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1. INTRODUCTION

1.1 Objective and Scope

The application of dynamic loads to a body generates stress
waves which propagate through the medium. Within a linearly elastic,
isotropic, homogeneous solid both dilatational and distortional waves
can exist. Solutions to elastic wave propagation problems are custom-
arily sought in terms of potential functions which satisfy the wave
equation and the boundary and initial conditions and determine the
state of stress within the body. Application of the usual boundary
conditions, however, results in an involved coupling of the potential
functions which often makes the elastic wave propagation problem diffi-
cult to solve. Solving even relatively simple three-dimensional
problems can be a major undertaking.

The objective of this study is to develop an efficient and
useful technique for determining the three-dimensional wave propaga-
tion that results from couples applied at a point beneath the surface
of an elastic half space. This problem is of distinct engineering
importance because it provides a basis for earthquake modeling. The
disturbances from couple sources simulate the elastic motion following
a fault dislocation and occurring in the presence of an initial strain
state. For example, the single couple of Fig. 3 might simulate the

strike-slip dislocation of a point on a vertical fault. A review of



the literature shows that actually some controversy exists concerning
what arrangement of couples best models a particular fault disloca-
tion. This study does not intend to defend any specific model but to
provide an approach that represents any arrangement of coupie sources
as a superposition of five fundamental "double force"* cases,

Chapter 6 provides guidance for the application of these cases to some
specific earthquake models.

This study seeks the solution to the fundamental double
force cases with the aim of reducing the inherent complexity of the
three-dimensional elastic wave propagation problem. ' Representation
of the double force problem by the method of rotational superposition
reduces the three-dimensional problem to more easily solved two-
dimensional.problems. These two-dimensional problems are expressed
in terms of derivatives of the plane problems that evolve from formu-
lation of the single force case by rotational superposition. An
application of the method of self-similar potentials provides the
solution to the plane problems associated with the double force by a
slight modification of the potential functions for the plane problems
associated with the single force. The time variation of the double
force emerges in the most natural fashion as a linear function of

time. Superposition can then yield other time variations of interest,

* A "double force" is a single couple applied at a point. A more
detailed definition and discussion of this term is provided in
Sec. 1.2



This approach to the solution of double force problems is very direct
and allows clear identification of the wave front pattern during each

stage of the solution process.

1.2 Concept of a Double Force

This study focuses on the double force as the building block
for earthquake fault modeling. Definition of a double force and
agreement on a notation for referring to the fundamental cases will
aid the work that follows.

A "double force"™ is the limit of a situation involving two
equal but opposite forces that are parallel or collinear. The magni-
tude of each force is P(t)'Ah“l, and Ah is the distance between the
points of application of the forces. As Ah goes to zero, the forces
increase in magnitude but the product of the magnitude and Ah remains
constant. In the limit as Ah goes to zero, the double force becomes
a loading at a point. The double force may be either a double force
with moment (See Fig. 1) or a double force without moment (See Fig.
2). The description "double horizontal force" indicates the direc-
tion of the forces comprising the double force. This description
provides a necessary distinction because a double horizontal force
with moment and a double vertical force with moment produce different
dynamic effects even though the double forces may be statically

equivalent.



A convenient notation employed in this study permits quick
reference to the fundamental double force cases. This notation con-
sists of two letters, e.g., "Vh," plus, at most, two subscripts. The
upper-case letter gives the orientation of the constituent forces and
the lower-case letter indicates the orientation of the line drawn
between the points of application of the forces. "V" indicates a
vertical orientation and "h," the horizontal. This notation allows
one to quickly visualize the double force as a couple. For example,
"Vh'" refers to the double vertical force with moment shown in Fig. 1.
Subscripts, "n" and "e'" for "north" and "east', respectively, indicate
the relative orientation of horizontal forces and horizontal dis-
tances. Case Hyhg is a double horizontal force with moment (See
Fig. 3), and Case Hghe is a double horizontal force without moment
(See Fig. 5). The five fundamental double force cases mentioned in
Sec. 1.1 are shown in Figs. 1 thru 5 and can be listed using this
notation as:

1. Case Vh; double vertical force with moment.

2, Case Vvj; double vertical force without moment.

3. Case Hphgj; double horizontal force with moment, forces

in a horizontal plane.

4, Case Hv; double horizontal force with moment, forces in

a vertical plane.

5. GCase Hghg; double horizontal force without moment.



1.3 Previous Related Studies

Several methods have been employed in the past to solve prob-
lems of wave propagation in an elastic half space. Lamb* (1904) and
Ewing, Jardetsky, and Press (1957) used harmonic wave techniques to
solve some problems of transient loading of an elastic half space,
Cagniard (1962) used two applications of Laplace transforms to solve
Lamb's problem when the actual transformation was not necessary because
of special conditions. Gakenheimer and Miklowitz (1969) used Laplace
and double Fourier transforms to study a transient normal load on a
half space. Both the harmonic wave and the transform techniques pre-
sent well-known computational difficulties. With the former method
one has the formidable task of evaluating a Fourier integral unless the
source varies in a harmonic fashion. In the latter, the transformations
are difficult to carry out except in special cases. The method of self
similar potentials is a powerful alternative technique for solving
two-dimensional dynamic problems and is simpler and more direct than
the other techniques. Smirnov and Sobolev (1933) developed the method
but its use outside the U.S.S.R. has been limited. Thompson and |
Robinson (1969) presented a description and bibliography of the method

and applied the method to solve a dynamic contact problem.

* An author's name followed by a date of publication refers to entries
in the List of References.



The difficulties encountered when applying most methods to
two—dimensional problems are greatly compounded when a three-
dimensional problem is attempted. Smirnov and Sobolev (1933) developed
the method of rotational superposition to represent the three-
dimensional problem as a superposition of two-dimensional problems.
This permits the retention of the convenience of the method of self
similar potentials in the three-dimensional problem. The method of
rotational superposition was applied to some axially symmetric problems
by Zvolinskii (1957) and Pod"yapol'ski (1959). Johnson and Robinson
(1972) used the methods of rotational superposition and self similar
potentials to solve the nonsymmetric problem of a horizontal force
applied beneath the surface of a half space. This solution avoided
the formidable mathematics associated with other methods and involved
only one quadrature in the complex plane. The study contained herein
is the first use of the methods of rotational superposition and self
similar potentials to solve three-dimensional double force problems.

Others have conducted various studies concerning different
types of double force disturbances. Ben-Menahem (1961) used double
Fourier integrals to consider the displacements at long ranges due to
Rayleigh and Love waves from a moving single couple source. Burridge,
Lapwood, and Knopoff (1964) investigated the radiation patterns of
first motions due to a "double couple' source on the surface using a

Fourier integral technique. Gupta (1967) approximated the far-field



patterns caused by double force sources using the dynamic reciprocity
theorem.

The application of the methods of rotational superposition
and self similar potentials in this study permit efficient solution
of double force problems for both near- and far-field locations. The
solutions presented for the fundamental double force cases can be
easily superposed to obtain a variety of seismic models. As in
Johnson and Robinson's work, formidable mathematical manipulations are
avoided and physical insight into the wave métions is maintained

throughout the solution process.

1.4 Organization of the Study

Chapter 2 provides a review of the methods of rotational
superposition and self similar potentials in order to give a basis for
the developments in succeeding sections. The method of rotational
superposition permits treatment of three-dimensional problems as a
superposition of two-dimensional problems. The method of self similar
potentials is an efficient technique for solving plane problems con-.
cerned with an elastic half space and is, therefore, a natural
complement to the method of rotational superposition.

Chapter 3 presents the solutions for a dynamic vertical and
a dynamic horizontal force applied at a point beneath the surface of
an elastic half space using the above methods. The solutions in this

form are essential to the subsequent solution of the double force
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cases. Althoﬁgh Pekeris and Lifson (1957) have considered the problem
of a subsurface vertical force, some of the intermediate results
obtained by the method of self similar potentials are useful for solv-
ing double force problems. The solution of the problem of a sub-
surface horizontal force by rotational superposition and self similar
potentials was carried out by Johnson and Robinson (1972) and only the
results are summarized here.

Chapter 4 presents the procedures and relationships that
permit the application of the methods of rotational superposition and
self similar potentials to the solution of problems involving a
dynamic double force. Arbitrarily inclined double forces are repre-
sented as a superposition of double vertical and double horizontal
forces. Expressing the inclined double force as a superposition of
fundamental dbuble forces permits quick solution for a variety of
cases once the fundamental solutions are in hand. Rotational super-
position allows the double force to be represented as a superposition
of two-dimensional problems that are in turn related to the two-
dimensional problems associated with the single force. The relation-
ship among the two-dimensional problems turns out to be more useful
computétionally than the more obvious relationship that exists among
the three-dimensional problems. A particular application of the

method of self similar potentials gives the solution to the plane



problems associated with the double force by a simple modification of
the potential functions for the single force. The time variation of
the double force examined in this way comes out directly and in a
natural fashion as a linear function of time. Chapter 5 provides the
solution for the displacements on the surface of the half space for
the five fundamental double force cases shown in Figs. 1 thru 5.
Chapter 6 summarizes the developments in this study and
gives guidance on the application of the results to some specific
earthquake fault models. The use of the linear time variation of the

double force to obtain other time variations is also discussed.

1.5 Notation

Symbols in this study are defined where they first appear.

a Speed of the P wave ( At 2M)

b Speed of the S wave (\/g)

c ‘ Speed of Rayleigh wave

cq Same as a

Co Same as b

C, €4, C;, etc. Contours of integration

Cp, Cr, Constants defined by Eqs. (3.44b) and

(3.47a)
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£, o See Eq. (2.9)
615 B9, etc. See Eq. (3.21)
Hohg, Hv, Hohg Double horizontal forces (See Sec. 1.2

for a complete description.)

i V-1

;p’ ;w’ i Unit vectors corresponding to (p, w, Y)
space coordinates

m Mass density of the elastic solid

P Magnitude of the load

P; See Eq. (2.22)

r X% + y2

R(GZ) Rayleigh function (See Eg. (2.3lc))

t ' Time coordinate

tp, tps’ tppJ tg Arrival time of P, PS, PP, S, SS, SP and

tago tSp’ ty head waves respectively

u, uy Components of the displacement field for
the plane strain problems

u, Displacement field for the antiplane
problem

Uy, Uz, Uy Displacement field for the three-

‘ dimensional problem
ﬁv, ll Displacement field for a vertical and

horizontal force respectively



Uys Uy Uy

11

Components of a two-dimensional field
corresponding to a single force and a
double force respectively

Components of a three-dimensional field
corresponding to a single force and a
double force respectively

Displacement field in cylindrical
coordinates for the three-dimensional

problem

" Double vertical forces (See Sec. 1.2 for

a complete description.)

Self similar displacement function for
the antiplane problem

Cartesian global space coordinates for
the three-dimensional problem

Cartesian space coordinates for the two-
dimensional problem

The y coordinate of the point of
application of the load

Speed of expanding region within which a

loading is applied

. Angle of incidence (See Fig. 11.)
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Angle of orientation for an inclined
double force (See Fig. 15.)

See Eqs. (3.8)

See Egs. (3.10)

See Egs. (3.15)

Distance between forces comprising a
double force

Variable of integration (= w - w )
Complex variables defined by Eqs; (3.8)
Complex variables defined by Eqs. (3.10)
Complex variables defined by Eqs. (3.15)
Value of complex variable at arrival of
the respective front

Values of complex variable 9; at the end
points of integration

Lamé constants of elasticity

Poisson's ratio

Cylindrical space coordinates correspond-
ing to (X,Z,Y) (See Fig. 6a.)

Components of stress for plane problems
Components of stress for three-
dimensional problems

Components of stress in cylindrical co-

ordinates for three-dimensional problems
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Self similar stresses for plane problems
Scalar dilatational potentials

Complex dilatational potentials associ-
Scalar distortional potentials

Complex distortional potentials associ-
ated with %’\%’¢Nﬁ %2

Angle of orientation of plane problem
with respect to XY plane

Component associated with P, S, PS,

Rayleigh, and head waves respectively
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2, THE METHODS OF ROTATIONAL SUPERPOSITION AND
SELF SIMILAR POTENTIALS

2.1 General Equations

Wave propagation in a homogeneous, isotropic, linearly elas-
tic solid is governed by the equations of motiony which can be written

in terms of displacements as:

2
(A + W) = " VS uy = m v
2
d"u
(r+ 1) §§«+ i v Uy = m QZ (2.1)
ot
3u
(L + w) éé-+ bov2 uy = m Y
Y at2

where (X, Y, Z) are cartesian coordinates, m is the mass density of

the solid, A and p are the Lame constants which define the elastic

properties of the medium, and uy, uy, and uy are the components of the

displacement vector u. The dilatation A and the Laplacian operator v2

are defined by: |
duy  duy  duy

A= + +
X o7 3Y

(2.2)
* The order (X,Z,Y) is used to correspond to the (p,w,Y) coordinate
system used later. (See Fig. 6a.)
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2=, Y
X2 w?  ay?

The Helmholtz Theorem (Schwartz et al., 1960) is customarily
applied to the displacement vector to represent it by the sum of the
gradient of a scalar potential and the curl of a vector potential.

That is,
= grad ¢ + curl § (2.3)

The scalar potential determines the irrotational (P) portion of the

displacement; the vector potential, the equivoluminal (S) portion.
For the equations of motion to be satisfied, it is both'a

necessary and sufficient condition that the potentials satisfy the

wave equations (Duhem, 1898),

2
2 %
a? at? b2 at?
+ .
where a = A2 and b = £ are the P and S wave speeds,
m m
respectively.

For the case of plane strain in which the displacements are

zero in the z* direction, the x and y components of { are zero. The

* Coordinates in lower-case letters refer to two-dimensional problems
in this study; coordinates in upper-case letters, to three-
dimensional problems.
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solution to this two-dimensional wave propagation problem can then be
expressed in terms of scalar potentials, ¢ and V,, by:
1 3%

2. _ 1 3¢ 2. _ '
Vg = — == Vi, = — (2.5)
a2 32 2 p2 32

Another plane problem of interest in this study is one of
the antiplane type for which the displacement vector is (0, 0, u,) and

is a function of x, y, and t only. The equations of motion reduce to

(2.6)

As will be demonstrated in the succeeding sections, the solu-
tion to the three-dimensional problems of interest can be represented
by rotational superposition of appropriate two-dimensional plane

strain and antiplane problems.

2.2 Rotational Superposition

2.2.1 General Approach

While a number of techniques are available for the solution
of plane wave propagation problems, few techniques have been success-
fully developed for solution of three-dimensional problems. The

method of rotational superposition simplifies the three-dimensional
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problem by representing it as a superposition of more easily solved
plane strain and antiplane problems. The fundamental concepts of
this method are briefly reviewed here before the specific applications
that follow in succeeding sections. Thompson and Robinson (1969) and
Johnson and Robinson (1972) provide a more detailed treatment.
Consider the effect in three-dimensional space, (p, w, Y)¥*,
of applying a plane strain displacement field, uy (x, y, t) and
uy, (x, y, t), and an antiplane field, u, (x, y, t), at an angle
with respect to the XY plane. As indicated in Fig. 6b, the radial,

circumferential and vertical displacements would be:

up = uy, cos (w - (1)0) + Uy, sin (0-) - UJO)
up = -uy sin (@ - wy) + uy cos (w - w,) (2.7)
UY: uy

The three-dimensional problem is obtained by multiplying each of the
plane problems by a weighting function of W, and superposing the

effects for all values of R from O to 1. This leads to:

* (p, w, Y) are cylindrical coordinates corresponding to (X, Z, Y).
Fig, 6a shows the relation between the two coordinate systems.
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cos(w - w) fy(w,) du,

=
©
I
(@] d
3
=
b

T
+f 1y sin(w - w) £3(u) duy
0

m
U, = _I uy sin(w - wy) £1(wy) dog
0
(2.8a)

cos(w - wy) folwy) dug

+
(@] J
s |
o
N
i

£q(w,) duw,

o
LR
1
o A
e
=
<

and

o = ox F1luwp) dug

- ZMSXCOSZ(UJ - wo) fl(wo) duw,
i

+ ,( 27wy cos(w = wy) sin(w - wy) fo(uw,) du,
0

-
Oy ~ j ox £1(wy) dwy + (2.80)
0
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(TT
- 2ueg cos? (v - wg) F1(vp) duy
J
0
au
- 27y, sin(w - wy) cos(w - wy) folw,) du,
)0
, <
oy = oy f1(wy) du,
/0
ol |
Ty = ), Tyx cos(w — wy) fy(w,) dw,
Fo
+ Tyz sin(w - wy) fo(wy) duy
/0 .
7 TT
Tyw = —/ Tyx sin(w - ) fl(wo) dw,
0
(2.8¢)
'l
+ Tyz cos(w - wy) fo(wy) du,
7 T
Tow = Ty, COs2°(w - wo) fz(wo) dw,
/0
7 T
- 2uey sin(w - wy) cos(w - wy) £1(w,) dw,
/0
where
qu,
e}( N e
X

The weighting functions are taken in the following form for the

problems of interest:
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£1(w,) = cos ny

o fo(wy) = sin nw, (2.9)

For problems exhibiting axial symmetry, n is taken as zero (Smirnov et
al., 1933, and Zvolinskii, 1957 )and thus only a plane strain problem
is superposed. For the problem of a horizontal force parallel to the

X axis, n is equal to one (Johnson and Robinson, 1972).

