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iv.
- SYHCPSIg

Fhis progrezs repert presonts the results of the firat yeare!
investigation of the effects of moving loads on highway dridgss. The
report is net & complete dessrivtion of the workx of the investigators
. becsuse some tineb‘ was speat in checkimg past work in the field amd

some was expenied on unsuccessful methods of analyeis bdefore a work=
able gcheme was devised. ‘ |

During the period covered by this report, effort has been coa-
sentrated on the develepment of & method fer the amalysis of emoothly
running(mass losds on highwey bridges. This effort has beon wuccess
fa1 in the main, although mch resains to be deme to reduce the smownt

of time and leber involved and possibly also to imerease the ascureey.
The chief adventages of the procedure 1is in ite ebility o take full
account of the inertia of the several axle lcads which cam ast om the
spen as vell ss the inertia amd elasticity of the bridge. It is elso
| capable of extensien té include the inflnence of daspiﬁg and of truck
springing. | |

Reoaders whose time is limited &re advised te turn direstly %o

Chapter IV im which some resﬁlts of the first znalytical predictions
_of the investigation are described., This material has been limited ¢
eiﬁplo spep bridges, thus far, in order to reiuce the length of time
required for the analysis. The numerical valuss givem are iatended %o
be iiiﬁstrative of the gemeral character of the resulte gbtainabdble,

rather than as an exhsustive stuly of the influence of any ome Zasdor

on highwsy bridge impect stresses.
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The first chapter of this report ie a drief histery of past
investigafionso The second summerizes pertinent structural proper—
ties of certain types of highweay bridges, The third chapter contains
a description of the process of amalyeis employsd, the fourth some

typical resnlts, and the l1ast 2 discussienm of the prcoblems which sesm

most importamt, suitable and resdy for analysis im the immediste

fature.

A definite effort has been made te writs the material im 2
‘ddrect, resdily understandsble memmer, making allowance for the
a1 #ficulty of scme of the points im question, The investigators will
appreciate having their attenticn directsd to sny obscurities which
may inadvertently have fcumd their way into the report.
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The investigatiom, during the period covered by this report,

vio

has been under the gemersl supervision of Professors ¥. M. Newmark,

C. P, Siess, and L. BE. Goodman of the Department of Civil Enginesr-

ing, University of Illimeis.
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and Profassor Goodman., To the first two of these 8re due most of

the new resulte and technigques described herein.



HIGEVAY BRIDGE IMPACT INVESTIGATION.

CHAPTER 1.
SUMGARY OF PAST IAVESTIGATIONS (F THE EFFRCTS OF
MOVING LOADS ON BRIDGES,

The question of the effects of moving loads om bridges appears
to have first attracted attenmtiom in 1847 whem & British Royal Com=
migsion was &ppointed to investigate the %application of irom in etrue=
tures mbjfct te vislent concussions srd vidrations®, Exporiments wers
condusted to examine the effect of the velocity of a $rain in increas-
ing or decreasing the tendency to failure of & girder bridge over which
the train was pagsing. These experiments, in vhich & smoothly rumaing
lo8d of considerable welght passed ever 2 1ight, flexidle, simply sup—
porbed bridge at various velocities showed that the deflosiion of the
bridge increased with the velocity of the moving load, up te a certein
point, =nd that{ in certain cases this imeaée in deflection ammounted
to two or three times the central statical daflection which would be
prodused by the load at rest on %ha‘ span, It seemed highly desirsbie
te investigate 'the» problem analytieally but 1% wae reslized that the
exast caleculation of the motion wonld be extramely difficult decause
the forses asting on the load and on any element of the bridge depsnd
upon the pesitions and motioms, or rather the aocelcratibnq, botk of
the lead and of the bridge, Professor Wiliiz, & member of the commis-
sion, derived & differential equatiomn for the deflisetion of t'he bridgs
at the point over which the moving lead was passing, on the assumption
that the weight of the dbridge was negligible compared with the weight
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of the load. Thﬁ differentianl squation was solved for Professor
Willis by Sir G. G. Stokes (12)7 - Stokes presented many tables based
on his solutiomn of the equation which made it possible acinally to
apply the amalysis, It should be pointed out that the Stokes solution
is only spplicable vhen the ratic of the weight of load to the weight
of bridge is large. As a.consaqusme it eanrot be applied in the case
of highwey bridge losdings vhere this weight-ratio is of the order of
0.2. The same problem was later investigeted by H, Zimmermann (6).

