Math. J. Okayama Univ. 64 (2022), 47-61

ON WEAKLY SEPARABLE POLYNOMIALS IN SKEW
POLYNOMIAL RINGS

SATOSHI YAMANAKA

ABSTRACT. The notion of weakly separable extensions was introduced
by N. Hamaguchi and A. Nakajima as a generalization of separable ex-
tensions. The purpose of this article is to give a characterization of
weakly separable polynomials in skew polynomial rings. Moreover, we
shall show the relation between separability and weak separability in
skew polynomial rings of derivation type.

1. INTRODUCTION

This paper is the continuation of the author’s previous paper [9].

Let A/B be a ring extension with common identity 1, and M an A-A-
bimodule. An additive map 6 : A — M is called a B-derivation of A to
M if §(zw) = 6(z)w + z6(w) for any z,w € A and 6(B) = {0}. Moreover,
a B-derivation 6 of A to M is called inner if there exists m € M such
that d(z) = mz — zm for any z € A. We say that A/B is separable if the

A-A-homomorphism of A ® A onto A defined by sz ® wj Z 2jW;

j j
(zj,w; € A) splits. It is well known that A/B is separable if and only if every
B-derivation of A to N is inner for any A-A-bimodule N (cf. [1, Satz 4.2]).
A/B is called weakly separable if every B-derivation of A to A is inner. The
notion of weakly separable extensions was introduced by N. Hamaguchi and
A. Nakajima as a generalization of separable extensions (cf. [2]). Obviously,
a separable extension is weakly separable.

Throughout this article, let B be a ring, p an automorphism of B, and
D a p-derivation of B (i.e. D is an additive endomorphism of B such
that D(af) = D(a)p(8) + aD(B) for any a, 8 € B). By B[X:p, D] we
denote the skew polynomial ring in which the multiplication is given by
aX = Xp(a) + D(«a) for any o € B. We write B[X;p] = B[X;p,0] and
B[X; D] = B[X;1, D]. Moreover, by B[X;p, D]y we denote the set of all
monic polynomials f in B[X; p, D] such that fB[X; p, D] = B[X;p, D]f. For
each polynomial f € B[X; p, D](g), the quotient ring B[X; p, D]/ f B[X; p, D]
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is a free ring extension of B. A polynomial f in B[X;p, D] is called sep-
arable (resp. weakly separable) in B[X;p, D] if B[X;p, D]/ fB[X;p, D] is
separable (resp. weakly separable) over B.

Let B = {a € B|p(a) = a}. Inthe previous paper [9], we studied weakly
separable polynomials over rings. In particular, we showed a necessary and
sufficient condition for a polynomial f € B[X;p]g) N B°[X] (resp. a p-
polynomial f € B[X; D] with a prime number p) to be weakly separable
in B[X;p] (resp. B[X;D]) (cf. [9, Theorem 3.2 and Theorem 3.8]). The
purpose of this paper is to give some improvements and generalizations of
our results for the general skew polynomial ring B[X; p, D]. In section 2, we
shall mention briefly on some properties for polynomials in B[X; p, D](g). In
section 3, we shall give a necessary and sufficient condition for a polynomial
f in B[X;p, D]y N B[ X] to be weakly separable in B[.X; p, D]. Moreover,
we shall show the relation between separability and weak separability in
B[X; D].

2. POLYNOMIALS IN B[X;p, D] )

In this section, we shall mention briefly on polynomials in B[X; p, D] q)-
We inductively define additive endomorphisms ®; (0 < j <) of B as
follows:

1 (= the identity map) (i =j=0)
. 0= D' (j=0,i>1)
[i.5] — 0’ (i=j>1)
PPl j—+ D®i_1 ;) (122, 1<j<i—1)

First we shall state the following.

Lemma 2.1. For any o € B, there holds
i
aX'=> "X, 4(e) (i >0).
j=0

Proof. We shall show it by induction. It is true when i = 0. Let a be
arbitrary element in B and assume that it is true when ¢ > 0. We have then

aXt =aX' X
= | X (o) | X

=) XT (Xpdp (@) + DOy j1(a))
=0
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7=0

j=0
i+l v .

