic range, the relationship between moment and curvature at
any section depends upon the magnitude of the axial load, the properties
of the cross section of the member, and the degree of inelastic action.
Until recently, the direct determination of the moment-curvature rela-
tionship for a beam-column loaded inelastically was feasible only for a
rectangular section. It was felt therefore that the development bf a
procedure for the determination of the moment-curvature relationship for
wide flange beam-columns would be of considerable value.

The mein objectives of this studvaere: first, to develop
a method by which the moment-curvatﬁre,relationship for a wide-flange
beam-column could be obtained; second, to ascertain, both experimentally
and analytically, the effect of an axial load on the response of certain
wide-flange beam-columns; and third, to make comparisons between the
predicted responses and those derived from the tests. The procedure

developed for obtaining the desired moment-curvature relationship makes
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use of two expressions which relate the thrust and the resisting moment
to the curvature for various degrees of inelastic action. However,
although the approach described herein was developed independently, a
similar approach has recently been published by Lehigh Universityo(l)*
The experimental phase of the study consisted of twelve
tests using three sizes of standard rolled section - 6 B 15.5, 4 M 13.0,
and 6 I 12.5. All of the members were tested in the as-rolled condi-
tion as pin-ended members. A single concentrated load was applied at
mid-span, in each case, through a welded comnection detail. Six of the
beam-columns were tested with a constantly applied axial thrust and
their companion members were tested as simply supported beams. In all
cases, the tests were carried either to the limit of the testing appar-
atus or to the point of collapse, whichever occurred first. The magni-
tude of the axial loads to which the beam-column members were subjected
was approximately the allowable loads which the current AISC Specifica-

tions(e) permit for axially loaded members.

2.,1.2 Summary of Results

From the experimental and analytical investigations, the
influence of the axial load on the beam-column is realized in two ways:
first, the thrust reduces the moment-carrying capacity of the member, the
reduction depending upon the shape of the cross section and on the magni-
tude of the axial load; and second, the axial load causes a drop-off in

the lateral load soon after the peak load is reached. Agreement between

Numbers in parentheses refer to correspondingly numbered entries in
the Bibliography at the end of this section.
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the moment-strain, i.e.; the moment-curvature, relationships determined
by test and theory is, in most cases, reasonable. These results are
shown in Figs. 2.22 to 2.27. A major deviation between test and theory
occurs during the early stages of the inelastic action. This deviation
is evidenced by yielding of the test members at loads approximately

15 percent lower than predicted by the elementary theory of plasticity.
It is believed that this reduction in the yield load of the test
members resulted from the presence of residual stresses and stress con-
centrations arising from the welded comnection detail at the center load
point.

Load-deflection relationships were derived from the theocret-
ical moment-strain relationships for each of the sections tested. The
deflections corresponding to particular loa@s were obtained by numerical
integration(S) of the curvatures associated with these loads. Agreement
between the derived load-deflection relationships and those obtained
from the tests is fair. These results are shown in Figs. 2.28 to 2.33.
In each case, the predicted deflection at a particular load is less
than the measured value for loads up to the peak of the curve. In the
drop-off portion of the load-deflection relationship, the predicted
relationship appears to give a reasonable approximation to the test
results. It should be noted, however, that this region of the curve
represents an unstable condition in the member and the determination
of theoretical points along this curve is impossible for purely static
conditions. For this reason, this portion of the load-deflection rela-

tionship was approximated by a curve passing through the peak locad and
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through the predicted collapse deflection. The collapse deflection was
chosen such that the thrust alone developed the fully plastic moment of
the member; any strain-hardening of the member was neglected. It is
interesting to note that only in specimen 4Y¥1S6 I did the actual collapse
deflection exceed the predicted value.

Lateral buckling failures occurred in specimens 41Sh M and
4156 I before the lateral load had dropped to zero. These failures
developed quite suddenly and resulted in a very sudden drop-off in the
applied load. Similar failures also developed in the members which were
loaded in the strong direction without axial load. However, in these
cases the failure was gradual and no appreciable decrease in the lateral
load capacity was noted. Two important observations can pe drawn from
these tests:

(1) For the magnitude of the axial loads and the span
length considered, strain-hardening could be neglected in the determina-
tion of the collapse deflection.

(2) For those members which were tested without axial load,
strain-hardening appeared to be of considerable importance in the mermber's
ability to sustain the load even after considerable lateral buckling had
taken place. |

A more detailed discussion of the results presented here is
given in the following sections. The presentation of test results in
dimensionless form is for convenience since the analytical study is

most easily expressed in this form.



2.1.% Notation

The following notation has been used in this report:

Cross-Sectional Constants

T

Loads

thickness of flange for wide-flange sections; average
flange thickness for rolled I sections

thickness of web

width of flange

distance between flanges

distance from centerline of section to extreme fiber
2c = total depth of section

depth of penetration of inelastically strained material
from the top fiber

depth of penetration of inelastically strained material
from the bottom fiber

total cross-sectional area
area of cross section which is elastically strained

area of cross section which is inelastically strained in
the same sense as the axial thrust

area of cross section which is inelastically strained in
the opposite sense of the axial load

the first moment of Ae about the centerline

the first moment of Ai about the centerline

the first moment of Ag about the centerline

the moment of inertia of the cross section about the
centerline

the moment of inertia of A? about the centerline

applied axial thrust

2.5
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Stresses
g =
(o] =
e

Strains

[ =

€ =
e

3 =

2.2 ANALYTICAL STUDY OF THE EFFECT OF AXTAL LOAD ON THE RESPONSE OF

the axial thrust which would stress the entire cross
section to the yield stress

total bending moment on the section

the bending moment corresponding to the yield point of
the material with no thrust applied

the fully plastic resisting moment of the cross section
neglecting strain hardening

applied lateral load

applied lateral load which would initiate inelastic
behavior of the beam-column with no thrust applied

tensile or compressive stress on any fiber
yield stress of the material

modulus of elasticity

total strain on any fiber

component of the total strain resulting from bending of
the member

component df the total strain resulting from the axial
thrust on the member

yield strain of the material

total deflection at the center of the span

2.6

center of span deflection corresponding to the yield point

of the material

deflection at which collapse cf the member is impending

WIDE-FLANGE BEAMS

2.2.1 The Problem Defined
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The problem of determining the response of a member subject-
ed to both lateral and longitudinal forces resolves itself into the
determination of the following:

(1) The relationship between the axial thrust, T, and the
resisting moment, M, as a function of the extreme fiber étrains and of
the inelastically strained material. This relationship may be used to
determine the interaction between applied thrust and total resisting
moment for any constant fiber strain or any depth of inelastic action,(a)

(2) A relationship between the total resisting moment and
the flexural component of the fiber strain. This relationship is of
value in determining the load-deflection relationship for the member.

These two relationships are determined by the same equations.
Since the primary interest of this investigation is to determine the load-
deflection relationship for a beam-column, the moment-strain relationship,
i.e., the moment-curvature relationship, is of primary importance. Also
of interest is the effect of the axial thrust upon the moment-strain and

load-deflection relationships for various values of the applied thrust.

2.2.2 Assumptions Made In the Analysis

The analysis is based upon the elementary theory of plasticity.
The assumptions which were used in the analysis are:
a. The material is homogeneous and isctropic.

b. The loading process is always increasing and in the
same direction.

c. The stress-strain relationship for the material is
assumed to be independent of strain rate.
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d. The cross section is symmetrical about its centroidal
axis.

e. The Bernoulli-Navier hypothesis that the bending strain
is proportional to the distance from the neutral axis
can be extended to include inelastic deformations.

f. The stress-strain relationship is based on the relation-
ship determined during a static tension test of a coupon
of the material. In the following analysis this assump-
tion has been further simplified by assuming the material
to act as a perfect elasto-plastic material. The ideal-
ized stress-strain relationship used is shown in Fig. 2.2.
However, when necessary the stress-strain relationship
has been modified to include the effect of strain harden-
ing of the material.

2.2.3 Derivation of the General Equations for Combined Bending and
Axial Loads

The cross section used in this derivation together with an
arbitrary strain distribution across this section are shown in Fig. 2.1-A
and Fig. 2.1-B respectively. With this strain distribution and the
assumed stress-strain relationship of Fig. 2.2, the resulting stress dis-
tribution across the section will be as shown in Fig. 2.1-C. From the
assumed strain distribution it is quite obvious that a relationship
exists between the components of strain €3 and €e and the depths of ine-

lastic action, hl’ and h?' This relationship is useful in the derivation

of the moment-strain relationship and is presented here as:

€f/ee =T hl/Ei —hy/2¢ (1)

and

1-(1- hl/c)ef/ee (2)

oo
~
m
i
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When €4 + €, > €_and €5 - €, < - €, Eq. (1) may be used.

f

However, when € + €p > € and € a- S > - ee, no independent relation-
ship exists between €p and hl with the result that Eq. (2) must be used.
Since the moment, M, and the axial thrust, T, at a section are functions

of the stress on the section, it follows that:

+C -C+h2 c-h:L c
Y .
T-f qbdy--f o,bdy +E f (ed+-é-ef)bdy+f o, b dy
=-C -C -c+h2 c-bl
P P e ef e
=ce[A1-A2J+E[edA +(E;-)Q ] (3)

where T is positive if the thrust is compressive

+c -c+h2 c-h:L c
_ o | ¥
M-fcbydy_ f crebydy+Ef(ed+cef)bydy+f o, by dy
-c -c -c-i-h2 c-h1
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where M is positive if the top fiber is in compression. A more conveni-
ent form of these expressions results when Eq. (3) is divided by T =o0A

=

and Bq. (4) is divided by M, = O’eI/ c. The equations then become:

P AP € e € e
T T2 d, A £y Q
T - A + (€ )A + (E ) ch (5)
e e e
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These equations can be transformed into expressions involving
only by, hy, and €, by substituting Eq. (2) into Egs. (5) and (6).

The resulting expressions become:

T (Ai - Ag) + AS € o @ b, e

T, & +§[3§' '3—7’*_] 1)
el € [1® Boe

begfe-gie] Z[Ea- 2]

Before these expressions can be used to determine the M, €s
relationship for any value of T/Te’ the magnitude of h1 and h.2 must be
determined. Also, some criterion must be established which tells when

h, 2 0. The required criterion is to determine when €5 - € Z -€ since

if:
€. - €, < - ¢€ h > 0 and AP exists
d f e 2 2
€. -c.=-c¢ h =0and AL = O
d T e 2 2
) €, -€,> - € only P exists (9)
d il e Al
Of interest therefore is that combination of hl and ef for
which Ag exists. This condition is satisfied when ed - ef = '€e°

Substitution of Eq. (2) into this expression gives as the required

criterion:
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€
Eﬁ N (10)
e 1__hi

2¢

The value of h1 associated with this condition on h2 is here-
after referred to as the critical depth of penetration and the value of
axial thrust compatible with this limit on h2 is similarly referred to

as the critical thrust. The complete statement of the conditions is:

€
for Y < = only AP exists
€ hl 1
e 4 __1
2c
€r 1 P
for — = h., = O and A, is pending (11)
€ h1 2 2
e
1 - —=
c
€
T 1 P P .
for = > hl h.2 > 0 and Al and A2 exist.
e . __1
c

With Egs. (7), (8), and (11), the M/Me, ef/ee relationship can
be established. For hl/c less than the critical value, only one plastic
area exists and Eq. (7) can be used directly to relate ef/ee, hl/c, and
T/Te. For hl/c greater than the critical value, two plastic areas occur
and Eq. (1) must be introduced into Eq. (7) before h, and h, can be
related. When the relationship between hl and €p or h1 and h2 is known,

Eq. (8) can be solved for M.

The use of these equations for determining the moment-curvature

(k)

relationship is not difficult, for the rectangular cross section.
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However, the application of these expressions to a wide flange beam
becomes very involved 5ecause of the many éhanges in the section. For
a wide flange beam-column loaded in either its strong or weak direction,
seven expressions of‘the form of Eq. (7) and (8) are required to
relate completely T, M, ef,'hl, and h2 for all possible stress distribu-
tions across the section. For this reason, the direct determination
of the moment-strain reletionships for wide-flange sections becomes very
troublesome. The desired relationship between moment and the flexural
component of strain can be derived with the use of two auxiliary curves.
This procedure has recently been presented independently in
reference (1) and with the exception of a different nomenclature, the
method of attack presented here is similar to that of the reference. The
method makes use of the following relationships:
(1) The relationship between the axial thrust and the flexural
component of the strain for various values of hl and h2°
(2) The relationship between the total resisting moment and
the flexural component of the strain for various values of‘h1 and h2.
These relationships have been constructed for all of the sections
which were tested and are presented in Figs. 2.3 to 2.14. It should be
noted that all of these curves are based on idealized sections, i.e., the
wide flange and standard I sections have been reduced to a system of
three rectangles. This approximation of the shape of the cross section
is nearly exact in the case of a wide flange beam but only a rough

approximation in the case of a standard I section.
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The required equations for the determination of the above rela-
tionships have been summarized in Appendix 2.A. Each of the T/Te, ef/ee
relationships was first evaluated for the critical values of hl/c, In
the case of the strong direction of loading, it was observed that in
each case T/Te was restricted to rather small values for hl/c at the
critical value. Since any point to the right of this critical condi-
tion falls in a region where only one plastic area occurs, h.2 does not
exist and the relationship between T/Te and ef/ee is a simple linear
expression. Hence, in the case of the strong direction, the important
equation relating T/Te, ef/ee, and hl/c is case 2 given in Appendix 2.A.
This is true only as long as T/Te'is equal to or greater than approxi-
mately 0.2. For thrusts less than this value; the region where two
plastic areas exist will become more important and hence those equations
which contain both h1 and h2 must be used.

In the case of the weak direction of loading, inspection of the
T/Te, ef/e:e relationship for critical values of hl/c indicates that the
region where two plastic areas exist is of importance fér values of
thrust within the working range. Hence all of the equations presented
in Appendix 2.A for the weak direction of loading must be used.

With axial load-flexural strain curves it is possible to obtain
the desired moment-strain relationship for any value of the axial
thrust. The procedure to obtain one point on the moment-strain curve is
as follows:

(1) Determine the magnitude of ‘I'/Te acting on the member.

(2) For any depth of penetration, hl/c find the value of

ef/ee, compatible with the assumed value of thrust.
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(3) Enter the M/Me’ ef/ee relationships with this value of
ef/ee and obtain the value of M/Me corresponding to that assumed depth
of penetration.

These points plus the value of the resisting moment at the
fully plastic condition as given by the appropriate expression in
Appendix 2.A will completely define the desired moment-strain relation-
ship. The effect of axial load on this relationship is shown for the
4 M 13.0 section in Fig. 2.15. The fact that the tension flange becomes
plastic for only small values of axial load is quite clearly shown in
this figure.

2.2.4 Determination of the Load-Deflection Relationship

The load-deflection relationship is of primary importance
in describing the behavior of the member under load and to determine
the total energy-absorbing capacity'of that member. For the case of an
elastic beam subjected to fiexure only, this relationship may be deter-
mined by integration of the curvatures of the member along its length.
In this range theAcurvature is expressed as M/EI. When inelastic
action occurs within the member, the curvature is no longer a linear
function of the bending moment and hence this simple relationship does
not hold. For the case of combined flexure with axial load, the curva-
ture at any section along the member may be approximated by dividing
the flexural component of strain of that section by half the depth of
the member. This approximation is limited to small deflections; i.e.,

deflections which do not appreciably change the geometry of the member.
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With this restriction on the curvature, the conversion of the derived
moment-flexural strain relationships to moment-curvature relationships
for all values of axial thrust is vefy simple.

The load-deflection relationship is determined by the inte-
gration of the derived moment-curvature expressions. However, the curva-
ture is dependent upon the bending moment which in turn is dependent

(5)

upon the deflection. A numerical integration procedure may be used
in a problem of this type. A deflected shape is assumed and the total
resisting moments are then computed. The values of curvature corres-
ponding to these moments are then obtained from the derived moment-
curvature relationship. These curvatures are then integrated and a new
deflected shape is obtained. If the assumed deflected shape is correct
for the applied thrust on the member, the deflection values obtained will
be identical with those which were assumed. This method was applied to
the analytically derived moment-curvature relationships in order that a
comparison between the test and the derived values could be made. A

discussion of the results thus obtained is presented with the test

results.

