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(Come chocolates, pequena;

Come chocolates!

Olha que não há mais metafı́sica no mundo senão chocolates.

Olha que as religiões todas não ensinam mais que a confeitaria.

Come, pequena suja, come!

Pudesse eu comer chocolates com a mesma verdade com que comes!

Mas eu penso e, ao tirar o papel de prata, que é de folhas de estanho,

Deito tudo para o chão, como tenho deitado a vida.)

From Tabacaria,

by Álvaro de Campos (Fernando Pessoa)
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Resumo

A presente tese explora teorias modificadas da relatividade geral e as suas aplicações na

cosmologia e gravitação. Esta dissertação centra-se maioritariamente em modelos de energia

escura conduzidos por campos escalares acoplados a matéria escura. No estudo destes modelos,

serão apresentadas algumas possı́veis respostas para problemas que o modelo padrão da cos-

mologia actual enfrenta. São feitas previsões para missões futuras que nos permirão desvendar

alguns mistérios do lado escuro do Universo. São também exploradas formulações alternativas

à relatividade geral, no âmbito de aliviar o problema actual da discrepância entre diferentes

observações relativamente ao parametro cosmológico fσ8, que o modelo ΛCDM enfrenta. Serão

também estudados túneis no espaço tempo, extendendo a relatividade geral pela adição de um

novo campo tensorial exótico. Será apresentada uma teoria efetiva modificada da gravidade onde

a singularidade inicial, prevista pelo modelo padrão, é substituı́da por um ressalto cósmico. No

primeiro capı́tulo, o leitor encontra uma breve introdução à relatividade geral e as principais

motivações para extendê-la.

O segundo capı́tulo propõe um novo modelo de energia escura acoplada a uma componente

de matéria sem pressão, onde a interação é mediada pelo termo cinético de um campo escalar

descrito por um Lagrangeano do tipo k-essence. É apresentada a ação para a teoria, e as equações

de campo juntamente com as relações de conservação para as componentes que interagem entre

si. O modelo é seguidamente particularizado para uma teoria que considera um campo de

quintessência canónico, cineticamente acoplado a uma espécie de matéria escura, a partir de um

termo da forma XαLm, onde X = 1
2
gµν∂µφ∂νφ representa a energia cinética do campo escalar φ.

É feita uma análise de sistemas dinâmicos às equações do movimento, onde são encontrados os

pontos fixos e é feito o estudo da sua estabilidade. Uma novidade bastante aliciante deste modelo

é a presença de um regime scaling durante a evolução do Universo, que pode ser utilizado como

resposta ao problema da coincidência cósmica. Como demonstrado, este comportamento é

apenas possı́vel devido à emergência de dois novos pontos fixos, quando o acoplamento cinético

está presente. É analisada a dinâmica do background da cosmologia, onde as equações são

numericamente evoluı́das, e é estudada a influência da interação no comportamento dos principais

parâmetros cosmológicos, como a densidade de energia de cada espécie, parâmetro de Hubble

e equação de estado. Finalmente, é apresentado um constrangimento para a o acoplamento, a

partir de observações da missão Planck, e é discutido alternativas para aliviar este valor limite.

O terceiro capı́tulo começa por escrever a ação para um campo escalar canónico φ con-
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siderando acoplamentos conformes a uma componente de matéria escura. Estes acoplamentos

são motivados por transformações conformes, g̃µν = e−κβφgµν , e podem ser igualmente escritos

(no referencial de Einstein) com um termo da forma e−κβφLm. A particularidade deste modelo,

em contraste com os modelos semelhantes já estudados na literatura, é o facto de a expansão

do background ser forçada a reproduzir a mesma dinâmica que no modelo ΛCDM. É feita uma

análise detalhada do background, com foco nos desvios causados pela parâmetro de acopla-

mento β. Depois, são escritas as equações para as perturbações das componentes de matéria

(matéria escura mais bariões) no limite de pequenas escalas na gauge Newtoniana. Estas são

numericamente evoluı́das, sendo possı́vel identificar o efeito da interação no crescimento das

flutuações de matéria, em particular no parâmetro fσ8 que pode ser testado directamente com

dados de estrutura de larga escalar no Universo tardio. É feita uma análise de likelihood a partir

de dados de distorções espaciais no desvio para o vermelho. Os resultados são comparados com

as previsões do modelo padrão, e é discutido como este modelo em particular pode aliviar a

presente tensão entre dados experimentais do Universo tardio vs dados do Universo primitivo.

É feita uma previsão da sensibilidade de duas missões futuras, concretamente, Euclid e SKA,

relativamente ao número de estruturas a serem detectadas. O próximo passo baseia-se em evoluir

as perturbações de segunda ordem da matéria com o objectivo de estudar a dinâmica do colapso

esférico e o número de estruturas que são formadas a um dado redshift e com um certo intervalo

de massa. Finalmente, é feita uma breve previsão relativamente à expectativa de observação de

enxames de galáxias observados por dois rastreios, conduzidos pelo South Pole Telescope e pela

missão eROSITA.

O capı́tulo 4, apresenta uma formulação alternativa à relatividade geral, onde a gravidade é

mediada por um objecto geométrico entitulado não-metricidade, em vez de curvatura, num espaço

plano e sem torsão. A ação da teoria é dada tal que a dinâmica das componentes é exactamente a

mesma que no modelo padrão ao nı́vel do background. Como é mostrado, irão emergir desvios

ao nı́vel linear, onde as perturbações da matéria podem ser suprimidas ou realçadas dependendo

do parâmetro livre da teoria. Seguidamente é feita uma análise de likelihood semelhante à do

capı́tulo 2, considerando dados de distorções espaciais no desvio para o vermelho. Os resultados

são comparados entre si, perante três modelos distintos, sendo um deles o modelo ΛCDM.

O capı́tulo 5 estuda soluções das equações de Einstein para túneis no espaço-tempo, chamados

buracos de verme ou wormholes, suportados por um campo tensorial, especificamente uma 3-

forma. É dada a ação da teoria e são deduzidas as equações de campo. A construção meticulosa
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das componentes da forma diferencial é feita especificamente para a métrica em questão. As

equações do movimento são evoluı́das onde é dada ênfase ao tópico das condições de energia.

Especificamente, é mostrado que é possı́vel a formação de wormholes onde a matéria “normal”

obedece às condições de energia clássicas. Nestes casos, é a 3-forma que absorve toda a

exoticidade, e que é responsável por manter a garganta do wormhole aberta, violando assim as

condições de energia.

Finalmente, no sexto capı́tulo, são estudadas teorias de gravidade modificadas, especifi-

camente, gravidade modificada de Gauss-Bonnet. Um dos problemas do modelo padrão da

cosmologia, é o facto de possuir uma singularidade inicial, aquando da criação do espaço-tempo.

Uma possı́vel solução para esta dificuldade é dada por uma descrição effectiva da teoria de Loop

Quantum Cosmology, onde a singularidade inicial é substituı́da por um ressalto, ou, formalmente,

um bounce. Neste capı́tulo, é construı́do um Lagrangeano geral, dentro de teorias de gravidade

modificadas de Gauss-Bonnet, onde a equação de Friedmann emergente é a mesma que na teoria

effectiva de Loop Quantum Cosmology, substituindo assim a singularidade inicial por um bounce

cósmico. Para isso, é utilizada uma técnica, denominada redução de ordem, que trata o modelo

como uma teoria efetiva, permitindo escrever os termos geométricos de ordem superior em

função dos campos de matéria, nas equações de campo. Assim, é possı́vel descartar os graus de

liberdade adicionais não desejados, que usualmente estão presentes em teorias da gravidade com

equações de campo de ordem superior a 2.

As notas finais podem ser encontradas no capı́tulo 7.

Palavras-chave: Energia escura acoplada – Colapso esférico – Buracos de verme –

Não-metricidade – Cosmologias ressalto
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Abstract

This thesis deals with extensions of General Relativity and their application to Cosmology

and Gravitation. The introduction and main motivations of this essay can be found on Chapter 1.

The second chapter proposes a dark energy model driven by a scalar field kinetically coupled

to matter. The dynamics of the system are analysed through dynamical systems techniques. The

background is evolved and the solutions are meticulously studied, focusing on the influence of

the coupling on the cosmological parameters. Through the Planck constraints, it is derived an

upper bound on the coupling parameter.

Chapter three is devoted to the analysis of a conformally coupled quintessence model in

which the background expansion is set to mimic a ΛCDM evolution. Both the background

and linear perturbations are analysed. The growth of structures is tested against redshift space

distortions data. The spherical collapse and cluster number counts are explored, and we shed

some light on the possibility to distinguish between theoretical models with regard to two surveys.

An alternative formulation of General Relativity, where gravity is mediated by nonmetricity,

on a flat and torsion free spacetime is exposed on the fourth Chapter. The background dynamics

are set to follow the same evolution as in the standard model of Cosmology. The linear matter

perturbations are evolved and the fσ8 parameter is tested against large scale observations in the

late Universe.

Chapter five introduces a 3-form field to the Einstein-Hilbert action in the context of gravita-

tion. Specifically, it is found wormhole solutions where the ordinary matter fields are able to

coexist throughout spacetime without violating the classical energy conditions. On such scenario,

the 3-form field is responsible for holding the throat of the wormhole open.

On Chapter six the gravitational Lagrangian for modified Gauss-Bonnet gravity is recon-

structed, such that the Friedmann equation of a bouncing Universe is recovered.

Keywords: Interacting dark energy – Redshift space distortions – Wormholes – Non-

metricity – Bouncing Cosmology
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Chapter 1

Introduction: An exotic Universe

He values my understanding and talents more highly than my heart, but I am proud of the latter only.

It is the sole source of everything of our strength, happiness, and misery. All the knowledge I possess

everyone else can acquire, but my heart is exclusively my own.

From The Sorrows of Young Werther,

by Johann Wolfgang von Goethe

This thesis gathers the work conducted along a PhD specialized in cosmological physics. It

encompasses several different subjects of cosmology and Gravitation. We will journey through

very small scales in the Universe, studying tunnels in spacetime known as wormholes, to the

very large scales, analysing models of dark energy interacting with dark matter. Throughout

this excursion, we will study an alternative model of general relativity (GR) which lies not on

the curvature of spacetime, but another different geometrical object, for describing gravitational

phenomena. Finally, we will find ourselves on the very beginning of the Universe, right after

the Big Bang, where a model that replaces the initial singularity by a cosmic bounce will be

presented. You may now ask: how is it possible for such different matters to be gathered on a

single thesis, where in principle they all should share a common ground? And that is indeed a

pertinent question. Note that there is however an underlying concept linking all these studies:

extensions and alternatives to general relativity. This is the main focus of this thesis: to explore

extensions of GR and study their applications to cosmology and gravitation. There is however

a price to pay for gathering such diverse subjects in a single essay. Mainly, the impossibility

to expose each detail every time a subject is introduced without comprising a fair amount of

pages while sill providing a light reading. Thus, this thesis ensembles a collection of articles
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published along this PhD whilst giving a brief introduction of each topic every time a new subject

is introduced. But let us first focus on what do we mean by extending GR and why would

someone feel compelled to consider such alternatives. First, let us discuss how GR came to be.

1.1 General relativity and the ΛCDM model

In 1915 Albert Einstein presented us with a geometrical theory of gravity, general relativity.

For more than two centuries, up until that time we would rely on Newton’s notion of forces

between objects to describe gravitational phenomena. Despite the success of Newton’s theory, the

nature of these forces was never fully understood. Newton’s law of gravitation (which is not in

fact universal) failed however to describe the motion of objects near strong gravitational sources,

such as the sun. General relativity, on the other hand, was able to give a satisfactory answer to

this problem, accounting for the inexplicable precession of the perihelion of Mercury. In the early

1900’s, Einstein was motivated by a thought experiment, trying to generalize special relativity,

which then culminated on the equivalence principle. This principle lies on the hypothesis that

one observer can not distinguish between falling in a gravitational field (such as the earth) or

travelling at a constant acceleration. Locally, these two scenarios are actually equivalent. The

universality of this principle, and the fact that in the 1900’s Bernhard Riemann already had

developed Riemannian geometry, led Einstein to formulate GR as a geometrical theory of gravity.

This theory describes gravity as a geometrical aspect of spacetime. In the words of John Wheeler:

“Spacetime tells matter how to move and matter tells spacetime how to curve”. An expedition led

by Eddington in 1919 finally provided us with the observational evidence for the theory of GR.

The stage in which GR acts upon is a pseudo Riemannian space (M, gµν), consisting of a

4-dimensional smooth manifoldM and a metric tensor g, which we will mostly in general denote

it by its components gµν . The manifoldM is endowed with a covariant derivative (or connection)

∇µ with components characterized by the Christoffel symbols, Γµαβ , constructed following the

assumption that the connection is torsion-free and metric compatible, i.e. Γµαβ = Γµβα and

∇µgαβ = 0, respectively. Note that the connection coefficients encode the equivalence between

inertial and gravitational forces, which is germane to the equivalence principle.

Without further ado, let us introduce the Einstein field equations, our best theory hitherto to

describe gravitational phenomena:

Gµν = κ2 Tµν , (1.1.1)
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where κ2 = 8πG/c4, with G being Newton’s constant, first accurately measured by Henry

Cavendish in 1798, c the speed of light, Tµν are the energy-momentum tensor components of

the matter fields, and Gµν the components of the Einstein tensor. The latter tensor describes the

geometrical aspect of spacetime as it is a function of the metric, its first and second order deriva-

tives, i.e. Gµν = Gµν(gµν , ∂αgµν , ∂α∂βgµν). Actually, Lovelock’s theorem [1, 2] guarantees that,

in four spacetime dimensions, the only geometrical tensor, say Aµν , that can be constructed

from the metric gµν , its first and (linear dependent on the) second derivatives, while remaining

symmetric (Aµν = Aνµ) and divergence free (∇αAµν = 0), is

Aµν = αGµν + Λgµν , (1.1.2)

with α and Λ being arbitrary constants. This is simply the Einstein tensor plus, what is usually

called, a cosmological constant term, which will be dealt with more detail further ahead. The

divergenceless character of the Einstein tensor implies the conservation of energy and momentum,

expressed through:

∇µT
µν = 0 . (1.1.3)

The Einstein field equations can be derived by an action principle through the following

statement:

S =

∫
ωg

(
R

2κ2
− 2Λ

)
+ Sm(gµν , ψ,∇ψ) , (1.1.4)

where ωg =
√
| det gµν |d4x is the metric volume form1, R the Ricci scalar, Sm denotes the

matter action, with ψ standing for a collective representation of the matter fields2, minimally

coupled to our massless spin-2 field gµν . Variation of the action Eq. (1.1.4) with respect to the

metric gµν yields the field equations

Gµν + Λgµν = κ2Tµν , (1.1.5)

where

Gµν = Rµν −
1

2
gµνR , (1.1.6)

with Rµν being the components for the Ricci tensor3.

1The determinant of the metric tensor will also be denoted simply by g.
2Formally, ψ stands for any arbitrary set of sections of the frame bundle, associated to our connection ∇ on the

principal fiber bundle (see Refs. [3–5]).
3See Ref. [6] for a detailed book on general relativity.
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The metric field gµν of general relativity carries two degrees of freedom (dof), the needed

parameters to describe the physical states associated with the theory. To understand this, one

needs to say some words with regard to a geometrical identity, called the Bianchi identity, and

with gauge freedom. To start off, since gµν is a symmetric tensor, one naively starts with 10

dof (the independent components of gµν). The divergentless character of the Einstein tensor

culminates on a geometrical relation of utmost importance, known as the Bianchi identities:

∇αR
α
µ =

1

2
∇µR . (1.1.7)

These are a set of four constraints which set dependencies among the equations, and kill four

degrees of freedom. The last four dof are killed by gauge freedom. This concept is at the very

heart of every gauge theory, and carries with it the fact that the action is completely oblivious to

the coordinates we choose (sometimes this concept is referred to as general covariance). This

is, however, much more profound, as it is related with a group of symmetries which leave the

theory invariant, expressed in terms of diffeomorphisms. Let us not extend much in this regard,

but simply consider a diffeomorphism (more concretely an automorphism) φ :M→M. Then,

diffeomorphism invariance states that given a solution of the field equations, say (M, gµν , ψ),

then acting φ upon our objects, e.g. xµ → φ(xµ), the “transformed” solution is still a solution

of our theory, i.e. (M, φ∗gµν , φ
∗ψ) is still a solution (where φ∗ψ denotes the pullback of ψ by

φ, i.e. φ∗ψ = ψ ◦ φ). Generally, one says that a given theory is G−invariant when φ ∈ G ⊆
Diff(M). This leaves us with a total of 10− 4− 4 = 2 dof.

Lovelock’s theorem guarantees that the action Eq. (1.1.4) is the only action that gives second

order equations of motion for the metric4. Thus, if one wishes to study modifications of GR, it is

inevitable to introduce extra degrees of freedom. These extensions can be achieved in several

ways. First, one may consider theories encompassing more than four spacetime dimensions.

These however, are very hard to measure and, even in higher dimensional theories a four

dimensional model should naturally emerge in an effective low energy limit. Other ways to

consider deviations from GR is to consider higher order field equations or break diffeomorphism

invariance. This thesis will not focus on any of these options, but rather on a (maybe) simpler

one: add extra fields beyond the metric, thus preserving the second order field equations and

diffeomorphism invariance. But we have yet to tackle the crucial question: Why to consider

4Higher order equations of motion are usually plagued by instabilities related with the ground state of the theory
not being bounded. This is known as Ostrogradsky instability [7].
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extensions of GR in the first place? To do so, let us then present the most accepted model for

cosmological physics and discuss some relevant puzzles within it.

The standard model of cosmology, the ΛCDM model, stands upon the shoulders of GR, and

encompasses three major sectors to describe the observed properties of our Universe: two dark

components, specifically dark energy (DE) and cold dark matter (CDM), and ordinary matter,

consisting of the standard model particles. The ΛCDM model is supported by a fair amount of

experiments, such as the cosmic microwave background (CMB) and the distribution of large

scale structures in the Universe [8, 9].

Predictions from the Big Bang Nucleosynthesis and observations from the cosmic microwave

background suggest the existence of a non-baryonic dark component, named dark matter, which

does not interact at all with the electromagnetic field. The first hint towards the existence of

dark matter dates back to 1933 when Zwicky observed that ordinary matter was not sufficient to

account for the velocities of galaxies in the Coma cluster [10]. Later on, in the 70’s, there was

further evidence of the existence of DM, through the observation of rotational curves of galaxies

[11]. Today, we estimate that dark matter has a contribution of around 25% for the total budget

of the Universe, in contrast with the minute 5% for ordinary matter. The remaining 70% of the

Universe’s composition comes from an unknown exotic source, dubbed dark energy, on which

the most part of this thesis is focused. Thus, some more words with regard to DE, along with

some related problems within the standard model of cosmology should be stated.

1.2 Caveats of the ΛCDM model

In 1917 Einstein introduced in his field equations a cosmological constant Λ [12], as presented

in Eq. (1.1.5), to counterbalance the gravitational pull of matter and thus (ironically) to describe

a static Universe. However, in 1927, a Belgian mathematician (and catholic priest), Georges

Lemaı̂tre, provided theoretical evidence for an expanding Universe. Two years later, an American

astronomer, Edwin Hubble, confirmed this thesis by observing that the recessional velocity of

galaxies nearby our local system [13] increases as they get further away from the Earth (today

known as Hubble-Lemaı̂tre law). After realizing this, Einstein said that the introduction of the

cosmological constant was one of his “greatest blunders”.

Much later on, in 1998, two independent teams [14, 15] observed that the expansion of our

Universe is accelerating, based on various observations of Type Ia supernovae. Quoting this

study directly [14]:
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“Different lightcurve fitting methods, SN Ia subsamples, and prior constraints unanimously

favor eternally expanding models with positive cosmological constant (i.e., ΩΛ > 0) and a

current acceleration of the expansion (i.e.,q0 < 0).”

and [15]:

“..., only currently accelerating universes fit the data well.”

Results from these experiments shook our primal knowledge, were later on strongly supported

by several other probes and observations, and finally resulted in a Physics Nobel prize in 2011.

So, there must be some sort of exotic substance which counteracts gravity and accelerates the

expansion. Hence we witnessed the rebirth of Λ. Up to this day, the cosmological constant,

which baptized the ΛCDM model, is the simplest candidate to the dark energy component, and it

has been successful in explaining most cosmological observations. However there are two major

conceptual problems in regard to Λ (see sections 6.3 and 6.4 of Ref. [16]).

The cosmological constant acts as a component with constant energy density throughout time,

and with a negative pressure capable of counterbalancing the gravitational pull of matter and thus

accelerate the expansion. It is common to associate the cosmological constant Λ to the vacuum

energy density of empty space. That is, it accounts for the contributions from all the particle fields

fluctuating around their ground state. The lowest possible energy state of a quantum harmonic

oscillator, called the ground state, or zero-point function, is simply given by E0 = ~ω/2, where

ω is the frequency of the oscillator (remember that En = ~ω(n+ 1/2) ). This means that even in

the ground state, the quantum oscillator still fluctuates with a small variance, in contrast with its

classical analogue; otherwise the Heisenberg uncertainty principle would be violated. Quantum

Field Theory suggests that all standard model particles, i.e. fermions (matter fields) and bosons

(force carriers), have a characteristic zero-point function. As a simple approach, one can envision

the empty space as a collection of all of these harmonic oscillators (of all the particle fields)

oscillating around the ground state, E0 = ~/2
∑

i ωi, where the frequencies can be written in

terms of the corresponding wave vector, i.e. ωi =
√
k2
i +m2. On the k−space continuum, one

may write the energy density (ρ0 = E0/V ) of the vacuum, by summing over all the possible

modes,

ρ0 =
~
2

∫ ∞
0

√
k2 +m2

d3k

(2π)3
, (1.2.1)

just to realize that it diverges, predicting an infinite value for the zero-point energy density. At

this point, one usually assumes that new physics should arise once some cut-off scale, kmax, is
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reached. Thus, assuming the integral to be dominated by the modes k � m, one is left with

ρ0 ≈
k4

max

16π2
, (1.2.2)

and assuming kmax = mpl, we can estimate,

ρ0 ≈ 1074 GeV4 . (1.2.3)

This has indeed been proposed as a natural motivation for the cosmological constant, TΛ
µν =

−ρ0 gµν . However, obervations suggest a value for this density of around ρΛ ≈ 10−47 GeV4,

which is about 121 orders of magnitude lower than the estimated vacuum energy Eq. (1.2.3).

This tremendous discrepancy between the theoretical value for the zero-point function and the

observed value for Λ, is known as the cosmological constant problem [17]. Note that from

quantum chromodynamics it is possible to set a different energy scale for this cut-off, however

the value is still around 40 orders of magnitude higher than the observed one.

Another cosmic puzzle of the ΛCDM model, associated also with Λ is the cosmic coincidence

problem [18]. In a nutshell, it consists of the following question: how likely is it that we are

currently living in such specific epoch of the history of the Universe, where the dark energy

and dark matter energy densities are the same order of magnitude, i.e. ρΛ/ρCDM ≈ O(1) at

the present? The rate at which the cosmic components evolve with time depends on the nature

of each species. Measurements of the cosmological constant tell us that in the past, its energy

density should have had a very small value - much smaller than the energy scales of typical

particles (a fine tuning problem) and only nearly 14 billion years latter does DE become of a

comparable size as the other components. Why now?

There are still other conundrums related with the dark sector of the standard model of

cosmology. Ground and space-based experiments are currently reaching levels of precision

without precedent. With such sensitivity, it is possible to detect discrepancies between different

observations. Early and late time experiments seem to present tensions on their cosmological

observables, in particular, for the present rate at which the Universe is expanding, H0 [19, 20],

and the growth rate of structures, σ8 − S8 [21]. In fact, there is a tension of 4.4σ on the

background observed value of H0 between the Cosmic Microwave Background measurements

[8] and the Cepheid variable-calibrated Type Ia supernovae [22]. As for observations on structure

formation, large scale observations of weak lensing and redshift distortions, suggest a lower
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clustering rate when compared with the Planck values [23–28]. Naturally, the dark components’

nature is sensible to these values, for example, a higher density of dark energy hampers structure

formation by counteracting the collapse of matter. Neither dark matter or dark energy have yet

been observed in laboratory experiments. There exist other small-scale puzzles that the current

ΛCDM model has not yet been able to give a satisfactory answer (such as [29]).

These problems motivate cosmologists to extend theories beyond the standard model and test

their consistency against observations. One approach is to promote dark energy to a dynamical

entity. This can be achieved either through a modification of gravity itself [30–33] or by adding

new extra fields, such as scalar fields, to the action of the theory [34, 35]. When dealing with

models of dark energy driven by scalar fields, it is common to refer to them as quintessence

models5. These fields were first proposed in the context of dark energy in Ref. [36].

Around 60% of this thesis is concerned with dark energy and formation of structure physics

through interacting scalar fields. Adding higher order exotic fields to GR in the context of

gravitation occupies 18% of this essay and 22% is dedicated to modifications/alternatives to the

geometrical part of the theory. In particular, Chapters 2 and 3 deal with models of dark energy

with canonical scalar fields, which are allowed to interact with dark matter. The background

cosmology is analysed, and, additionally, in Chapter 3, the linear and nonlinear perturbations

are evolved, the latter in the context of the spherical collapse and cluster number counts, and

the pertubative parameters are tested against observational data. Chapter 4 studies an alternative

model of modified gravity in the light of the σ8 tension, where the matter perturbations are

evolved and a likelihood data analysis is performed. As this thesis also deals with deviations

from GR in the context of gravitation, Chapter 5 explores the consequences of adding extra

dynamical fields, specifically 3-form fields, in wormhole geometries. The field equations are

evolved and the energy conditions are analysed. In Chapter 6 a modified gravity model is exposed,

in particular modified Gauss-Bonnet gravity, in the light of attaining bouncing cosmological

solutions. To do so, we resorted to an order-reduction technique which enables one to get rid of

the spurious degrees of freedom, usually present in higher order theories of gravity. The final

remarks can be found in Chapter 7.

Note that all the models exposed in this thesis can be naively appreciated as modifications to

the Einstein field equations, either to the gravity side or to the matter sector, as an attempt to

5In ancient Greece, Aristotle added a fifth element (”quinta essentia” in Latin) - aside from the usual four (air,
fire, water and earth) - an aether, which would permeate all the entire Universe; ”there is in nature some bodily
substance other than the formations we know, prior to them all and more divine than they” (Aristotle, On the
Heavens, 350 BC).
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alleviate some of the problems of the standard model of cosmology. Chapters 2, 3 and 5 deal with

models comprising exotic fluids in the theory (in particular scalar and 3-form fields), sourcing

the energy momentum tensor, while Chapters 4 and 6 consider modifications/alternatives to the

geometrical aspect of Einstein’s gravity.
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Chapter 2

Dark energy: kinetic couplings

Oh, if I had done nothing simply from laziness! Heavens, how I should have respected myself, then. I

should have respected myself because I should at least have been capable of being lazy; there would at

least have been one quality, as it were, positive in me, in which I could have believed myself. Question:

What is he? Answer: A sluggard; how very pleasant it would have been to hear that of oneself! It would

mean that I was positively defined, it would mean that there was something to say about me. ‘Sluggard’

- why, it is a calling and vocation, it is a career. Do not jest, it is so. I should then be a member of the

best club by right, and should find my occupation in continually respecting myself. I knew a gentleman

who prided himself all his life on being a connoisseur of Lafitte. He considered this as his positive virtue,

and never doubted himself. He died, not simply with a tranquil, but with a triumphant conscience, and he

was quite right, too. Then I should have chosen a career for myself, I should have been a sluggard and

a glutton, not a simple one, but, for instance, one with sympathies for everything sublime and beautiful.