4 brief discussica of the sclutiom by S. Timoshenko is pvresgnted in
his bock "Vibration Probleme in Engineering.® Timoshenko approximated
the solution of Willis?! differemtisl equation by assuming the tre-
Jeetory of the moving load %te be the same 28 it would be if t.he iloed
moved very slowly. By ™rejectory® of the load is mesnt the jath of
the point of contast of the lozd and the bdeam,

The case of & very small ratio of moving load to bridge weight
was firet studied by A, ¥, Kryleff (66) in 1905, He imagined the load
to have so little mass that its imertia could be neglected and it
could be thought of ag exerting a constant ferce. A'I'he constant force
case was later completely solved by S. Timoshenko (68) and by Sir.

C. B, Inglis (21). Ome of the contributions of the present investiga-
tion has been to show that this #aalysia is nmseshle for the mase
ratios encountered in highway bridge design. The solutica for this
cage expresses the deflection of the load point in terms of forced amd

free oscillation compoaents determined by the speed of the load and

® In the text, mumbers in parentheses refer to the Bibliogrephy.
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the natural vi‘brationv characteristics of the dbridge respectively.
Since the forced oscillation compeonemt of deflectiocnr cam be shown te
be squivalent ¢o the ferawl deflection®, or the dertlocti.on vhich the
bridge wonld wnderge if the load moved very slowly asross it, the
only dynsmic e&ffect im this case is produced by the free oseillation
deflection component which in the case of & highway bridge is insig-
ni!icdnta Influence 1lines for dynamic ﬁending zoment in a2 simple
‘spen are symmetrical with regard to the center of the bridze as fowmd
by this method while it is known that they are not so iz reality.
Although deflections as found by the constant force solution agree
with experimental results mors closely tham do the stresses, the
constant force solution sammot be regarded as giving a true picture
of the dynamic response of a bridge to a moving load., The imertia of
the load cannot be neglected.

The general pr@blgm of & moving load vhere both the mass of the

locad and of the bridge are considered was first investigated by

H, A, Jeffeott (67) 4m 1929, Jeffcoty solved the diffsrential equatiem
for this cau‘ by 8 series of successive approximatioms, first neglect-
ing the inertia terms and ebtaining a solution, them n;ing this solun~
tion a@d sonsidering the inertia terme @0 as to obiain 2 second soln-
tion and so om. Jeffoottls iteration method has been shown mot %G
converge in certain eases.

Another analysis of the general case is that due to -

A, Schalienkasp (39), published in 1937, The Schallenkemp method
involves writing the trajectory im the form of & series and moting
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that the expression for the load on the besm them centains & constant
force and am infinite number of oscilleting compomrents which are
‘determined by the weight of the iscad aad ite speed, The generalized
ceordinates for this type of disturbance are known, hense & nev squad-
tion cam be writtem for the trajectery which whea expanded in a
Pourier series leads, in principle to a sclution of the preobdleam,
Schallenkarp obtained good agreement between theory and certaim exper-

iments,
An investigation into the dynemic influence of moving loads om

bridess is being conducted at present dy A, Hillerborg at the Reyal '
institute of Technology, Stockholm, Sweden, It comprises both theerst-
ical and experimental work, The simplest cases are being thoroughly
studied to begia with, Zventually it is hoped to combine the variocus
affects one by one to determine their separate and cumaiative astiens.
Hiilerborg has employed, with ingenious modifisstions, an assumption
due to Inglis as te i}he form of the deflestion curve, Expressions have
been derived for the "dymamic increment® im deflection 2nd bending
noment in terms of dimensionless quamtities. These dynamic imcrements
which are the frastional increases in deflection and moment caused by
the moving lead are presented in grephical foarm meking it prastical

to apply the analysis to simple experimentis., Hillerborg!e results

apply only to a2 single smoothly runming load.