2.5 DESCRIPTIOR OF SPECIMENS, TEST APPARATUS, AND INSTRUMENTATION

2.5.1 Test Specimens

Three rolled steel sections were used in the testing program.
The sections which were used are listed in Tablé 2.1, together with their
properties as given in the AISC Manual of Steel Construction.(g) Also,
listed in this table are the properties of each section as determined

from actual measurements of the test specimens. The essential features
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of each test are summarized in Table 2.2.

In the early phases of the test program two beams of 12 £t
span were used. These two tests were conducted on a 6 I 12.5 section
which was loaded about each of its principal axis. It was noted that
in the strong direction of loading for this section, failure by lateral
buckling occurred at a relatively low maximum fiber strain. For this
reason it was decided that a shorﬁer span length should be used for the
remainder of the program. Some consideration’was also given to the
matter of shear as related to the span length. It was felt that the
inclusion of the shear problem would complicate the study of the effect
of axial load on the response and it was decided that the specimen length
should be such that the sheér forces would not influence the results
apprecisbly. A span length of approximately 8 ft‘was used as a compromise
in order to achieve sufficient lateral stability and at the same time in
order that the shear stresses should not be excessive.

The beam-column specimens were fabricated in such a way that
they would simulate a single pin-connected column from a structural steel
frame. A stub beam secfion was fastened to the center portion of each
test column to simulate the effect which the floor or roof framing
system might have in an actual frame structure. This stub connection
detail was made as rigid as possible in order that full restraintvmight
be afforded to the column section at this center section. A detail of
this connection is shown in Fig. 2.16. Inspection of this figure shows
that the detail is more rigid than might be found in actual practice.

It was felt however, that the use of such a connection would insure that
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the desired inelastic response within the member would occur outside
the comnection detail. In addition, this connection afforded a rela-
tively simple means for applying the lateral load to the specimen.

For each of the sections tested, it was desirable to have
some information as to the mechanical properties of the section. Of
particular interest was the information regarding the distribution of
these mechanical properties through the cross section. To obtain
this information a 9 in. length of the section was removed from its
central position. Standard 0.5 to 0.25 in. tension coupons with a
2 in. gage length were sawed from these sections. The number of such
coupons used varied from nine to thirteen depending upon the size of
the cross section. Each of these coupons was tested statically and
their stress-strain curve for tensile loading was obtained. These
results are summarized in Table 2.3 where the average yield stress is
shown for various locations within the cross section.

The specimen designation which was used may be explained by '
considering a few of the specimens. For example, specimenvho S 6B refers
to a 6B section loaded statically in the strong direction, i.e., about
the x-x axis, with no axial load and has a haif span of approximately
4 ft. Specimen 41 S 6B refers to the same member loaded with axial
load. Specimens 4YO S 6B and 4Y1 S 6B refer to the same section loaded
in the weak direction, i.e., about the y-y axis.

2.3.2 Test Apparatus and Instrumentation

A complete description of the test apparatus and instrumen-

tation used in this study is given in reference (6). However a brief
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description is presented here for convenience.

Essentially, the apparatus consisted of the following
systems: +the lateral loading system, the center restraining system,
the end reaction system, and the axial loading system. The lateral
load was applied through a tension Jjacking system mounted between a
hold-down point in the floor of the laboratory and the bottom stub
beam of the specimen. This arrangement is shown in Fig. 2.17. The
applied lateral load was measured by dynamometers located in the hanger
rods which suspended the end reaction systems from the testing frame.
A detail of the end reaction system is shown in Fig. 2.18. This end
reaction system was chosen because it provided a minimum of constraint
to the ends of the specimen and therefore allowed the beam-columns to
act as pin;ended nmenmbers .

An A-frame center support was used in order that no prema-
turé lateral buckling would occur. A detail of this frame assémbly is
shown in Fig. 2.19. The restraining system permitted the specimen to
move vertically downward by adding éestraining forces to the upper
stub beam through a rollér and guide assembly. The forces which were
introduced by this arrangement were of no consequence since the later-
ally applied load was.measured at the end reactions.

The axial load was applied through & system of two U-shaped
members connected by four tie rqu as shown in Figs. 2.20 and 2.21.
The axial load was spplied by a hydraulic jack placed between one end
reaction and its corresponding U beaﬁ, At the other end of the speci-

men the load was transferred directly from the U beam to the end reaction.
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In both cases the linkage between these U beams and the end reaction
plates was accomplished with knife edggs which permitted the specimen
to deflect in the direction of the lateral load. The axial load was
measured by four dynamometers, one located in each of the tie rods.

The major problem encountered in the axial loading system
was maintaining the applied thrust at a nearly constant magnitude. In
the first beam-column test, that of specimen 41S6 I 12.5, the applied
thrust was controlled by the indicated pressure in the hydraulic
system. It was found that this system was very insensitive and as a
result large fluctuations in the thrust occurred. This difficulty was
overcome by use of a null type system activated by the total output of
the four dynamometers. A complete description of this control system
can be found in reference (6).

Rather complete information regarding the deflected shape
‘of each specimen was obtained with the use of two deflection measuring
systems. The first of these systems made use of Ames dials which were
mounted on a beam connected to the lower stub. These dials were used to
measure the deflections relative to a line through the stub and approxi-
mately parallel to the undeformed axis of the beam-column. This system
afforded a fairly accurate ﬁeans for measuring the deflected shape of
the specimen when the deflections were small. For large deflections
and when the lateral movements of the specimen produced noticeable rota-
tion of the Ames dial system, a precision level was used to measure the
deflected shape of the specimen relative to the floor of the laboratory.

Strain messurements were made with SR-4 electrical strain
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gages of typesA-5 and A-T. These gages were mounted at four or five
sections along é;ch specimen such that the extreme fiber strains and
the strain distribution across the section could be determined. A
Baldwin-Southwark portable strain indicator was used to measure all
strains.

2.35.3 Testing Procedure

All of the specimens were tested in essentially the same
ﬁ;nner, Each test was controlled by the center deflection of the speci-
men. When a desired increment of deflection had been applied to the
specimen, the lateral loading was stopped and the load was allowed to
decrease slightly until the deflection of the specimen stopped. For
those tests which included an axial thrust, thevthrust was maintained at
a constant magnitude throughout the test. All of the specimens were
loaded until either the limit of the testing apparatus for sideward or
vertical deflections had been reached or until the lateral load capacity
had decreased to zero. In no case was & beam-column test carried past

the deformation which resulted in a drop-off of the»axial thrust on the

member .

2.4 RESULTS OF BEAM-COLUMN STUDY

2.4.1 Test Results

A summary of the more important test results is given in
Table 2.4. The failure conditions for all of the specimens are summariz-
ed in Table 2.5. Also included in this table are the ratios of collapse
to yield deflection which were observed for those members subjected to

axial thrusts. For the range of axial loads which were used in these
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tests, this ratio varied from approximately 6 to 13.

The experimentally determined moment-strain curves for the
sections which were tested are presented in Figs. 2.22 to 2.27. In
order that these results might be correlated with the theoretically
determined relationships, it was found convenient to reduce the test
curves to a dimensionless form. The yield values of moment and stréin,
in terms of which these results are expressed, are those values which
correspond to the specimens without axial load. With the experimental
results expressed in this form, direct comparison can be made between
the axially loaded and non-axially loaded specimens corresponding to a
particular cross section and orientation.

In order that direct'comparison between each pair of tests
could be made it was necessary to adjust, in some cases, the values of
yield moment and strain such that each pair of tests were expressed in
terms of a common yield stress. This adjustment had to be made for speci-
mens 4Y1sh M, 4186. I, and 4Y1S6 I shown in Figs. 2.23, 2.24, and 2.25
respectively. For specimen 4Y1Shk M, inspection of the coupon data
showed that the yield strength of its companion member, 4YOSL M, was
about 10 per cent higher. Hence, the values of Me and €,
were reduced by 10 per cent for the dimensionless moment-strain results
of 4YlShk M. Similar adjustments to the values of M, and €_ were made
for specimens 41S6 I and hY;S6 I. The values of M  and €_ which were
used to reduce the test results to their appropriate dimensionless
form are given in each figure.

In each of the tests it was observed that the moment-strain

relationship obtained for a section one inch from the stub beam indicated
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a much lower yield moment than was obtained at the 3 in. and 6 in.
sections. It is possible that this may have resulted from high stress
concentrations caused by the welded connection detail. It is interest-
ing to note,however, that this localized effect was overcome after suffi-
cient inelastic action had taken place. Figures 2.22 and 2.26 clearly
show that the reduced stiffness of the one inch section wasiovercome as
the members approached the fully plastié condition.

The experimentally determined load-deflection relationships
for each of the sections tested are shown in Figs. 2.28 to 2.33. These
figures clearly show the effect which the axial load had upon the
response of each member. For these specimens which were tested in the
strong direction without axisl load a limiting value of the lateral
load capacity was reached. Reference to Table 2.5 will show that in
each of the strong direction tests, final failure resulted'from lateral
buckling. This mode of failure did not occur, however, until after the
.fully plastic moment had been developed and the material was well into
the strain-hardening region of the stress-strain felationship. An
actual decrease in the lateral load for a strong direction test without
axial load was noticed only in specimen 60S6 I shown in Fig. 2.30.

This evidently resulted from the fact that the twelve foot span of the
member was too large for its small moﬁent of inertia about the weak
axis.

The load-deflection relationships obtained for the specimens
tested in the weak direction without axial load show a considerable

increase in load-carrying capacity above the fully plastic condition.
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The ability of these members to strain-harden and resist increasing
loads resulted from their large resistance to lateral buckling. A
reduction in load-carrying capacity for a weak direction test was
noted only for specimen 4YOS6 B shown in Fig. 2.3%. Local flange
buckling developed very early in the test and did not appear to
influence the response of the member until considerale strain-harden-
ing had been developed.

The effect of the axial load on the load-deflection rela-
tionships was to cause & decrease in the lateral load-carrying capacity
of each member. This drop-off in load occurred shortly after the fully
plastic moment had been reached in each case. Further deformation of
the member past this point resulted in an increased thrust moment and
if equilibrium was to be ﬁaintained, 8 decrease in the lateral load
was necessary. It should be pointed out that if the specimens had been
tested at constant load, the peak ioad on the load-deflection curve
would have corresponded to collapse of the member. However, since the
tests were run by increments of deflection and the load was applied
with a hydraulic jack; it was possible to obtain the drop-off portion
to the load-deflection relationship.

The members. which were tested in the strong direction with
axial load failed by lateral buckling with the exception of specimen
4156 B, Fig. 2.32. This specimen developed local flange buckling very
early in the test and although this locgl failure became quite severe
near thé end of the test there were no" signs of lateral buckling

present. The extent of the flange buckling for this specimen is shown
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in Fig. 2.34. The lateral buckling failures which developed in speci-
mens 41Sk M and 41S6 I, Figs. 2.28 and 2.30, respectively, caused a
very sudden decreased load-carrying capacity. However, these fallures
did not occur until after the peak value of the lateral load had beep
applied.

The effect of the axial load on those members which were
loaded in the weak direction is shown in Figs. 2.29, 2.31, and 2.33.
These curves show that the thrust caused a more rapid decrease in
lateral load capacity than was. evidenced in the strong direction tests.
This was effected by the decreased strength of the member for this
orientation which resulted in a large axial load moment component of
the total bending moment.

2.4.2 Comparison of Experimental and Analytical Studies

The analytically determined moment—strain relationships are
presented with the experimental results in Figs. 2.22 to 2.27. For the
most part, reasonable agreement was obtained between test and theory.
Major deviation between the test and analytical results occurs during
the early stages of inelastic action in each tesi;° In all of the
tests, this deviation from the theory is most noticeable for the
moment-strain relationships which were obtained from the gages mounted
one inch from the face of the stub. This deviation however becomes
less noticeable for the sections which were 3 in..and T in. from the
face of the stub. As was mentioned in the previous section, it is
possible that this deviation is a result of the presence of cooling

residual stresses and stress concentrations in the material. The
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effect of such stresses is to initiate yielding at a load which is lower
than that predicted from the stress-strain relationship as determined
from a tension'coupon.(7)

In comparing the test moment-strain relationships to those
derived from theory, some mention must be made regarding the tensile
properties of the members. Referring to Table 2.3, it is obvious that a
marked non-uniformity of yield strength existed for all of the 4M
section specimens. This very marked non-uniformity of the yield strength
may have resulted from severe cold rolling of the member during its manu-
facture. As a result, the stress-strain relationship obtained from these
specimens differed considerably from thatvwhich is normally associated
with A-T7 steel. The material exhibited & strain-hardening characteristic
immediately after the yield point had been reached. This then might
explain why the experimentally determined moment-strain curves for the
4M section fell above those predicted on the basis of a material having
a flat yield characteristic. In the case of specimen 41S 4 M, Fig. 2.22,
the depafture from theory for large valﬁes of strain was increased
further because of a drop-off in the applied axial load. Control of the
axial load for this test was maintained by the hydraulic pressure in the
jack which, as mentioned previously, afforded a rather poor regulation
of the thrust. The gradual decrease of the axial lqad amounted to 10
per cent of the initial axial load.

Some of the differences between the moment-strain relation-
ships, as derived by test and analysis, may be also attributed to the

manner in which the yield moments were taken. These values were taken



2.26

as the point of departure from the initial straight-line’portion of the
moment-strain relationship. Since this departure usually occurred at
different values of moment for the 1, 3, gnd 6 in. sections, the choice
of the yield moment, in each case, was quite uncertain. Realizing that
the value of Mé obtained from the 1 in. section was guite probably
reduced by local conditions, it was felt that a more reasonable approxi-
mation to the yield point might be obtained at the 3 or 6 in. sections.
For this reason, the values of yield moment reported for these tests
represent an average value obtained on the basis of measurements made
at sections 3 in. and 6 in. from the load. Because of the uncertainty
in the yield point, some of the test curves may be too low or too high
at the full plastic condition. This then may account for some of the
discrepancies encountered between the test and theorétical moment-strain
relationéhips.

With the exception of the 4M section specimens, the moments
obtained in the tests at the fully plastic condition usually fell below
those predicted on the basis of the tensile stress-strain properties of
the material. This discrepancy cannot be attributed to the presence of
residual stresses since at the fully plastic condition a fully developed
stress block exists within the member. It is possible that this reduc-
tion in moment capacity may have resulted from plastic flow of the mater-
ial. After the yield point load had been exceeded, a siight drop-off in
the lateral loed was noted after each increment of deflection had been
applied. The amount of this drop-off could not be determined with the

load measurement system which was used. The loads which were measured
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therefore correspond to values which were lower than the actual maximum
for any increment. This phenomenon of plastic flow, or time-dependent
yielding, was present in all of the tests.

An attempt was made to derive the load-deflection relation-
ship for specimen 4YO S 6B from the moment-strain relationship obtained
experimentally. The experimental moment-strain curve was first extended
to include the strain-hardening range of the stress-strain relationship
as determined from the tension coupons. The load-deflection relationship

(5)

which was derived, using the numerical integration procedure, is shown
in Fig. 2.35. Up to the fully plastic condition, which occurred at the
knee of the curve, the derived deflections were found to be smaller than
actually occurred at any particular load. This departure from the measur-
ed value; may be attributed to the fact that the moment-strain relation-
ship obtained from the 3 in. section was used in the computations, the
premature yielding which occurred at the 1 in. section was not consider-
ed and hence the computations are based on a beam which was stronger than
actually ex;i.sted° Had this effect been taken into account, closer
agreement would have resulted. It is interesting to note, however, that
good agreement was obtained past the fully plastic condition indicating
that the effect of the reduced stiffness of tﬁe 1-in. section had been
overcome. Agreement existed up to the point where local buckling of the
flanges finally reduced the load capacity of the member.

The load-deflection relationships were predicted for each of

the axially loaded test members on the basis of the derived moment-strain

relationships and the stress-strain properties for each member. These
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predicted load-deflection curves are presented together with their
corresponding experimental curves in Figs. 2.28 to 2.33. In each case,
with the exception of specimen UYLSh M, the derived values of deflection
are less than those which actually occurred for loads less than the
peak load. Again this may be attributed to the residual stresses and
stress concentrations which apparently influenced the response of the
test members. For all of the beam-columns studied, the error in the
predicted yield load varied from 14 per cent to 17 per cent on the high
side while the error in the predicted maximum load was as much as 25

per cent on the high side.

The peak value of the load on the derived load-deflection
relationship represents the limit at which the deflections may be deter-
mined. If a value of load larger than the peak value is assumed to be
acting, the value of deflection determiﬁed by the numerical procedure
will become larger and larger. This indicates that the total bending
moment on the member is greater than its fully plastic resisting moment
and a state of instability exists.