How do you like that?

From Notes from the Underground,

by Fyodor Dostoevsky

This section is based on Ref. [37].

Promoting dark energy to a dynamical field interacting with the other matter species may

alleviate some of the problems related to the standard model. This can be understood through

the following argument:

• Coincidence problem: As it will become clear further on, a scalar field cosmology might

generate the so-called scaling solutions. These can hide the presence of a dark energy field

throughout time, when its energy density may be large, or at least close to the order of the
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one of matter, whilst small at present times. This would generate a natural mechanism

(independent of initial conditions), to explain the fact that today the energy densities of

dark energy and matter are of the same order; in fact this holds not only near the present,

but throughout a much larger period of the history of our Universe. Note that this effect is

impossible to achieve with Λ as its energy density is always constant throughout time.

• H0 tension: As the evolution of the cosmic fluids, for example in scalar field cosmology, is

modified in relation to the standard model ones, this will directly impact the rate at which

the Universe expands (through the Friedmann equation). Thus, the theoretical predictions

for the Hubble rate, in particular for H0, in such models will be different than in standard

ΛCDM, which may be useful to tackle the present discrepancy between early and local

measurements of H0.

• σ8 tension: As we will show in Chapter 3, an interaction within the dark sector naturally

influences the dynamics of the perturbations on the coupled matter component. In par-

ticular, a fifth-force mediated by the scalar degree of freedom arises, accompanied by

additional friction terms. These effects will impact the clustering rate of matter, therefore

resulting in different predictions for the value of σ8 at present times. This can be used

to tailor a specific model to address the σ8 tension between CMB experiments and local

measurements of redshift space distortions and weak lensing.

The three arguments above motivate the description of dark energy as a dynamical field

[34, 35]. This was first proposed in Ref. [36]. Soon after, it were put forward [36, 38] models

where this dark energy scalar field interacts with the other particles. However, throughout the

literature most models concerning interacting dark energy either lay out the coupling at the level

of the field equations [39–43] or it naturally emerges in scalar-tensor theories when performing

a conformal transformation [44]. The Lagrangian formalism regarding coupled quintessence

models was examined in Refs. [45, 46] assuming that the matter species are coupled to a field

dependent function. An interacting model in which the mass of the dark matter particles varies

with the value of the quintessence field φ through a Yukawa coupling was studied in Ref. [47].

The action for the cases where dark matter is described in terms of a wave function for 1/2-spin

particles and for scalar dark matter was presented. Quantum fluctuations and the stability of

quintessence theories were examined in Ref. [48] for the noninteracting case and considering

couplings to fermions only. The analysis of interacting models within the general Horndeski
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Lagrangian was explored in Ref. [49], where the action allowing for scaling solutions was

derived.

Throughout nature, most species naturally interact with one another. Therefore it is not

unreasonable to assume that kinetic terms may also influence the dynamics of other constituents.

This intimate relation has been explored in several works in the literature. For example, mimetic

models [50, 51] with interactions involving field derivatives have been proposed in Refs. [52, 53].

These consider derivatives of the mimetic field, representing dark matter, linearly coupled

to the matter current, at the level of the action. By assuming a shift symmetry, the mimetic

field is forced to present derivative couplings to the matter species, not directly involving the

field value. Derivative couplings in quintessence theories were first mentioned in Ref. [54].

Linear interactions of the field’s derivative to the four-velocity of the fluid uµ were explored,

considering terms of the form uµ∇µφ. These scalar-fluid models make use of the Brown’s

formalism [55] and assume derivative couplings as linear interactions of the field derivative to

the vector-density particle-number flux, Jµ (related with the fluid’s four velocity uµ), of matter

[56, 57]. A dynamical system analysis was conducted in Ref. [58] and the study of perturbations

and formation of structures in Ref. [59]. Nonminimal kinetic couplings to curvature were

introduced in Refs. [60, 61]. One consequence was the existence of solutions leading to late

time accelerated expansion of the Unvierse. Disformally coupled theories [62–65] generalize the

concept of conformal transformation, alowing the metric rescaling to depend also on the kinetic

term of the scalar field, by means of a disformal transformation such that the rescaled metric

is g̃µν = C(φ)gµν +D(φ)∂µφ∂νφ [66]. Hence, the metric felt by the matter fields is intimately

connected with the field’s velocity when D(φ) 6= 0. The spherical collapse and cluster counts in

disformally coupled theories were studied in Ref. [67]. A generalization of derivative couplings

in scalar-fluid theories can be found on the last pages of Ref. [59].

In this chapter, a generalized form for interacting dark energy models is proposed, by allowing

a scalar field φ with a k-essence Lagrangian density P (φ,X), to kinetically couple to matter,

where X := −1
2
∂µφ∂µφ is the kinetic term. Accordingly, it is assumed that the term X can

couple directly to the matter fields at the level of the action. The interaction is mediated by a

general function f(φ,X) in the matter action. The cosmological field equations are derived and

solved for a specific model and it is shown how the presence of the coupling allows for early

scaling solutions followed by a period of accelerated expansion, when the f function depends

solely on the kinetic term. With the aid of dynamical systems techniques, the influence of the
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coupling on the overall cosmological dynamics is examined. The scaling regime, useful to

alleviate the cosmic coincidence problem, is only possible due to the emergence of two new

critical points that emerge when the coupling is active. Using constraints from the Planck data, it

is possible to find an upper bound for the coupling. It is shown how this theory encapsulates a

vast amount of dark energy models present in the literature hitherto.

2.1 Model

Let us consider a Universe filled by two components, consisting of one scalar field φ

interacting with a matter fluid, with Lagrangian densities Lφ and L̃m respectively. The total

action minimally coupled to Einstein’s gravity of the proposed theory is:

S =

∫
ωg

[
R

2κ2
+ P (φ,X) + f(φ,X)L̃m(gµν , ψ)

]
, (2.1.1)

where ψ stands for the matter fields and f := f(φ,X) entails the information regarding the

interaction between the species. The novelty of this work is the fact that f is allowed to depend on

X := −1
2
∂µφ∂µφ. Note that the Lagrangian of the scalar source is a general k-essence [68–73]

function, Lφ = P (φ,X).

We find the modified field equations through the variation of the action Eq. (2.1.1) with

respect to the metric gµν , yielding,

1

8πG
Gµν = T (φ)

µν + f T̃ (m)
µν + f,XL̃m∂µφ∂νφ , (2.1.2)

with

T (φ)
µν := −2

δLφ
δgµν

+ Lφgµν and T̃ (m)
µν := −2

δL̃m
δgµν

+ L̃mgµν (2.1.3)

being the energy-momentum tensors regarding the i-th species. In order to avoid extensive

expressions we use the notation P := P (φ,X). By considering couplings that depend on the

kinetic term of the scalar field, a new interaction term arises – the last one on the right-hand side

of Eq. (2.1.2) – in the Einstein equations. As will be shown, this affects the contracted Bianchi

identities, and thus has an impact on the overall dynamics of the Universe.

It is possible to write the equations for the current model in a more intuitive and familiar
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form, by defining the object

Lm(gµν , ψ, φ,X) := f(φ,X)L̃m(gµν , ψ) , (2.1.4)

which defines an effective matter Lagrangian, encapsulating the effects of the coupling per se.

Thus, we have the following relation for the stress-tensors:

T (m)
µν = −2

δLm
δgµν

+ Lmgµν

= f T̃ (m)
µν − 2L̃m

δf

δgµν

= f T̃ (m)
µν + f,XL̃m∂µφ∂νφ , (2.1.5)

where a prime denotes a derivative, i.e. f,X := ∂f/∂X , and we may recast the field equations,

Eq.(2.1.2), more conveniently as

1

κ2
Gµν = T (φ)

µν + T (m)
µν . (2.1.6)

Variation of the action Eq. (2.1.1) with respect to φ holds the equations of motion for the

scalar source (See appendix A for details):

P,φ + P,X�φ− 2P,XφX − P,XXA = −Q , (2.1.7)

where A = ∂αφ∂βφ∇α∂
βφ, �φ = ∇µ∂

µφ is the d’Alembert operator, and the coupling is

defined as

Q = Lm
[
f,φ
f

+
f,X
f

(
�φ+ ∂αφ

∇αLm
Lm

+
f,X
f
A+ 2

f,φ
f
X

)
− 2

f,Xφ
f

X − f,XX
f

A

]
. (2.1.8)

Conservation of the total energy-momentum tensor is declared by the contracted Bianchi

identities,

∇µG
µ
ν = 0 ⇒ ∇µ

(
T (φ)µ

ν + T (m)µ
ν

)
= 0 . (2.1.9)

However, each component is not individually conserved due to the energy flow stemming from
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the interaction object f . The conservation relations take the form:

∇µT
(φ)µ

ν = −Q∇νφ, (2.1.10)

∇µT
(m)µ

ν = Q∇νφ, (2.1.11)

with Q given by Eq.(2.1.8).

Note that all the equations derived so far are completely independent of the choice of gµν ,

and thus are valid on any background.

In the literature, it is common to impose the couplings at the level of the conservation relations

[74–81], that is, by fixing the term on the right-hand side of Eqs. (2.1.10) and (2.1.11). Coupled

models considering noncanonical scalar fields have been studied in Refs. [82–84], allowing for

interactions with nonlinear terms of φ̇ [85], where a dot denotes derivative with respect to cosmic

time, i.e. φ̇ := ∂φ/∂t. In this work, however, the coupling is imposed in the action, through the

choice of f . The conservation relations for the individual interacting species naturally emerge

a posteriori from this choice. The f := f(φ) cases for a canonical and a a tachyon scalar field

were analysed in Ref. [45] and Ref. [86], respectively.

Since the publication of this work [37], several works in the literature considering general-

izations or applications of this present model have been conducted. Relevant examples are the

study of an Horndeski Lagrangian for the scalar field using the Schutz-Sorkin action for matter

[87], the study of perturbations and their corresponding stability [88], the general form for the

Lagrangian which allows for scaling solutions [89] and an interacting Multi-Proca vector dark

energy model [90].

2.1.1 Particular cases

By fixing f = 1 in the total action Eq.(2.1.1), and thus neglecting the coupling, we recover

the k-essence models already meticulously examined in the literature [68–73]. Furthermore, by

assuming a canonical scalar field, i.e. P (φ,X) = X − V (φ), with V the scalar potential, the

theory reduces to standard quintessence models, describing dark energy with a noninteracting

scalar degree of freedom [18]. In this case, setting f := f(φ) to be an arbitrary function of φ,

gives rise to coupled quintessence models [38], analised in, e.g. Ref. [45].

Let us now assume that our matter species in pressureless. We may then write [91, 92]
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Lm = T (m)α
α = −ρm, which results in a pressureless perfect fluid form for stress-energy tensor:

T (m)
µν = ρmuµuν , (2.1.12)

where uµ is the four-velocity vector, defined such as uµuµ = −1. In this framework, it is

interesting to notice that, if f = f(φ), the conservation Eqs.(2.1.10) and (2.1.11) become:

∇µT
(φ) µ

ν =
f,φ
f
ρm∇νφ , (2.1.13)

∇µT
(m) µ

ν = −f,φ
f
ρm∇νφ , (2.1.14)

with Q = ρmf,φ/f . Indeed, these are the equations describing scalar-tensor theories [93] after

performing a conformal transformation and switching to the Einstein frame (see 3.1), with the

following conformal factor

g̃µν = f(φ)2gµν . (2.1.15)

Through the choice f(φ) = eCφ, with C being a constant, we recover Q = Cρm [38, 94, 95].

The case C = C(φ) was studied in Ref. [96].

2.2 Quintessence field with coupling f ∝ Xα

Having presented the underlying formalism, in this section we follow to solve the field equa-

tions for a specific cosmological setting. The accelerated expansion is driven by a quintessence

field, with P (φ,X) = X − V (φ), coupled to a cold (pressureless) dark matter component with

Lm = −ρc, where ρc denotes its energy density. Note that since couplings to standard model

fields are tighly constrained by observational data [97–102], it is common practice to couple the

scalar degree of freedom to dark matter, whose Lagrangian form is still unknown. Therefore, the

total action is

S =

∫
ωg

 R

2κ2
+

=Lφ︷ ︸︸ ︷
X − V (φ) + f(X)L̃m︸ ︷︷ ︸

=Lm=−ρc

 . (2.2.1)

We stand upon a flat Friedmann–Lemaı̂tre–Robertson–Walker (FLRW) spacetime, describing

an homogeneous and isotropic Universe, with line element,

ds2 = −dt2 + a(t)2δijdx
idxj , (2.2.2)
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where a(t) =: a is the scale factor, a function of cosmic time t. Regarding the scalar field

potential, we assume an exponential form,

V = V0 e
−κλφ , (2.2.3)

with V0 being the scale of the potential, a constant with dimensions of [Mass]4, and the stifness

of the potential is given in terms of the dimensionless constant λ. This choice for the potential

has been shown to produce cosmological scaling solutions [34, 94, 103, 104].

Finally, we close the system by specifying the coupling function to be solely dependent on

the kinetic term,

f =
(
κ2X

)α
, (2.2.4)

where now X = 1
2
φ̇2 and α is a constant dictating the strength of the kinetic interaction. We

recover the uncoupled quintessence model [105] for α = 0 . The factor κ2 in Eq. (2.2.4) simply

renders the function f dimensionless in the total action Eq. (2.1.1)1. From Eq. (2.1.8) with the

choice in Eq. (2.2.4) we have,

Q = −ρc
α

X

(
�φ+

A

X
+ ∂νφ

∂νρc
ρc

)
. (2.2.5)

The energy density and pressure of the quintessence field are defined as:

ρφ = −T (φ)0
0 =

1

2
φ̇2 + V , (2.2.6)

pφ = T (φ)1
1 = T (φ)2

2 = T (φ)3
3 =

1

2
φ̇2 − V , (2.2.7)

respectively ,with Eq. (2.1.3),

T (φ)
µν = ∂µφ∂νφ+ gµνLφ . (2.2.8)

The equation of state parameter for the field is defined as,

wφ =
pφ
ρφ

=
1
2
φ̇2 − V

1
2
φ̇2 + V

. (2.2.9)

1Remember that, in natural units, [κ] = M−1, [L] = M4, [H] = M , and for quintessence models [φ] = M .
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The species are then set to follow the evolution:

φ̈+ 3Hφ̇+ Vφ = Q , (2.2.10)

ρ̇c + 3Hρc = −φ̇Q , (2.2.11)

with H := ȧ/a being the Hubble function, Vφ = dV/dφ, and the interaction term Eq.(2.2.5),

using Eqs.(2.2.5), (2.2.10) and (2.2.11), becomes

Q = 2αρc
3Hφ̇− λV

φ̇2 + 2α
(
ρc + φ̇2

) . (2.2.12)

The cosmic evolution is subjected to the Friedmann constraint, the 00-component of the field

equations Eqs. (2.1.6), describing the expansion rate of the Universe,

3

κ2
H2 = ρc + ρφ . (2.2.13)

2.3 Dynamical analysis

The use of dynamical systems techniques in cosmology is of great importance [105] since it

enables us to shed some light on the overall behaviour of the solutions for the field equations

without the need to actually solve them. In the literature they have been applied to a wide variety

of subjects raging from modified gravity [106] to dynamical dark energy models [34]. In this

subsection we follow to study the cosmology of 2.2 with the aid of dynamical systems. For

simplicity, and without loss of generality, we set κ2 = 1.

We start by defining the following set of dimensionless, expansion normalised, variables

[107]:

x2 :=
φ̇2

6H2
, y2 :=

V

3H2
, z2 :=

ρm
3H2

. (2.3.1)

Then, it is possible to write the system (2.2.10) and (2.2.11), as a system of first order differential
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equations:

x′ = −x
(

3 +
H ′

H

)
+

√
3

2

(
λy2 +

Q

3H2

)
, (2.3.2)

y′ = −y
(√

3

2
λx+

H ′

H

)
, (2.3.3)

z′ = −z
(

3

2
+
H ′

H
+

Qx√
6H2z2

)
, (2.3.4)

where a prime represents derivatives with respect to N := ln a, and

H ′

H
= −3

2
(1 + weff) , (2.3.5)

with

weff = x2 − y2 (2.3.6)

the effective equation of state parameter. The acceleration condition is verified whenweff < −1/3.

The equation of state parameter for the φ-field reads

wφ =
pφ
ρφ

=
x2 − y2

x2 + y2
. (2.3.7)

Equation (2.2.13) can be recast into

1 = x2 + y2 + z2, (2.3.8)

and is used to replace z in Eqs. (2.3.2), (2.3.3) and (2.3.4), reducing the dimensionality of the

system:

x′ =
3

2
x
(
x2 − y2 − 1

)
+

√
3

2

[
λy2 + α

√
6x− λy2

x2 + α (1 + weff)
(1− x2 − y2)

]
, (2.3.9)

y′ =
3

2
y

(
1 + x2 − y2 −

√
2

3
λx

)
. (2.3.10)

The interaction term Q is now rewritten within this setting as,

Q

ρc
= α

√
6x− λy2

x2 + α (1 + weff)
. (2.3.11)

Accordingly, when α = 0 one reproduces the system studied in Ref. [94].
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We restrict ourselves to the case where α is non-negative, that is α > 0. This assump-

tion stems from the fact that the coupling function in Eq. (2.2.4), f ∝ φ̇2α, diverges for

(α < 0) ∧ (φ̇ = 0), and in addition the coupling term, Eq. (2.3.11), is singular for negative

values of α along the hyperbola

y2 = 1 + x2

(
1 +

1

α

)
, (2.3.12)

giving rise to an ill-defined phase space.

The analysis of the fixed points of the system is essential to our study. These correspond

to equilibrium states possessed by the Universe in some phase of its history. To examine them,

we will focus on three important properties: existence, stability and whether they are capable

of featuring a Universe with accelerated expansion. Existence is simply manifested through

the Friedmann equation, by the condition 0 6 Ωφ = x2 + y2 6 1 (a disk on the x-y plane), and

requiring these points to be real-valued. As mentioned earlier, we have an accelerated critical

point if weff = x2 − y2 < −1/3.

Let us consider a system of first order coupled (possibly nonlinear) differential equations

ẋ = f(x) , (2.3.13)

with x = (x1, ... , xn) ∈ Rn. A critical point (also called fixed or equilibrium point), xc is a point

where the system remains constant, i.e. ẋc = f(xc) = 0. Note that the dimension of the vector

x encodes the number of variables that span the phase space of the system. Say, for example,

that φ̇ is a dynamical variable (xi = φ̇). Thus, a critical point would have to satisfy the condition

φ̈ = 0. This means that the kinetic energy of the φ field at this critical point remains constant

(but φ is still evolving). To study the behaviour of the system, we are, however, interested in the

study of the trajectories nearby this equilibria, since the points per se have no physical meaning.

This may be done through linear stability theory. Consider a small perturbation of each variable

around a critical point xc, that is, x = xc + δx. Now, we may Taylor expand Eq. (2.3.13) to first

order

ẋ = f(xc + δx) = f(xc) + J|xc · δx , (2.3.14)

where J = ∂fi/∂xj is the Jacobian matrix of f . Since at the fixed point, f(xc) = 0, we have at
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Table 2.1: Fixed points of the system (2.3.9) and (2.3.10), respective relative energy densities
and equation of state parameters.

Point xc yc Ωφ weff wφ

(A) 0 0 0 0 −

(B±) ±1 0 1 1 1

(C) λ√
6

√
1− λ2

6
1 λ2

3
− 1 λ2

3
− 1

(D±) ±√ α
1+α

0 α
1+α

α
1+α

1

(E)
√

3
2

1+2α
λ(1+α)

√
3−2α(1+α)(λ2−6)

2λ2(1+α)2

3−α(1+α)(λ2−12)
λ2(1+α)2

α
1+α

λ2α(1+α)
3−α(1+α)(λ2−12)

linear order ˙δx = J · δx, which has a general solution

δx =
n∑
i=1

aivie
λit , (2.3.15)

near the fixed points, with λi and vi being the eigenvalues and (respective) eigenvectors of J at

xc, and ai constant coefficients (set by the initial conditions). Therefore, we note that if all the

λi are negative, then all the perturbations decay, and we say that the critical point is stable. If

all the eigenvalues are positive, then the perturbations grow and we call xc an unstable critical

point. Finally if some λi are positive and other negative, then the perturbations grow along

given directions and decay over others (along the directions of the respective eigenvectors), and

we say the point is a saddle. The Hartman-Grobman theorem [108] guarantees that the linear

approximation is effective in expressing the dynamical behaviour of the nonlinear system, near

the critical points. We refer the reader to [105, 107] for technical details and applications of

dynamical systems to dark energy and modified gravity. A detailed description of dynamical

systems goes beyond the scope of this thesis.

The dynamical analysis can be simplified by the symmetries of our system. Inspecting

Eqs. (2.3.9) and (2.3.10) we note that the system is invariant under the reflection y → −y and

time reversal t → −t. Hence, we will only study the upper half disk, y > 0, in our analysis.

An additional symmetry, namely (x, λ)→ (−x,−λ) tells us that the phase space is completely

characterised by non-negative values of λ.

In Table 2.1 we report on the critical points of the system of equations (2.3.9) and (2.3.10),

together with the values of the energy density and equation of state parameters. Table 2.2 depicts
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Table 2.2: Existence regions of the fixed points regarding the system (2.3.9) and (2.3.10) and
whether they feature accelerated expansion.

Point Existence Acceleration

(A) ∀α, λ No

(B±) ∀α, λ No

(C) 0 < λ2 6 6 λ2 < 2

(D±) ∀α, λ No

(E) 31+2α
1+α
6 λ2 6 34α(1+α)+1

2α(1+α)
No

the parameter space in which the fixed points exist and feature accelerated expansion. We follow

to give a more detailed analysis on the nature of each fixed point.

• Point (A): The fixed point (xc, yc) = (0, 0), stands for a matter dominated Universe,

Ωm = 1, and exists for all values of λ and α. Without an interaction, that is α = 0, this

fixed point has a saddle nature, attracting the trajectories along the x-axis and repelling

them towards the y-axis. On the other hand, when we turn on the coupling, α 6= 0, this

point acquires a repulsive nature. This explicitly shows how the presence of the kinetic

interaction may alter the dynamical behaviour of this critical point. Point (A) is not able to

feature accelerated expansion.

• Point (B±): Both these fixed points correspond to a Universe totally dominated by the

kinetic energy of the scalar field, with Ωφ = x2 = 1. The equation of state describes a

stiff fluid with weff = wφ = 1, and thus, acceleration is never achieved. These two points

are never stable. Critical point (B+) is a saddle for λ <
√

6 (λ > −
√

6 for (B−)) and a

repeller otherwise.

• Point (C): This is a well known critical point that is present in scalar field models of dark

energy and inflation [34, 109]. It corresponds to a dark energy dominated solution with

Ωφ = 1. It exists for λ2 6 6. However if the coupling is switched on, α 6= 0, we also need

to ensure that the parameter Q, Eq. (2.3.11), is well defined. This is achieved by imposing

λ 6= 0 for its existence condition when α 6= 0. When α = 0, this point is stable for λ2 < 3.
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However, for α 6= 0, the stability region can be generalised to

λ2 < 3
1 + 2α

1 + α
. (2.3.16)

This is a new feature of considering a kinetic coupling: the region in which (C) is an

attractor can be enlarged by α. This fixed point is a repeller when λ2 > 6 and a saddle

otherwise. Acceleration is achieved for λ2 < 2.

• Point (D±): These are novel critical points which arise solely in the presence of the kinetic

interaction. They are always present in the phase space and describe a scaling regime.

This (matter) scaling regime is characterised by the fact that the energy density of the

scalar field, while being subdominant, evolves proportionally to - scales with - the matter

component, i.e. ρφ = Cρm during this regime. For critical points D±, we have C = α.

Scaling solutions arise in some models beyond the standard ΛCDM [110], and are of

great importance since they can alleviate the cosmic coincidence problem by hiding the

presence of a scalar field throughout an early period of the cosmic history, where its energy

density may be large, albeit small at present times. In the current work, this early scaling

regime can only be achieved in the presence of the coupling, α 6= 0, absent in the standard

uncoupled model. Points (D±) will play a major role in the next subsection when finding

solutions to the field equations by making use of the scaling behaviour. These fixed points

coincide with the points (B±) in the limit α→∞, and with (A) when α→ 0. Acceleration

is never achieved since weff = α
1+α

. Stability, however, is verified if

λ >

√
6 +

3

2α(1 + α)
, (2.3.17)

for point (D+),

λ < −
√

6 +
3

2α(1 + α)
, (2.3.18)

for (D−), and they acquire a saddle nature otherwise.

• Point (E): This critical point is also present in the uncoupled case, α = 0, [105],

but here it is generalised with a dependence on α. It describes a scaling regime with

Ωφ = 3−α(1+α)(λ2−12)
λ2(1+α)2 . This fixed point is always stable and it does not generate acceler-
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Figure 2.1: Phase space of the system of equations (2.3.9),(2.3.10), for λ = 1, with different
values of the coupling α (respective title). Black dots denote the fixed points (with labels inside
referenced to Table 2.1). The shaded region depicts the accelerated expansion area, i.e. where
the condition weff < −1/3 is met.

ated expansion.

Note that in the presence of an interaction, when x = 0, Eq. (2.3.9) turns into x′ = 0. This

means that, when we switch on the kinetic coupling, i.e. α 6= 0, we have a slicing of the phase

space, at the axis x = 0, into two invariant sets2 (see Ref. [107]), x < 0 and x > 0: if any orbit

is found in this region at some time instant, then it will always remain there. This means that,

assuming an expanding Universe, that is H > 0, the φ field will always evolve in the same

direction: sgn(φ̇) never changes for any physical orbit. The orbit on the x = 0 axis (also an

invariant set itself), joining the points (x, y) = (0, 0) and (0, 1), follows a Λ + CDM evolution,

with a noninteracting pressureless matter species and a cosmological constant. In such case,

the energy density ρΛ = ρφ = V = constant. Hence, any initial condition satisfying xi = 0

will inevitably mimic a ΛCDM cosmology, portraying a transition from a matter dominated

epoch into a potential totally dominated Universe, (x, y)→ (0, 1). This final stage, represents a

2Consider the dynamical system ẋ = f(x). A set X ⊂ R is called invariant (in f ), if at some instant t∗, any
tragectory x(t∗) ∈ X ⇒ x(t) ∈ X, ∀t > t∗.
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cosmological constant governed solution, with wφ = weff = −1, and Ωφ = y2 = 1. Since the

sign of x does not change in any physical orbit, if one aims at reaching the future attractor (C)

with an initial condition satisfying xi < 0, then λ < 0 should also be verified. This guarantees

that (C) lies on the x < 0 plane of the phase space. Invariance under the transformation

(x, λ) 7→ (−x,−λ) guarantees that by simultaneously changing the signs of xi and λ, the same

cosmology is attained.

