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1. INTRODUCTION

1.1 O0bject and Scope

In design of earthquake-resistant structures it is common practice
to determine the dynamic behavior of structures on the basis of a previously
recorded ground motion. It is also customary to conduct laboratory investi-
gations on suitable prototypes of structures which are significant from
engineering viewpoints when the model is subjected to a prescribed base
motion. Recorded accelerograms used for these purposes may not, however,
represent the actual characteristics of probable strong ground motion in the
vicinity of the construction site. The more rea]jstic the ground motion is
for the site in question, the more meaningful will be the computed response.

To obtain a ground motion input for a structural calculation at a
particular site, one method [1]* is to develop a statistical model with the
capability of predicting what can be expected in the way of destructive
seismic waves. This, in turn, requires a large amount of recorded data. .
However, at present the number of available strong-motion accelerograms is
quite limited and the accumulation of strong-motion seismic records is,
fortunately, a very slow process.

Another alternative to fill this gap in information is the develop-
ment of analytical models which can simulate the surface motion when the
mechanism of wave generation at the focus and the geological configuration
at the observation point are well defined. The seismic profile of the near-

surface layer considered in the analytic models has a profound influence on

* Number in brackets refer to entries in the List of References.



the ground motion. For example, the‘spectrum of the motion recorded in
Mexico City [2] on the very soft ground that was formerly the bed of a lake
has a pronounced peak at a period of approximately 2.5 seconds. According
to Housner [3], this coincides with the computed period of the fundamental
mode of vibration of the lake bed as a "bowl of jelly".

In attempting to predict the general features of the motion using
a physically based model, two different problems are encountered:

i) Choosing an appropriate mechanism which describes the
processes of wave generation at the focus of earthquake; and

ii) Calculating the dynamic response of a point at the free

surface on the basis of this mechanism.

The first problem is mainly concerned with the conditions on the
focus and information about the source mechanism. The overwhelming majority
of seismologists in the United States agree on Reid's elastic rebound theory
[4] which asserts that the processes of occurrence of shallow earthquakes are
connected with ruptures of the medium on a fault plane. The validity of this
assumption is supported by a quantitative comparison of the field geodetic
measurements with those obtained using dislocation theory. For example,
Chinnery [5] successfully inferred the static displacements in the vicinity
of the San Andreas fault. Also, the results of Knopoff's [6] dislocation
model and that of Wyss and Brune [7] were found in good agreement with the
recorded data of the 1906 San Francisco and 1964 Alaskan earthquakes.

Investigations of seismic wave kinematics have convinced seis-
mologists that a mechanism other than a propagating fracture on a fault is

most 1ikely the case for deep-focus earthquakes. Examining a large amount



of recorded seismic data, Japanese sefsmo]ogists [8,9] came to a conclusion
that the focus could be represented in the form of a sphere of a small radius
on the surface of which the distributed radial forces are specified. In this
study we are primarily concerned with shallow earthquakes and, therefore, the
focus is represented by a propagating shear fault.

The emphasis in the present work is placed on the second problem,
i.e., development of a mathematﬁca] scheme which describes the motion on the
surface in terms of the geological parameters of the source (orientation of
the fault plane and direction of the movement) and in terms of the seishic
profile of the medjum. The time history of the ground displacements is of
primary interest because of the direct relationship between them and the
motions to which large structures such as dams or nuclear power plants might
be subjected.*

The main problem treated in this investigation is the wave propaga-
tion in an elastic solid comprised of a single Tlayer which overlies a
homogeneous half space. The seismic disturbances will be assumed to radiate
from an arbitrarily oriented shear fault in the half space. The occurrence
of alsudden discontinuity in displacements on the fault surface gives rise to
waves which after reflection and refraction from the surfaces of discontinuity,
produce motijon on the free surface.

As is usually the case in elastic wave propagation, the principal
difficulty that arises is the interaction of the dilatational and distortional

waves at a bounding surface. The complexity of the probiem can be judged by

h

the fact that it is necessary to satisfy boundary conditions on three surfaces:

* The interaction of the structure with the motion in its vicinity is
ignored in this study.



on the inclined fault plane, on the éurface of discontinuity., and on the
free surface.

The method of self-similar potentials in conjunction with a new
concept which is developed in this study, and is referred to as the concept
of auxiliary complex domain, is found to be an effective analytical tech-
nique in solving certain dislocation problems. This method was applied to

the problem of dip-slip and strike-slip faulting in a layered media.

1.2 Previous Studijes

Several methods have been used in the past to solve dislocation
problems in a homogeneous or layered half space. Haskell [10] investigated
seismic displacements in the near-field of a vertical, uniformly propagating
fault with strike-sTip motion using the de Hoop [11] elastodynamic representa-
tion theorem. His model does not include presence of the free surface and,
consaquently, surface waves are not present [12]. Aki [13] has also con-
sidered the near-field displacements created by a propagating fault. He
takes the Fourier transforms of integrals derjved by Maruyama [14] and then
carries out a numerical integration over the fault p]aﬁe to obtain the dis-
placement spectrum. Finally a numerical inverse Fourier transform is used to
return to the time domain.

To include the influence of the free surface in the simulated
records, Burridge and Knopoff [15,16] proposed the concept of the point
source equivalent to an impulsive dislocation. The fault plane is divided
into a number of small areas each one of which has assocjated with it a con-

centrated multipole of forces. Although the method permits the consideration



of the surface waves in the computatfon of the ground notion, a numerical
integration over the fault plane requires formidable computational effort.
The models described above have been refined by some researchers in recent
years. In 1964, Knopoff [17] developed a matrix method for the solution
of the wave propagation in the layered media. Abramovici [18] solved
similar problems using a Laplace transformation technique.

The method of seif-similar potentials which was originally devel-
oped by V. I. Smirnov and S. L. Sobolev, turns out to be a relatively simple
and extremely powerful alternative technique for solving two-dimensional
dislocation problems. Kostrov [19,20] applied the method to the problems of
propagation of shear and tension cracks in an infinite elastic medium. The
entire solution involves at most one quadrature in the complex plane. The
present study uses the same method with significant modification to account
for a free surface and an inclined fault plane.

The advantages of the method of self-similar potentials over other
approaches described above are twofold:

1) The Green's function solution which has been used in

previous models applies to an elastic full space problem. -
The solution for a propagating dislocation by the Smirnov-
Sobolev method involves no more complication than using it
to find the Green's function for the half space or layered
half space.* The final integration necessary in Haskell's
[10] approach, the source of most of the computational

effort, is then totally eliminated.

* Farewell's [31] results are identical with the Green's function solution.



2) The method considered here can be applied not onily for
the problems of spreading dislocation, but also to a |
mechanism of stick-slip fault motion.* The starting
and stopping character of the crack propagation can also

be described in a precise manner.

1.3 Method of Solution

‘In this study, the Smirnov-Sobolev technique is extended to permit
the solution of two-dimensional dislocation problems when the effect of
layering and free surface are included in the analysis. The key to this
extension is the introduction of an auxiliary complex plane such that bound-
ary conditions on both free surface and fault plane can be simultaneously
satisfied.

The solution for two two-dimensional problems, one plane strain
and the other antiplane, when combined properly, leads to an appropriate
expressions for the displacement fields on the surface. The solutien for
the former corresponds to dip-slip faulting whereas the latter represents
strike-slip faulting.

The work is organized in the following manner. Chapter 2 provides
a brief review of the method of self-similar potentials in order to give a
basis for the developments in succeeding sections. The displacement fields
produced by an inclined shear fault within an infinite elastic medium are
presented in Chapter 3. The effect of the free surface and the concept of

auxiliary complex domain is discussed in detail in Chapter 4. The numerical

* The occurrence of stick-slip motion has been observed in laboratory
experiments with geologic materials. See Ref. [21,22].



integration techniques employed in tHe computation of displacements are
examined and illustrative examples are provided. Chapter 5 treats the
effect of layering in the surface motions. Calculated records obtained in
this study are compared with the observed strong motion records of Pacoima
Dam. Finally, Chapter 6 summarizes the developments in this study and
provides some suggestion for the application of the results to earthquake
models. In addition, some further problems which might be solved by the
method of self-similar potentials using the newly developed concept of

auxiliary complex domain are described.
1.4 Notations

The symbols used in this study are defined in the text when they

first appear. Those symbols most frequently used are listed below.

a speed of the P wave (v/ é;jéjﬁi)

a, speed of the P wave in medium 1 (Chapter 5)
a, speed of the P wave in medium 2 (Chapter 5)
b speed of the S wave (//% )

b] speed of the S wave in medium 1 (Chapter 5)
b2 speed of the S wave in medium 2 (Chapter 5)
o speed of the Rayleigh wave

C-l same as a



same as b

thickness of the near-surface soil Tayer

y-coordinate of the observation point on the free surface
dislocation amplitude for dip-stip fault

dislocation amp]itude for strike-slip fault

dislocation amplitudes for dip-slip unilateral fault propa-
gating along the positive and negative x-axis, respectively

dislocation amplitudes for strike-slip unilateral fault propa-
gating along the positive and negative x-axis, respectively

see Egs. 5.23
angle of incidence

heaviside step function

see Egs. 5.6a
aes|
see Egs. 5.6a

moments of vertical and horizontal double-force, respectively

see Egs. 5.6a

see Eq. Z.6a

Rayleigh function



//xg + D2

time coordinate

see Eq. 5.27

increment of time

arrival time of the incident disturbance

complex tangential tractions for the self-similar antiplane

problem

components of the displacement field for plane strain problems
displacement field for the antiplane problem

complex displacements associated with Uy uy and u,

components of the displacement field for the problem sub-
jected to the homogeneous tractions of degree -1

complex displacements associated with Ux’ Uy and UZ
components of the displacement field in medium 1 (Chapter 5)
components of the displacement field in medium 2 (Chapter 5)
P-wave displacement components

S-wave displacement components

Head wave displacement components
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Uis, Uis displacement componenté corresponding to the reflected S wave

R * R * R * . . .

Ux, Uy’ UZ complex displacements corresponding to the unilateral fault
propagating along the positive x-axis

L*L*L* . . ‘ .

Ux’ Uy, 5 complex displacements corresponding to the unilateral fault

propagating along the negative x-axis

UX, v UZ see Egs. 3.18

V22 displacement for the antiplane problem in medium 2 of
Chapter 5

W, w2, w22 displacement for the antipiane problem, incident waves and
reflected waves, respectively

Xy, Y, Z Cartesian space coordinates

XO distance of the point of crack initiation from the free
surface

Xo ‘ distance of the point of crack initiation from the interface
between two dissimilar media

a speed of rupture propagation

B see Eq. 4.5

Y angle of the fault plane inclination

IRCIEE scalar dilatational potentials for medium 2 of Chapter 5
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F]]’F21’r1]] complex dilatational potentials associated with Yo7

Yo1> and Y111° respectively

6], 62 see Eqs. 2.6a, 4.13 and 4.22

62], 822 see Egs. 4.22 and 5.10a

6]], 6]2 see Egs. 4.12 and 5.2a

A]], A]Z see Egs. 5.2b

AZZ’ AZ] see Egs. 5.10b

A1]], A]]Z see Egs. 5.24

Nys o see Egs. 2.2]1 and 4.10

Ny Mg see Egs. 4.15 and 4.13

Nops Moy see Egs. 22

n see Eq. 4.Z2a

M, see Eq. 4.35

0], 62 see Egs. 2.10

A, L Lame' constants of elasticity

()],HI)A»Z.VZ; Lame' constants of elasticity for media 1 and 2,
respectively

u u]/u2 in Chapter 5

£ 3 see Egs. 5.2b

117 712



-— O

fo0> 97

(2]
N O

f111° 6112
FO
117

8111

Paby2017202

®,<I>-| JD-H ,<I>2]

Yo Yy Yoo

Wipe Wop» W72

12

see Eqg. 5.4

see Egs. 5.10b

see Eq. 5.12
see Egs. 5.24
see Eg. 5.26

see Egs. 5.27
mass density of the elastic solid

complex components of the stress field for the plane

strain problem
complex self-similar stresses for plane problem

complex homogeneous tractions of degree -1 (plane
problem)

scalar dilatational potentials

complex dilatational potentials associated with

9> 01> 0110 09
scalar distortional potentials

complex distortional potentials associated with wz,

Y120 Vo2

scalar distortional potentials for medium 2 of Chapter 5
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2105 o> 10 complex distortional r.Jotent1a]s associated with Wos
Woy and Wyqp> respectively
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2. DETERMINATION OF THE STRESS AND DISPLACEMENT
FIELDS BY THE METHOD OF SELF-SIMILAR POTENTIALS

2.1 General Equations

The equations of motion of small amplitude for a homogeneous, iso-
tropic solid which has elastic properties defined by the Lamé constants i

and u, can be expressed in terms of the displacements as follows,

2
. o u
2
(A + u) g%- uwvu, = o0 ~——§
at
2
9 U
3A 2 y
(x + pu) =+ wu o= p (2.1)
9y y 52
2
d u
(A + ) %% + vt u, = o —%
ot

where (x,y.z) are cartesian coordinates, p is the mass density of the solid,

X
time. The dilation A and the Laplacian operator VZ are defined by:

u , uy, u, are the components of the displacement vector u, and t is the

Lol ey,

. ax 3y 9z
(2.2)

2 5 3 %

Vo Tt Tt T

Ix oy 9z

It is customary to apply the Helmholtz theorem [23] to the displace-

ment vector u, thereby, representing it as the sum of the gradient of a scalar

potential, ¢, and the curl of a vector potential, y. That is,

u = grad ¢ + curl y (2.3)
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where y satisfies the condition div E.= 0. The scalar potential determines
the frrotational (P) portion of the displacements; the vector potential, the
equivoluminal (S) portjon.

Fpr the equations of motion to be satisfied, it is both a necessary

and a sufficent condition that the potentials satisfy the wave equations [24],

2
2 1 3
(v - =5 =)o = 0
a2 at2
(2.4)
2
2 1 3
(v - = =) v, = 0
be gt 1

where a = //i_ij?ﬁ and b = //g are the speeds of the irrotational and equivo-
luminal waves, respectively. In what follows, the customary geophysical desig-
nation of P and S wave will be used instead of the terms "irrotational” and
"equivoluminal." For the case of plane strain in which the displacements are

zero in the z-direction, the x and y components of ¢ are zero. The Helmholtz

decomposition again leads to

2
2 1 3
(<" - % 3k =0
a2 atz
. (2.5)
(\;2 _ 1 ._iz_) w =
b2 atl 2

Another plane problem of interest in this study is one of the anti-
plane type for which the displacement vector is (0,0,uz) and is a function

of x, y, and t only. The equations of motion reduce to a single one.
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@ - Ly =0 (2.6)

As will be demonstrated in the succeeding chapters, a plane strain
and an antiplane problem when combined, yields the solution for a shear dis-

location problem in which the Burgers vector [25] lies in the fault plane.