2,2.2 Determination of the Two-Dimensional Plane Strain Problem

Corresponding to a Three-Dimensional Axisymmetric Problem

As indicated by Egs. (2.8), a three-dimensional axiéymmetric
problem can be represented by a rotational superposition of a unique
(Thompson and Robinson, 1969) plane strain problem. The inversion of
this relationship, finding the two-dimensional boundary wvalue problem
defined by the three-dimensional problem, is the next major step of
concern.,

Before carrying out this inversion, some assumptions concern-
ing the character of the plane problem can be made in order to simplify
the general relations. The two-dimensional field associated with the

axisymmetric three-dimensional problem will be symmetric. That is,
ux(—x, ¥, t) = - uX(XJ ys t) (2.10)

uy(—X, Y t) = uy(x, Vs t)
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This assumption coupled with the change of variable, M= o - w , lead

to the following simplification of Egs. (2.8):

AuY

9p

Sw

gy

TpY

pr

1

™
I uy cosT df
0

0 (2.11a)
rﬁ

u, dn
/0 Y
f'TT

(ox - 20 e, sin?n) dn
/0
m

(o, + 21 e sinzﬂ) dn
/
~T

oy dy (2.11b)
/0
rTT

Txy cosT dT
‘0
TwY =0

Note that the two-dimensional quantities such as uy, are

functions of pcos?, y, and t while the three-dimensional quantities

such as u, are functions of p, y, and t only.
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The symmetry indicated by Eqs. (2.10) permits the last of

Egs. (2.11b) to be written:

(ﬂ/Z
O'Y = 2} Uy dn
0
2
ToYy = 2 Txy cosT d1
/0

The change of variables, v = pcosT, then yields:

p
Gy = 2 i d v
Y—‘ G

Y 2 2
/0 P~V

p
coaz[ L v
pY 0 Xy 5 S
p—\)

/0

Solving these equations as'Abel integral equations (Hamel, 1949)

provides:
o
cy:la_. O'Y \)d\)
T dr ﬁj““‘g‘
/0 Ve -V
¥ 2
1 3 T,y vedv
Try = = = pY
™ Or
)O Zl'.'z—\)2

where r2 = x2 + y2.

(2.12)

(2.13)

(2.14)
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Egs. (2.14) provide the boundary conditions for the two-
dimensional plane strain problem in terms of the boundary conditions
for a three-dimensional axisymmetric problem. As will be discussed in
Sec. 2.3, the plane problems can be solved with relative ease by the
method of self similar potentials and then the three-dimensional
problem can be reconstructed by direct rotational superposition. Note
that if each two-dimensional problem satisfies the equations of motion
the superposed problems satisfy the equation of motion and hence the
three-dimensional problem satisfies the equation of motion.

2.,2.3 Determination of the Two-Dimensional Plane Strain and Antiplane
Problems Corresponding to a Single Force Perpendicular to the

Axis of Rotation

This section considers the determination of the unique set
of plane strain and antiplane problems associated with a particular
three-dimensional problem. This amounts to a inversion of Egs. (2.8) so
as to define the two-dimensional boundary values in terms of the
boundary Values for the three-dimensional problem.

As before, some simplifying assumptions concerning the char-
acter of the plane problems can be made before proceeding to the actual
inversion. The two-dimensional plane strain field associated with the
three-dimensional problem of a single force paiallel to the X axis is

antisymmetric about the y axis. That is,



ux('xa Y t) =

24

uX<X9 Y t)

uy(_X: Y t) = - uy(X: Yo t)

The antiplane problem is symmetric, or

uz('xa Vs t) = uZ(X: Vs t)

(2.15a)

(2.15b)

These observations coupled with the change of variables, T = @, - o,

lead to the following simplifications of Egs. (2.8):

Up

Uy

and:

I}

cosw

~
u, cos2n dn
70
1T
u, sin21 dn }
0
T
S Uy sinzﬂ dn
0
T 9
ugz cos” T dT
0 ' :}
i
Uy cosT d7

0

(2.16a)



25

o m
0g = cosw ox cosT d7 - ZMI €x sinz’ﬂ cosT df
/0 0
7 T
- 2 Tox Sin2ﬂ cosT d1
o
~ T T
Oy = COosw ox cosT dN - ,‘Zuf €y cosS'ﬂ dn
/0 0
£
+ 2 1, sin’7 cosT a7 (2.16b)
70
T
oy = cOosw ay cosT dT
/0
(" 2 " 2
TYp = COSW Tyx CO8 ndn - f Tyz sin“T dN
/0 0
;T 9 T o
Tyw = Sinw ~Tyx Sin ndn+ { Tyg COS M dn
/0 0
2Rl
Tow = Sinw -rzx(cosz’ﬂ - sin?M) cosn dn
0

T
- 2U [ ey sinz'ﬂ cosT dn
0

Note that all of the field quantities in the integrands are two-

dimensional and are functions of x = pcosT, y, and t. The strain, e,

is equal to duy/ 3.



26

The stresses Ty, and can be written in the equivalent
Yp TYw q

form:
= fﬂ- T -
Ty . = COSW T, df +va T, c0os2T dn
(2.17a)
~ 7T ' m =
Tyw = sinw - T1 dﬂ-kj’ To €0s2T dN
L /0 0 J
where
T = Tuy
T, = _23_3__2_ (2.17b)
Tyx t 7T
Ty = NAS yz

2

For a disc of uniform horizontal traction T in the X direction,

= = 7 (2.18)

The boundary tractions then become:

T
oy = cosw oy(pcosﬂ, ys t) cosT dn
/0
(2.19)
7o
Typ = cosw T(pcosT, y, t) dn
70
7 ™
Vo = - sinw) ?(pCOS'ﬂ, Vs t) dn
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As in the previous section, these equations can be inverted by intro-
ducing the variable v = pcosT, taking advantage of observed symmetry,

and solving as Abel integral equations (Hamel, 1949). The results are:

r

2
op(v, v, t) VT dv
O'y[r: Y) t] = —1—9— bl ’ ’
mr or cosw 5 5
o 2y
. x (2.20)
- 123 Tyolvs vs t1 oy gy
T[r’ Yg t:l = ——
T or cosw
T2
/7 0
Fr ‘
_ 13 TyolVs ¥ t] v dv
” ar) 0 sinw 2 _ 2
T Tyx T T Tyz

Eqs. (2.20) provide the boundary conditions for the two-
dimensional plane strainuand éntiplane problems in terms of the
bdundary conditions for the three-dimensional problem of a single force
parallel to the X axis. In this way, the three-dimensional problem
degenerates to a solution of plane problems which, as will be shown,
can be. conveniently handled using the method of self similar

potentials.
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2.3 The Method of Self Similar Potentials

The method of self similar potentials has proven to be an
extremely efficient means of solving two-dimensional wave propagation
problems. The method applies to self similar problems - those whose
boundary and initial conditions are homogeneous functions of time and
space. The method avoids formidable mathematical manipulation and, in
fact, provides the solution to some problems almost by inspection.
Unlike many wave propagation approaches, the method of self similar
potentials engenders physical insight at every stage of the solution
process.

This approach to two-dimensional wave propagation problems
was developed by V.I. Smirnov and S.L. Sobolev (1933) but has not
been widely used outside the U.S.S.R. Thompson and Robinson (1969)
presented a motivation, development, and bibliography of the method.
More recently, Johnson and Robinson (1972) explored the application of
the method in conjunction with rotational superposition to solve three=-
dimensional problems involving a single force parallel to the surface
of an elastic haif space.

This section reviews only those elements‘of,the method that
are essential to the developments in this study. For additional

details, see the aforementioned references.
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2.3.1 General Comments

The homogeneity ofkthe boundary values for self similar
problems permits a reduction in the number of independent variables
necessary to describe the motion of a body, e.g. (x, y, t) becomes
(x/t, y/t). This reduction is accomplished by introducing an auxil-
iary function which is the general solution of the wave equation. The
wave equation becomes a partial differential equation of new variables
which are elliptic behind the wave front and hyperbolic beyond it.

The plane strain and antiplane problems which form the three-
dimensional problem by rotational superposition uncouple and may be
solved separately. The solution for the plane strain problem

involves P and SV waves; the antiplane solution consists of an

SH wave only.

2.3.2 Solution of a Plane Strain Problem by Self Similar Potentials

Consider that the solution to the plane strain problem can
be expressed in terms of the self similar potential functions, ¢ and
¥, which are the real parts of corresponding complex potential func-
tions, & and Y. The complex potentials are functions of complex

variables 67 and 8,. That is,

¢ = Re 3(8y) ¥, = Re ¥(8,) (2.21)
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The variables 8; and O, parameterize the characteristic surfaces of the
wave equation and any function of the variable 6; with continuous first
and second derivatives automatically satisfies the wave equation. The

following implicit function defines the variables 8; and 0,
8 =t = 8; x —y fe;™* - 852 + P;(8;) = 0 (2.22)

where 1 = 1,2 and ¢y = a and ¢cg = b. For loadings at the origin of the
(x, y, t) space, only the characteristic surfaces through the origin
are of interest and P;(6;) = 0. Consider for this general discussion
that the loading is applied at the origin. For the subsurface load-
ings considered in subsequent sections P;(8;) will not be zero.
Solution of Eq. (2.22) provides the values of the 8; vari-

ables and defines a mapping of the (x, y, t) space into the complek

®; plane. Tor x2 + y2 < ci2 tz,
2
tx+iy \/tQ - 3—5
C
0 = — = (2.23a)
r2
and for x% + y2 > ciz t2,
‘r 5
tx + yy [ - t°
Ciz
Gi = 2 if x <0

r

(2.23b)
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0. = ifx}O

where r? = x% + y2. The signs of the radical in the above equations
conform to the definition of the radical ci_2 - ei2 in Eq. (2.22)
as positive when ©; is positive imaginary with a cut on the real ei
axis from ;ci“l to ci"l. This definition is consistent with
Smirnov's work (1964). Note that the variable 6; is real beyond the
wave front and complex behind it. The characteristic surfaces

2 2 42

parameterized by 8; are planes tangent to the cone x2 + y2 = cy

as shown in Fig. 7a. The value of 6; is constant in a characteristic

plane and the variables are equal at points on the surface y = 0 where
the characteristic planes for 6; and 69 meet. As will be shown, this
fact eases the solution of boundary value problems when y = 0 is the
boundary.

The mapping defined by Egs. (2.23) maps the lower half space
into the upper half 6; plane. Fig. 7b shows the mapping of some
typical points. The surface y = 0 as well as the region outside and
on the wave front map onto the real 6; axis. The area inside the wave
front maps into the region off theyreal 8; axis. Since 84 = 9y on the
y = 0 surface, the surface maps into the real ei’axis independent of
1

wave speed. Every value of 6; between and including —ci'l and +cj~

represents a characteristic plane.
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The complex displacements can be written in terms of the

complex self similar potentials as:

9%(67) N o¥(8,)

x T ox dy
33(8;)  d¥(8y)
v = - (2.24)
Ay ox
u, =0

No confusion will arise by referring to complex displacements; the

real part is the physical displacement.

Eq. (2.22) defines the derivatives of 6; as

08 8 08 _ ci™® - ;% o8 1
Y y 5! = 5 (2
i Y i i
where
‘ y 9; ,
8/ = = x + | (2.25b)
-2 2 .
Ci - ei
Hence,
-2 2
*@'(e)—eiur v'(8y) %
uX 1 6/ 2 4
1 2

(2.26a)
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y = 2'(8)

where
N
561

The displacements of

general form as:

= 9
R

33

-2 2
-9 0
—— - ¥'(s,) =
6,
1 2
and g = ¥
969

(2.26b)

Egqs. (2.26) can be written in a slightly more

+

r 9
/0

fez

/0
’61
/0

r 6

/0

0 8’(8) de

Vb2 - 62 v'(e) de
a~2 - 6% 3'(e) de

& ¥'(8) ds

The complex stresses are then:

61
{ (b= = 26°) 3'(0) de
0

9

2 .
—f ~ 29f\/b"”2 - 82 v'(9) de
0

(2.27)
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8
%% Gl (1 2 2 o0
—= o b™% + 20% - 2a7%) 3/(9) de
TR ) ( a~?) 8'(e)
0
r €
; 26 b2 - 6% ¥'(8) o
/o
i 2 1
BN 25 — 26 \/a'z - 0% 8’(9) de
o )O
r 62 7
-2 2 ’
+ (b™% - 20°) ¥'(8) de
/0
r 6, =
o 32 L
— = 5 (b= - 2a72) 8’(e) e
boooot )
0 J

(2.28)

The complex variables ©; and hence the potential functions

of Egs., (2.27) are self similar. That is, they are homogeneous

func-

tions of degree zero. Any loading that is homogeneous in spatial and

time coordinates can be represented by an appropriate integration or

differentiation of Egs. (2.27) depending on the degree of homogeneity.

For example, a self similar loading, i.e., homogeneous boundary

tractions of degree zero, is represented by:

) — 7
u, —[ - 0 3(8) de
0 /7 0
r %
+ Vb2 - 6% (o) ae | ar
/0

(2.29a)
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\/&"2 - 02 5'(8) do

6 Y'(9) de ] dr

and,

On the surface y = 0, 61 = 89 = 0 = t/x and Eqs. (2.29) become:

(b2 + 26% - 2a™2) 3’(8) as

28 b2 - 02 v'(8) de

(b=2 - 202) 3(8) db

26 \/b“Q - 92 ¥y’ (8) de
20 a=2 - 62 3'(0) de

(b72 - 20%) ¥'(e) ae

]

(2.29b)

t
u, :[ _[f [637(0) + \/b"’Q - 0% ¥/(9)] dG] dr
0 0

(2.30a)
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~<

t g
u :I - [f L Va"”z - 82 8'(8)~ 6 11;'(9)] de] dr
0 0

5 ;
==Jf [(b72 + 26% - 2a72) 3/(8)
0

1:|£4

+ 26 b2 - 82 ¥'(9)] de

(2.30b)

= Jf [(b~2 - 26%) 8(8) - 28 yb~2 - 6% v'(8)] db
0 .

=

9
?{?izzjr [26 ya=2 - 62 3°(8) + (b=2 - 262) ¥’(8)] de
0

The derivatives of the self similar potentials may now be found in
terms of the derivatives of the complex boundary tractions from the

last two of Egs. (2.30b). The results are:

p (072 = 209%) T(8y) + 28 Vo2 - 6% 1/,(8y)

R(8;%)

-2 2 [-2 2
(b™% - 26,7) T§X - 28, ya™l - 8, z§(ez)

R(6,")

I

@,( 91) =
(2.31a)

¥'(8y) =

T
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where
£/(8;) = S— % (8,) T/ (8.) =T (8,) (2.31b)
y 3g; v L y L e, v
and
R(8;%) = (b2 - 20;2)2
+ 40,2 \/la—2 - 8,2 \/b-2 - 8, (2.31c)

is the Rayleigh function.