The only fixed point which is stable and generates accelerated expansion is point (C). Hence,

we will rely on this equilibrium state, a dark energy governed solution (see Table 2.1), to be our

future attractor candidate. There is, however, the risk of points (E) and (D±) being competing

attractors for certain values of our parameters λ and α whilst not featuring accelerated expansion.

But it turns out that the parametric window for λ where (C) generates acceleration (which is our

aim) is outside the regions of existence of point (E) and stability of (D±), so we do not have to

worry.

The critical points (D±) emerge every time there is an interaction, i.e. α 6= 0. They emerge

near the origin for small values of α (remember that D±
α→ 0−−−→ A), and are shifted along the

x-axis, until they coincide with (B±) when the interaction is strong (that is D±
α→∞−−−−→ B±).

This effect is depicted in Fig.2.1. Since point (D) is a saddle, we can naturally exit the early

scaling regime and reach the accelerating attractor (C). Thus, we are able to reproduce solutions

which at late times are described by the heteroclinic orbits connecting (D)→(C) (more rigorously,

trajectories passing sufficiently close to these points).

Some last words should be mentioned. The dynamical analysis conducted in this section

is only valid for a Universe filed with φ and a pressureless matter component. As in the next

section we will look at solutions for a Universe filled with all cosmological fluids (including

relativistic fluids), this analysis is only valid at late times when radiation is negligible.

2.4 Cosmological solutions

The aim of this section is to find numerical solutions for this kinetically interacting theory.

To that end, we have modified CLASS [111–114] to include a scalar field interacting with dark

matter through Eq. (2.2.4). In addition we also consider baryons and radiation with energy-

momentum tensors described by a perfect fluid:

T (i)
µν = ρi(1 + wi)u

(i)
µ u

(i)
ν − ρiwigµν , (2.4.1)
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where wb = 0 for baryons and wr = 1/3 for radiation. As previously stated, since couplings

to standard model fields are tightly constrained by observational data, we assume baryons and

radiation to be noninteracting:

∇µT
(b)µ
ν = ∇µT

(r)µ
ν = 0 . (2.4.2)

The main focus of this work is to study the influence of the kinetic coupling on the dynamics

of the cosmological parameters. Thus, we will present the numerical results for a fixed value of

λ and vary the coupling, quantified by α. Firstly, because we observe that the effect of varying λ,

for a fixed α, always follows the same trend, independently of the value of α. Second, because

the effect of varying the stiffness of the potential, λ, has been already extensively studied in the

literature [34, 115].

CLASS uses for the time variable conformal time, η, which is related to cosmic time through

dη = dt/a. Thus, we write the metric Eq. (2.2.2) in terms of conformal time,

ds2 = a(η)2
(
−dη2 + δijdx

idxj
)
, (2.4.3)

conformally related to Minkowski space.

The equations governing the background dynamics of our FLRW Universe become:

φ′′ + 2Hφ′ + a2Vφ = a2Q , (2.4.4)

ρ′c + 3Hρc = −Qφ′ , (2.4.5)

ρ′b + 3Hρb = 0 , (2.4.6)

ρ′r + 4Hρr = 0 , (2.4.7)

whereH = a′/a = aH = ȧ is the conformal Hubble rate, a prime now denotes derivative with

respect to conformal time (not N ), and

Q = 2αρc
3Hφ′ + a2Vφ

2αa2ρc + (1 + 2α)φ′2
. (2.4.8)
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The energy density and pressure of the φ field are:

ρφ = −T (φ)0
0 =

φ′2

2a2
+ V , (2.4.9)

pφ = T (φ)1
1 = T (φ)2

2 = T (φ)3
3 =

φ′2

2a2
− V , (2.4.10)

respectively, and the Hubble flow follows the Friedmann constraint,

3a2

κ2
H2 = ρφ + ρm + ρr , (2.4.11)

where we have defined the total matter density ρm = ρb + ρc.

The initial conditions are given deep in a radiation dominated epoch, at which zi = 1014

(z denotes redshift, defined as 1 + z = a0/a with the value of the scale factor today set as

a0 = 1). We note that the initial conditions for φ and φ′ only influence the time at which ρφ

enters the scaling regime, and therefore has little influence over the cosmic evolution. The

scale of the potential V0 is used as a shooting parameter in order to get the present abundance

of dark energy, Ω0
φ = Ω0

Λ, as predicted by the latest Plank data [8]. Hence, we follow to fix

φi = φ(zi) = φ′i = φ′(zi) = 10−2 and vary α so as to study the influence of the coupling on the

cosmological parameters.

On the top panel of Fig. 2.2 the evolution of the energy densities ρi for each species is shown,

with λ = 0.2. We note that when the coupling is switched on, α 6= 0, an early scaling regime is

attained, due to the new scaling critical points (D±) (studied in Sec. 2.3), whereas for α = 0 this

is not possible. We observe that the scalar source enters the scaling regime deep in the radiation

epoch, around z ≈ 1010, with ρc/ρφ = 1/α (see Table 2.1). This trend is depicted in Fig. 2.3.

Notice from Eqs (2.4.5), that the term which expresses the direction of the energy flow

within the dark sector is Qφ′: when Qφ′ > 0 energy is transferred from the dark matter source

into the φ field, and when Qφ′ < 0 it is the quintessence field which grants energy into dark

matter. The evolution of the coupling strength, Qφ′/ρc, is depicted in Fig. 2.4. We notice

that this term is always positive, since the values of φ′ throughout the cosmic history always

verify φ′ > κλV/3H ⇔ Q > 0 (see Eq. (2.2.12) remembering that α > 0). Therefore, dark

matter grants energy to the φ field from cosmic ancient times until today. Since we impose that

the energy density of dark energy today is the same independently of α (as mentioned, this is

achieved by varying the shooting parameter V0), the dark matter component must start with a

larger energy density for increasing α (since it will give more energy to DE when the coupling is
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Figure 2.2: Top panel: evolution of the energy densities, ρ, for different values of the coupling
(see legend), along redshift, with λ = 0.2, in regard to the model presented in Sec.2.4. Bottom
panel: deviation on the energy density of dark matter relative to the uncoupled case (α = 0), i.e.
∆ρc = ρc − ρ̃c, where ρ̃c = ρc(α = 0).

stronger), which then decreases with time, as energy is lost for the φ field. This is shown on the

bottom plot of Fig. 2.2, where we notice that for an interaction of α = 0.01 the dark matter starts

the simulation with approximately twice the value of DE compared with the uncoupled case.

Naturally, as ρc increases with larger values of α, this will set the matter-radiation equality earlier

in the cosmic history. This can be seen in Fig. 2.5, where the relative energy densities (cosmic

abundances) for each species and for different values of the coupling (see respective legend) have

been plotted. However, as the φ field is acquiring energy from the coupled matter component, at

late times this effect becomes prominent, and dark energy starts to dominate earlier in the cosmic

history. The bottom panel of the same figure, shows the deviations of the Hubble rate for each

coupled model when compared with the uncoupled case: ∆H = H − H̃ , where a tilde denotes

the noninteracting (α = 0) case. Obviously, while radiation dominates the cosmic expansion,

there is no deviation on H , since we have assumed radiation to be noninteracting. However,

when matter becomes non-negligible, around z ≈ 106, models with higher couplings acquire

higher values for the expansion rate, since we have more DM for the same amount of radiation
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Figure 2.3: Ratio of the energy densities of cold dark matter and dark energy along the redshift
z, for different values of the coupling (see legend), in regard to the model presented in Sec.2.4,
with λ = 0.2. A scaling regime is characterised by a constant value, i.e. ρc/ρφ = constant.

on both models.

The dynamics of the equation of state parameters for the field, wφ, and for the total effective

budget, weff are shown in Fig. 2.6. According to Table 2.1, we observe that during the scaling

regime the field behaves as a stiff fluid, wφ = 1, as its potential is negligible in contrast with its

kinetic energy, V � φ′2 (see Eq. (2.3.7)). One may define an effective equation of state for the

field, weff
φ , and for dark matter, weff

c , by rewriting Eqs. (2.4.4) and (2.4.5) as

ρ′φ + 3Hρφ
(

1 +

=:weff
φ︷ ︸︸ ︷

wφ −
Qφ′

3Hρφ

)
= 0 , (2.4.12)

ρ′c + 3Hρc
(

1 +
Qφ′

3Hρc︸ ︷︷ ︸
=:weff

c

)
= 0 , (2.4.13)

which accounts for the influence of the coupling. During the scaling regime, ρc = ρφ/α⇒ ρ′c = ρ′φ/α,

thus, from Eqs. (2.4.12) and (2.4.13), weff
c = weff

φ at the scaling. Now, we have

weff
φ = wφ −

Qφ′

3Hρc︸ ︷︷ ︸
=weff

c

=1/α︷︸︸︷
ρc
ρφ
⇒ weff

φ = wφ −
weff
c

α
, (2.4.14)
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legend), with λ = 0.2, in regard to the model presented in Sec.2.4.

and since weff
c = weff

φ at the scaling, we arrive at,

wφ = weff
c

(
1 +

1

α

)
, at the scaling. (2.4.15)

For a φCDM Universe (scalar field + cold dark matter), which was the case studied in the

dynamical analysis on Sec. 2.3, we would have weff
φ = weff

c = weff = pφ/(ρφ + ρc).

Still on Fig. 2.6, we note that the effective equation of state, weff , during radiation domination

is weff ≈ wr = 1/3. During matter domination, weff ≈ α/(1 + α) (see Table 2.1) during the

scaling. Eventually the field exits the scaling regime, dark energy starts to dominate, and φ

approaches the attractor where weff ≈ λ2/3− 1. The Universe starts to accelerate later on for

larger values of α. This is because, for a stronger interaction, the field leaves the scaling regime,

where wφ = 1, later, and thus, its impact on the total equation of state is less pronounced. As

a consequence, when the Universe starts to accelerate (weff < −1/3), it will accelerate slower.

This can be verified since, for the same z, weff has a larger value as α grows. This latter trend may

be more intuitively understood by inspecting the deceleration parameter q := −äa/ȧ2. However,

one would quickly realise that this is simply weff disguised, since

H ′

H
= −3

2
(1 + weff) = − (1 + q) . (2.4.16)

To finalyse this chapter, let us briefly mention that it is known [116, 117] that the presence of
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Figure 2.5: Top panel: evolution of the relative energy densities (cosmic abundances), Ω, for
different values of the coupling (see legend), along the redshift z, with λ = 0.2, in regard to
the model presented in Sec.2.4. Bottom panel: deviations on the Hubble rate relative to the
uncoupled case (α = 0), i.e. ∆H = H − H̃ , where H̃ = H(β = 0).

a considerable amount of early dark energy can significantly affect the position of the cosmic

microwave background peaks. This early dark energy contribution can be constrained by

experiments such as CMB lensing and small-scale measurements. Specifically, an upper bound

of Ωφ < 0.0036 was found at 95% confidence level (for Planck TT,TE,EE+lowP+BSH), from

the Planck 2015 data [117]. In this work, this translates into a bound on the parameter α, since

during the scaling regime, the energy of the scalar field depends solely on this coupling parameter,

Ωφ = α/(1 + α) (Table 2.1). Therefore, we find that α < 0.0036. Satisfying this inequality

guarantees that the dark energy imprints are negligible during matter domination. On the other

hand, note that early dark energy models may present larger expansion rates at early times [118],

and therefore have been used to alleviate the H0 tension [119]. The bound found for α may be

alleviated if one shifts the early scaling regime towards latter times, where the constraints for Ωφ

are not so stringent (see Fig.11 of Ref. [117]). In that case, by avoiding the Planck constraints,

one way to further test the model at lower redshifts could be through measurements of the Hubble

rate, such as quasar distances, from their X-ray and ultraviolet emission [120]; it was found 4σ

deviations from ΛCDM by considering data for z > 1.4 (see Fig.3 of Ref. [120]). Furthermore,

one expects the future space-based interferometer eLisa [121] to be able to constrain early and
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interacting dark energy models at redshifts 1 < z < 8 [122, 123], with data coming from

gravitational wave standard sirens.
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Chapter 3

Coupled quintessence with a ΛCDM

background

Oh you, who have never heard the voice of heaven, who think man destined only to live this little life

and die in peace; you, who can resign in the midst of populous cities your fatal acquisitions, your restless

spirits, your corrupt hearts and endless desires.

From Discourse on the Origin of Inequality Among Men,

by Jean Jacques Rousseau

This chapter is based on Refs. [124] and Ref. [125].

At present, the ΛCDM model features a tension between CMB experiments and redshift space

distortions on the amplitude of the matter power spectrum at the scale of 8h−1 Mpc, denoted

σ8, [23–28]. The lower clustering rate predicted by Planck data against large scale observations

is a well known problem of the standard model of cosmology. There have been proposals to

alleviate or solve this problem through, for example, modified theories of gravity [126, 127].

These models alter the dynamical behaviour of the matter perturbations in contrast with the

standard ΛCDM, consequently making it possible to obtain values of σ8 that are compatible with

data.

In this chapter, a coupled quintessence model, with a particular feature imposed a priori, is

proposed to alleviate the σ8 tension. Although the theory can be recast into a particular case of

the general model presented in Chapter 2 as we will see, in Sec. 3.1 the details regarding the

motivation for the nonminimal coupling to matter are presented, stemming from conformal trans-

formations. This possibility had already been briefly mentioned in Sec. 2.1.1. The background
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and perturbations are then analysed in Secs. 3.2 and 3.3, together with the analysis on the σ8

parameter. The nonlinear matter perturbations and the spherical collapse are then studied in the

last section, Sec. 3.4.

3.1 Nonminimal couplings and conformal transformations

One common approach to introduce a nonminimal coupling in the matter sector is by

assuming that matter experiences a different metric, say g̃, than the one according to which φ

propagates, g. These two different metrics can be related through a Weyl scaling stemming from

a conformal transformation (see Section 7.6.2 of Ref. [128]). Specifically, given a Riemannian

space (M,g), consisting of a smooth manifold M endowed with a metric g, a conformal

tranformation ζ is a diffeomorphism

M ζ−−−−→ M (3.1.1)

xµ 7−−−−→ x̃µ = ζ(xµ)

such that ζ∗g = Ω2(xµ) g; that is, a change of coordinates that leaves the metric invariant up

to a conformal factor Ω2. Note that the trivial case Ω = 1 simply represents an isometry. In

scalar-tensor theories of gravity (see section 3.2 of Ref. [33]) the conformal factor is mediated by

a scalar field φ naturally present in the theory, i.e. Ω(xµ) = Ω[φ(xµ)]. It is then common to evoke

a given theory S [g, φ, ψ] (where ψ portray the matter fields) in one of two physically meaningful

representations, or as it customary to say, two different frames, which portray the same underlying

theory but with distinct interpretations for gravitational phenomena. One spacetime, say, (M,g),

is known as the Einstein frame if the scalar degree of freedom is minimally coupled to gravity,

Lg = Lg(g), but nonminimally coupled to matter, Lm = Lm(g, φ, ψ). In the other frame,

(M, g̃), with g̃ = Ω2g, dubbed the Jordan frame, φ is minimally coupled to matter, Lm =

Lm(g, ψ), and nonminimally coupled to gravity, Lg = Lg(g, φ). This nonminimal coupling to

gravity, in the so-called Jordan frame, can be interpreted as a varying gravitational constant, and

was introduced in 1961 by Carl H. Brans and Robert H. Dicke (known as Brans-Dicke theory)

[129] as an effort to integrate Mach’s principle within GR. We refer the reader to Ref. [130] to

see the details on scalar-tensor cosmology. One may then write the action for a given theory in

a given frame, and map it to another one simply by means of a Weyl scaling, g 7→ g̃ = Ω2g.

A discusion regarding the equivalence of both frames, and some concepts within them, can be
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found in, for example, Refs. [131, 132].

Let us then write the following total action in the Einstein frame:

S =

∫
ωg

(
R

2κ2
− 1

2
gµν∂µφ∂νφ− V

)
+ Sm [g̃µν , ψ] . (3.1.2)

In this framework the matter fields propagate in geodesics laid out by the metric g̃µν , associated

to gµν through a general Weyl scaling

g̃µν = Ω(φ)2gµν . (3.1.3)

The reader is referred to section 2.1 of Ref. [133] for the mathematical apparatus of conformal

transformations. In essence, the propagation of the matter fields is affected by the dynamics of φ,

as Sm depends on φ through Eq. (3.1.3).

Varying the action Eq. (3.1.2) with respect to gµν yields the following field equations:

Rµν +
1

2
gµνR = κ2 T (eff)

µν , (3.1.4)

where the effective energy-momentum tensor is defined as

T (eff)
µν = T (φ)

µν + T (m)
µν , (3.1.5)

with

T (φ)
µν = ∂µφ∂νφ− gµν

(
gαβ∂αφ∂βφ+ V

)
, (3.1.6)

T (m)
µν = − 2√

|g|
δSm
δgµν

. (3.1.7)

The contracted Bianchi identities give the following conservation relations for the stress-

energy tensors (see Chapter 2 of Ref. [133] or Appendix D of Ref. [6]):

∇µT
(φ)µ

ν = −T (m)∇ν (ln Ω) , (3.1.8)

∇µT
(m)µ

ν = T (m)∇ν (ln Ω) , (3.1.9)

where T (m) is the trace of matter’s energy-momentum tensor. Since the conformal factor is
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mediated by φ, as defined in Eq. (3.1.3), i.e. Ω = Ω(φ), we may write instead:

∇µT
(φ)µ

ν = −Ω,φ

Ω
T (m)∇νφ , (3.1.10)

∇µT
(m)µ

ν =
Ω,φ

Ω
T (m)∇νφ , (3.1.11)

where Ω,φ = ∂Ω/∂φ. Note that while the total energy-momentum tensor is conserved, each

invividual species is not. There is a flow of energy between matter and the scalar field mediated

by the conformal factor Ω(φ). This is germane to the fact that we have considered the action

in Eq. (3.1.2) in the Einstein frame, where the scalar degree of freedom is uncoupled to gravity

but nonminimally coupled to matter. For obvious reasons, this specific form of interactions, as

defined in Eqs. (3.1.10) and (3.1.11), are referred to as conformal couplings.

In this current work, we will focus on the case where Ω = e−κβφ, with β being a constant

governing the strenght of the interaction between the two components. Therefore, Eqs. (3.1.10)

and (3.1.11) can be expressed as,

∇µT
(φ)µ

ν = −∇µT
(m)µ

ν = κβ T (m)∇νφ . (3.1.12)

Rewriting the action Eq. (3.1.2) in the Jordan frame, through the transformation gµν 7→ e−κβφgµν ,

would result in a gravitational Lagrangian nonminimally coupled to φ as R→ e−κβφR (see sec-

tion 8.4 of Ref. [16]). This particular form of the coupling can be found, for example, in string

theory as a low-energy matter coupling of the dilaton field [134, 135], although in the original

formulation, the exponential term is universally coupled to the entire matter sector in the action.

Note that the theory described by the action Eq. (3.1.2), with the transformation gµν 7→ Ω(φ)2gµν ,

resulting in the fluid relations Eq. (3.1.12), is a specific case of the model described in the last

chapter, Eq. (2.1.1), with f(φ,X) = Ω(φ) = e−κβφ.

Finally, note that the coupling to the matter species in Eq. (3.1.2) needs not to be universal to

all the components [136]. Different fluids may experience different metrics:

S =

∫
ωg

(
R

2κ
− 1

2
gµν∂µφ∂νφ− V

)
+
∑
i

Si
[
g̃iµν , ψi

]
, (3.1.13)

thus resulting on different conservation relations for each species; different Ωi are associated

with each species, where Ω = 1 denotes the absence of a coupling.

As mentioned in the last chapter, as couplings to standard model fields are tightly constrained,
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for example by Solar System observations, it is common to assume that only the DM component

couples to the scalar degree of freedom. Thus, in this chapter, we rely on such an assumption.

Additionally we also consider noninteracting radiation and baryons. Thus, the cosmology of

the present coupled quintessence model upon which this section is based, is determined by the

following set of equations:

1

κ2
Gµν = T (φ)

µν + T (c)
µν + T (b)

µν + T (r)
µν , (3.1.14)

∇µT
(φ)µ

ν = −κβ ρc∇νφ , (3.1.15)

∇µT
(c)µ
ν = κβ ρc∇νφ , (3.1.16)

∇µT
(b)µ
ν = 0 , (3.1.17)

∇µT
(r)µ

ν = 0 , (3.1.18)

where the stress tensors are defined according to Eq. (2.4.1), with wc = wb = 0, wr = 1/3

and Eq. (2.3.7) for wφ. Note that the scalar potential V (φ) is left unspecified as it will be

automatically determined by an assumption explained in the following section.

3.2 Background

Under a flat cosmology, described by Eq. (2.2.2), the system of equations Eqs. (3.1.14)-

(3.1.18), render the background to follow

φ̈+ 3Hφ̇+ V,φ = κβρc , (3.2.1)

ρ̇c + 3Hρc = −κβφ̇ρc , (3.2.2)

ρ̇b + 3Hρb = 0 , (3.2.3)

ρ̇r + 4Hρr = 0 , (3.2.4)

with the Friedmann equation

3

κ2
H2 = ρφ + ρc + ρb + ρr . (3.2.5)

We can immediately integrate Eq. (3.2.2), yielding the following evolution equation for the
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energy density of dark matter:

ρc = ρ∗ca
−3e−κβφ , (3.2.6)

where ρ∗c is an integration constant.

At this point, several studies in the literature [38, 94] follow to fix a specific form for the

potential V and numerically solve the equations. Here, instead of fixing V , we assume a

particular relation, which a posteriori determines V . The assumption is that the background

expansion follows a ΛCDM evolution

H2 = H2
s , (3.2.7)

where H2 is the Hubble rate for the coupled quintessence model, given by Eq.(3.2.5), and H2
s is

the standard Hubble rate, defined in the context of the ΛCDM model, with uncoupled cold dark

matter and a cosmological constant,

H2
s =

κ2

3
(ρΛ + ρcdm + ρb + ρr) , (3.2.8)

with ρcdm = ρ0
cdma

−3, being ρ0
cdm = ρcdm(a = 1) the present energy density of CDM. Through

this assumption, the background predictions become indistinguishable from the standard model

ones; supernovae type Ia distances will remain unaltered as the luminosity distance depends only

on the Hubble rate. Similarly, for baryonic acoustic oscillations, the observables are given in

terms of H(z) only [137]. When compared against observational data, most of the proposed

quintessence models in the literature are constrained to be extremely close to ΛCDM. Therefore,

we are interrested in studying if, by fixing the background to exactly follow the dynamics of

ΛCDM, distinctive deviations arise at the perturbation level. Note that we only assume that the

Hubble rates coincide, which doesn’t necessarily amount to the same evolution for the individual

species. A similar behaviour at the background level was also proposed in Ref. [138], however

in a different fashion: by considering an interaction depending on the velocities of DM and DE

the authors are able to hide the effect of the coupling at large scales, and only at small scales

does the interaction manifest itself.

Through Eq. (3.2.7), we are able to find the underlying form of V that assures the validity of

H = Hs, Eq. (3.2.7):

V =
1

2
φ̇2 + ρΛ , (3.2.9)
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and the energy densities for the dark components can be written, respectively, as:

ρφ = ρΛ + φ̇2 , (3.2.10)

ρc = ρcdm − φ̇2 . (3.2.11)

Note that the assumption Eq. (3.2.7) completely fixes the potential through Eq. (3.2.9), resulting

on a single free parameter for the theory, the coupling β, and none associated to the potential

(such as, for example λ in the model presented in Sec. 2.2). Taking the derivative with respect to

φ of Eq. (3.2.9) and substituting in Eq. (3.2.1) we find the background equation of motion for

the scalar field which renders the background to follow a ΛCDM evolution,

2φ̈+ φ̇ (3H + κβφ̇)− κβρcdm = 0 . (3.2.12)

We can write Eq. (3.2.12) in terms of derivatives with respect to the number of e-folds N = ln a,

i.e. φ′ := ∂φ/∂N = φ̇/H , such that

2φ′′ + φ′
(

3 + 2
H ′

H
+ κβφ′

)
− 3

κ
β Ωcdm = 0 , (3.2.13)

where
H ′

H
= −1

2
(3 + Ωr − 3 ΩΛ) . (3.2.14)

Note that in the absence of interaction, β = 0, Eq. (3.2.7) turns into ρφ = ρΛ, thus we recover

a pure ΛCDM evolution for every species. Curiously, from Eqs. (3.2.10) and (3.2.11) we observe

that when the coupling is switched on, β 6= 0, the energy density of dark matter can only be

smaller than its ΛCDM counterpart, with the opposite holding for dark energy. Eq. (3.2.10) tells

us that for a certain value of β, at a given redshift z, the energy density of the field will exceed

that of Λ by φ̇2(z), with the opposite holding to DM, according to Eq. (3.2.13). Kindly note

that since Eq. (3.2.13) is symmetric under the reflection (β, φ̇) 7→ (−β,−φ̇), we will choose to

conduct our analysis considering only the case β > 0.

We follow to numerically solve Eq. (3.2.13), which here completely determines the back-

ground evolution. We start the simulations in a radiation dominated epoch, at zi ≈ 106, and

assume that initially the relative energy density of each species equals their ΛCDM counterpart,

i.e. φ̇i = φi = 0. The cosmological parameters are fixed by the Planck bestfit values [139].

The energy densities for the species are shown on the top panel of Fig. 3.1, for ΛCDM (β = 0),

41



100101102103104105106

−50

−45

−40

−35

−30

−25

lo
g
ρ

[G
ev

4 ]

ρr

ρφ β = 0

ρφ β = 0.03

ρφ β = 0.04

ρm β = 0

ρm β = 0.03

ρm β = 0.04

100101102103104105106

1 + z

−7.5
−5.0
−2.5

0.0

∆
ρ
c/
ρ
cd
m

[%
]

β = 0

β = 0.03

β = 0.04

Figure 3.1: Top panel: evolution of the energy densities, ρ, for different values of the coupling
(see legend), along redshift, in regard to the model presented in Sec.3.2. Bottom panel: deviation
on the energy density of dark matter relative to the uncoupled case (β = 0), i.e. ∆ρc = ρc−ρcdm.

β = 0.03 and β = 0.04. Note that the behaviour of ρφ also encodes the dynamics of the potential

V , and φ̇2, since these are both linear functions of φ̇2 (see Eqs.(3.2.9) and (3.2.10)). From our

choice of initial conditions we find that βφ̇ > 0, which implies that the flow of energy always

happens from dark matter into the quintessence field φ, throughout the cosmic history. This

is concordant with the fact that, as mentioned earlier, the energy share of dark matter (dark

energy) today is lower (higher), than in standard ΛCDM. Particularly, the value of the energy

density of dark matter today is, using Eq. (3.2.11), ρ0
c = ρ0

cdm − φ̇2
0, where, using Eq. (3.2.6),

φ̇0 = ρ0
cdm(1 − e−κβφ0). This trend is depicted on the bottom panel of Fig. 3.1, where the

relative difference ∆ρc = ρc − ρcdm is plotted for different values of β. For a coupling strength

of β = 0.03, the density of DM today is approximately 5% smaller than in the ΛCDM case.