An approximation of the deflection corresponding to the end
point of each test was obtained by dividing the fully plastic moment by
the value of the axial load. This approximation assumes that the mater-
ial has not strain-hardened and neglects any reduction in moment capa-
city as a result of either local or lateral buckling. This procedure
was applied to each of the beam-columns and the values of deflection
thus obtained are indicated as collapse deflections, Sc’ on the derived

load-deflection curves. An approximation to the drop-off poftion of
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the load-deflection relationship was then obtained by passing a curve
through the value of Sc and tangent to the peak value of load.:

Agreement between the predicted and the test curves is fair.
However, it should be noted that the best agreement exists for those
beam-columns which were tested in the weak direction. In the case of
the strong direction specimens rather poor agreement exists owing to
the fact that lateral buckling caused a sudden decrease in the lateral
load-carrying capacity. Of particular interest with regard to these
comparisons is the fact that the observed collapse deflection exceedéd
the predicted value in just one test. This would tend to indicate that
the neglect of strain-hardening from the determination of the collapse
deflection in the axislly loaded beam-columns was reasonable for the
cases studied.

Considerable departure of the derived load-deflection
relationship from the test curve was observed for specimen 4186 B,
Fig. 2.32. This departure may be attributed to the early flange buckl-
ing which developed in thé member. Near the peak load this buckling
became quite pronounced and apparently reduced the loéd-carrying capacity

of the member considerably.

2.5 SUMMARY AND CONCLUSIONS

The effect of an axial load on the static response of a member may
be realized in two ways. First, the addition of a thrust reduces the
moment-carrying capacity of the membér; second, this thrust reduces the
lateral load-carrying capacity of the member by directly adding to the ‘

bending moment at any section along the member. This reduction in the
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lateral load-carrying capacity is a function of the magnitude of the
axial load and the orientation of the specimen with respect to the
lateral load. _

The procedure used for the development of theoretical moment-
strain relationships for any value of axial load appears to check the
test results reasonably well. However, major discrepancies between test
and theory exist during the early stages of the inelastic deformation.
These differences result from premature yielding of the test members
caused by either the presence of residual stresses in the material or
local stress concentrations from the welded connection detail. No infor-
mation regarding the possible magnitude of such stresses is available
from thesé tests. The inclusion of residual stress in the determination
of theoretical moment-strain relationships has been done at Lehigh
University,(l) These findings indicate that closer agreement between
test and theory can be obtained if these stresses are known and are
included in the analysis. However, because of the uncertainty of the
effect of the welding operation on the member, it was felt that such
refinements to the analysis were unwarranted and were therefore not
considered.

With the theoretically determined moment-strain relationships
based on some value of axial thrust and an assumed or known yield
stress, it is possible to predict a load-deflection relationship for a
given member. In this study the deflections corresponding to arbitrari-
ly chosen lateral loads were computed by a numerical integration proced-

\
ure.(5} The load-deflection relationships thus derived could only be
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determined to the peak value of the lateral load. To obtain some
measure of the drop-off portion to the load-deflection curve, the
collapse deflection was approximated by dividing the fully plastic
moment by the value of the axial load. A curve passing through this
point and tangent at the peak load was used as an approximation to the
decay portion of the curve.

Agreement between the derived and experimental load-deflection
relationships is reasonable for those members which did not fail by
lateral bgckling. For those members which failed in this manner, a
very rapid decrease in the lateral load-carrying capacity and a marked
departure from the predicted curve resulted at the point of failure.
This is to be expected since there is no failure criterion in the
simple plastic theory upon which the derived results are based. This
is perhaps one of the more serious deficiencies of the theory and until
such time as these failure criterion are developed, a more exact proced-
ure for the determination of the load-deflection relationship is not
warranted.

The predicted collapse deflections exceeded the test values in
every test but one. For these tests, therefore, the neglect of strain-
hardening in the determination of the collapse deflection appears to be
reasonable. For the members which were loaded in the weak direction
without axial load, considerable increase in the lateral load-carrying
capacity above the fully plastic condition was observed. Evidently,
strain-hardening was of considerable importance in the response of these

members. In the case of the members which were loaded in the strong
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direction without axial load, the strain-hardening effect was not

observed by an increased load-carrying capacity of the member. Each of

these members buckled laterally with no appreciable reduction in the

lateral load-carrying capacity below the fully plastic condition. The

strain-hardening effect in these members evidently overcame any tendency

of the lateral load capacity to decrease as a result of the lateral

buckling failure.
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ATALYTICAL EXPRESSIONS FOR THE DETERMINATION OF THE
MOMENT-STRAIN REIATIONSHIPS
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TABLE 2.1

AVERAGE SECTION PROPERTIES

y
f4
[ ‘ ] *
b , C
e | Il i <
{ ' ] {
L‘“b '—""lf‘

Section Area Cc f b W IX Iy
M 13.0° | 3.71 | 2.00 | 0.370 | 3.85 | 0.263 | 10.18 | 3.52
LYY 13.0** 3.82 | 2.00 _— 3.94 | 0.250 | 10.4 3.4
61 12.5* 3,51 | 3.04 | 0.353 3.26 | 0.225 | 21.72 2.04
61 12.5° | 3.61 | 3.00 | 0.350 | 3.35 | 0.250 | 21.80 | 1.8
6B 15.5 | 4.89 | 3.04 | 0.291 | 6.05 | 0.251 | 32.9 | 10.6h4
6B 15.5 | 4.62 | 3.00 | 0.269 | 6.00 | 0.240 | 30.3 | 9.69

Measured Values

" .
Values Given In AISC Handbook




TABLE 2.2

COMPARISON OF BEAM-COLUMN SPECIMENS

Specimen | ‘biféction >_hSpan Connection* ,Akial**
Number of. Betw§en Detail Load
Bending Reactions ,
LoshiM 13.0 X=X 8 ft.-2 in. A none
biskM 13.0 x-X 8 ft.-2 in. A 17.3
LyoskM 13.0 y-y 8 ft.-2 in. B none
% LylskM 13.0 y-y 8 £t.-2 in. B 14.8
60S6I 12.5 X-X 12 £t.-2 in. A none
41861 12.5 X-X 8 ft.-2 in. A 10.9
6Y0S6I 12.5 y=y 12 fte:é in. B none
LyY1S6I 12.5 y-y 8 ft.-2 in. B 7.6
40S6B 15.5 X-X 8 ft,-amilﬁ° A none
L1S6B 15.5 X-X 8 ft.-2 in. A 13.5
LYOS6EB 15.5 y-y 8 ft.-2 in. B none
4Y1S6B 15.5 y-y 8 f£t.-2 in. B 9.0
*

Details of these connections are shown in Fig. 16.

Nominal axial stress in kips per sq. in. based on
the measured areas.




TABLE 2.3

SUMMARY OF TENSILE PROPERTIES DETERMINED FROM TENSION COUPONS
(Yield Stress Based on 0.2 Offset )

Specimen No. Tips of Flanges Center of Flanges | Junction of Flange and Center of
Av. of 4 Coupons Av. of 2 Coupons Web, Av. of 2 Coupons Web
 M15.0 Section
koM 15.0 57.1 42.6 67.5 6.0
o 130 p oy o o
LyosiM 13.0 56.2 61.9 70.9 62.0
Tismise | s P o &
| 6I 12.5 Section
60861 12.5 39.1 38.0 46.8 ho.7
41861 12.5 48.2 39.2 52.7 6.6
6Y0S6T 12.5 45.6 46.6 50.9 S
¥1S6I 12.5 47.8 | 39.3 50.3 46.5
| 6B 15.5 Section
4OSEB  15.5 37.0 35.3 39.3 42,0
| 41seB 15.5 37.8 36.7 37.1 43.0
ChyoseB 155 | 38.2 37.9 36.0 40.7
| 4Y1S6B 15.5 315 38.0 - ——-

All values given in kips per sq. in.




TABLE 2.4

SUMMARY OF TEST RESULTS

Specimen Number LoskM h1shM LyoshM hylshM 60S6I W1s6r
Yield load, Pg, kips 10.8 661 4. 40 1.30 7.06 8.73
Max. load, p, kips 15.8 8.23 8.29 2.31 9.4 13.9
Yield mom., M, in. kips 237.5 170 96.7 58.5 240 207
Mex. mom., M, in. kips 348 226 182 125 320 339
Yield defl. at center, 8, in. 0.6k 0.55 0-7T5 0.31 0.71 0.30
Max. center defl., 5, in. 4.55 3,24 9.10 2.11 Tk 2.4k
g, computed from M., ksi 46.7 50.7 52.8 45.8 3%.5 39.8
de(Av. of flange coupons), ksi 52.2 - 51.5 56.5 49.5 38.7. 5.2
€e corresponding to observed 1650 1200 1900 1050 1250 1030
Mgs; micro in. : ' ‘
Axial thrust, T, kips - L e —— 55 ------- 38.1
Stress resulting from 00| eeeceea- 17.3 | =cce—a- b8 | e 10.9
axial thrust, ksi
ATISC allow. column stress, | ==me=-- 12.8 | cmmeee- 12.8 | cermeee- 10.1
from handbook, ksi
T/Te based on o, of coupons | ==-m--- 0.30 | —mcaea- 0.32 | =cmee-- 0.2h




TABLE 2.4 (Cont'd)

SUMMARY OF TEST RESULTS

Specimen Number 6YO0S61L LY1861 40S6B 4156B 4YOS6B 4Y156B
Yield load, P, kips 1.59 1.00 4.5 9.4 5.91 5.1
Max. load, p, kips 2.85 1.57 19.4 11.2 10.5 7.0
Yield mom., Mg, in. kips Sk 36 320 200 130 - 112
Max. mom., M, in. kips 96.9 5.4 W27 28l 231 199
Yield defl. at center, &g, in. 1.85 0.47 0.29 0.20 0.33 0.30
Max. center defl., &; in. 1.k 2.51 2.97 2.37 5.82 5.92
0, computed from Mg, ksi 43,1 40.3 29.6 32.0 36.8. 40.5
0e (Av. of flange coupons), ksi 45.6 h2.5* 36,k 37k 38.1 58,0**
€ corresponding to observed 1684 1000 880 670 1155 960
Mg, micro in.
Axial thrust, T, kips ———— 26.8 | comeee- 66 | emmmee- N
Stress resulting from | eee--e- Teb | mmmmmaa 13.5 | ==----- 9.0
axial thrust, ksi
AISC allow. column stress, = | ==e-w=- 10.1 | ----e-- 15.2 e 15.2
from handbook, ksi
T/Te based on O of coupons | ==ece=- 0.16 | cccaa-- 0355 | —memme- 0.22

Based on AISC handbook value for Iy

Based on coupon strength of one flange only




TABLE 2.5

SUMMARY OF FAILURE CONDITIONS

* s
Specimen L c ,
Number 7 5; Mode of Failure

hoshM  13.0 -— ———— Lateral buckling
4ishMm  13.0 93 5.8 Lateral buckling

No failure observed within
kyoshM 15.0 | --- ==== | 'the limit of the apparatus
4Y1SWM 13.0 93 6.8 Lateral load drop to zero
60S6I 12.5 | --- —e=- | 'Lateral buckling
41861 12.5 122 8.1 Lateral buckling

No failure observed within
6Y0S6I 12.5 | --- ===~ | the limit of the apparatus
ky1s6I 12.5 122 5.3 Lateral load drop to zero

Localibucklihg followed by
hOS6B 15.5 o T lateral buckling

- Local buckling followed by

h1s6B  15.5 60 11.8 lateral load drop to zero

Local buckling. Test carried
KY0S6B  15.5 T T to limit of apparatus
4Y1S6B  15.5 €0 13.1 Local buckling followed by

lateral load drop to zero

These values are approximate in that a small end
restraining effect has been neglected; hence they
are conservative.
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Fig. 2.19. Center Restraining System




Fig. 2.20, Assembled Axial Load Apparatus

Fig. 2.21. Axial Load Jacking System
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Fig. 2.34. Extent of Flange Buckling for Specimen 41 S 6 B




3. MODEL STUDIES OF FRAMES SUBJECTED
TO STATIC LATERAL LOADS

5.1 INTRODUCTION

3.1l.1 Introductory Statement

In order to determine the large deflection response of
structures subjected to transient loadings, it is necessary to know the
resisting force characteristics of the structure well beyond the elastic
limit.

Much of the attention that has been given to the plastic
response of structures has been directed towards the analysis of struc-
tures assumed to be constructed of a material which has ng increase in
strength for strains greater than the yield point strain. Such studies
have provided information which is applicable to the early stages of the
plastic deformation of mild steel structures since ASTM A-T7 structural
steel is a material that generally has a long flat region in the stress
strain curve immediately following the elastic.portion. Ebwever, for
structures in which the maximum moment occurs along only an infinitesimal
portion of the member, and where the inelastic action is confined to a
short length of the beam, such as is the case in beams subjected to uni-
form and single concentrated loads, the deflection corresponding to
large maximum strains may be only 2 to 10 times the elastic limit deflec-
tion, depending on the shape of the cross-section and the loading condi-
tion. Thus, this assumption of the stress-strain relationship confines
the response study to a region where the structure's deflections cannot

become large in comparison to the elastic limit deflections. In this
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program the large deflection response of the structure is being studied.
Since the stress-strain relationship for mild steel does show an
increased capacity for strains greater than approximately 1 per cent,
strain-hardening can appreciably affect thg load-deflection response
and must be considered in the case of large plastic deformations.

The ébjective of this study is to compare the large deflec-
tion response of model beams and frames subjected to static loads with
the theoretical predictions of the response which can be made by using
the assumptions following:

1. The stress-strain relationship for tﬁe material of the
members may be obtained from standard tensile coupon specimens.

2. The strain distribution across the section is linear.

3. The curvatures are in accord with the usual small
deflection flexure theory.

3.1.2 Summary of the Investigation

To evaluate the validity of the theoretical moment-curvature
and load-deflection responses of the structures, model beams and frames
were tested. These models had an effective length of 15 in. and were
approximately 1/4% scale models of a 6 WF 25 section. The‘ércgram
included two series of tests, one in which the columns were oriented in
their weak direction of resistance and another series in the strong direc-
tion. In each series, two model beam-columns and two frames were tested.
In the model beam-column tests, no axial load was applied. One frame
specimen in each series had an axisl load, approximately 9 ksi; the other

had no axial load.



5.3

Reasonably good agreement was found between the theoretical
and observed moment-curvature relationships obtained in the beam-column
tests. Tests in the weak direction of resistance gave better agreement
between the theoretical and observed load-deflection response than did

tests in the strong direction of resistance.

3.2 TEST‘SPECIMENS
3.2.1 Material

All column members were machined from adjacent strips cut
from a 2 in. thick ASTM A-7(l)* steel plate. Before the column members
were machined, these strips were stress-relieved and annealed in order
to eliminate machining difficulties caused by warping from residual
stresses and to provide & more homogeneous material. The heat treat-
ment provided for a heating of the strips to 1560°F for three hours and
then cooling them in the furnace.

Tension coupons, 0.505 in. in diameter, were machined from
the cenfer of blocks cut from each end of the stress-relieved strips.
The average properties obtained from the stress-strain relationships of
the coupons for each of the columns fell into three groups. A summary
of the stress-strain relationships for these groups is shown in Figs.
3.1, 3.2, and 3.3.

The stress-strain curves show that the average yield strength
was 35.5 ksi for the group shown in Fig. 3.1, 34.7 ksi for those in

Fig. 3.2, and 37.5 ksi for those in Fig. 3.3. All coupcns began to

Numbers refer to entries in the Bibliography at the end of this section.



3.4

strain-harden at a strain that was lower than normal for A-T structural
steel. Several of the coupons showed aﬁ ultimate strength greater than
that specified for ASTM A-T7 steel. The average final elongation was

32 per cent which satisfies the ASTM A-T7 standards.

Although the properties of the test material were not
completely in accord with the requirements of ASTM Designation A-T, it
is believed that the variations in properties of the test material from
the properties of standard ASTM A-T sfeel has no effect on the applica-
bility of the theoretical procedures used in this study to the analysis
of structures constructed with A-7 steel. The stress-strain relation-
ships corresponding to the material of the particular structure must be
used in the theoretical analysis.

3.2.2 Column Sizes

The columns tested were 1/4 scale>models of a standard
6 WF 25(2) section except for the use of constant thickness flanges.
This modification was made to facilitate machining. In addition, for
some specimens the depth of the model was increased slightly (approxi-
mately 0.0l in.) in order to use the laboratory's existing machine tools
more efficiently.