— Zijq)[i,j—l](a) + ZXJD@[@'J](O‘)
i=1 7=0

_ Xi“/)q)[i,z‘} () + ZXJ' (,O‘P[i,j_u + D(I)W]) (a) + Dq)[i,o](oz)
7=1

_ Xi+1(1)[i+1,i+u (@) + ZXj(I)[i-I—l,j](a) + Ppip1,0)()
j=1
i+1

= ZXj(I)[i—i—l,j](a)
=0

This completes the proof. [

Lemma 2.2. Let f be a monic polynomial in B[X;p, D] of the form f =
m

ZXiai (m > 1,am =1). Then f is in B[X;p, D] if and only if

i=0

(1) ajp™ Z(I)”LJ Ja; for any o € B (0 <j <m—1).

0 — WA_PW%ﬂ+%@Wm4%%MA)(1§i§m—U
(2) D( ’L) - { ap (p(am—l) - am—l) (”L _ 0) .

m

Proof. Let f = ZXiai (m > 1,a,, = 1) be in B[X;p, D] and « arbitrary
1=0

element in B. As was shown in [4, Lemma 1.1], f is in B[X;p, D] if and

only if af = fp™() and X f = f(X — (p(am—1) — am—1)). It follows from
Lemma 2.1 that

af = Zoinai = Z ZXjQ[m](a) a; = ZXj Zq)[m-}(oz)a
i=0 i=J

i=0 \ j=0 §=0

Noting that fp™ XJ a;p"(a), the equation af = fp"(a) implies
P J P

the condition (1), and conversely Next we see that

f(X - (p(am—l) - am—1))
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=Y X'a;X =) X'ai(p(am-1) — am-1)
1=0 1=0
= 3" X' (Xpla;) + D(a))) = Xiai(plam—1) — am-1)
1=0 i=0
S X 5 35X )~ 3 Kl 1) )
1=0 =0 i=0
m—+1

+ D(ao) — ao(p(am—1) — am—1).
m . m—1 ‘
Noting that X f = Z Xitlg, = XmH 4 X™q,,_1 + Z X'a;_1, the equa-

=0 =1
tion X f = f(X — (p(@m-1) — am—1)) implies that

{ ai—1 = plai—1) + D(a;) — a;(p(am—1) —am—1) (1 <i<m—1)

0 = D(ao) — Qg (p(am_l) — am_l)

Hence we have the condition (2). The converse is obvious. L]
Recall that B = {a € B|p(a) = a}. In addition, let BY? = {a €

B|D(a) =0}, B#P = BN BP, and C(B”?) the center of B””. We have
then the following.

Corollary 2.3. Let f = ZXiai (m > 1,a, = 1) be in B[X;p, D]). If
i=0
f € BP[X] then f € C(B”P)[X].

m
Proof. Let f = ZXiai (m > 1,a,m = 1) be in B[X;p, D] and assume

1=0
that f € BP[X]. Then, by Lemma 2.2 (2), we have
D(a;) = ai—1 — p(ai-1) + a; (P(am—l) - am—l)

= ;-1 — Qj—1 + Q; (am—1 — am—l)
=0 (1<i<m-—1),

D(ag) = ao(p(am—1) — am-1)
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= ap (am—l - CLm—l)
= 0.

Hence a; € BY, that is, a; € B#P (0 < i < m —1). Let 3 be arbitrary
B (i=7)

. °.. 'Therefore it
0 (i>}7)

element in B”P. Tt is clear that p5(8) = {

follows from Lemma 2.2 (1) that

ajf = a;p"(B) = Z‘I’[i,j](ﬂ)ai =Ba; (0<j<m-—1).
i=j
Thus a; € C(B”P) (0<j <m —1). O

3. WEAKLY SEPARABLE POLYNOMIALS IN B[X; p, D]

The conventions and notations employed in the preceding section will be
used in this section. Throughout this section, let R = B[X;p, D], Ry =
B[X;p, D] (o), and f a monic polynomial in Ry N B”[X] of the form f =

m

ZXiai (m > 1, a,, = 1). Note that f is in C(B”P)[X] by Corollary 2.3.

