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Abstract 

Pipes have multiple applications in daily life and they are subjected to different types of defects. 

Nonlinear guided wave has attracted significant attention in detecting microstructural change 

at early stage of material deterioration. Extensive research using wave mixing with different 

wave modes has focused on plate-like structures. However, limited experimental studies have 

been conducted on the detection of material nonlinearity in pipes using two interacting guided 

waves. This study investigates nonlinear features generated due to mixing of torsional guided 

waves and material nonlinearity in pipes at low frequency range. The nonlinear theory of 

elasticity is implemented in a three-dimensional (3D) finite element (FE) method to simulate 

the effect of material nonlinearity on torsional guided wave mixing. The phenomenon of 

nonlinear features generated due to torsional guided wave mixing is investigated by 3D FE 

models. There is good agreement between the data obtained in the laboratory and numerical 

simulation results. This study demonstrates the existence of the combinational harmonic 

generation experimentally and provides physical insight into the phenomenon of nonlinear 

wave mixing. The findings of this study can further advance the damage detection techniques 

based on material nonlinearity in wave mixing.  
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1. Introduction 

Non-destructive evaluation (NDE) technique is important for safety-critical structures, such as 

pipelines. Time-dependent loads result in material degradation in metallic structures. Cracks 

developed in degrading materials may cause catastrophic failures if proper structural 

investigation has not been done to identify damage at early stage. Studies focused on using 

ultrasonic guided wave have been carried out in the literature [1]. Ultrasonic guided waves are 

one of the reliable NDE techniques. The benefits includes the high sensitivity to small defects 

and a relatively large inspection area [2]-[3]. Linear ultrasonic guided waves can also 

interrogate inaccessible location of structures and provide online condition monitoring of in-

service structures [4].  

Torsional guided wave has an advantage of long-range damage detection in pipelines. 

Fundamental axisymmetric torsional mode of guided wave T(0,1) has attracted increasing 

attention due to its nondispersive characteristic [5]. The use of low frequency is preferential 

for actuating torsional waves experimentally since less wave modes are generated at low 

frequency range. Carandente and Cawley [6] carried out an experimental study on the T(0,1) 

mode in a frequency range around 100kHz. Geometrical change due to various defects in pipes, 

such as corrosion [7], notch [8] and delamination [9], can be identified using linear guided 

wave scattered from the damage. In most of the situations, baseline measurement is essential 

[10]-[11] to extract the damage information which is limited to macro-scale. To address these 

restrictions of linear guided wave methods, research has focused on adopting nonlinear features 

of guided waves because this approach is highly sensitive to micro-scale damage [12].  



Many studies on nonlinear guided waves have focused on contact and material nonlinearity 

[13]-[15]. Examples of contact nonlinearity have fatigue cracks and loosening [16]-[18]. 

Material nonlinearity is primarily induced by the interaction with discontinuities at lattice level, 

such as micro-cracks and voids. In the time-domain signals, the nonlinear features do not show 

significant difference compared to linear guided wave responses in terms of scattering and 

mode conversion. However, the distortion due to the nonlinear elastic wave behaviours of a 

material has a significant change after the transformation to frequency-domain [19]. By 

studying material nonlinearity, nonlinear guided wave provides damage information at higher 

order harmonics in frequency-domain. They are always the integral multiples of the incident 

wave frequency. In most of the cases, higher harmonic generation [20] caused by the contact 

and/or material nonlinearity can be applied to baseline-free damage detection because baseline 

data from pristine condition of the structure is not necessary for this approach. Liu et al. [21] 

conducted a study on shear horizontal wave for the generation of Rayleigh-Lamb secondary 

mode in plates. Ideally, primary Rayleigh-Lamb mode should not appear if shear horizontal 

wave is generated. However, due to finite width transducers, they concluded that non-planar 

wavefront leads to the generation of both primary and secondary harmonics in Rayleigh-Lamb 

wave. 