The dimensions of the section are shown in Fig. 3.4. The
column specimens were made 17.5 in. long; however, the free length of
the members dﬁring the tests was only 15 in. The remaining 2.5 in.
was used in providing rigid end connections.

5.2.3 Bean-Column Specimens

Model 6 WF 25 sections with an effective length of 15 in.
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were used for two types of simple béamrcolumn specimens. Columns No. 1
and 7 were tested as simple beams subjected to two-point loadings which
produced a region of pure mom.eﬁt° Columns No. 4 and 6 were tested with
the load applied to the center of the beams. Columns No. 1 and 4 were
loaded in the weak direction of resistance while Columns No. 6 and 7
were loaded in the strong direction of resistance. In all tests the
loading blocks and end reaction blocks were made to fit into the

column section and were rigidly brazed to the specimens. Photographs
of Columns No. 1 and 4 in testing position are shown in Fig. 3.6.

3.2.4 Frame Specimens

The test frames were two legged, rigid bents whose dimensions
can be found in Fig° 3.5. The column members of the frames were ﬁodel
6 WF 25 sections while the top member of all frames was a 3 x 1—7/8 in.
rectangular steel bar. The stiffness of this top beam may be considered
infinite with respect to the column stiffness. Both the top and bottom
joints of the frame were made rigid by means of additional blocking which
was brazed around and into the column members at their end connections.
In order to insure a strong, rigid connection, welding was used for the
connections of the columns to the top beam invframe No. 3. These connec-
tions can be seen in Figs. 3.7 and 3.8.

The fabricationvof the frames was begun by brazing the
columns into recesses in the top beam to form a "U-shaped” structure.
After these joints cocled the frame was weldéd to the base plate with a
1/4 in. fillet weld to complete the fabrication. This sequence and

method of fabrication minimized the residual stresses, which would have
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developed during the cooling of the specimen, by permitting the move-
ments resulting from temperature differentials to occur before the ends
of the frame were rigidly attached. The heat produced by the welding
was small and, because of the 1-1/4 in. end blocks, was restricted to a
section away from the column.membefs for all specimens except frame

No. 3, where, for strength requirements the columns were welded directly
to the top beam. Consequently, for all sections except those of frame
No. 3, the properties of the material in the column section were, most

likely, not affected by the welding.

5.5 APPARATUS

3.3.1 Testing Apparatus

With the special jigs shown in Fig. 3.6, point loads were
applied to the beam-column specimens through steel balls. The ends of
the members were free to move inwards as the specimen deflected since
in these jigs the end supports were on rollers. In the center-load test
a ceﬁtef-roller guide system pro#ided restraint against rotation and
lateral displacement of the specimen. This restraint was provided to
insure that lateral buckling would not occur. For the two point load
test the special loading yoke shown in Fig. 3.6 was made to apply the
point loads through steel bal;s.

With the frame testing apparatus, shown in Figs. 3.9, 3.10,
and 3.11, it was possible to app;y lateral and axial loads in a constant
direction even after the frame had undergone large deflections. The
ball assemblies at the loading points permitted the movements necessary

to maintain the direction of loading constant. Springs were used to



apply the axial loads to the columns of the model frame while the lateral
load was applied with a hydraulic jack,v It was not necessary to provide
lateral restraint for the frames No. 1 and 2, with columns oriented in
the weak direction. Lateral restraint was provided for the frames with
columns oriented in the strong direction. This restraint system is

shown in Fig. 3.11.

3.3.2 Measuring Apparatus

Measurements of the deflections, strains, and loads were
obtained with mechanical dials, SR-4 type A-T strain gages, and electric-
al resistance type dynamometers respectively. The dynamometers were
calibrated weigﬁ bars on which SR-4 type AD-T strain gages were used to
measure the strains in the bar. Since these dynamometers had a high
sensitivity, about 2.3 1lb per micro-inch of indicated strain, it was
possible to determine and control accurately the loads applied to the
frame.

Strain gages were used on the beam-column specimens to obtain
curvature data for the moment-curvature relationship. Strain gages on
the model frame SPecimens provided curvature data from which the resist-
ing moments within the frame could be calculated with the aid of the

moment-curvature relationships found from the beam-column tests.

3.4 THEORETICAL RELATIONSHIPS USED IN THE ANALYSTS

3.4.1 Moment-Curvature Relationships in General
In this section the procedures which were used to determine

the moment-curvature relationships are described. For sections with or



without axial load the moment is defined by:

M= Jf y o dA
A

where:
A is the area of the cross-section of the member

dA is an element of area in the cross-section of the member

o] is the unit stress at this element of area
y is the distance from the neutral axis to the element
of area

Curvature is defined &s the angle‘change per unit length.
Therefore, with the assumption of linear strain distribution, the
curvature can be found by dividing the algebraic difference of extreme
fibér strains by the dep%h of the section. For the case of no axial
load this relationship becomes the extreme fiber strain divided by 1/2
the depth of the section.

3.4.2 Moment-Curvature Relationships for No Axial Load

To determine the moment at any section subjected to a given
curvature it is necessary to know how the stresé varies with strain.
The stress-strainurelgtionships for the materials used in this study can
be divided intq three groups. Average stress-strain curves which can be
seen in Figs. 3.1, 3.2, and 3.3, wgfe used tétdetermine the theoretical
moment-curvature relationships.

The calculation of the moment-curvature relationship was
begun by choos;ng a particular curvature. Stresses corresponding to the
strains resulting from this curvature were found from the average stress-

strain curves. These stresses were then integrated numerically to
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determine the moment for the particular curvature chosen. This proced-
ure was repeated to obtain other points on the moment-curvature curves.

3.4.3 Moment-Curvature Relationships for Axial Load

The average stress-strain curve shown in Fig. 3.1 was used
to develop a moment-curvature relationship for the column section
subjected to an axial load of 8.89 ksi and laterally loaded in the weak
direction of resistance. This curve was used to predict the theoretical
response of frame No. 2. Similarly, for frame No. 4, a moment-curvaturé
curve using the stress-strain curve shown in Fig. 3.3 was found for the
column section subjected to an axial load of 8?75 ksi and loaded in the
strong direction of resistance. In both cases the average stress-strain .
curves indicated that the material had a limited range of constant
_stress yielding before strain-hardening began.

Munz(B) hés presented equations which can be used to deter-
mine the moment-curvature relationship for I and wide-flange sections,
subjected to axial load; when strain-hardening of the material is neg-
lected. These equations were used to obtain the initial portions of the
moment-curvature relationship for bending in the weak direction of
resistance and are valid to a curvature of approximately 0.005 radians
per inch. After this curvature, strain-hardening began to influence
the moment-curvature relationship; consequently, the moment-curvature
relationship was determined by means of a numerical integration proced-
ure in which the actual average coupon stresé-strain curve was used.

To obtain one point on the moment-curvature curve, an

extreme fiber strain was chosen, and the strain at the other extreme
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fiber was allowed to vary until the desired value of axial load was
developed on the section. Then the moment and curvature were computed
for this strain distribution. This moment-curvature relationship for
the section in the weak direction of resistance with axial load was
found to be almost identical with the moment-curvature relationship for
the section with no axial load. The moment-curvaturé curve for the case
of axial load and bending in the strong direction of resistance was com-
puted entirely by the numerical procedure described above. This moment-
curvature cufve for axial load was found to differ slightly from that
for no axial load.

3.4.4 Load-Deflection Relationship

The analytical expression for curvature is:

a%y
curvature = i = dxe
TRT T 3
212
dy ]—
L@
where: R is the radius of curvature

X is the coordinate along the length of the beam

y is the deflecﬁion
If the quantity (dy/d.x)2 is small, the curvature is approximately
d2y'/d.x;2° When this approximation is made, the defiected shapé can be

found by solving the differential equation:

Wi+
&
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The curvature at any point along the length of the beam or
column was determined from the moment at that point by using the theoret-
ical moment-curvature curve. In the determination of the moments along
the specimen, account was taken of the change in the length of the moment
arm resulting from the deflection. The deflections were found directly
from the known moments and moment-curvature curve by the use of a numeri-

cal integration précedure.(h) This method was found to be quite rapid.

3.5 BEAM-COLUMN TESTS

With the assumption of linear strain distribution, curvatures were
calculated from strains measured at sections 1/2 in., 1 in., and 2 in.
from the loading stub of the beam-column specimens.- The relétionships
between these observed curvatures and moments is compared in Figs. 3.12
and 3%.13 vith‘theoretical relationships obtained from the average stress-
strain curves. Figure %.12 shows the results for the weak direction of
resistance; Fig. 3.13, the strohg direction.

The distribution of strains across a section will be‘affected by
discontinuities or restraints in or near the section. Therefore, the
readings of the strain gages close to the loading stub reflect the in-
fluence of the stub. In order to evaluate this influence on the
moment-curvature response;, beam-column No. 1 (weak direction of resist-
ance) and beam-column No. 7 (strong direction of resistance) were tested
as simple beams loaded at two points. Strains at sections approximately
2 in. from rigidly fixed loading blocks were measured within the region
of pure moment. The moment-curvature curves obtained from these strain
readings are in good accord with the theoretically predicted relation-

ships.
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The moment-curvature curves calculated from the strains measured
at sections 1 in. and 1/2 in. from the loading stub lie considerably
above the theoretical curves. This indicates that the relationship
was considerably influenced by the loading block. These deviations
from the theoretical moment-curvature relationship in regions near
boundaries were neglected. The neglect of the "stiffening" effect of
the loading stub on nearby sections of the specimen lowers the theoret-
ical load-deflection curve.

A theoretical load-deflection relationship determined for the
center loaded, simple beam-column No. 4 is compared in Fig. 3.1l4 with
the observed load—deflection curves. In this figure, two test curves
are seen because the test was performed by increments of deflection.

The load required to reach each new déflection is shown in Fig. 3.1k

as the high load. While the specimen was held at a particular deflec-
tion the load required to maintain this deflection decreased because

of a relaxation and redistribution of stress. In a few minutes the load
stabilized to a value which is shown as the d?op-off load.

The fact that the observed curve intersects and then lies below the
theoretical curve can be attributed to a large degree to the increase in
effective length caused by the failure of the brazing material at the
loading stub. This break in the bond allowed a local buckle to extend
into the region of the loading block which was intended to be rigidly
connected to the flanges. As a result of this break thé effective
length of the spécimen was increased 0.75 in. It is not known when the
failure at the loading stub first occurred, but it is known that it

occurred before a deflection of 1.k in,
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& _ deflection .= - approximately 50
5, = elastic limit deflection pproximately ou,

since at that deflection the bond failure was noted.

. For the center loaded, simple beam-column test loaded in the weak
direction the computed load and deflection at initial yielding, based
on a yield stress of 35.5 ksi, were 0.824 kips and 0.029 in., respedt-
ively. As yielding progressed, and if no sﬁrain—hardening were present,
the stress block would have approached a limiting value, a rectangle,
and the maximum load capacity would have approached only 1.5 times the
load at first yielding. However, because strain-hardening did occur,
the maximum load sustained by the beam was approximately 3.5 times the
yield load. Thus, it can be seen that strain-hardening had an important -
effect on the behavior of the specimen.

The load-deflection curve for column No. 6, a simple center loaded
beam-column tested in the strong direction of resistance, is cqmpared
in Fig. 3.15 to the theoretical load-deflection curve. The "stiffening"
effect of the loading stub caused the test curve to lie above the
theoretical curve immediately after the elastic limit was passed. At
large deflections, however, the buckling and twisting which the columns
experienced reduced the load capaciﬁy and the test curve then falls
below the theoretical curve. At a deflection of approximately 55 times
the eléstic limit deflection the buckling was so severe that the load
began to drop quite rapidly.

The computed load and deflection at initial yielding, based on a

yield stress of 34.7 ksi, were 2,438 kips and 0.027 in. respectively.
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The lateral load to caﬁse the fully plastic moment without consideration
of strain-hardening ié approximately 1l.13 times the elastic limit load.
Strain-hardening increased the maximum load sustained by the beém-cqlumn
to nearly 2.2 times the elastic limit load.

It was realized after the beam-column tests that the deflections
measured included a deformation of the loading system. The deformation
of the loading system was found to vary non-linearly from O to 0.020 in.
This deformation was erratic, and no corrections for it ﬁave béen nmade
in’the reported curves. The errors are not significant after large
deflections have occurred. They are, however, very important to the
elastic deflection measurements and the disagreement of the theoretical
and observed elastic limit deflections, even after shear deformations

are considered, may be attributed to these errors in measurements.

3.6 FRAME TESTS IN THE WEAK DIRECTION
3.6.1 Frame No. 1

The average stress-strain curve, shown in Fig. 3.1, was used
to determine the theoretical load-deflection response of frame No. 1.
The theoretical load-deflection relationship is compared in Fig. 3.16
to the observed load-deflection curve. In this figure the values of
Pe and Se are those for no axial loads. These curves show reasonably
good agreement between the theoretical and observed response. Since the
theoretical curve was computed neglecting the stiffening effect of the
rigid boundéries it is somewhat below the observed response. The final

deflected shape can be seen in Fig. 3.17.
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In this test axial loads were produced in the columns by the over-
turning effect of the lateral load. Tension was produced in the wind-
ward column, and compression in the leeward column. These axial loads
affected the moment-curvature relationship; however, since the axial
stresses were small, less than 3.5 ksi, their effect on the moment-
curvature relationship was small and has been neglected. As a result
of this simplification the curvature at any section became a function
only of the total moment.

Theoretically; as the deflections became large, the induced axial
loads should_have increased the percentage of the totai shear carried
by the windward column because the axial tension load in this column
produced a mbment that opposed the lateral shear moment. Since theoret-
icélly the end moments were approximately equal in both columns for the
same deflection, the shear was larger in the windward column. Iﬁ the
leeward column the axial load had the opposite effect; it reduced the
shear in this column. The net result was that the induced axial loads
changed only the distribution §f lateral resistance and did not signi-
ficantly affect the total resistance of the frame. To a émall extent
the axial loads did affect the moment-curvéture relationship and thus
the load—deflection response. If these effects had been included, the
theoretiéal lateral load resistance would have been reduced slightly.

With data from the strain gages placed at the third points of the
columns it was possible to determine the resisting forces within the
frame. The measured strains were used to determine curvatures;, and the

moments- corresponding to these curvatures were found from Fig. 3.12.
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Shears computed from these measured moments show that the percentage of
shear carried by the windward column was about 50 per cent of the total
in the elastic stage of the test, dropped to about 35 per cent in the
early plastic stage, aﬁd then began to rise. Although the shear distri-
bution to the windward column did not increase continuously from 50 per
cent as theoretically predicted, the theoretical load-deflection behavior
of the frame was in accord with the observed behavior.

The theoretical load-defléction response of frame No. 1 was found
by considering a cantilever beam of l/é the column height, loaded at
the end with a single concentrated force. When twice the load on this
beam,was plotted against twice the corresponding deflection, the load-
deflection curve for the frame was obtaineds The shortening of the
moment arm of the force, because of the deflections, was considered in
.the calculation of moments.

It is a?parent that this frame test and the center load beam-column
test are directly related. If the deflections of the beam-column are
doubled the load-deflection curve will be the same as that for this frame.
The results of this study are in good agreement with this fact. Conse-
quently, it appears that the behavior. of fhe frame with column oriented
in the weak direction of resistance can be determined in terms of the
‘behavior of a beam-column member.

3.6.2 Frame No. 2

The columns of frame Néo 2 were subjected to an axial load
of 4.03 kips; this corresponds to an axial stress of 8.89 ksi. During

the test the external load of 4.03 kips was kept constant and maintained
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in a vertical direction with the apparatus described in Section 3.5.1.
However, the total axial load in the columns actually varied somewhat
because the overturning effect of the lateral load produced additional
compressive stress in the leeward column. Since these induced axial
forces were small, the maximum being less than 0.7 kips, in comparison
with the external load of 4.03 kips, the theoretical moment—curvature‘
relationship was computed for 4.03 kips, neglecting the variations caus-
ed by the overturning effect. Even the 4.03 kips load had little effect
on the moment-curvature relationship for this section.