The complex tractions %, and Tyy on the surface y = 0 are
usually determined from the specified tractions by application of the
Schwarz integral theorem (Churchill, 1960) for the half plane. The
complex tractions on the boundary are then written as functions of
9= t/x. It is clear that once the complex tractions on the boundary
are known, the complex self similar potentials are determined by
Fgs. (2.31). The stresses and displacements throughout the half space

are then determined by equations such as Egs. (2.29).

2.3.3 Solution of an Antiplane Problem by Self Similar Potentials

The antiplane problem is solved in much the same manner as
the plane strain problem. The principal difference occurs because the
solution for the antiplane case is sought in terms of a complex self

similar displacement function w(8,). The real part of this
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displacement function constitutes the physical displacement for a
problem whose displacements are\self similar. 69 is defined by
Eq. (2.22).

For a problem with self similar tractions, homogeneous
tractions of degree zero, the displacements and stresses are found in

a manner analogous to Sec. 2.3.2 to be:

t 89 '
. J( [ Jr w'(8) de ] dr (2.32a)
0 0 :

T ‘92
Y Vb2 - 6% w/(e) ds

o
I

i

[
0
(2.32b)
Tox e2
—_—= . e w'(8) de
s 0

The general approach outlined in the last paragraph of

Sec, 2.3.2 applies equally well to the antiplane case.
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3. SURFACE DISPLACEMENTS CAUSED BY A SUBSURFACE
VERTICAL OR HORIZONTAL DYNAMIC FORCE

3.1 General Remarks

This section qonsiders the effect in an elastic half space
of applying a subsurface dynamic point force that varies as a step
function in time. The solutions presented in this section for both a
vertical and horizontal force as a rotational superposition of self
similar problems are necessary to the solution of double force probléms
in subsequent sections.

Section 3.2 gives the solution for surface disturbances
caused by a subsurface vertical force. Although Pekeris and Lifson
(1957) have considered this problem, some of the intermediate results
obtained by the method of self similar potentials are useful for solv-
ing double force problems. The solution in this form incidentally
illustrates the application of the methods of rotational superposition
and self similar potentials to a specific problem.

Johnson and Robinson (1972) formulated the solution to an
interior horizontal point force by the method of self similar poten-
tials. The solution in this form is also necessary to the work that

follows and the results are briefly summarized in Sec. 3.3.

3.2 Surface Displacements Caused by a Subsurface Vertical Force

The solution for the vertical point force of Fig. 8a is
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considered in two major stages. The first includes that period of time
prior to incidence of the waves on the free surface and is identical to
consideration of a point force in an infinite medium. The second stage
considers time after the free surface is set in motion and is accom-
plished by superposition of the waves for a point force in an infinite
medium with appropriate reflected waves to give a stress free condition

on the surface.

3.2.1 Point Force in an Infinite Medium

A point force in an infinite medium can be treated by joining
the two half spaces of Fig. 9a. The loading Pt2/4 is the resultant of
self similar stresses applied over an expanding circular region p < ot
on the surfaée of each connecting half space. The self similar stresses

applied on the surface of the lower half space are

Oy = - L for 0 < p ﬁ ot
4nc?
' (3.1)
oy = 0 for p > at
and on the upper half space are
oy = + L for 0 < p <at
Y =P =
4ria?
(3.2)

I

0 for p > at
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In addition, symmetry requires that U, be zero on the surface of each
of the connecting half spaces. In the limit as a goes to zero, the
above boundary conditions describe a vertical concentrated load of
magnitude Pt2/2 acting at a point, (0,y,,0), in an infinite medium.

As previously indicated, any three-dimensional axisymmetric
problem can be represented by rotational superposition of a two-
dimensional plane strain problem. The boundary conditions for the two-
dimensional problem corresponding to the lower half space are deter-

mined from the first of Eqs. (2.14), (3.2), and (2.1la) to be:

for 0 < |x| <at

S
Y 4n0?

S R— for |x| >at (3.3)

&
Y 22 :
o Vi-a?t?/x?

Since these are self similar boundary tractions on the surface of a
half space, they can be represented as functions of 8 = t/x (See

Sec., 2.3) by:

L e for all |x|

(3.4)
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Note that as @ goes to zero, Eqs. (3.4) supply the boundary conditions
for the point load,yPtZ/Z. The first derivatives of these complex

self similar boundary tractions with respect to 6 are:

Po 1 |
=+ [ ]
2
y 4 (1 - a262)3/2

(3.5)
X

A suitable definition of the radical V1 - a292 will allow thé above
expressions to apply to both the upper and lower half planes. In this
study,'the radical V1 -« 62 is defined to be positive for 8 pbsitive
imaginary. This definition corresponds to previous studies (Johnson
and Robinson, 1972). The limit of Vi - a282 as o goes to zero is then
~1 when approached from the lower half 8 plane (the upper half space)
and +1 when approached from the upper half © plane.

In the limit as o goes to zero the boundary conditions for

the upper half space become:

v = . Eg_
y 4r
(3.6)
/: O
uX

Note that the imaginary portion of the boundary conditions is zero and
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consequently the imaginary portion of the final solution should be
zero, This fact will be computationally useful later.
As determined from the first of Egs. (2.30a) and the second

of (2.30b), the potentials for the plane strain problem are:

2
’ _. _Pb
4y
(3.7)
2
2 9
\yl(e):_l__Pb 2
2" 72 42
m Mo b-2 _ 922
where 61 and 89 are implicitly defined by:
él:t—Glx—(y—yO) 3_2—91220
(3.8)
-2 2
62:1:"‘62)(—(}7—370) b —62:'0
] ,
For [x2 + (y - y0)2] > c;t, the solution of Eqs. (3.8) is
2 2
X<+ (y "'yO)
xt + (y - y,) \// 5 - 2
C.
ei: = (3.9a)

x* + (y - y,)?
for x > 0 and (y - y,) <0

and x < 0 and (y - yo) > O
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2 2
X+ (y - v,)

xt - (y - y,)
¢;?

<2+ (y - y,)?
for x > 0 and (y - ¥,) >0

and x < 0 and (y - y,) <O

1
and for [x? + (y - y0)2]2 < cjt,

x2 + (y
. 2
xt+ (y = y,) 1\[t° - 5

ci
8, = (3.9b)

2+ (y -y )

¥o)?

As in Sec. 2.3, Egs. (3.9) define a mapping of the (x,y,t)

space into the complex ©; and 92 planes.

3.2.,2 Solution for Time After the Free Surface is Set in Motion

The solution for time after incidence of the disturbance on
the free surface can be found by superposing the incident potentials
for the point force in an infinite medium and the reflected potentials
to give a stress free condition on the boundary y = 0. This super-
position may be conveniently considered as two separate uncoupled two-
dimensional problems: |

1. Incidence of the P wave portion resulting in reflected

PP and PS waves,
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2. Incidence of the S wave portion resulting in reflected
SS and SP waves.
The three—dimensional problem can then be reconstructed by

direct rotational superposition.

3.2.2,1 Incident P Wave Portion

The incident P wave is described by the incident dilatational
potential @{ given in Eqs. (3.7). The superposition of this potential
field with that of the reflected PP and PS waves must provide a stress
free condition on the boundary y = 0. Fig. 10 shows a typical wave
front pattern for the P, PP, and PS waves.

The reflected waves may be considered to emanate from within
a fictitious half space that lies above the surface y = 0. The
reflected potentials @{1 and Y{Z are considered to be functions of the
complex variables 011 and 6;o respectively. As will be seen, the

appropriate definitions of the complex variables are:

I

(3.10)

- / -2 2 ‘/ -2 2 _

The sign of the y term differs from that used in Eqs. (3.8) in order to

describe a disturbance originating from the half space y < 0.
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The variable €11 specifically characterizes a disturbance
originating at (0, -y, 0). The forms of 8,9 and 8,, are chosen to
provide the same value for 611, 619 and 699 on the boundary. While
811 can be solved for 617 directly, 0,9 must be found numerically off
the surface.

The reflected potentials, @{1(911) and Y{z(le) are found by
setting the tractions in terms of potentials equal to zero to indicate
a stress free surface. These stress-potential relations can be
‘deriVed in the same manner as were the stress-potential relations when
only two potentials were involved. The resulting relations in this

case would be:

6
1
_E,uz :jo (72 - 26%) 3/(0) o

(11 9 9
+ (b7 - 26%) 3;,(6) de
/ .
0
8
812
N 20 Vb2 - 0% v’ (o) de
12
‘0

(3.11)

8

T 1

%=Jr 26 Va2 - &% 3/(6) de
0

20 Va=2 - @2 3/,(8) do +
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P |
+1 (b2 - 282) ¥/, (8) de
0

On the boundary, 6, = 611 = 819 = 0 and Z& = TyX = 0, Hence the above

equations can be solved for the reflected potentials. The results are:

I

2
462 Va2 - 62 b2 - 02 - (b~2 - 26?) 5/(8)

R(62)

371(9)

(3.12)

_48(b2 - 26%) Va2 -

e 2/(8)
R(62)

1

(9

where R(82) is the Rayleigh function.

The values of the reflected potentials off the boundary are
uniquely determined (Thompson and Robinson, 1969) by substituting the
appropriate complex variable for 6 in the above expressions. Tﬁe

expressions for the reflected potentials then become:

: 2
49112 \/a_z - 9112 \/’bm2 - 9112 - (b_2 - 9112)

— 7
o11(811) = ; 31(8¢1)
R(8117)
, , - . (3.13)
¥ (6.} = - 46,5(b7" - 28157) Va™" - 6y 56, )
120812 10819

2
R(8127)
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The displacement field for the incident and reflected

waves 1s simply:

38 , 2011 . 9019 v
u = —=3/(8,) + 8/ (8,.) + v o(8,.)
x 35 11 x| 1111 . 124712
(3.14)
u = —— &/(8) + 811(0874) = —= ¥/ (6:5)
vy 3y 1 11\%11 = 121912

3.2.2.2 Incident S Wave Portion

The incident S wave portion of the disturbance can generate
both SS and SP waves. The reflected potentials are found in the same
manner as were those for the incident P wave. Differences result,
however, for angles of incidence less than arccos (b/a). For these
angles of incidence the reflected P wave becomes a surface phenomenon
and a head wave is formed. Figs. 11 and 12 show typical wave patterns
for the two ranges of the angle of incidence.

As in the case of the incident P wave, the reflected
potentials, Wél and Yéz, are implicitly defined in terms of complex

variables., In this case:

891 = t - 921}( +y Va"2 - 9212 *t Yo Vb—Z - 9212 =0

(3.15)
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- Jo-2 2 -

Note that 899 clearly parameterizes a disturbance emerging from the
point (0, -y,, 0). On the boundary both complex variables, 697 and
699, are equal to 8, of the incident S wave. 859 may be solved for
directly from 899 but 69 must be found numerically for points not on
the y = 0 surface.

As in the previous section, the reflected potentials are
found by setting the stress in terms of the potentials equal to zero to
indicate a stress free boundary and solving for the reflected potentials.
The stress potential relations for the incident and reflected waves

would be:

%, 821 ) )
e -2 5’ 6
el AR R AOR
0
82
- 26 Vb2 - o2 /(e) do
0
r820
; 20 Vb2 - 2 ¥/ (e) de
’ 2
(3.16)
8
T 21
X _f 20 Va™ - 0% 55.(0) de +
b
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(%2 2 2
+ (b™° - 267) wé(e)de
70
r 622 5 0
+ (b7 - 269 wéz(e) de
/
0

As before, the reflected potentials become:

4891 (b7 - 2891%) Vb2 - ey

7 — 14 .
21(8) = 5 ¥ (851)
R(8y17)
(3.17)
2 [ 2 o2 _ g 2 -2 242
, 18,," a2 - 8,02 Vb2 - 0.2 - (b2 - 28,,2) ,
¥90(829) = ' ¥3(822)
2
R(8227)
The plane strain displacement field is then: -
28 26 28
we = —2 85 (8y1) + —2 %(8y) + —22 ¥p(8y))
oxX )% Ay
(3.18)
. 5921 ’ 592 ’ a922 ’ :
Uy = —== 891(8y1) - —= ¥(8)) - —=¥,,(8yy)
oy X

3.2.3 Three-Dimensional Displacement Field

The displacement field for the three-dimensional problem of

a point force in an elastic half space can be reconstructed by direct
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rotational superposition of the two-dimensional problems just consid-
ered. This superposition is expressed generally by Eqs. (2.11) and can

be written as:

T

08 , 9011 0019
u. = — 3/(9,) + 8. .(06,7) + Vo (8,0)
P £ {ax 1V %1 = 11\ %11 - 12412
36 30, 26
21 7 2 7 22 ’
+ ——= 3. (6,,) + —= ¥/ (8,) + v (8,,) cosT dn
21" 721 5y 2 2 - 224722
u, = 0 (3.19)

T
36 26 36
uy :f [“"1‘ 2,(8y) * = 81089 - — ¥15(8y5)
0 Ay oy ;X

38,

0821 )
—22 ¥y’ (g ) an
w | 22°722 4]

221 5 (6) - 22 vi(e) -
¥y 21 21 3 2°72

+

Transformation of variables from T to © provides:

/

' 8,8{ cosT 6.8  cosT
ug = J’ S Sha T J’ S s S - T
G C

G G
1 11 11

12t

\’ -2 2
b - 612 le COST] d

Cio G12
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where, for i

1l

1l

I 921§>21 COSTl
- 12
G
21
Co1
J’ b2 - 8,2 ¥ cosT)
- 6,
Cy Gy
) D)
b™" — 899" Y5y cosT
892
Coo Gag
0
‘/ =2 2 ’
- del
G
o 1
-2 P I
Va™ - 811% ¥4
de
S 11
Cll 11
p 2 _ o 2
0,y \/a 8y,2 @
delz +
¢ G
12
C12 Ca1 21
8 Vo IR
J’ 2% d62<kj( 2222 gq,,
G G
C ) c 22
2 29 .
1, 2

(0,2 - [t - (y - y,)

L
Jo 2 _ g 27277
Ci _ei]}

(3.20)

(3.21a)
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t - (y -vyy) Vg™ - 85

1l

cosT

and for ii = 11, 22:
9 L
_ 2
1= (0P057 - e e v+ ) Vey™ - 8571

t+ (v + y) Ci—2 - eii2

[p]
1

(3.21b)

cosT =

PO;s

and for 1 =1, j=2and 1 = 2, j = 1:

_ 2 2 -2 2
2.5
-2 2
T Yo Ve = 8y 17} (3.21c)
t+y V(:-"2 - 8:.2 4 y .2 ~ g,.2
cosT = i 1] 0 J 1]
Peij

The integrands of Egs. (3.20) are analytic off the real axis
except for the branch cuts for the G functions. These branch cuts are
taken outward from the end points of integratiom, Giu and Giz , to
positive infinity. Fig. 13 shows the admissible contours of integra-
tion in the ©; plane and Fig. 14 shows those for the Giz plane. Note
that CTl is the contour corresponding to the variation of T from 0 to m.

On the surface y = 0, Eqs. (3.20) become:
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491 b—2 Ja—2 - 912 Vb_z - 912
ug = - 5 @{ cos del
2b72(b™2 - 20,2) yb72 - 8,2
- j ‘i’ cosT de
CZ : G2 R(92 )
uy, = 0 (3.22)
2b72(b72 - 20;%) Va2 - 9?2
uy = - . & deg
C Gl'R(e1 )

I 492 b_2 \/a"2 - 622 Jb—z - 922‘
C

2
9 G, *R(8,7)

where for y = 0O:
{2 2 ‘/ -2 74242
1 pei"[t'l'50 Ci “ei]}

+ + Yo c."2 9‘2

[p)
I

(3.23)

1 1

Il

cos)

pGi

For the incident potentials defined as in Egs. (3.7), the

displacements on the surface are:

cosT del +

2r2y { 20,2 Va2 - 52 Vb2 - ;2
c

2
6, R(8,%)
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9,2(b™2 - 2892)
- cosT dby
2
Cq Gy R(89)
Uy = 0 , (3.24)
2 _ 05 2y Va2 _ g2
2ﬂ2u Gl(b 26, ) Va 6,
= e
o Uy = ‘ o 1
Cq ¢, R(8;)
26,5 Va2 - 9,2
+ 5 ey
Co G, R(e2 )

3.2.4 Disturbances on the Surface near the Wave Fronts

Although the equations of the previous section can provide
numerical results for displacements throughout the half space, the
specific character of the disturbances in the vicinity of the wave
fronts is of particular interest. The following sections consider the
disturbances on the surface near the wave fronts. Although not specif-
ically studied here, disturbances off the surface could be examined
without difficulty by a similar approach. The approach in this section

parallels that of Johnson and Robinson (1972).