Research focused on harmonic generation in cylindrical waveguide has been conducted 

theoretically and experimentally [22]-[24] using single frequency guided wave. Liu et al. [14] 

carried out analytical studies for the second harmonics generation from different modes which 

were applicable to simple pipe-like structures. Chillara and Lissenden [25] used longitudinal 

mode of guided wave to study the nonlinear features in pipes. Li and Cho [26] measured second 

harmonics with thermal fatigue damage in pipes. Choi et al. [27] applied the fundamental 

torsional mode of guided wave in pipe-like structures and measured the higher harmonic 

generation. Li et al. [28] investigated the generation of second harmonics due to material 



nonlinearity in tube-like structures. However, it is potentially difficult to distinguish the cause 

of nonlinearity between weakly material nonlinearity and instrumentation nonlinearity. The 

nonlinear distortion can be induced by measurement systems, such as amplifiers and 

transducers [29].  

Due to the generation of undesired higher harmonic from equipment, relevant research 

work has been focused on the feasibility of combinational harmonic generation induced by the 

mix of two incident waves at different frequencies [30]-[31]. It has been demonstrated that 

guided wave mixing is sensitive to material degradation [32]. The harmonics are generated at 

sum and difference of the excitation frequencies due to guided wave mixing for damage 

detection. Early development of the guided wave mixing focused on bulk waves [33]. It can be 

used to detect contact acoustic nonlinearity (CAN) induced by imperfect bond interfaces in 

structures [34]. Alston et al. [35] investigated CAN in aluminium specimens using two incident 

waves propagating in different directions. The wave mixing technique can also be applied to 

different materials. Demčenko et al. [36] implemented bulk wave mixing method to study 

different dynamic processes in polymers, such as ageing problem. McGovern et al. [37] used 

the mixing of two bulk waves in non-collinear direction to study the nonlinear response in 

concrete structures. However, the use of bulk wave is ineffective as the inspection area is very 

limited, which is much smaller than Rayleigh wave and Lamb wave. 

Research on wave mixing has been gradually extended to Lamb waves [38]-[39] 

because they are capable of selecting multiple wave modes for damage detection and able to 

provide large inspection area. Jingpin et al. [29] mixed two Lamb waves with different 

excitation frequencies in plates using collinear interaction approach. They investigated the 

generation of combinational harmonics due to the Lamb wave mixing phenomenon. Hassanian 

and Lissenden [32] studied the generation of secondary combinational harmonics at sum and 

difference of excitation frequencies in plate-like structures due to wave mixing. They 



demonstrated that material defects appeared in plates can be characterised by studying material 

nonlinearity.  Extensive studies have been done on bulk wave mixing and Lamb wave mixing 

to study the phenomenon of combinational harmonic generation. However, a very limited 

experimental investigation has been carried out on combinational harmonic generation due to 

torsional wave mixing in pipes. The purpose of this study is to carry out experimental validation 

for the existence of the combinational harmonics generated by torsional guided wave mixing 

in pipe-like structures and the measured results are also compared with three-dimensional (3D) 

finite element (FE) simulations.  

The paper is organised as follows. Section 2 introduces the guided wave mixing 

approach and the theory of elasticity for material nonlinearity. The 3D scanning laser 

vibrometer is used to collect experimental data in Section 3. Section 4 applies the weakly 

nonlinear elasticity in FE method. The development of the FE model can confirm the 

experiment conducted in this study, and provide the framework for more complex studies in 

future. In Section 5, the 3D FE model of a pipe is described and validated using experimentally 

measured data. This section also studies the sensitivity of the combinational harmonic 

generation due to torsional wave mixing in relation to different levels of fatigue damage. 

Finally, conclusions are drawn in Section 6.  

 

2. Nonlinear guided wave mixing techniques 

2.1 Generation of combinational harmonics 

The generation of combinational harmonics requires the interaction of two or more wave 

sources. Using two wave sources as an example, mixed frequency (f1 & f2) is composed by two 

incident waves at frequencies f1 and f2, where f2 > f1. It not only induces their corresponding 

second order harmonics (i.e. 2f1 and 2f2), but also generates the combinational harmonics at 



their sum and difference frequencies when mixing the waves. Figure 1a shows a schematic 

frequency spectrum which indicates the interaction of fundamental waves and the 

combinational second harmonic generation due to wave mixing. For more practical application, 

a single excitation point of two individual wave sources has the advantage to provide 

convenient access because it only requires one-side access to implement the ultrasonic guided 

wave mixing. The wave mixing zone indicated in Figure 1b represents the interaction of the 

wave mixing.  