W'e shall use the following conventions:

Ry ={g € Rlag =gp(a) (Va € B)}

e A= R/fR (the quotient ring of R modulo fR)

t=X+fReA (e {1,z,2% - ,2™ 1} is a free B-basis of A and

m—1
"= — Z 7’ a;)

=0
I, is an inner derivation of A by = (i.e. I,(2) = zz —xz (Vz € A))
C(A) is the center of A
A ={ueAlau=up®(a) (Ya e B)} (ke
V=4 ={z€ A|laz = za (Va € B)} (i.e. V is the centralizer of
Bin A)
Moreover, we define polynomials Y; € RN CBPPX] (0<j<m—1)as
follows:

Yo=X""14+ X" 2, 1+ + Xaz + ay,
Y =X""2 4+ X" 30, 1 + -+ Xasz + as,



52 SATOSHI YAMANAKA

m—1
Yj — xm—Ji-1 + Xm—j—2am_1 4+ .o Xaj+2 +ajq1 | = Z Xk_jak+1 ,
k=j

Y,-1=1
It is obvious that
Yioi—a; (1<j<m-—1)
3.1 XY = J J .
) = G

The polynomials Y; (0 < j < m — 1) were introduced by Y. Miyashita to
characterize separable polynomials in B[X;p, D] (cf. [6]). Now let y; =
Y+ fRe A(0<j<m-—1). Since the equality (3.1), the following lemma
is obvious.

Lemma 3.1.

v I<j<sm—1)
rYj = { —ayg (j=0)
So we define a map 7: A — A by
m—1 .
T(2) = yjza? (z € A).

I
o

J
Obviously, 7 is a C(A)-C(A)-endomorphism of A. By making use of T,
separable polynomials in R are characterized as follows:

Lemma 3.2. ([6, Theorem 1.8] or [8, Theorem 1.3]) f is separable in R if
and only if there exists u € Ay_p, (that is, p" 1 (a)u = ua for any a € B)
such that T(u) = 1.

Remark. Needles to say, each a; (0 < i < m — 1) satisfies that a;z = za;
and a;u = ua; for any u € Ay (k € Z). In particular, we see that y;x = xy;
0<i<m-—1).

First we shall prove the following lemma concerning the inner derivation

I, and the C(A)-C(A)-endomorphism 7.

Lemma 3.3. (1) I,(Ag) C Ker(7) for any integer k.
(2) I(V) C Ker(1) N A;.
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Proof. (1) Let k be arbitrary integer and u € Ap. We obtain then

T(Ip(u)) = 7(ux — xu)

I
&
S
g
<
8
|
8
NS
S
g
<
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(2) Since the condition (1), it suffice to show that I,(V) C A;. For any
a € B and u € V', we obtain
al,(u) = a(uxr — xu)
= uQr — QTU
= u(zp(a) + D(@)) = (zp(a) + D(a))u
= uzp(a) + uD(a) — zup(a) — uD(«)
= (uz — zu)p(e)
= L (u)p(a).
Thus I,(V) C A;. O

To show the subsequent lemma (Lemma 3.6), we need the following two
lemmas.

Lemma 3.4. Let g1 be arbitrary element in R. We define go = 0 and
gj+1 = g; X + X’g1 (j > 1), inductively.

(1) givr = g X"+ Xig, (i,l§ >0).

j
(2) If g1 € Ry then ag; = ng¢[j7k](a) (j > 1) for any a € B.
k=1
Proof. (1) Fix i > 0 and we shall show it by induction for k. It is true when
k = 0. Assume that it is true when k& > 1. So we obtain
Girh+1 = gipn X + X THgy

= (giXk + Xigk) X 4+ XEg,

— giXk-l-l + ngk:X +Xi+kgl

— g Xk 4 xi (gkX+ng1)

= g X"+ X'gp 1.

This completes the proof.

(2) Let g1 be arbitrary element in Ry. We shall show it by induction. It
is true when j = 1. Assume that it is true when j > 1. Then, by Lemma
2.1, we have

agjt1 = « (ng + ngl)
= agj X + aX’q

J
= Z 9kPjk (@) X + Z XF®p; p(a)gn
k=1



Proof. Let g be arbitrary element in R;.
and gjy1 = ¢; X + X?g1 (j > 1), inductively. Moreover, let A be a
right B-endomorphism of R defined by A(X?) = g; (j > 0) (that is,
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gi (X p®pj. () + D®pj 4(a +ZX 91pP (5 1 ()
k=0

J J
Ik X pPjp () + Z gD () + Z X*g1p®; ()
k=1 k=0

j
(gkX + X’“g1> POk (@) + Y gDy ()
k=1

M- IM- IM- T~

j
Gr1p®Ppj () + Z g D®; ()

k=0 k=1
41 J

= > gkpPpp—1y() + Z gD (@)
k=1 k=1

J
= gj+10®p5 () + > gk (pPpjp—1) + DPpj 1) ()
k=1

= gi1®pp141(0) + ) gePpip ()
k=1
Jjt+1

= Z IEPj1,k(@)
k=1

This completes the proof.