3.,2.4.1 P, PP, and PS Wave Fronts

The first integral in each of Egqs. (3.24) defines the portion



56

of the disturbance caused by the P, PP, and PS waves. The end points

of the contour of integration are defined for points on the surface by:

2
£2 u2 pat - Yo ‘/92 + YQ2 - a2
61 = 61 o= for t < tP
2 2
a(e” +y 7)
9 2 a-—Z 2
o =9 =092=22F for t = t
P 24 v 2 2
et v,
- 2
% pat - i y, Va2t?- (o2 + Yo%)
017 = for t > t
2 2 P
a(p” + y,%)
+
g2 = £ 1% | (3.25)
p a2

where tp is the arrival time of the P, PP, and PS waves at the point of

interest on the surface and SP is the corresponding 6, value. Note
~ 2 =42
that for all values of time elu = 911 and the end points lie on the

same vertical line in the 62 plane. To determine the variation of

2
912 near the wave front, it is convenient to rewrite it as

2

- )
2 oAt - i 2tpAt + At
ot = | e A o V 2tpat + & (3.26)

2+ y 2
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where At = t - tp' Eq. (3.26) shows that, for small values of At, the
endpoints lie to the left of a~2. The integrands of the first terms
of Egs. (3.24) are analytic to the left of a~2 and hence a straight
line joining 61£2 and 91u2 would be an admissible contour of integra-
tion. Expanding the integrands in an infinite series and integrating
term by term provides an estimate of the integrals to any desired

degree of accuracy.

The integrands are of the form:

CoA>e, %) |
f —L— ae,” (3.27)
G

. Gl

A(Glz) is expanded about GPQ and Gy about its branch points. Expanding

A(612) about 9p2 yields:
. (elg_GZ)
A8 ) Z Ay + A (82 - epz) + Ay - P+ ... (3.283)
where
2
Ag = A(8,")
(3.28b)
d A8 a%a(e;?)
N o, A = —
de, 2 d(e,2)
. 0.2 = g2 ! 6,2 = g 2
1 P L p
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G12(912) can be rewritten (Zvolinski, 1957) before expanding to give

7
6,2(8,2) = (o2 + y,2)<( Va-2 - o, u” - a2 - 6,2)

( Va2 - 62 - Va2 - g

L

(3.29)

u? 2.2 2 22,2
Dividing out the radicals (8;" - ;) and (8;" - 8;” ) and expanding
- -2 2 u2 22 .
the first Va - 91 about 81 and the second about 61 in the

remaining quantity yields:

1 1 1
2 2 2 2.3
gy - (P2 352) " (8%~ 61%)" (8 ~ o 47)
G1(8%) =
1 1 1 1
2(a=%- 8 u2)4 (a=2 - 8 22)4
1 1
1+ L2271 1 + 1 L ! (3.30)
4 2. 4 _ 2
(a2_61u) (aZ_elu)
L
2 2 ?
2 2
2 2
+ 0% (8% - 0" ) +0(8° -8%)
Term by term integration of Eq. (3.27) now yields:
| ; ;
2 : 2
aCe, %) ) 2(a2 - g% (a2 - g%
— d6," £
| e (8,2 L
(3.31)

* "0" refers to "on the order of".
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61u2
Aoﬂ + A]_TT

2
2 2
+91 - 28

P

2
2 2
u Y
+ 0 (91 - 8 )

2

2 2
If one uses Egqs. (3.25) to express 612 and Glu as functions of p, y,

t, and t_ to examine the variation with time, Eq. (3.31) becomes

P

1

2
A(8; ") 2 - 29,
—de,” % - .
2 2, 2 2
2 9
-y ’
A+ Am ° (£2
0 1 9 9.2
(P + y,%)

2
+ 0 (t2 - %)

-t

2
p )

(3.32)

The displacements on the surface in the vicinity of the fronts

can now be expressed for t > tP as

P~

Up

Py, 8 Va2 - ep2 Vo2 - ep2

a’mu(o” + ¥57) R(8,%)

+ 0(t - tp)

(3.33)



60

Py a2 -82 (b2 -262)
Pe__ 70 P P +0(t - tp)

2_ .2 2 2
2a”mu(p” + ¥, %) R(8,7)

Eq. (3.33) shows that the radial and vertical surface dis-
placements experience a step discontinuity upon arrival of the combined

P, PP, and PS wave fronts and vary linearly thereafter.

3.2.4.2 S, SS, SP, and Head Wave Fronts

The character of the distortional portion of the disfurbance
depends on the angle of incidence, B (See Fig. 11). When the angle of
incidence is greater than arccos (b/a), no head wave is formed, the wave
front pattern is like that shown in Fig. 11, and the S, SP, and SS
fronts are coincident on the surface. When the angle of incidence is
less than arccos (b/a), a head wave is formed, the wave front pattern is
like that shown in'Pig. 12 and, on the surface, the SP front is coinci-
dent with the head wave front and the S front is coincident with the SS
wave front. For the latter range of B, the S front is totally reflected
as an SS front and the SP wave exists only as a surface phenomenon. »

The distortional portion of the disturbance on the surface
of the half space appears as the second integral in each of Eqs. (3.24).

The endpoints of the contours of integration are:
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2
2 2 btp -y p2 + y 2 - b22
92'6 :92u = o J 9 fort<ts
b(p? + y,2)
2. -2
2 2 p b
6% =g = =2 for t = t
2 2
p” + (=y,)
2
£2 btp - 1 Yo \/bz“l:2 - p2 - y02
0" = for t > tg
2
b(p + vy, )
2 2
2 po ¥ Yo
ty = — (3.34)
S b2 o

where tg is the arrival time of the § wave at the point of interest and
2 - 42
4

g is the corresponding 8, value. As in the P wave case, 8" = 8,7 .

s
Note that 982 is always less than or equal to b2, If no head wave
passes through the point of interest, 952 is also less than a™2. If a
head wave does pass through the point of interest, 982 will be greater
than a~2 but less than b~2.

Consider first the case when the point on the surface has an
angle of incidence greater than arccos b/a, no head wave is formed, and
Gzﬂz lies to the left of a~2. The integrands of EqQ; (3.24) are
analytic to the left of a=2 and hence the method just used for the P

wave may be employed. The results for the combined S, SP, and SS fronts
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on the surface are:

-2 2
Py b™ - 28
5° 5 - —= 2 5t 0t - )
2mbdb”  (p” + y,7) R(857) |
u, = 0 (3.35)
2 _ .2 2
w8z _ o i -8 %" v ot -t
Y 2 2 2 2 S
b Pt Yo R(8,)

Eqs. (3.35) show that the radial and vertical displacements on the
surface experience a step discontinuity upon arrival of the combined
S, SS, and SP wave fronts and vary linearly thereafter.

Now consider the case where the point of interest on the
surface has an angle of incidence less than arccos b/a. A head wéve
is formed in this case and the wave fronts for the SP and H (head)
waves coincide on the surface. The fronts of the S and SS waves
also coincide on the surface (See Fig. 12). The ends of the contour

of integration in this case lie between 982 and a2

and are determined
by the first of Egs. (3.34). The contour of integration is then a
path connecting the endpoints and crossing the real axis to the left

of a~2 (See Fig. 13). The front of this reflected distortional wave

is defined by:
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o’
3]
‘—r.
]
I
o
[Nl
+
—~
<
+
~<
(o]
N2
no
)
e}
[
i
A

4+
—~
~<
4+
~<
o
~
o’
1
[N
I
Q)
i
]
Hh
O
H
< 1o
\Y
o’
t+

\/p 24y 2 - b2t2

where

=at -y, VaZ/b2 - 1

The first expression defines the SS wave front; the second, the head

Py

wave front.

To examine the character of disturbances in the vicinity of
the head wave front, it is convenient to rationalize the denominators
of the integrands by multiplying by the complex conjugate of the
Rayleigh function. To illustrate the calculation, consider the radial

displacement,

8,2

H P Jf 8, cos’ﬂ(b"2 - 2622)

2
am?p / Gy R(8,2)
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3
, 8, cos(b™ - 2922) )
jandi . j dez (3'37)
2 2. =, .2
4 G, R(8,%)*R(8,%)
p 3 2 2
F e (857 cosT (b7 ~ 26857) -
4ﬂ2u
c
aa=? - g b2 - g2 )
de,

Gy R(8y%) *R(8,%)

The first integrand of Eq. (3.37) is analytic to the left of b2 and,
hence, contributes nothing to the solution. The character of the
disturbance in the vicinity of the head wave front is then determined
by the last integral. To the right of a~2 for the upper half space,
the radical Va~2 - 6% is defined to be negative imaginary below the
branch cut and poéitive imaginary above it. Egs. (3.37) therefore

reduce to
-2

a
p = 2 Pij 89 cosT(b™? - 2852) -

2
4

9

4y 8,2 — a2 Vb2 - 8,2 )

ey (3.38)

nin 2 2\
GZ‘I\(UQ )"R(ez )
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To perform the calculation, the integrand is expanded in an

infinite series and integrated term-wise. Consider the integral to be

of the form
-2 9
(2 A>8)%)
2 - 2
!t = - ¢ Bi J’ —— e, -a""ds,”  (3.39a)
wu /g2 6y(8g%)
where
3 -2 2 =2 2
8,%cosT(b™* - 26,%) Yb™% - 6
a(8y2) = 2 2 2 (3.39b)

R(922)-§(922)

Expanding A(ezz) in a Taylor's series about a2 provides
A(8,2) = Ay + 0(8y% - a2) (3.40a)

where

a=2(t + y, Vb2 - a=2) b2 - a=2 .
Ay = (3.40D)

0 3
p(b=2 - 2a72)

22

Expanding G22(922) of Eq. (3.21a) about 89" yields

Gp(8y ) S i Vo2 + 52 o 2~ 82 -

L
2

[By + By(8,2 - 92£2) o] (3.41)
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where

2 3/2
4(p% + y, (2 - 8, 7))

Carrying out the integration of Eq. (3.39a) provides

P A 2 2
H ~ - -
Uy = T (62’@ -—a2)+0(62’6 _a2)
TM(P2 + y02)2 Boz (3'42)

’ 2
The following approximation foxr (62£ - a’2) can be obtained from

Egs. (3.34),

2 . 2t -ty Vb oam )
6" - a™" = - + 0(t - ty)
ap Vb2 ~ a—2 - Yo

(3.43)

where tH is the arrival time of the head wave. The character of the

disturbance in the vicinity of the head wave front may now be written

as:

u =0 for t <ty (3.44a)
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(t - ty) 2
= ZAO Cp ; T + O(t - tH) for t > tH

2 5

(p= + y5°)

where
-2 =2
¢, = - L ; - Z (3.44b)
m™ByZ ap Tt At -y

By the same approach the expression for vertical displacement would be

H
U.Y:O fOI‘t<tH

- 8.—2 c (t - tH)

_ 2 p L
(b=2 - 26%) (p2 + y,2)°

(3.45a)

+o(t - ty)? for t > ty

Note that By is zero at the arrival of the S wave and, hence,
Cp and the indicated displacements become infinite. To examine this
singularity, expand A(8y2) and Go(6y2) of Eq. (3.39a) about 6,2 = 8,2

to obtain:
5
2y ~ 2 2 2 2
Gy( &%) = = (p” + y,°) (85" = 87) -

1
3.2
(B, + 0(8,” - 8%)"]

(3.46)
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A(8,2) = [0y + 0(8y2 ~ 8,2)]

1

where
y.t
B = ; 3/2
4(p? + y,2) (b2 - 8 2)
_ tb3 sz + y02
2
4(-y,)
and
2/1.=-2 2 -2 2 -2 2
L. & ~26.2) (t+y, b2 - 8.2) b2 - e,
0=

o R(842)R(842)

Performing the integration indicated by Eq. (3.39a) expresses the

logarithmically singular portion as

bt '
CoeC, In | 1 - —n (3.47a)

p
Vp2 + y02

[
1

where

L
2Pyo(es2 - a=2)?

mub Vbt (p? + y02>3/4
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By the same approach,

2
21 -2 2
Lo S (0T - %) ¢ In |1 bt (3.47b
ug” = y S - .47b)
2 .Fa 2 —_—
R(85“) *R(85%) 02 + Y02

Egs. (3.44) and (3.45) show that, in the region on the sur-
face where a head wave is formed, the displacements caused by the SP
and head wave fronts are continuous on arrival and vary linearly
thereafter. The rate of variation with time is inversely proportion-
al to the distance from the origin of the disturbance. As shown by
Eqs. (3.47) a logarithmic singularity occurs behind the head wave
front near the combined S and SS front. This singularity does not
occur when the load is applied on the surface and occurs for the sub-

surface loading only when a head wave is formed.

3.2.4.3 Surface Wave Front

For the subsurface loading, no physical point maps into the

complex plane at the Rayleigh pole at t_c'l

. Consequently, no point
experiences an infinite displgcement due to the Rayleigh wave But
points near the Rayleigh pole will be significantly affected.

To examine the Rayleigh effect on the surface, Egqs. (3.24)

are written in the form
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ug = P f ———11(912)
2124 ¢, GlR(912)
L
(0% + 7,2) 1,7

2
- de,

R'(c™2).(8,% - ¢72) J(el -6, M8 - oY)

1

-3
(02 + y,2) ~ I,(c™2)
22 Cla'(c-%.(el? - c2) e, - 8, (e, - &)
2
T.(8.2%)
. P f (%) | (5.483)
2 2
am“y GoR(69°)
2
| 3 |
(02 + y,2) Fo1g(c?) )
- ae,

R'(c™2)-(8,% - ) V(8,2 8,D)(8, - 8,%)

L
(p2 + v, 2) 2 I(c-2)
2
+ -——P—— { ° - d92
rp =2 2 -2 £ u
A G e R LR
where

11(912) = 87 cosT Ja'z - 912 J%'2 - 912
(3.48b)
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R’(c=2) = 4 Rr(&2) (3.48¢)
de?

Only the second and fourth integrals of Eq. (3.48) vary
rapidly near the front of the surface wave. Evaluation of these
integrals gives

1

—

R Pi(p%+ y,Y) " 2 I;(c™?)
u =
p
2m R’(c™2) VQc_l - elz)(c-1 - elu)
(3.49)
To(c™2)

Vet - g, H (el - au)

Writing all S%Fﬂ and cosT terms as functions of t, y, and

€= (p” + Yo

2
2) - ¢t and expanding in a binomial series approximates
the Rayleigh portion of the radial displacement as:

5
R Pei(e? + 3,%) Pl J(a? - ) (b2 - e72)

W R
, L
4V m R () L (griy, V1 - cZad)?

b~Z - 2c72 L
+ — |+ o(g+ iy, V1 - cYad)’
(g+ iy, V1 - c¥/p?)?