CHAPTER IX. g,

STRUCTURAL PROPERTIES OF HIGHWAY BRIDGES.

Before starting am analytical study of the effect of moving loads
on highway bridges it was felt nececsary to investigate and compare cer=
tain thysicel cheracteristics _of tl;e common types of highwsy bridges in
Iliinocis. Although the actual propertise of these bridgels were not re=
quired in the study of impact at the outset, since the problem can be
expressed in general terms, they were necessery t¢ give meaning tc the
final resultes.

Seven continuouns three-span I=beam bridges were studied initially,
s2ch having boen designed for H=15-Ui lseding., The outeide spans of
these bridges varied in length from 26.25 ft. to 88,50 £1. while the
center spans ranged from 3T £t. te 113. 4., &8 showa in Table 1B, The |
ratio of the ont_eide gpan length to the center spanm length was found
alwayas to lie within the narrow limits of C.777 to 0.782. The bdridges
congisted of & 6 1/ 2=in, or 7=im. reinforced concrete slab deck 24 £,
to 30.5 ft, in width eupported un 5 WF steel girders whose depth varied
from 21 in, %o 36 in., and which were speced at equal intervals of from
6 £%,=0 in, to 6 ftoelo in., s shown in Table 1A, The r@adwéy width
wag either 22 ft, or 2 ft. with curbs € in. high varying in width from
6 in, to 33 in. The handreil in every bridge except one was made of
stractural steel and in this cne case it was mads of concrets, The
bearings of each bridge comsisted of reller supports at bdoth abutments
and either a rcller or & kayed rocker at the two intermediate piers.
Three of the bridges were level longitudinally, three had grades of
0,33 per cent sach way from the cemter-line and only one had a si'gnifi—?

cant grade of 3,87 per cent throughout.
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The stiffness of each bridge é;iven in Table 1C was calsulsted
on the assumption that the stesl girders and ccnerete siab behave as
& composite beam,  Tho ratis 38/2e wae taken as 7 with
E, = 4.5 = 106 psi. The 2ssumption of & composite beam is good
encugh for the small deflsctions which would be preduced in the free
vibraticn of the brié.ga but for larger deflections elippagé nay occur
between the girders sad the sleb. Neglecting the hemdrail, but im-
cluding the curbts iz the calcuiationsg the transverse stiffness com-
puted on the foregoing ‘assmptions ranged f:om 5.2 x 109 f%oz ib. %2
32,81 x 10° #8.° 1b, cerresponding o the cemter spans of 49,3 £t.
and 113.0 ft. shown in Table 1B. The holights of the neutral azis of
this transverse éectioa ranged from 90 per cent tc 113 per cent of the

girder height meagured above the bottomr of the ocuter beam and are

shown imn Table 1C.

In crder to find the three lowest frequencies of vibration of
these unloaded three—span ccntinucus bridges of varying span length we
proceed asg follows: Taking the origim of coordinetes at the left end

of each span the equation f@r the deflsction of each spaa during free

vibration is:

A =8y (cos kx = cosh kx) + ¢ sin kx + d_ simh kx,

Since for the continuous bridge the glcpe of the beam and the bending
ncment of the besm are contimuous over amy intéri@r' gIPDOTY, We MEY
write the first and second derivatives of the @bove equation with proper
'bound#ry cendifbions to get three equaitions in thres unknowns, 2.5 €0
end @ . | Solvinz for thess three constants amd letting:
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¢r = eoth kLr = eod ki’r T