The load-deflection curves for this frame are shown in
Fig. 3.16. In the deflection calculations the mpment was assumed to be
linearly distributed along the columns. The linearizing of the distribu-
tion of the moment is an approximation because the axial load cont:ibu— |
tion to the total moment depends upon the deflected shape cof the columns.
However, after inelastic action had become extensive; the deflected
shape was approximately a straight line since the curvature was concen-
trated preddminately at the ends. For this reason, the deflections of
the frame calcuiated from the linear moment distribution were nearly
identical to those which would have been obtained if the actual deflected
shape of the columns were used in the computation of the moments. With
the above approximation it was possible to compute a load-deflection
curve for frame No. 2 by considering a cantilever beam, 1/2 the column
height in length,; loaded by a concentrated lateral force and an axial
force of 4.03 kips applied'at the end. The deflection of the frame i§

twice that of this beam for twice the lateral force.
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The lateral elastic limit load and deflection for the
sections used in the frame without axial loads were 0.824 kips and
0.058 in., respectively, based on a 35.5 kip yield stress. The maxi-
mum load was approximately 1.68 times the yie;d load, and the deflec-
tion at the maximum load was approximately 12 times the yield deflec-
tion.

If there were no strain-hardening, the maximum lateral
load would have been approximately 1l.l3 times the elastic limit lateral
load for the frame without axial load, since the contribution of the
axial loads to the moments is negligible for deflections in this range.
The maximum lateral force which was resisted by the axially-loaded frame
was increased by strain-hardening; however, the increase was much less
than that for frame No. 1, which carried no axial loads. This océurred
because, in order to.devélop the increased strength resulting from
strain-hardening, the frame had to resist additional moments resulting
from the large deflections and.axial loads. In a frame with axial load
the large deflections produce additional moment because of the corres-
ponding eccentricity of the axial load. For axial loads as great as
those in this test the amount of additional moment caused by the eccen-
tricity of the axial loads was nearly as great as the amount of increas-
ed strength resulting from strain-hardening; therefore, the maximum load
capacity did not increase greatly because of strain-hardening.

The strain-hardening was important, however; because it did
increase the energy absorbed by the frame before collapse; the observed

collapse deflection was approximately T3 times the yield deflection.
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By taking strain-hardening into account, one obtains a predicted
collaése defléction approximately 80 times the yield deflection. Had a
stress-strain relationship with no strain-hardening been used, the pre-
dicted deflection at collapse would have been only approximately 39
times the yield deflection. Thus, it is apparent that the energy-
absorbing capacity of the frame is greatly increased by strain-hardening
of the material. This fact is especiélly important in the consideration.
of loadings to cause total collapse of frames.

It is important to note also that, after the maximum lateral
resistance had been reached, the theoretical load-deflection response
was above the observed response. This suggests that a reduction of capa-
city, because of local buckling, may be accentuated by the axial load.

The final deflected shape of frame No. 2 can be seen in

Fig. 3.17.

5.7 FRAME TESTS IN THE STRONG DIRECTION
30Tl Frame No. 3

The average stress-strain curve shown in Fig. 3.3 was used
to determine the response of frame No. 3. The induced axial loads
resulting from the overturning effect of the lateral load varied from O
at the beginning of the tést to 4.1 kips at a deflection of 50 times
the yield deflection. Account was taken of the effect of these axial
loads on the moment-curvature relationships which were used to determine
the theoretical deflections.

Shear stresses were large, with & maximum of 30 ksi, in this

k)

test. -Eall( has determined the shear-detrusion curve for a specimen
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of ASTM A-T steel. With this information, the additional deflections
caused by shear deformations were considered. The load-deflection
relationships both with and without consideration of shear deformation
are compared in Fig. 3.18 to the observed responses. In this figure,
the values of Pe and Se are those for no axial loads. The comparison
shows‘that the observed loads are less than the theoretical loéd at

the same deflection. Since the stiffening effect of the boundary on
the moment-curvature relationships and the load-deflection relationship
was observed in the strong direction beam-column tests it can be expect-
ed that the observed response for this frame would also lie above the
theoretical relationship which did not take the stiffening into account.
This difference in behavior between the beam-columﬁ and corresponding
frame test was caused, to a great extent, by the difference in the
restraint against twisting and lateral buckling thét each type of test
provides. In the beam-column testing apparatus, the tension flanges
were held in line to prevent twisting and lateral buckling at points
T+-5 in. -apart while this distance was increased to 15 in. in the frame
specimens.

The drop in lateral load which occurred after a deflection
ofnﬁoitimes the yield deflection is attributed to twisting and local
buckling of the columns aggravated by a tearing of the flange material
at the edge of the heat-affected zcne of the welding. The picture of
the final deflected frame, in Fig. 3.19, éhows‘the buckling, twisting,

and rupture that occurred.
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3.7.2 Frame No. L

Frame No. 4 was similar to frame No. 3 with the exception
that all joints in frame No. 4 were brazed together. The stress-strain
relationships for the columns used in this frame are shown in Fig. 35.3.
Axial loads of 4.03 kips, or 8.T73 ksi, were applied to each of the
columns qf the frame in addition to the lateral load. The same lateral
restraining system that was described in Section 3.3.1 was used for this
frame.

The theoretical load-deflection of this frame is compared in
Fig. 3.18 to the observed load-deflectioﬁ relationship. The curves show
that the observed load is smaller than the theoretical load. However,
if the resistance of the frame-to lateral load is considered to be that
observed in the test of frame No. 3, the observed response of frame No. b
can be predicted quite accurately. Figure 3.20 shows this comparison.
Since frame No. 4 was coﬁpletely of brazed construction;, there was no
tearing of the flanges near the weld as there was in frame No. 3; this
accounts for the fact that the load capacity obtained from frame No. 3
decreases rapidly after deflections of approximately TO times the elas-
tic limit deflection. It is believed that the response would follow
the dashed line in Fig. 3.20 if the tearing had not occurred in frame
No. 3. By observing the load-deflection curves, it can be reasoned that
the effect of axial loads was to reduce the moment capacity of the
members of the frame only slightly. The same phenomenon was found in
the weak direction tests. As an approximation, the small reduction can
be neglected, and the effect of the axial loadé needs to be taken into

account only in the calculation of primary forces acting on the frame.
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Apparently the mode of failure of these frames was not
significantly changed by the addition of axial forces. If the mode of
failure for columns with and without axial loads is found to be the
same for all structural shapes, the problem of predicting the response
of axially-loaded sections can be reduced to a study of the.simple non-

axially-loaded case.

3.8 CONCLUSIONS

Good agreement between the theoretical and the observed load-
deflection and moment-curvature response was found for beam-column and
frame specimens tested in the weak direction of resistance. This agree-'
ment indicates that the assumptions listed in the Introductory Statement
are reasonable apfroximations when the short-time static response is
desired for laterally—loadéd frames tested in the weak direction.

The tests of columns oriented in the strong direction did not show
agreement as good as that found for the weak direction tests. The
observed load for these tests was considerably less than the thecretically
predicted loads for corresponding deflections. Figures 3.15 and 3.18 show a
comparison between the observed and theoretical response.

It was observed in both the strong and weak direction tests that
the mode of failure was nearly the same for frames with or without axial
loads on their columns. This is significaﬁt because if it is true for
the ordinary rolled sections, the action of axially-loaded members will
be known from a study of non-axially-loaded members.

There was no significant difference in the behavior of a centrally-

loaded beam-column specimen and a fixed-ended, laterally-loaded frame
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when the specimens were loaded in the weak direction of resistance.
There was, however, considerable difference between the responses found
for the strong direction specimens. It is believed that the cause of
this discrepancy lies in the differences in restraint provided against
buckling and twisting. Since the restraints in the beam-column tests
were higher than those for the corresponding frame, the resistance was
also greater.

The effect of straln-hardening on the response of the structures
was considered also in this study. Strain-hardening increased the
energy-absorbing capacity of all frames tested, Dby increasing the maxi-
mum lateral load and, in the case of the frames with high axial loads,
increasing the collapse deflection.

The collapse deflection for the weak directicon frame was predictéd
with considerable accuracy by considering strain-hardening.’ The load-
deflection response in the strong direction of resistance, however,
was not predicted as well as that in the weak direction since
twisting; combined with the local buckling occurred.

The load-deflection results show that the moment resistance for a
particular curvature was not appreciably affected by axial loads. The
observed load corresponding to a given deflection was found to Ee
slightly lower than that which would be predicted even when the effect
of the thrust on the moment-curvature relationship is taken into account.
Some of this discrepancy can be attributed to the assumption of linearly
distributed moments along the length of the column. The analysis, how-

ever, would be complicated considerably by the introduction of a
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refinement in the distribution of moments and it is thought that the

procedures outlined were sufficiently precise.
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4. STATIC OBLIQUE LOADING TESTS OF STEEL BEAM-COLUMNS

4,1 INTRODUCTION

The elastic load-deflection response of a member subjected to a
static lateral load not in the direction of a principal axis has been
treated in many references(h')*o Ho%every very little work has been
done on the inelastic response to a static oblique load, the major
sources being the theoretical and experimental results for rectangular
and triangular sections presented in a paper by H. A. Williams(S) and
a thesis by B. W, Anderson(l)o

- In the present report a method of analysis is presented for the

determination of the load-deflection response of rolled I or WF beams
subjected to obliquely applied lateral loads which result in inelastic
deformation. The prediction of the respéﬁSe is approached through thg
use of relationships between the moments about the principal axés for
specific neutral axis positions and moment-curvature relationships for
these neutral axis positions. The analysis is based on the following
assumptions:

(1) The stress-strain curve of the material can be represented
by two straight lines. which neglects the strain-hardening of mild steel.

(2) The strains are distributed linearly across the section.

(3) The effect of shear is negligible.

(4) The curvatures are in accord with the small deflection theory.

Numbers in parentheses refer %o correspondingly numbered entries in
the Bibliography at the end of this section. '



(5) The torsional moment can be neglected.

Since the analysis is cumbersome, an attempt was made to simplify
it by neglecting the web of the section. The results obtained using
this approximation differed considerably from the results obtained when
the web was included.

The experimental portion of the investigation consisted of two
tests of beams with an as-rolled 6 B 15.5 section. In order to simplify
the apparatus the specimens were restrained so that the deflection was
essentially in one direction, at 45 degrees to the principal axes. As
a result of this restraint condition the direction of lateral loading
changed throughout the tests.

One specimen was loaded only laterally and the other was loaded
both laterally and with a constant axial thrust of approximately 65 per
cent of the AISC allowable. The results cbtained from these two tests
are compared with the results obtained from tests of specimens loaded in
the strong and weak directions of resistance.

The experimental load-deflection relationship of the specimen with-
out axial load is compared with the theoretical curve. The difference
between the two curves is of the same magnitude as has been reported
elsewhere for members loaded in the strong and weak directions of resist-
ance. However, because the theory does not include strain~hardening of
the material, the analysis only covers 12 per cent of the total range of
deflections. For deflections greater than this, it is possible that
strain-hardening of the material will significantly affect the load-

deflection relationship. However, the development of local failures



4.3

will, in all likelihood, tend to reduce the influence of_the strain-
hardening and the response of the structure will be between that given
by the elasto-plastic theory, which neglects strain-hardening, and the
response obtained assuming strain-hardening of the material. This

problem is now being considered.

k.2 ANALYTICAL INVESTIGATION

4.,2.1 Introduction

The theoretical static load-deflection relationship or the
static response of cbliquely loaded I or WF beams in the inelastic range
has been obtained from a moment-curvature relationshj.po Since the de-
flection of the beam will, in all likelihood, have a compcnent perpendicu-
lar to the plane of loading, a torsional moment will exist, changing the
direction of loading with respect to fixed coordinates in the cross-section.
In thié ana;ysis, the torsional effect is neglected; comsequently, the
direction of loading is constant and only one moment-curvature relationship
is necéssary for any specific direction of loading.

In order to compute the magnitude of the deflection by numeri-
cal integration, the direction of the curvature must be known as well as
the moment-curvature relationship. For beams loaded in the principal
planes of the cross-section the direction of the deflection is known.

For an obliquely loaded beam in the elastic range, the direction cf the

deflection is related to the principal moments of inertia of the section |
and the direction of loading. In the inelastic range this relationship

may be determined by the moment interaction diagram which relates the

moments about the principal axes of a section, for various neutral axis
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where
Oy = the stress at the elastic limit
€, = the strain at the elastic limit
Vo = the distance from the neutral axis to where the elastic

limit strain occurs.
With this stress distribution the moments about the X and ¥
principal axes, assuming positive bending moments as shown in Fig. 4.1,

can be determined as follows:

or

-G
M = - ;[ —_ (y2 cosQ - Xy sing) da - -0 Yy aa
LA elvl|

o e AP

which can be written symbolically as:

1° CosQ 1° sing
M= Ge[> X! > + Qi] (2-a)

v v
o XA

In the same manner the moment about Y can be written:

FI;y cosQ If sing s ]
M =0 - + Q (2-b)
b € L Vel IVeI Qy J ‘ !
where

M. = the component of the resisting moment of the cross

X : : -
section about the X axis.
M = the component of the resisting moment of the cross

J section about the ¥ axis.
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the total area of the cross section.

A=
A.e = the area of the cross section strained elastically.
A.p = the area of the cross section strained inelastically.
I§ = the second moment of the elastic area about the X axis.
I; = the second moment of the elastic area about the Y axis.
I;y = the product of inertia of the elastic area.
\'2
Qi B J[ K da
A
Y
Q1;=,j' V% da
| v
A
b

For a section symmetrical about the X and Y axes these
equations have the following form:

For the elastic limit case:

e

M_ =0 I cos @ / vl
M =-0 I sin @ /|v
= -0y I /¥l

For the fully plastic case:

X
P
Ml;;:ce%r

The moment relations, in general form, are presented in
Appendix B for an idealized I or WF shape composed of three rectangular

elements.
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4.2.3 Moment Interaction Relationships

The moment interaction diagram obtained from the equations
in Appendix 4.B is shown in Fig. 4.3, in dimensionless form, for an
idealized 6 B 15.5 section. The moments about the X and Y axes are
divided by the elastic limit moment about the X axis (Mi) for which the
neutral axis is coincident with the X axis. By plotting the moment inter-
action diagram in this way, the lines of constant resultant applied
moment (Mr) take the form of circles or ellipses, depending upon the
scales, and are shown in the figure.

For a constant direction of loading, represented on the dia-
gram by a radial line from the origin, a; the angle between the direc-

tion of load the the Y axis, is given by

t oy
an o = E;

It i1s evident from the diagram that for a constant loading
direction the neutral axis rotates in the inelastic range and that for
small angles of loading, the rotation can become quite large. For
instance, if a cantilever 6 B 15.5 section is loaded at 10.6 deg and
the load is increased so that the maximum moment increases from the
elastic limit moment to the fully plastic moment. the neutral axis at
the fixed end rotates from 30 deg at the elastic limit moment to 50 deg
at the fully plastic moment.

4.2.4 Moment-Strain Relationships

As a consequence of computing the moment interaction curves;

the values for the moment-curvature relationship are alsoc obtained.
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The curvature is determined in a dimensionless form (v"/v;) and the
numerical values are identical with the dimensionless extreme fiber
strain values (e/ee). It isAmore convenient to use the dimensionless
strain values in the numerical integration procedure since the elastic
limit strain is a constant quantity whereas the elastic limit value of
curvature (v;) varies for each neutral axis position. With a suffi-
cient number of moment interaction and moment-strain curves for various
angles of tbe neutral axis, the moment-strain relationship can be con-
structed for a specific direction of loading.

The moment-strain relationship shown in Fig. 4.4t has been
plotted on the basis of total moment (Mr), in order to show the rela-
tionship for all neutral axis positions from O to 90 deg. However,
when a particular direction of loading is considered, the more practical
value to use is the dimensionless moment used in plotting the moment
interaction diagram. The moment-stfain curves for loads at 10.6 and
45 deg to the Y axis are shown in the figure. |

L,2.5 Deflections

From the moment-strain relationship corresponding to a
specific direction of loading, the deflections can be computed using
numerical integration. The neutral axis position for corresponding
moments may be found from the moment interaction relationship either
directly or by interpolation between curves. From the neufral axis
position the distance to the extreme fiber can be computed. The strains
for corresponding moments are found from the moment-strain relationship.

Assuming a linear distributionvof strain and small deflec-

tions the curvature takes the form:



em/vm‘; d2v/d.z2 = v" (3)
where
€ = the extreme fiber strain
Vo = the distance to the extreme fiber
z = the coordinate axis along the length of the beam.