+

, |
0(g + iy, V1 - c%/b%)” (3.50a)
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In a similar manner,

. : 22
T e — 2 < . (3.50b)

5
2 V2 m R/(c72)(p? + y,2)*

b2 - 2072 2¢~2

+ -
L i
(5+ iy, V1 -c¥a®)® (g+ iy, V1-c¥bd)°

1 L
boo(g iy, - c¥ad)’ o(g+ dy, V1 -2l

Egs. (3.50) show that the displacements in the vicinity of
the surface wave depend on:

1. The distance from the source.

2. The distance from the surface wave.

3. The relative values of £ and Yo

For points beneath the surface, a slight complication
arises because 65q and 019 are not explicitly known. Although not
considered in this study, the effect in this region could be

examined numerically.,

3.2.5 Numerical Results on the Surface

Numerical evaluation of Egs. (3.24) for Poisson's ratio

equal to .25 provide results identical to those of Pekeris and Lifson
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(1957). The integration involves a simple quadrature in the complex
plane and the techniques employed are discussed in the Appendix.

The numerical results also demonstrate the singularities and nature
of the displacements in the vicinity of the wave fronts that were

derived in detail in the previous section.

3.3 Surface Displacements Caused by a Subsurface Horizontal Force

This section provides the solution by the methods of rota-
tional superposition and self similar potentials for the displacements
of the surface of an elastic half space which are caused by the sub-
surface horizontal force of Fig. 8b. This formulation was obtained by
Johnson and Robinson (1972) and is summarized here only to the extent
necessary to support the developments that follow.

The solution for the horizontal force that varies as a step
function in time is obtained in much the same fashion as that for the
vertical force. Differences arise because the loading is not axisym-
metric and consequently an antiplane as well as a plane strain problem
must be superposed to obtain the three-dimensional problem. The
potential functions for the plane strain problem in the upper portion

of an infinite medium are:

(3.51a)
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g o B
2 5 2
A

These functions are comparable to those obtained for the vertical
force in Egs. (3.7). The displacement potential that defines the
associated antiplane problem is

o
wl= - L 2 (3.51D)

artu Vb2 - )2

The potentials®* of Egqs. (3.51a) describe the incident P and SV waves.
The displacement potential®* of Eq. (3.51b) describes an incident SH
wave.

Insertion of the incident potentials of Egs. (3.5la) into
Egs. (3.13)** and (3.17) determines the reflected PP, PS, SS, and SP
waves generated at the y = 0 surface by the incident P and SV waves.
In a similar fashion, the displacement potential for the reflected

SH wave caused by the incident SH wave is determined by
7 o i

The antiplane displacement field for the combined incident

* A factor of 4 has been applied to these potentials to represent a
force of magnitude P instead of 2P.

*% Note that the subscripts "12" and "21"™ used by Johnson and
Robinson have been interchanged in this study to provide direct
correspondence with the geophysical terms PS and SP, respectively.
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and reflected SH portion is

U, = we §E% + wa EE%Z
Z 2 3t 22 3t

(3.53)

Rotational superposition of the two-dimensional problems

described by the incident and reflected potentials along with an

appropriate change of variables provides the following expressions

for displacements on the surface of the half space:

Uy Jr 91@{ coszﬂ
cosw G
1
Cq
-2 -2 2 -2 2
e e )
del
2
R(e,?)
Jr Yé cos?
G
2
Co
707 - 20,%) Vb2 - 8,
ae,
2
R(e2 )
2wé sinzﬂ
- e &y

Gy

(3.54)
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Uy _ J’ 6181 sin?7 '
61

4p=2 \/ak‘2 - 6,2 b2 - 82

de,
2

¥ si 2ﬂ

imn

+/( Hstn M
Go

Co
272(b7% - 28)%) Vb - 8,7
ds,
2
R(®
(8%
2wé cos2ﬂ
+ 2 de,
G, G
u 8, cosT 219'2(13"2 - 29 2) Va2 - g2
Y 1 1 1
cosw c; Gq R(612)

8y¥y cosT 4b72 Va2 - 8,2 Vb2 - 8y
+ de,

2
C Gg R(87)

where Gi’ sinT, and cosT) are defined as in Sec. 3.2.3. See Johnson

and Robinson (1972) for a discussion of the numerical results for
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Eqs. (3.54) as well as a discussion of the wave front characteristics.
Note, however, that the numerical results graphed in Johnson and
Robinson's work should be divided by a factor of ™ to provide the

correct results.
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4, APPLICATION OF THE METHODS OF ROTATIONAL
SUPERPOSITION AND SELF SIMILAR POTENTIALS
TO THE SOLUTION OF DOUBLE FORCE PROBLEMS

4,1 General Remarks

The objective of this section is to develop the procedures
and relationships that permit the application of the method of rota-
tional superposition and, in turn, the method of self similar
potentials to dynamic problems involving a douEle force applied at a
point beneath the surface of an elastic half space. This section
focuses on those double force problems that are used in simulation of
earthquake fault dislocations. The approach developed herein can also
be applied to other nuclei of strain problems.

The two general orientations of double forces used in simulat-
ing earthquake fault dislocations are shown in Figs. 15 and 16. The
forces comprising the double force of Fig. 15 are parallel to the
strike* of the fault. The forces comprising the double force of
Fig. 16 lie in a plane that is perpendicular to the strike. As shown
in Sec. 4.2, these general double forces can be obtained by an appro-
priate superposition of five fundamental double vertical and double
horizontal forces. ’In Sec. 4.3 the method of rotational superposition

represents these fundamental double force problems as a superposition

* The "strike" is the compass direction of a horizontal line in an
inclined plane.
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of plane problems. This formulation permits the relationship between
single and double force problems to occur between the two-dimensional
problems instead of the three-dimensional ones. As derived in Sec. 4.4,
an application of the method of self similar potentials gives the
potential functions for these plane problems as a product of the
potential functions for the single force and a simple function of the
complex 9; variable. The time variation of the double force problem
formulated in this manner emerges in a natural fashion as a linear

function of time.

4.2 Representation of an Inclined Double Force with Moment as a Super-

position of Double Horizontal and Double Vertical Forces

Expressing an arbitrarily inclined double force as a super-
position of fundamental double horizontal and double vertical forces
permits one to obtain quick solution to any orientation by linear
superposition once the fundamental solutions are in hand. The next
two sections present this representation for two categories of inclined
double forces - the double force at an arbitrary angle in a vertical
plane (Fig. 16) and the double horizontal force in an inclined plane
(Fig. 15). These double forces represent the two general orientations
used in simulating fault dislocations because they correspond to dip-

slip and strike-slip directions.
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4.2.1 Double Force at an Arbitrary Angle in a Vertical Plane

Consider the forces of magnitude P-rh~l shown in Fig. 16a.
In the limit as Ah goes to zero, this force system becomes a double
force with moment applied at a point. Before taking the limit,
resolve each of the constituent forces into vertical and horizontal
components to obtain the force systems R and Q of Fig. 16b. Consider
these systems separately in Figs. 17a and 17b respectively.

At point g in Fig. 17a, apply two equal and opposite forces
of magnitude R = P'Ah"l‘sinya Assume that the displacement field for
a downward vertical force at point g and of magnitude P would be
EV(X,Y,Z,t). The displacement field of the force system shown in
Fig. 17a would then be

R G(X,Y,Z,t) - @'(X,Y+bhecosy,Z,t)
u = siny
th

(4.1)
-V =V i
u'(X,Y,Z,t) - ' (X=bhesiny,Y,%,t)
: .

~ siny

Multiplying the first term by cos‘y«*(cosy)"1 and the second by

siny-(siny)-1 yields

-V -
u (X,Y,Z,t) - uV(X,Y+Ah-cosy,Z,t) +
Ah-cosy

R = (siny)(cosy)

(4.2)
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-~V =V .
_ sin2y u (X,Y,Z,t) - u (X=ph-siny,Y,Z,t)

Ahesiny

In the limit as Ah goes to zero, the above expression becomes

_y _v
&= - (siny)(cosy) Qu sin?y du_ (4.3)
le)'4 oX

The first term of Eq. (4.3) is of the form of a double vertical force
without moment (Case Vv); the second, of a double vertical force with
moment (Case Vh).

By the same procedure the displacement field of force system
Q of Fig. 17b could be written as

~H ~H
o = siny cosy g%— + coszy ou_ (4.4)

)4

where EH(X,Y,Z,t) represents the displacement field of a horizontal
force of magnitude P applied in the positive X direction at point g in
Fig., 17b. The first term of Eq. (4;4) is of the form of a double
horizontal force without moment (Case Hghg); the second, of a double
horizontal force with moment (Case Hv).

Since the superposition of ER and EQ provides the double
force of Fig. 16a, it is clear that any arbitrarily inclined double

force in a vertical plane can be represented by a superposition of

fundamental double horizontal and double vertical forces. The angle
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of inclination, vy, of the force determines the magnitude of the funda-
mental double forces that are superposed to obtain the inclined double

force.

4,2.2 Double Horizontal Force in an Inclined Plane

Consider the double force with moment that is shown in Fig.
15a. Let the magnitude of each force be P-Ahgl. Add two equal
but opposite forces at point d as shown in Pig; 15b. Assume that
ﬁH(X,Y,Z,t) is the displacement field for a horizontal force of
magnitude P and applied at point d in the positive X direction. The

displacement field for the force system of Fig. 15b would then be

Hex,v,2,0) - TUX,Y,2- e siny,t)
Ah

u =

(4.5)

Tl(x,v,7,t) - TUX,Y+th cosy,Z,t)
Ah

By multiplying the first term by sinys(siny)_l and the second by

cosy-(cosy)’l, Eq. (4.5) becomes

#(x,v,7,t) - @(X,Y,2-ph siny,t)
Ahesiny

u = siny

(4.6)
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al(X,v,%,t) - (X, v+bh cosy,Z,t)
Ah-cosy

= cosy

In the limit as Ah goes to zero, Eq. (4.6) becomes

u = siny —:E<+ cosy éEE (4.7)
oZ [s)'4

Eq. (4.7) shows that the double horizontal force in an inclined plane
can be represented by a superposition of the fundamental double hori-
zontal forces of Cases H hg and Hv. The magnitude of the double

forces so combined depends on the angle, Y.

4.3 Representation of Double Horizontal and Double Vertical Force

Problems by Rotational Superposition

The last section showed that an inclined double force can be
obtained by a linear superposition of double horizontal and double
vertical forces. We now proceed to develop a convenient method for
solving the fundamental double force cases.

The ease with which two-dimensional problems can be solved
as compared with three-dimensional problems motivates us to explore the
use of rotational superposition as a technique for solving the funda-
mental double force cases. This method expresses the three-dimensional
problem as a superposition of plane problems rotated about an axis -

hence, the name rotational superposition. Although the method has
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proven quite suitable for single force problems (Johnson and
Robinson, 1972), it has not been applied to double force or other
nuclei of strain cases.

This section presents the derivation of the expressions
which represent the fundamental double force problems by rotational
superposition of associated two-dimensional problems. This formulation
makes it possible to relate the two-dimensional problems instead of the
three-dimensional single and double force problems. Later, in Sec.
4,4, an adaptation of the method of self similar potentials will
provide the basis for solving the plane problems that evolve from this
formulation.

The adaptation of the method of rotational superposition in
this section is presented first in Sec. 4.3.1 for double vertical

forces and then in Sec. 4.3.2 for double horizontal forces,

4,3,1 Double Vertical Force

4,3,1,1 Case Vh

Fig. 1 shows Case Vh, a double vertical force with moment.
The following analysis leads to representation of this double force as

a rotational superposition of plane strain fields.
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Consider that the plane strain displacement field,
Ah_1°ﬁf(x,y,t),* is related to the axisymmetric displacement field for
a vertical force by Egqs. (2.1la). Apply this field at an angle w,
with respect to the XY plane (See Fig. 18). Next apply an equal but
opposite field, —Ah”l-ﬁf(x—Ax,y,t), at the same angle but shifted by
an incremental amount Ah in the positive X direction. Superposition of
these displacement fields yields:

d qu(XJth) - qu(X—AX’YDt)
Uy o ‘

(4.8)

4 uyt(x,y,t) - upf(x-ax,y,t)
y Ah

Note that since the plane strain field is not a function of z, only the
x coordinate is affected by the incremental shift. The increments are
related by Ahecoswy= Ax. In the limit as bh goes to zero, the combined

fields become

uxd = + cosw, S; qu(X,Yst>

(4.9)

* The '"f" superscript will be employed to denote two-dimensional fields
associated with a single force; the "d", two-dimensional fields asso-
‘ciated with double forces. The upper-case superscripts "F'" and '"D",
denote the corresponding three-~dimensional fields.
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d o
u, =+ cosw = uyf(x,y,t)

where (qu, uyf) is the two-dimensional displacement field correspond-
ing to a vertical force.

If the applied loading is symmetric with respect to the y
axis, then the associated two-dimensional fields will be symmetric.

That is,

- uxf(“X:Y:t)

il

uxf(xay,t)
(4.10)

1

u ooyt = u fay,t)

The spatial derivatives of the displacement field and hence the double

force field will necessarily be antisymmetric. That is,

d d
U (Xpy’t) = U, ("X:yst)
(4.11)

d d.
uy (X5Y9t) = - uy (‘X9Y3t)

The three~dimensional double force field can now be constructed
by applying the ﬁethod of rotational superposition as in Eqs. (2.8a) and
taking’advantage of the symmetry just observed. The resulting three-
dimensional field for the double vertical force of Case Vh is:

gl f

D

ug = cost( 2x coszﬂ dn
0 ax
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D T Buf
u, = - sinw;’ x sinzﬂ dm (4.12)
0 ox
T auf
u D cosw —~z—-cosﬂ an
Y ox

where (uyf, uyf) is the plane strain field associated with an axially
symmetric force such as that considered in Sec. 3.

It will be noted that in the presentation just given the
differentiation with respect to a variable to obtain the double force
is obtained before integrating the two-dimensional problems. It is
natural to ask whaf occurs if this order is reversed. Consider that
the three-dimensional displacement fields, Ah—l'EP(p,Y,t) and minus
Ah'l-aF(p—Ap,Y,t), are superposed as in Fig. 19. The first field'is
symmetric about the Y axis. The second field is equal but opposite to
the first and is displaced by an incremental distance, Ah, in the
positive X direction. The superposition of these fields can be

expressed as:

D upF(p,Y,t) - cosAw~upP(p—Ap,Y,t)
Ah

sindweu F(o=Ap,Y,t)
P (4.13)

1

Ah
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D uYP( paY:t) - uYF( p—Ap,Y,t)
Uy
Ah

Noting that Ah<cosw = — Ap and bhesinw= peAw and taking the limit as

bAh approaches zero provide:

ou F
u D = + cosw —P
p 30
inw
u = - F (4.14)
p
o
D duy”
UY = + Ccosw
dp

As before, the displacement field for the axially symmetric force is

expressed as a superposition of associated two-dimensional plane fields

|
1
o
~~
>
wn
~—

°
Y
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Substitution of Egqs. (4.15) into the former expressions then gives:

1

m £
ou
u D=y costf X cos2ﬂ dn
0 ox

. m ™ auf
ul = - Smw[ u f cosn dn = - sinwf S X sin?7 dn
p X

0 0

moou f
uYD =+ coswj’ —7 cosq dn (4.16)
0 X

Eqs. (4.16) are obviously identical to those previously developed in
Eqs. (4.12).

Vectorially what has just been done can be expressed more
compactly by taking a partial derivative of the vector field for a
force, Let the three-dimensional axisymmetric displacement field of

Eqs. (4.15) be written in vector form as:

™ ™
at = w, £ cosn amn i, + uf anj
0 X p 0 y

(4.17)

The vector displacement field for the double force of Case Vh could be

described by

g = (4.18)
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Considering that X = pcosw and Z = psinw, one may write Eq. (4.18) as

du F Suvt d
- - 18 -—
DT Tor L F3r O 9ps (4.19)

[ — o7 1
3 3 ° P P 3 X

Q/

It can easily be shown that Eqs. (4.19) may be simplified to give

il

m £
3 -
gD costf X coszﬂ an i,
0 ax ‘

-
- Sl?wJ( qu cosT d1 i, (4.20)
0

™ du,f -
+ cost( 4 cosT dn j

0

An integration by parts will show that Eq. (4.20) is equivalent to

Egs. (4.12).
4.3.1.2 Case Vv

The following analysis leads to representation of Case Vv
(Fig. 2) as a rotational superposition of plane strain fields.