] = ecosaesh =
)Ur 8 kl:.ga cogec klr

we can then write the slope equatioa at each interior support in terms
of @ emd {/ , so thet for a bridge of "i* spame we will heve
(i = 1) equatione of the type:
aaé @14-?52) + 2y %1!2 = 0
B om0y (Pyr Py)vey Y=o
SEL PPN @+ @ =0

By equating to gerc the determimant of these equations the frequency
equation for the vibration of ths contimuons bridge is obtsined and for

a throe-span bridge where the two ocuiside speaas are equal we getg‘ '

&
¢1 * ¢2 =7 wg
| vhere kL. = 0,795 kL,

To solve these equations it is conveniemt to draw & graph of the func—
tions {¢1 +¢ 3’0 4¢’29 - 9]20 The three lowest values of Yki®
where these graphs imtersect represent the three lowest frequencies of
vibration of the bridge and'thess frequencies ware calenlated from the
formuia: |

12 31
= =

onF »

4

4

The three mode shapes of vibratiom corresponding to the thrse matural

frequencies found are shown in Fig. 1,

Iater in the investigation a2 similar set of properties was com%

'piled for four simple spam I-beam bridges designed for H-15-U4 loasding
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sines the anelytical developument of the impaci problem had reached
the stage where a practicsl applicetion of the methods seemed éssirablaa
Each of the four bridges was dssigned and built by & separate State
Highway Department so that they should repéesem‘: & gooed cross—=aecticn
of bridge design prectice in the United States, A bridge having
siﬁiiaf properties to those gshown in Table 2 was chosen for the analysie
deseribed 4n Chapter IV, the dimensfona being changed only very slightly
for convenience ia ths a;nalyaiso» The properties listed in Table 2
wore found in the same wey as those for the three-sgpam bridges exsept
that the natural frequencies of vibration in the simple spam case are
merely 32 times the fundemenial freguency, wherse "n¥ is the order of

the mode in gquestion.



TABLE 14,

GENFRAY, DESCRIFTICN OF THRME-SPAN I-BEAM BRIDGES.
STATE OF ILLINOIS.

NAME TOTAL ROADWAY GIRDERS 'CURB SLAB CROWN
WIDTH - WIDTR Width | Heignt | TBICK=
(Outeide XRSS8
of Curbs) | ' _
DOYIES BRANCH 30060 | 24i-0% | 5-21% WP-50f 69~10% o.c. oiw | gw &' | 1/
- ' ]
LAWS OREEK 261-0% 400" H-24# WP-8Tf Gﬂaa%-" 0060 12 ge 6% : 1-3/8¢
LITTIE MODDY RIVER 261-0" 2l41=04 5-36% WF-150f 61<1% 0.0, 12¥ gw | 7 1-3/g"
PECATONICA RIVER 23068 240 =0¥ §=36% WU/ 6ﬂ==7«%” 0.6. 33 gn 7¢ 1-3/8"
BIG CREIK Slh1-0" 221-08 | 5-24% WP-g4f 5i-B3* o.e. 120 ge 6% | 1-3/8e
RANGE CRESK 251-00 | oWi-0f | B5e21f WP=T3 6'=0" o.c. 6" ge 6%6 1-3/8%
JORNSON COUNTY 24r-0F 22! =04 5=30% WF=124f 5i=7% o.c. 120 ge | 7%  1-3/g®




PARI®  1B.

FROPERTIES OF THRERB-SPAN I-BHAM BRIDGES,

STAT® OF ILLINOIS.