The curvatures for the deflections in the direction of a
set of reference axes { and n rotated an angle B from the X and Y axes
respectively are related to the curvature of the neutral axis by the
following relationships: (See Fig. 4.5)

T = v cos (B-0)

" ()

t =+v" sin (B-o9) '
where 1" and g" are components of the curvature referred to the 7 and
{ reference axes. Using these relationships, the curvatures, slopes,
and deflections in the plane of the set of reference axes can be
computed.

The elastic limit deflection for a cantilever with a concen-

trated load at the end is found from the relationships: (See Fig. 4.6)

5 sin (B-9) 12 ee/5 v

e
g

e 2
5 cos (B-o) L ee/3 v

where

= the elastic limit deflection in the direction of the

e
°y
t coordinates.

) € - the elastic limit deflection in the direction of the
1 coordinates.
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When the elastic limit deflections are exceeded, the solu-
tion of the deflection Eqs. (4) are required to obtain the deflected
shape of the beam. The relationship of the deflection of a cantilever
6 B 15.5 section in the directions of the X and Y axes is shown in
Fig. 4.7 for loads at 10.6 and 45 deg to the Y axis. Since the strain-
hardening portion of the stress-strain curve for mild steel begins at
stréins in the order‘of 10 to 20 times the yield strain, an upper limit
of 20 €, is used as the maximum strain on the beam. This is done in
order to obtain the maximum possible deflection and still be within the
range of applicable values-of the stress-strain relationship for mild
steel. The moment at this value of strain differs from the fully
plagtic moment by something less than one per cent. Therefore, a
strain of 20 times th¢ elastic limit strain corresponding to the fully
plastic moment is used in calculating the "fully plastic deflection”.
In general, @ variesvalong the length of the beam when the elastic limit
is exceeded. waever,.since the rotation of the neutral axis is only
about plus or minus one deg for the load application at 45 deg, the
deflection relationship shown in the figure is nearly linear. For the
load application of 10.6 deg, a non-linear relationship exists between
the deflections in the X and Y directions because of the 20 deg change
in the direction of the neutral axis.

4.2.6 Simplified Analysis

Two attempts were made to simplify the analysis by assuming
the section to be made up of two rectangular flange plates. This elim-

inated all the terms in the equations shown in Appendix 4.B which
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involved the thickness of the web. The method materially reduced the
amount of work involved. However; the errors involved in determining
both the lecad and the deflection are larger than are desirable,.

In the first attempt to simplify the analysis, Case B, the
web of the 6 B 15.5 section was neglected. The moment interaction dia-
gram for this case is compared'in Fig. 4.8 with Case A, the section with
the web. The moments about the X and Y axes are divided by the elastic
limit moments about the X axis (Mi) for Case A. The error in the elastic
limit moments decreases from 1l per cent to less than one per cent as ¢
increases from O to 90 degrees. The error in the fully plastic moments
for @ from O to 75 deg is about 18 per cent and for 90 deg is less than
one per cent.

Case C, the second attempt to simplify the analysis, was
studied to eliminate the error in the elastic limit moments found in
Case B. This was accomplished by increasing the depth of the section
used in Case B so that the elastic limit moment about the X axié (Mi)
was the same as for Case A, the section with the veb° The effect of
increasing the depth is to rotate the moment relationships for constant
angles of the neutral axis toward the strong direction of resistance.
The elastic limit moments are approximately correct because of the
increased depth of the section. The errors in the fully plastic moments,
in this case, range from abo;t 1 to 13 per cent.v

The deflections in the directions of the X and Y axes for
loading directions of 10.6 and 45 deg are shown in Fig. 4.7 for the

three cases considered. The errors in the deflections range from
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20 to 32 per cent in the X direction and O to 21 per cent in the Y direc-
tion. The error in the resultant deflection, neglecting the fact that
they are in different directions, ranges from 18 to 23 per cent.

4.2.7 General Discussion

The deflections determined by the approximate methods are
smaller than those determined by the more exact method. This is a
result of the shorter length of the beam which is inelastically deformed.
For the 10.6 deg loading the inelastic length of the beam, when the fully
plastic moment exists, is 0.245L for Case B as compared to 0.323L for the
more exact method, Case A. The ratio of the length of the beam inelastic-
ally strained to the total length of a cantilever beam loaded at the free

end is given by:

LP/L =1 - M
where
vL = the length of the beam
Ib = the length of the beam strained inelastically
M° = the elastic limit moment

%

the maximum moment on the beam.

It was noticed in the moment interaction relationship that,
for a loading direction just slightly asymmetric to the strong direction
of resistance; the rotation of the neutral axis from the strong direc-
tion at the fully plastic condition could be as large as 42 deg instead
of at O deg as is usually assumed. The deflections'in the X and Y direc-

tions were computed for a loading direction of approximately 0.2 deg from
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the Y axis aﬁd are shown in Fig. 4.7. The deflection in the x direction
was found to be approximately 25 per cent of the deflection in the y
direction for the fully plastic condition which might possibly explain
the initiation of the lateral buckling and torsional type failures
which are common for members loaded in the strong direction of resist-

ance.

4.3 EXPERIMENTAL INVESTIGATION

k.3.1 Test Specimens

The test specimens simulated interior building columns pinned
at the base and fixed at the floor or roof framing members. The speci-
mens were each cut from a 10 ft length of a 6 B 15.5 section. After cut-
ting and removing a 9 in. length from the center for tension coupons,
the specimen was welded back together. A stub beam of a 10 WF 77 section,
Which‘simnlated the floor beams, was welded to,thé specimen at the center
line (Fig. 4.9) so that the longitudinal axis of the stub was 45 deg to
the principal axes of the specimen. Plates were welded betweeﬁ the
flanges of the specimen and the flanges of the stub so that the stub
became a continucus member through the specimen. Then the stub was stif-
fened with plates in the directions of the principal axes of the specimen
in order to simulate the stiffness of framing members in those directions.
The stub provided a convenient method for applying the lateral load to
the specimen and also for restraint against lateral movement. The ends
of the specimen were welded to end reaction plates. The specimens meas-
ured 43.5 in. from the center line of the end reactions to the face of
- the stub, and, therefore, had an effective span of 87 in. between end

reactions.
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4.,3.,2 Specimen Properties

The measured dimensional properties for the two specimens
are shown in Table 4.1 along with the values given in the AISC handbook.

Thirteen tension coupons from each specimen were tested in
a 120,000 1b hydraulic testing machine. The strains were recorded auto-
matically with a 2 in. gage length recording extensometer up to strains
of about one per cent, at which time the load was allowed to drop off
slightly and a "C" type extensometer, using SR-4 strain gages, was
used until the maximum load was reached.

It was necessary to idealize the stress-strain curve of the
material in order to obtain a stress-strain relationship that could be
used to compare the test results with the theoretical work. Therefore,
the yield stress was selected as that value of stress which corresponded
to a 0.2 per cent offset and the yield strain was selected as that
value of strain for'which a projection of the truly elastic portion of
the curve intersected tﬁ; selected yield stress. A stress-strain curve
for each specimen was derived from an average of all of the yield
stresses and strains selected in this way. The two ldealized relation-
ships for the specimens are shown in Figs. 4.10 and 4.11 with the
curves which show the maximum deviation ‘of these curves from the indivi-
dual stress-strain relationships.

4.3.3 Test Apparatus

The load was applied to the specimen through the stub by
means of a hydraulic tension jack. Since the jack had only a 6 in.

stroke, a frame was made by which the specimen could be held in place
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while the jack weas readjusted. In this way it was possible to continue
the deflection of the specimens beyond 6 in. This loading frame, shown
in Fig. 4.12, was anchored to the floor.

nbn either side of the loading frame, a 10 in. I section was
placed vertically to restrain the specimen. Rollers attached to the
stub above and below the specimen rode on a 1/2 in. round rod which had
been tack-welded to the flange of the restraining I section. The
restraining system may be seen in Figs. 4.13, 4.16, and 4.17.

The end reaction system was composed of three basic parts:
the vertical reaction system, horizontal reaction system, and the axial
load unit.

The vertical support for each end reaction assembly (see

Fig. 4.14) was provided by two vertical tenmsion rods. Knife edges and

seats provided the necessary freedom for rotation of the end reaction
assembly in a vertical plane.

Two horizontal rods connected above and below the specimen
by means of spherical bearings provided the horizontal support and
freedom for rotation in a horizontal plane. No provision was made for
torsional rotation of the specimen.

The axial load was applied through ball joints at each end
reaction plate by a hydraulic jack placed at one end of the specimen.
A "U" yoke at each end carried the axial load reaction to thé outside of
the end reaction plate where the yokes were tied together by tension
rods making the unit independent of the other reaction supports. The

weight of the axial load unit was supported by bearings on the end



k.16

reaction plate. The system was balanced on these supporting bearings
before the test so that the line of action of the axial load was at or
very near to the centroid of the section. An isometric detail of the
end reaction system is shown in Fig. 4.14. The reaction systems for
each end of the specimen are shown in Figs. 4.15 and 4.16, with and
without the axial load units in place.

The vertical and horizontal end reaction rods and the center
restraint were connected to a supporting four column, main test frame.
The entire test set-up may be seen in Fig. 4.17.

4.3.4 TInstrumentation

The lateral loads were measured with calibrated weight-bars
which were inserted as a part of the horizontal and vertical reaction
systems. Similarlj, the axial load was measured with weigh-bars includ-
ed in the tension rod system of the axial load unit. The weigh-bars
were calibrated tension rods in which the strains were measured by means
of electrical resistance type strain gages.

The extreme fiber strains in the test specimen were determin-
ed with SR-I type electrical resistance type strain gages at 1.5, 3, 6,
12, and 20 in. from the stub on the north side and at 6, 12, and 20 in.
stations on the scuth side. Specimen 4XYO S 6 B (without axial load)
was instrumented heavily at each station in order to have an approximate
measurement of the neutral axis position.

The vertical deflections were measured with mechanical dials
on each side of the stub at 3, 6, 9, 12, 20 and 43.5 in. from the stub.

It was necessary to offset these dials from the vertical because of the
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interference of the flange of the beam with the wire from the dial to
the centroid of the section. Horizontal deflections were measured at
the same sections as the vertical deflections for specimen 4XY0O S 6 B.
However, the error in these deflections was of the same order of magni-
tude as the actual deflection because of the vertical deflection of the
specimen. Therefore, for the specimen with axial load (hXYl S 6 B) the
horizontal deflection was measured only at the stub and end reactions.
The vertical deflection at the centerline of specimen 4XYO S 6 B was
measured with a mechanical dial on the stub.

4.3.5 Test Procedure

The latéral load was applied to the specimens in such a way
that the extreme fiber strains increased in increments of about 100
microin. for each increment of load, until the specimens showed signs of
inelastic action. When this occurred, the test was monitored by incre-
ments of deflection and the specimen was allowed to creep, thereby pro-
ducing a decrease in the load until the deflection became nearly steady
at which time the measurements were made. The greatest waiting period
amounted to less than about 5 min. The axial load on specimen 4XY1l S 6 B
was kept very nearly constant throughout the test.by means of a null
type system activated by the total output of the four weigh-bars. The
variation in the axial load from the initially applied load was only
plus 0.8 per cent and minus 1.2 per cent.

4.3.6 Method of Testing

The more obvious method of testing obliquely-loaded beams is

to apply a load in some constant direction. In the present tests, the
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applied lateral load changed direction in the inelastic range as a result
of restraining the stub section so that the deflection at the stub was
in a vertical direction and 45 deg to the principal axes of the specimen.
This made it possible to use a lateral loading unit that was stationary.
In the test without axial load, it was planned that the direc-
tion of curvature in the elastic range would be at 45 deg to the princibal
axes of the beam and the deflecticn would be vertical. In the inelastic
range, if the same neutral axis position existed at the stub, the deflec-
tion of the beam would not be vertical but would have some horizontal
component. Thus, in order for the deflection to be only vertical ét
the stub, the neutral axis at the stub would have to be rotated through
an angle greater tﬁaﬁ“h5 deg. Thus, the experimental moment interaction
curve would follow the theoretical curve for h5.deg neutral axis position
in the elastic range and, in the inelastic range,; the angle would be
slightly greater than 45 deg.

4.3.7 Test Results of Specimen 4XYO S 6 B

A small horizontal load was initially applied to specimen
4XYO S 6 B through the end reactions in order to counteract the horizontal
deflection produced by the weight of the specimen. This applied load was
not sufficient to take up all the slack in the horizontal reaction assembly
and a relaxation occurred which resulted in a rotation of the neutral axis
at tﬁe stub from the intended 45 deg to about 54 deg. This relaxation
continued throughout the test because of the continually increasing hori-
zontal loads and deflections at the stub resulting from the formation of

grooves in the rollers of the restraining system. The effect of the
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relaxation in the inelastic range is to rotate the moment interaction
relationship toward the relationship for a constant direction of loading.

From the dimensional properties of specimen 4XYO S 6 B, a
theoretical moment intersction relationship was obtained. The experiment-
al and theoretical relationships are compared in Fig. 4.18. The experi-
mentally determined moments about the X and Y axes are divided by M;, the
elastic limit moment about the X axis for ¢ = O degrees, Whiéh was comput-
ed from the dimensional properties of the section énd the average yield
stress of the tension coupons.

The experimental curve follows the theoretical relationship
for a 53%.6 deg neutral axis position and is nearly linear in the elastic
range. The small discrepancy near the elastic limit is probably caused
by the variation in the true stress-strain relationships from the one on
which the theoretical work is based. In order to satisfy the restraint
condition and the relaxation which occurred in the horizontal reactions,
the experimental curve in the plastic range deviates from the moment
relationship for a 53.6 deg neutral axis position and approaches the
theoretical relationship for a 56 deg neutral axis position.

Local buckling as observed visuelly began at about MX/M; = 0.80
and My/M; = 0.25. The effect of the local buckling condition was sufficieht
to overcome the effect of strain-hardening; thus the curve rotates toward
the moment relationship for the strong direction of resistance instead of
nearly radially outward as should be expected if only strain-hardening

had occurred.
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In Fig. 4.19 the observed moment-extreme fiber strain
relationships are compared with the theoretical curves. The experimen-
tally determined strains are divided by the average elastic limit
strain of the tension coupons. The moments about the X axis are used
rather fhan the resultant moments in order that there be a common basis
between the moment interaction and moment-strain relationships.

It is not possible to compare the theoretical and experi-
mental curves direétly since the neutral axis for the theoretical curves
has a fixed position whereas the experimental relationships dq not. If
the specimen were to respond according to the theory, the strains for
the 1.5 in. section should fall between the theoretical curves for the
52 and 56 deg. positions of the neutral axis for the range in which the
gages were in operation. The actual curves for this and the 3 in.
section show a considerably larger strain for corresponding moments
than the theory predicts; This phenomenon has been observed(2)(5) in
tests of beams in the strong énd weak directions of resistance and may
be attributed to residual stress and stress concentration.

The resultant lateral\load-vertical deflection relationship
for the specimen without axial load is shown in Fig. %4.20a. The elastic
limit and the theoretical fully plastic loads are noted. The maximum
load of 22.1 kips corresponding to a deflection of 7.56 in. is about
21 per ctent ‘greater +than the theoretical fully plastic load. The duc-
‘tility factor (s/ae} at the maximum load is 29. At the end of the ﬁest
where the ductility factor was 39 the lateral load‘had dropped off only

slightly. The deflected shape of the specimen at the end of the test

is shown in Fig. 4.21.
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The load at the fully plastic condition represents the maxi-
munm load which can be calculated from the theory without taking strain-
hardening into account. In Fig. 4.20b the load deflection curve for
this range is shdwn along with the curves computed from the theoretical
and observed moment-strain relationships. An extreme fiber strain of
20 €, was used in calculating the deflection corresponding to the fully
plastic moment. The experimental moment-strain relationship was extra-
polated slightly in order to calculate the deflection at the full&
plastic moment. |

The errors in the computed and the experimental curves at
the elastic limit are not too alarming in that the 24 per cent error
in deflection is of the same order of magnitude as has been noticed in
othér tests. The effect of the residual stress and stress concentra-
tion on the deflections can be seen by comparing the computed deflections
with the observed value for the fully plastic lpad; At this load, there
is virtually no difference between the deflection computed from the
actual moment-strain relationships and the observed deflection but the
deflection computed from the theoretical moment-strain curves is in
error by about 45 per cent.

It was possible to determine a torsional moment at the end
reactions because of the weigh-bar system used to measure the horizontal
and vertical loads. The torsional moments are shown in Fig. h.23vplotted
to the vertical deflection of the beam. No attempt is made to explain
these twisting moﬁents since it was impossible to trace them to their

source. It is felt that these moments are of major consequences in
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obligue loading of I or WF shapes and more work should be done on this

aspect of the problem.