2.2 The Method of Self-Similar Potentials

The method of self-similar potentials is an extremely efficient
technique which provides the solution to the two-dimensional wave propagation
problems without formidable mathematical manipulation. The method applies to
the problems where the boundary and initial conditions are homogeneous func-
tions of the spatial variables and time--those which are commonTy re?erred'fo
as self similar problems. |

This approach to wave propégation problems was first deve1oped by
two Soviet mathematicians, V. I. Smirndv and S. L. Sobolev [26] more than
fé}ty years ago. In 1969 Thompson and Robinson [27,28,29], with the emphasfs
on presenting a motivation and bibliography of the method, applied the méthod
to various dynamic contact problems which involve an arbitrarily shaped rigid
die and a linearly elastic half space. Later, Johnson and Robinson [30] ex-
plored the application of the method in conjunction with rotational superposi-
tion to solve three-dimensional problems invoTving a singie force parallel to
the surface of an elastic half space. Mdre recently, Farewell andvRobinson
[31] extended the previous problem to the ohé in which a cbup]é with differ-
ent orientation is applied at a pbint beﬁeath the surféce. A brief summary

of the procedure and some elements of the Smirnov-Sobolev technique which
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are essential to the developments in this study are presented in the follow-
ing section. For additional details, the reader is referred to the refer-

ences given above.

2.2.1 General Remarks

The homogeneous boundary and initial conditions which characterize
the self similar problems make it possible to reduce the number of indepénJ
dent variables necessary to describe the motion of the body, e.g., (x,y,t)
becomes (x/t,y/t). This reduction is accomplished by introducing a complex
variable, 91, which is defined implicitly by the equation »

-2 7 _
to- 8.x -y /éi -0, o+ ps (ei) = 0 (2.6a)

The parameter c. and the complex function pi(ei) will be discussed in detail

in the next section. It has been shown that [27] 6, or any sufficiently

smooth function of ei, say, f(ei) provides a solution to the differential
equation of motion. The plane strain and antiplane problems uncoup1e. The
solution to the former is in terms of a dilatational (P) wave and a vertically
polarized distortional (SV) wave while the latter is in terms of a horizontally
polarized distortional (SH) wave. These plane problems will be briefly

treated in the following sections.

2.2.2 Solution of a Plane Strain Problem of Self-Similar Potentials

Solution to the plane strain problem can be obtained in terms of
the self similar potential function, ¢ and v, henceforth denoted y, de-

rived in Section 2.1. The functions ¢ and ¥ are real parts of corresponding
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complex potentials & and ¥. That is,

©-
1]

Re @(81)

<
i

Re w(ez)

where 61 and 92 are complex variables which parametrize the characteristic

surfaces of the wave equation. The following implicit function defines the

variables 61 and 62,

_ -2 2
S, =t - 8.x - y/éi - 0; + pi(ei) = 0 (2.8)

i=1,2

where ¢, = a, Cp = b and pi(ei) is any analytic function of 81. For the

1
problems in which the loading is applied initially at the origin of the (x,

y,t) space, only the characteristic surfaces through the origin are of inter-

est and pi(ei) = 0. For subsurface loadings considered in subsequent sections

p.(6.) # 0. Consider the particular case when pi(e.) 0. In this case the

it j
Eq. 2.8 has the form:

5, = t - f.x -yt -8 = 0 (2.9)

These surfaces are planes tangent to the cone x2 + y2 = c?tz.

the trace of several of these planes in the (x/t, y/t) plane. As indicated
previously, any sufficiently smooth function of ei, in this case, ¢ and y,
will automatically satisfy the wave equation.

Solution of Eq. 2.9 provides the values of the Gi variables and

defines a mapping of the (x,y,t) space into the complex ei plane. For

Figure 1 shows
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1/2
1 L2 2 -2
6, = —?~(tx + iy(t - ric; ) )
r
and for x2 + yZ > cztz,
6. = — [tx + ey(rici? - t8)1/2
i 2 i
r
2 2 2 _ . _
where r~ = x~ +y , ¢ = +1 for x < 0 and € = -1 for x

(2.10a)

(2.10b)

> 0. It is seen that

the variable ei is real beyond the wave front and complex behind it. The

value of Oi is constant on a characteristic plane and

e] = 62 at points on

the y = 0 surface where the characteristic plane intersects the boundary.

The fact that 8, and 02 possess equal values on the y

1
the solution to the initial value problems in which y

The mapping defined by Egs. 2.10 transforms

0 surface facilitates

0 is the boundary.

the half space y > 0

into the upper half Gi plane. Figure 2 shows some features of the mapping.

Briefly, the surface y = 0 together with the region outside and on the wave

front map onto the real Oi axis and the region inside

the wave front maps

into the region off the real ei axis. The y = 0 surface maps into the real

0; axis independently of ;s @ fact essential to the solution that follows.

The complex displacements can be written in terms of the complex self similar

potentials as:
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. s0(e,) a¥(e,)
u, = +
oX ay
* 3@(8]) BW(GZ)
uy = 5y - ™ (2.11)
* —
u, = 0

’ * *
It should be observed that only the real parts of Uy and uy have physical
significance and represents the real displacements. The derivatives of ei

are found from Eq. 2.9 to be

By
ox 5.
;
38 ; //C;Z - ef
- - ' (2.12a)
Y 5.
;
X
at '
85
where
. yo.
0"1 = -X + -
-2 2
(2.12b)
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Hence,
, 9 , /b2 eg
u, = 0 (e]) i Y (92) 5'
1 2
(2.13a)
* , /o e? , 5,
u, = @ (&) - - ¥ (8,) %
% )
where
v 30 ST
o = 5, and 4 3, (2.13b)

Employing the Leibniz rule for differentiation of an integral and considering
the derivatives of 61 defined by Egs. 2.12a, one can write the displacements

of Eqs. 2.13a in a slightly different but more convenient form as:

6 6,
* _ _a— _ . } _ _2—
o= & j ve' (8)ds j /b2 - 62 y'(0)de]
0 0
(2.14)
6 )
] — 2
x 9 7T
o= 2 [-j /a2 6% o' (6)do +j ov' (5)da]
(0] (0]
The complex stresses are then:
* 1
o] \
RN —é;-[j (b‘2 - 2@2)© (0)do - J 20//b - e y' (9)de]
u
at” .
* 2 9
] f - - ' -
X8 [ (o 2 4 20% - 2a7%)8' (8)do + J ze/_2 - 9% v'(8)de]
H at
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* B 6
T 2 r] —9 9 ] f2 !
2 - B /a7 oot e e)s + | (577 - 26P)y ()ce]
ot
0 0
(2.15)
* 2 6]
a { _ - 1
z . _82_ [J (62 - 2a7%) & (8)do]
H ot
0

where 6 is dummy variable of integration.

Any loading that is homogeneous in spatial and time coordinates
can be represented by an appropriate integration or differentiation of Egs.
2.14 depending on the degree of homogeneity.* For example, consider the case
in which an elastic solid is subjected to a homogeneous boundary tractions of

degree zero. The expressions for the complex stresses and displacements are

~as follows,

t T
0
= o di1.dT
;x J J[ 1
0 o0
t T .
0 [ *
Y= ] J Oy dT]dT (2.16)
Y o o0
ft B
o _ "
Txy - J f Txy dTld[
0 4]

* * *
Substituting for Ox’ Gy and Txy from Egs. 2.15, the stresses are found to be

*

Thompson and Robinson have discussed the generalization of the method
of self similar potential and its application to the problems in which boundary
tractions (or displacements) are homogeneous of degree n. See Ref. [27] for
additional details.
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ZO fe] 9,
7; = J (b-z + 292 - 2a'2)@ (6)ds + [ 26//b S gy (6)de
: J
0 0
0 e
y rto-2 2, S g2
o - } (b™° - 287)% (B)d6 - J 2@ b2 - 6%y’ (e)de (2.17a)
0] o]
70 P2 .
= J 20/a7% - 62 o' (8)ds + | (572 - 26%) v'(0)ds
0 A 0

Similar expressions for the complex displacements are:

rt r67 rez —5
Ug = J - {J e¢'(e)de + J //b Z_ 62 (g)de} di
° 0 ° (2.17b)
t 6] —— 92
UB = J - {J a " -6"9¢ (s)de - J v (p)da} dv
0 0 0
On the surface y = 0, 6; = 6, = 6 = ;u Equations 2.17a and 2.17b become

B ,
T (62 + 262 - 2a7%)0' (8) + 20/ b2 - 6% w'(5)]de

e}
20 (6 -2 2. /
7% = J [(672 - 26%)0'(8) - 20/b72 - 6% v'(5)]de (2.18a)

@]
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70 il —_ .
'I):l = Jr [20/ a? e2 o (o) + (b“2 - 292) v (9)] do
. 0
and,
rt j§ %
Ug = J - {J [etp 0) /b - e y'(6)]do} dr
0 (0]
rt .
U; =] - {J [/ a2 6% o' (8) - ev'(8)]do} dr
[0} 0]

(2.18b)

Assuming that the normal and tangential tractions are defined on

the boundary, one can obtain the complex potentials @l and W'

ing manner: differentiate the last two of Egs. 2.18a

solve the resulting simultaneous equations for o and v .

pressions can be easily verified.

"l - 1 y 17 1 Xy
e (o) = I 2
R(O])
-2 2 o' 227777 o
v'(o) = 1 (o 205) Ty (®) 2% ‘/a..____ %2, __>",Y. _(&{)
2 U R(Gg)
where
: d y9 (e.) ‘ d 12 (8.)
o (e;) = Lo 7% (9,) = —X_1
y i de Xy i d@_i

in the follow-
with respect to 0 and

The following ex-

(2.19a)

(2.18b)
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and

R(6

2
) = (b - 268 o+ 4e§/a'2 - 6 /b2 ef (2.19¢)

is the Rayleigh function.
A complete description of the method, as it applies to the self-

similar traction problems can be summarized as:

0
Y Y

on the surface y = 0, determine the complex stresses by applying

1. Given the real boundary tractions, Zy = Re ) and Txy = Re Tg
the Cauchy integral theorem [32] for the half plane. The re-
sulting functions can be expressed in terms of 6 = t/x on the
boundary.

2. Find & and ¥ from Egs. 2.19a by substituting for X; and Tgy

obtained in step 1.
3. Substitute the expressions into Egs. 2.18. The real part of
the results after carrying out the necessary integrations give

the stress and displacement fields within the half space.

2.2.3 Solution of the Antiplane Problem

The antiplane problem is treated in a similar manner as the plane
strain problem. The majbr difference is that the sojution for the antiplane
case is found in terms of a dﬁsp1acementvfunction rather than a potential
function. The displacement function, w, is the real part of the complex

function W(0 That is,

2)'

w = Re w(oz)
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The complex variable 62 is defined by Egs. 2.10.
For a problem with homogeneous tractions of degree zero, the dis-
placements and stresses are found in a manner analogous to Sec. 2.2.2. The

results are:

0 _ 1

W2 - J [ ] We)de] ar
0 [e]
T P
—UE = 'J /o2 6% (6)ds (2.20)
0

0 (62

X '
= = - J oW (6)do

0]

The general approach of Sec. 2.2.2 applies equally well to the antiplane

problem and similar steps should be taken.

2.3 Extension of the Method of Self-Similar Potentials to Boundary

Value Problems Involving Non-Parallel Boundaries

As mentioned in the proceeding section, the fact that e] and 62
possess equal values on the surface y = 0 is essential to the solution of
plane strain problems. This regquirement can be easily maintained for prob-
lems with a single plane boundary. In fact, the equation of the character-
istic plane is defined in a manner that this condition is automatically
satisfied. However, there exists a class of problems in elastodynamic

theory which involve more than one boundary. For example, the problem of

an impulsive line source acting inside an elastic and isotropic quarter
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plane, tﬁree-quarter plane, or two "welded" quarter plane with stress-free
surfaces are typical geophysical problems.

In particular, the problem of great interest in the study of models
of earthquakes is the one in which a fault of arbitrary dip in an elastic
half space experiences sudden discontinuity in the displacement across the
fault surface, thus, radiating elastic waves to the surface. It will be
demonstrated in the subsequent chapters that the method of the self-similar
potentials is applicable to this two-dimensional dislocation probiem and an
exact solution can be obtained in a fairly straightforward manner.

For example, in the case of a vertical fault plane which is located
in an elastic half-space the expression for incident potentials in the 6-plane
can be easily obtained by using the Cauchy integral theorem together with the
prescribed boundary conditions on the fault surface. Two other potentials,
namely, reflected P and S-wave potentials are found by introducing a new com-

plex variable, n;> such that
S (2.21)

The equation of the characteristic plane in terms of n; becomes:

-2 2 -
; t - X//Ci - Ny - oyng = 0 (2.22)

[@2]
11

It is apparent that b and No have equal values on the x = 0 surface--the
condition that permits determination of the reflected potentials. For the
case of an inclined fault plane, transformation (2.21) is of more general
form; however, the ni'é retain the previous property. Further details along

with numerical examples will be provided in Chapter 4.
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3. RADIATION OF ELASTIC NAVES FROM A DISLOCATION SOURCE

3.1 General Remarks

It was indicated in Chapter 1 that,according to seismological evi-
dence, shallow-focus earthquakes occur as a result of sudden tangential motion
of Earth material across a pre-existing fault plane. The mechanical energy
released by this sudden slippage is carried away from the source region in
the forh of seismic waves and produces disturbance at the interior points
of the medium. A kinematic model can be developed such that it retains the
major physical features of the faulting process and describes the motion at
any point inside an infinite elastic solid.

Several researchers have investigated faulting models adopting
different approaches. Steketee [33] used Volterra's formula to derive anal-
ytical expressions for the displacement fields as an integral over the fault
plane involving nuclei of strain which he interpreted as being due to the
action of systems of point forces. Later, Maruyama [34] extended Steketee's
work to include different type of point sources. Geller [35] developed
analytic solutions for a two-dimensional dislocation problem. He integrated
the Green's function solution for a shear fault along the direction of in-
finite length, thus, reducing the surface integral over the fault area to a
line integral over the depth of the fault. Knopoff and Gilbert [36] used
the "Knopoff-de Hoop representation theorems" to obtain first motions of
body waves from a propagating fault. They have shown that the radiation pat-
tern of a shear fault coincides with that of two double-force with opposite

moments in an unfaulted solid.
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The models mentioned above; have failed to consider several physical
features Which are associated with the processes of crack propagation. For
example, it has been shown that the rupture velocity is in general less than
the speed of P wave [37], whereas Geller's model is based upon the assump-
tion that the dislocation front travels with infinite speed, the phenomenon
which cannot bé justified in the physical sense. It is also agreed by many
seismologists that because of High tangential friction on the fault surface,
the dislocation front may cease for a short period of time and then begin to
propagate at some slightly later time. This factor too is not included in
the existing models.

This chapter treats dislocation problems in an unbounded medium
using the method of self-similar potentials. In spite of the apparent sim-
plicity of the method, the mode] allows for consideration of the phenomena
neglected in the previous models and some important features of the source
mechanism are exhibited in the radiation pattern. The variation of rupture
velocity in different strata can also be taken into account. This is of
particular interest in dealing with problems in which the geological property
of the medium contained between the focus and the observation point changes
considerably. Finally, application of the method of self similar potentials
to the faulting models makes it possible to define the starting and stopping
position of the dislocation front in an arbitrary fashion in a proper time and
spatial domain.

In the subsequent sections two different types of faulting will be

considered:

1. Rupture starts at a point on the fault and propagates in two

opposite directions (bilateral fault) and;
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2. Faulting starts at a point and propagates only in one

direction.