Consider that a plane strain displacement field,
Ah;l-ﬁf(x,y,t), is related to the three-dimensional axisymmetric
displacement field for a vertical interior force by Egqs. (2.1la).

Apply this field at an angle W, with respect to the XY plane as was



91
done for Case Vh in Fig. 18. Next apply an equal but opposite field,

—Ah_l-ﬁf(x,y—Ay,t), at the same angle but shifted by an amount Ah in
the positive Y direction. Superposition of these fields yields:

d — qu(X9y9t) - uxf(X,y—Ah,t)
x Ah

(4.21)
f i
uy (XJY3t> - Uy (X:y_Ahzt)

y Ah

In the limit as Ah gives to zero, the combined fields become simply:

£
u d _ Sy
X dy
' (4.22)
£
u -—
y dy

The displacement field of the applied vertical force is
symmetric with respect to the y axis as indicated by Egs. (2.10). The

field indicated by Egs. (4.22) will also be symmetric. That is,

1

uxd(X,YJt) - uxd(‘X:Y9t)

(4.23)

il

d
uy (XJY:t) uyd(—x,y,t)
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Substitution into Egs. (2.8a) and taking advantage of the

symmetry indicated above provide:

ﬂ £
)
u D:=J’ x cosT dn
o ¥

u = 0 (4'24>

Eqs. (4.24) depict the three-dimensional problem of a double
vertical force without moment (Case Vv) as a rotational superposition

of plane strain problems which are related to the single force problem.

4.3.2 Double Horizontal Force

The three fundamental double horizontal force cases are
Cases Hh,, Hv, and Hghy and are shown in Figs. 3, 4, and 5, respec-
tively. The following sections present the representation of these

cases by rotational superposition.
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4,3,2.1 Case the

Case Hyh, is a double horizontal force with moment with the
forces in a horizontal plane. The following analysis leads to repre-
sentation of this double force as a rotational superposition of plane
strain fields.

Consider that the two-dimensional fields associated with a
horizontal force of magnitude, P.rh~l, and oriented as in Fig. 8b are a
plane strain displacement field, Ah—lvﬁf(x,y,t), and an antiplane
displacement field, Ah_l-uxf(x,y,t)o Apply these fields at an angle
w, with respect to the XY plane as in Fig. 20,

Next consider that equal but opposite fields,
Ah“l'ﬁf(x-Ax;y,t)iand Ah‘lcﬁzf(x—Ax,y,t), are applied at the same
angle but are shifted by an incremental amount Ah in the positive z

direction. The superposition of these fields can then be represented

by:

d :‘uxf(X>Y5t> - qu(X‘AX9Yat)
Ah

4 Uy oyst) - ugf ey, t)
u, = (4.25)
7 th

d _ uzf(X9Y>t> - uzf(X—AXBYJt>
Ah
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Note that Ah-.sinw, = Ax and thus, in the limit as Ah approaches zero,

the above relations become:

£
d_ . ouy
u, = sinw
(4.26a)
g oy
uyt = sinwg
X
£
a_ . o
u, = sinqg (4.26b)
ax

Eqs. (4.26) express the two-dimensional fields associated
with the double horizontal force of Fig. 3 in terms of the two-
dimensional fields associated with a single horizontal force.

In Egs. (2.15), the plane strain field associated with a
single horizontal force was taken as antisymmetrical and the antiplane
field symmetrical. The plane strain field in Egs. (4.26a) will then
necessarily be symmetrical and the antiplane field in Eq. (4.26b) will

be antisymmetrical. That is,

H

uxd(X:Y9t) - de("X:Y:t)

(4.27a)

i

d
Uy (X:Y>t) uyd(’XDY>t>

uzd<XJY:t) = - uzd(“XSY:t> (4027b)
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Rotational superposition together with the observed symmetry

yield:

™ du f
D_ _. : X
up = ginw cosw[ f cosT cos2T dn
0

7T auf

cosT sinz’ﬂ d'ﬂ]

u, = cos2w sin2T] cosT dn
)0 X
(4.28)
il f
du
+ sin‘w f z cosT dn
ox
0
ai duf
+ cos2) f Z cosT sinZ’ﬂ dm
ax
: 0
D Tyt
uy = sinw cosw cos2T dn
0 ax '

Egs. (4.28) express the three-dimensional displacement field
for Case Hpyhg (See Fig, 3) as a rotational superposition of more easily
determined plane fields.

The interchange of the order of differentiation and super-

position in this case leads to the correct result as well but yields a
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more complicated form than that of Egs. (4.28). Consider the dis-
lacement field, Ah~Ll.(u/F, uyf, uyf), of a force P-(sh)~! in the
p s p > Hw o VY Jo

positive X direction. This field can be expressed as a rotational

superposition of plane strain and antiplane fields by:

ol
Ah“l.upF(p,w,Y,t) = Ah’l-cosu)[ qu coszﬂ dn
/0
rm £ ) ]
- uy, sin"T d7
)0
ail
Ah'l-uwP(p,w,Y,t) = thL.sinw [:— uXf sinzﬂ dn (4.29)
)O
fTT
+ uzf cos2n dﬂ]
)O
an
Ah—l'uYF(p,w,Y,t) = th~l.cosw uyf cosT dTn
/
0

Superpose over this field one corresponding to an equal but opposite
force that is shifted an incremental distance bh in the positive Z
direction. This superposition can be expressed as:

upP(p,w,Y,t) upF(p+Ap,uWAw,Y,t) cos Aw

u = .
P Ah Ah

Up (ot Ap, wtAw,Y,t) (-sin Aw)

Ah
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uwP( 0, w,Y,t) uwF(p+Ap,w+Aw,Y,t) cos Aw
Uy = o - o (4.30)

_ upF(p+Ap,w+Aw,Y,t) (sin Aw)

Ah

uYP( P> W, Y, t) uYF( prAp, wFAw, Y, t)
u =
Y th 5h

Noting that Ahecosw * -p.Aw and Ahe.sinw = -Ap and taking the limit as

Ah goes to zero yields:

F F
aup cosw Bup cosw . F

Upn = sinw + -
° dp P oW o
F F
du du
Uy = sinw . cosw, @, cosw upF (4.31)
P P ow 0

I
B
jn]
e
+

u = °

b dp 0 ow

Substitution of Eqs. (4.29) into (4.31) yields expressions which are
equivalent to Eqs. (4.28), although this equivalence is not immediately
apparent. The form of Eqs. (4.28) is preferred because the derivatives

are of the same order in each' term.,
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4,3,2.2 Case Hv

The following amnalysis leads to representation of the double
horizontal force of Case Hv (See Fig. 4) as a rotational superposition
of plane fields.

Consider that a plane strain displacement field,
Ah"l-ﬁf(x,y,t) and the antiplane field, Ah'l-uzf(x,y,t), are related
to a three-dimensional displacement field for a horizontal force of
magnitude P-Ah~! by Egs. (2.16a). Apply these plane fields at an
angle w, with respect to the XY plane. Next apply equal but opposite
fields, Ah‘1°ﬁf(x,y—Ay,t) and Ah'l-uzf(x,y—Ay,t), at the same angle
but shifted by an incremental amount Ah in the positive Y directionm.
The resulting displacement field is:

d _ uxf<XDY7t) - uxf(X>Y“AY>t)

u =

* Ah
u (X9Yst) - u (Xzy_Ayst)
uyd = : 4 ’ (4.32)
Ah
d qu(X,y,t) - uzf(X5Y“Ayst>
u pund
Z

Ah

Note that Ah = Ay and, in the limit as Ah goes to zero, Eqs. (4.32)

become:
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d auXF
LIX =
dy
(4.33a)
d auyf
uy D e
dy
r
du
ud = —Z (4.33D)
dy ‘

where (qu, uyf, uzf) is the two-dimensional displacement field

corresponding to an interior horizontal force in three dimensions.
Some observations concerning the character of this displace-

ment field can be made. The plane strain field is antisymmetric and

antiplane field is symmetric (See Egqs. 2.15). The expressions of

Eqs. (4.33a) will then necessarily be antisymmetric and Eq. (4.33b)

will be symmetric. That is,

uxd(xa§7>t) =+ uxd(“xa}79t)

w d(x,y,t) = d(=x,y,t) (4,34)
y 5Ys = Uy (=X, Y51 , .
uzd(xa§79t) = - uzd("X:.V:t)

Rotational superposition of the fields expressed by Egs.
(4.26) and simplifying according to the symmetry noted in Eqs. (4.27)

yield:



" £
uD = cosw x cos?n 4
;= - mdn
T
£
du,, L9
- 3 sin®T d7
0 y
(TT
£
D _ : . 2
u, = - sinw . sin“T dn (4.35)
0 y
' £
auz 2
- cos”M dn
Jo %
T auyf
uy = cosw cosT dn
o ¥

Eqs. (4.35) express the three-dimensional displacement field for the
double horizontal force of Case Hv as a rotational superposition of

more easily determined plane fields.
4.3.2.3 Case Hghg

The following analysis leads to representation of the dpuble
horizontal force without moment of Case Hghg (See Fig. 5) as a rota-
tional superposition of plane fields.

Consider that a plane strain field, Ah”loﬁf(x,y,t) and an

antiplane field, Ah"l-uzf(x,y,t), are related to the three-dimensional



101

field for a horizontal force of magnitude P.th~1 by Eqs. (2.16a).
Apply these plane fields at an angle w, with respect to the XY plane
(See Fig. 21). Next apply equal but opposite fields,
Ah_l'ﬁf(x—Ax,y,t) and Ah‘l-ﬁzf(x—Ax,y,t), at the same angle but
shifted by an incremental amount Ah in the positive X direction. The

combined displacement field is:

d . U.Xf(X’y,t) - qu<X—AX}Y9t)
LIX =
Ah

q uyf(x,y,t) - uyf(x-Ax,y,t)
uy® = (4.36)
Al—l .

d uzf<xn37:t) - U.Zf(X—AX,y,‘t)

I

Ah

Note that bh-ecosw, = Ax and, in the limit as Ah goes to zero, the above

expressions become:

d 'Sﬁxf
Uy = cosw
ox
£
q._ Buy
u, = cost, —— (4.37)

ax
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d Buzf
u, = cosw

Eqs. (4.37) express the two-dimensional fields associated
with Case Hghe in terms of tﬁe plane fields associated with a single
horizontal force.

Rotational superposition of the above plane fields using
Egs. (2.8) coupled with the simplificatibns of symmetry provided by

Eqs. (4.27) yield:

ol 3 £
ul = cos2w cosST] dn
P )O ox
[ m aqu :
+  sin%w ~ cosT dn
/4 ax
e £
.o Oz
-  cos2w cosT sin“7 dn
ox
/0
£ 3 £
uwD = - sinw cosw 2 sin27 cosT dn (4.38)
0
o Buzf
+ sinw cosw cos2M cosT dT
/0 ox
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m f

2. %y
uy = Ccos2w cos“) dn
ox
0
T Buyf
+  sinZw — d7
0 ox

Eqs. (4.38) express the three—dimensional displacement field
for the douBle force Case H,h, as a rotational superpositioh of more
easily solved plane problems.

4.4 Application of the Method of Self Similar Potentials to Two-

Dimensional Problems Associated with a Three-Dimensional Double
Force ’

The last section explained the formulation of a double force
applied at a point as a rotational superposition of two-dimensional
problems. This section completes the general theory required for
solution of double force problems by adapting the self similar poten-
tials which have already been found for the single force case to handle
the two-dimensional problems that evolved in the last sectione In
fact, as the derivation shows, the two-dimensional field associated
with a double force can be obtained by simply multiplying the two-
dimensional potentials for the single force case by an appropriate

function of the complex variable, 8;, of Sec. 3.2.1.
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The two-dimensional fields of Sec. 4.3 for the double force
loadings are related in each case to the two-dimensional displacement
fields for the single vertical or horizontal force by a partial
derivative with respect to x or y. A simpler relation exists as a
result of the nature of the method of self similar potentials and is
proven by the arguments that follow. Consider that ﬁf is the two-
dimensional displacement field associated by rotational superposition
with a single force that varies as a step function in time. As dis-
cussed in Sec. 2.3.2, the components of this displacement field can
be expressed in terms of sgelf similar potentials by Eqs. (2.27). As
shown in Sec. 4.3, the components of the two-dimensional field for the

double force are of the form

W 2y (4.39)

(4.40)

Recognizing the relationship between time and space derivatives in

Eq. (2.25a), one obtains
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£
(=B
il
i
|
3
Ler]
st
HH
[N
—
i
a
-t
~—
¥
[y
_J

o o
%l
4

(4.41)

Letting E‘(8;) and F’(8) equal -8;3’ and -8,¥,, respectively, yields

d =) ’ ael
=T 8. B —=
= 3t [ L 5 J

N 36,
-2 S A
at 3t

w2 _§__2_ f OE’de]
ot“ 0
52 ~ 769
- 2 Jf Vb2 - 6% P’ do
Brt . O

or

(4.42)

(4.43)

(4.44)
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Note that the form of Eq. (4.44) is identical to that of the first of
Eqs. (2.27) except that E’ and F’ have replaced the potentials &’ and
¥/, The first time integral of uXd is then simply a two-dimensional
displacement component associated with a double force that varies as a
linear function in time. Hence, formal replacement of the potentials,
8’ and Y’, of the single force varying as a step function by the
potentials E’ and F’ in the method of self similar potentials provides
the two-dimensional field associated with a double force that varies as
a linear function in time. The modified potentials are the product of
the potentials for the single force and a simple function of 6;. This
function of 8; comes from the relation between the time and space
derivatives of Egs. (2.25a). The relationships between the potential
functions 3’ and E’ and between ¥’ and F’ may be summarized as follows:

For a double force related to a single force by §L3

ax
E/____. - 61@,
(4.45)
F/= - 92\1/,
For a double force related to a single force by g—,
’— [5-2 2
E" = = a -61 @,
(4.46)

r_ ‘A—2 2 w7
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As a result of the above representation, the convenience of the self
similar method in the single force problem is retained in the double
force problem. See the next chapter for specific applications of this

derivation.
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5. OSURFACE DISPLACEMENTS CAUSED BY A SUBSURFACE
DOUBLE VERTICAL OR DOUBLE HORIZONTAL FORCE

5.1  General Remarks

The previous chaptérs have provided the theory necessary'to‘
solve wave propagation problems involving a dynamic double force in an
elastic half space. This chapter demonstrates the application of these
developments by solving for the surface displacements caused by the
five fundamental double forces shown in Figs. 1 thru 5. As will be dis-
cussed in Chapter 6, superposition of these fundamental cases can yield
a variety of models for simulation of earthquake fault dislocations.
The time variations of the moments of the double forces considered in
this chapter are taken to be linear because the method of self similar
potentials (See Sec. 4.4) naturally leads to this time variation. As
will be discussed in Chapter 6, superposition can provide other time

variations of interest.