Naturally, as the dark matter species is granting energy to dark energy, the matter-radiation

equality will happen latter in the cosmic history. However, this effect if negligible for the chosen

values of β, since at this epoch the differences from ΛCDM are consistently less than 0.3%. On

the other hand, the epoch at which dark energy starts to dominate happens manifestly earlier.

This can be observed in Fig. 3.2, where the relative energy densities (cosmic abundances) are
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Figure 3.2: Evolution of the relative energy densities (cosmic abundances), Ω, for different
values of the coupling (see legend), along redshift, in regard to the model presented in Sec.3.2.

depicted for each species and different values of β. The matter-dark energy transition happens

around 317 Myr and 562 Myr earlier, for β = 0.03 and β = 0.04, respectively, in contrast with

standard ΛCDM. Note that the evolution of cosmic time is left unchanged in the present model,

since the Hubble rate is the same as in the standard model of cosmology, i.e. t =
∫
da/aH .

Thus, the age of the Universe is left unaltered by varying β.

The dynamics of the equation of state parameter for the field, wφ, is depicted in Fig. 3.3.

The behaviour of wφ at early and late times can easily be understood through the balance of

two terms: φ̇2 and ρΛ. Note that by taking the time derivative of Eq. (3.2.7) one finds that the

pressure of the quintessence field is also constant, pφ = pΛ = −ρΛ. Now, using Eq. (3.2.10), the

equation of state can be written as

wφ =
pφ
ρφ

= − ρΛ

ρΛ + φ̇2
. (3.2.15)

At early times φ̇2 � ρΛ (see Fig. 3.1 remembering that ρφ = ρΛ + φ̇2), thus Eq. (3.2.15) gives

wφ ≈ 0 in this regime. On the other hand, for φ̇2 � ρΛ, at late times, we have wφ ≈ −1.

However, the dynamics of φ strongly depends on the choice of the coupling β. Hence, the epoch

at which each term starts to dominate is strongly influenced by β. For larger values of β, the time

taken by φ to depart from wφ ≈ 0 is prolonged since φ̇ takes higher values with increasing β.

This is depicted in Fig. 3.3. One special feature of this model is that the rate at which the universe
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Figure 3.3: Evolution of the equation of state parameters, weff and wφ, along redshift, for
different coupling values (see legend), in regard to the model presented in Sec.3.2.

accelerates is always the same as in ΛCDM, independently of when DE starts to dominate. As

already been mentioned, pφ = pΛ. Now, as stated in the last chapter, the deceleration parameter

is related to the effective equation of state weff , which does not change in the current model since,

from Eqs. (3.2.10), (3.2.11) and the derivative of Eq. (3.2.7),

weff =

∑
i pi∑
i ρi

=
pφ + pr

ρφ + ρc + ρb + ρr
=

pΛ + pr

ρΛ + φ̇2 + ρcdm − φ̇2 + ρb + ρr
= wΛCDM

eff . (3.2.16)

The behaviour of weff is also depicted in red in Fig. (3.3), and since there are no novelties (apart

from its invariance with β) in contrast with ΛCDM we do not focus on a detailed interpretation.

During radiation domination it follows the trend of weff ≈ wr = 1/3, for the matter dominated

epoch weff ≈ wm = 0, and weff ≈ wΛ = −1 at late times.

3.3 Perturbations and the σ8 tension

For the background study, we have assumed our Universe to be described by the homogeneous

and isotropic FLRW line element. However, we know that the Universe must be described by a

far more complex picture. In this section, we study the linear matter perturbations for this model

in the longitudinal gauge, also called Newtonian gauge, (see section 8 of Ref. [140]). We will

additionally dive into the study of formation of structure processes. Thus, our main focus is the
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behaviour of matter (dark matter + baryons) perturbations at late times (after matter-radiation

equality) and small scales (this will be quantified along this section). Therefore we will neglect

radiation fluids and other baryonic effects.

We begin by considering scalar perturbations along FLRW in the Newtonian gauge (also

called longitudinal gauge) with line element given by,

ds2 = −(1 + 2Ψ)dt2 + a(t)2(1− 2Φ)δijdx
idxj , (3.3.1)

where Ψ and Φ are the standard Bardeen potentials [141]. We also define the dimensionless

density contrast for the i-th species,

δi =
δρi
ρ̄i

. (3.3.2)

Analogous to the metric, the matter content is perturbed by expanding the variables as the

sum of background plus a small perturbation:

φ(~x, t) = φi(t) + δφ(~x, t) , (3.3.3)

ρi(~x, t) = ρi(t) + δρi(~x, t) , (3.3.4)

pi(~x, t) = pi(t) + δpi(~x, t) . (3.3.5)

We may compute the components of the energy-momentum tensors of the species through

Eq. (2.4.1) at first order,

δT (i)µ
ν = (δρi + δpi)u

(i)µu(i)
ν + δpiδ

µ
ν + (ρi + pi)

(
δu(i)µu(i)

ν + u(i)µδu(i)
ν

)
, (3.3.6)

where δu(i)
µ is the perturbation of the four velocity vector of the i-species, i.e. u(i)

µ = a(−1, v(i)
j),

with vj being the peculiar velocity (spacial perturbation). where j denotes runs the spacial com-

ponents only.

It is useful to work in Fourier space, where we expand the fluctuations as a sum of plain

waves, i.e. δφ(~x, τ)→ ei
~k·~xδφk(τ), and therefore∇2δφ(~x, τ)→ −ei~k·~xk2δφk(τ). In this setting,

the linearised Einstein equations are:
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k2

a2
Φ + 3H

(
Φ̇ +HΨ

)
= −4πG

∑
i

δρi , (3.3.7)

k2
(

Φ̇ +HΨ
)

= 4πGa
∑
i

ρi(1 + wi)θi , (3.3.8)

Φ̈ +H
(

Ψ̇ + 3Φ̇
)

+ Ψ
(

3H2 + 2Ḣ
)

+
k2

3a2
(Φ−Ψ) = 4πG

∑
i

δpi , (3.3.9)

Φ = Ψ . (3.3.10)

The first equation (3.3.7) gives the energy constraint, δG0
0 = 8πGδT 0

0 , where the field perturba-

tions are written as

δρφ = φ̇ ˙δφ−Ψφ̇2 + Vφδφ , (3.3.11)

δpφ = φ̇ ˙δφ−Ψφ̇2 − Vφδφ . (3.3.12)

Equation (3.3.8), computed from∇ ·∑i δG
0
i = 8πG∇ ·∑i T

0
i , gives the momentum constraint,

where we have defined the velocity divergence θ = ∇iv
i. The trace of the spacial components

(pressure perturbations),
∑

i δG
i
i = 8πG

∑
i T

i
i , yields Eq. (3.3.9). Finally, the shear propagation,∑

i,j δG
i
j = 8πG

∑
i,j δT

i
j (i 6= j), is described by Eq. (3.3.10), and since we have assumed

all the species to be described as perfect fluids at the linear level, there is no generation of

anisotropic stress, δT ij = 0 (i 6= j).

The evolution equations of the dark matter density contrast, δc, and velocity divergence, θc,

can be found through the first order time and spacial component of Eq. (3.1.16), respectively,

and read:

δ̇c − 3Φ̇ +
θc
a

+ κβ ˙δφ = 0 , (3.3.13)

θ̇c + θc

(
H − κβφ̇

)
+
k2

a

(
κβ ˙δφ−Ψ

)
= 0 . (3.3.14)

The first order equation of motion for the quintessence field can be found by the ν = 0 compo-

nents of Eq. (3.1.15),

δφ̈+ 3Hδφ̇+ Vφφδφ+
k2

a2
δφ+ 2ΨVφ − φ̇

(
Ψ̇ + 3Φ̇

)
− κβρc (2Ψ + δc) = 0 . (3.3.15)

We can now derive Eq. (3.3.13), using Eqs. (3.3.10) and (3.3.14), and obtain a second order
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equation for the dark matter perturbations,

δ̈c − 3Φ̈ +
k2

a2
Φ− κβk

2

a2
δφ+ κβδ̈φ+

(
δ̇c − 3Φ̇ + κβ ˙δφ

)(
2H − κβφ̇

)
= 0 . (3.3.16)

As mentioned above, our aim is to study the influence of the coupling on the evolution of

matter perturbations (CDM + baryons) and on formation of structure processes. Thus we are

interested in the perturbations that are deep inside the Hubble horizon, (k/a)2 � H2, but that

are nevertheless still large enough such that the linear regime is valid. This is called the small

scale limit or the Newtonian limit [93]. Through the second Einstein equation, Eq. (3.3.8), we

note that on such a limit, we may neglect the term
(

Φ̇ +HΨ
)

, since it goes with the inverse of

k2. Therefore, inserting this relation Eq. (3.3.7) we get,

k2

a2
Φ ≈ −4πG

k2

∑
i

ρiδi . (3.3.17)

Accordingly, the Newtonian limit amounts to neglecting Φ and its derivatives. In addition, we

average out rapid oscillations of δφ (by setting δφ̈ ≈ δφ̇ ≈ 0) [96, 142], and finally we assume

that the potential V may be neglected, since it only affects late times, when the Universe starts to

accelerate [96]. Note that with these assumptions, the dark energy perturbations fully decouple

from the evolution of the dark matter components, and the Klein-Gordon Eq. (3.3.15) gives the

relation,
k2

a2
δφ ≈ κβρcδc . (3.3.18)

Finally, using Eqs. (3.3.17), (3.3.18) in Eq. (3.3.16), we find that the dark matter fluctuations in

the small scale limit, evolve as [143],

δ̈c + δ̇c

(
2H − κβφ̇

)
− κ2

2
ρcδc

(
1 + 2β2

)
− κ2

2
ρbδb = 0 . (3.3.19)

Note that Eq. (3.3.19) has an additional friction term proportional to κβφ̇ and the source term is

modified by the emergence of an effective gravitational constant Geff/G = 1 + 2β2. This latter

effect expresses the nature of a fifth force arising, mediated by the scalar degree of freedom

[144, 145]. We can write the effective potential felt by the dark matter particles, following the

modified Poisson equation,

∇2Φeff ≈ 4πGρcδc
(
1 + 2β2

)
. (3.3.20)
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This expresses the fact that the dark matter particles feel a stronger gravitational force, as

Geff > G, (this is always true for conformal couplings of the form Ω = e−βφ).

Let us emphasise that the process of deriving Eq. (3.3.19) is a standard known procedure

which can easily be found in the literature [93, 96, 144, 146]. In this present model, the evolution

of matter perturbations with a non-interacting dark matter component, setting β = 0 (which

implies φ̇ = 0), exactly mimics the linear evolution of matter fluctuations on small scales for

ΛCDM. This is a special feature of this model due to the fixing of the background, Eq. (3.2.7).

In the Newtonian limit, baryons evolve following

δ̈b + 2Hδ̇b −
κ2

2
ρcδc −

κ2

2
ρbδb = 0 . (3.3.21)

Equations (3.3.19) and (3.3.21) can be rewritten using derivatives with respect to N = ln a, as

δ′′c + δ′c

(
2 +

H ′

H
− κβφ′

)
− 3

2
δcΩc

(
1 + 2β2

)
− 3

2
Ωbδb = 0 , (3.3.22)

δ′′b + δ′b

(
2 +

H ′

H

)
− 3

2
δcΩc −

3

2
Ωbδb = 0 (3.3.23)

We follow to numerically evolve Eqs. (3.3.22) and (3.3.23), together with the background

equation of motion for the quintessence field, Eq. (3.2.13). Since we want to present the results

regarding the total matter perturbations, we define the quantity,

δm =
ρcδc + ρbδb
ρc + ρb

, (3.3.24)

and present the results accordingly.

The initial conditions for the density contrast are taken well within the validity of the linear

regime, δ(ti) < 10−3 [144]. The evolution of the total matter (CDM + baryons) density contrast

for different values of the coupling is depicted in Fig. 3.4. We note that the perturbations are

suppressed for higher values of β. This can be understood through two competing effects.

As mentioned before, stronger couplings lead to an enhanced scalar force on the dark matter

particles, (Geff = (1 + 2β2)G > G), and thus one would expect a higher level of clustering

(larger δm values). On the other hand, we have seen from the background analysis, that in order

to mimic a ΛCDM background, the amount of matter must decrease at late times. This latter

effect leads to a smaller source term (the prefactor of δc) in Eq. (3.3.22), since at high z we have

Ωc(1 + 2β2) < Ωcdm resulting on a slower growth of the matter fluctuations as β increases. It

48



100101102103

0.0

0.5

1.0

1.5

2.0

2.5
δ m

ΛCDM
β = 0.05

β = 0.08

100101102103

1 + z

0.8

1.0

δ c
/δ

cd
m

Figure 3.4: Top: evolution of the total matter (CDM + baryons) density contrast for different
values of the coupling. Bottom: Difference of the dark matter perturbation in comparison with
the uncoupled model (ΛCDM).

should also be noted that there is an additional friction term, −κβφ′ in Eq. (3.3.22), which, as

stated in the background analysis, is always negative (since βφ′ > 0). Thus, large couplings lead

to less friction sourcing the growth. This effect, however, is subdominant in contrast with the

suppression due to the aforementioned decrease of the energy density of matter. This is one of

the main results of this model: the clustering of matter is suppressed by the coupling.

One useful quantity to characterise the growth of matter fluctuations is the growth rate,

f :=
d ln δm
d ln a

=
δ′m
δm

. (3.3.25)

By observing the spatial distribution of galaxies in a cluster one may directly extract useful

cosmological quantities that can be used to probe the growth of matter perturbations, and thus

formation of structure processes. If one plots the distribution of galaxies in redshift space, instead

of a function of their distance, there is an additional effect besides the usual Doppler shift caused
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by the expansion. This effect is known as redshift space distortions (RSD) [147] and is caused

by the peculiar velocities of these galaxies (an additional Doppler shift), that results in making

the image of a cluster appear distorted. One quantity which can be directly extracted by RSD

data is

fσ8(N) = σ8
δ′m(N)

δm(0)
, (3.3.26)

where σ8 := σ8(0) is the present amplitude of the matter power spectrum at the scale of 8h−1Mpc

[8]. Note that since fσ8 is intimately related with the growth rate of matter perturbations, we

expect to obtain smaller values of fσ8 with stronger interactions in the dark sector, for a fixed σ8.

This effect is indeed verified through the curves on Fig. 3.5.

There have been proposals to solve or alleviate the σ8 tension by assuming alternatives to

the standard model, e.g. modified gravity [126, 127]. These models admit distinct evolutions of

the matter perturbations, thus possibly obtaining σ8 values in concordance with observations.

We follow to test how this model behaves when tested against RSD data in the light of the σ8

tension.

We wish to study how the fσ8 parameter behaves, when varying the coupling and σ8, in

terms of agreement with observational data of RSD. To this end we consider a set of 27 data
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Table 3.1: Best fit values for β and σ8, number of fitted parameters (dof) and respective χ2 and
χ̃2 values.

Model β σ8 dof χ2 χ̃2

ΛCDM 0 0.750± 0.024 1 11.4413 0.4400

Coupled quintessence 0.079+0.059
−0.067 0.818+0.115

−0.088 2 11.0946 0.4438

points [148–164] which can be found in Table II of Ref. [163] and are plotted in Fig. 3.5. A

likelihood analysis is then performed, by letting β and σ8 as free parameters. We compute the

likelihood,

L = A exp
(
−χ2/2

)
, (3.3.27)

where A is a normalization constant and the chi squared, χ2, is given by

χ2 = (di − ti)T C−1
ij (dj − tj) , (3.3.28)

ti, ti and Cij being the vector of data points, theory and the covariance matrix. It is also useful to

compute the reduced chi squared, χ̃2, which takes into account the number of free parameters,

χ̃2 = χ2/dof, where the number of degrees of freedom equals the number of data points minus

the number of fitted parameters, i.e. dof = Nd −Nf .

The best fit values are summarised in Tab. 3.1 and in Fig. 3.6 the contour regions on the

two parameter space are shown, together with the respective marginalised curves. The value

σ8 = 0.75 ± 0.024 found for ΛCDM (with σ8 as the only free parameter) is known to be in

tension with the Planck 2015 measurements [139], σ0
8 = 0.82± 0.014. However, for the coupled

quintessence model, we find a best fit of 0.818+0.115
−0.088 with β = 0.079+0.059

−0.067. This value for σ8

is well within the Planck 1σ constraints, and therefore alleviates this tension. The best fit for

the coupling actually proposes a slower growth for the perturbations, which curiously does

not include ΛCDM (β = 0) within the 1σ error. With these best-fit values for β, the present

value of total matter is constrained as Ωm = Ωc + Ωb = 0.237+0.069
−0.081. The coupled quintessence

model gives a slightly better value for the chi squared test in comparison with the standard

model. However, if we take into account the fact that coupled quintessence introduces one more

parameter than ΛCDM - the coupling β - the value of χ̃2 slightly favours ΛCDM.

It should be noted that our best fit value found for β, is close to the likelihood peak observed

in Ref. [165] for β = 0.066± 0.018, through an analysis combining data from the Planck CMB
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Figure 3.6: Constraints on β and σ8: 1σ and 2σ regions and respective marginalised curves for
the coupled quintessence model. A dot denotes the best fit value on the two parameter space.

and the Hubble Space Telescope computation of H0. However, in Ref. [165] the background

was not chosen to mimic a ΛCDM evolution. For a concrete comparison one should analyse the

CMB data anew.

Through weak lensing, it is possible to put bounds on a particular combination of the σ8 and

Ω0
m parameters. These have been constrained in Ref. [167] in the KiDS-450 survey. A bound of

S8 := σ8

√
Ω0
m/0.3 = 0.745± 0.039 was found, in 2.3σ tension with CMB experiments. This

result was attained by propagating the observations in redshift bins from z = 0.1 to z = 0.9 to

present time, assuming a ΛCDM cosmology. We may rescale this value to the current model by
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Figure 3.7: Error bars corresponding to the generated mock data regarding the future SKA (blue)
and Euclid (red) missions [166]. The curves presented are the same as in Fig. 3.5.

proceeding as follows. The value of S8 at a given redshift z̄ in KiDS is,

S8(s)(z̄) = σ8 gs(z̄)

√
Ωm(s)(z̄)

0.3
(3.3.29)

= S8(s)gs(z̄)

√
Ωm(s)(z̄)

Ω0
m(s)

, (3.3.30)

where an s subscript denotes ΛCDM quantities, S8(s) is the KiDS’ value and gs is the standard

growth function, g = δm/δm(0). Through S8(z̄) we can now find a rough estimate on the KiDS

prediction for coupled quintessence as,

S8 = S8(s)
gs(z̄)

g(z̄)

√
Ωm(s)(z̄)

Ωm(z̄)

√
Ω0
m

Ω0
m(s)

. (3.3.31)

Taking the average value of z̄ = 0.5, we find S8 ≈ 0.72 ± 0.038. Regarding σ8 for our model,

σ8 = S8(s)
gs(z̄)

g(z̄)

√
Ωm(s)(z̄)

Ωm(z̄)

√
0.3

Ω0
m(s)

, (3.3.32)

we obtain a value of σ8 ≈ 0.81± 0.02. This value is in good agreement with the value obtained

above from RSD data, and also with the Planck constraint σ8 = 0.82 ± 0.014 [139]. This
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present in Fig. 3.6, and the two small ellipses show the 1σ and 2σ regions expected from the
points of Fig. 3.7.

confirms that coupled quintessence grants a clustering rate in full agreement with observations.

On the other hand, recent data from the first year of the Dark Energy Survey (DES) has alleviated

the tension with Planck [168]. Through a combined analysis of galaxy clustering and weak

gravitational lensing, covering an area of 1321 deg2 on the first year, DES found the value of

S8 = 0.783+0.021
−0.025 assuming a ΛCDM cosmology. This is within the 1σ region of Planck, and thus

alleviates the tension in comparison with the KiDS-450 data (lensing only). Considering this

DES value for S8, we find for our model, using Eqs. (3.3.31) and (3.3.32), S8 ≈ 0.757± 0.020

and σ8 ≈ 0.85 ± 0.02. This is outside the 1σ region of the Planck value, and does not agree

with our σ8 value obtained from the RSD data above. Therefore, our best fit model is slightly

disfavoured if we consider instead the DES data.

Future missions, in particular SKA1 and Euclid2 are expected to measure fσ8 with a much

higher level of precision [166] in contrast with current observations. In order to shed some light

1https://www.skatelescope.org
2https://sci.esa.int/web/euclid
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on the performance of these surveys, we generate mock data around the fiducial value β = 0.08

corresponding to the best fit for the coupled model. These are shown in Fig. 3.7. With this data,

we carried out a similar statistical analysis, for which the results are presented in Fig. 3.8. The

1σ errors for σ8 and β are estimated as ± 1.5 × 10−3 and ± 1.8 × 10−3, respectively. We can

observe that the two ellipsis, corresponding to 1σ and 2σ regions, are much smaller than the

present constraints by RSD data. This suggests that we will have significantly better constraints

for fσ8 and also other parameters of interacting dark energy models.

3.4 Spherical collapse and number counts

As we saw in the last section, the linear evolution of matter perturbations is of great impor-

tance in cosmology, since it can provide direct observables, such as the growth rate and the σ8

parameter, which can be directly linked to observational data. However, certain phenomena

can only be captured by diving into the nonlinear regime (see Sec. 8 of Ref. [169]). Such is

the case of formation of structure processes. Apart from N-body simulations [170–173], the

spherical collapse model [169, 174–176] has been shown to be a useful semianalytic method

to track the dynamics of the overdensities in the initial stages of their nonlinear regime. By

considering models which deviate from the standard ΛCDM, significant modifications on the

dynamics governing the nonlinear evolution might emerge. Here, the spherical collapse of matter

fluctuations and the number of bound objects formed within a certain mass range at a given

redshift [177] are investigated. We will focus on how the interaction in the dark sector may

influence these processes.

Spherical collapse in dynamical dark energy models has already been extensively studied

throughout the literature [178–181]. The analysis of the standard minimally coupled quintessence

scenario was conducted in Ref. [182], where the impact of assuming different types of scalar

field potentials on the spherical collapse parameters was analysed. The presence of scalar

perturbations on the collapse was also carefully analysed, assuming that dark energy clusters

alongside with matter. In Ref. [183] it was shown that collapse in models with a coupling within

the dark sector can leave imprints on the cluster number density. A meticulous examination of the

collapse for different dark energy models was carried out in Ref. [184]. The authors have found

that departures from ΛCDM may occur, and that these effects can be enhanced by assuming

inhomogeneities in the dark energy component. The analysis of a time varying dark energy-dark

matter coupling was explored in Ref. [172]. The specific form of the interaction naturally has
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an impact on the background dynamics. Resorting to N-body simulations, it was found that the

formation of cosmic structures and the nonlinear demeanour of matter perturbations are therefore

strongly dependent on the background evolution. Here, we explore the spherical collapse for the

coupled quintessence model presented in the previous section, in which the background Hubble

expansion follows a ΛCDM evolution.

Before we start, it should be mentioned that in order to simplify the analysis and the numerical

calculations, baryons will be neglected. At this level it is fair to assume that baryons evolve as

dust. Thus, the main effect of considering a baryonic component is to add an uncoupled species

of matter, thus diluting the overall impact of the coupling. That is, the reference value for the

parameters may change slightly, but in general the main conclusions remain unaltered.

Let us consider a CDM density perturbation, δ = δρc/ρc � 1. At first, this perturbation

will grow along with its own expanding background at a slower rate, since it counteracts the

expansion due to its own self gravity. When the size of this perturbation reaches the order of

unity the linear regime is broken and the evolution starts to be dominated by the nonlinear terms.

At some point, when the region has assembled a significant amount of mass, the perturbation

collapses on its own gravity to form a bound system. Thus, in order to have a grasp on the

mechanisms driving formation of structures we need to dive into the nonlinear regime [96, 185].

Considering that the overdense region has a radius r, it first grows in size with the Hubble

expansion, and only later, depending on the scale, does it departs from the background expansion

and collapses, i.e. r → 0 as δ → ∞. The spherical collapse model [169, 174, 186] is an

approach to trace the evolution of the matter flucuations on the primary phases of their nonlinear

regime. It focuses on the evolution of a certain overdense spherical and nonrotating region

with radius r(t). Birkhoff’s theorem [187] guarantees that the evolution of this “bubble” radius,

depends solely on its enclosed mass. Therefore, we can model this region as a subuniverse with

total mass ρc + δρc and “scale factor” r,

(
ṙ

r

)2

=
κ2

3

∑
i

(ρi + δρi)−
K

r2
, (3.4.1)

where the sum runs over all the i-th species. The presence of a curvature term simply manifests

that the spherical patch is positively curved as its density is larger than its critical (background)

one due to the existence of the overdensity δρc [144]. Note that the background quantity ρc
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evolves according to the standard Friedmann equation,

(
ȧ

a

)2

=
κ2

3

∑
i

ρi . (3.4.2)

The main assumption of the spherical collapse model is that δ follows a top hat (or step)

function [16], where δ = δρc/ρc inside the spherical region, and δ = 0 outside. Assuming that

initially the scale factors r and a are equal, i.e. rin = ain, and that the mass of the background

CDM particles is the same as that on the spherical overdense region, we may write [144]

1 + δ = (1 + δin)
(a
r

)3

, (3.4.3)

where δin = δ(zin) is the initial density contrast for the CDM component. From Eq. (3.4.3)

it becomes clear that the divergence of the density contrast, δ → ∞, happens as the region

collapses, r → 0.

In Ref. [144] the second order equation for the evolution of perturbations in coupled

quintessence, in the small scale regime, were derived from the full set of nonlinear hydro-

dynamical equations (see also Refs. [178, 188]), and reads,

δ̈ + δ̇
(

2H − κβφ̇
)
− κ2

2
ρc δ (1 + δ)

(
1 + 2β2

)
− 4

3

δ̇2

1 + δ
= 0 . (3.4.4)

Note that by linearising Eq. (3.4.4) we recover the first order equation (3.3.19) (without the

baryons source term). The deviations from standard ΛCDM are the same as mentioned in the

last section for the linear case: an extra fifth force term and an additional contribution to the

frictional term which weakens the overall damping effect. The balance of these two effects has a

direct impact on the growth rate of the matter perturbations [39, 93]. Recall that in this work, the

background is fixed in order to reproduce ΛCDM. Hence, we may reformulate Eq. (3.4.4), using

Eq. (3.2.11),

δ̈ + δ̇
(

2H − κβφ̇
)
− κ2

2

(
ρcdm − φ̇2

)
δ (1 + δ)

(
1 + 2β2

)
− 4

3

δ̇2

1 + δ
= 0 , (3.4.5)

which can be written in terms of derivatives with respect to N as

δ′′ + δ′
(

2 +
H ′

H
− κβφ′

)
− 3

2

(
Ωcdm −

κ2

3
φ′2
)
δ (1 + δ)

(
1 + 2β2

)
− 4

3

δ′2

1 + δ
= 0 , (3.4.6)
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where H ′/H becomes,
H ′

H
= −1

2
(3 + Ωr − 3 ΩΛ) . (3.4.7)

We follow to numerically evolve Eqs. (3.4.6), along with the background Eq. (3.2.13), and

explore how the dynamical behaviour of the spherical collapse is influenced by the coupling

parameter β.