The solution for these two problems, when combined properly, re-
sults in the expressions for displacement fields corresponding to a fau]tlv
with infinite length and finite depth. It is assumed that the dis]ocation.
amplitude varies as a step function in time. The extensioh to any other

time dependence is not difficult.
3.2 Elastic Waves Radiated from a Bilaterally Propagating Shear Fault

Consider a fault plane located in an elastic, homogeneous, and
isotropic medium extending to infinity in all directions. At some initial
time two opposite sides of the fault suddenly acquire a relative displace-
ment tangential to the fault plane along a segment with infinite length
and infinitesimal depth. The dislocation front then, propagates bilaterally
at right angles to itself, sweeping out a rectangular area. Thus, the fault
plane can be visualized as a geometrical discontinuity across which a sud-
den slip takes place in an arbitrary direction. Figure 3 shows the fault
model. As mentioned before, the general solution for a two-dimensional
dislocation problem can be decomposed to a plane and antipliane probiem. Thé
former correSponds to the slip in the x-direction (dip-slip), and the latter
results from the slip in the z-direction (strike-slip). Both cases will be
examined in detail and expressiohs for displacement-fields will be derived.

The following assumptions have been made throughout this study:
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1. No geometrical nor functional dependence exists in the z-
direction, i.e., all planes perpendicular to the z-axis are
exactly identical at any given time.

2. The velocity of propagation is uniform for any single disloca-
tion pulse.

3. The dislocation is uniform.

4. The effect of medium nonlinearity or inelasticity is ignored.

3.2.17 Solutijon to the Plane Strain Problem

The boundary conditions on the fault surface are defined by the

following equations.

Ux}y=o- = - %& [H(t +t') - H(t-t')]
(3.1a)
Uy 0" = +95[H(t+t') - H(t - t")] . -L;l_
and
Zy =0 for all |x|  (see Appendix A) (3.1b)

where, DX is the relative displacement of two opposite surface of the fault

plane, o the velocity of crack propagation, and H the Heaviside step function.
The problem under consideration is completely determined by a pre-

scribed tangential movement on the boundary which is a homogeneous function

of degree zero. Therefore, all displacements are homogeneous of degree zero.

That is,
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U, (x, y, t)

U, (kx, ky, kt) X

(3.2a)

Uy (kx, ky, kt) U (x, y, t)

Y

It follows that stresses are homogeneous functions of degree -1, i.e.,

k!

ZX (kx, ky, kt) EX (X, ¥, t)
(3.2b)

- I, (% ¥, 1)

Zy (kx, ky, kt)

Equations 2.74 and 2.15 of Sec. 2.2.2 when integrated once in the
time domain, gives stress and displacement fields for a problem in which
boundary tractions are homogeneous functions of degree -1 (see Sec. 2.8 in

Ref. [27]). The results are:

t t
ol * 4 . uo= * g (3.2¢)
UX u>< T 5 y uy T .
o} 0
and
. t t
. * * { *
by = J o, dt ZY = J o dr (3.2d)
0 o}

The following relationships hold between the complex stresses and displace-

ments and their real parts

*

*
UX = Re UX ; Uy = Re Uy (3.2e)
\ * - *
y,o= Rel, I, = Re], (3.2f)

* * * *
Substituting for Uys uy, o> and Oy from Eqs. 2.13a and 2.13b, we have the

following expressions,



8 8,
U = - f 60 (8)de - f /72 - g2 v'(6)de
0 0 (3.3a)
. g %
Uy = - J (6)de + J‘ew (6)ds
0 0
and,
T, N PSP
%:E[J (b -Ze)cb(e)de-J ze/b -e\y()de]
o] ) o}
(3.3b)
N BV ST
lJx - EY[J (b™° + 26 - 2a “)¢ (p)ds + j 2e/b -9l (e)ds]
[0] o]
T* ; rez , -~
K. B J 26¢/a - 9% ' (8)do + | (07 - 26%)y" (6)ae]
0 (0]

The complex variables 61 and 6, are defined by Eqs. 2.9 and 6 is the dummy
variable of integration.

To obtain the self similar potentials @l and ¥ which solve the two-
dimensional dislocation problem, it is necessary to express the stresses and
displacements in the complex 6-plane. This can be accomplished using the
Cauchy integral thecorem together with the boundary values expressed by Egs.

3.1. The results are:

0, [H(g + at) - HE - at)]

* _ '] d
UX(G) = -3 J - x €
D —
- X T+ ad
= - i Tn R—if-:gg (3.4a)
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and

1.(8) = 0 (3.4b)

where, 6 = t/x on the y = O+ surface, and o is the rupture velocity.
Equations 3.4 when combined with the first and third of Egqs. 3.3,

yield the complex potentials @I_and W'. Their values can be computed from

the following equations:

v ZDX(},bZ -e‘
e =
(3.5)
2 2 2
o () - Dob™ b~ - 28
(9) = - = 0. 26l R

Since the y = 0 plane maps into the real axes in the complex e] and 62—p1ane,
the potentials @l(ﬁ) and W'(g) must be the boundary values of ® and ¥ in
the same complex domains, respectively. It has been shown [32] that @'(e])
and W'(OZ) can be determined at any point off the real axis in the complex
domain by replacing 0 in the first and second of Egs. 3.5 with 6, and 6,,

respectively. That is,

, ZDXab2 64
vl = - Tz
- O] +
fory >0 (3.6)
2 b—2 5 2
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The problem is now completely determined. The motion canAbe described at
*
any point of the medium by simply substituting for the complex potentials

in Egs. 3.3a, i.e.,

T A 2 % 2 .2
Ty [J 1-ea292_ do + J —————2‘(’] _'aggz) de]
0 0
(3.7)
o 2D>_<O‘b2 [JB] o/al - % . fz 0(b% - 26°) 4o
y i - o8 2.2, /o7 . o2
0 o 2(1-a68")Yb "~ -8

* *
Obviously, only the real portion of UX and Uy represent the physical distur-
bance in the body.
The integrals on the right side of Eqs. 3.7 when evaluated, Tead

to the following explicit expressions for the displacements:

* . -1 -1 . .
If a cut is made between -b " and +b ' 1in ez-plane such that the radic
1 b

+
Vv b'2 - 62 become single-valued at every point, the potentials defined
3.6 will also solve the y< 0" half space problem whose boundary conditions are
defined by Egs. 3.T.

e

a
y Egs.
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U* _ ZDXb [92 - 61 N 1 ] OLG] + ] 1 1+ CXOZ
= 3 2 e TT Y 2T
6, + 1
1 o
- —% 1In —— ]
2@2 ad, T
. 20 b2 — S
_ X -2 -2 -1 1
U : [Va©-a tan )
y 1TQ / 7 =7
a - a
I /b7 62
+ tan = (—— ——=)
20b b2 - az V b2 - az
/e ! — L
a/oa_2 _ a2
2 2 -
+ 2h - a tan—] (—%—) - /a-2 - 6%
2ab//b2 - az //bz - az
+ /b'2 - eg oal L b-1 ] (3.7a)

The investigation of Egs. 3.7 reveals that the irrotational as well
as equivoluminal components of the displacements are zero, as expected, be-
yond the front of the P and S-wave. The denominator of the integrands are
zero at points 6 = w7l However, since LS a_], the path of inte-
gration does not include any of these simple poles and the integrands are all

analytic functions of 6 in the region of interest. As a result, the displace-

ments are finite and continuous for all t > 0. The case in which a > b,
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although not justifiable in the physical sense, can be treated without any

difficulty.

3.2.2 Solution to the Antiplane Problem

Solution for the SH-wave component of the displacement is found
in an even simpler manner than that described in the previous section. In
this case the upper half plane (y < 0') has a permanent tangential displace-
ment in the z-direction relative to the Tower half-plane (y > O+) adjacent

to it. The boundary condition on the fault plane when expressed in terms of

the variable 8, is found to be

* _ Z 1 - ab
Uz(e) T 2iw 1n 1+ ab . (3.8)
where
D u_| U d U Re U, (3.9)
= - an = Re .
z z y=0+ z y=0 ' z z

The derivative of the complex displacement potential is defined by the

equation

W (e, = =2 L (3.10)
T -« 92

Equation 3.10 describes an incident SH-wave potential. Corresponding dis-

placement field is determined from the equation
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B
* ab_ 2 1 ' : :
u, = = J ——— d8 (3.11)
o 1 -0706
-1
D O -6
= ~Z . n- 2
2im -1 -9
o 2

Equation 3.7 together with Eq. 3.11 determines the complete solution for a
two-dimensional dislocation problem in which cracking propagates at both
directions and displacement discontinuity on the fault plane has a step

function time dependence.

3.3 Elastic Waves Radiated from a "Unilateral" Shear Fault

The solution for a problem in which slip starts at a point on the
fault plane and propagates unilaterally along the x-axis is found in much
the same fashion as that for the bilaterally spreading fault. The only dif-
ference arises from the fact that an appropriate time and coordinate shift
has to be considered in defining the new complex variab]es* e? and e%. In
what follows the superscripts R and L will be used to designate the displace-
ments for two different problems in which the dislocation front propagates in
the positive and negative x-direction, respectively. The fault models are
shown in Fig. 4. The analysis in this section parallels that of Sec. 3.2

and reiteration of tne procedures is not necessary. For a dip-slip fault

‘ * %
propagating in the positive x-axis, the following fields can be easily verified.

*
The notation 6. will be used whenever a condition applies to both the
O] and 02 plane.

**The expressions for the incident P and S-wave potentials which corre-

spond to a unilaterally propagating shear fault are derived in Appendix B.
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R R
R 2 ) 3]
RU* _ Dxab [r 1 e2 o s 2 b—2 _ 262 4]
X im J 1T - ab 2(1 - ad
o) ) :
(3.12)
R R
R.2 © —s— 8
RJ* . D,ob [f g/a2 - 6° 4o - 2 8(b™® - 26%) ds]
Yy im J 1T - a8 )
0 o 2(1 - ae)/b -9
Performing integrations* of Egqs. 3.12, we have
R .2
D' b 2 2
R * X 1 R 1 R R R
Ux = Ef(] ue]) - 'f(] - a62) + Zu(e] - 92)
1T
R az | R
+ In(1 - a6;) + (=5 - 1) In(1 - ab6,)] (3.12a)
1 2b2 2

*It may be more convenient to evaluate the integrals numerically.
The explicit form of the displacements derived here is wuseful in finding
the residual displacements.
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R .2 -1 R
D' b 2 2 2 ad - ad
* - - - -
RU = X 5 [C‘L 225 "Sin ] (ae1R) _ a - [0 sin ] ( . . ])
Y ima 2a 1 - ae]
-1 R
2 2 ab © - bo,
-1 R 2b” - a . =1 2
+ sin (bez) + ———f?gzz;mf . sin (_;_j—_gﬁ——)
zm/b - a )
2 2 2 2
-2 R -2 R o R -2 R
+ al(/a "~ - o] - b " -6, )+ 7?»(61 a” -8,

? 2 2
R//F-—Z R //a - a . =1 0
- 0, b © - 62 ) o+ P sin (E)

2b% - ol

26/ b2 - o2

sin (3) - 5 - P

Similar results are obtained for a unilaterally propagating strik-slip fault

as shown below

R
R 8
Do 2
R* z de
D (3-132)
0
or DR
*
Wos o sE - aeg) (3.13b)

The complex variable e? is defined by the equation
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(3.14)

where, XE denotes the x-coordinate of the point at whicg cracking started

, [x3]
initially (see Fig. 4), ¢c; =a, ¢, =b, and t' =t - -9 .

¢4
Except for a minor change in Eq. 3.14, the problem in which fault-
ing spreads in the negative x-axis is determined in a similar manner. The

results for both the dip-slip and strike-slip fauiting are as follows

i) dip-slip fault:

L : L
. Dtan? B 2 % 2 2
I S f S T, b =20 4o]
X im T + ab 2(1 + af)
0 0
(3.15a)
L L
L ,2 6 ——s 0
Lx Db ] _S/a‘_z_; 0 (2 e(b7% - 26%)
o= X w0 - | - de]
1 1 + ab 5o
0 o 201 +a8)/ b % -
or,
pk p?
L* _ X 1 L2 1 L L
v, = -— [2(1 +a(€1) - 2(1 +ae)2) + 2(1(62 91)
1T
1 2 .2 1+ QG%
+ sab In(1 + aOZ) + 1In ( f)]
T + ad
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DL bZ
* - -
LU = X [ - % a 2az) sin 1 (aeL)
Y T L
ca |+ ad
- sin”] (beL) - 1 - o0fa? sin”! ( ])
2 1+ L
a81
-1 L
2, -2 ab + b ————r
v L-ob sin”! ( 2y + /1< %2 sin™! (ca
2/1 - o2p2 T+ aby
2, -2 _ _/"____'7
. 2-9b sin 1 (ab']) - %—a2 (6% a 2 _ 6%
2/1 - o2p2
7 .2 2
L/—Z L /‘-2 L /2 L
-ezb-92)+a(a—e]- b-ez)
-1 -1
- oa + ab ] (3.15b)
ii) strike-slip fault:
L
5}
D o 2
L* _ "z de
U, * 7 f T+ of (3.162)
0
or
L* _ Dz L .
UZ = i In (1 + aez) (3.16b)

where,
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L t'(x + xL) + iy//t'2 G (y2 + (x + xL)Z)
- 0 i 0
o 2 RY: (3.17)
yoo+r (x+x))
0
L
L. — . 1%
The parameter x_  is shown in Fig. 4; and t =t - — -

It will be shown in the subsequent section that superposition of
the responses of different dislocation problems obtained in Secs. 3.2 and

3.3, determines displacements corresponding to a single dislocation pulse.

3.4 The Mechanics of Intermittent Faulting

The analyses described in the proceeding sections are based upon
the assumption that the fault-slip dependence on time is a Heaviside step
function so that, nonuniform frictional effects and jerky stick-type motion
are neglected. Also, it was assumed that the dislocation front propagates
with constant ve]ocity‘in'either one or two directions.

However, it is generally agreed [37] that a reasonably large por-
tion of a fault plane, centered roughly about the epicenter, fails first.
This triggers other portions of the fault plane at the ends of the initial
failure. The sequential cracking continues until, finél?y, the entire or
the large portion of the fault which generates the earthquake has failed.

One way to simulate this phenomenon is to discretize the fault
plane into elementary segments along the fault depth [38]. These segments
which are usually referred to as primary slips are shown in Fig. 5. The
distribution of these elementary sources in time and space domain can be
found from a simple stochastic model. The parameters which describe the
model, and are closely associated with the aftershock events, require thorough

investigation and could be the subject of future research.
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The process of simulation of the strong ground motion necessitates
solutions for the seismic sources in which the dislocation fronts stop at
certain points. This can be accomplished by a suitable superposition of the
results obtained in Secs. 3.2 and 3.3. A bilateral fault with initial .slip
in a given direction is the first source of motion. Upon this are super-
posed, at a later time, two separate unilateral faults of the same type but
with initial slips in the opposite direction. Figure 6 shows schematically
the superposition of the fault sources described earlier. For a single dis-
location puise with finite depth which is located in an infinite é1asf1c

medium, the displacement fields are defined by the equations

* *
et =t - RC L
(3.18a)
* * * *
e =t o R Ly
and
e*_ * R'k L*
U, = U, - U, -, (3.18b)

The superscript "e" denotes motion corresponding to an elementary disloca-
tion pulse. Substitution for the quantities on the right-hand side from
Egs. 3.7a, 3.12a and 3.15b, yields the response of a primary slip at a given
point. The complete time history of displacements is obtained when the re-
sponses of a sequence of elementary sources are properly combined in time
domain.