4.3.8 Test Results Specimen 4X¥1 S 6 B

The 50 kip axial load applied to specimen 4XY1 S 6 B
resulted in a stress of approximately 10 kips per sq. in., which corres-
ponds to about 63 per cent of the ailowable AISC value.

The horizontal reactions were adjusted after the axial load
and a small lateral load had been applied so that the neutral axis posi-
tion in the elastic range would be approximately the same as for the
specimen without axial load. This procedure eliminated the initial
relaxation caused by the slack in the horizontal reactions which occur-
red in the test of the specimen without axial load, and since the maximum
horizontal load was only about 75 per cent of that for the specimen
without axial load the relaxation problem was never as severe.

The moment interaction relationship is shown in Fig. 4.2k
for the experimentally determined moments which include the lateral and
axial moments. The moments are divided by sz the elastic limit moment
for the strong direction of resistance without axial load on the section,
determined from the dimensional properties and the average yield stress
of the tension coupons. The theoretical moment interaction relationships
for the specimen without axial load are also shown in the figure.

The relationship of the moments along the length of the beam
are shown on the figure for varioué loads. The distribution of  the
moment along the length of the beam is very nearly linear up to the load

8t which the maximum resultant moment on the specimen is reached, at
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which point the web of the section is affected by local buckling and
the distribution becomes non-linear. At failure the specimen still
carried a horizontal load but the vertical load had dropéed to zero and
the specimen could not sustain the axial load.

The relationship between the moments about the X and Y axes
and the vertical deflections at the stub are shown in Fig. 4.25. The
contribution of the axial and lateral loads to the total moments about
the ¥ and Y axes are also shown in the figure. For comparison the
moments for the specimen without axial load are shmm‘.° There is virtu-
ally no difference in the total moment about the Y axis for the two
specimens. The total moments about the X axis are very nearly the same
up to a moment of approximately 350 kip in. At abput that moment the
specimens were both affected by local buckling. The local deforﬁation
reduced the rate of increase in the moment-carrying capacity of the
axiall&-loaded specimen much more than it did the specimen without
axial load.

The strains which contribute to lateral deflections
(flexural strains, ef) were determined from the average of the differ-
ence of the two extreme fiber strains. The moment-flexural strain
relationships, shown in Fig. 4.26, for the various sections using this
definition of flexural strain are similar to the curves for the speci-
men without axial load. Again the effect of residual stress and stress
concentrations on the relationships for the ;.5 and 3 in. sections are
evident. The moment-flexural strain relationships for specimen 4XY1 S 6 B

are compared in Fig. 4.26 with the theoretical relationships for
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specimen 4XYO Sb6 B. The experimental curves have been placed in dimen-
sionless form by dividing the strains by the average yield strain deter-
mined from the tension coupons and the moments about the X axis have
been divided by Mzo As in the specimen withput axial load, the moments
about the X axis have been used rather than the resultant moment in
order to have a common basis with the moment interaction diagram.

The resultant lateral load-vertical deflection relationship
for the axially-loaded specimen is compared in Fig. 4.27 with the rela-
tionship for the specimen without axial load. The maximum resultant
lateral load of 15.4 kips for specimen 4XY1 S 6 B is about 70O per cent
of the maximum resultant load of the specimen without axial load. The
ductility factor (s/ae) based on thé elastic limit deflection of the
specimen without axial load was 5.2 at the msximum lateral load or 18
per cent of the ductility factor at the meximum load for the specimen
without axial load. At failure, the specimen still carried a horizontal
load of 9.6 kips which amounté to 62 per cent of the maximum load on the
specimen. The deflection at failure could not be measured precisely
because the specimen was lifted from the kunife edge supports at one end.
However, the deflection was estimated at 6.03 in. which makes the
ductility factof about 23 at failure. The final deflected shape of the

specimen is shown in Fig. 4.28.

L.} SUMMARY
The objective of this report is to present an analysis which can
be used to determine the load-deflection response into the inelastic

range of structural I or WF shapes when subjected to obliquely applied
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lateral loads. The analysis is based upon an elasto-plastic stress-
strain relationship which does not take into account the additional
energy absorption capacity of a member caused by strain-hardening of
the material. Although experimental results were obtained for a beam
loaded with both lateral and axial loads; no analysis was developed to
handle this problem.

The load-deflection relationship cqmputed from the elasto-plastic
theory differs considerably from the experimental relationship. The
theoretical deflection at the elastic limit load is only about 80 per
cent of the corresponding experimental deflection, and; at the fully
plastic load, which is the maximum load which can be computed from the
elasto-plasﬁic theory, only 56 per cent of the experimental deflection
was obtained. Differences of these magnitudes have been reported else-
where and may be explained in pgrt by residual stress and alsc by the
way in which the yield strain was approximated in order to obtain an
elasto-plastic stress-strain relationship. However, when the deflec-
tion is computed from the observed moment-sfrain relationship the
deflection at the fully plastic load is in very good agreement with the
experimentally measured deflection. Before these differences can be
cbnsidered significant, the analysis Shoﬁld be extended to include the
effect of strain-hardening since only about 12 per cent of the experi-
mental deflection range can be determined with the present elasto-
plastic analysis. The theoretical response Qf the member may be entire-
ly satisfactory when the effect of strain-hardeningAis introduced even

though the initial range is somewhat in error.
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The 6 B 15.5 section was tested in both the strong and weak direc-
tions of resistance, with and without axial loads by R. J. Munz. The
results of these tests and the oblique loading tests are presented in
Table 4.2. The values have been adjusted for the average yield stress
of -the tension coupons determined on the basis of a 0.2 per cent offset
in order to place them on a common basis fof comparison. The yield
load and moments for the tests without‘axial load were determined from
the average yield stress. Since there wés very little non-linearity
in the oblique and weak directions of loading at these computed values,
they were considered satisfactory toc designate the beginning of inelas-
tic action. For the strong direction of resistance, these computed
yield values were far into the non-linear range of the test because of
the greater effect of local buckling; therefore, the yield values from
this test are based on the beginning of non-linearity as observed from
the moment-strain relationship.

The maximum value of load, moment and deflection are not comparable
to the theoretical values since the specimens were affected in different
ways by local buckling, strain-hardening and the_restraint conditions of
the tests. The local buckling had its greatest effect on the specimen
loaded in the strong direction of resistance since it resulted in
a final failure by lateral buckling. The obliquely loaded specimen was
prevented from failing laterally by the restraints provided by the verti-
cal and horizontal loads on the specimen thus making it possible for the

maximum load to exceed that of the strong direction of resistance test.
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The lateral load capacity of the specimens with axial load was
reduced appreciably from the load capacity when no axial thrust was
applied. The amount of thrust applied to the three specimens differed
considerably, making a comparison between them difficult. The specimen
loaded in the strong direction of resistance was affected more by local
buckling than the weak and oblique directions of loading tests. However,
the restraints applied to the cblique direction test make it possible
for the maximum values of that specimen to exceed those for the specimen
loaded in the strong direction of resistance.

One of the more important features of the analysis preséhted is the
insight that the moment interaction relationship gives into the behavior
‘which can be expected when an oblique load is applied to a member. If
the load is applied at a very small angle, for the 6 B 15.5 section less
than one degree +o0 the Y axis of the specimen it is possible with unsym-
metrical yielding conditions to build up a lateral deflection of consid-
erable magnitude. Another feature is the insight into the effect that
torsional moments, which may be caused by deflections perpendicular to
the direction of loading, can have on the direction of loading along the
length of the beam. Although the effect of torsional moments has been
neglected in the analysis it is felt that it is of major consequence and

more work should be done on this aspect of the problem.
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APPENDIX 4.A

The following notation is used in this report:

X Y Rectangular coordinate system in which X, and Y denote
the principal axes of a WF or I section.
U, v ‘Rectangular coordinate system of which the U axis is the
neutral axis. ‘ ‘
Es 1 Rectangular coordinate system used as a reference in
space.
A Coordinate axis along the length of the beam.

Q@ Angle between the X, Y and U; V coordinate systems.
B Angle between the X, Y and &, 7 coordinate systems.

a Angle between the Y axis and the applied load.

g Stress
O Yield Stress
€ Strain
€, Yield strain
€ Extreme fiber strain
€ Extreme fiber flexural strain
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2a
2b
2e

24
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Distance to the elastic limit strain line from the neutral
axis

Distance to the extreme fiber from the neutral axis
Distance to the elastic limit strain line along the X axis
Distance to the extreme fiber strain line along the X axis
Distance to the elastic limit strain line along the ¥ axis
Distance to the extreme fiber strain line along the Y axis
Curvature referred to the U and V coordinate system

Elastic limit curvature referred to the U and V coordinate
system

Curvatures referred to the £ and 1 coordinate system

Deflection in the direction of the axis indicated by the
subseript :

Elastic limit deflection in the direction ofithe axis indi-
cated by the subscript

Length of the beam

Length of the beam strained inelastically
Thickness of the web

Width of the section

Depth of the section

Distance between flanges

Area of the section

Area of the section subjected to elastic strains
Ares of the section subjécted to inelastic strains

Component of the applied concentrated load in the direction
of the axis indicated by the subscript

Applied concentrated load
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Blastic limit load
Pully plastic load

Moment of the applied load about the axis denoted by
the subscript

Elastic limit moment about the axis denoted by the sub-
script and for a neutral axis position indicated in the
following way:

e £
Yl p=s50® + Y| ¢=50°

When the neutral axis is coincident with a principal
axis, the notation is as follows:

e e
MX‘(;):OO_MX
e e
Ml =M
vy og=9°" "y

Fully plastic moment about the axis denoted by the sub-
script and for a geutral axis position indicated in the
same way as for M

Resultant moment

Maximum moment on a cantilever beam about the axis indi-
cated by the subscript '

Moment of inertia of the total area about the axis denoted
by the subscript

Moment of inertia of the area strained elastically about
the axis denoted by the subscript

Product of inertia of the area strained elastically about
the X and Y axes

A2
fA’ﬁ?r“a

Y

jr T%#-x da
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APPENDIX 4.B

For a WF or I section idealized, as shown in Fig. 4.B-1, the
moment relations about the X and Y principal axes derived in the text
(2-a, 2-b) can be related to the depth of inelastic penetratioh, the
angle of the neutral axis and the dimension of the section. The line
through the point h and k and having a slope ¢ determines the elastic
limit strain line. This line cuts the section in one of five ways,
neglecting the cases in which the line cuts the section at the emnds of
the flanges or at the junction of the flanges and web. In Fig. 4.B-2,
the five cases are shown. The moments about the X and Y axes are
found by integrating the elastic and plastic areas within the limits

shown in the figure.

FIG. 4.B-1
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Case C Case D ‘Case E
Case A: o° < o< tan-l %i%
Case B: tan~t %5% <o< san-L %ig
Case C: tan™t %Eg <9< tan~t %%%
Case D: tan™t %%% << 90® |
Case E: tan™t % <o < tan™t g

FIG. 4.B=-2

If we let k = 0 and v, = h singp, we can write the equations for
the moments in terms of the depth of yielding alopg the X axis (h), and
the angle of the neutral axis (o) and the dimensions of the cross
section. These relations are shown below, where a, b, ¢, d and h are
absolute qpantitiés, &, b, ¢ and d refer to the dimensions of the cross
section and h refers to the depth of inelastic penetraﬁion along the X
axis of the section. Moments determined from these equations will have
positive values. The proper sign must be determined from the geometry

of the problem.
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Case A
k1 Ih5 [-8a tan2:1+h{2)+b(cg %) + ohad® - 8a° t 2]}
E;'lehL ? -4 )+ - an @
M
y 1 2 :l}
E;-i'éﬁ{h[lﬁa tan(p
dcotp -b2hZ0
Case B
M / 2
E"=T:2L" Lh5 -8a tan cp]-n-he [-6(c2-d‘2)]

+ [(ch—dh) cot5cp - 6b2(c2-d2) coto + 8b3(c-d);]}

> n> b
d cotp -bZh<Z c coty b} whichever is larger

?Q-d cot®
Case C
M o [ ol 2.2 o0 3 .3 2 2
E-:yﬁﬁ\h -6(c=-d%) | + h [ 8(c”-a") coty + 12b (c™-d7)
. L
+ >—5(c)+-dh) cot2q> + 8b(c3 -d5) coto - 6b2(c2-d2)+ 16ad” coth:D’
M 2 .
FX = 1—12'-1—1 {h3 -l&(c-d)} + B [6(c2-d2) cotcp}
e -
+ 1| -b(c2-a7) cotZp + 12b2(c-d):’




e

+ [( ch-dh) cot3q> - 6b2(c2-d2) coto + 8b° (c-d) + l6a3d]}

b+ dcotp> h2 IdCOtCP'-i-a

E‘b,' d coto } whichever is larger

Case D

= 'lTlh {h _l6(c3 Y ) cotcp] + [168,@5 cotcp]}

r—
i

L-8(c-d)] +h [-8(9-&5) cotZp + ehbg(c-d)]

+ 'l6a5d] }

b-c cotp 2 h 2 a + 4 coty

|
i

}_J
A
DJ\N

Case E

"~ - 1%5 {h3 [_Ba tan%}""h[m(é' 3) cotp + 2had® - 8a” taneCP}}
5—3—' ) T;;E ¥ {—S(C-d):l th ["B(CB-dB) cotPe + 242(c-a) + 168° ta.an}
e

whichever is smaller { b-c coty > 4> 0

d coto -a

For small angles of @, h becomes exceedingly large for cases A, B
and C; therefore, it may be desirable t0 indicate the depth of inelastic
penetration by k, the depth of yielding along the y axis. This can be
done by letting h = 0 and Ve = k cosg.

Case A

P

(2 [ don (- 07 03]

= 15k
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[ 8&] [ 6(c 32 ) coto ]
+kfj8a ’cancp+8(c d’) cotp + 12b(c -d)‘+2had}
_3(c*-a") cotp + 8b(c?-a0) - 6b7(cP-a7) 'ban:cp:l}

-4{c-d) cot q):] + K [6(c2-d2) cot CP]

5 .

0=
[t}
l-—l
S
W\N

h(c ) cot® + 12b2(c—d) + 16a tancp]
[(c“-a“) cotPp - 6b7(c-a2) + 8b7(c-d) ta.ncp] }

> > ,
d-atanpZ k2 {c - b tamp} whichever is larger

b tang -4 -
C‘ase C
M r 2 2 N H 5 3
XL {ke -6(c"-a%) co'bcp:’ + k {8(;» -d") coto + 12b(c a2 )
Ge 12k L :
r C
+ | -3(c*-a*) coto + 8b(cP-a0) - 6b°(c2-d%) tang + 1&&3]}
v {1? i b{c-d) cot® ]+ e (6(3-@_2) cotgcpJ
-cz 1—21{- b _- C= cot @
[ 2 2
+ k j-bf(c5-d5) cot“p + 12b (c-d)]




4,36

+ "[(cu-dh) cot2q> - 6b2(02-d2) + 8b5(c-6.') tang + 16a74 tancpJ}

d+Dbtenp2 k2 [&+ a tang} _. . . :
.J; tanp - d whichever is larger

|
.

The strains and curvatures are related to the depth of inelastic

penetration by the following relations:

€ h k 1
.—E = -B = —..IE = _ni'/:.\!.v
€ B k v

e e e



TABLE k.1

DIMENSIONAL PROPERTIES OF SPECIMENS

Flange : Web I I
Depth | Width | Thickness | Thickness x J
AISC 6.00 6.00 0.269 0.240 30.3 9.69
LXYOSEB™ | 6.13 | 6.00 0.291 0.255 33,44 | 10.96
hxns613% 6.16 | 6.10 0.291 0.254 34.2% | 11.02

Measured Values




TABLE 4.2

RESULTS OF TESTS ON THE 6 B 15.5 SECTION IN THE
STRONG, WEAK, AND OBLIQUE DIRECTIONS OF RESISTANCE

Specimen
4OS6B | LYOS6B | 4XYOS6B | 41S6B | kY1S6B | bXY1S6B|  Units
Length by Ll 43,5 k3,75 43,75 43.5 inches
Axial 0 0 0 66 Ll 50 kips
Load
PS T | 19.7 48 | 9.38 | commmo | commcn | mommmae Kips
0 | (15.5) 6.48 938 | mmmmmmm | moccmen | ccmmee- kips
Pf 0| 20.9 11.0 22,0 11.8 Tk 15.% kips
Mo T | b3k 143 7o) S IR [P [— kip-inches
S0 |(3kk) 1h3 204 | eemmmee | e | e
M: 0| 459 2h2 478 299 211 Lo2 kip-inches
8¢ T 0.28 0.29 0.2L | mmmmmee | mmcee | meemeae inches
0 (0.31) 0.37 0626 | cmmcoan | cmmmmee | cmmeeee
st 0 3.19 10.3 10.2 2.49 4,16 6.05 | inches
€ 1330 1375 1420 1305 1285 1350 p in./in.
(950) | -
o, 40.1 4.1 | k0.1 | %0 10 40 Kips/in.>
(31.8)
Failure * ¥ * e ) 2
*
~ Local buckling followed by lateral buckling.
**. Local buckling and deflected to the extent of the apparatus.
HHH*
Local buckling and lateral load drop-off to zero.
s
Local buckling and vertical load drop-off to zero.
Note: The values shown for "T" are theoretical values based on the stress

corresponding to a 0.2 per cent offset of strain.
are the actual observed values.