The collapse of the matter density contrast

The numerical simulations start deep inside the radiation dominaton era, at Nin = −14

(zin ≈ 106). Regarding the initial conditions for the density contrast, we take δ̇in = 0 and

δin < 10−3, well within the validity of the linear regime at early times [144]. We fix the

parameters using the latest Planck 2018 values [8], Ω0
cdm = 0.311, Ω0

rh
2 = 4.1 × 10−4 and

ΩΛ = 1− Ωc − Ωr. As previously discussed, for symmetry reasons, we consider scenarios with

β > 0 only.

As mentioned in the previous section, in order to mimic the same background as ΛCDM, with

increasing β, the amount of CDM is always lower or equal to the one of DE, which consequently

leads to a slower growth of the linear matter fluctuations. This effect can be observed in Fig. 3.9

(gray lines).

The black curves in Fig. 3.9 depict the evolution of the nonlinear density contrast of matter

for different coupling values. As the perturbation grows with the expansion, it eventually departs

from the linear regime, and the nonlinear terms starts to rule the evolution. When a sufficient

amount of density contrast is gathered within the spherical region, the collapse occurs, that is

δ →∞. As the growth of the matter fluctuation is suppressed for higher values of the coupling

β, the perturbation takes longer to assemble the critical amount of matter for the collapse to

happen. Therefore, as we observe in Fig. 3.9, the collapse befalls latter for larger values of β.

One quantity that is very useful to characterise the spherical collapse is the critical density

contrast. It is defined as the value of the linear density contrast δL when its nonlinear coun-

terpart diverges, i.e. when δNL → ∞. Running the simulations until δNL diverges, we can

extract the redshift value at the collapse, zc, as well as the corresponding linear density contrast

δc := δL(z = zc). We can then obtain the collapse at different redshifts by varying the initial

condition δin, therefore obtaining different values for zc and δc. The results for δc vs zc are

presented in Fig. 3.10, where the uncoupled case (β = 0) is plotted in solid (red) as a reference.

As antecipated, we observe that increasing the value of the coupling leads to higher values of δc.
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Figure 3.9: Linear (gray), δL, and nonlinear (black), δNL, CDM density contrast versus redshift.
Solutions of Eqs. (3.2.13) and (3.4.6) for β = 0 (solid), β = 0.05 (dashed) and β = 0.08 (dotted)
with δin = 9× 10−4.

This can be explianed by the fact that, a slower growth rate should require a greater value of the

density contrast in order for the collapse to take place. An opposite effect was found in Ref. [67]

in the context of disformal couplings [62, 189].

Press-Schechter formula

The linear density contrast at the collapse is of paramount importance in characterizing

formation of structure processes. The reason is that it enters directly in the Press-Schechter

formula [190], widely used to calculate the number density of collapsed objects over a volume,

in a given mass range, and at a specific time in the cosmic history. This formula stands upon

the assumption that the matter density field follows a Gaussian distribution [191]. To be more

precise, the prediction for the comoving number density of collapsed objects with mass between

M and M + dM is [191–193]

dn

dM
= −

√
2

π

ρ̃c(z)

M

δc(z)

σ(z,M)

d lnσ(z,M)

dM
exp

[
− δc(z)2

2σ(z,M)2

]
, (3.4.8)
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Figure 3.10: Linear density contrast at collapse, δc, versus redshift of the collapse, zc, for β = 0
(solid), β = 0.05 (dashed) and β = 0.08 (dotted).

with ρ̃c := a3ρc being the comoving matter density [177, 192], and σ(z,M) the variance

corresponding to the rms density fluctuation in a sphere of radius R, enclosing a mass M . This

variance can be expressed in terms of the growth factor g(z) := δ(z)/δ(0), at the fixed scale of

R = R8 = 8h−1Mpc [184], as

σ(z,M) = σ(0,M8)

(
M

M8

)−γ/3
g(z) , (3.4.9)

where M8 = 6× 1014Ωch
−1M� is the mass within the sphere (of radius R8), where M� denotes

the solar mass, and, following the notation of Ref. [184],

γ = (0.3Γ + 0.2)

[
2.92 +

1

3
log

(
M

M8

)]
, (3.4.10)

with Γ = Ωch [67] and σ8 := σ(0,M8) = 0.811 [8]. It is possible to convert the number density

Eq. (3.4.8) into an effective number of objects with masses within Minf < M < Msup per

redshift and square degree,

N :=
dN

dz
=

∫
1deg2

dΩ
dV

dz dΩ

∫ Msup

Minf

dn

dM
dM , (3.4.11)
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functions, with β = 0 (solid), β = 0.05 (dashed) and β = 0.08 (dotted).

where
dV

dz dΩ
=
c r(z)2

H(z)
=

c

H(z)

[∫ z

0

c

H(x)
dx

]2

(3.4.12)

is the comoving volume element and r(z) the comoving distance. A novel feature of this model,

is that the comoving volume element, Eq. (3.4.12), does not depend on the value of the coupling

β, in contrast with standard dynamical dark energy models [67, 184, 192, 194]. This is ascribed

to the fact that Eq. (3.4.12) solely depends on the redshift evolution of H , which is in general

dependent on the coupling, but not in this case, as it has been tailored to mimic a ΛCDM

evolution.

At this point, the main goal is to investigate how the number of dark matter halos formed

is influenced by the dark interaction, quantified by β. To do so, we consider masses within the

galaxy cluster range, i.e. 1014 h−1M� < M < 1016 h−1M� [184]. The results for the comoving

number counts of DM halos for β = 0, β = 0.05 and β = 0.08 are shown on the left panel of

Fig. 3.11. Increasing β has the effect of suppressing (enhancing) the number counts at low (high)

redshifts. This can be explained as the balance of two effects. On one hand, since the ΛCDM

model has higher values of δc/σ, compared to the coupled models, the mass function Eq. (3.4.8)

will take smaller values through the exponential term. On the other hand, the background matter

energy density ρ̃c is also higher for ΛCDM (recall that the density of matter today decreases with

increasing β), which results on an increase of the mass function. This latter effect is dominant
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Figure 3.12: Press-Schechter mass function, Eq. (3.4.8), for M = 1014 h−1M� with β = 0
(solid), β = 0.05 (dashed) and β = 0.08 (dotted).

at lower redshifts, whereas the first dominates at high z, causing the crossover between the

curves for the expected number of clusters N that can be seen in Fig. 3.12. A similar demeanor

was attained in Ref. [184], however due to a completely different cause: the suppression of the

Press-Schechter function at later times is induced by deviations in the volume element (which

here remains invariant) when varying the equation of state parameter for the dark energy fluid.

Another useful quantity is the integrated number of objects in the full sky up to redshift z.

This can be computed by integration of Eq. (3.11), that is,

N =

∫
1deg2

dΩ

∫ Msup

Minf

∫ z

0

dn

dM

dV

dz̄ dΩ
dMdz̄ . (3.4.13)

The results are presented in Fig. 3.13. We notice that the interaction with β = 0.05 leads to larger

integrated number of dark matter halos at higher redshifts. At the same time, for larger values of

β the suppression of the mass function at low z is considerably more pronounced, ultimately

causing the total number of halos to remain below ΛCDM even for higher redshifts.

Throughout this analysis we have assumed all parameters, aside from the coupling β, to be

fixed, since our aim was to focus solely on the role of the interaction on the cosmological matters
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addressed. However, we have verified that, for example, by allowing σ8 to vary, a degeneracy

between the free parameters arises. With increasing (decreasing) σ8 the expected number count

significantly increases (decreases). This effect can be indeed very sensitive to variations in σ8.

We illustrate this trend in Fig. 3.14. Ultimately, one should constrain the β and σ8 parameters

simultaneously, and in general we expect these to be correlated. In Ref. [183] an interacting dark

energy-dark matter model was considered. The analysis is first conducted for a fixed σ8 = 0.8

and, further on, the authors show that it is possible to tune the σ8 parameter such that all models

yield the same number density of halos at z = 0 (in such case, different models may acquire

different values of σ8).

Sheth-Tormen mass function

The pioneering model put forward by Press and Schechter is very advantageous in capturing

a general picture of the number of bound objects in the Universe. Nonetheless, from N-body

simulations, the PS formalism is known [195] to predict a higher abundance of dark matter
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halos at low z and a lower abundance at high redshifts. Sheth and Tormen [196] formulated

a modification of the PS formalism, assuming an ellipsoidal model for the collapse of the

density contrast region, resulting in a modified mass function which is in better agreement with

simulations [197]. In this subsection, the results for the number of dark matter halos from the PS

analysis are compared with the ones obtained using the Sheth-Tormen mass function.

The Sheth-Tormen (ST) mass function can be written as

dn

dM
= −A

√
2a

π

ρ̃c(z)

M

[
1 +

(
σ(z,M)2

δc(z)2

)p]
δc(z)

σ(z,M)

d lnσ(z,M)

dM
exp

[
− aδc(z)2

2σ(z,M)2

]
,

(3.4.14)

with a and p being parameters fitted by numerical simulations and A a normalization constant.

For details we refer the reader to Refs. [195, 196]. Following Refs. [195, 198], we adopt

the values (a, p, A) = (0.707, 0.3, 0.322), well in agreement with numerical simulations. The

standard Press-Schechter mass function is recovered for the choice (a, p, A) = (1, 0, 1/2).

The comoving number count of dark matter halos for the Sheth-Tormen mass functions, for

for different values of the coupling, is displayed on the right panel of Fig. 3.11. The influence
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of the coupling follows the same trend as in the PS formalism, however, more pronounced: for

example, the suppression of the number counts at low z can be prolonged up to higher redshifts.

This fact is already known [195]; the ST mass function suppresses (enhances) the number of

objects at low (high) redshifts when compared to the PS formalism. This effect can be better

identified in Fig. 3.15 where we show the number difference between the PS and the ST number

prediction. The discrepancy between the two mass functions peaks at around z ∼ 1 with a

difference reaching ∼ 2× 105 clusters (for ΛCDM).

Although the ST formalism seems to be in better agreement with numerical simulations of

the distribution of halos when compared to the standard PS, N-body simulations have been able

to find improved fitting mass functions [199] for a wide plethora of cosmologies. It is important

to notice however, that for the scope of this work either the PS or the ST functions attend our

purposes.
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3.5 Observing N with eROSITA and the SPT

In this section we shed some light on the predicted number of cluster-sized objects for two

different surveys and comment on the possibility to distinguish between theoretical models.

Notice that prior studies have implemented a similar analysis for different theoretical models,

such as disformally coupled [67], thawing [195] and freezing [198] models of dark energy.

The 10 meter South Pole Telescope [200], stationed in Antarctica, is conducting a survey of

galaxy clusters on the southern hemisphere sky. Currently, it is operating with its third-generation

camera, SPT-3G, however, here the focus is on the estimate with regard to its first survey SPT-SZ

[201]. This mission covered an area of 2500 deg2 (corresponding to a fraction of the sky of

fsky ≈ 0.06) throught the Sunyaev-Zel’dovich (SZ) Effect [202], from 2007 until 2011. The

details regarding the observational strategy can be found in Ref. [203] and the criteria used for

cluster selection, determination of redshift and other characteristics of the survey can be found

in Ref. [201]. Cosmological constraints from the SPT-SZ survey were conducted in Ref. [204],

considering a sample of clusters at z > 0.25. Our aim here is to estimate the effect of the

coupling parameter on the number of observed galaxy clusters, i.e. on N .

According to the SPT-SZ survey criteria [204], the detection significance parameter ξ can be

used as an estimate for the cluster mass. Specifically, the cluster mass is calculated using the

unbiased significance ζ, related to ξ through ζ =
√
〈ξ〉2 − 3. The mass scaling relation can be

parametrised as

ζ = A

(
M

3× 1014M�h−1

)B (
E(z)

E(0.6)

)C
, (3.5.1)

with E(z) = H(z)/H(0). The parameters A, B and C are ultimately fitted by the data. Here, we

employ the values (A,B,C) = (3.531, 1.661, 0.733) (SPT+Planck+WP+BAO [204]). Imposing

the selection criteria employed in the SPT-SZ survey of ξ > 5, we follow to numerically solve

Eq.(3.4.11) with the integration being performed from the lower boundMinf = max[Ml, 1014M�],

where Ml is the mass limit obtained by solving Eq. (3.5.1) for M . Recall that, as the SPT only

covers a limiting fraction of the sky, the result has to be multiplied by this fraction, i.e. fsky = 0.06,

to only capture the objects within that region. The integration is performed with the upper bound

of Msup = 1016M� as no structures are expected to form with larger masses. Nonetheless, we

have verified that increasing this upper bound does not affect the results.

The estimated number of galaxy clusters for the SPT-SZ survey as a function of redshift is

reported on the left panel of Fig. 3.16, using the Press-Schechter mass function, for ΛCDM and
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Figure 3.16: Estimate on the number of galaxy clusters for the SPT SZ survey (left) and expected
number of clusters along redshift for the eROSITA (right), for β = 0 (solid), β = 0.05 (dashed)
and β = 0.08 (dotted).

different values of the coupling. The values obtained for ΛCDM are of the same order as the

ones predicted by Refs. [204, 205]. The number of detected galaxy clusters is expected to peak

at z ≈ 0.4 with N ≈ 800. This number however is slightly suppressed for nonzero couplings.

This explicitly shows how an interaction between the dark species leaves an evident imprint in

the spectrum of N .

It is also fruitful to analyse whether the differences for the coupled models to the standard

ΛCDM remain within the sensitivity range in which the survey will be able to discriminate.

This difference is depicted on the left panel of Fig. 3.17. There is a clear discrepancy on the

number counts predicted by ΛCDM and interacting models. This difference peaks at around

z ≈ 0.3, with ∆N ≈ 150 for β = 0.08 and ∆N ≈ 60 for β = 0.05. These values lie above the

estimated SPT uncertainty ∆N ≈ 50 [206, 207]. Therefore, in principle it would be possible to

discriminate between ΛCDM and coupled quintessence models with the SPT-SZ survey. Note

however that this holds only if one assumes all the remaining cosmological parameters to be

fixed. As mentioned before, the values of N strongly rely on the value of σ8, as seen in Fig.3.14.

The last survey addressed here is the X-ray telescope eROSITA, launched on the 13th of July,

2019. It covers a much wider fraction of the sky, fsky = 0.485 when compared with the SPT. The

limiting mass that eROSITA will be able to detect can be inferred by its limiting energy flux.

In the band [0.5, 2.0] KeV this is flim = 3.3× 10−14 erg s−1 cm−2. To convert these values to

a mass limit, in order to perform the integration of the expected number counts, we follow the

method of Refs. [208, 209]. Particularly, the relation between bolometric X-ray luminosity and
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Figure 3.17: Difference on the expected number of galaxy clusters from ΛCDM, for the SPT
(left) and eROSITA (right) surveys, for β = 0.05 (dashed) and β = 0.08 (dotted).

mass is

L(M, z) = 3.087× 1044

[
M E(z)

1015h−1M�

]1.554

h−2 . (3.5.2)

Analogously to the SPT case, we are then able to find the limiting mass by solving Eq. (3.5.2) for

M , with the luminosity function given by L = 4πd2
Lflimcb. The parameter cb is a band correction

needed to convert a bolometric luminosity into the eROSITA energy band [209, 210]. In this

work we consider the value cb ≈ 1.5. This value was verified to yield values for the limiting

mass versus redshift in concordance with previous studies [210].

The results for the expected halo number counts are reported on the right panel of Fig. 3.16

and the differences on the halo counts relative to the standard ΛCDM are shown on the right

panel of Fig. 3.17. Clearly, eROSITA is expected to measure a much higher number of clusters

than the South Pole Telescope, peaking at around z ≈ 0.28, with the differences relative to

ΛCDM, at this redshift, being ∆N ≈ 47 000 and ∆N ≈ 110 000 for β = 0.05 and β = 0.08,

respectively. As for the SPT, these values are well over the expected eROSITA sensitivity of

∆N ≈ 500 [198, 211], suggesting the possibility to distinguish between models with eROSITA.

It is important to notice that the numbers computed for N with β = 0 (ΛCDM) are, as expected,

consistent with previous studies in the literature [67, 208].

As a final remark, we should comment on the fact that the forecast analysis applied in this

section was conducted using the PS mass function. We have nonetheless numerically verified that

the ellipsoidal collapse model of Sheth-Tormen yields equivalent conclusions for the spherical

model, with the values for ∆N being remarkably close to the ones reported for PS in Fig. 3.17.
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Chapter 4

The σ8 tension in the light of Q-gravity

These disquisitions reminded him of the answer he once got from a little boy whom he met coming

home from school. Nekhludoff asked him if he had learned his spelling.

“I have”, answered the boy.

“Well, then, tell me, how do you spell ‘leg’?“

“A dog’s leg, or what kind of leg?”

From Ressurection,

by Leo Tolstoy

This chapter is based on Ref. [212].

Up to this point, this thesis has only been concerned with models of modified gravity in the

context of dark energy, through the inclusion of an extra scalar degree of freedom, in the form

of a scalar field in the matter sector. In this section, however, we present a modified gravity

model, or, more precisely, an alternative gravity model (this will be clarified further ahead),

on a flat space, encompassing the standard ΛCDM species. In this framework, gravitational

phenomena are not ascribed to curvature, but to another geometrical property of the spacetime

instead: nonmetricity. This model will be presented - as the title suggests - in the context of the

σ8 tension, previously addressed in Sec. 3.3. But let’s not get ahead of ourselves. What exactly

is nonmetricity? And what does the Q in this chapter’s title stands for?

Let S [g, φ,∇φ] be an action over a smooth manifoldM, where g is a metric and φ denotes

the matter fields. This connection specifies a way of joining nearby tangent spaces, say at TpM
and Tp+εM, thus allowing the parallel transport of vectors to be defined. Locally, its action on a

contravariant tensor is

∇µV
ν = ∂µV

ν + Γν µαV
α , (4.0.1)
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with Γν µα being the connection coefficients, which fully determine the connection and express

how the basis for TpM changes along nearby points ∈M. The covariant nature of∇ is encoded

in the commutation relation

[
∇µ,∇ν

]
V α = Rα

βµνV
β − T βµν∇βV

α , (4.0.2)

where

Rα
βµν := 2∂[µΓαν]β + 2Γα[µ|λ|Γ

λ
ν]β , (4.0.3)

T βµν := 2Γβ [µν] , (4.0.4)

are the curvature and torsion which, unlike Γ, are tensors. Notice that, by introducing a con-

nection, we naturally endowM with two geometrical objects - curvature and torsion - which

characterise the affine structure of the manifold. The geometrical meaning of such objects can

be understood as follows. Take a vector and parallel transport it along a closed loop. When the

vector returns to its initial position, if it is not pointing to where it initially was (it is rotated),

then the manifold is curved (and this rotation is indeed quantified by the Riemann tensor). Now

take two vectors and parallel transport them along each other. If the parallelogram they form

does not close, it means the manifold has torsion. A very clarifying illustration of these effects

can be found in Ref. [213].

Now let us remember that the manifold was endowed with a (pseudo Riemannian) metric g.

The notions of length and angles are intimately connected to this object,

||v||2 = g(v,v) , cosα =
g(v,u)

||v|| ||u|| , (4.0.5)

and its covariant derivative defines a tensor,

Qαµν := ∇αgµν , (4.0.6)

called the nonmetricity, which describes the failure of the connection to be metric compatible.

The objects ∇ and g completely describe the affine structure of M, and their geometrical

properties are encoded into the curvature, torsion and nonmetricity tensors. The geometrical

meaning of Qαµν can be easily understood. Given a vector ~v (ore more precisely, any section of
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the vector bundle), we say that it is parallel transported along a curve γ : R→M, if

tµ∇µv
α = 0 , (4.0.7)

where tµ stands for the components of the unit vector tangent to γ. If we inspect the change of

the vector’s length along this curve, we find,

tµ∇µ||~v||2 = tµ∇µg(~v,~v) = tµ∇µ(gαβv
αvβ)

= 2gαβv
α tµ∇µv

β︸ ︷︷ ︸
=0

+tµvαvβ∇µgαβ

= tµvαvβQµαβ , (4.0.8)

that is, the change of the length of the vector is quantified by the nonmetricity. Thus, Qαµν

measures changes in lengths. In standard GR, the so called metricity condition, Qαµν = 0,

guarantees the invariance of a vector’s length over parallel transport.

Besides the metricity condition, in GR vanishing torsion is also assumed. These two condi-

tions can be relaxed by choosing different connection coefficients onM. This boils down to

assuming different ways of joining nearby fibers, alternative ways of defining the differentiation

of vectors; one for each choice of Γ. There are many distinct ways of defining differentiation on

the manifold, with each choice of ∇, corresponding to different connection coefficients, Γν µα

(encoding how the vector basis change at different points ofM), that, together with the metric g,

fully characterise the affine structure ofM.

The most general connection can be decomposed into the elements [214] (see Appendix B)

Γλ µν = Γ̃λ µν +Kλ
µν + Lλ µν , (4.0.9)

where

Γ̃λ µν =
1

2
gλα (∂µgαν + ∂νgαµ − ∂αgµν) (4.0.10)

are the familiar Levi-Civita coefficients,

Kλ
µν =

1

2
gλα (Tαµν + Tναµ + Tµαν) (4.0.11)
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is known as the contorsion and

Lλ µν =
1

2
gλα (Qαµν −Qναµ −Qµαν) (4.0.12)

is the disformation. Note that the latter two objects stem from torsion and nonmetricity, re-

spectively. The contorsion tensor is antisymmetric with respect to the first and last indices,

Kλµν = −Kνµλ, whereas the disformation is symmetric on the last two indices, Lλµν = Lλνµ.

The universal character of the equivalence principle led Einstein to formulate a geometric

theory of gravity, general relativity. GR stands upon the presumption that gravity is ascribed

solely to the curvature of spacetime (through the invariant R), assuming vanishing torsion and

nonmetricty (thus setting Γ = Γ̃), with this being the widely accepted interpretation of gravity.

Nonetheless, it has been shown [213] that different methods for geometrising gravity may lead to

the same elemental theory. By considering different connection coefficients, it is possible to write

actions based on invariants constructed from either nonmetricity or torsion, that, nonetheless,

reproduce the same standard GR cosmology, on a flat spacetime (Rα
βµν = 0), and with the same

two degrees of freedom of the massless graviton. This has been dubbed the Geometrical Trinity

of Gravity [213]. Even though the dynamics of each theory is exactly the same, these different

formulations yield completely distinct and rich interpretations for the source of gravitational

phenomena.

Since the nonmetricity tensor has three indices, any invariant object constructed from it needs

to be, at least, of quadratic order [215],

Q := −1

4
QαµνQ

αµν +
1

2
QαµνQ

µνα +
1

4
QµQ

µ − 1

2
QµQ̃

µ , (4.0.13)

where

Qµ := Qµ
α
α and Q̃µ := Qα

µα , (4.0.14)

are the two independent traces of Qαµν . The coefficients multiplying each term in Eq. (4.0.13)

are chosen such that the action S =
∫
ωgQ/16πG leads back to the same dynamics of GR.

This model is known as Symmetric Teleparallel Equivalent of GR [213]. This section deals

with modified f(Q) gravity [216–218], also known as Symmetric Teleparallel Gravity (STG)

[219–223]. Note however, that this framework has already been proposed in previous works,

together with applications to cosmology [224]. In Ref. [225], the authors have introduced a

coupling betwen the non-metricity scalar Q and the matter sector, thus breaking the covariant
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conservation of the energy-momentum tensor, and have also analysed the dynamical behaviour of

scenarios with specific coupling functions (see also Ref. [226]). Models assuming the existence

of a scalar field nonminimally coupled to nonmetricity, called the scalar-nonmetricity theories

of gravity, were proposed in Refs. [227, 228]. There, the authors have explored the similarities

of these theories with scalar-torsion and scalar-curvature models. An equivalence between the

solutions of F (Q) and the metric teleparallel F (T ) models on a flat Friedmann cosmology

was also found. The authors also explored conformal transformations under this setting (see

also Ref. [229]). The propagation of tensor modes in Symmetric Teleparallel Gravity has been

studied in Refs. [230–233], focusing on the possible new parity-violating signatures [234, 235].

The modified Newtonian limit in F (Q) gravity in the light of dark matter phenomenology was

investigated in Refs. [236, 237].

4.1 Model

Let us consider the following action minimally coupled to gravity,

S =

∫
ωg

[
− 1

16πG
F (Q) + Lm(φ,∇φ)

]
, (4.1.1)

where Lm stand for the matter fields’ Lagrangian density. The field equations and geometrical

interpretation on this flat and torsion-free setting were thoroughly explored in Ref. [213]. Consid-

ering an homogeneous and isotropic FLRW line element, given by Eq. (2.2.2), the nonmetricity

invariant, Eq. (4.0.13), becomes simply Q = 6H2. The field equations arising from Eq. (2.1.1),

considering a pressureless matter component and a cosmological constant Λ (Λ+CDM), are

[215]:

2FQH
2 − 1

6
F =

8πG

3
ρm +

Λ

3
, (4.1.2)(

12H2FQQ + FQ
)
Ḣ = −4πGρm , (4.1.3)

where ρm and Λ denote the energy density of matter and the cosmological constant, respectively,

and we use the notation FQ := ∂F/∂Q.

We follow an approach similar to the one in Sec. 3, by focusing on the specific cases of

F (Q) cosmology in which the background is constructed so as to mimic the ΛCDM dynamics

in general relativity. At perturbative level, as it will be seen, deviations arise. The main aim, is to
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see if this linear deviations can provide a way to alleviate the σ8 tension.

Through the field equations, Eq. (4.1.2), we note that a ΛCDM evolution is attained by setting

the left hand side of Eq. (4.1.2) equal to H2, which gives the solution [217]:

F (Q) = Q+M
√
Q+ C , (4.1.4)

with M and C being constants with dimensions of mass and mass2, respectively. This choice

holds the familiar Friedmann equation

H2 =
8πG

3
ρm +

Λ

3
+
C

6
, (4.1.5)

and the matter fields are then set to follow,

ρ̇m + 3Hρm = 0 . (4.1.6)

For details we refer the reader to Ref. [217]. Kindly note that C behaves as a cosmological

constant. Hence, Λ can be entirely introduced in the gravitational Lagrangian by setting C = 2Λ

in Eq. (4.1.4) (on such case Lm = Lcdm), or in the matter Lagrangian, fixing in this case C = 0

and Lm = Lcdm + 2Λ.

Equation (4.1.4) is interesting since it introduces a free parameter M without having any

influence whatsoever on the background evolution. On the other hand, at the perturbative level,

this will lead to different predictions for the growth of fluctuations, that can be used to constrain

the model against observational data, as we will shown.