SPAN LENGTH
NAME OF BRIDGE LOCATY OK DESION TOTAL WEIGHT 1‘1
IOADING | IENGYH, | per fg, | Outslde | Center | o
(£%.) . (1b.) |1, = L L 2
1 73 2
DOYLBS BRANCH Clark County . H-1§ 85.50 4166 26,25 33,00 | 0.795
FA Proj. 531=C S.A, Rt. 8, Sec. 26-B
1AWS OREEK Clay County B=15 155,50 2950 u7.u42 60,67 | 0.782
S.A. Rt. 5=4, Sec. 10-B
LITTLE MODDY RIVER Jackson cggnty H=15-ll 266,50 3632 81,17 04.17 | 0.779
F.A.8, R%, 90 ’
Proj. 8-151 (1) Sec. 11-B, F
PRCATONICA RIVER Stephenson County B-15 290,00 h7ug 88,50 | 113.00 | 0,783
P o sa ro‘oSo Eto 579 s'co 27"3 '
rodo 8-134 (2) S.A. Rt. 10
BIG CREEE Pulton County . B-15 160, 00 2943 48,75 62,50 | 0,780
' S.A. Rt, 14, Sec. 32 :
B=1= MFT,
RANGY CREEK Cumberland County B=15 126,00 2808 38,33 49,33 | 0,777
SOAG Rto up seuo 21‘”3
=15 d
JORANSON COUNTY Johnson County B=15<1l 220,00 3237 67.00. 86,00 0.779
Proj, 8=152 (1) F,A.B, Rt. 928, Sec.2U-B|
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WS aage 10,

PROPERTIES OF THREE-SPAN I-BHAM BRIDGES. (Contd).
STATE OF ILLINOIS

. BATURAL FREQUENCIES FANDR
NAME OF BRIDGH KT of SECTION | HEIGHT OF 6,Po8o) GRADE ALL
2 9| NEUTRAL AX1S Per Cent
(£8.51b) x 10 : 2 ¢ ¢
(in.) 1 2 3
DOYLES BRANCH 5,90 23,82 12,4 19.0 23,3 3,87 Concrete
LAWS CRERK g,07 o, s 5.2 8.1 9.8 0,33 Steel
each way
from genter
LITTLE MUDDY RIVER - 23,95 32,37 3.8 4,3 5,2 0,33 Stesl
‘ sach way .
from center
PECATONICA RIVER 32,81 33,40 2.4 3,7 4,5 0 Steel
. (with concrete
posta)
BIG CREEK 7.82 24,34 4.8 7.5 9.1 0 Stesl
RARGE CREOEE B, 29 21,82 6.5 10.2 12,4 0 Steel
JORNSON COUNTY 15,30 28,23 3.4 53 | 6.5 0.33 Steel
each way
from centor

“Above bottnm af mib el da ~i 8.

1T



. | PABI® 2.
SIMPLE~-SPAY I-BRHAM BRIDGE PROFERTIES,
(A1l Designed for B=15 loading).

NATURAL FREQURNCIES

BRIDGE SPAN WEIGHT BI of HANDRAIL | ROADWAY
(£4.) ver f§° STOTT N (e.pot.) w%nmn_
iv, 2. 9 ' £%.)
£4.3b, x 10 £ £, f3
ORMAON 1. , .
Vancouver Ave. Bridge | 75,00 46h0 31,67 4.1 11.6 37.2 Conorete Ly

Columbia Slough,
Multnomeh County

WISOONSIN 1.

Bridge No. %82 68.92 3670 12,68 5o
Town of Weston,

Dunn County

o

22.5 0.5 8teel 24

MAINE 3,

Enightly Bridge 58,00 2860 11.85 6.0 2 54,2 Consrete 24
at Waterford,
Oxford County

AR W,

Skull Valley Drain 60,00 2710 20,85 6.9 27,5 61.9 Gonarste Yl
Bridge. Low=Timple :
Tocele Counby

“Properiies converted te o4 £¢, width,

S
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CHAPTER IIX, 14,

'METHOD OF ANAIYSIS.

i, Simplifications Employed.