The values shown for "O"
In order to obtain a common basis for

comparison, all values have been adjusted to the yield stresses of the
oblique direction tests. The values shown in parentheses are based on the
yield value determined from the moment-strain relationship.
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Fig. 4.21 Specimen 4XYO S 6 B After the Test

Fig. 4.22 Specimen 4XY1 S 6 B After the Test
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5. DYNAMIC RESPONSE OF BEAMS

5.1 INTRODUCTION

The study of the response of dymamically loaded beams requires
the evaluation of the dynamic resisting function. Thus the problem is
to define the parameters which affect the dynamic resistance and to
correlate these parameters with those that determine the static resist-
ance.

For a dynamically loaded beam, the resistance in the form of a
moment-curvature, moment-deflection or similar type of relationship
requires knowledge of the elastic resistance, a criterion for determin-
ing when inelastic action starts, and the nature of the resistance after
yielding. The first reéuirement, knowledge of the elastic résistance,
has been rigorously studied by many investigators and offers no serious
problem for this program. For this region of the resistance, -simplifica-
tions in the form of single-degree-of-freedom models can be made and
reasonable estimates of the response computed without difficulty.

The establishment of a criterion to determine when yielding starts
has been found to be of considerable importance in estimating the
dynamic resistance. Statically, the yield stress, as determined by
static tension tests of the material;, provides the required criterion
for the structures of interest here. However, when the material is
loaded dynamically the upper yield stress at which general yielding
starts depends on variables such as the strain rate, the excess stress;

*
and the past loading history. The studies by Clark and Wood(l) ’(2),

Numbers in parentheses refer to correspondingly numbered artlcles
in the Bibliography at the end of this section.
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have shown that mild steel can be subjected to high stresses without
yielding for some time. In their study, the applied stress at yielding
is related to the time required for the material to yield. Unfortunate-
ly, the stress-time relationship in a dynamically loaded beam rarely is
constant and the available data are not applicable. In ordef to over-
come this difficulty; & criterion; based on the available data, has been
formulated. This criterion, which is;, in a sense, empirical; is déscrib-
ed in the next section.

The nature of the dynamic resistance after yielding is still some-
what doubtful° Some information is contained in.the work by E. A. Davis(5)
and Manjoine(h>, which has been summarized by Nadai<5)° Thése data indi-
cate that the resistance after yielding is sensitive to the strain rate
and history of the strain. However; a considerablé amount of further
work will be required before the significance of this variability can be
noted. | |

When the required parameters and their inter-relationship in the fof-
mulation of the resistance are known, any of the available analyses
techniques can be used if proper consideration is given to the time-
dependence of the phenomenon. Ebwevér, further study is require

definite recommendations can be made.

5.2 CRITERION FOR DETERMINING THE DYNAMIC YIELD STRESS

Recent studies of the dynamic upper yield stress for mild steel by
Clark and Wood(l>5(2) have shown that, for constant stress conditions,
a stress greater than the static upper yield stress can be sustained by

the material for some time before yielding occurs. In their investigations
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the delay time, the time during which the material is subjected to the
increased stress without yielding, is reported as a function of the
stress. These tests indicate, as shown in Fig. 5.1, that the log of the
delay time is a linear function of the stress. In this section, an
analytical statement of the criterion for yielding, based on these data,
will be presented.

In the criterion it is assumed that the condition of the material
witn respect to genéral yielding can be described by a parameter @ such
that when q)z.mc general yielding occurs and when @ < ?, the material is
essentially elastic. The parameter ¢ is assumed to be related to instan-

taneous excess stress, 50, which is the applied stress minus the static

upper yield point, by

%=f@§=f@> (1)

where Uy = the static upper yield point of approximately 4O ksi.

g-0_ = the excess stress = &0.
Thus it is assumed that the time rate of change of @ is some unknown
function of the excess stress ratio z.

From the test results reported by Clark and Wood; the function
f{z) can be determined. For the constant stress condition, we have the
relation z = 2 where z. is the stress ratio of the applied stress,

and Eq. (1) becomes:

2.tz (2)
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If the time is measured so that when t = O, ¢ = O, then, from Eq. (2),

o = £(z )t (3)

When the time equals the'delay time td, ¢ equals P and general yield-

ing occurs. Therefore £(z) is, from Eq. (3),

RS

f(z) = =

da
From the Clark and Wood test results the relationship between the

delay time and the stress is

where g 40,000 psi

k = 12.28

so that the function f{z) can be written as
kz
£(z) = g, (1)

From (4) the general expression for the criterion of yielding is

ele

C (o]

=ft 20%) ar 4 ¢ (5)

where. z = z(T) is the stress time history and yielding occurs when
@/@c = 1.0,

Because of the form of £(2), analytical solutions for arbitrary
loading conditions are difficult to obtain. However, expressions for

the change in ¢ are'readily obtained for conditions of constant stress
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and constant strain—rate. Since the changes in @ can be summed for
intervals for which one of these conditions occur, it is possible to
determine approximately when yielding occurs by replacing the given
stress or strain-time relationship by a series of straight lines and
summing, from the start of the loading, the changes in ¢ for each
interval. When the sum equals one, general yielding occurs.

For a constant stress test in'which zZ =2, the value of ¢ at any

time t is

kzm
= te + C

0'8 I'e

where C is an arbitrary constant determined by the initial conditions.

If the conditions are such that when t = O, ¢/¢c = mo/wc then

and the change in

-kz
However, since t, = e ™ Eq. (6) can be written as

.2 (7)
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where Z, = the excess stress ratio at t = 0
€ = the strain rate in in. per in. per sec.
ey = the strain corresponding to the static upper yield stress.
The change in ¢ for this condition is, from (5),
o 2 %o Sy e o] (®)
@c ?, ke

where z = the excess stress ratio at the end of the interval,

the stress ratio at the start of the interval and

N
1

8

S~

S
1]

@/mc at the start of the interval.

5.3 DYNAMIC TEST OF SPECIMEN 46 D 3 I 7.5

5.35.1 Introduction

This specimen was tested to determine when yielding occurred
and to obtain information on the nature of the dynamic resistance after
yielding. |

The specimen similar to the one shown in Fig. 5.2, was a
simply supported beam, with an effective span of 80 in., formed from a
3 I 7.5 section oriented in the strong direction with respect to the
applied lateral load. The lateral load was applied by a 500 1b weight
falling from a predetermined height and vas measured by means of a
dynamometer placed between the weight and the stub system at the center
of the beam. The specimen was subjected to a series of loadings so that
a variety of energy input conditions, as summarized in Table 5.1, could

be studied.
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5.%.2 Instrumentation

In this test the applied load, the deflected shape, and the
maximum fiber strain along the length of the beam were recorded as
functions of time on magnetic oscillographs. A diagram of the load and
strain-recording system is shown in Fig. 5.3. The load dynamometer was
an axially-loaded aluminum tube in which the load was measured by means
of an SR-4 strain indicating bridge located near the specimen end of the
tube. The effective strain indicated by the bridge output was related
to the load applied to the specimen by statically loading the dynamometer.
This procedure(6) has been shown to be satisfactory.

The maximum fiber strains were measured at ten locations
along the length of the beam. A majority of the measurements were made
at sections close to the stub where yielding was initiated. At each
location, two gages, one on the tension and the other on the compression
flange, were connected into a single bridge circuit whose output was
proportional to the flexural strain component.

The deflected shape of the specimen was obtained by measur-
ing the deflection-time relationship at the midpqint, one quarter, and
three eighths points of the beam. These deflections were measured with
the slide wire gages shown in Fig. 5.4. Static calibrations indicate
that these gages are satisfactory for these tests. The complete deflec-
tion recording system is shown schematically in Fig. 5.5.

Since fifteen channels of records were made in this test an
interlocking timing system was used to provide a consistent zero for

the time scales. The interlocking system, shown in Fig. 5.6, was used
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glso to provide the time scale. The timing signal of 400 cps was
recorded by one galvanometer in each oscillogréph and the interlock was
provided by the switch driven at syﬁéhronous speed which provided steps
in the time trace.

5.3.3 Test Procedure

As was mentioned earlier, this specimen was subjected to a
series of loadings obtained by dropping the 500 1lb weight from various
heights. For this beam all of the heights used should have produced
measurable inelastic behavior. In performing the tests, the weight
was raised to the desired height and the instruments checked. Before:
releasing the weight the oscillographs were started and recording contin-
ued throughout the initial loading and for several of the loadings caused
by the rebounding of the weight. These later loadings, however, caused
elastic response of the beam and any inelastic deformation was & result
of the initial load. After the test, the final positions of the traces
were recorded and the instrumentation checked. Calibration of the strain
and load circuits were obtained by shunting the bridge arm with a
known resistance. The deflection records were calibrated by changing
the résistance of one of the arms of the bridge. The output of the
bridge for the changés in resistapce was related to the eguivalent deflec-
tion during the static calibration of the gage-

5.3.4 Test Results

The load-time and deflection-time relationships for the
various heights of drop are shown in Figs. 5.7 and 5.8, respectively.

The load-time relationship shows that as the height of drop increased



the length of the pulse and the amplitude increased. However, for the
last teéts, the 24 and 30 in. drops, the load amplitude did not change
appreciably but the pulse length increased markedly. The deflection
records indicate an increase in duration and an increase in the maxi-
mum deflection with the height of drop.

The strain-time relationships for the section 2.5 in. from
the stub are shown in Fig. 5.9 for the various heights of drop. These
traces indicate that when yield.ingy indicated by permanent set, becomes
general the character of the strain history is changed. This is indi-
cated by comparing the traces fof the 12 and 24 in. drops with the
other traces. Tt should be noted that in the 6 in. drop, yielding did
not occur even tﬁough strains in excess of the static elastic limit
© yield strain existed for an appreciable timeo

In the lower part of Fig. 5.9, the strain-time relationship
for various sections along the beam are shown for the 24 in. drop.

As before, the strain history at the sectiop where yielding occurs are
considerably different than that of the sections that remain elastic.
The strains at the 6.25 ine section, which just stafted toyyieldp and
the strains at greater distances from the stub indicate ome of the
features noted throughout the tests. Apparently, when general yielding
occurs at a section, in this case the 2.5 and 3.75 in. sections, Fig. 5.9,
there is a tendency for relaxation of the strains to occur in the elastic
portions of the beam. Thus the 12.5;, 20 and 50 in. secticns strains
indicate that the maximum strain occurred approximately 18 milliseconds

after the start of the test while the 3.75 in. section strain, which
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yielded appreciably, reached a maximum 50 milliseconds after the atart
of the loading. At the 6.25 in. section, where yielding Jjust started,
the maximum strain occurred between these time limits. The maxi-

mum center deflection for this test occurred at about 47 milliseconds

after thé start of the ﬁest.

Since rather complete information of the maximum fiber
strains were obtained for this sﬁécimen the yield criterion, described
previously, was used to determine the yield stresses at various locaticns
along the beam. In Table 5.1 are summarized the results of this analysis.
The dynamic yield stresses indicated are based on a éfatic upper yield
point of 40,000 psi. This summary shows that the dynamic yield stresses
for this specimen were considerably greater than the static yield
stress. In the case of the 24 and 30 in. heights of.drop, the dyramic
yield stress was equal to approximately the ultimate tensile strength
as measured in a static temsile tgst of the material. |

The nature of the dynamic resistance after yielding is
still unknown. However, twd‘possibilities exist: the resistance is of
the same form as the static resistance but corresponds to some higher.
stress; or, the dynamic resistance decays from the resistance at yield
to some lower level.

In order to determine if the dynamic resistance could be
similar to the static resistance, the response of the beam was computed
assuming some resisting function and using the measured apblied load.

Iﬁ these computations the beam was replaced by the single-degree-of-

freedom model shown in Fig. 5.10. The elastic stiffness of the model
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was adjusted so that the period of the model and the beam were the same.
After yielding the model was assumed to develop a resisting mpment equal
to the fully plastic moment of the beam section that corresponded to
selected yield stresses. In determining the response of the model, the
experimentally measured load was applied and the response computed
using a step-by-step numerical integration procedure. The assumed
resisting functions are shown in Fig. 5.11-a. In Fig. 5.11-b the com-
puted responses are compared with the experimentally measured center
deflection. These results indicate that the response is sensitive to
the magnitude of the resistance as has been reported previously(7)° It
should be noted that the relative magnitudes of the deflection for
points where the velocity is small in the .computed responses are not: .
Similar to the relative magnitudes meéasured in the test.

A second form of the resistance can be approximated by using
the dynamic yield stresses determined previously and the deflection-time
record. For the same singlgfdegree-of-freedom model the new resisting
function can be obtained as follows. The elastic range is the same as
previously used. This range is terminated at the moment corresponding
to the dynamic yield stress. A second point on the resisting function
is,vapproximately, the point on a line through the measured permanent set
of the center deflection, parallel to the elastic portion of the resist-
ance, where the deflection equals the maximum measured deflection. Two
resisting functions passing through this point are shown in Fig. 5.12a
With these resistances and the experimental load, the computed response

of the model would be as shown in Fig. 5.12b. This form of the resisting
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functions seems to provide a better approximation to the response, parti—i
cularly with reference to the relative magnitudes of the deflections.
5.3.5 Conclusions

From this test, and in part from the previous tests, it has
been found that mild steel beams can be subjected to considerableiexdess
stress without yielding. This phenomenon of delayed yield results in the
dynamic resistance at yilelding being significantly higher than the static
yield resistance. The amount of increase appears to depend on the strain
history of the material during the time in which it is subjected to the
excess stress.

After yielding occurs, the dynmamic resistance apparently
decays and approaches a lower resistance which is somewhat higher than
the static resistance. The nature of the resistance in this range is
still uncertain and further work is required before the paraméters which

influence the resistance are quantitatively defined.
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SUMMARY OF THE TEST RESULTS

TABLE 5.1

Center Minimum Fiber Stress At

5 o, Deflection Initiation of Yielding
b &'g ’g in.
18 Ll 2 1-1/k in. 2-1/2 in. 3-3/% in.
=D g < ) ﬁ g § o Section Section Section
2L P £ e (3] (l)
(IR E=r) .-% b g 97} o g = o
AR A e < ya yd yd
A - & o = (3] — g e o —— (e

2< g S A o ya g v G v

J psi J psi y psi

0 |« Calibration
1| 500 | 3 [0.59| 0 | Elastic Elastic Elastic
2 500 | 3 0.59 O || Blastic Elastic Elastic
3! 500 | 6 [0.8% |0.05] 1.58 |63,200 |Elastic Elastic
L| 500 | 6 [0.87|0.06}f 1.58 |63,200 | Elastic Elastic
51 500 |12 |[1.34% |0.59] 1.68 |67,200|Elastic Elastic
6| 500 [12 |1.38 | -==-| 1.68 |67,200| 1.51 60,400 | 1.40 56,000
T = Calibration
8] 500 |24 2.1k [1.38] Gage Out 1.76 70,400 | 1.64 65,600
9| 500 | 3 [[2.75|1.90] Gage oOut Gage out | 1.7% | 69,600

(1) Ratio of the Dynamic Stress At Initiation of Yield To the Static Upper
Yield Stress for cy = 40,000 psi
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Fig. 5.2. Typical Test Specimen and Apparatus
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Fig. 5.4, Slide Wire Deflection Gage
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curves, A" is the balance position at zero deflection,

NOTE, 2
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NOTE 2
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FIG.5.6 TIMING AND RECORDING OF SYNCHRONIZING TRACES
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