The advantage of the method of self similar potentials over the

existing standard procedures can be judged in the ease of choosing the
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proper fundamental problem for analysis and carrying the analysis to the

point of numerical calculations.

3.5 Variation of the Residual Deformations with Distance from the Fault

The investigation of the earthquake source mechanism often re-
quires that the depth and dimensions of the seismic source be inferred from
measurements of the residual displacements at various distances from the
fault plane. The appropriate mechanism for each earthquake is then selected
by comparing the geodetic observations that have been made around the fault
with tHose predicted from thé solution of the dislocation models. Chinnery
[5], among others, étudied static chénges that accompany faulting within the
earth and developed a mathematical model based upon the dislocation theory.
Results of the study were successfully compared with those actually recorded
along the San Andreas fault. Since the fault is very long (nearly 300 kms)
and gquite shallow (estimated depth of 6 kms), it is reasonable to compare
the observed displacements with the predictions for a fault of infinite
Tength.

The permanent deformation associated with a particular disloca-
tion pulse can be evaluated from Egs. 3.18 when t approaches infinity. After
somewhat lengthy calculations and tedious mathematical manipulations, the

following expressions can be verified.

2
Db X, =X X t X
U (x,y,t==) = S (572 [tan 1 (<) & tan”] (=9 — )7
X 2
X + X X - X
) Y(bnz"az)[z s - ]
yoo+ (x + x_) yo+ (x - x_)
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eUy(x,y,t=w) =0 -~ (3.19)
e DZ 1 %9 T X 1 X T X
Uz(x,y,tzw) = 5 {tan (= ) + tan (__iy- )}
— R: L = R _ L _ R - L e - e *
where, D =D, =D, D =D =D X ,|xoi Ixol, U, =Re “U,

and so forth.

It is seen from Egs. 3.19 that the speed with which crécking propa-
gates has no influence on the residual disptacement. It depends only upon
the fault width Xg the x and y coordinateszof the point under consideratioq,
and the elastic property of the material (22-= X_1E§H)‘ Equations 3f]9 can be

further simplified by considering points which are located on the y-axis (x =

0). The results are as follows

2
Db ) X ) ) Xy
eU (Os_y’t:m) = '—)f—"‘ {b 2 tan ] ( ‘O‘) - (b 2 - a 2) —— e }
X I y 2 2
X< +y
e
U, (0y.t=2) = 0 (3.20)
e DZ -1 Xo
U_(0,y,t==) = =% tan (-
z n
In the Timit when y -~ 0, Egs. 3.20 reduce to
D
e + = = ——
U, (0,07, t=) ;
(3.21)
= 0

e +
0,0 ,t=w
u, ( )
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and

®U_(0,0", t==) %
z 7 2
which are the prescribed displacement discontinuities on the fault plane.
The variation of the residual deformations with distance from the
fault surface is illustrated in Fig. 7. It is observed that both components
of the displacements decrease fapid]y (1ike }J at intermediate distances, and

vanish at points far from the source (large y).

3.6 The Point Dislocation

Consider a displacement dislocation model in which a sudden fracture
gccurs over an infinitisima] area of the fault plane at time t = 0 and remains
constant thereafte};: This simply implies that the area over which the fault-
ing takes place has been shrunk in the 1imit to the origin. Depending on the
direction of the relative movement on the fault surface, the waves generated
by this elementary source can be either P-SV wave (plane problem), :or SH-wave
(antiplane problem). Only the waves of the first type will be considered
here. The analysis of the SH-wave does not introduce any difficulty.

The self-similar potentials which so1ve the plane problem can be
obtained directly from Eq. 3.6 by replacing (ZDXa) by Ax, the amplitude of
the point dislocation, and letting o« - 0. This simply means that the "inten-
sity" of the dislocation is held constant as the speed of cracking approaches
zero. Therefore, the source of elastic waves is a point dislocation. It

follows that
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| Wk . abe b8 - 265

¢ = - 0, Y o= - 53 — (3.22)
im 1 2im =5 5
<a:

Substituting for o and ¥ in Eqs. 2.13a, the response of a point disloca-

tion is found to be

A b8 ef b™2 _ zeg
u = L [t —"Zs—r—']
m 1 2 ,
(3.23)
2 T 7 2 2
R . R L
im ! N
§ N N

where, 5; is defined by Eq. 2.12b.

Comparison of the results with Eqs. C.3 of Appendix C and the ob-
servation that* M= uAX [39] reveals that the response of a nonbropagating
fault is identical with that of a suddenly applied pair of doub1é forces with
opposite moments. The static displacements are found by substituting for Oi
and 6% in Eqs. 3.23 in terms of x, y, and t and letting t approach to infinity.

It can be easily verified that

2
A b 2 )
T - I B
r 2r
(3.24)
2
Ab 2 "
-2 .
u (xy,tee) = - “ﬁy— {K%r-(b Sahy 4 537? }
’ r 2r

where, r2 = x2 + y2 and (uX, uy) are the real parts of the complex displace-

* *
ments u_ and u_ .
X Yy

*
M is the moment of two concentrated forces acting at a point on the
fault plane.
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Expressions similar to those represented by Eqs. 3.24 and in a
slightly different form have been derived by Love [40]. This indicates that
an impulsive dislocation source can be replaced by a suitable system of point

forces such that the response at any point remains unchanged.
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4. EFFECT OF THE FREE SURFACE ON THE RADIATION PATTERN

4.1 General Remarks

The previous analysis of the elastic waves radiating from a seismic
source was based upon the assumption that the elastic medium extends to infin-
ity in all directions, so that the displacement fields were uninfluenced by
the presence of any plane boundary. This chapter is devoted to the calcula-
tion of the seismic motions on the surface of an elastic half space when a
uniformly propagating shear fault, with an arbitrary dip, experiences a sud-
den discontinuity in displacement on the fault plane. The relative movement
of the opposite sides of the fault is also arbitrarily oriented; that is,
both dip-slip and strike-slip motions will be considered.

To take the effect of the free surface into account, two different
approaches have been adopted by seismologists. One method [41] is to replace
the fault plane by a finite number of elementary point dislocations the re-
sponses of which are equivalent to that of the multipoles of forces. The
seismic waves radiating from each individual source are resolved into P, SV,
and SH components along each ray path and then multiplied by the reflection
coefficient at the surface appropriate to these components. This method re-
quires lengthy nurerical integrations over the fault surface. The second
approach 1s to simply double the computed displacements, as suggested by
Haskell [10] and practically used by AKi [13] and Kanamori [42]. This cor-
rection, although appropriate for the SH-wave component, is not justifiabie
for the waves of SV and P types. In particular, the Rayleigh wave will be

missed altogether.
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The phenomena which arise at a free surface due to incident distur-
bances are often of a totally different character from the incident distur-
bance. The interaction of P and SV disturbances to form surface waves and
the development of a head wave are the most obvious of such differences. The
method to be used in this study permits ready identification of these effects
and does so with a minimum of calculation.

In what follows, the émp]itude of disiocation is considered as a
step function in time, which permits a simple extension to any time or space
variation of the amplitude. Illustrative examples will be provided at the

end of this chapter.

4.2 Reflection of the Seismic Waves from the Free Surface

When a disturbance generated by a seismic source within an elastic
half space reaches the free surface, certain conditions must be satisfied
which results in the creation of the reflected potentials. Prior to the
arrival of the incident waves, the motions of th@ body are not affected by
the presence of the free surface and, therefore, displacements at any interior
point are determined entirely by the incident potentials. The solution for
this problem, with the emphasis on the method of analysis, was found in
Chapter 3. This section deals with the case in which reflection occurs at
the boundary and, therefore, both incident as We11 as reflected potentials
contribute to the motion at a given point.

The phenomenon of reflection in the study of the seismic waves re-
quires solutions for the three uncoupled two-dimensional problems as des-

cribed below:
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1. The reflected SH wave dde to an incident SH wave;

2. The reflected P and SV waves due to an incident SV wave;

3. The reflected P and SV waves due to an incident P wave.

The incident SH wave radiates from a strike-slip shear fault, whereas P and
SV disturbances result from a dip;siip faulting mechanism.

Before proceeding with the analysis of the reflected potentials, it
should be emphasized that the complete solution for a dislocation source in
an elastic haif spate requires satisfying certain conditions on the following
non-parallel plane boundaries:

1. The fault plane on which a displacement discontinuity is

prescribed and normal stress is set to zero; and

2. The actual free surfacé on which normal and tangential trac-

tions are set to zero.

The complex variable ei(x/t, y/t), which is defined implicitly

by the equation

t - 8ix - y//cgz - e? = 0 (4.7)

maps the fault plane (the surface y = 0) into the real axis in the complex
Gijplane. Moreover, it is apparent from Egq. 4.1 that ei‘s retain equal

values on the y = 0 surface, i.e.,

6, = 6, = t/x for y=20 (472)

These conditions which are essential in the determination of the incident
self-similar potentials, cannot be maintained for planes other than the y = 0

surface. The mapping described above transforms points on different planes



in the (x,y,t) space into curves 1n.comp]ex ei-p]ane which do not neces-
sarily coincide with the real 6-axis and, consequently, the ei‘s will no
Tonger be equal.

It is implicit in the Smirnov-Sobolev technique that all the poten-
tials for solving ‘a reflection problem must have identical values at any point
of the reflecting boundary. Indeed, it is convenient to treat reflections of
the incident P and SV waves separately even though they come from the same
source. This observation suggests that a new complex variable, say, n; be
introduced such that (1) it retains equal values for both direct and reflected
waves on the free surface, just as ei on the fault plane, and (2) there exists
a one-to-one correspondence between éi and n; which permits obtaining one
from the other by a simple transformation. The incident potentials ¢ and
¥' which are developed as a result of satisfying certain conditions on the
fault plane and are expressed in terms of ei, can be easily transformed into
the ni—p1ane. The problem is then virtually reduced to the one with a single
plane boundary, namely, the surface of the half space.' The stress and dis-
placement fields can be obtained in the complex n; domain, utilizing the
method of self similar potentials.

In the subsequent section, the transformation just described will
be developed in detail and the mapping of the (x,y,t) space into the complex

ni-plane will be illustrated.

4.3 An Auxiliary Complex Domain (ni—pTane)

Consider a shear fault with an arbitrary dip confined to an elastic,

homogeneous half space shown in Fig. 8. A coordinate system (x,y) is attached
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to the fault plane such that its origin coincides with the point of crack
initiation and the fault surface is represented by the y = 0 plane. De-
fine a new set of coordinates (x],y]) having the same origin as the previous
ones, ox and oy, and forming an angle Yy with the y-axis (oy] is parallel to

the surface of the half space). The two sets of coordinates are related by

X ==Xy siny + yq €os v
(4.3)
Yy = - Xxpc0sy -y, sin vy

Substituting for x and y in Eq. 4.1, the equation of the characteristic plane

in the (x],y],t) space becomes

t - Xl('ei sin y - //C;E _-g? cos y) - y1(ei Ccos y

; /c;Z- 05 siny) = 0 | (4.4)

It is convenient to set

g. = + c;] cos R and V/c—§ - 8? = - c;] sin B (4.5)

so that Eq. 4.4 can be rewritten in a more convenient form as
t - x[el! sin (8- )] - y,lc] cos (B-1)] = 0 (4.6)

where, B 1is the complex variable defined by Eq. 4.5. Further simplification

is made by letting
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It
O
3

cos (B - v)

and (4.7)

"
g}
\
nl
N
[}
3

. 2
sin (B - v) i i i

where, n; is a new complex variable which parametrizes the characteristic
planes in the (x],y],t) space. Substituting for cos (B - y) and sin (B - )
into Eq. 4.6, the equation of the characteristic surfaces which are tangent

to the wave front becomes:

yn; = 0 (4.8)

Equations 4.7 can be solved for cos B8 and sin 8. Direct substitu-

tion of the results into Eqs. 4.5 leads to the following relations between

91 and n;t
61 =00 cos y -~ Ci T sin vy
(4.9}
-2 2 . -2 2
//Ci -6 = '"(”i siny + J/ci - n; cos v)
If a cut is made between -c;1 and c:1 in each n; plane in order that the radi-

- *
cal ¢/c12 - n§ be single-valued at every point, 1its counterpart in the 91-

plane, //C;Z - ef , becomes automatically single-valued (in accordance with

the transformation (4.9)). Equation 4.8 when solved for s s yields

. V// 2 X? i y?
ty-t * 7X~l t - —_2——

i
n: = > (4.10)
SR

*The radical v/ c2 - né is defined to be negative. for n; positive and imagi-

nary, with a cut on the réal n axis from —cg] to +c§ .
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Because of the previous definition of 61 and the correspondence
between ei and s and considering the fact that ei is a single-valued com-

plex variable, only the negative sign in Eg. 4.10 is acceptable, i.e.,

_ 1
n. = 5 5 | (4.11)

It will become apparent in the subsequent analysis that the ni's are identical
on any x; = constant plane specifically on the surface of the half space.
This is the condition which makes it possible to calculate the displacement
fields and stresses in an elastic half-space and in layered solids. A1l cal-
culations in the remaining sections will be performed in the complex n; domain,
instead of the Oi—plane. Also the components of the displacements will be
expressed in the (X,Y) coordinate system (see Fig. 8).

The reflection of the incident P and SV wave on the surface of the

body and the resulting motions wiil be treated in the following two sections.

4.4 Incident P Wave

Generally, a P wave incident on a free surface generates both dila-
tational and distortional disturbances. The geophysical designation of these
reflected phases are PP and PS, respectively. For ‘instance, PS corresponds
to a wave which is of P type before the reflection and of S type afterwards.
Although the reflection problem is not strictly self-similar, Smirnov-

Sobolev potehtials still lead to the proper solution [43].
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4.4.1 Method of Analysis

The solution for the present problem is found in terms of the inci-
dent potential ¢] and reflected potentials ¢]T and w]z where
91 = Re o (n) - (402

and

d1p = Re oy ngy)

(4.12b)
b1p = Re ¥y, (ngp)
The complex variables s Mo and ﬁ]Z are defined implicitly as

— V) _
é] = t - (X - XO)V/—a -y - Yn] = 0

_ -2 7 _
: - -2 2 -2 7 '
é]Z t + X /b - Ty + XO /a - ”1.2 - Yr].lz 0

where XO is the x-coordinate of the point of crack initiation shown in
Fig. 8.

The first and second of Egs. 4.13 when solved for " and Ny yield

*The subscripts "12" and "21" used by Johnson and Robinson [30] have
been interchanged in this study to provide direct correspondence with the
geophysical terms PS and SP, respectively.
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' - 7 2
B - (X - X)) ///tz AR

0 a2
n, = (4.14)
1 Z T 1)
0]
Ve (- x)? < af it
and
/// ,  Yor (x+x)°
by o+ i(x+x)/ t% - ,
0 a
n p=—q
1 Z e Xo)z
(4.15)
vioe (ke x ) s at tf

Further investigation of the Eqs. 4.13 reveals that:
1. The complex variables Nys Nyps and Ny, are identical on
the X = 0 surface.
2. ah and Y parametrize the characteristic surfaces through
the point (XO,O\ and its image (-XO,O), respectively.
The form of nyp defined by the last equation of 4.13 is developed by seeking
a common value for the n's on the X = 0 surface. It is apparent that n]2 rep-
resents a disturbance which travels into the medium at speed b, the distorf
tional wave speed.
Figure 9 shows typical wave fronts for the P, PP, and PS waves.
In the case of P and PP waves, the fronts are circular cy1indérs.w1th their
centers at X = XO and X = —XO, respectively. The front of PS wave is also a
cylinder, however, to find its coordinates the following two non-linear,

simu]taneous'equations must be solved [44]:
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t + X/b .+ X/%

S50 * ‘”12 ‘”12 - Ynyp, =0
(4.16)

. Xy, M2 i}
61, = - - —L2 -t vy = 0

Y /T2

- Mo a - Ny
where

6. ) 3512
12 Bn]z

A numerical technique used to solve Egqs. 4.16 has been discussed in Ref. [30].
Equations 4.13 define the mapping of the (X,Y,t) space into the
comp lex Ny Ny and N5 planes. A1l points on the surface of the half-space
are mapped into the points on the curve o in the complex planes. The re-
gions of interest and the mapping of several typical points are illustrated

in Figs. 10, 11 and 12.