 

[Figure 1 Schematic diagram of a) frequency spectrum for ultrasonic guided wave mixing, 

and b) wave mixing zone in pipe] 

 

2.2 Theoretical framework for weakly nonlinear elasticity 

The following FE modelling framework for material nonlinearity not only can be used in 

simple structures, but also can apply to complicated configurations. In order to gain physical 

insights of combinational harmonic generation for wave mixing in pipes, this study aims to 



have experimental validation by a FE model with the aid of nonlinear strain energy function. 

The derivation of nonlinear guided wave equation is based on continuum mechanics. The 

interaction of wave propagation is regarded as an infinitesimal deformation. The deformation 

gradient F (Figure 2) can quantify the change of a shape and the rigid rotation of a material. 

[13] 

                                                             d𝐬 = 𝐅d𝐒 = !𝐬
!𝐒
𝑑𝐒                                                                                      (1) 

where S is the position of the material particle in the stress-free reference configuration located 

at s in the current configuration.  

  
[Figure 2. Illustration of deformation gradient] 

  

The right Cauchy-Green strain tensor C considers the rigid body translation between 

configurations. This strain tensor is symmetric and can be related to F as below 

𝐂 = 𝐔𝟐 = 𝐅%𝐅                                                              (2) 

where U is the right stretch tensor for local stretching at S. It is noted that C and U are the 

material tensors. The Green-Lagrange strain tensor E is used in the nonlinear strain energy 

function.  

                                                                     𝐄 = &
'
(𝐅%𝐅 − 𝐈)                                                                            (3) 



where I is the identity tensor. It is noted that E is also symmetric. Polar decomposition is a way 

to separate the deformation gradient into the rotation tensor and the stretch tensor.  

𝐅 = 𝐑𝐔                                                                         (4) 

R is an orthogonal tensor for local rotation of the material at S.  

𝐑(& = 𝐑%                                                              (5) 

where det R=1 

The governing equation used in the theory of elasticity (Eq, (6)) refers to the strain 

energy function W, where the strain is in the second order terms. To perform a small amplitude 

wave motion in an elastic object, the function W is presented in the Green-Lagrange strain 

tensor E. This particular form of strain tensor allows the expansion of the strain energy function 

to the third order. The equations are capable of studying nonlinear guided waves since they 

take material nonlinearity into consideration due to the inclusion of the third order terms. Based 

on the study of Murnaghan [41] , the expansion of the nonlinear strain energy function W can 

be written as 

𝑊(𝐄) = &
'
(𝜆 + 2𝜇)𝑖&' +

&
)
(𝑙 + 𝑚)𝑖&' − 2𝜇𝑖' − 2𝑚𝑖&𝑖' + 𝑛𝑖)                      (6) 

where 𝜆 and 𝜇 are the Lamé elastic constants; l, m and n are the third order elastic constants. 

The principal invariants of E (𝑖&, 𝑖' and 𝑖) ) are given by  

                                                                 𝑖! = 𝑡𝑟𝐄  

𝑖" =
1
2
[𝑖!" − 𝑡𝑟(𝐄)"] 

                                                                  𝑖# = 𝑑𝑒𝑡𝐄                                                                            (7) 



The second Piola-Kirchhoff (PK2) stress is obtained by the partial derivation of W(E) with 

respect to E, i.e.  *+(-)
*-

 . The Cauchy stress can be written in terms of the PK2 stress and the 

deformation gradient as below 

                                                             𝛔 = J(&𝐅 !/(𝐄)
!𝐄

𝐅%																																																														(8) 

where J(&is the Jacobian determinant and equals to	det	(𝐅). 