The evolution of the first order matter overdensities, denoted simply by δ, in the small scales

limit, were derived in Ref. [217], and can be written as,

δ̈ + 2Hδ̇ − 4πG

FQ
ρm δ = 0 . (4.1.7)

Notice that, in Eq. (4.1.7), the only difference from standard GR is a running gravitational

constant, Geff/G = 1/FQ, sourced by the nonmetricity (here mediated by M ). Equation (4.1.7)

reduces to pure GR by setting M = 0 in Eq. (4.1.4). Notice that since we are interested in the

behaviour of matter fluctuations at small scales and late times, radiation may be neglected. It

should be mentioned that, in models of Teleparallel gravity, the equation governing the growth

of matter fluctuations, has exactly the same form as Eq. (4.1.7), with FQ → FT .
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Figure 4.1: Top panel: derivative of the density contrast, δ′, for M = −2 (dotted), ΛCDM
(solid) and M = 1 (dashed). M values are in H0 units. Bottom: Deviations on the effective
gravitational constant with respect to ΛCDM, for the same values of the coupling.

Rewriting Eq. (4.1.7) in terms of derivatives with respect to the number of e-folds N = ln a,

and with F (Q) as given by Eq. (4.1.4), we obtain

δ′′ + δ′
(

2 +
H ′

H

)
− 3

√
6H

2
√

6H +M
Ωmδ = 0 . (4.1.8)

Although the background of this model remains unaltered by varying M , the matter perturbations

are suppressed for M > 0 and enhanced for M < 0, depending on the corrective force term

in Eq. (4.1.8). This trend is depicted in Fig. 4.1. We note that the deviations on the matter

overdensities become clear at latter times, when H becomes of the order of M , and the effective

gravitational constant deviates from its GR counterpart. It is useful to express M in units of H0,

and hereafter we will always present our results accordingly.
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4.2 Analysis and results

In this section, the numerical evolution of the matter perturbations, Eq. (4.1.8), is performed,

together with a likelihood analysis considering RSD data, akin to the study conducted in Chapter

3.3. To do so, we adopt a set consisting of 22 data points, referenced in Table I of Ref. [238].1

In Ref. [26], the authors built a robust subsample of 18 independent data points, dubbed ’Gold-

2017’ growth dataset, from a total dataset of 34 data points for fσ8. The validity of this dataset –

with four new data points added – was analysed through a Bayesian model comparison and by

performing cross-checks to confirm its sensitivity [238]. It was concluded that the data points

presented in Table I of Ref. [238] are indeed internally robust. Accordingly, we resort to the

observational values for fσ8, which have already been exploited in other studies [239, 240]. The

data points and respective redshifts z are presented in Fig. 4.2.

Since we wish to compare F (Q) predictions against the standard ΛCDM, we follow to fix the

relevant parameters to the latest Planck 2018 bestfit results [8]. We consider three case studies.

First, the scenario where both M and σ8 are free parameters. Secondly, M = 0, as it by doing so,

the theory is reduced to pure ΛCDM, both at the background and linear levels. The third case,

1Note that the data points used in this section are different than the ones used in the coupled quintessence model
of 3.3. This because, at the time that Ref. [124] was being performed, the work in Ref. [238] had not yet been
published and we were not aware of the results of Ref. [26].
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M2 = 8Λ, can be understood by assuming that the Lagrangian for the gravitational sector F (Q)

admits an expansion of the form,

F (Q) =

(√
Q+

M

2

)2

= Q+M
√
Q+

M2

4
, (4.2.1)

where, as we can see, the cosmological constant was shifted into the gravity sector – absorbed

into F (Q) –, and we identify M2 = 8Λ. The Friedmann equation derived from Eq. (4.2.1) is,

H2 =
8πG

3
ρm +

M2

24
, (4.2.2)

where the relation between the cosmological constant and the mass scale M can be fully

appreciated, and is equivalent to fixing C = M2/4 in Eq. (4.1.5). Thus, we haveM2 = 24H2
0 Ω0

Λ,

which, in terms of the latest Planck 2018 [8] values, yields M = 4.0544. Hence, we can write

the third case as,

F (Q) = Q+
√

8ΛQ+ 2Λ , (4.2.3)

where only the background is set to follow a ΛCDM evolution and not the perturbations, as

M 6= 0.

In Refs. [26, 238], the observations of the data points are conducted assuming a fiducial

cosmological model (different values of Ω0
m) in order to estimate the distances to the sources.

The values for Ω0
m are listed in the fourth column of Table I in Ref. [238]. Accordingly, following

the procedure described in Ref. [241], we apply a correction to the theoretical values of fσ8,

through the ratio,

r(N) =
HobsDobs

A

HthDth
A

, (4.2.4)

between the fiducial cosmology adopted in the observations and the theoretical values we are

testing. Here, DA is the angular diameter distance, i.e.

DA =
1

1 + z

∫ z

0

1

H(z′)
dz′ . (4.2.5)

A likelihood analysis is then performed, allowing M and σ8 to be free parameters. The

likelihood is calculated through Eq. (3.3.27), with the chi squared test, Eq. (3.3.28) corrected

according to the ratio in Eq. (4.2.4),

χ2 = [di − r(Ni) ti]
T C−1

ij [dj − r(Nj) tj] . (4.2.6)
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Table 4.1: Best fit values for M (in units of H0) and σ8, number of fitted parameters (Nfp) and
respective χ2 and AICc values.

Model M σ8 χ2 χ̃2 ∆AICc

ΛCDM 0 0.7535± 0.0280 13.1227 0.6249 0.5951

F (Q) = Q+M
√
Q 2.0331+3.8212

−1.9596 0.8326+0.1386
−0.0630 11.9960 0.5998 1.9003

F (Q) = Q+
√

8ΛQ+ 2Λ 4.0544 0.8987± 0.0332 12.5276 0.5966 0

Through the computation of the χ2 and the reduced χ̃2 we obtain a basic estimate of how

much a model is preferred by the data. Nonetheless, there exist more rigorous criteria available

for comparing models. A widely used test in the literature, the Akaike Information Criterion

(AIC) [242], takes into account the number of fitted parameters, Nfp, [239, 240],

AIC = −2 ln (Lmax) + 2Nfp , (4.2.7)

where Lmax is the maximum of the likelihood function, given by Eq. (3.3.27). In the presence of

a small sample size, the AIC can be corrected as

AICc = AIC + 2
Nfp (Nfp + 1)

Nd −Nfp − 1
. (4.2.8)

Note that the correction, i.e. the last term in the equation above, becomes superfluous as

Nd → ∞. Clearly, the model with smaller AICc is favoured. However, we will focus on the

deviations ∆AICc = AICc−AICmin
c from the model with a minimum value for AICc. Models

with ∆AICc ≤ 2, 4 ≤ ∆AICc ≤ 7 and ∆AICc ≥ 10 are said to have substantial support,

considerably less support and essentially no support, respectively [243]. Thus, in addition to the

χ2 and χ̃2 conditions, the AICc test will also be used for model selection.

In Table. 4.1, the best fit values are listed along with the respective statistical uncertainties.

The evolution of fσ8 for the best fit parameters for each model is depicted in Fig. 4.3. The value

of σ8 = 0.7535± 0.0280, found for ΛCDM, suggests a lower clustering level in contrast with the

latest Planck 2018 value σ8 = 0.811± 0.006 [8]. This tension is illustrated in the first panel of

Fig. 4.4 where the Planck likelihood (approximated as a Gaussian) has been included for reference

(in red). Note that none of the statistical tests suggest ΛCDM as the preferred model. On the

other hand, the introduction of one additional parameter, M , i.e. taking F (Q) = Q + M
√
Q,

yields a best fit of M = 2.0331+3.8212
−1.9596 6= 0, which curiously does not include ΛCDM (M = 0)
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√
Q. A circle denotes the best fit value. The vertical

lines denote the reference models: ΛCDM (solid) with a square marker on the best fit and for
M2 = 8Λ (dashed) with a triangle marker on the best fit.

at 1σ level, and σ8 = 0.8326+0.1386
−0.0630. Hence, it can be stated that RSD data favours a slower

growth (as M > 0) of the matter perturbations for F (Q) gravity, in comparison with standard

ΛCDM. Note that the Planck 2018 best fit is well within the 1σ region of the marginalised values

for σ8 (see last panel of Fig. 4.4). This suggests that it is possible to solve this tension within

this alternate gravity framework. However, this σ8 value has a relatively larger uncertainty in

comparison with the other two models, due to its degeneracy with M . This is the price to pay

for adding one more parameter. With this extra free parameter, the χ2 test favours this model.

On the other hand, this is not concordant with the weighted chi squared and the AICc test. The

Lagrangian F (Q) = Q+
√

8ΛQ+ 2Λ shows a best fit of σ8 = 0.8987± 0.0332. This value is

also in tension with Planck observations, although in the opposite side, comparing with ΛCDM.

Curiously, both the χ2 and AICc tests favour this model, F (Q) = Q+
√

8ΛQ+ 2Λ, with only

one fitted parameter. The contour regions and respective marginalised curves are presented in
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Figure 4.4: Likelihood for σ8 (curves) and respective 1σ interval (shaded region), for the models
(dashed lines) labelled on top of each panel. Planck reference in solid red lines.

Fig. 4.3 for F (Q) = Q+M
√
Q, together with the best fit values for the two reference models:

ΛCDM (solid red vertical line) and F (Q) = Q +
√

8ΛQ + 2Λ (dashed red vertical line). It is

possible to identify a positive correlation between M and σ8, which can be easily explained. As

mentioned earlier, increasing values of M result in a slower growth of the overdensities, and

thus a larger value for σ8 is required to compensate the dynamics of fσ8 and better fit the data.

Nevertheless, it is important to note that the values for the AICc test are all relatively close to

each other, therefore there is no strong evidence for a preferred model.

By combining multiple observations, it should be possible to set further constraints on Q-

gravity at smaller scales. Such studies have already been done in the context of Teleparallel

gravity with appealing results. Interesting possibilities include observations of deformations in

black hole shadows [244], and low-z experimental data on weak gravitational fields through

weak lensing effects [245].
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Chapter 5

Exotic fluids in gravitation: 3-form

Wormholes

Not how the world is, is the mystical, but that it is.

From Tractatus Logico-Philosophicus,

by Ludwig Wittgenstein

This chapter is based on Ref. [246].

In Chapters 2 and 3 we have considered models which regard the exotic source of the theory

as a scalar field. Here we will deal with higher order spin fields, in particular three-form fields,

and explore their exotic nature in the realm of gravitation. It is important to emphasize what has

been done thus far in the literature with 3-forms.

Differential three-form fields [247, 248] have already been studied in various contexts and

seem to yield viable solutions to several cosmological scenarios such as the late time accelera-

tion of the Universe [249–251], primordial inflation [252–256], reheating [255], generation of

cosmological magnetic fields [257], among others. The dynamics of self-interacting three-forms

were explored in Refs. [247, 248], where it was shown that a minimally coupled canonical theory

can naturally produce a variety of homogeneous and isotropic background dynamics, including

scaling and phantom crossing. The background dynamics and cosmological perturbations of

self-interacting three-forms were investigated in Ref. [251]. It was also shown that the phase

space of cosmological solutions includes inflating attractors and saddle points useful to describe

three-form driven inflation and dark energy scenarios. Inflationary models in extra dimensional

braneworld scenarios inhabited by a single 3-form, confined to a 4D brane, were studied in
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Ref. [258], by means of dynamical systems techniques. The dynamical study was complemented

by testing the perturbation observables, tensor to scalar ratio and spectral index, against the

Planck data. The study of screening mechanisms with three-forms can be found in Ref. [259].

The authors have considered a single three-form field conformally coupled to the matter sector,

and showed that it is possible to obtain a thin-shell solution where the field interactions are

only short range. Hawking and Turok showed that one can naturally explain the vanishing

cosmological constant problem through the inclusion of a 4-form, constructed from a three-form

field potential [260].

On a four dimensional spacetime, it is known that a 3-form field admits a dual scalar field rep-

resentation [261, 262]. For instance, nonquadratic 3-form self-interactions lead to a noncanonical

kinetic term on the equivalent scalar field representation. Nevertheless, this mapping however is

nontrivial, and for several self-interactions, or the inclusion of any nonminimal coupling, the

dual representation breaks down [251]. However, this is not problematic, and, on the contrary,

suggests that three-form fields can provide new physics through richer cosmological settings,

certainly worth exploring. Note that even in the cases where the dual description exists, it is

often quite complicated to deal with, being much more efficient and intuitive to work in the

form-representative framework.

In this section, we will employ the use of 3-forms to wormhole geometries. Before we

move to the mathematical details, some words with regard to wormholes and their historical

background should be mentioned.

Wormholes [263, 264] are shortcuts joining different regions of the Universe (or different

Universes) and have been a matter of discussion for more than a century. The study of these

(so far) hypothetical objects can be traced back to 1916 [265], when Flamm was examining the

interior solution of the Schwarzschild solution (a few months after Schwarzschild’s seminal

paper [266]). Nearly two decades later, the famous Einstein-Rosen bridge solution was put

forward [267] by Albert Einstein and Nathan Rosen, coining the possibility of the existence of

“bridges” connecting different regions of spacetime. Again, two decades later, John Wheeler

studied the topological structure of spacetime, in particular the multiply-connected spacetime,

and proposed the geon concept [268]. Considering solutions to the interacting Maxwell-Einstein

equations, Wheeler hypothesized the existence of tunnels connecting two separate regions, which

he baptized as geons. In 1957, Misner and Wheeler [269], thoroughly explored the geon concept,

focusing on non-trivial topologies of spacetime, to elaborate models of electrical charges at the
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classical level. This work was among the first studies intimately merging geometrical concepts

of spacetime and physics, and it is believed to be the earliest mention of the term wormhole. The

renaissance of wormhole physics was not until 1988 [263], with the influential work by Michael

Morris and Kip Thorne: “Wormholes in spacetime and their use for interstellar travel: A tool for

teaching General Gelativity”. They discuss the traversability conditions for travelling through

a wormhole by holding its throat open with some sort of exotic matter. Other works regading

wormholes should be mentioned, in particular the “drainhole” traversability concepts proposed

by Ellis in 1973 [270] and, independently, by Bronnikov [271]. Wormholes are valid solutions to

the Einstein field equations. Their existence, however, remains a speculation. For further details

the reader is referenced to Refs. [264, 272]

As we will show, a fundamental ingredient for constructing traversable wormholes is the

violation of the classical energy conditions near the throat [263, 264, 272–275], hinting at the

possibility of the existence of exotic matter (matter that violates the energy conditions), needed

to sustain the wormhole. For example, classical minimally coupled canonical scalar fields are

known to not obey this property [264]. However, by introducing a nonminimal coupling of

the scalar source to curvature [275], the scalar field can violate the energy conditions, and thus

sustain the wormhole. This has also been explored in the context of modified gravity [276]. In

particular, the “ordinary matter fields” threading the wormhole may obey the energy conditions,

with the higher order curvature terms - interpreted as an effective fluid - sustaining the wormhole,

by acting as the exotic source. This has been studied in several modified gravity models such

as in f(R) gravity [277], Weyl gravity [278], modified teleparallel gravity [279], curvature-

matter couplings [280, 281], Einstein-Gauss-Bonnet gravity [282], hybrid metric-Palatini theory

[283, 284], among others. Here we show how this behaviour can de facto be obtained, resorting

to a single 3-form field.

5.1 Wormholes and energy conditions

The line element describing a static and spherically symmetric (non-charged and non-rotating)

wormhole geometry can be written as [272]:

ds2 = −e2Φ(r)dt2 +
dr2

1− b(r)/r + r2
(
dθ2 + sin2 θdφ2

)
. (5.1.1)
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Here, Φ(r) is the redshift function, related to the gravitational redshift. To see this, one may

compute the shift on the wavelength of a signal sent by someone going through the wormhole to

someone outside:
∆λ

λ
= e−Φ − 1 ≈ −Φ . (5.1.2)

Thus, one requires that |Φ| � 1, such that the proper time of the infalling person matches the

one of the observer. Besides that, note that Eq. (5.1.2) diverges as Φ → −∞, expressing the

presence of an event horizon. Therefore, one needs to assume Φ to be finite in the entire domain

of r, in order to avoid the presence of event horizons, hence rendering the wormhole traversable

[277, 285]. Another effect that is characterised by the redshift function is the gravitational

attraction of the wormhole over an observer [272]. One way to check this is by writing the

radial component of the four acceleration, aµ = uν∇νu
µ, of a static observer with four-velocity

uµ = dxµ/dτ = (e−Φ, 0, 0, 0),

ar = Φ′
(

1− b

r

)
, (5.1.3)

where a prime denotes a derivative with respect to the radial coordinate r. This gives the

radial acceleration that an observer needs to maintain in order to remain at rest and not be

“sucked in” (or reppeled) by the wormhole. A wormhole is therefore attractive if Φ′ > 0

and repulsive for Φ′ < 0 [272]. Having said this, in order to be humanely possible to travel

throughout (at least at present times), both Φ and Φ′ need to be small. The b(r) function in

Eq. (5.1.1) is known as the shape function, since it depicts the form of the wormhole, as it will

be shown next . Both the metric functions depend solely on the radial coordinate r. Since the

grr component of the metric in Eq. (5.1.1) triggers a singularity, we require the proper radial

distance, l(r) = ±
∫ r
r0

[1 − b(r)/r]−1/2dr, to be finite in its entire domain [263]. In addition,

we assume a flat spacetime far away from the wormhole, such that b(r)→ 0 and Φ(r)→ 0 as

r →∞, to obtain an appropriate asymptotically flat Minkowski limit.

One very useful method that helps us to visualise curved spacetimes as a 3D picture, is via

embedding diagrams [286]. Here, this will help us not only to visualise the wormhole spacetime,

but also to extract important information regarding the properties of the shape function b(r). To

this end, let us write the metric Eq. (2.2.2) at a fixed time t and sliced at θ = π/2 as,

ds2 =
dr2

1− b
r

+ r2dφ2 , (5.1.4)
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and embed it into a 3D Euclidean space, in cylindrical coordinates (r, φ, z),

ds2 = dz2 + dr2 + r2dφ2 =

[
1 +

(
dz

dr

)2
]
dr2 + r2dφ2 , (5.1.5)

since in Euclidean space the surface has equation z = z(r). Observing Eq. (5.1.4) and Eq. (5.1.5),

we identify the embedding surface (also called lift function) as,

dz = ±
(r
b
− 1
)−1/2

dr , (5.1.6)

where the ± signs represent two different regions of the Universe. Note that the r coordinate in

Eq. (5.1.6) runs from a minimum, corresponding to the throat of the wormhole, at r = b(r) = r0,

where the lift function is vertical, i.e. dz/dr → ∞, to infinity, b(r) 6 r. As one moves away

from the throat, space becomes flat, dz/dr → 0 as r →∞. Now, for the solution to represent a

wormhole, we need the end of the throat to open “outwards”, that is, as it is common use to say,

the throat flares out. This effect is related with the second derivative,

d2r

dz2
> 0 ⇒ b′(r) <

b(r)

r
, (5.1.7)

which, at the throat, implies b′(r0) < 1. These three conditions: b(r) 6 r, b(r0) = r0 and

b′(r) < b(r)/r, are the so called flare out conditions [263, 264, 272–275]. In Fig. 5.1 a picture

of a 2π rotation around the z axis of the surface Eq. (5.1.6), for b = r2
0/r (note that this choice

obeys the flare out conditions) can be found.

We will now see how the flare out conditions, together with the Einstein field equations,

result on the violation of the classical energy conditions. But, what are these so called energy

conditions? The Einstein field equations relate the geometry of spacetime with the distribution

of matter. They do not, however, tell us anything about the global nature of the matter fields per

se. The classical energy conditions [272] are a set of identities which are evoked in order to

sensibly associate the Einstein equations with our physical reality.

The null energy condition (NEC) states that, for every future oriented null vector kµ, the

relation,

Tµνk
µkν > 0 , (5.1.8)

must hold. Considering that the world line of an observer (or family of observers) can be

expressed through a timelike vector V µ, the weak energy condition (WEC) implies both the NEC
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Figure 5.1: Rotation of the surface z(r) given by Eq. (5.1.6) with the choice of the shape function
b = r2

0/r.

and, in addition, that the energy density measured by this observer is always non-negative, i.e.

TµνV
µV ν > 0 . (5.1.9)

The dominant energy condition (DEC) implies both the NEC and WEC and, furthermore, imposes

that the energy density cannot be found to flow superluminal (propagates in a causal way),

F µFµ 6 0 , (5.1.10)

where F µ := −T µν V ν . Finally, the strong energy condition (SEC) implies the NEC and a relation

which takes into account the trace of the energy-momentum tensor, T := gµνT
µν ,

(
Tµν −

1

2
Tgµν

)
V µV ν > 0 . (5.1.11)

Both the weak and strong energy conditions automatically satisfy the null, but the strong does

not, in general, imply the weak (for example the case of a scalar field with a positive potential

can violate the strong and still verify the weak [287]). The implications then read,

DOMINANT → WEAK → NULL ← STRONG. (5.1.12)
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For an energy-momentum tensor with components described as Tµν = diag(ρ, p1, p2, p3) (the

physical interpretation of the components will be made clear ahead), the conditions are sum-

marised in Tab.5.1.

Table 5.1: Energy conditions for a fluid with Tµν = diag(ρ, p1, p2, p3).

DOMINANT (∀j: ρ > |pj|) ∧ WEAK

WEAK (ρ > 0) ∧ NULL

NULL ∀j: ρ+ pj > 0

STRONG (ρ+
∑

j pj > 0) ∧ NULL

Note that, through the Einstein equations, one may find the analogous conditions for the

geometry sector. This is related with conditions on the congruence of curves [287]. For example,

the condition entailing the attractive character of gravity,

RµνV
µV ν > 0 , (5.1.13)

for any timelike vector V µ, with Rµν being the Ricci tensor, is the geometry counterpart of the

SEC, Eq. (5.1.11), since we may write the field equations as

Rµν = 8πG

(
Tµν −

1

2
Tgµν

)
, (5.1.14)

which ensure the focussing of timelike geodesics [272, 287]. The geometrical part of the energy

conditions are an essential tool to understand the intuitive picture of gravitational phenomena and

the Penrose–Hawking singularity theorems. One may have a glimpse of this feature by writing

the Raychaudhuri equation (in the absence of shear and vorticity),

θ̇ = −1

3
θ2 −RµνV

µV ν , (5.1.15)

where θ denotes the expansion. The idea now is that, since for RµνV
µV ν > 0 the expansion

decreases, then two separated observers that only feel gravity will get closer to each other. So,

as was stated through the SEC, or more precisely through Eq. (5.1.13), this condition asserts

the mere fact that gravity is attractive. The reader is referred to Ref. [288] for a review on
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energy conditions, in particular to the Table 1, where all the classical energy conditions are listed,

together with their geometrical and perfect fluid counterparts.

Now let us write the Einstein field equations for GR+matter, with action

S =

∫
ωg

R

16πG
+ Sm [gµν , ψ,∇ψ] , (5.1.16)

assuming the wormhole metric Eq. (5.1.1) and an energy-momentum tensor for the matter sector

described by an anisotropic distribution of matter:

Tµν = (ρ+ p)uµuν + pgµν − (τ + p)χµχν , (5.1.17)

where uµ is the four velocity, χµ =
√

1− b/rδµr is the unit spacelike vector on the radial

direction, ρ denotes the energy density, τ the radial tension (the negative of the radial pressure)

measured along the direction of χµ, and p is the transversal component of the pressure, orthogonal

to χµ. Equation (5.1.17) simply yields

T µν = diag (−ρ,−τ, p, p) . (5.1.18)

The field equations are then:

ρ =
1

8πG

b′

r2
, (5.1.19)

τ =
1

8πG

[
b

r3
− 2

r

(
1− b

r

)
Φ′
]
, (5.1.20)

p =
1

8πG

(
1− b

r

)[
Φ′′ + Φ′2 − b′r − b

2r(r − b)

(
Φ′ +

1

r

)
+

Φ′

r

]
. (5.1.21)

Now, if we evaluate the quantity ρ− τ near the throat (as r → r0), remembering that b(r0) = r0,

we obtain

(ρ− τ)|r0 =
1

8πG

1

r2

(
b′ − b

r
,

)
(5.1.22)

which, from the flare out condition b′ < b/r, gives ρ − τ = ρ + pr < 0. This implies that, in

order to sustain the wormhole, the matter content needs to violate the null energy condition near

the throat. And, because all the other classical energy conditions stand upon the NEC, all the

energy conditions are violated on the vicinity of the throat. This expresses the fact that, in order

to maintain a wormhole open, an exotic source is required such that the radial tension holding
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the throat open is larger than the energy density sourcing its gravitational collapse (closure of the

throat).

Here, we will show that a 3-form field can indeed act as the exotic source (violating all the

energy conditions) and sustain a wormhole open, while allowing the “ordinary” matter fields

threading the wormhole to obey all of the energy conditions. A brief introduction to 3-forms is

now presented in the next section.

5.2 3-forms

In formal terms, differential forms are smooth sections1 of the kth exterior power of the cotan-

gent bundle T ∗M π−→M. When performing calculus on manifolds, these tensor fields have

an enormous importance, since their algebraic structure allows us to construct diffeomorphism

invariant objects on smooth manifolds, and carry out integration on a coordinate-free fashion.

Pioneered by Élie Cartan, they are also the central objects of De Rham cohomology, linking

the topological and differentiable structures of manifolds. Since the topological anatomy of a

manifold has a strong impact on the solutions for (differentiable) equations defined within it, it is

only reasonable to assume that differential forms play a fundamental role in physics, particularly

while formulating (gauge) field theories in a form-representative framework. One might regard

three-forms simply as rank-3 totally antisymmetric covariant tensors. In such case, one might

think of the standard Levi-Civita tensor, εαµν , defined in the cross product, (~u×~v)α = εαµνu
µvν ,

as a 3-form.

Relative to a coordinate chart (U,Φ), with U ⊂M and Φ = (x1, ..., xn), we may express lo-

cally a k-form, A ∈ Ωk(M), overU , through the linear combination A = A1 ... kdx
1 ∧ . . . ∧ dxk,

where the dxi are the basis for the cotangent space T ∗pM at each p ∈ U . See Refs. [3–5] for

textbooks on differential geometry applied to physics. In this current work, we will focus on a

single differentiable2 3-form field A ∈ Ω3(M), in a 4-dimensional spacetime with action

SA = −
∫
ωg

[
1

48
FαβγδFαβγδ + V (AαβγAαβγ)

]
, (5.2.1)

where we have assumed a self interacting potential V , function of the invariant AαβγAαβγ =: A2 .

1A section α, of a bundleA β−→ B is a smooth map σ : O → A, withO ⊂ B, such that β ◦α = id . See Ref. [3]
2By differentiable we simply imply that, for any chart, the coeficients Aαβγ are all C∞ relative to the chart basis.
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The first kinetic term,

− 1

48

∫
ωgF

αβγδFαβγδ = −1

2

∫
F ∧ ?F , (5.2.2)

encompasses the strength tensor F = dA , which generalises Maxwell’s 2-form from classi-

cal electromagnetism, it has components Fαβγδ = 4∇[αAβγδ] , and is a closed form, dF = 0 .

Because the action Eq. (5.2.1) contains a general potential function, V (A2), gauge invariance

may be broken. It is possible however to restore this symmetry through the introduction of a

Stückelberg form [251, 252].