5.2 Double Vertical Force

5.2.1 Case Vh; Double Vertical Force with Moment

The derivation of Sec. 4.3.1.1 showed that the double vertical
force with moment, of Fig. 1 can be expressed as a rotational super-

position of plane fields by:
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m £
: du
u_=  cosw X cos2ﬂ dn
0 ox

0
m Buf 2
Uy, = - sinw X sin“m dn (5.1)
0 X
m auyf
u,, = costf cosT d
Y
0 X ,

where (qu, uyf) is the plane strain field associated with a single
vertical force.,

Application of the derivation of Sec. 4.4 yields the follow-
ing expressions for the partial derivatives in Eq. (5.1) when the
moment of the double force described by Egs. (5.1) varies as a linear

function in time:

£
3 36 30
= B 818) - — 813{; ~ —% 8, ¥/,
X X ;X ‘ dy
- Ele Boq B - EEZ B, Y. - EEZZ Bn0 V)
w 21f21 7 Bt = T Oaa¥yy
(5.2)
£
3 38 36 26
y 1 ; 11 , 12 ,
= - B8] — ——— Bq1874 + B0 ¥
- S Ty : 11%11 12%12
3891 / 3699

0 L% gy B0 U
—— 92181 + —— Gg¥y + ——= O9o %99
Ay X X
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The potentials in Eqs. (5.2) are those for the single vertical force
and are defined by Egqs. (3.7), (3.13), and (3.17). Insertion of
Egs. (5.2) into Egs. (5.1) and transformation of variables from 1 to

the appropriate & variable provides:

Up 912 coszﬂ , 9112 cos?1 ,
cosw C G1 C G11
1 | 11 1
-2 2
C) b - B
G12
C12
e cos“M
+ [ 21 @21 d621
G
021 21
92 b_2 - 902
+ CcOoSs 'n ‘l’rz d92
Go
Cq
-2 2
g9 VD% - 899
2 7
- I' - cos“M Yé2 d622
022 22
= - 3, do, - $,, d©
. 1 1 11 11
sinw G1 G11
C C
1 11
-2 2
810 ¥Yb7™° - 8
+ Jf 12 12 sin27 Y{z deyg -
C ¢12 5.3
12 (5.8)
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21 ' 4
+ ———— &7 d6y,
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Co G2
+ J— — sin ﬂ Y?Z d8y,
Co2
ty V
= + cos'ﬂ @1 del
cosw 1
Cq
\/ -2 2
- i _ 911 cosT /. dé
G 11 11
11
C11

2
612 COSTI Y,
12

|
(@] v
[p]
joh
D

s
a]

12

By Va=? - 8392

- [ S 91 489
c 21
21
622 cosT
- 9 48
Go
Co
G cosT
22 ’
- f - 99 4899
c 22



where the G functions are defined as in Eqs. (3.21).
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For points on the surface, the displacements for Case Vh can

be expressed in terms of the incident potentials for the single vertical

force by:
Up—
cosw
Cl
+j
€

where

/

Hi &

2
6, R(8,)

7
Hy ¥

2
Gy R(897)

4

2
Gp R(017)

7
Hy ¥y

9
Go R(827)

/

I

G, R(8;2)

/

2

2
Gy R(8y°)

cos2’l'] d912

c082ﬂ d622

sinzﬂ d612

sin27 deo?

cosT d612

cosT d6,2

(5.4a)
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iy = 26 b2 Va2 - 9,2 Vb2 - 62
Hy = b™2(b2 - 28,2) Vb~2 - 8,2
I, = b=2(b~% - 2912) a™ - 8,

I, = -28, b2 Va2 - 8,2 b2 - ¢,

Inserting the values for the

2rfp Yp f
P cosw Cq
+ f
Cq
2 Y
. +f
P sinw
Cq
Cy
2l Yy _ f
P cosw c

incident potentials yields:

(5.4b)

20,2 Va2 - g2 Vb2 - o,

6.2

coszﬂ del

2
R(®
¢, R(8,%)

3, -2 2
8,°(b™ - 20857)

5 coszn dey
Gy R(92 )

20,3 Va2 - g% Vb2 - o°

2
6, R(8,%)

sinzﬂ do,
2
Go R(92 )

2, =2 2 ‘f -2 2

2
Gy R(8;7)

sin’1 de;

(S.Sj

cosT dB; +
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Note for computational convenience that placing a —-6cosT) in the
integrands of Egs. (3.24) produces integrals identical to those in the

first and third of Eqs. (5.5).

5.2.2 Case Vv; Double Vertical Force without Moment

The double vertical force of Case Vv can be expressed by a
rotational superposition of plane fields by Eqs. (4.24). An applica-
tion of the derivation of Sec. 4.4 expresses the partial derivatives

in the integrands of Egqs. (4.24) as:

t
ou 20 26
X _ _ 1 ‘/a_z _ 612 @f n 11 \/a'2 _ 9112 3
ox X

ay

30 ‘ 30 :
e —2 Vb2 - ep? vy 2L o oy ? gy
dy 0
592 \/—————-
- - 82 ¥3 + —= b2 - 8y92 ¥y (5.6)

£
u 38 36 \/____
Y=o Va2 - g2 g + 2L Va2 - g2 of; -

ay ay oy
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30 28
22 b2 apo? vy + —2L (a2 = g2 a4
x

oy

P2 m‘i’é--a-e}z b7~ 6g9” ¥
ox axX '
where the potentials are for the single vertical force and are
defined by Egs. (8.7), (3.13), and (3.17). Insertion of Egs. (5.6)
into Eqs. (4.24) and transformation of variables from 7 to the
’approPriate 6 value yield the following expiession for the surface

displacements caused by the double force of Case Vv:

) f 20, b2(b72 - 20,%) Va2 - g2

up = - > §] cosT d8;
c, GiR(817)
82672 a2 o g2 b -6’
7
+ . Y5 cosT dby
Cy G,R(8,)
Uy = 0 (5.7)
) ( 48, (2272 - b2) a2 - 02 o2 -2
2
Cq ¢,R(8,2)
26,(2a% - b72)(b™% - 26,%) b2 - 0,2
+ f ' 5 Y9 de,
GoR(8y”)
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where @{ and Yé are defined by Egs. (3.7).

5.3 Double Horizontal Force

5.3.1 Case the;

Horizontal Plane

Double Horizontal Force with Moment, Forces in a

The double horizontal force of Case H h, can be expressed by
a rotational superposition of plane fields by Egs. (4.28). As before,
the parfial derivatives of the plane strain fields may be written as
in Egs. (5.2) but with the incident potential functions now defined
in Egs. (3.51a) for the horizontal force. Application of the deriva-
tion of Sec. 4.4 permits expression of the derivatives of the anti;

plane field in Eqs. (4.28) as

£
u 36 38

2= ey — - Bggugy — | (5.8)
ax ot - ot

where wé and WéZ are defined by Egqs. (8.51b) and (3.52).
Substituting‘into Egs. (4.28) and transforming variables
from'ﬂ to the appropriate € variable yields the following expressions'
 for surface displacements for Case Hohgt
/
Hlé

S S I ————— cosT cos2T do; +
sinw cosw Cq GlR(612)
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Ho ¥y .
22 cosT cos2 T de,
GoR(8y2)
w/
2 cos sin2n d922
Go
H,3!
1 12 Sinzﬂ cos1 d612
GlR(e1 )
H, ¥
272 sin2ﬂ cosT d622
GZR(G2 )
W,
2 sin2ﬂ cosT d622
G
w/
2 cosT d922
G2
I,8{
———1—1——-0082ﬂ d_612
2
GlR(e1 )
1,
22 cos2T) d922
2
G2R(92 )

where Hy, Hy, I;, and I, are defined in Egs. (5;4b).

(5.9)
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5.3.2 Case Hv; Double Horizontal Force with Moment, Forces in a
Vertical Plane

The double horizontal force of Case Hv can be expressed by
a rotational superposition of plane fields by Egs. (4.35). The
partial derivatives of the plane strain fields may be written as in
Egs. (5.6) but with the incident potentials now defined in Egs.
(38.51a) for the horizontal force. Application of the derivation of
Sec. 4.4 permits expression of the derivatives of the antiplane

field in Egs. (4.35) as

Y= 98y Vo2 a922
- 8,° Wz — + = Byp” Wy —22

(5.10)

oy

14

A
Note that w, = Woo

9 and hence, the surface where 8, = 899, the above

derivative is zero,
As before, substitution into Egs. (4.35) and transformation
of variables lead to the following expressions for surface displace-

ments for Case Hv:
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, 31,2 2
2w, 0:3(b72 - 26;%)
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1l
~~

P cosw C GlR( 612)

28,5 Va2 - 8,2 Vb2 - 2
- . cosz'ﬂ d6oy
. 2
Gy GQR( 6, )
2L u | 6,3(b"2 - 20,2)
_ e _J’ 1 L~ sin27 deg (5.11)
. 2
P sinw ¢ GlR(el)
26,5 Va2 - 0,2 Yb~? - 8,2
+ f - Sinz’ﬂ d 8,
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Gy G,R(8,")
2L uy 26,4222 - b%) Y2 - g°
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P cosw 1 GlR(el )
J’ 6, 2(2a7% - b72) Vb2 - g2
2
c, GoR(8,)
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(b7 = 2922) cosT | de
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5.3,3 Case H,h Double Horizontal Force without Moment

elles

The double horizontal force of Case Hghg can be expressed by
a rotational superposition of plane problems by Egs. (4.38). As
before, the partial derivativés of the plane strain field in Egs.
(4.38) may be written as in Egs. (5.2) with the incident potentials
defined for the single horizontal force. The derivative for the
antiplane field is as shown in Eq. (5.8).

In the same manner as before, the surface displacements for

Case Hehe become

7

H, 3
u, = cos2w ——-1—-15— cos3T d612
GlR(e1 )

H, ¥
+ cos2w j ——2—22—- cos3n d622
GZR(SZ )
| H o/
+ sinZw J( B cosT de.l2

' H, ¥,
+ sinZw )( —22 cosT d922

+ cos2w Z22 cosT sin27 d922

(@)
3]
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4
u(!.) Hlél . 2 2
e = ) ——eeee SIN“T] COST del
sinw cosw , G1R( 912)
= H, ¥y
- 2[ A sinzT] cos d622 (5.12)

2
Co GZR(ez )

' 20,w]
- f 272 cosz”ﬂ cos) d922

. 1,8/
uy = cos2w { 11 cosQT] d912 ]

2
2, ¢,R(8,7)
I v/
+ cos2w f 22 cos?T d6y2
/ G2R( 6, )
~2
1.3/
+ sino —11_4e,?
' 2
GlR(e1 )
Cq
I.v!
+ sin2w J’ 22 d622
GZR(en2)
C ya
2

where the incident potentials are for the horizontal force and are

defined by Eqs. (3.51).
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5.4 Disturbances Near the Wave Fronts

This section presents the determination of the character of
the displacements on the surface in the vicinity of the wave fronts
for each of the fundamental cases except Case Vv. The wave front
analysis for Case Vv is almost identical to that for the vertical
force of Sec. 3.1 and is not included here. As before, the analysis
is performed in the o2 plane. The procedures are identical to those

outlined in detail in Sec. 3 and only the results are presented here.
5.4.1 Case Vh

The expressions for displacement of the surface in the

vicinity of the combined P, PP, and PS wave fronts are:

3
u y
. P
P = Z__° [AO + 0o(t - t)]
P
cosw m aZ(p? + y,2)
P
u y
w o~ P 0 2
—_ = : [Ay(t tp) + 0(t tp} 1 (5.13)
sine e e2(p% + y B
u P y
Y . P o)
L g+ O(t - t)]
cosw m a2(p? + y,2)

where Ay is the value of the first integrand in each of Egs. (5.4)

when sinzﬂ and G1 are omitted and 612 = GPZ. The foregoing equations



123

show that the radial and vertical displacements on the surface exper-
ience a step discontinuity on arrival of the combined P, PP, and PS
wave fronts; the circumferential displacement is continuous.

For angles of incidence greater than arccos (b/a), the fol-
lowing variations of surface displacements occur in the vicinity of the

combined S, SS, and SP wave fronts:

S
u y .
~ P o
L (A + O(t - tg)]
cosw m b2(p? + y02)
S
Uy~ P Yo
T4 - [ay(t - t) + o(t - t)21  (5.14)
sine e p2(p% + y,2)®
uyd y
L= + Ei —_— [AO + 0(t - ts)]
cosw T bZ( p2 + yoz)

where Ay is the value of the second integrand in each of Egs. (5.4)
when sin2ﬂ and G1 are omitted and 922 = 982. The above equatiqnsindie
cate that the radial and vertical displacements on the surface exper-
ience a step discontinuity on arrival of the combined S, SS, SP front;
the circumferential displacement is continuous.

For angles of incidence less than arccos (b/a) the head wave

contribution to displacement of the surface is:



= C
P 3
cosw 02(b™2 - 2a72)
t -t
H 2
- + 0(t - ty)
(0% + y,2)?
i -4 f2 o2 2 2
Uyt~ 2a Vlb - a pr Tty
= - ¢y — - V/ — (t - tp?  (5.15a)
sinw (b_2 - 2a"2) 92
3
+ o(t - tH)
uYH ~ a“z(t + Y, b2 - a” )t -ty 9
Cosw 2 (b2 - 2a~2) (0% + y52)°
where Cp is defined by Eq. (3.44b) and
L - -
PB,2 a2 b2 - a 2
o, = - | (5.15b)
) =2
4w ap Vb T —a " -y,

The coefficient Cp becomes infinite in the vicinity of the S
wave front and a logarithmic singularity occurs. The form of this

singularity is:
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Up o bt

cosw VpZ + yo2

1
4 2 -2 =2 2.2
48,* cos®N(b7% - 20,2)(b72 - 8,%)

2R(6,2) -R(8,%)
2_ 42
e2 - es
L
u
2= 0 (5.16)
sinw
L
Y - bt
3¢ P P . S—
cosw VP2 + Vo2
2 L
8,7 cosT(b™? - 28,%) (a2 = 8,2)"
R(8,2) R(8,2)
2 _ .2
" = es

where Cp, is definéd as in Eq. (3.47a).

The above equations show that all displacements are continu-
ous on arrival of the head wave and that the radial and vertical
displacements experience a logarithmic singularity on arrival of the S
wave . |

The variation of the displacements in the vicinity of the

surface wave may be expressed by:
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S

uyR . Pi(p? + y42)

L
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1
(b"'2 —~2c'2)(a"2 - c'2)2

L
f 27 3
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1
2
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1 1
. o2 2 . c2 2
+ 0 € = iy, 1 - 75 + 0 g - iy, 1 - —

L
where R’(c™2) is defined by Eq. (3.48b) and € = [(p2 + yo2)2 - ct],
5.4.2 Case Hﬁhe

The expressions for the displacement of the surface in the

‘vicinity of the combined P, PP, and PS fronts are:

P
u ~ P Yo
S AN [ag + O(t - tp)]
sinw cosw m aZ(p? + yo2)
P
Uy ~ P YQ 2
S [Ag(t = tp) + O(t - t,)]

5
cos2w m 02( 0% + yo2)* (5.18)
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P

u 3 y
Y
S — [Ap + O(t - tp)]
sinw cosw m aZ(p? + yoz)

where A, is the value of the first integrand in each of Egs. (5.9)

when sinzﬂ and Gy are omitted and 912 = GPQ. The above equations show

that the radial and vertical displacements experience a step discon-

tinuity on arrival; the circumferential displacement is continuous.
For angles of incidence greater than arccos (b/a), the

variation of the surface displacements in the vicinity of the combined

S, SS, and SP wave fronts is:

1
- - 5
u P Vo (b2-202) (b2 - 8,2) 6,
sinw cosw m b%(p? + y,2) R(842)
+  o(t - tp)
~ P y
uy = os20 — P (5.19)
2mu o2 (0% + y,2)°
2 2\ /1.2 2.5
= — 2
o, (28,2 - b H(b72 - 8,2)
(t - tp)

R(65%)

1

—2

N -2 2
i B (b™ - 85°) (t - tp) +
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S
Uy ~ P Yo
sinw cosw mw b2(p2 + y02)
5 5
8.2 (a™® - 8,2)° (b7 - 8 %)
+ 0(t - tp)

R(8,2)

The above equations show that the displacements experience a discon-
tinuity on arrival of the combined S, SS, and SP wave front except for
the circumferential displacement when sinw is zero.

For angles of incidence less than arccos (b/a); the variation

on the surface in the vicinity of the head wave is:

H -2 -2
u ~ 2(b - a
% oo X )ty oD

p
3
sinw cosw ) (b~2 - 2a~2)
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t -t
B ot - tyy)?
L
(p2 + yy2)?
uwH - a=? Yo t - tH
= -0C
P Lo L
sinZw 2(b~2 - a=2)® (% + y02)2
+ O(t - tH)2
H L
- — 2
Uy “ (b 2. a 2) t -ty
= -C
p 9 T
sinw cosw (b7 = 2a7%)" p2(p% + y,2)°
2
[2(t + y, Vo2 - a™2)" - a1+ ot - ty)?
where C_ is defined as before. The above equations show that all dis-

placements are continuous on arrival of the head wave. As before, Cj
becomes infinite in the vicinity of the S wave front and hence the
displacements experience a logarithmic singularity.