 

3. Excitation using piezoceramic transducers and measurements using 3D scanning 

laser Doppler vibrometer 

This section illustrates the mixing of torsional waves at two different excitation frequencies 

and the details of the excitation using piezoceramic transducers and measurements using 3D 

scanning laser Doppler vibrometer [43] to investigate the material nonlinearity of torsional 

wave mixing phenomenon in an aluminium pipe. Figure 3 is a schematic diagram of the 

experimental setup used in this study. The outer diameter of the pipe is r = 25mm with wall 

thickness of 1.5mm. The excitation of torsional guided wave was achieved by four square-

shaped piezoceramic shear transducers (Ferroperm Pz27) with dimensions of 

6mm´6mm´1mm. Reflective spray was coated on the surface of the pipe specimen to improve 

the signal-to-noise ratio of the signals measured by the 3D scanning laser vibrometer.  

Two excitation signals with low frequencies at f1 = 70 kHz and f2 = 110 kHz were used 

in the laboratory test to avoid less complication of multi-modes. The combined frequency 

excitation signal was achieved by merging the two single frequency excitation signals together. 

The signal at frequency f1 lagged behind the signal at frequency f2 for 22μs in the pre-mixing 

procedure. Hann-windowed tone burst pulses [42] of 6 and 13 cycles at f1 and f2 were employed, 

respectively. The actual excitation from the actuators in time-domain was measured by the 



laser Doppler vibrometer and is shown in Figure 4a. The Fast Fourier Transform (FFT) was 

employed to transform the time-domain data to the frequency-domain data for analysis. Figure 

4b shows the corresponding response in frequency-domain. The excitation signal was 

generated by a computer-controlled signal generator. The peak-to-peak output voltage was 

amplified by a power amplifier to 120V.  

 

 

[Figure 3. a) Experimental setup of piezoceramic shear transducers, 3D laser Doppler 

vibrometer and the pipe specimen, b) cross-section of the pipe specimen] 

  



 

[Figure 4. Actual mixed frequency excitation from actuators measured by laser Doppler 

vibrometer, a) time-domain and b) frequency-domain] 

 

The experimental data was collected using Polytec high-frequency 3D scanning laser 

Doppler vibrometer (PSV-400-3D-M). Low-pass filter with the cut-off frequency of 600kHz 

and signal averaging with 2000 acquisitions were applied to enhance the signal-to-noise ratio 

of the measured data. This 3D laser scanning system is for non-contact optical vibration 

measurement. It consists of three spatially independent laser scanning heads. Figure 3b 

indicates the measurement locations in Cartesian coordinate system (i.e. in-plane horizontal x, 

in-plane vertical y and out-of-plane z). The measurements were done by using the three heads 

at the measurement point. The intersection point of the laser beams measures the velocity fields. 

Section A-A in the same figure illustrates that the velocities in tangential and longitudinal 

directions were measured simultaneously at Point A. The torsional wave has the maximum 

signal magnitude in tangential direction.  

Figures 5a and 5b present the time-domain experimentally measured mixed frequency 

waves in torsional (tangential) and longitudinal direction, respectively. Figures 5c and 5d show 

the corresponding signals in frequency-domain. The measurement point is at 450mm away 

from the excitation location. The time-domain signals are normalised by the maximum signal 

amplitude so that the harmonics are comparable for the subsequent sections. 



 

 

[Figure 5. Experimentally measured of time-domain signal in a) torsional direction and b) 

longitudinal direction, and c)-d) corresponding signals in frequency-domain] 

 

Figure 6 compares the experimentally obtained single and mixed frequency responses 

in frequency-domain. In this experimental study, the generation of combinational harmonics 

are the main focus which are highlighted in Figure 6b. Three different tests were carried out in 

the study. The first test used the fundamental frequency f1 excitation signal. The second test 

used the fundamental frequency f2 excitation signal. The third test used the mixed frequencies 

(f1 & f2) excitation signal. They are indicated using black dotted line, red solid line and blue 

solid line in Figure 6, respectively. The tangential motion of the fundamental torsional guided 

wave mode shall not give second harmonics in wave mixing. Previous study [14] used 

analytical method and stated this point of view at single frequency. However, very limited 

research was carried out to experimentally confirm the generation of combination harmonics 



in torsional wave mixing for material nonlinearity. Therefore, the current study focuses on the 

combinational harmonics generation due to guided wave mixing and experimentally validates 

this phenomenon.  