55

O]

Lemma 3.5. For any g € Ry, there exists a B-derivation A of R such that
A(X) =g.

We define g9 = 0, g1 = g,

Zchj = Zgjcj (¢c;j € B,j >0)). For any i,j > 1 and «, 8 € B,

J

it follows from Lemma 2.1 and Lemma 3.4 that

A(X'aX'B) = (XZ (Z XF® ;i ( ) 5)
= A (Z Xi+k(1)[j,k](a)ﬁ>

k=0
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Girk®Ppjp ()8

M- IM-

(gz'Xk + Xigk) P py(a)B

TT
e

—gszk 5. +X129k<1>[3k:( )3

k=1
= gz-anﬁ + X'ag;f
= A(X"0) X784+ X'aA(X7 ).
This implies that A(hihs) = A(h1)hg + h1A(he) for any hq, he € R, that is,
A is a derivation of R. [

Now we shall characterize B-derivations of A as follows:

Lemma 3.6. If § is a B-derivation of A then 6(x) € A; N Ker(7). Con-
versely, if u € Ay NKer(7) then there exists a B-derivation § of A such that
d(x) = u.

Proof. Let 6 be a B-derivation of A. We have ad(z) = §(ax) = é(xp(a) +
D(a)) = 6(x)p(a) for any « € B, and hence §(z) € A;. An easy induction
shows that

zF ) Zxk Is(x)2? (k> 0).

m—1

Then, since 0 = Zx ap and y; = Z T Ja;.H_l, we see that
k=0 k=j

()

= Z 5(zF)ay
k=1

| |
>
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m—1 [m—

1
Z 2" | o(x)a
i=0 \ k=)
1

3

I
&
=

8
SN—

g

<

= 7(0(x)).

Therefore §(x) € Ker(7).

Conversely, assume that u € A; N Ker(7). Let ug be in R such that
u=wup+ fR and deg(ugp) < m. Obviously, uy € Ry because u € A;. Hence,
by Lemma 3.5, there exists a B-derivation A of R such that A(X) = wuy.
Since u € Ker(7), we have

—_

m m—1

0=17(u) = Z yur! = Z YjuoX’ + fR.
=0 =0

m—1

This means that Z Y;A(X)X? € fR. So we obtain
=0

b
=
I
Nt
>
Bl
5

i

o>
|
o

I
S 3
I |
=) —_
I

3
L

S,
I
=)

3
L

J
€ fR.

This implies that A(fg) = A(f)g + fA(g) € fR for any g € R, namely,
A(fR) C fR. Thus there exists a B-derivation § of A such that §(z) = u
which is naturally induced by A. [J
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Now we shall state the following theorem which is a generalization of [9,
Theorem 3.2] and [9, Theorem 3.8].

Theorem 3.7. f is weakly separable in R if and only if
Ay NKer(r) = I,(V).

Proof. Note that I,(V) C Ker(r) N A; by Lemma 3.3 (2).

Assume that f is weakly separable in R, that is, every B-derivation of A
is inner. Let u € A; N Ker(7). By Lemma 3.6, there exists a B-derivation
0 of A such that §(z) = w. Since J is inner, we have u = §(z) = vr — zv
for some fixed element v € A. In particular, we see that v € V because
0 = d(a) = va—av for any a € B. We have then u = §(z) € I,(V'), namely,
Ay NKer(r) C I,(V). Therefore A} NKer(7) = I,(V) by Lemma 3.3 (2).

Conversely, assume that A; NKer(7) = I,(V), and let § be a B-derivation
of A. By Lemma 3.6, we see that §(z) € A; N Ker(r) = I,(V). Hence
d(x) = vx — xv for some v € V. An easy induction shows that

5(27) = wa? —alv (j >0).

m—1
So, for any z = Z zic; € A (c; € B), we have
J=0
m—1
d(z)=20 Z z’¢j
j:
m—1
= d(x?)c;
§=0
m—1
= (va? — xlv)c;
J=0
m—1 m—1
= xlcj — x’cjv
J=0 J=0
= vz — 20.
Therefore § is inner, and hence f is weakly separable in R. [

In virtue of Theorem 3.7, we have the following.