The variation of the displacements in the vicinity of the

surface wave may be expressed by:
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5.4,3 Case Hv

The similarity between the form of Eqs. (5.4a) and Egs. (5.11)
causes the variation of the displacements in the vicinity of the wave
fronts for Case Hv to be of the same form as those for Case Vh. Only
the coefficients will differ and these can be easily obtained using the

approach of Sec. 3.2.4.
5.4.4 Case Hghg

The expressions for displacement of the surface in the vicin-

ity of the combined P, PP, and PS fronts are:

~ P y
upP S .
m a2(p? + yy2)
1
2ep3(b-2 - 8,2)?
cos2w
2
R(®
( 0 )
L
26,°(b™% - 9,2)"
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2
R(® :
( 0 )
~ P Yo
af = = ° ) (5.22)
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For angles of incidence greater than arccos (b/a), the varia-
tion of the surface displacements in the vicinity of the combined S, SS,

and SP wave fronts is:
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The above equations show that all displacements experience a step dis-
continuity on arrival of the combined S, SS, and SP fronts.
For angles of incidence less than arccos (b/a), the variation

of the surface displacements in the vicinity of the head wave is:
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As before, C, becomes infinite in the vicinity of the S wave front and

P
hence the displacements which contain Cp experience a logarithmic
singularity.

The variation of the displacements in the vicinity of the

Rayleigh surface wave may be expressed by:
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5,5 Numerical Results

Numerical evaluation of the integrands of Secs. 4.2 and 4.3
providé with relative ease a time history of the displacements on the
surface for any focal depth. Sample results for the fundamental
cases are shown in Figs. 23 through 28, These results were
obtained using a value of Poisson's ratio of .25. The numerical

results are actually of higher quality than indicated by the figures
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because the slight roughness is actually a result of the graphical
output equipment.

No attempt is made in this study to compare the various
cases or their variation with focal depth. As indicated in Sec.
6.2, any desired comparison of the fundamental cases or comparison of
any models derived therefrom can easily be made using the information

provided in this study.
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6. SUMMARY AND PROPOSED APPLICATIONS

6.1 Summary

In this study, the methods of rotational superposition and
self similar potentials have been extended to solve problems involv-
ing a dynamic double force acting at a point beneath the surface of
an elastic half space. Solutions have been obtained for five funda-
mental double vertical and double horizontal forces. These solutions
can be superposed to yield a wide variety of models for earthquake
fault dislocations. As a necessary intermediate step, the case of a
vertical force applied at a point within a half space was solved by
the same methods.

Tﬁe combined use of the methods of rotational superposition
and self similar potentials has proven to be a direct and useful
approach to the solution of double force problems., A particular
application of the method of rotational superposition represents the
three—dimensionai double force problem as a superposition of plane
problems related to the single force case. When the momeﬁt produced
by the double force varies as a linear function in time, the solu-
tions for the plane problems are obtained by a simple modification of
the self similar potentials for the single force. The resulting
integrals are easily evaluated on the surface of the half space and

involve only quadrature in the complex plane. The simplicity of the
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computations makes superposition of these solutions to obtain specific
fault models a simple matter. In addition, the solution process
involves physically meaningful quantities at every stage. The posi-
tions of the wave fronts to include the head wave are always apparent
and the specific character of the disturbances on the surface can be
extracted without difficulty.

In summary, this extension of the methods of self similar
potentials and rotational superposition to solve double force problems
clearly illustrates the power and convenience of these methods for

solving préctical dynamic problems in elasticity.

6.2 Applications to Earthquake Modeling

The relationship between a double force at a point and an
elementary slip which might simulate part of an earthquake source at a
point is not a straightforward one. Indeed, the literature indicates
that considerable controversy exists concerning what arrangement of
forces best models a particular fault dislocation. The two primary
contenders are the single couple (double force) of Nakano (1930) and -
the so-called double couple* (pair of double forces) of Honda (1957).
Figure 16a shows a single couple model for a dip-slip fault with a dip

angle, Y. Figure 22a shows the corresponding pair of couples that is-

* The "double couple™ used in this context in the literature refers to
a pair of couples and does not imply the same relationship between
couples as exists between a single force and a double force.
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used to represent the same dip-slip fault dislocation. Actually,
some controversy even exists concerning selection of the orientation
of the double force with the fault plane. See Stauder (1962) and
Benioff (1964) for a detailed review and bibliography of this and
other aspects of the controversy over fault models. On firstkcon—
sideration, the single couple model presents obvious correspondence
with Reid's (1910) elastic strain theory for fault mechanisms. The
single couple does, however, produce a net moment whereas the pair
.of couples does not. Studies of seismograms have provided support
for both models but neither has received general acceptance,
Obviously, more research is necessary before conclusive decisions on
model selection can be made. The fundamental double force solutions
supplied inithis study will assist this research by permitting quick
solution to a variety of models and permit easy variation of the
orientation of the fault plane. Table 1 (next page) illustrates how
the fundamental double force solutions may be superpoéed to give
various models. This table gives the contribution of each fundamental
~double force solution to a dip=-slip and a strike-slip model formulated
first by a single couple and then by pairs of couples.

Many models other than those in Table 1 can be formed using
thé solutions presented in this study. For example, Case Hgh, of
Fig, 5 with the forces in the opposite direction is the simplest

model for a tensile fault. Burridge, Lapwood, and Knopoff (1964)
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TABIE 1.

FACTORS FOR SUPERPOSITION OF FUNDAMENTAL CASES
TO OBTAIN DIP-SLIP AND STRIKE-SLIP MODELS

Vv Vh Hh Hv H h
Single Couple, © ) ©e
Dip-Slip ~siny cosy —sinzy 0 cos Y siny cosy
Strike-Slip 0 0 siny cosy 0
Pair of Couples, 9 9 9 9
Dip-81lip -sin”y cos”y - 0 cos”y sin”y
Strike-Slip 0 cosy siny-siny* cosy 0

* This case requires that coordinates X and Z be substituted for
coordinates Z and negative X, respectively, to give the correct
orientation.

give a description of a more involved tensile fault model that can
also be formed from fundamental double force solutions. By super-
position, faults of finite length may also be modeled. Using the
"pair of couples™ és the basic model, a dip-slip fault dislocation
of finite length may be modeled as in Pig. 22b. Propagating faults
may be modeled by considering the point models to originate at
different times. In addition, Johnson and Robinson (1972) provide
guidelines for extending the self similar solution to consider multi-

layered media.
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6.3 Superposition of the Fundamental Linear Time Variation to Obtain
Other Time Variations

The time variation of the moment produced by the double
forces in this study is linear. Other time variations of interest
may be obtained by superposition of this fundamental ramp variation.
As the succeeding derivation shows, any variation of loading that is
initially zero and has a finite first derivative can be obtained by
this approach. The versed sine time variatioﬁ that has been used in
the past (Newmark et al., 1972) possesses these characteristics and
could be obtained from the fundamental ramp variation.

Let M(t) represent the loading of interest as a function of
time and consider U(t) to be the response to this general time varia-
tion. If u(t) is the response to a unit ramp, the response to the
loading M(t) can be expressed by the superposition integral as

t

u(t) :‘;‘ M'(t = 7) - ou(T) dt when M(0) =0 (6.1)
0 oT

where M'(t - T) is the first derivative of the loading M(t). The
partial derivative of u(T) with respect to T is, of course, the
response to a unit step. Integration of Eq. (6.1) by parts gives

=t t

=0 T J’ M7(t = 1)(7) dt (6.2)
0

u(t) = [M'(t - 7)<+ u(T)
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and finally,

t
U(t) = MJ-u(t) JJ M/ '(t)eu(t - 7) dT (6.3)
0
where Mé is the first derivative of M(t) at t = 0 and M’’ is the
second derivative of M(t).
The foregoing derivation shows that the fundamental ramp
time variation that emerges naturally by the method of self similar

potentials is useful for obtaining other desired time variations.
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FIGURE 1. CASE Vh; DOUBLE VERTICAL FORCE WITH
MOMENT .

FIGURE 2. - CASE Vv; DOUBLE VERTICAL FORCE WITHOUT
MOMENT .
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Force in Positive

///V//’ X Direction
®

P P Force in Negative

X Direction

(a) End View.

(b) Top View.

FIGURE 3. CASE the; DOUBLE HORIZONTAL FORCE

WITH MOMENT, FORCES IN A HORIZONTAL
PLANE,
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I

Y

FIGURE 4. CASE Hvj; DOUBLE HORIZONTAL FORCE
WITH MOMENT, FORCES IN A VERTICAL
PLANE .

FIGURE 5, CASE Hghg; DOUBLE HORIZONTAL FORCE
WITHOUT MOMENT.
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Y (p,(i),()) = (X:Z:O)

X

<

(a) Equivalent (X,Z,Y) and (p,w,Y) global coordinates
for description of Y > 0 half space.

X = p cos(w—mo)
Uz

(p,w,y) —

(b) Plan view of axes for plane problems superposed on
global axes for three-dimensional description.

FIGURE 6. GEOMETRY OF ROTATIONAL SUPERPOSITION
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(b) The upper half of the complex 8; plane.

FIGURE 7. MAPPING OF THE LOWER HALF SPACE INTO
' THE COMPLEX © PLANE.
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(a)  Vertical point force.
Z
X
|
Yo

(b) Horizontal point force.

FIGURE 8. DYNAMIC POINT FORCE BENEATH THE SURFACE.
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Upper Half Space

y =Y
pt? °
L
Lower Hil_i Space l E:C_z_
4

\

(a) Constituent half spaces.

(b) Point load in an infinite medium.

FIGURE 9. REPRESENTATION OF A POINT LOAD IN AN INFINITE
MEDIUM BY THE ADDITION OF TWO HALF SPACES.



FIGURE 10.

TYPICAL WAVE FRONT PATTERN FOR THE P, PP, AND PS WAVES.
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(b) S, SS, and SP wave fronts.

: X

y
(a) Angle of incidence.

FIGURE 11. TYPICAL WAVE FRONT PATTERN FOR THE S,’SS, AND SP WAVES
WHEN B > arccos (b/a).
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FIGURE 12. TYPICAL WAVE FRONT PATTERN FOR THE S, SS, AND SP WAVES
WHEN B < arccos (b/a).
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Force P-th™ /
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AhC;SY S _1— into paper
f- Lhsiny -
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(a) End view of double horizontal force in an
inclined plane.

Ahcosy .
" / / P-Ah

Ahsiny

(b) Double horizontal force in an inclined plane
as a superposition of double horizontal and
double vertical forces.

FIGURE 15, DOUBLE HORIZONTAL FORCE IN AN
INCLINED PLANE,
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(a) Forces comprising double force.

(b) Resolution of double force into horizontal
and vertical components.

FICURE 16. DOUBLE FORCE AT AN ARBITRARY ANGLE
IN A VERTICAL PLANE.
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Y

(a) Force system R of Fig. 16b.

fc—% Q = L cosy
N
-

gA

(b) Force system Q of Fig. 16b.

FIGURE 17.

SUPERPOSITION OF DOUBLE FORCES
TO OBTAIN THE INCLINED DOUBLE
FORCE OF FIG. lé6a.
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FIGURE 18. SUPERPOSITION OF TYPICAL VECTORS OF

THE PLANE FIELDS ASSOCIATED WITH
VERTICAL FORCES TO OBTAIN THE PLANE
FIELD FOR THE DOUBLE FORCE OF

CASE Vh. ‘
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FIGURE 19, SUPERPOSITION OF TYPICAL DISPLACEMENTS
FOR VERTICAL PORCES TO OBTAIN THE
DOUBLE FORCE OF CASE Vh.
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FIGURE 20, SUPERPOSITION OF PLANE FIELDS FOR

HORIZONTAL FORCES TO OBTAIN PTANE
FIELDS CORRESPONDING TO DOUBLE
FORCE CASE Hph,. '



167

-1 .
Ah °uZ(X9YDt)

-1
w &b euyg(X,y,t)

Ah—l‘uz(x—AX5Y3t)

FIGURE 21. SUPERPOSITION OF PLANE FIELDS
ABSOCTIATED WITH A SINGLE
HORIZONTAL FORCE TO OBTAIN
DOUBLE FORCE CASE Hphe.
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a dip-slip fault

ion at a point.
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(b) Model of dip-slip fault dislocation
of finite length.

FIGURE 22, MODELS FOR DIP-SLIP FAULT
DISLOCATION FORMED BY PAIRS OF COUPLES.
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APPENDIX, NUMERICAL TECHNIQUE

The numerical analysis conducted in this study is performed
in the © plane. For points on the surface or above y = y,, the end-
points of integration (eiﬂ and eiu) lie in the lower half 6 plane.

The path of integration corresponding to a'range of T from 0 to m is
the path Cﬂ of Fig. 13, By the Cauchy-Goursat theorem (Churchill,
1960), this path may be deformed into one that is more convenient com-
putationally. In this study, the linear path G is used. Note that
this path is an admissible contour of integration even though it
passes through a region that does not correspond to a physical point
in the medium (See the mappings contained in Johnson and Robinson's
work, 1972). The path C1 was chosen instead of a straight line con~
necting Giz and Giu in order to avoid any singularities that occur at
the origin.

The numerical integration is carried out using Simpson's
rule except for five small intervals at the ends of the contour of
integration. A special quadrature formula must be used near the end-
points because a square root singularity occurs at the endpoints when
the integrands contain the term p®;-sinT in the denominator. The form
of Eq. (3.29) clearly illustrates this behavior. A special quadrature
formula can be derived (Jeffreys and Jeffreys, 1956) by considering

the integrand to be of the form
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en+1
A + B8
R - A.l
Ln Vo - ot .

over each interval in the region near the endpoints. The resulting

formula is

Q = [ 24 - S [2(&® —_e'”“) + h‘] ] (gl ef&)5
(A.2)

1

- (oa - 335(911 - oh) ] (& - o)

where 6% and gl = (6" - h) are the 6 values at the start and end of

each interval, respectively, and

(A.3)

/™ ™ \
(Fy = Py

where F, and F, . are the values of the integrand (apart from the
radical Vo - 84) at the start and end of each interval.

Particular care must be taken in the evaluation of square
roots to insure that the values obtained agree Qith the definitions
used in the earlier derivations. In this study, the radical

-2 2

c ” - ei is defined as positive when 6 is positive imaginary with
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1 1

a branch cut from -c¢™" to +c¢” . Considering (c_1 + ei) as a vector of
the f012‘1n.rlei¢1 where the range of ¢1 is from -m to T and considering
(c—l - ei) to be of the form r2ei¢2 where the range of ¢, is from 2m
to 4m provide values that are consistent with this definition.

The G functions (See Egs. 3.21) also involve a square root.
The branch cuts for these functions are taken outward to infinity from
the branch points, eiﬂ and 8;", as shown in Fig. 13. The fact that
Gi = pO;sinT must equal +p8 when T = /2 defines the sign of the

square root. Consider that G; is of the form
;= [(p8 + t+y, Vo2 - 8;2) -

1
, 2
(pei -t - yO 0—2 - ei2> J (A.4>

1
= [(rlei¢q) . (r2e1¢2)‘] °

The first term in Egs. (A.4) goes to zero at eiu; the second, at eiﬂ.

By considering these terms in polar form shown in Egqs. (A.4) with thé

same range for ¢1 and ¢y, as used above, one obtains the proper value

and branch cuts for the G; function. Because the same ranges of ¢

and ¢ are used as before, the same fimction subprogram used to

evaluate Vc’z - eiQ may be used to evaluate G;. Note that the
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square root singularity is pulled out of the Gj function when the
quadrature formula of Eq. (A.2) is used and care must be exercised
to ensure that the resulting sign is the same as that obtained by
evaluating G4 with the square root included.

Once the square roots are properly defined, carrying out
the integration to determine displacements on the surface is a simple
matter. The fact that the integration is carried out in the complex
plane is computationally useful because, as was pointed out in Sec.
3.2, the imaginary portion of the computed displacements should be
zero. Consequently, any errors committed in carrying aut the compu-
tations will reveal themselves by yielding a nonzero value in the

imaginary part of the solution,
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