It is expected that no higher harmonics appear in the torsional direction when the two 

incident waves interact with each other in Figure 6. Apart from the fundamental frequency at 

f1 and f2, the combinational harmonics at difference frequency (f2 – f1 = 40 kHz) and sum 

frequency (f2 + f1 = 180 kHz) have obvious peaks in the longitudinal measurement, which are 

highlighted by dotted vertical lines.  

   
[Figure 6. Experimentally measured single and mixed frequency velocity responses in 

frequency-domain, a) torsional and b) longitudinal directions] 

 

4. Three-dimensional finite element model of pipes 

In this study, a 3D FE model was used to simulate guided wave mixing for the phenomenon of 

material nonlinearity. The excitation location was the same excitation position in the pipe 

specimen using in the experiment. The geometry of the pipe model was created and meshed in 

ABAQUS. The pipe is modelled by eight-node linear brick elements with hourglass control 

and reduced integration (C3D8R). The in-plane dimension of the element is approximately 

0.25mm×0.25mm to ensure the simulation is stable. This ensures that there are at least 20 and 

25 FE nodes per wavelength for torsional wave and longitudinal wave. The thickness of the 



elements is 0.25mm so there are six layers of elements in the thickness direction (Figure 7a). 

The dynamic simulation is solved by ABAQUS/Explicit. The density and Young’s modulus of 

the aluminium are 2700 kg/m3 and 69GPa, respectively. The Lame’s and third order elastic 

constants used in the user-defined subroutine are listed in Table 1.  

[Table 1. Lame’s and third order elastic constants of aluminium used in the FE simulations 
(in GPa)] 

Lame’s constants Third order elastic constants 
λ μ l m n 

54.9 26.5 -252.2 -325 -351.2 
 

A layout of the pipe modelled using FE method is shown in Figure 7. As shown in 

Figure 7a, the incident T(0,1) waves at f1 and f2 excitation frequencies were excited by applying 

tangential point loads at four edges of the circumference located at the pipe end. The coordinate 

of Point B is (r,0,0), which has the measured velocity in vy. This is the maximum signal 

magnitude of the torsional wave in y direction. The longitudinal wave signal can be obtained 

from the nodal displacement in z direction. The study used the same frequencies and number 

of cycles Hann-windowed tone burst pulses used in experiment as the excitation signals. This 

study considered three different situations in the excitation signals at low frequency range, 

which are fundamental frequency f1 excitation signal, fundamental frequency f2, excitation 

signal, and pre-mixed frequencies (f1 & f2) excitation signal. The three situations considered in 

FE are the same as in the experimental study. The existence of combinational harmonics at the 

sum and difference frequencies can be associated with the induction of shear coupling from the 

fundamental torsional waves to longitudinal waves at the combinational harmonic frequencies. 

Thus, the data in the FE simulations were extracted in both the torsional and longitudinal 

directions. Figures 8a and 8b show the numerically simulated time-domain signals in tangential 

and longitudinal directions at the location of 500mm from the excitation location. The 

corresponding data in frequency domain are shown in Figures 8c and 8d. The FE model 



includes the nonlinear strain function (Section 2.2) to simulate the effect of material 

nonlinearity. 

 
[Figure 7 a) 3D FE model and T(0,1) mode excitation b) schematic diagram of the 

configuration used in the FE model] 

 

 

[Figure 8 Numerical simulated time-domain signals in a) tangential direction and b) 

longitudinal direction, and c)-d) the corresponding signals in frequency-domain] 



Figure 9 shows the phase velocity dispersion curves for the torsional and longitudinal 

wave modes from 50 kHz to 330 kHz in steps of 20 kHz. The signals at five measurement 

points were recorded and used to calculate the averaged phase velocity at each excitation 

frequency. The first measurement is located at 300mm from the excitation signal and the 

distance between two consecutive measuring points is 1mm.  Therefore, the separation of two 

measurement points is less than one half of the incident wave wavelength. The following 

equation is used to calculate the phase velocity 

                                                                  𝑐! =
"#$∆&
∆'

                                                           (9) 

where f is the central frequency of the incident wave, ∆𝑦 is the distance between the two 

measurements and ∆𝜑 is the change in phase angle. 