5.3 Model

The total action for our theory minimally coupled to Einstein’s gravity, can thus be penned as

S =
1

16πG

∫
ωgR + Sm [gµν , ψ,∇ψ] + SA [gµν ,A,F] , (5.3.1)

whereG is Newton’s constant,R the curvature scalar and Sm stands for an anisotropic distribution

of matter threading our spactime, with, following Eq. (5.1.18), T (m)
µν = diag (ρm,−τm, pm, pm)

To find the dynamics governing this model, we start by varying the action Eq. (5.3.1) with

respect to the three-form, and find the following equations of motion:

Eαβγ = ∇µF
µ
αβγ − 12

∂V

∂(A2)
Aαβγ = 0 . (5.3.2)

The energy-momentum tensor relative to the 3-form reads,

T (A)
µν = −2

δLA
δgµν

+ gµνLA

=
1

6
(F ◦ F )µν + 6

∂V

∂(A2)
(A ◦ A)µν + LA gµν , (5.3.3)

where we have introduced the notation (F ◦ F )µν = FµαβγF
αβγ

ν and LA is the field’s La-

grangian density, i.e. SA =
∫
ωg LA . Kindly note, however, that the equations of motion

Eqs. (5.3.2) could equivalently be deduced from the contracted Bianchi identities [289],

∇µT
(A)µ

ν =
1

6
FναβγE

αβγ = 0 . (5.3.4)
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The modified field equations can be computed by varying Eq. (5.3.1) with respect to gµν ,

leading to
1

8πG
Gµν = T (m)

µν + T (A)
µν =: T (eff)

µν , (5.3.5)

where it was introduced an effective energy-momentum tensor, T (eff)
µν .

At the time of this work, theories employing three-form fields in cosmological models

were mostly conducted on FLRW universes, e.g., in models of dark energy [249–251] and of

inflation [252–256, 258], where the 3-form is constructed as a function of cosmic time t (at the

background level). Here, however, since we are standing upon a static and spherically symmetric

model, we are interested on a radial dependence only. Therefore, we may associate the 3-form

components with a scalar function, say ζ(r), solely dependent on the radial coordinate r. Due to

the antisymmetric nature of the three-form, once ζ(r) is known, all of the other components are

fully determined.

We will choose an ansatz for the 3-form, through its Hodge dual 1-form (vector) Bδ [252],

via the Hodge star operator3, ? : Ωp(X)→ Ωn−p(X), which maps p-forms into (n− p)-forms,

through:

(?A)α1...αn−p =
1

p!

1√−g ε
α1...αn−pβ1...βpAβ1...βp , (5.3.6)

with A being a p−form and ε denotes the n−dimensional Levi-Civita symbol. For our present

study, with n = 4 and p = 3, Eq. (5.3.6) produces a vector,

Bδ := (?A)δ =
1

3!

1√−g ε
δαβγAαβγ . (5.3.7)

Inverting Eq. (5.3.7), we can express the components of the three-form in terms of its dual

Aαβγ =
√−g εαβγδBδ . (5.3.8)

We then choose a convenient parametrization of B, given the line element Eq. (5.1.1), as the

radially directed vector with components

Bµ = ζ(r)χµ , (5.3.9)

(remember that χµ =
√

1− b/rδµr ), which depends on a suitable scalar function ζ(r) afore-

3Where Ωp(X) being the vector space of p-forms on an n-dimensional smooth manifold X
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mentioned. Accordingly, the field equations can be expressed entirely in terms of ζ(r) which

significantly simplifies the analysis. From Eq. (5.3.8), the contraction A2 is

A2 := AαβγAαβγ = −6BµBµ = −6 ζ(r)2 , (5.3.10)

and we can write the kinetic term in the Lagrangian Eq. (5.2.1) as

− 1

48
F 2 = −1

2
F0123F

0123 =
1

2
(∇µB

µ)2 . (5.3.11)

For simplicity, let us introduce

F 2 := FαβγδFαβγδ = −6Υ , (5.3.12)

where Υ is defined for convenience as

Υ = 4

(
1− b

r

)[
ζ

(
Φ′ +

2

r

)
+ ζ ′

]2

. (5.3.13)

Υ expresses the kinetic energy of the three-form, and vanishes at the throat, Υ|r0 = 0.

Note that by introducing the Hodge dual B = ?A, one may write the three-form Lagrangian

in a vector structure form as [254]:

LA = − 1

48
F 2 − V (A2)

=
1

2
(∇µB

µ)2 − V (B2) , (5.3.14)

explicitly showing how this theory might be recast into a vector-tensor theory at the background

level (see appendix A of Ref. [254]).

The components of the gravitational field equations Eq. (5.3.5) are (setting 8πG = 1 for

simplicity):

ρeff = ρm + ρA =
b′

r2
, (5.3.15)

τeff = τm + τA =
b

r3
− 2

r

(
1− b

r

)
Φ′ , (5.3.16)

peff = pm + pA =

(
1− b

r

)[
Φ′′ + Φ′2 − b′r − b

2r(r − b)

(
Φ′ +

1

r

)
+

Φ′

r

]
, (5.3.17)
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where the energy density, radial tension and pressure of the three-form field are, respectively,

T (A) t
t = −ρA = −1

8
Υ− V + ζVζ , (5.3.18)

T (A) r
r = −τA = −1

8
Υ− V , (5.3.19)

T (A) θ
θ = pA = T (A) φ

φ = −1

8
Υ− V + ζVζ , (5.3.20)

with Vζ = ∂V/∂ζ . Note that in the absence of a potential in the Lagrangian Eq. (5.2.1), the three-

form source plays the role of a cosmological constant with an equation of state w = pA/ρA = −1

[250, 251]. This was used by Hawking and Turok [260] to explain the cosmological constant

problem.

Diffeomorphism invariance renders the field equations covariant. The Bianchi identities yield

the following continuity equation, through∇µT
(eff) µ

ν = 0,

τ ′eff +
2

r
(τeff + peff) + Φ′ (τeff − ρeff) = 0 , (5.3.21)

which can be equally deduced by taking the radial derivative of Eq. (5.3.16) and using Eqs. (5.3.15)

and (5.3.17).

The equations of motion for the 3-form, Eq. (5.3.2) can now be written as a single differential

equation for the scalar function ζ , i.e.,

ζ ′′
(
b

r
− 1

)
+
ζ ′

2r

[
3
b

r
− 4 + b′ + 2Φ′ r

(
b

r
− 1

)]
ζ

2r2

[
rΦ′

(
b′ − b

r

)
+ 4 + 2 b′ + 2 r2 Φ′′

(
b

r
− 1

)
− 6

b

r

]
+ Vζ = 0 . (5.3.22)

The main objective of this work is to show that it is possible to attain wormhole solutions in

which the 3-form is the responsible source for holding the throat of the wormhole open, violating

the NEC and WEC. These solutions also show that it is possible for the ordinary matter fields

threading the wormhole to obey the energy conditions throughout the spacetime continuum.

Therefore, we will find solutions where matter obeys the conditions

ρm > 0 , ρm − τm > 0 and ρm + pm > 0 , (5.3.23)

near the throat.
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5.4 Solutions

Note that our gravitational setting has a set of four independent equations, Eqs. (5.3.15)-

(5.3.17) and (5.3.22), for seven unknown variables, i.e. Φ, b, ρm, τm, pm, ζ and V . Thus, we

have up to three assumptions to make. Similarly to previous works [278, 284, 290], we will

proceed by specifying the redshift and shape functions, and assume a specific ansatz for ζ or for

the potential, and then solve the equations.

5.4.1 Case I

Following Ref. [284], let us write the metric functions as:

b(r) = r0

(r0

r

)β
, Φ(r) = Φ0

(r0

r

)α
, (5.4.1)

and the function ζ ,

ζ(r) = ζ0

(r0

r

)γ
, (5.4.2)

with β > −1, α > 0 and γ > 0. Note that Eq. (5.4.2) assumes the value ζ = ζ0 at the throat of

the wormhole, and tends to zero at spatial infinity.

Inserting (5.4.1) and (5.4.2) into Eq. (5.3.22), the latter becomes a first order differential

equation for the potential V (r), which holds the following analytical solution,

V =
ζ2

0γ

2r2

{[
1−

(r0

r

)β+1
]

(γ − 2) + Φ0 α
(r0

r

)α [
1 +

α

α + 2 (1 + γ)

−
(r0

r

)β+1 3 + β + 2 (α + γ)

3 + β + α + 2γ

]}
+ C , (5.4.3)

where C is a constant.

The energy densities (left panel) together with the NEC profile (right panel) are depicted

in Fig. 5.2, for a particular solution, with the potential given by Eq. (5.4.3). The ordinary

matter component does not violate the NEC nor the WEC. This implies that the responsible for

sustaining the wormhole is the three-form field, where all the exoticity is confined within it, and

the matter fields inhabit the wormhole while satisfying the classical energy conditions. This

shows the main virtue of this model.

The case of vanishing redshift function, Φ0 = 0 and γ = 2, is an interesting case since it

gives a constant potential V = C, which is readily found from Eq. (5.4.3). In such case, although
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Figure 5.2: Energy densities (left panel) and NEC profile (right panel) for the form field (solid)
and for the matter sources (dashed), regarding the specific choice given by Eqs. (5.4.1)-(5.4.2)
with β = −1/2, Φ0 = −6.3, α = 1, ζ0 = 1, γ = 3 and C = 0.

ζ depends on the radial coordinate, its kinetic term given by Eq. (5.3.13) vanishes, thus the

energy density of the form field is constant, given by ρA = V = C. Curiosusly, this implies

that the field mimics a cosmological constant [291]. This feature is not present with classical

non-constant scalar fields. This is ascribed to the fact that the kinetic term of the three-form,

Eq. (5.3.13), depends on both ζ ′ and ζ itself (in contrast with canonical scalar fields where the

kinetic term depends solely on the field derivative, and not explicitly on the field itself). Thus,

the terms ζ ′ and ζ can mutually cancel. For C > 0 the 3-form field does not violate the NEC

nor the WEC, however the matter fields in this case are exotic (violate the energy conditions).

Nonetheless, this expresses the fact that it is possible for a three-form to mimic a cosmological

constant without violating the energy conditions.

5.4.2 Case II

Let us now turn our attention to the metric functions given by (5.4.1) but instead with an

ansatz for the potential V with a quadratic form,

V (ζ) = ζ2 + C . (5.4.4)

In this case, Eq. (5.3.22) becomes a second order differential equation for ζ where analytical

solutions were not found, therefore, numerical methods are applied. The results are reported in

Fig. 5.3, for the case b = r2
0/r (left panel) and b =

√
r0r (right panel), with different choices

for the parameters. It is possible to recreate a similar behaviour, where the matter fields do not

violate classical energy conditions and it is the 3-form to sustain the throat of the wormhole open.
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Figure 5.3: Energy densities (thick) and NEC profiles (thin) for the form field (solid) and the
matter sources (dashed) for the choices in Eqs. (5.4.1)-(5.4.2) and Eq. (5.4.4) and . Left panel:
β = 1, Φ0 = −1, α = 1 and C = −0.1. Right panel: β = −1/2, Φ0 = −2, α = 1 and C = 0.

The behaviour of the ζ functions, solutions to the numerical integration of Eq. (5.3.22) with

the potential given by Eq. (5.4.4), are shown in Fig. 5.4. The field smoothly decays, vanishing

as r →∞, and takes non-zero values near the throat of the wormhole. In the vicinity of r0, the

choice b =
√
r0r, ζ presents a faster decrease, thus clustering the energy density of the three

form closer to the throat.

An interesting solution is the one of zero tidal force, i.e., Φ(r) = 0. Assuming that the

wormhole follows the shape function given by b(r) = r2
0/r, and taking a constant potential

V = V0, Eq. (5.3.22) becomes

ζ ′′r2

[(
r

r0

)2

− 1

]
+ ζ ′r

[
2

(
r

r0

)2

− 1

]
− 2ζ

[(
r

r0

)2

− 2

]
= 0 , (5.4.5)

which indeed bears the following analytical solution

ζ(r) =
C1

r2
+ C2

√(
r

r0

)2

− 1

[
1 + 2

(r0

r

)2
]
, (5.4.6)

C1 and C2 being constants. On such setting, the energy density of the 3-form remains constant,

ρA =
9

2

(
C2

r0

)2

+ V0 . (5.4.7)

Note that Eq. (5.4.7) has the same form of a specific solution found in (5.4.3), when setting

C2 = 0. However, in (5.4.3), with a specific assumption regarding the form of ζ, the energy

density depended solely on V0. Here it attains a general form for the field profile, where in the

absence of a potential, V0 = 0, the 3-form behaves as a cosmological constant when C2 6= 0.
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Figure 5.4: Solutions for ζ(r), regarding the two solutions of Eqs. (5.4.1)-(5.4.2) and Eq. (5.4.4)
for: β = −1/2, Φ0 = −2, α = 1 and C = 0 (solid) and β = 1, Φ0 = −1, α = 1 and C = −0.1
(dot dashed).

Nonetheless, we impose the condition C2 = 0 so that ζ → 0 as r →∞.

In wormhole physics, one aspect of great importance is the one with regard to the stability of

these objects. For future work, it would be interesting to conduct a similar analysis as considered

in Refs. [292, 293] however employing 3-form fields.

Another possibility for future research is to consider wormhole geometries evolving with

time: searching for background solutions conformally related to the respective static line element

[294–297]. These are of particular interest since it was already shown that, on such framework,

these time evolving geometries exhibit brief intervals of time where the weak energy condition is

satisfied.
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Chapter 6

Bouncing cosmology in modified

Gauss-Bonnet gravity

”I wanted to run after him, but remembered that it is ridiculous to run after one’s wife’s lover in one’s

socks; and I did not wish to be ridiculous but terrible.”

From The Kreutzer Sonata,

by Leo Tolstoy

This chapter is based on Ref. [298].

Let us now turn our attention to the very early Universe. One of the problems of standard

general relativity is the presence of a singularity (ρ → ∞ as a → 0) at the initial time. GR

alone cannot accurately describe such enormous energy scales, thus no acceptable answer exists

hitherto for such phenomenon. In such high energy regimes, it is expected for quantum effects

to have a significant role in spacetime physics. However, a satisfying theory merging quantum

mechanics and general relativity is still to be constructed, although efforts in this direction have

been made [299].

On the other hand, an effective description of Loop Quantum Cosmology (LQC) [300, 301]

makes possible for one to write the dynamics of a given cosmology in a classical fashion but

incorporating leading order quantum corrections. The predictions of this theory overlap with

GR at low energies while at high density regimes, where quantum effects are expected to play a

role, they significantly depart from the classical theory [302–304]. In the light of LQC, the Big

Bang singularity in replaced by a quantum bounce [305–311]. To help us understand this, let us

commence by writing the Friedmann equation emerging from this effective description of Loop
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Quantum Cosmology [312, 313]:

H2 =
κ2

3
ρ

(
1− ρ

ρc

)
, (6.0.1)

where here ρc =
√

3/(32π2γ3) is the critical energy density at the bounce, with γ being the

Barbero–Immirzi parameter. From Eq. (6.0.1), it is evident that the Universe undergoes a cosmic

bounce when ρ = ρc.

Here, we deal with bouncing scenarios within modified gravity models [314, 315]. Note that

the gravitational action for such theories usually contain higher order derivatives, thus propagate

extra degrees of freedom. The focus of this work are modified Gauss–Bonnet f(R,G) gravity

models, where G is the Gauss–Bonnet term and R the curvature scalar. It is to be noted that these

models can be equivalently written as a scalar tensor theory with two extra dynamical scalar

fields [316] (in contrast with f(R) where only one scalar field is required).

Among the literature, researchers have framed Gauss-Bonnet gravity within several cos-

mological scenarios, such as primordial inflation [317, 318] and dark energy [317, 319, 320].

Lagrangians containing terms of the form Gα/Rβ have been discussed [321] in the context of

future singularities and some proposals to avoid these. Scalar and tensor perturbations in f(R,G)

and their stability were studied in Refs. [316, 322, 323]. It was shown in Ref. [324] that a double

inflationary setting naturally arise on such modified gravity framework.

In this chapter, we will see how it is possible to avoid the presence of extra degrees of freedom,

by means of the so-called order reduction technique [325–327], first applied to Gravitation in

1985. This technique consists of expressing the geometrical objects in terms of the matter fields

at their lowest order on the perturbation expansion. Thus, the model is framed within an effective

field theory approach where the field equations contain only up to second order derivatives. By

effective field theory, it is meant that we treat our theory not as fundamental but to be valid only

at some energy regime. It might however come from a low energy limit of a more fundamental

theory.

It is possible to summarize this work by asking the following question: Can the Friedmann

equation emerging from an effective description of LQC, Eq. (6.0.1), be derived from an effective

modified gravity theory? If the answer is affirmative, then what is the most general form of

the Lagrangian under these conditions? Previous works have proven this to be possible in

f(R) [328] and f(G) [329] gravity. Here we resort to the same approach but in the context of

f(R,G) models. It is to be noted, that different methods than the one employed in this work have
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been used to reproduce this desired Friedmann equation for many modified gravity theories. As

an example, in Ref. [330], the specific Lagrangian for f(R) was numerically reconstructed on a

Palatini approach, by directly imposing that the Friedmann equation should match the one from

LQC. In Ref. [331], an Hamiltonian analysis was applied to reconstruct the covariant action for

a specific class of scalar tensor theories, called mimetic gravity, for homogeneous and isotropic

backgrounds.

6.1 Model

On a 4-dimensional spacetime, the action for modified Gauss-Bonnet gravity can be written

as

S =
1

2κ2

∫
ωg
[
R + f(R,G)

]
+ Sm(gµν , ψ,∇ψ) , (6.1.1)

where Sm portray the matter action and

G = R2 − 4RµνRµν +RµναβRµναβ , (6.1.2)

is the Gauss-Bonnet term, a topological invariant whose presence in the action is only non-trivial

in more than 4 spacetime dimensions (see Section 8.4 of Ref. [332]).

By varying the action with respect to the metric field, one finds the following modified field

equations

Rµν −
1

2
gµνR−

1

2
gµνf + f,RRµν + (gµν �−∇µ∇ν) f,R + f,G

(
2RRµν − 4R α

µ Rνα

+2RµαβγR
αβγ

ν − 4RµανβR
αβ
)

+
(
2 gµνR�− 2R∇µ∇ν + 4R α

µ ∇α∇ν

+4R α
ν ∇α∇µ − 4gµνR

αβ∇α∇β − 4Rµν �+ 4R α β
µ ν ∇α∇β

)
f,G = κ2Tµν , (6.1.3)

where the notation f,R := ∂f/∂R, f,G := ∂f/∂G has been defined, and

Tµν := − 2√−g
δSm
δgµν

. (6.1.4)

The Riemann tensor can be decomposed into a traceless, semi-traceless and scalar parts,
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respectively, as (see Chapter 3 of Ref. [333]):

Rµναβ = Cµναβ +
1

2
(gµαRβν + gνβRαµ − gµβRαν − gναRβµ) +

1

6
(gµβgαν − gµαgβν)R ,

(6.1.5)

with Cµναβ being the Weyl tensor components. At this point, we assume that the Weyl tensor

vanishes, i.e. Cµναβ = 0. This assumption holds by requiring that our spacetime is conformally

flat (see Section 6.13 of Ref. [334]), i.e., if every point in the manifold contains a neighbourhood

which can be mapped to a flat space by means of a conformal transformation. This condition is

true on a Friedmann-Lemaı̂tre-Robertson-Walker background, in which our study will be based.

Therefore, the Riemann tensor components simplify to

Rµναβ =
1

2
(gµαRβν + gνβRαµ − gµβRαν − gναRβµ) +

1

6
(gµβgαν − gµαgβν)R , (6.1.6)

and the Gauss–Bonnet invariant becomes,

G =
2

3
R2 − 2RµνR

µν . (6.1.7)

It is possible to avoid the spurious degrees of freedom arising on such theories by employing

the order reduction technique [325–327]. Following the strategy described in Refs. [328, 329],

the function f(R,G) is then parametrized as

f(R,G) = εϕ(R,G) , (6.1.8)

where the dimensionless parameter ε controls the deviations from general relativity. The solutions

are then perturbatively close to GR, namely εϕ� R. This procedure is germane with the fact

that we wish to enclosure f(R,G) gravity within an effective field theory approach. Therefore,

only the lowest order terms in ε will be considered, so that the higher order field equations contain

up to second order derivatives of the metric, thus avoiding the propagation of any additional

degrees of freedom.

The order reduction technique simply consists of replacing all the O(ε) terms in the field

equations by their lowest order (ε = 0) counterparts. For this reason, we express the geometrical

quantities R, Rµν , Rµναβ, and G, in terms of the matter fields, at the lowest order in the

perturbative expansion. The expressions for the order reduced curvature scalar and Ricci tensor
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can be found by evaluating Eq. (6.1.3) and its trace, with f as defined in Eq. (6.1.8), for ε = 0,

resulting in:

RT = −κ2T , (6.1.9)

RT
µν = κ2Tµν −

κ2

2
gµνT , (6.1.10)

where a T superscript simply denotes the order reduced quantities. The Riemann tensor in

Eq. (6.1.6), and the Gauss–Bonnet term in Eq. (6.1.7) can now be expressed at the lowest order

as,

RT
µναβ = −κ

2

2
(gµβTαν + gναTβµ − gµαTβν − gνβTαµ)− 1

3
(gµαgνβ − gµβgαν)κ2T ,

(6.1.11)

GT =
2

3
κ4T 2 − 2κ4TµνT

µν . (6.1.12)

We may now replace each order-ε term by its corresponding order reduced analogue in the

field equations, arriving at

Rµν −
1

2
gµνR + ε

[
− 1

2
gµνϕ

T + ϕT,RR
T
µν + (gµν �−∇µ∇ν)ϕ

T
,R + ϕT,G

(
2RTRT

µν − 4RT α
µ RT

να

+2RT
µαβγR

T αβγ
ν − 4RT

µανβR
T αβ

)
+
(
2 gµνR

T �− 2RT ∇µ∇ν + 4RT α
µ ∇α∇ν + 4RT α

ν ∇α∇µ

−4gµνR
T αβ∇α∇β − 4RT

µν �+ 4RTα β
µ ν ∇α∇β

)
ϕ,G

]
= κ2Tµν , (6.1.13)

in which the derivatives are taken with respect to the lowest order quantities, i.e., ϕT,R =

∂ϕT/∂RT , with ϕT = ϕT (RT ,GT ).

Note that Eq. (6.1.13) is simply GR plus order-ε terms. The latter will only be significant near

the bounce. The requirement εϕ� R is, indeed, a necessary condition for the whole procedure

to be well posed [328, 329]. This guarantees that the corrective terms are dealt with within an

effective field theory approach, where R� ρc ∼ l−2
p (lp being the Planck scale). This will be

verified a posteriori, by the solutions found.

We now assume a flat FLRW geometry, given by Eq. (2.2.2), and a perfect fluid form for the

energy-momentum tensor of matter,

Tµν = (ρ+ p)uµuν + p gµν . (6.1.14)
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In addition, we consider a barotropic equation of state for the pressure, i.e.,

p = wρ , (6.1.15)

with w ∈ [−1, 1] being a constant. Naturally, the standard continuity equation,

ρ̇ = −3H (1 + w) ρ , (6.1.16)

holds.

The order reduced scalars RT and GT , at the background level, can now be written as:

RT = (1− 3w)κ2ρ , (6.1.17)

GT = −4

3
(1 + 3w)κ4ρ2 . (6.1.18)

Consistently, we will search for solutions where both R and G do not vanish, since it is our aim

to formulate an f(R,G) gravity model. Nonetheless, the general solutions will be analysed in

the limit where both these objects are zero. Accordingly, henceforth we will assume w 6= ±1/3.

Relativistic fluids, such as radiation, are then automatically excluded from our study.

From the 0-0 component of the reduced field equations in Eq. (6.1.13), we compute the

modified Friedmann equation:

6H2+2κ2ρ+ε

[
ϕT +6Hϕ̇TR+κ2ρ(1+3w)ϕTR+8Hκ2ρ ϕ̇TG+

4

3
κ4ρ2(1+3w)ϕTG

]
= 0 . (6.1.19)

Using the chain rule, alongside with Eq. (6.1.16) and Eqs. (6.1.17)-(6.1.18), we may express the

time derivative of ϕT in terms of derivatives with respect to GT and RT :

ϕ̇T =
∂ϕT

∂RT

∂RT

∂ρ
ρ̇+

∂ϕT

∂GT
∂GT
∂ρ

ρ̇ = −3Hκ2ρ(1 +w)(1− 3w)ϕTR + 8Hκ4ρ2(1 + 3w)(1 +w)ϕTG .

(6.1.20)

Thus, the Friedmann equation, Eq. (6.1.19), turns into

H2 =
κ2ρ

3
− ε

3

[
1

2
ϕT +

2

3
(1 + 3w)κ4ρ2ϕTG +

32

3
(1 + 3w)(1 + w)κ8ρ4ϕTGG +

1

2
(1 + 3w)κ2ρϕTR

−3(1− 3w)(1 + w)κ4ρ2ϕTRR + 4(1 + 9w)(1 + w)κ6ρ3ϕTRG

]
. (6.1.21)
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6.2 Solutions

Here, we will find analytical solutions for the f(R,G) function, such that the effective

Friedmann equation of a bouncing Universe is recovered, that is,

H2 =
κ2

3
ρ

(
1− ρ

ρc

)
. (6.2.1)

Since the characteristic scale of our study is given by ρc, for dimensionality reasons we define

the following dimensionless quantities[329]:

R̄T =
RT

ρc
, ḠT =

GT
ρ2
c

, ρ̄ =
ρ

ρc
and ϕ̄T =

ϕT

ρc
, (6.2.2)

so that we can directly impose that the right-hand side of Eq. (6.1.21) matches the one we wish

to obtain, that is, Eq. (6.2.1). This results on a differential equation for ϕ̄T (R̄T , ḠT ), expressed

in terms of the dimensionless variables:

1

2
ϕ̄T +

2

3
(1 + 3w)κ4ρ̄2ϕ̄TḠ +

32

3
(1 + 3w)(1 + w)κ8ρ̄4ϕ̄TḠḠ +

1

2
(1 + 3w)κ2ρ̄ϕ̄TR̄

−3(1− 3w)(1 + w)κ4ρ̄2ϕ̄TR̄R̄ + 4(1 + 9w)(1 + w)κ6ρ̄3ϕ̄TR̄Ḡ =
κ2ρ̄2

ε
, (6.2.3)

which is a non-linear second-order partial differential equation for a two variable function. We

will then proceed in the following manner: by assuming a specific ansatz for ϕ̄T which satisfies

Eq. (6.2.3), we investigate under which conditions is the Lagrangian able to reproduce a bouncing

Universe. Note that, while in previous works regarding f(R) [328] and f(G) [329] gravity, the

EoS parameter w was kept at a fixed value, here we allow it to be arbitrary. Henceforth we omit

the superscript T for convenience.