4.4.2 Determination of the Stresses and Displacement Fields

The stresses and displacements at any point in the half-space are
found in a manner precisely similar to that of Sec..3.2.?. Since the arrival
of incident P wave at the free surface gives rise to the reflection of PP and
PS potentials, the motion at any point is described by the superposition of
three different fields, namely, incident potential @5 and reflected poten-
tials é., and Y.

11 12°
*
their derivatives, the following expressions can be easily verified

Taking into account appropriate changes in the di's and

*
The superscript "P" is used to designate the P-wave component of the
displacements.
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22 + | ol ()Y a? - nZ dn

M2
J n¥y, (n) dn } (4.17a)
[0} .
L Mo
Re {- J n@?](n) dn - [ nQH(n) dn
0] 0
n
r 12 — 5 \
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P n i
T 1 - N
_él. = Re {é% J 2nvy a z nz ®](n)dn - J 2n//a 2 _ n2 ]](n)dn
0] } 0
n
12
[ - '
2| (@ - 67 vy, (n)an] (4.17b)
0]

On the surface of the half space (the X = 0 plane) the upper limits of the
integrals have a common value o That 1is,

npoF N T oMy "o for X =0

The first and third equations of 4.17b when set equal to zero {the normal and
tangential tractions are zero on the free surface), yield two simultaneous

equations which can be solved for the derivatives of the reflected potentials,

@1 and W]Z' The results are:
2
, (b_2 - 2n2) - 4n2/a_2 - n2 »/b_z - nz ,
_ 0 0 0 0
oy = - 5 o (uo)
R (n,)
(4.18)
, 4n (b—2 - 2n2) /a—2 - nz
. - 0 0 0 4! (n )
12 R () 1 o
"o
where, R{ri) is the Rayleigh function defined by
2 2 2,2 2/ 77 ST
R(-g) = (b -2n) + d4n/a® -n /b5 -n (4.19)

The values of @%] and W;Z are uniquely determined in the region of
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interest in the complex n-plane when fheir values are specified along the
curve ¢ which is the image of the free surface in the complex n plane. This
is accomplished by replacing , in Eqs. 4.18 with M1 and N2> respectively.

It follows that

(672 - 2n2.) - and //a e Sl 2
! ) 1) 11 1 1
: n
1 -
(4.19)
: 4”12(b_2 - 2”?2) //a-z__nlg -
¥12(ny) = o o (nyp)
M2

The primary object of this study is the investigation of the dis- .
placement fields on the surface of the medium on which all n's retain equal
values. .This significant feature of the complex variables (n's) results in
a considerable simplification of the analysis. Equations 4.17a are rewritten

in a more condensed form as shown below

n -
o -2.-2 2 /2 2
P oo | 2672672 - 209/ a2 - 7 8! (n)dn
X 2 1
o R(n")
(4.20)
"o -2 /T2 2 =2 2
0P = Re ~4b ”//a AR o (n)dn
Y 2 1
o R(n")
where, /// ) Xg + YZ
B+ K t" - —
d
n., = (4.21)
0 Xg + Y2

and n is the‘dummy variable of the integration.
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The numerical scheme used in the calculation of the integrals in
Egs. 4.20 wifl be explained later. For a shear fault propagating with con-
stant velocity in both directions, @%(e) is defined by the first of Egs. 3.5.
Given any point in the complex n domain, one can find the corresponding 6
value from the first of Egs. 4.9. Direct substitution of 6 into Egs. 3.5
gives the proper value of ®;(n). Thus, the integrands of Egs. 4.20 can be
evaluated at any point along tHe path of the integration. The curve along
which integrations are performed in described in Sec. 4.8.1.

Notice that ei and n; are both single-valued variables and, there-

fore, @% is uniquely defined in both complex regions.

4.5 Incident SV Wave

When an incident SV wave reaches a free surface, both dilatational
and distortional disturbances are generated, as was the case with the inci-
dent P-wave. The major difference in the two instances is that the incident
SV-wave is usually associated with the creation of head waves and surface
components of the reflected P wave. The geophysical notations, SP and SS,
are used to distinguish the reflected irrotational and equivoluminal poten-

tials, respectively.

4.5.17 Method of Analysis

The solution is sought in terms of the reflected potentials ¢2]

and w22 where
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Re ¢

9o 21 (npy)

(4.21)

= Re Vv

Yoo 22 (np)

The equations of the characteristic planes in the (X,Y,t) space for the

incident and reflected potentials are defined as follows

62 =t - (X- X //b - n2 Yn2 = 0
522 =t + (X + X /b - n22 - Yn22 = 0 (4.22)

An implicit expression for Ny and Ny, C€an be found by solving the first and

third of Egs. 4.22 for U and Moo+ It follows that

¢]
- 5 — (4.23)

Y + X - X < b7t
and
/ Yo+ (X + X )2
tY + i(X + X /t- - 0
bL
22~ 2+ (x+x )2
0 (4.24)
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It can be observed that
1. The complex variables Nps Nops and o, are identical on the
X = 0 surface.
2. g and oo parametrize the characteristic planes through the
points (+XO,O) and GXO,O), respectively.
The equation of the characteristic plane for the reflected SP wave is de-
veloped such that the n's for both incident and reflected potentials have
a common value on the X = 0 surface.
The angie of in;idence of the S-wave with the free surface, f, is
of great importance in the study of the wave fronts of the reflected SP and

1

SS potentials. For f less than cos’ {b/a), head wave will be formed and

the reflected SP wave will become a surface phenomenon [45], propagating in
the horizontal direction. The case in which f is greater than cos_](b/a) is
different from the previous one in that no head wave will be formed and the
effects of the S, SS, and SP waves on the surface of the half-space are as
in Sec. 4.4.2. The forms of the wave fronts in the two cases are depicted
in Figs. 13 and 14.

The mapping of the (X,Y,t) space into the complex Nys Tl and oo
planes is given by Egs. 4.22. Prior to the arrival of the S wave at the sur-
face, Moy and Nyp are not considered and only the My plane is considered.
After reflection, all complex planes will be considered. The two cases dis-
cussed above possess important characteristics in the complex domain. As-
suming that n corresponds to the intersection of the S-wave front with the

free surface, and noting that n is a real quantity, the following inequalities

can be easily verified.
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[A] < 2! for f > cos! (b/a)

Ial > a for f < cos! (b/a)

for f = cos ! (b/a)

=
il
[a}]

Figures 15 through 20 show the wave fronts and their counterparts on the com-
1

plex n-plane in both cases (f S cos

(b/a). It should be observed that the
surface of the half-space is mapped into the curve N in the complex plane.
This curve limits the region of interest in the n-plane, the region correspond-
ing to the points in the body which have been set into motion by the arrival of

the wave fronts.

4.5.2 Determination of the Plane Displacement Fields

The reflected potentials, ¢é] and Wéz, are found when the conditions
of zero tractions on the free surface (the X = 0 plane) are satisfied. Before
applying these conditions, appropriate expressions for the stresses and dis-

placement fields must be developed. It is not difficult to show that

2 (22
Uy = Re { —f nwz(n)dn - J nwzz(n)dn

° (4.25)
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o Moo _
- [ - 2 |
U? = Re ‘[‘ b 2 - N Wz(n)dﬂ - J /b - N Lyzz( 1)dﬂ
0 0
21,
- f n®21(n)dn }
o)
S n
) =5 (22 -
Xl re (2 J Zn/b - n ‘P (n)dn - j Zn/b - n2 yr (n)dn
H 22
0 0
AN ‘
+ J (b - Zn ) ©2‘|( )dn] }
0
ZS
Y o_ 9 T -
T - Re { at [ Zn/b n \}’2 nidn (4.26)
0
n n
22 s 21
+ f 2n¢/— 2. n W (n)dn + J (b_2 S22l 4 2n2)®2] ydn]}
0 0
S n
T 2
XY 3 f 2 -2y
- ¢ Re {5% [J (2n” - b ") ¥,(n)dn

N22 :
+ f (2n2 - b_z) ¥yo(nldn - J Zn//a “nle ](n)dn]}
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The superscript "S" designates the stresses and displacements generated from
the interaction of incident S-wave with the free surface. Taking into account

~ . c . S
that Mo = MNpy = Npp =N for X = 0, and applying the condition ZX Yoo =

TiY = 0, we have the general form of the reflected potentials:
X=0
2 2.2 2/ 7 72 , 7 2
" ( ) o= - (b"-2n") - 4n°va " -n" Vb~ -n W'(n )
22\ 22 RO 2 22
22
(4.27)
, -4n (b-2 - 2n2 ) //b—z - nz .
o ( ) = 21 21 21 v (a1 )
21721 2 2\ 121

where R(hz) is the Rayleigh function.

Back substitution of Wéz and @é] into Egs. 4.25 and 4.26 gives
integral expressions for displacements and stresses at every point inside
the body in terms of the incident distortional potentials. Specifically,
for the points on the free surface which are not influenced by the head

wave disturbance, Eqs. 4.25 can be written in a more convenient form as

follows.

n -2 2 2 /-2 2
U)S( = Re {J -4b"%n /a ~ /0% - ¥5(n)dn }
o R(n") (4.28)
N2, 2 L2, JTTTTT
5§ - e 2o ) /v% - ) () )
R(n")

where,



n = (4.29)

and n is the dummy variable of integration. For a shear fault propagating
with constant velocity in both directions, Wé(n) is obtained from the second
of Egs. 3.5 together with Eqs. 4.9. As before, the integration is carried
out numerically in the comp]ex.n-p]ane.

If a head wave passes through the point being considered, it will
do so before the arrival of the incident S wave front. As a result, the
incident S wave component will not contribute to the displacements. The sur-
face motion is, then, described by the last two terms (corresponding to the
SS and SP wave) of Egs. 4.25. Due to the singularities in the derivatives
of the integrands at n = a—l, standard procedures of numerical integration
are not applicable, and the computation of the surface motions requires a
special integration scheme which will be used in the subsequent sections.
After the incident distortional disturbance has reached the point of interest,
all components of the reflected and incident waves will be present and Egs.
4.28 define the displacement fields.

Figures 21 and 22 illustrate the response of an inclined dip-slip
dislocation pulse at two sites A and B, réspective]y. The fronts of the
incident S-wave and reflected SS and SP-wave arrive simultaneously at point
A and, therefore, the motion is not affected by the formation of head wave.
For site B which is located relatively far from the fault plane the reflected
SP-wave becomes a surface phenomenon and the wave front reaches the observa-

tion point prior to the arrival of the incident S-wave.
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4.6 Incident SH Wave

The SH wave component of the surface displacements can be treated
in a much simpler fashion than the other two cases described before. Only
one reflected wave of SH type is involved. The incident potential, Wo s and

the reflected potential, Wooo are defined by the equations

Wy = Re w2 (nz)
(4.30)

= Re W

W2 22 (ngp)

where, N, and Moo are defined by Egs. - 4.23 and 4.24. No head wave exists
in this case. The reflected displacement potential, Woo s is found by setting
the tangential stress on the surface equal to zero. The displacement and

stresses are then found to be

2 M22
[ 1 '
U = Re L] wptmdn + [ gy(nen ] (4.31a)
(¢] 0
To. Mg
X7 3 e A
- Re {at J //b -n wz(n)dn
(6]
n
20
; f VIS AR Uyy(n)dn 1 } (4.31b)
0
‘ dW(n
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Since TXZ = 0, it can be observed from Eq. 4.31b that for the antiplane
1 X=0
problem both incident and reflected potentials are identical. That is,

1

Wop (1155)

= 4y (ny) (4.32)

The antiplane displacement on the X = 0 surface is given by

n

U, - Z{Re[f iy (n)dn]) (4.33)

0

R is the common value of the complex variables No and Noo on the X = 0 plane.
For a strike-slip fault propagating jn two opposite directions, Eq. 3.10
together with the first of Eg. 4.9 determines the complex displacement func-
tion, Wé(n). To obtain displacement fields corresponding to a given disloca-
tion pulse, the response of two unilateral strike-slip faults must be super-
posed on the results of Eq. 4.33. ‘

Equation 4.33 indicates that the antiplane displacement of any
point on the surface of an elastic half space is twice that of the full-space
at the same point. This conclusion does not hold for the plane problem (dip-

slip faulting).

4.7 The Numerical Integration Techniques

The numerical integration scheme used in this study in the evalua-
tion of the displacements on the free surface will be described below. The
numerical analysis of the motions generated by the incident P and SV waves
are jdentical except for the head wave disturbance which requires a somewhat

different approach. The computations are carried out in the complex n-plane;
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however, only real portions of the final results describe the actual motions

and have physical significance.

4.7.1 The P-Wave Disturbance

The components of the surface motion generated by an incident P-

wave are defined by the equations

n —_——
0 -2,,.~2 2 -2 2
oPo.v,t) = Rei| b (b -2n /ot - (n)dn 3
X 2 1
o R(n")
(4.34)
n
(0 -2 -2 2 -2 2
UP(0,¥,t) = Ref 4b nv/a ! /b 1 o (n)dn
Y 2 1
R(n")
o
Only the Ui component will be considered here. The method applies for the Us

component as well.