Results calculated by a software DISPERSE [44]  is used to compare with the results 

calculated from FE simulation data in Figure 9. The theoretical calculation is indicated by 

dashed lines while the FE data is indicated by square markers. The T(0,1) mode and L(0,1) 

mode are represented by blue and red colours, respectively. The FE calculations are in 

agreement with the theoretical values. Thus, the FE model can accurately predict both the 

torsional and longitudinal wave propagations.  

 

[Figure 9. Phase velocity dispersion obtained from DISPERSE and FE simulation] 



5. Experimental validation 3D FE model with nonlinear elasticity  

Figure 10 is the comparison between the data from the FE model with the consideration of 

material nonlinearity and the experimentally measured mixed frequency response. FFT was 

used for the conversion in experimental and numerical data. The results from the experiment 

and the FE model were normalised to allow direct comparison. The blue solid line and the red 

dotted line refer to the FE simulated frequency spectra and the experimentally measured 

frequency spectra, respectively. The corresponding frequencies are labelled in Figure 10. The 

FFT signals simulated by the nonlinear FE model in the tangential and longitudinal directions 

generally share the same pattern with those signals in the experiment. It implies that the 

direction of torsional force for the nonlinear FE model does not generate any combinational 

harmonics. 

The generation of primary and combinational harmonics at sum and difference 

frequencies (i.e. f2 ± f1) can be observed in the longitudinal motion (Figure 10b). It should be 

noted that the primary harmonics at f1 and f2 in the longitudinal direction are induced because 

of the non-planar wavefront generated by finite width transducers [21]. In the current study, 

the excitations in the experiments and simulations were four individual piezoceramic 

transducers at the end of the pipe. This produces non-planar wavefront, and hence, it induces 

the primary harmonics at f1 and f2 in the longitudinal direction. Therefore, the longitudinal 

signal contains both primary and combinational harmonic frequencies when mixed frequency 

torsional wave is generated.” 



 

[Figure 10. Mixed frequency response of FE simulation and experimentally measured data in 

a) tangential and b) longitudinal directions] 

 

5.1. Simulation results and discussion 

In this section, two FE models were used to simulate the guided wave responses. The FE model 

with the use of the material subroutine VUMAT [45] which implemented extended 

Murnaghan’s strain energy equation in Section 2.2 is labelled as nonlinear FE (blue solid line) 

in the figure. The other model is a benchmark simulation which does not take into account the 

material nonlinearity. The corresponding FFT response is labelled as linear FE (black dashed 

line) in the figure. Figures 11 and 12 show the measured data in both directions for individual 

excitation frequencies f1 and f2. The linear and nonlinear signals do not have much difference 

in the tangential direction (Figures 11a and 12a).  

Since the primary fundamental torsional waves cannot generate second harmonic 

torsional waves, the second harmonic does not appear in those plots. Only the peaks at the 

excitation frequencies, which are the fundamental frequency components, appear in the 

tangential direction. Instead, there are additional peaks at 2f1 and 2f2 in nonlinear FE. It is 

demonstrated that the modified strain energy function with third order terms in Eq. (6) can 

effectively model the nonlinear guided wave behaviours through the utilisation of user 



subroutine. The second harmonics at 2f1 and 2f2 appear in the data measured in longitudinal 

direction (Figures 11b and 12b). In the meantime, no harmonic appears in the linear response 

(black dashed lines) at the double frequency of the excitation signals.   

  

[Figure 11. FE model verification of single frequency at f1 in a) tangential and b) 

longitudinal directions] 

 

[Figure 12. FE model verification of single frequency at f2 in a) tangential and b) 

longitudinal directions] 

 

Similarly, Figure 13a shows that the signal does not contain any second harmonic 

components in the data calculated in the tangential direction. In Figure 13b, the combinational 

harmonic at the sum frequency (f2 + f1) is approximately 20% higher than at the difference 



frequency (f2 – f1). Due to the mutual wave interaction [25], the combinational harmonics at the 

sum and difference frequencies can be observed in the mixed frequency response. It is 

noticeable that single frequency excitation does not generate the combination harmonics at sum 

and different frequencies since they are originally from the mutual interaction of two waves. 

Therefore, none of these combinational harmonic components can be observed in the measured 

data using single frequency excitation at f1 and f2, respectively.   