We begin by assuming the simplest form for ϕ̄, that is, a power law, to be an ansatz for the

differential equation Eq. (6.2.3):

ϕ̄(R̄, Ḡ) = c1 |Ḡ|α|R̄|β , (6.2.4)

with α, β and c1 being real constants. Note that from Eqs. (6.1.17) and (6.1.18), depending on

the value of w, the scalars R and G may become negative. Hence, without loss of generality,

and to avoid the emergence of complex solutions, we write the ansatz in terms of the modulus

of the scalars, with powers {α, β} ∈ R (this, however, becomes superfluous for {α, β} ∈ Z).
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It is important to state that this specific power law Lagrangian has already been considered in

the literature in the context of primordial inflation [324], dark energy [321, 335] and stability

of cosmological solutions [336]. The specific choice (α, β) = (0, 2) has been shown [328] to

successfully reproduce a bounce within an f(R) gravity setting under the same order reduction

technique.

Inserting Eq. (6.2.4) on the left-hand side of Eq. (6.2.3), and using Eqs. (6.1.17)-(6.1.18),

one finds

ρ̄2α+β ∝ ρ̄2 . (6.2.5)

In order for the above relation to hold, we need 2α + β = 2, or equivalently, β = 2− 2α. The

constant c1 can be found from the constraint that Eq. (6.2.3) must be valid with the ansatz in

Eq. (6.2.4):

c1 =
2

9

3α

4α
1

(1− α)εκ2

|1− 3w|2α|1 + 3w|−α
(w + 1)(3w − 1)

. (6.2.6)

Therefore, we attain a family of solutions as,

Lg = R +
C1

ρc
|G|α|R|2−2α , (6.2.7)

with C1 = ε c1.

Note that the cases α = 1 or w = −1 are imediatly excluded, as these do not yield a

cosmological bounce. With α = 0, the solution found for f(R) gravity (with w = 1) in

Ref. [328] is generalized to arbitrary values of w:

Lg = R +
2

9(w + 1)(3w − 1)κ2ρc
R2 . (6.2.8)

Recall that the values w = ±1/3 were ruled out a priori, which renders Eq. (6.2.8) non-singular.

The particular case w = 1/3 yields RT = 0, from which we demand that α = 1 such that ϕ 6= 0.

However, this choice does not feature a cosmological bounce since it leaves ϕ ∝ G, a mere

topological term. On the other hand, w = −1/3 (GT = 0) is, indeed, valid provided that α = 0

and, according to Eq. (6.2.8), the correction to the Friedmann equation stems from an R2 term.

By taking the ansatz ϕ̄(R̄, Ḡ) = R̄Ψ(Ḡ), and solving Eq. (6.2.3) for Ψ, it is possible to verify

that we obtain a solution where the bounce is induced by Eq. (6.2.7) with α = 1/2.

We now wish to construct an ansatz which encapsulates the solution found in the framework
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of f(G) gravity [329]. This suggests searching for ϕ̄ functions of the form:

ϕ̄(R̄, Ḡ) = c2 Ḡ ln(|Ḡ|β|R̄|γ) , (6.2.9)

where β, γ and c2 are real-valued constants.

Similarly to the previous case, we have defined ϕ̄ in terms of the modulus of the scalar

invariants to guarantee that the solutions are real-valued and well-defined. Curiously, the term

multiplying the logarithm in Eq. (6.2.9) should be exactly G (for w 6= −1) and not some

combination of different powers of R and G. This is intimately related to the structure of the

differential equation, Eq. (6.2.3), and the specific factors which are required to cancel out the

dependence on the logarithm in the Friedmann equation. Equation (6.2.9) can be manipulated

such that the powers inside the logarithm appear merely as multiplicative factors. Thus β and γ

have no influence in any way on the exponent of ρ in the modified Friedmann equation.

Inserting the expression for ϕ̄, Eq. (6.2.9), in the differential equation, Eq. (6.2.3), gives

c2 =
3

2

1

εκ2

1− 3w

β(−11 + 24w + 27w2) + γ(−1 + 30w + 27w2)
. (6.2.10)

Note that the values of β, γ and w must be such that the denominator of the last expression is

non-zero. Finally, the gravitational Lagrangian for this specific solution is:

Lg = R +
C2

ρc
G ln
|G|β|R|γ
ρ2β+γ
c

, (6.2.11)

with C2 = ε c2. Solving Eq. (6.2.3) for ϕ̄(R̄, Ḡ) = ḠΨ(R̄) gives a bouncing solution, driven by

the corrective term in Eq. (6.2.11) with β = 0. Additionally, the solution presented in [329] is

generalized to arbitrary values of w by setting γ = 0:

Lg = R− 3

2 (11 + 9w)κ2ρc
G ln
|G|
ρ2
c

. (6.2.12)

The choice w = 1/3 (RT = 0) is valid, as long as γ = 0, leading to Eq. (6.2.12). On the other

hand, w = −1/3 (GT = 0) is naturally not allowed by the ansatz in Eq. (6.2.9).

It is curious to observe that, only for the particular choice of w = −1, is it possible to have

a general combination of powers of R and G multiplying the logarithm, and still obtain valid

solutions for the differential equation, Eq. (6.2.3). Hence, exclusively for the case w = −1, we
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may extend the gravitational Lagrangian into:

Lg = R− 6δ

4

1

κ2ρc(2β + γ)
|G|δ|R|2−2δ ln

|G|β|R|γ
ρ2β+γ
c

, (6.2.13)

where {β, γ, δ} ∈ R such that 2β + γ 6= 0 .

To wrap up this chapter, we summarize the main results. We have found that it is possible

to obtain the modified Friedmann, equation emerging from an effective description of LQC,

through the following general gravitational Lagrangian

Lg = R +
A
ρc
|G|α|R|2−2α +

B
ρc
G ln
|G|β|R|γ
ρ2β+γ
c

, (6.2.14)

where {A,B, α, β, γ} ∈ R are arbitrary parameters. The modified Friedmann equation emerging

from the Lagrangian in Eq. (6.2.14) via the order reduction technique is:

H2 =
κ2

3
ρ

[
1−

( A
C1

+
B
C2

)
ρ

ρc

]
. (6.2.15)

The additional constraint A/C1 + B/C2 = 1 has to be satisfied (hence, only four parameters are,

indeed, free).

Notice that, in order to reproduce the term ∝ ρ2 in the Friedmann equation, the solutions

have to satisfy εϕ ∼ R2/ρc (since G ∼ R2). Therefore, as previously mentioned in Sec. 6.1, it is

now a simple task to verify that the necessary condition for the validity of the order reduction

approach, i.e. εϕ� R, leads to R� ρc, since εϕ ∼ R2/ρc � R ⇒ R� ρc.
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Chapter 7

Final remarks

”Cher enfant!” he cried, suddenly overcome by a rush of emotion, ”my dear young friend” (he put

both hands on my head), ”I bless you and your destiny. Let us always be as true-hearted as today... as

kind-hearted and good as possible, let us love all that is fair and good...in all its varied forms...Well,

enfin... enfin rendons grâce...et je te benis!”

From A Raw Youth,

by Fyodor Dostoevsky

And so we reach the end of this thesis. We will not extend ourselves much more, but rather

just summarize the main results and briefly mention some words with respect to the future

challenges of cosmology. To that end, the action of the particular models that were studied are

first exposed, followed by some words stating the main results.

• Kinetically coupled quintessence:

S =

∫
ωg

[
R

2κ2
+X − V0e

−κλφ + (κ2X)αL̃c
]

+ Sm(gµν , ψ,∇ψ) (7.0.1)

In Chapter. 2, we have seen that this specific action for a canonical scalar field kinetically

coupled to dark matter admits viable cosmological solutions, allowing for an early regime

which may alleviate the cosmic coincidence problem. Through a dynamical system

analysis, we have shown that the scaling regime is only possible due to the emergence

of two new transient scaling critical points. During the scaling regime, the scalar source

behaves as a stiff fluid, with wφ = 1. In this particular model, when the coupling is

switched on, dark matter has a higher energy density throughout the cosmic history and
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transfers energy into the dark energy field φ. As a consequence, with higher values of

the coupling, the matter-radiation equality is shifted towards earlier times in the cosmic

history. Similarly, dark energy starts to dominate earlier, when compared to the uncoupled

case, even though the Universe starts to accelerate at later times and at a slower rate.

Finally, from the Planck data it was possible to find an upper bound for the coupling of

α 6 0.0036.

• Coupled quintessence with a ΛCDM background:

S =

∫
ωg

[
R

2κ2
+X − V (φ)

]
+ Sc(e−κβφgµν , ψ,∇ψ) + Sm(gµν , ϕ,∇ϕ) (7.0.2)

This particular action, for a canonical scalar field conformally coupled to a pressureless

dark matter component, was studied in Chapter. 3, with a unique trait: the background

expansion is imposed in such a way so as to follow exactly the same evolution as in the

standard model, i.e. H = Hs. As a consequence, when the interaction is present, β 6= 0,

dark matter transfers energy to the quintessence field, resulting in lower present values

for the energy density of dark matter, as compared to standard ΛCDM. The presence of

an additional fifth force triggers a slower evolution rate for the first order perturbations of

the dark matter fluid, thus having a direct impact on the formation of structures. Through

a likelihood analysis, it was shown that, when tested against redshift space distortions

data, this model is able to alleviate the present tension between CMB experiments and

RSD measurements, which is also concordant with the weak lensing KiDS-450 survey

data. We have found a best fit of β = 0.079 6= 0 and σ8 = 0.818. At the second order

level in the perturbations we have studied the collapse of a spherical perturbation and

the cluster number counts under this model. We have seen that, since the growth rate

of CDM fluctuations is slower for larger couplings, the collapse of the matter density

contrast happens later in the cosmic history. The comoving number of dark matter halos

formed is suppressed (enhanced) at low (high) redshifts when the coupling is present, due

to the interplay between two terms in the mass function. This effect is present for both the

Press-Schechter and Sheth-Tormen mass functions but, however, it is more pronounced

in the latter. It is to be noted that an exceptional feature of this model is the fact that the

comoving volume element stays unaltered by the dark interaction, since it only depends

on H , which was fixed a priori to be the same as in ΛCDM. Finally, we have carried out
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a forecast regarding the detected number of clusters for two surveys conducted by the

eROSITA mission and the South Pole Telescope. In both cases, the predicted number

of objects is well within the sensitivity of the instruments, hinting at the possibility of

observationally discriminating between ΛCDM and a model with nonzero coupling.

• Modified F (Q) gravity with a GR background:

S = − 1

2κ2

∫
ωg

(
Q+M

√
Q+ C

)
+ Sm(gµν , ψ,∇ψ) (7.0.3)

In Chapter. 4, we have presented a model where gravity is mediated solely by the non-

metricity, more precisely, the scalar invariant Q in Eq. (7.0.3), given by Eq. (4.0.13), in a

flat and torsion-free spacetime. Analogously to the previous chapter, we study the F (Q)

model presented above, with the additional assumption that the background expansion

evolution must match to the ΛCDM one. We have shown that, at linear order differ-

ences arise, with the matter perturbations being suppressed for M > 0 and enhanced for

M < 0. This effect can also be understood by defining an effective gravitational constant

Geff = G
[
1 +M/

(
2
√
Q
)]

. In this study we have tested three particular models given by

the action above against a set of 22 data points of redshift space distortions. We found that

the preferred model is the one with M =
√

8Λ and C = 2Λ, suggesting that RSD data

favours a model with a lower clustering rate. Employing the Akaike Information Criterion,

we found that all of the specific cases considered seem to have substantial support. A

positive correlation between M and σ8 was found, that is, increasing the value of M results

in a slower growth rate for the overdensities, and thus a larger value for σ8 is required to

compensate the evolution of fσ8 and better fit the data. From the likelihood analysis, the

best fit model with M = 2.0331 is capable of alleviating the σ8 tension between the high

level of clustering from CMB experiments in contrast with large scale observations.

• Wormhole geometries supported by 3-form fields:

S =

∫
ωg

[
R

2κ2
− 1

48
FαβγδFαβγδ − V (AαβγAαβγ)

]
+ Sm(gµν , ψ,∇ψ) (7.0.4)

In Chapter. 5, we have derived the equations describing a single 3-form field minimally

coupled to Einstein gravity for a static and spherically symmetric spacetime in the pres-

ence of an ordinary anisotropic distribution of matter. The 3-form field was constructed
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specifically for this particular background metric, with an ansatz expressed in terms of a

useful radial scalar function ζ(r). We have derived a general analytical function for the

3-form self interaction, assuming a general form for the metric functions, and that the field

goes with the inverse of the radius r. By assuming a quadratic potential for the 3-form,

we were able to arrive at additional numerical solutions. The novelty found in both the

analytical and numerical solutions, is the fact that the 3-form field is able to act as the

exotic source, violating the classical energy conditions (NEC and WEC), while holding

the throat of the wormhole open. In this way, the ordinary matter fields threading the

wormhole are able to coexist with the 3-form, without violating any energy conditions.

This can also be achieved in the context of modified gravity, with non-canonical scalar

fields, or with canonical scalar fields with a nonminimal coupling to curvature.

• Bouncing solutions in f(R,G) gravity:

S =

∫
ωg

[
R

2κ2
+
A
ρc
|G|α|R|2−2α +

B
ρc
G ln
|G|β|R|γ
ρ2β+γ
c

]
+ Sm(gµν , ψ,∇ψ) (7.0.5)

In Chapter. 6, we have formally derived the covariant action given above for modified

Gauss-Bonnet gravity, where G is the Gauss–Bonnet invariant, that reproduce the Fried-

mann equation of a bouncing Universe predicted by an effective description of Loop

Quantum Cosmology. To do so, we adopted an effective field theory approach, and re-

sorted to a method called order reduction technique, which allows one to find solutions

which are perturbatively close to GR, while disposing of the extra degrees of freedom

present in higher order theories of gravity. This work generalises and encompasses previ-

ous studies in the literature, conducted upon the same method and purpose, for f(R) and

f(G) models.

The ΛCDM model has been able to explain most astrophysical and cosmological data with

great success. However, it still fails to answer some key concepts such as [337]: what is the

nature of dark energy and dark matter? Did an inflationary period took place in the early

Univese? In addition, we still need to understand the reason for the discrepancy between

observations with regard to H0 and σ8 when considering different datasets. Is this tension of a

statistical nature? Does it hint towards modifications of the standard model? It is therefore of

paramount importance to extract the maximum possible scientific information from cosmological
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measurements to improve our understanding of the source of systematic uncertainties and

deepen our knowledge with regard to the physics of non-linear scales. In the upcoming years,

several missions will be launched, that will focus on trying to answer some of these puzzles. In

particular, gravitational wave standard sirens [338, 339] are expected to put further constraints

on H0 in an model-independent approach. The space-based Euclid mission [145] will study

the nature of dark energy and dark matter through gravitational lensing and galaxy clustering.

Radio-interferometers such as the Square Kilometre Array [340, 341] will shed some light on

interacting dark energy and modified gravity, through the measurement of the 21 cm HI emission

line of galaxies, with up to 10 times more sensitivity than current radio-interferometers. For

more details and references addressing the next decade chalenges of observational cosmology

and prospects of answering some of our present conundrums, please see Refs. [20, 21, 337, 342].
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Appendix A

Kinetically coupled dark energy

Let us consider the action Eq. (2.1.1). By Hamilton’s principle, the dynamics of φ will be

such that the action is minimized,

δS = δSφ + δSm =

∫
ωg
δP (φ,X)

δφ
δφ+

∫
ωg
δ
[
f(φ,X)L̃m

]
δφ

δφ = 0 , (A.0.1)

with X = −(1/2)gαβ∇αφ∇βφ.

Let us consider the first term, which is a standard k-essence action,

δSφ =

∫
ωg
δP (φ,X)

δφ
δφ =

∫
ωg

[
∂P (φ,X)

∂φ
δφ+

∂P (φ,X)

∂X

∂X

∂(∇µφ)
δ(∇µφ)

]
. (A.0.2)

Noting that,
∂X

∂(∇µφ)
= −1

2
gαβ

(
δµα∇βφ+ δµβ∇αφ

)
= −gµα∇αφ , (A.0.3)

we have

δSφ =

∫
ωg

[
∂P (φ,X)

∂φ
δφ+

∂P (φ,X)

∂X

∂X

∂(∇µφ)
δ(∇µφ)

]
=

∫
ωg [P,φδφ− P,Xgµα∇αφδ(∇µφ)] . (A.0.4)

Using the relation δ(∇µφ) = ∇µ(δφ) and integrating the last term by parts

δSφ =

∫
ωg [P,φδφ− P,Xgµα∇αφ δ(∇µφ)]

=

∫
ωg [P,φδφ−∇µ (P,Xg

µα∇αφ δφ) +∇µ (P,Xg
µα∇αφ) δφ] . (A.0.5)
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Assuming now that the field vanishes at the boundary (i.e. at infinity), using Stokes theorem, the

middle term vanishes. Hence

δSφ =

∫
ωg [P,φ +∇µ (P,Xg

µα∇αφ)] δφ

=

∫
ωg [P,φ + (P,X,φ∇µφ+ P,XX∇µX) gµα∇αφ+ P,Xg

µα∇µ∇αφ] δφ ,

(A.0.6)

where we have used the metricity condition∇µg
µα = 0. Now,

∇µX = −1

2
gγβ (∇µ∇γφ∇βφ+∇γφ∇µ∇βφ) = −gγβ∇γφ∇µ∇βφ , (A.0.7)

where we have used that fact that the metric is symmetric, i.e. gγβ = gβγ . Noting that

gµα∇µ∇αφ = �φ, being � the d’Alembert operator, we may write,

δSφ =

∫
ωg
(
P,φ + P,Xφg

µα∇µφ∇αφ− P,XXgγβgµα∇αφ∇γφ∇µ∇βφ+ P,X�φ
)
δφ

=

∫
ωg
(
P,φ + P,X�φ− 2P,XφX − P,XX∂αφ ∂βφ∇α∂

βφ
)
δφ . (A.0.8)

The second term in Eq. (A.0.1) gives

δSm =

∫
ωg
δ
[
f(φ,X)L̃m

]
δφ

δφ =

∫
ωg

[
f,φ δφL̃m + f,X

∂X

∂(∇µφ)
δ(∇µφ)L̃m

]
=

∫
ωg

[
f,φ δφL̃m − f,Xgµα∇αφ δ(∇µφ)L̃m

]
, (A.0.9)

which integrating by parts the last term results in

δSm =

∫
ωg

[
f,φ δφL̃m −∇µ

(
f,Xg

µα∇αφ δφ L̃m
)

+∇µ

(
f,Xg

µα∇αφ L̃m
)
δφ
]
. (A.0.10)

Using Stokes theorem the middle term vanishes,

δSm =

∫
ωg

{
L̃m [f,φ +∇µ (f,Xg

µα∇αφ)] δφ+ f,Xg
µα∇αφ∇µL̃m δφ

}
. (A.0.11)

Noting that the first term inside square brackets is equal to the one in Eq. (A.0.6), with P → f ,
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we can, analogously, substitute it using the result Eq. (A.0.8)

δSm =

∫
ωg

{
L̃m
[
f,φ + f,X�φ− 2f,XφX − f,XX∂αφ ∂βφ∇α∂

βφ
]

+ f,X∂
µφ∇µL̃m

}
δφ .

(A.0.12)

Gathering the results for the variation of both the scalar and matter Lagrangians, Eqs. (A.0.8)

and (A.0.12), and substituting on Eq. (A.0.1), assuming that the action is stationary for every

variation δφ, gives the equation of motion for the scalar field φ:

P,φ + P,X�φ− 2P,XφX − P,XX∂αφ ∂βφ∇α∂
βφ =

−L̃m
(
f,φ + f,X�φ− 2f,XφX − f,XX∂αφ ∂βφ∇α∂

βφ
)
− f,X∂µφ∇µL̃m . (A.0.13)

Defining Lm = f L̃m, the term

∇µL̃m = ∇µ

(Lm
f

)
=
∇µLm
f
− Lm

(
f,φ
f 2
∇µφ+

f,X
f 2
∇µX

)
=
∇µLm
f
− Lm

(
f,φ
f 2
∇µφ−

f,X
f 2
gγβ∇γφ∇µ∇βφ

)
=
∇µLm
f

+
Lm
f

(
f,X
f
∂αφ∇µ∂

αφ− f,φ
f
∂µφ

)
, (A.0.14)

which substituting into the rhs of Eq. (A.0.13), gives, finally

P,φ + P,X�φ− 2P,XφX − P,XX∂αφ ∂βφ∇α∂
βφ = LmQ , (A.0.15)

where the coupling term is

Q = −Lm
(
f,φ
f

+
f,X
f
�φ− 2

f,Xφ
f

X − f,XX
f

∂αφ ∂βφ∇α∂
βφ

)
−f,X
f
∂µφ∇µLm −

f,X
f
∂µφLm

(
f,X
f
∂αφ∇µ∂

αφ− f,φ
f
∂µφ

)
= − f,φ

f
− f,X

f

[
�φ+ ∂αφ

(∇αLm
Lm

+
f,X
f
∂βφ∇α∂

βφ− f,φ
f
∂αφ

)]
+ 2

f,Xφ
f

X +
f,XX
f

∂αφ∂βφ∇α∂
βφ , (A.0.16)

or

P,φ + P,X�φ− 2P,XφX − P,XXA = LmQ , (A.0.17)
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where

Q = −f,φ
f
− f,X

f

(
�φ+ ∂αφ

∇αLm
Lm

+
f,X
f
A+ 2

f,φ
f
X

)
+ 2

f,Xφ
f

X +
f,XX
f

A , (A.0.18)

with A := ∂αφ∂βφ∇α∂
βφ.

A.1 FLRW background

Assuming an homogeneous quintessence field φ = φ(t), we may write, at background level,

assuming a FLRW metric:

X = −1

2
gαβ∂αφ∂βφ = −1

2
g00∂0φ∂0φ =

1

2
φ̇2 (A.1.1)

�φ = gαβ∇α∂βφ = gαβ∂α∂βφ− gαβΓγαβ∂γφ = g00∂0∂0φ−
=1/a2︷︸︸︷
gii Γ0

ii︸︷︷︸
=aȧ

∂0φ

= −φ̈− 3Hφ̇ (A.1.2)

A = ∂αφ∂βφ
(
∂α∂

βφ+ Γβαµ∂
µφ
)

= ∂0φ∂0φ

∂0∂
0φ+ Γ0

00︸︷︷︸
=0

∂0φ

 = φ̇2φ̈ (A.1.3)

Thus, the equations of motion Eq. (A.0.17) become

P,φ − P,X
(
φ̈+ 3Hφ̇

)
− P,Xφφ̇2 − P,XX φ̇2φ̈ = LmQ , (A.1.4)

with

Q = −f,φ
f
− f,X

f

(
−φ̈− 3Hφ+ φ̇

L̇m
Lm

+
f,X
f
φ̇2φ̈+

f,φ
f
φ̇2

)
+
f,Xφ
f

φ̇2 +
f,XX
f

φ̇2φ̈ . (A.1.5)
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Appendix B

Connection decomposition

In standard GR, the Levi-Civita connection, Γ̃, is defined such as it is metric compatible, i.e.

∇̃g = 0, (B.0.1)

and torsion vanishes (it is torsion-free),

T (X, Y ) = ∇̃XY − ∇̃YX − [X, Y ] = 0, (B.0.2)

for any vector fields X and Y , [X, Y ] denoting the Lie Bracket of X and Y (also a vector

field). The condition Eq. (B.0.1) is refered to as metricity condition. The uniqueness of this

connection, satisfying the properties Eqs. (B.0.1)-(B.0.2), is given by the fundamental theorem

of Riemannian geometry. This is actually the connection which requires the least amount of

geometrical structure to be defined, as it is completely determined by the metric g. Regarding

non-Riemannian geometries, we may introduce a generic connection ∇ on TM. We can write

the connections on a vector V µ as,

∇̃µV
ν = ∂µV

ν + Γ̃ν µα V
α, (B.0.3)

∇µV
ν = ∂µV

ν + Γν µα V
α, (B.0.4)
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where Γ̃ and Γ are the coefficients of the Levi-Civita and the general connection, respectively.

We can now compute

(
∇µ − ∇̃µ

)
V ν = ∂µV

ν + Γν µαV
α − ∂µV ν − Γ̃ν µαV

α

=
(

Γν µα − Γ̃ν µα

)
V α

=: N ν
µαV

α. (B.0.5)

The object

Nν
µα := Γν µα − Γ̃ν µα, (B.0.6)

is a tensor, called the distortion, and represents the amount that∇ deviates from its Levi-Civita

part ∇̃.

The nonmetricity tensor Qλµν is defined as the covariant derivative of the metric tensor, and

it can be written in terms of the distortion,

Qλµν := ∇λ gµν

= ∂λ gµν − Γσ λµ gσν − Γσ λν gµσ

= ∂λ gµν −
(
Nσ

λµ + Γ̃σ λµ

)
gσν −

(
Nσ

λν + Γ̃σ λν

)
gµσ

=

since ∇̃λgµν = 0︷ ︸︸ ︷
∂λ gµν − Γ̃σ λµ gσν − Γ̃σ λν gµσ −Nσ

λµ gσν −Nσ
λν gµσ

= −Nνλµ −Nµλν , (B.0.7)

where it was used Eq. (B.0.5). Note that the nonmetricity tensor is symmetric on the last two

indices, i.e. Qλµν = Qλνµ.

The torsion tensor, Tλµν , is defined as the antisymmetric part of the connection, and can also

be written in terms of the distortion,

Tλµν := Γλµν − Γλνµ

= Γλµν − Γλνµ − Γ̃λµν +

= −Γ̃λνµ︷︸︸︷
Γ̃λµν

= Nλµν −Nλνµ, (B.0.8)

using the definition on Eq. (B.0.5). The torsion tensor is antisymmetric on the last two indices,
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i.e. Tλµν = −Tλνµ.

With some basic algebra, using only Eqs. (B.0.7) and (B.0.8), we can write the distortion as,

Nλµν =
1

2
(Tλµν +Nλνµ) +

1

2
(−Qµλν −Nνµλ)

=
1

2
(Tλµν −Nνµλ) +

1

2
(−Qµλν +Nλνµ)

=
1

2
(Tλµν − Tνµλ −Nνλµ) +

1

2
(−Qµλν −Qνλµ −Nµνλ)

=
1

2
(Tλµν − Tνµλ −Nµνλ) +

1

2
(−Qµλν −Qνλµ −Nνλµ)

=
1

2

(
Tλµν − Tνµλ − Tµνλ − Nµλν

)
+

1

2

(
−Qµλν −Qνλµ +Qλνµ + Nµλν

)
=

1

2
(Tλµν + Tνλµ + Tµλν)︸ ︷︷ ︸

Contorsion

+
1

2
(Qλµν −Qνλµ −Qµλν)︸ ︷︷ ︸

Disformation

. (B.0.9)

Finally, we can write the general affine connection coefficients, using Eqs. (B.0.6) and

(B.0.9), as

Γλ µν = Γ̃λ µν +Kλ
µν + Lλ µν (B.0.10)

where

Kλ
µν :=

1

2
gλα (Tαµν + Tναµ + Tµαν) (B.0.11)

is known as the contorsion and

Lλ µν :=
1

2
gλα (Qαµν −Qναµ −Qµαν) (B.0.12)

the disformation. The contorsion tensor is antisymmetric with respect to the first and last index,

Kλµν = −Kνµλ, whereas the disformation is symmetric on the last two indices, Lλµν = Lλνµ.
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