Corollary 3.8. f is weakly separable in R if and only if the following se-
quence of C(A)-C(A)-homomorphisms is exact:

v oA T A
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Proof. 1t is obvious by Theorem 3.7. O

Remark. There always holds Ker(l, : V — A;) = C(A). Hence f is
weakly separable in R if and only if the following sequence of C'(A)-C'(A)-
homomorphisms is exact:

0 — C(A) "oy Loy 40 T 4,

Concerning the relation between separability and weak separability in
B[X; D], we shall state the following theorem which is an improvement of
[9, Theorem 3.10].

Theorem 3.9. Let R = B[X; D], Ry = B[X; D], and f a monic poly-

nomial in R of the form f = ZXiai (@ =1,m >1).
i=0
(1) f is weakly separable in R if and only if the following sequence of
C(A)-C(A)-homomorphisms is exact:
V-5V T o).
(2) f is separable in R if and only if the following sequence of C(A)-
C(A)-homomorphisms is exact:
v Is v o) —o.
Proof. Note that Ay = V (k € Z) in this case. First we shall show that
7(V) C C(A). Let ¢ be an A-A-homomorphism of A ®p A onto A defined
by sz Rw; > szwj (zj,wj € A) and (ARp A)* = {p € AQpA|zu =
J J

pz (Vz € A)}. It is obvious that ¢ ((A ®@p A)A) C C(A). Let v be arbitrary
element in V. As was shown in [8, Lemma 3.1], we have already known that

m—1
Z yv @1l € (A®p A)?, and hence
=0

—

m—1
T(v) = Y01’ = @ Z yo @2 | € C(A).
J J=0
Therefore 7(V') C C(A).

(1) It is obvious by Corollary 3.8.

(2) If f is separable in R then f is always weakly separable in R, and
therefore it suffices to show that 7(V') = C(A). By Lemma 3.2, f is separable
in R if and only if there exists v € V such that 7(v) = 1. This means that
7(V) = C(A) because 7 is a C'(A)-C(A)-homomorphism. O

3

|
o
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Example. Let B = % % (the upper triangular matrix over Z), D a
derivation of B defined by D [ |20 22|} = | 2 (bi,b2,b3 € Z), R =

Yy 0 bg - 0 0 1,02,03 ) —
B[X; D], and Ry = B[X;D]). We put here a = B ﬂ € Band f =

X?2 4+ Xa+a € R. Tt is easy to see that af = fa for any o € B and
Xf=fX,and hence f € R. Now let A= R/fR and v = X + fR. One

easily see that
B B s 0 s+t 0
V—C’(A)—{xlo S]—Flo t} s,tEZ}.

Let v = xb+c be arbitrary element in V' such that b = {S 21 T ls 0 O]

0 0 ¢
(s,t € Z). Since xb = bzr and zc = cx, we obtain

I,(v) =vz —av = (xb+c)xr —x(zb+c) = 0.
Thus I,(V) = {0}. Recall that yo = x4+ a and y; = 1 in this case. We have
then
7(v) = yov + yrvx
=(z+a)(xb+c)+ (zb+ c)x
= 2%b + 2(ab + ¢) + ac + 2%b + xc
= 2220+ x(ab + 2¢) + ac
= (—za — a)2b+ x(ab + 2¢) + ac
= x(2¢ — ab) + ac — 2ab

B 2(s+t) 0] 3 0[|s O
-7 0 2t |0 1] [0 s
3 0] |s+t O 3 0]|s O
+l0 1“0 t]_2{0 1“0 s]
L [t-s 0 ] Bt=3s 0
I 0 t—2s]
So we see that s =t =0 (i.e. v =0) if v € Ker(7). Therefore Ker(r) NV =

{0} = I,(V), and hence f is weakly separable in R by Theorem 3.9 (1).
However, it is obvious that 7(V') C C(A) (for example, there are no elements

u € V such that 7(u) = [(1) 2 € C(A)). Thus f is not separable in R by

Theorem 3.9 (2).
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