 

[Figure 13. Mixed frequency response in frequency domain for FE models in a) tangential 

and b) longitudinal directions] 

 

5.2. Effect on relative nonlinear parameter in material nonlinearity at different fatigue stages 

This section presents a study to relate the relative nonlinear parameter with the several stages 

of evenly distributed fatigue damage growth using FE simulations. A material with various 

fatigue states subjected to the accumulation of dislocation substructures leads to the change in 

the value of higher harmonics. This can be applied to the combinational harmonics in nonlinear 

guided wave mixing in pipes to characterise the fatigue damage of a material quantitatively. 

The relative nonlinear parameter β’ is defined as [40]  

                                               β’= !$
!%!&

						                                                       (10) 



where A3 is the amplitude of the harmonic wave and A1, A2 are the amplitudes of the two 

incident waves. The parameter β’ can used as an indicator as the term A3 is the generation of 

combinational harmonic frequencies in the incident wave frequency signal. It can monitor the 

material nonlinearity quantitatively prior to the initiation of micro-cracks. An accurate 

experimental study about the fatigue damage of aluminium was carried out in the previous 

research [46] which provided convincible data at different stages in an evenly distributed 

fatigue damage cycle. The relevant data is shown in Table 2. 

[Table 2. Material properties of aluminium at three different stages in a fatigue life cycle (in 
GPa)[46]] 

                            Fatigue  
                            life (%) 
 Third order  
elastic constants 

0 40 80 

l -149.4 -153.7 -155.9 
m -102.8 -113.2 -115.3 
n -351.2 -358.3 -359.8 

 

[Figure 14. Percentage change in the nonlinear parameter calculated from the FE simulation 

against the fatigue damage] 

  

In order to allow direct comparison between the sum and difference harmonics, the data 

is expressed in percentage change for the relative nonlinear parameter β’ when the fatigue life 



is at 40% and 80%. As shown in Figure 14, the combinational harmonics at sum and difference 

frequencies are indicated by blue colour and yellow colour, respectively. The measurement 

points are at the distance of 450mm away from the excitation points. The increase in β’ at sum 

frequency is more obvious than that at difference frequency. The overall value of β’ at 

difference frequency is about a half of the value of β’ at sum frequency.  

 

6. Conclusions 

The study of guided wave mixing of two fundamental torsional waves in pipe-like structures 

has been investigated numerically and experimentally. The 3D scanning laser Doppler 

vibrometer was used in the experiment. The generation of combinational harmonics due to 

guided wave mixing in pipes has been measured in experiment. They were induced at the sum 

and difference frequencies of the incident waves in longitudinal direction when the two T(0,1) 

mode waves interact with each other. The modified Murnaghan’s energy equation to third order 

terms was implemented in the 3D FE model to capture the combinational harmonic generation 

in guided wave mixing. There are good agreement between the frequency responses of 

experimental measurements and numerical simulations. The experimentally validated 3D FE 

model has been used to investigate the generation of combinational harmonics with increasing 

percentage of fatigue damage level. Current investigations are focusing on extending the study 

to higher order harmonic generation due to material nonlinearity using guided wave mixing.  
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Appendix 

In this study, the material nonlinearity is taken into account in the 3D FE model. A set of 

equations are implemented through a user subroutine VUMAT in ABAQUS/Explicit to analyse 

the effect of material nonlinearity on guided wave mixing in pipes. The stress in ABAQUS is 

the Cauchy stress tensor 𝛔 in the basis of Green-Naghdi rate.  

𝛔A = 𝐑%𝛔𝐑                                                                        (A.1) 

Using Eq. (4), (6), (8) and (A.1), the stress in ABAQUS can be interpreted as 

                                                  𝛔A = J(&𝐑%𝐅 !+(𝐄)
!𝐄

𝐅%𝐑                 

= J(&𝐑%𝐑𝐔
∂𝑊(𝐄)
∂𝐄 𝐔%𝐑%𝐑 

                                                     = J(&𝐔 !+(𝐄)
!𝐄

𝐔%                                                             (A.2) 

The values of U and F at the end of final time step (𝑡) will be updated in the stress equations 
at the end of an integration step (𝑡 + ∆𝑡) and renewed in stressNew(i). 
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