The time history of U; at any given point P(O,D)* is obtained when
the first equation of 4.34 is integrated along.a contour which is traced out
in the complex n plane as o varies with time. Suppose that to denotes the
arrival time of the P-wave front. That portion of the contour which corre-

sponds to O < t < to will Tie along the real axis between Ny = 0 and n, =

%l-a—1, where ri = Xg + Dz. For t » tO the path is described by the equation
0
Dt iX /Z(t—t)/t +(t-t)2/t2
. Db .t 0 0’ "o 0 0 " (4.35)
o ra t * ar (4.
0 0 o)

* - - -
For convenience D is taken as a positive quantity.
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where

It is apparent that for t > to and D > 0 the curve defined by Eq. 4.35 lies
entirely on the upper half-plane as illustrated in Fig. 24.
Assuming that the dislocation fronts do not propagate faster than

the distortional wave velocity (o < b < a), and noting that the real root

-1 -1 -1

of the Rayleigh function, c, is less than b (¢ ' > b ' > a ), the integrands

in Egs. 4.34 are all analytic functions in the region of interest. Hence,

the path of the integration between each pair of successive points, ”g and

ng+], can be accurately approximated by a quadratic function. Simpson's

one-third rule is used to compute U; numerically. It is convenient for com-

putational purposes to write the first of Egs. 4.34 in the form

”o(to) ne(t)
p [
UX(O,D,t) = Re J I](n)dn + Re J I](n)dn (4.36)
0 no(to\
where,
-2, -2 2 -2 7 .
() = 2o (b - 2n) /a7 - o1(n) (4.36a)
R(n")
and
. D -1
'O‘\LQ) = —r—a
0

For n in tne range of 0 < n < D/r a_], the function I](n) is real-valued

except for the coefficient 2%7 of ¢](n) (see Egs. 3.5), and consequently,

the result of the integration would be a pure imaginary quantity with the

real part being zero. It follows that
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P -
Ux(OQDSt) - O
for 0 < t < t, (4.37)
P -
Uy(0,0,t) = 0

In other words, there would be no motion before the arrival of the wave front,
as expected. For t greater than to’ Eq. 4.36 is reduced to the following ex-

pression

p 0
oP(0.0.t) = Re j I, (n)dn (4.38)

In order to compute the value of U; at times to + nAt, Eq. 4.38 is rewritten

as follows:
J+l
p J=n-1 (o
UX(O,D,tO+nAt) = ) Re J I](n)dn (4.39)
j=0 J
o

. . . . . . J . .
where At is a positive increment of time, n is an integer, and ng 18 defined

by the equation

X 1/2
J _ D At o 1, dAt JAL\2
nO(O,D,tO+nAt) = I (1 +J T )+ = [2 Tt Qq?m) ]
0 0 0 0 0
(4.40)
For 0 =0, 1, 2, . . ., the points Pi(O,D,tO+JAt) in the (X,Y,t) space are

mapped onto their image in the complex n-piane in accordance with Eq. 4.40. -
These image points 1lie on a curve which is defined by Eq. 4.35 and is depicted
in Fig. 24.

As indicated previously, the function IT(n) is analytic between each
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1

pair of points ng and ng+ so that Simpson‘s rule is applicable. Equation

4.3a then becomes:

. J J+1
P J=n-1 J T * Mo
UX(O,D,tO+nAt) =~ Re _Z [11(”0) + 4IT ( 5
j=0
TSI
J+1 0 0
+ I](no )] — 5 (4.42)

Hence, the time variation of U; can be computed from Eq. 4.42 by a simple
step-by-step operation. |

Briefly, any point on the surface of the half-space is set into mo-
tion upon the arrival of the wave front. To obtain the time history of the
U; in the interval (to + JAt) and (tO + (J + 1)At), one can determine corre-
sponding o values from Eq. 4.40. Back substitution of no‘s into Eq. 4.36a

and use of Eq. 4.42, result in an appropriate value for U; at each time step.

4.7.2 The S-Wave Disturbance

By a method completely analogous to that used in the previous sec-
tion, the S-wave component of the displacements along the X-axis, Ui, is
found to be
Aalt ) (XZ + DZ)]/Z
0_.____._,____.

S

I
=
)

e
bt

n
—
o
-

Q.
3
i
o
—
@]
B
+
A
o+
@)
i
|
|

(4.43)
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Aat)
Ui(O,D,t) = Re J I(n)dn
ﬁ(to) (4.44)
J=§—1 R R
= Re J [L() + 41 )
RN A
TS
4] i
LT g

where, to denotes the time at which the S wave reaches the point PO(O,D),

-4b'2n//a—2 - n2 //b-z - n2 '

I,(n) ¥,(n) (4.45)

2 R(nz) 2

and .
iX 2 1/2

J D At 0 JAt JAat
i g +oF] + g 2=+ () ] for t >t

0 0 0 0 0
(4.46)

As in Sec. 4.8.1, At is a positive increment of time and n is any positive
integer. The procedure outlined before applies in the present case as well

and reiteration of it is not necessary.

4.7.3 The Head-wave Disturbance

When an incident S-wave reaches the free surface, depending upon
the angle of incidence, head wave is formed and points on the surface are
set to motion prior to the arrival of the S-wave front. The displacements
so generated are usually referred to as the head-wave disturbances and are

described by the following equations
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n(t) 2 .
UQ=Re{[ n(b —2n -4n/a -n' "”wé()d
o R(n?)
ylt) 2, /- JeZ. 7,
- 4 -2n)/a - ~I wo(n)dn (4.47)
. R{n™)

n,(t) 2 = ——s
H -2 2 2 2 2,.-2 2 -2 2
UH = Re {J (b " -2n7) V/b -n_-4n"(b " -7 )//a ="y (n)dn
Y R(NZ) 2
0
ny(t)
H 2 )
+ J 4n"{( - 2n //b Wz(ﬂ)dﬁ}
o (n )
1/2
(2 + p?)
for 0 < t t0 = T

The variable of the integration, n, is real and its range of variation is

0 <nc< él b'] (see Fig. 24). Further investigation of the integrands in

0
Eqs. 4.47 reveals that their derivatives are not analytic at n=a ' and,
therefore, the standard integration techniques are no longer applicable.
As an example, consider the first integral in the right side of

Egs. 4.47 which corresponds to the SS-wave component of the surface motion.

Dﬁb_z - Zn - 4n V/a -1 -// 2 n2
R(n )

Wé(n)dn (4.48)

The path of integration is a straight line just above the real axis extending

from n =0 ton = %L b_]. It is apparent from Eq..4.48 that the integrand
0
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is imaginary and analytic for all O <'n < a']. Therefore,

n,(t)
uSS = Re | I.(n)dn = 0  for 0<n,(t) <a’) (4.49)
X J 3(n)dn 4 .

0

where
2
2 .2 3/ 7 7 [=7 37
- - - - Jvb - !

1) = M- %) 4”/2 S S S

R(n™)

For a"] < nH(t) < %l b_], 13(n) is complex-valued since R(nz) is
)

complex-valued in this range. It is convenient to separate the real and

imaginary portions of 13(n) by multiplying both numerator and denominator
2

by R(n"), the conjugate of the Rayleigh function. The result is
_ -1 .
L) = (n-2a’) I;(n) + il5,(n) (4.51)

where,

I3;(0n) = — - ¥ (n) (4.52)
R(n") = R(n™)
L. - mﬂfz—%>4+wnw‘-n%w2-n%1¢< (4.53
32 " — > n) .53)
R(n") = R(n")
_— 2 ——
R(nP) = (b2 -208) - anB/at o ? /bl (4.54)

and,
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-2 2 2, 4

R(nz) « R(n°) = -16n6(b‘ '- a %) + b °(24b°° - 16a “)n

_ 8b‘6n2 + b—8

Notice that in decomposing 13(n) into the real and imaginary parts, repre-

sented by Eq. 4.51, the coefficient ?%7'Of Wé(n) becomes real and possess

the value é% . Equation 4.48 can be simplified as follows:
r”H(t)
USS = J (n - a_])1/2 I.,{(n)dn for a_] < n,(t) < D b_]
X -1 31 H rs
a
(4.55)
q 1/2 -1
Since the function (n - a ) has infinite slope at n = a ' and

varies rapidly thereafter, the usual procedures of the numerical integrations

will not lead to an accurate result and, therefore, an alternative approach
Vand 2 b7
r

must be adopted. To this end, I3](n) which is analytic between a~
0

can be approximated by a Tinearly varying function over a sufficiently
small increment An. As a result, the numerical evaluation of (n - a_])]/ZIB](n)
over the interval An is performed by multiplying the values of 13](”) at the
end points of this interval by weighting factors which take into account the

172 I
rapid variation of (n - a ) near a ' [297.

The approximation described above can be expressed mathematically in

the following manner.

(n-aHY0 ) = (- a )P s - aTh) (4.56)

The coefficients A and B are obtained by solving two simultaneous equations
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_ -1 - '
IL = 13](a + JAn) A + B(Jan)
(4.57)
I = L.(a' 4 (3+1)an) = A + B((J+1)an)
R 31 .
The results are:
- I

If the interval between a—] andFD~ b'] is divided into n sufficiently small
0
increments, it can be shown that an accurate approximation of Uis at an inter-

mediate point is given by the formula,

372 9701 5

uSS(a™! + man) = (an) vooZar+ )2l g3y
X & 3
J=0
+ L+ 1)YE - P (4.59)
-1 -1 D -1 .
where, 0 ¢ m <n and a ' <a +#min < —b . For a given value of t, the
0
increment An can be evaluated from the expression
B 2 A 2. 1/2
t - D(a ' + man) - Xo[b - (a ' + man)°] = 0 (4.60)

This relationship between t and (man) is developed from the equation

t o+ X+ X )/ b2 - 12 - Yn = 0 (4.61)

by choosing an appropriate branch of //b'z - n2 and setting X equal to zero.

Equation 4.60 defines the front of the head wave disturbance in the (X,Y,t)
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space which is tangent to the front of the SS-wave and intersects the surface

of the half space at Y = at - Xo//gﬁgjé -1

It should be remarked that even if the presence of a head wave had
not been foreseen, the straightforward evaluation of the complex integrals
would have demonstrated that a region of real n exists with nonzero distor-

tional component ahead of the S-wave front.

4.8 Surface Motion Due to a Unilateral Shear Fault

Another problem of interest relevant to this study is the one in
which the elastic waves radiate from a fault plane lengthening on only one
side. This type of faulting model is particularly useful in the study of
the earthquake source mechanism when the rupture velocity of the material
adjacent to the fault plane varies considerably at different levels. The
analysis based upon the assumption of the uniform crack propagation does not
provide accurate results unless this change in the rupture velocity is taken
into account in the formulation of the model. To this end, the motion pro-
duced by a unilateral fault source is superposed on the response of a uniform
dislocation model such that the effect of the combined sources on the surface
motion is approximately equivalent to that of the actual rupture mechanism.

Also, simulation of the intermittent faulting mechanism and compu-
tation of the ground motion when the seismic energy is released from an as-
sumed dislocation pulse, necessitates that the solution for a unilateral
fault be properly combined with the results obtained in the previous sections.

This change in the cracking pattern (unilateral and bilateral fault-

ing) does not introduce any difficulty in the determination of the displacement
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fields and the problem can be treatediin precisely the same manner as the
original one in which dislocation fronts were moving in both directions.
Appropriate expressions for the incident potentials in both cases have been
already developed and represented in Chapter 3 and Appendix B. The only
difference in the two instances is consideration of a suitable time and
coordinate shift in defining the equations of the characteristic planes
corresponding to the incident aﬁd reflected wave fronts.

Consider a faulting model shown in Fig. 25. The rupture starts
at point ¢ and propagates uniformly upward. The position of the character-
istic plane corresponding to the incident P-wave can be determined in the

(X,Y,t) space from the equation

6, = t - (x-x)alon] - g/a -:f_
(4.62)
oYy f gm0
where, E] =p_ siny, &, =p_ c0S 'y, and t' =t - ]DOI The parameters
0 2 0 a

o and y are shown in Fig. 25. Similar expressions can be defined when the
fronts of the reflected waves are considered. As indicated before, the com-
putational procedures and the numerical techniques necessary to ca]cu]atev
the displacement fields are identical for both problems and reiteration of
them is not essential. Samples of the calculated displacements on the sur-
face of an elastic half space which are produced by dip-slip as well as
strike-slip shear fault are illustrated in Figs. 21 through 23. The loca-
tion of the observation points, the orientation of the fault plane, and the

geometry of fhe source are also depicted.
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5. EFFECT OF THE LAYERING ON THE SURFACE MOTION

5.1 General Remarks

It is a well known phenomenon in seismology that the amplitude of
the strong ground motion may be significantly affected by the near-surface
geological configuration at the recording site. The influence of the soil
profile and seismic properties of the medium and their interaction with the
surface motion has been studied and reported by several investigators [3,
46,47]. They have come to the conclusion that the effect of the local geol-
ogy must be taken into account in developing a dislocation model with an
adequate predictive capability. v

To this end, it is assumed that the medium can be replaced by hori-
zontally stratified layers having constant thicknesses and overlying a homo-
geneous half space (bedrock). The elastic waves emerge from a seismic source
in the isotropic bedrock, interact with the interface between adjacent layers
and free surface, producing the final surface motion. Once the soil
inhomogeneity is 1dea]jzed in the manner described above and a suitable
mechanism for the creation of the seismic waves is prescribed, the important
task is development of a mathematical scheme which permits determination of
the dynamic response at a given point.

The solution for the wave propagation problems in a layered elastic
half space has been discussed at great detail in the literature. Ewing,
Press and Jardetzky [48] solved some simple problems and provided a complete
list of the previous studies. Knopoff [17] developed matrix method solution

to the problems of elastic wave propagation in multilayered media in which
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waves of P, SV, and SH type radiate from a point source in the homogeneous
half space. A somewhat different approach was used by Abramovici [18]. He
obtained the solution in two steps: first, the operational solution was
found using the Lapiace transportation technique and then the results were
transformed to the time domain. Finally, Zvolinskii [49,50] applied the
Smirnov-Sobolev method to a multilayered medium in conjunction with the
asymptotic evaluation of the ane fields near the front of reflected and
head waves.

In this study, Zvolinskii's work will be extended to the problems
in which the waves arise from a dislocation pulse instead of a point source
considered in the earlier models. The medium is assumed to consist of an
elastic Tayer lying on the top of a homogeneous bedrock. As before, the
amplitude of the dislocation is taken to be a step function in time. It is
also assumed that the displacements and stresses depend only upon the x and
y coordinates, meaning that the problem is a two-dimensional one.

Before proceeding with the analysis, it is necessary to develop
appropriate expressions for the coefficients of the reflection and transmis-
sion from the surfaceslof discontinuity.* Compared to the problem of single
half space, computation of the displacement fields in layered media is much
more involved. This complexity is caused by the presence of two or more
interfaces which results in muitiple reflection and refraction of elastic
waves. The arrival of the incident disturbance at the first interface gives
rise to both reflected and transmitted potentials. For the motion on the

free surface, seismic waves traveling in the upper layer are of primary

* . :
The free surface is also considered as a surface of discontinuity.
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interest and, therefore, only the refracted portion of the incident waves

are to be evaluated. :This newly generated potential arriving at the free
surface creates reflected disturbances traveling away from the surface. The
arrival of these disturbances at the interface is, again, associated with the
Qeneration of a new set of potentials. However, only the reflected part of
the Tatter contributes to the surface motion and is of analytical signifi-
cance. Figure 28 illustrates the geometrical representation of the model,
the position of the dislocation source, and the path along which incident

and reflected (or refracted) waves travel.

The following problems, essential for the determination of the mo-

tion, are considered in the Subsequeht sections:

i) Calculation of the potentials transmitted from the interface
of two "welded" half spaces when the source of disturbance
lies in the lower half space; and

ii) Calculation of the reflected potentials wherm the waves
traveling in the upper medium encounter the surface separating
two media.

The effect of the free surface will be examined in Sec. 5.3.
5.2 Reflection and Refraction of Seismic Waves from the Interface of
Two "kelded” Half Spaces
{omputation of the time history of displacements on the surface of
a single-layered half space necessitates solution for the problem of the
transmission of plane body waves through the interface of two welded
elastic solids. Each one of the solids is specified by its seismic proper-

ties, i.e., the velocity of the P and S waves and the density of the medium.



86

Simple though the problem may appear; it has a wide range of different solu-
tions depending on the relationship between the parameters described above.
The form of the wave fronts and the reflection and refraction of the elastic
waves in different cases has been discussed in detail by Johnson and Robinson
and is reported in Ref. [30]. The case which is consistant with the local
geology of most recording sites is the one in which an isotropic, elastic
body with low seismic velocity iies on the surface of a hard bedrock.

A diagram of the elastic solids with complete contact is shown in
Fig. 26. The Tower half space is denoted as medium 1 having material proper-

ties A Hys o and corresponding P and S wave velocities, 2y and b]. Like~

1°
wise, the upper half space is designéted as medium 2 with properties AZ’ Hos
Py and wave velocities a, and b2‘ It is assumed that the inequality a; > b]
> a, > b2 holds throughout this study. The seismic energy radiates from a
dislocation pulse located in the medium 1 at a distance x = X0 from the
interface between two solids. Depending on the nature of the faulting mecha-
nism, incident waves of P, SV, and SH type might arise from the source men-
tioned above. The P and SV potentials correspond to a dip-slip dislocation
pulse whereas, SH waves emerge from a strike-slip fault motion.
The general solution of the problem decomposes into the following

three two-dimensional plane and antiplane cases:

i) The reflected and refracted P and SV waves due to an inci-

dent P wave;

ii) The reflected and refracted P and SV waves due to an inci-

dent SV wave;

i11) The reflected and refracted SH wave due to an incident SH wave.
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By the use of the method of self-similar potentials in a manner precisely
similar to that of Chapter 4, apprdpriate expressions for the reflected and

transmitted potentials will be derived in the succeeding sections.

5.2.1 Incident P Wave

The incident P-wave potential and the corresponding refiected and

refracted disturbances are defined by the equations:

¢] = Re QT(HW) (incident P-wave)
(5.1a)
¢7 = Re ®]](n]]) P Re le(”12) (reflected P and SV
wave)
and
Y11 T Re r]](g]]); by o Re Q1Z(€]2) (refracted P and SV
wave)
(5.1b)
where, Ny Mpe n]Z’ g]], and g]z are defined implicitly as follows,
-2 7 -2 2
6] =t - x/a] - + xo/a] -ny -y S 0
- -2 7 =2 7 _
5” t o+ x/a] Ny * Xd/a] - nyp -oymqp < 0 (5.2a)

S =t + x/b7l 2y xo/a—2 2 _ Yy = 0

12 1T M2 1~ M2
and
_ -2 2 27 ~
R R T R I
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A = t - x/b-2 - , 4 X //a 512 - y€12 = 0 (5.2b)

On the surface x = 0, Egs. 5.2a and 5.2b are identical and all com-

plex variables retain a common value such that

- - - = = 0 —
T M T Mg T gy T gy 5 gp for x =0 (5.3)
and 2
. 2 % * y2
ty + X t - A
a
0 = 1 (5.4)
1 2 2
Xty

For points off the x =0 surface, the variables in Eq. 5.3 are no longer
equal and their values are found numerically from Eqs. 5.2a and 5.2b. The
wave front pattern for the P wave incident on the interface of two half
spaces and those for the reflected and refracted potentials are shown in
Fig. 27.

The following expressions for the displacement fields and normal

as well as tangential tractions in the upper half space can be easily verified:

- M —-— .
U<C) = Re {-J //aéz -n FT] dn - J nQ]Zdn }

0 ° (5.5a)

and
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2) g g
7! 1 12 —
‘X B 3 -2 ! /=2 2 v
—1:2— = Re{——at [J (‘b2 2n") rndn + J 2n b2 n Q]stz]}
[¢] 0
(5.5b)
(2) £ £
T >11 S 12
9 ) 2 2 2,
~§§— = Relgp f Zn%/az - 1" Tppdn + J (2n° - b5) 0,,dnl}
0 0

The motion in the Tower half space is described by the incident ¢] and re-

flected 11 and V1o disturbances. It is not difficult to show that

L) [ — ™My
-2 ! - 1
U)((]) = RE{—J /a] - n-‘z ok dn + J ;/a]2 - ”2 611 dn
0 o}

M2
- [ nw]z dp }

y
0 0 o]
and
(1) n n
S ](b—z - 20%) o) dn 4 ]](b - 20%) e d
b ot J ] voep AN 1 LA Nl
0 0

° (5.5d)
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1
Iéxz = Re{ [rn] 20/ 2% - 26l dn - 2 //a
0 5% J n/ a;” - n ¢ dn n - n? ¢H
0 0

"2, ’
= J (b-l - 2n ) ‘p]Z dnj}

Since the two half spaces are in complete contact, dispiacements and trac-
tions must be continuous on the surface of discontinuity (the x = 0 surface).

To maintain this condition the following equations should be satisfied:

TR BN C R MR (RIS (RS
and
(RS B AR MR (RRINEE Sl (R

Substitdting for the displacements and stresses from the Egs. 5.5, and noting

that the upper limits of the integrals are identical on the x = 0 surface,

the following simultaneous equations can be verified:

Kyop = g * KTy + o = Kooy
Sndyy o by, oy - oy, = ndy
1 1 1 1 (5'6)
knq6y7 - 2uhinpg, - npTyy - ZnhgRy, = -unpeg
“2unKy97y - Bnplyp - 20KpTyy F mpRp, = <2unkggg

where,



91

_ -2 2 L =2 2 _ -2 2
KI = /al -n K2 = /a2 - n h] = /%] -n
_ -2 ? _ =2 2 =2
h2 = b2 - n, = b] - 2n n, = b2 - 2n
Lon
Ho

Using Cramer's rule, Egs. 5.6 are solved in terms of the incident potential

¢]. The expressions for the refracted potentials are found to be:

) i D](g]‘l) ] 1 DZ(F)]Z) §
TlEg) = ‘DTa”T@](in) o(Ey) = B(E;,) o (E,)
(5.7)
where,
K] -n K2 n
—r] "h-l n _hz
D(n) =
Hny -2uh]n -n, -2nh2
—2unKT —un] —2nK2 n,
2 2

2

+ K]h][(n2 + 2un2) 1 + KZhZ[(“n] + ZHZ) ]

2

+ K, K h h2[4r)2(1 - u)y ] o+ 11(n] + 2r]2)(n2 + 2n2)(h]K2 + h2K-|

17271

)
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K] —nA K] n
...n —h] T] ‘h2
D,(n) =
Hn, -ZUh]n -uny -2nh2
—ZunK.I ~uny —2]_mK-] n,
= 20K, {hi[(n, + 2um?)(ns + 2n)] + hol(n. + 202)(un
[ R noAy T en 2tV mHY
+ 2n2)]
and
K] -n K2 K]
-n —h] n n
D,(n) = (5.8)
ny -Zuh]n -n, -pn]
—ZLmK] 'Lm] -ZnKZ -ZnuK1
2
= 2UHK1(H] + 2n )[2K2h1('l - )+ (un.I - nz)]

Similar expressions can be obtained for the potentials reflected from the
interface of two solids. As indicated previously, for the motion on the
surface only the transmitted part of the incident potential is of primary

interest and, therefore, the reflected disturbance is not computed.

5.2.2 Incident SV-Wave

The incident SV-wave potential and the corresponding reflected
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and refracted potentials are taken in the form

Upp = Re ¥y, (ny) o1 = 9y (nyp) (5.9)
Yp1 = Re T, (65) wo, = Re 9y (£5))

The equations of the characteristic planes which determine the position of
the incident, reflected and refracted wave forms in the (x,y,t) space are

defined as follows.

. 27 72 )
62 = t - x//b] - N, t xo//b] TNy - oynp T 0
o 77 7 7 )
Opp = L F X/b1 Ty 7 Xo‘/b1 "My T Ymyy =0
(5.10a)
_ e R _
62] =t + x//a] - n X0 //b - nz] - Yy T 0
and,
bro = t- xV/b X //b - y€22 = 0
L (5.10b)
_ Ve /7D )
bpy = b - XAy - hyy Fox/byT =Gy -yl =0

The common value of the complex variables on the x = 0 surface is obtained
from any one of Eqs. 5.10a or 5.10b by setting x = 0 and solving for either

nor £&. The result is:

r]z = T]22 = nz] = ¢ = g = 5,2 for x = 0 (5}])



énd, ; _ /// 2 xg + y2
ty + %y t- - —~g?———
£ = ‘ (5.12)
2 2 2
xO t Yy

Figure 29 shows the fronts of the incident SV wave together with the reflected
and refracted P and SV waves. The displacement and stress fields correspond-

ing to the refracted disturbance in the upper medium have the form:

(2) EZTV/ 27 Fe2
UX = Re{ —J a, - n TZ'I dn - J nQZZ dn }
6] 0
£ £
21 22 -
(2) _ [ -2 2
Uy Re {-J an] dn + /b2 N S, dn } (5.13a)
0 0
and
2) £ €
7 21 A R —
X - 3 -2 5 2yn! -2 2
—ﬁ5—~ = Re {at [j (b2_ 2n )IZ]dn + J va/bz -n szdn]
(] 0
(5.13b)
(2) £
T 21
Xy - 9 -2 2
v Re {St [J Zn//az‘ n 12] dn

0
22 5 .
- J (b2 - Zn7) 922 dn]
o}

As in the previous case, the continuity of the traction and displacements

*
on the interface of two solids Teads to the appropriate expressions for the

*Computétion of the stresses and displacements in the Tower half space
parallels that of Sec. 5.2.1 and are repeated here. The results were used in
deriving Egs. 5.14. :
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refracted potentials in terms of the incident SV-wave potential, wz. That

is,
D,(&,,)
' _ 3'721 !
To1(Ep7) = D(E,, ) ¥(E59)
(5.14)
D,(E55)
' _ - 4rEp2 '
29(855) = D(E,,) ¥,(E55)
where,
_ 2
D3(n) -2unhy (ny + 2n )[(un] - n,) + ZK]hZU - u)]
(5.15)
D,(n) = 2uhy(ny + 2n°)[Ky(n, + 2un) + K, (un, + 2n°)]
4 1Y 1V°2 2 1
The parameters h], h2’ K], and K2 have been defined in Sec. 5.2.1.

" Once the reflected potentials are calculated, the displacements
and stresses can be computed at any point in the upper half-space by simply
substituting for Pé] and Qéz in Egs. 5.13a and 5.13b, and carrying out the
necessary integrations. Interaction of the refracted potentials with the
free surface bounding the upper half space results in creation of new re-
flected disturbances which are determined by satisfying the condition of

zero tractions on the free surface.

5.2.3 Incident SH-Wave

The case of an incident SH wave is much simpler and thus requires
Tess computations. The simplicity of the problem is mainly due to the fact
that the reflected and refracted disturbances arising at the interface are

also of SH type.
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The incident potentials and resulting reflected and refracted dis-

turbances are defined by the equations

Wy = Re W, (nz) (incident SH-wave)

(5.16)

W = Re W (reflected SH-wave)

22 22 (ngp)

Voo = Re V22 (gzz) (refracted SH-wave)

The characteristic planes which describe the position of the wave fronts in

the (x,y,t) space are:

_ ) )
62 = t - (x-x )//b] - N, - YN, 0
5=t o+ (x+x)/b2 -2 - 0 (5.17)
22 A N2 Yoo .
and,
~ -2 2 -2 2 _
Bog = T = X/bym = Eoy F xo“/b1 "By YEy =0

The potentials Woo and Voo are found in a straightforward manner.
The expressions for the displacements and tangential stresses in the lower

half space are:

L)

[ ! 1
5 Re{J Wy(n)dn + J Woo(n)dn 1

0 © (5.18)
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T » (2T

Xy _ 0 < !

U] Re {at [ J bl n Wz(n)dn
0

N22 —
+ f //b_z - nz sz(n)dn] }

Similar formulations can be derived for the x < 0 half space as shown below

() 22
0{2) = Re j Uy (n)dn 3 (5.19)
[e]
and,
(2) g
T 22
_ﬁg_ - Re { g%-[—j /037 < 8 vy (n)dn]
0

Assuming that no separation takes place along the interface ("welded" con-
tact), the displacements and tractions remain continuous in the process of
successive reflections and refractions. This condition together with the
fact that the complex variables Nos Mooo and {22 are identical on the x = 0

surface results in the following relations:

! { =
Haolrino) Dg(ngp) Wylnyy)

(5.20)
Vorliap) T Dglegy) Wyley,)
where
uhy - h, 2uh,
De(r) = R Fh, Deln) = R (5.21)
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The parameters h], h2, and p have been defined earlier. Once the potentials
are found, calculation of the displacements and stresses in both media is a

simple matter.

5.3 Effect of the Reflecting Boundary on the Surface Motion

It was observed in the broceeding sections that the interaction
of the incident potentials with a surface separating two "welded" solids
results in newly developed disturbances traveling away from the interface.
The presence of a free surface gives rise to multiple reflection of the out-
going waves, each one of which contributes to the surface motion in a different
manner.

As an example, consider the case in which an elastic layer with
thickness "d" overlies a homogeneous bedrock (see Fig. 30). Suppose{yH
be a refracted dilational potential traveling inside the layer. Its arrival
at the free surface, creates refiected dilational and distortional disturbances

designated with Y111 and W0 respectively. It can be shown that,

1 E](E'['l ) 11
Tp(Eqqq) el Py (8qp)
S (5.22)
E,(&1,)
. 2tE12)
2971208972 ———— Ty7 (&3]
R(ET)

where,

= Re Typq(&yqq)  wgpp(E00) = Re9y,(80,)
(5.23)

Y117 (8917)

_ 2 2 -
E](n) = -n, * 4n th2 Ez(n) = 4nK2n2
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The parameters Nos h2, and K2 have been defined in Sec. 5.2.1.
The complex variables 5111 and E]]Z are expressed implicitly by

the equations

Ay = U7 X/a gm * X/a aHz
ST
Poday - gy - Ve 0 |
(5.24)
bypp = T % X/b nz * X/a ‘5112
¥ d/a HZ Y1, = 0

where, X, denotes the distance of the point of rupture initiation from the
interface of two media. The displacements on the x = 0 surface associated

with the reflected fields Y111 and wypp are computed as follows:

T]] )
0 (5.25)
(6]
A ST
u, = Re { -J [nTyq7(n) + by™ = n” Qyy5(n)]dn 3
0

where, g?l] is defined implicitly by the equation

02 2 02 0 _
X V/a ]1] + d// ]]] - YEI11 = 0 (5.26)

Computation of the time at which the wave fronts corresponding to the potentials
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Y111 and Wyyp reaéh the point under cdnsideration, and the numerical scheme
used to evaluate £$]] is described in Sec. 5.4. Expressions similar to those
of Egs. 5.25 can be developed for the refracted distortional potential Wy o
The motion on the surface is determined when the results of Egs.
5.25 and those corresponding to the PSP and PSS waves (see Fig. 32) are
superposed on the response of the refracted fields Y11 and Wyo- Interaction
of Y117 and w117 with the 1nterface, again, results in new disturbances.
However, only the reflected portion of them are significant as far as the
displacements on the free surface are concerned. Briefly, the response on
the surface of a single-layered half space is obtained by superposing a
series of solutions each one of which represents certain reflections. This
process of successive reflection and transmission continues until the seismic
energy dissipates after a few cycles, and the motion on the surface then

ceases.

5.4 Determination of the Arrival Time of the Reflected Disturbances

Equations 5.24 define the position of the characteristic planes
in the (X,Y,t) space. These planes are tangent to the fronts of the re-
flected potentials, Y117 and Wy 105 and specify the position of the wave
fronts at any given time t. To determine whether the front corresponding
to an assumed potential, say, Y111 has reached the point (X = 0, Y = D) on
the free surface., the procedures outlined below must.be followed. A similar
approach applies for any other disturbance..

i) Assume a value of time, t = t, such that the front has not

reached the point in question;
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’ *
ii) Solve the following non-linear simultaneous equations for

Y and 5111,

1 " & 2
_ B (5.27)
x T dZ B
o E111 . 1 -
7 =7 v ey
/al - A a - &

Equations 5.27 can be solved numerically using the Newton-
Raphson method [517;

iii) If Y = D, the front has arrived at the point under considera-
tion. Otherwise, increment t by At and repeat the previous
steps with t = t + At. Once the equality Y = D is approxi-
mately satisfied, the disturbance has reached the point (X =
0, Y = D) and the arrival time to and the corresponding value
of the parameter 5111 are known. |

To compute the integrals in Eqs. 5.25, the complex variable £$]],
the upper limit of the integration, is to be evaluated at times t = to + JAt
(J = a, 1,2, . . .). This can be accomplished by applying the Newton-
Raphson rule to the first of Egqs. 5.27. The iterative processes converge
very rapidly, requiring only two or three successive approximations.

As indicated previously, the values of E?]] at any given time rep-
resents a point in the complex £-plane and determination of the contour of
integration as well as the method of numerical analysis is exactly parallel

to those explained in Chapter 4.

*See the Appendix of Ref. [44].
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5.5 Numerical Example

The analysis outlined in the previous sections has been used to
compute the time history of the surface motion when an elastic layer with

constant thickness d = 4.0 km and seismic parameters 3, = 3.10 km/sec and

b2 = 1.79 km/sec overlies a homogeneous half space. The speed of the P and
S-wave in the bedrock and the ratio of the shear modulus of two media,

U
u = ﬁl , are taken to be: a] = 6.03 km/sec, b] = 3.48 km/sec, and u = 4.18.

2
It is assumed that the motion in the bedrock is caused by an inclined dip-

slip dislocation pulse having a depth equal to 2 km with its center located
at distance Xy = 12 km from the surface of discontinuity. The angle of thé
inclination of the fault plane with respect to the horizon is considered to
be 80 degrees.

To compare the motion produced by the faulting mode] described
above with the recorded strong ground motion, the integrated displacements
from the accelerograms at the Pacioma Dam [52] were reproduced and represented
in Fig. 31. The selection of the Pacioma Dam record for the purpose of com-
parison is quite reasonable since the source mechanism in the San Fernando
fault is believed to be dip-slip dislocation. The resemblance of the computed*
and recorded motions indicates that fairly simple models such as the one
considered here can be developed to determine a design earthquake at a given
site under an assumed source mechanism.

Comparison of the calculated displacements on the surface of a

homogeneous half space (shown in Figs. 21 and 22) with those of a horizontally

*The motion has been calculated at point P(X = 0, Y = 14 km) on the free
surface.
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stratified model consisting of a single layer above an elastic half space
demonstrates the influence of the layering on the surface motion. Particu-
larly, the change in the direction of the particle displacement in the latter
portion of the motion which results from the existence of a near-surface low-
velocity layer is not present in the homogeneous half space dislocation model.
This oscillatory feature of the surface motion, which is in fairly
good agreement with the observed record of the San Fernando 1971 earthquake,
indicates that the effect of the local geology must be considered in develop-
ing a physically meaningful faulting model. A sequence of motions generated
by dislocation in a layered model can be combined to produce a more realistic
design earthquake. The freguency content of the actual acceleration is prob-
ably influenced by stick-slip motion at the fault, which have not taken into
account in the present model. This phenomenon and consideration of both
positive and possible negative slips (rebounds) alters the appearance of an

accelerogram much more than the displacements picture.
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6. CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY

6.1 Conclusions

In this study the method of self-similar potentials combined with
the concept of the auxiliary complex domain has been applied to develop a
fairly simple scheme capable of modeling some 1mportant physical features
of an earthquake focus and of providing the resulting ground motion. Time
histories of the displacements on the surface of an elastic bedrock and of
a single-layered half space have been evaluated for both dip-slip and strike-
slip fault motions. The results of a two-dimensional dislocation pulse in
which the rupture front propagates with an assumed speed have been comparead
with data recorded during the February 1971 San Fernando earthquakes. The con-
sideration of the local geology on the surface motion is found to be absolutely
necessary in obtaining reasonable motion.

The method of self-similar potentials has proven to be a direct and
useful approach to the solution of two-dimensional dislocation problems in-
volving two or more plane boundaries. In particular, the method allows for
consideration of the presence of the free surface without major computational
difficulties. The change in the cracking velocity and variation of the
seismic properties of the material contained between the focus and the ob-
servation point can be simulated in a straight-forward manner.

The advantages of the analytical technique used in this study over
the more usual approaches are as follows:

1. The existing procedures to generate theoretical design earth-

quakes are generally based upon the concept of a multipole of
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forces equivalent to a boint dislocation. To obtain displace-
ments at a given site, the respohse of the point source model
had to be integrated over the entire fault plane, a very lengthy |
computation. However, the spreading dislocation is a convenient
basic problem when using the present approach, and the integra-
tion described above is automatically eliminated. Calculation
of the point sourée dislocation is also a by-product of the
analysis.
The computational difficu]tiesAinherent in the standard
Laplace or Fourier transformation technique are totally absent
in the method of self-similar potentials. The expressions for
displacements derived in this study are in a particularly con-
venient form and the resulting integrals can be easily evaluated
on the surface of the half space. The computations involve
only quadrature in the complex n plane.
2. The method of self-similar potentials makes it possible to in-
vestigate the character of different disturbances (P, SV, and
SH wave) separately. Contribution of each one of these waves,
including the head wave disturbance, to the solution can be
easily determined. In fact, the solution process is such that
only physically meaningful quantities are involved.
Briefly, the results of this study indicate that the actual complex-
ity of the ground motion can, for at least some earthquakes, be simulated with
the help of a fairly simple and physically reasonable source model. The exten-

sion of the present method and development of a new concept of auxiliary complex
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domain provide tools that are extremeTy useful in determination of the dis-
placements on the surface of an elastic half space and of a layered half
space. A number of important unsolved problems outlined in the next section

can also be approached by adopting the present method of analysis.

6.2 Recommendations for Further Study

The method of ground hotion calculation presented in this study
can be further extended to include the problem of non-uniform rupture propa-
gation. The effect of the cracking velocity and variation of the amplitude
of dislocation with time needs to be investigated. As a result of dynamic
friction on the surfaces of the fault plane and existence of local anomalies
inside the earth, the faulting process might cease for a short period of
time until further propagation takes place at a slightly later time. This
phenomenon, a stick-slip motion, has been observed in the experimental dis-
location models. The method of analysis adopted in this work seems to pro-
vide a promising approach to simulation of the stick-slip faulting, allowing
computation of the surface motions.

The need for the extension of the present model to the much more
difficult case in which the fault plane has a limited length is apparent.
The significance of the three-dimensional models becomes obvious in deter-
mining the surface motions at points relatively far from the fault plane.

The motion in the bedrock was assumed to be caused by a single dis-
Tocation pulse with an arbitrary orientation. A more useful set of earthquake
records can be constructed by developing a suitable stochastic model which al-

Tows synthesis of the response to dislocations in which length of the pulses,
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their timing, and other parameters are taken as random. Finally, determina-
tion of the displacements on the surface of a multilayered half space may

well be of considerable interest.
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APPENDIX A

EXPLANATION OF THE CONDITION Zy =0 ON THE FAULT PLAME

The condition Xy = 0 (see Sec. 3.2.1), which may not be obvious
at first glance, can be explained in the following manner. Consider a
di§1ocation model confined to an elastic infinite medium such that two op-
posite sides of the fault plane acquire sudden displacement discontinuity
along a segment of the fault. The direction of the relative movement and
the axial stresses of two infinitesimal elements adjacent to the y = 0 sur-
face are shown in Fig. 33a.

By rotating the entire system 180 degrees about the x-axis, the
direction of the relative movement changes, whereas, the direction of the
axial stresses remain unchanged (see Fig. 33b). Uhen the field in Fig. 33b
is multiplied by -1, the fault-slip on the y = 0 surface retains its original
direction, however, the tensile stresses become compressional or vice-versa
as illustrated in Fig. 33c. Since the rotation followed by multiplication
by -1 must preserve the field, this change of the sign of the axial stresses

cannot be possible unless Xy = 0.
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APPENDIX B

DETERMINATION OF THE INCIDENT POTENTIALS RADIATED FROM

A UNILATERALLY PROPAGATING FAULT IN AN INFINITE MEDIUM

The expressions for the incident potentials when the faulting
starts at a point with coord{nates (x = +X§, y = 0) and propagates along
the positive x-axis can be obtained in a manner similar to that 6f a bi-
lateral faulting. For the case of dip-slip dislocation the conditions on

the fault plane are:

Ri = R H(t-t)
X 0
(B.1)
RE = 0 for y =0
Yy
XR
o

where to = and o is the velocity of the crack propagation. Using the
Cauchy integral theorem together with the Egs. B.1, the complex displace-

ment and axial traction are found to be

R * U de 'DS

uE) = - j A s R (- ) (B.2)
and

Rox

) g = O

Lyy< )

where 6 = E—on the y = 0 surface.

Following the procedure outlined at the end of Sec. 2.2.2, it can

be easily verified that
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R Db 0y
2 (8)) = ————x
in(1 - ae])
2
- Dzabz(b‘z - 265 )
v (6f) = (8.3)

Ry /72 g2

The complex variable e? is defined by the equation

of = o0 1 0 (B.4)
7 7
(x = x )" + vy

The problem of strike-s1ip faulting is determined in a manner
analogue to that described above. The condition of zero tangential tracticn,
when satisfied on the fault plane, results in an appropriate expression for

the complex displacement function as follows:

R
w' (QR) = _D_Z R S B.5
2 T R (B.5)

where, DS 1s the amplitude of the strike-slip dislocation and eg is defined

by Eq. B.4.
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APPENDIX C

DETERMINATION OF THE DISPLACEMENT FIELDS CORRESPONDING TO
TWO PERPENDICULAR DOUBLE FORCES WITH MOMENT

Solution for the problems involving a dynamic doub]é force acting
at a point beneath the surface of an elastic half space has been obtained
by Farewell and Robinson and reported 1n Ref{G]]. The resu1t$ of their
study can be used to solve the problem under consideration in the following
manner: Assume that two perpendicular double forces with moment act at a
point inside an elastic full space as shown in Fig. 32a. The problem can
be determined by decomposing it to two components each one of which is sub-
jected to a double force with moment directed along the x and y-axis (see

Figs. 32b and 32¢c). Solution for the first problem is found to be,

Mbe o2 pT2 . g2
W= Re {0 [-J—-——-—*»——g]}
X 21Ty 6' 5

2
(C.1)

sz e/a“z;ez e/b'2-62
h h 1 1 2 2
Uy = Re { 21-““ [- 7 + T ]

51 85

h

where ug and uy are the real parts of the displacements when a double-force

with moment Mh acts horizontally.

Similar expressions can be obtained for the case in which a dynamic

double force is directed vertically. The results are:
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v Mo’ el 6l
u, = Re { > [- -T(S] o+ gé‘ 11
(C.2)
M b2 -8 «/a'z - 92 93
Vo v 1 1 2
Uy - Re { Z_i_n_u [ 6' - T J
1 5./ b2 - 62

The moments Mh and MV vary as step function in time. If we take Mv = Mh =

M and add Egs. C.1 and C.2 together, the displacement fields for a point

source consisting of two perpendicular doubie force with moment are as follows.

= uh + v = Re {M_QZ_ [_ e% + _2__6_2._._._— b__2. ] }
Ux x  Ux R N '
] 26,
(C.3)
u, = u,*tu = Refgo-l Y - e 1
1 5./ b2 - 62

Equations C.3 are identical with the results of Sec. 3.6 indicating that a

point dislocation is equivalent to two double force with moment.
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APPENDIX D

COMPUTATION OF THE REFLECTED DISTURBANCES ARISING
FROM THE INTERACTION OF THE PSpS, AND PSoP2
WAVES WITH THE X=d SURFACE IN THE
LAYERED HALF SPACE

The arrival of the.d11ationa1 potential Y121 and distortional
potential Y120 at the X = d surface gives rise to both reflected and re-
fracted disturbances, as shown in Fig. 30. The reflected portion of these
newly generated digtufbances which contribute to the motion on the free sur-
face are found to be:

i) Reflected dilational potential Y1211 due to PSZPS wave

i D'I(n) ‘I
r]z'”(n) = 'D—('n')_ l]g](ﬂ) (D])
where
_ v 2.2 ' 2.2
D] = thz(n] +2un ) - K1h](u Ny +2n°)
+ ' (Kohy - Koho)(ng + 2n2)(n, + 2n°) (D.2)
AR 12/ noA\Ny T oen .
12 ' 2
¥ K1K2h]h2[4n2(1 - u)?] - nz(n] - u'n,)
D = nz(pln2 - n])2 + thz(n] + Zulnz)2 + K]h](uln2
+ 2n%)% 4 K Koh ho[an2 (1 )] (0.3)

+ UI(K]h2 + th])(n2 + an)(n] + 2n
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and
dr,,,(n)
: RS
Norim) = —g— > Y121 Re T151
(D.4)
i UZ
Y1211 Re 'nopp » om0 = 0

For a given point on the free surface, the complex parameter .

n is determined from the equation

_ -2 2 -2 2
A12]]. =t - x/a2 -n o+ Zd/a2 -n

+ xOV/aJZ - nz - yn = 0 (D.5)

Other parameters are defined in Chapter 5;

ii) Reflected distortional potential Y1p72 due to the PS,P, wave

1 D2 !
12 = 75 Ny (D.6)
where
D2 = ZnK2 [ZK]h](T - ul)(an + u‘nz)
(D.7)

+(ny -~ u'ny)(ng + 2u'n?)]

Tne corresponding characteristic plane is defined by the

equation

t - x//béz s ZdV/EE?—r—;?

+ d//aé2 - n2 + Xo/a;2 - n2 - yn = 0

B2y F
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ii1) Reflected dilational potential v;,,y due to the PS,P, wave

1 D3 1

T2 = 7 %22 (D.9)
where

D3 = —2nh2[2K}hT(] -Vu')(Z_nZ +u n2)

(D.10)
£ (g = uny)(ng + 2u'nd)]

and

A t - x/a_2 - n2 + d/a'2 - n2

1221 2 2 (D.11)

¥ 2d//b§2 -0l o+ xo//a{z - - yn =0

iv) Reflected distortional potential W1997 due to the PSS, wave

272
1 D4 I
oo = T M2z (D.12)
where
! 1 2
D4 = -ﬂz(n] "'. H n2)2 - K]h1(2n2 + U nz)
v 2.2 2 12
+ K2h2(n1 +2u n")" o+ K]K2h1h2[4n (1 - u )]
- w'(Khy - Koho)(ng + 2nf)(n, + 2n%) (D.13)
21 172 1 2 )
and
Y A Y -2 2 -2 2
41222 =t X»/b2 -n + 3d/b2 -n + xo/a] -

- yn = 0 (D.14)
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Calculation of the arrival time of these disturbances and the displacements
corresponding to each one of them has been discussed in Chapter 5.
Similar expressions can be obtained when the potentials associated

with the PP2P2 and PP252 waves are considered.
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