The analysie which has been deveioped. for the varposes of the
investigation is explained in detail in this section. The methed has
been devised with & view toward ineluding all of the importamt factors
which infiuence the stresses and deflsctiocns of highway bridges., At
the ssme time simplifications have been imtroduced which pemmit the
question to be investigated without the usze of an elaborate mathemat-
ical treatment. In practice the analysis is a repeated sequence of
mumerical cperations = addifionso subtractions and multiplications.
The simplifications or assumptions vhicﬁ meke this possible ars first

discussed.

To begin with, the bridge strmcture with its distributed mass
and elasticity is replesced by a strecturs havinz concentrated mass

and elesticity as indieated schematically im Pig. 1.

. ! ¥ %
I oL 1Ol 10| ]

% wmen >

FIGO 10

wTTn a @ < sTEBTN

IDEALIZED SPAHE.

The bridge span is divided into a equal segments. At each joint is
Placed a mess squal to 1/ath of the total mass of the structure. At
each joint & himge or spiral spring ies comsidered to resist angle

change at the joint. The stiffaness of these hinges are such that the
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deflection of any Jjoint for & static load om the dridge is exacily

the sams as the deflection of the original bridge structurs with its

distributed mass.

In prectice it ie necessary to set & limit on the valus of n
employed ;n the computation. An actuel dridge can deflect in a very
complicated manner. In fact, strictly spesking, it is necessary to
know the deflection of each poimt im order to specify the deflection
configuration completely. This ideal cam be approached by using a
large number of divisions, making n very large. On the other hand,
the method, while unchanged in principle,v becomes more tediocus in
actual computation vhen this is done, so that gome compromise based
on engineering judgment is reguired. During the past yeer most work
has been based on & four-division scheme, and the remaining portioms
of this discussion will deal with this case. Extension to any muwber

of divisions iz straightforwvard.

To got a clearer idea of what is being neglectsd by the essump-
tien of concentrated mess and elasticity we recall that any deflestion
éhapo of a simple beam can be expressed as the sum of & series‘of sine
vaves, In the first of these, the beam deflects to a half sine wave
shape., This shape can be closely approximated by four straight<line
segments. The second mode distorts the besm into & full sine wave
shape which can still be well reprssented by four straight=line seg-
ments. Even the third mode is accounted for. But the fourth and
higher modes aré too simucus in shape to be modeled by so siniple a
stracture. The usse of a *modsl® having only » = 1 degress of freedom
implies that the influence of modes of vibration higher than the n=lst

is to be sacrificed.
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On the other hend, there is good experimental evidence that the
effocte of damping are much mors pronounced in the higher modes thasn
in the lower. Certainly it is difficult to excite the higher x:;odea of
2ctual highwey spane in the field by means of mechanical cscillators.
These field obseﬁatims provide some basis for belisving that the
quantities neglected in the analysis are precisely those which ought -
to be neglected on physical - as comtrasted wiih purely mathematical -
grounds, In the final apslysis, however, this peint is omse which caa

only be resolved by experiment.

There is & second kind of error introduced by replacement of the
continuous spen with four segments., The traveling nass. representing
a truck wheel is, as ba congequence of this simplificatiom, taken to
heve & deflection equal to that of the mode poimt just passed pius a
fraction of the difference between the deflectiocas of §he end points
of the segment cver which it is a;oﬁngo in reality, the flexidbility
of the span be’twoen‘ mode points wonuld modify this straight-line rela-
tion wemewhat,

e amalysis proceeds by dividing the totel time required for
the mass, traveling with wniform velocity v, to traverse thé bean
inte ehort intervals of duration + seconds, Within each of these
intervals the vertical ascceleration of all points on the span is

asgumed to vary linearly. So alsc is the acceleration of the travel-

£ ing mees in contact with the spen. If we c&ll thig deflection ¥,
£ then |
: 2
accelsration = a = <===él = &, + et (1)
dt

vhere a, is the deflection at the begirnning cf a time interval

of length ¢ . intbgrating oRce
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dy i .2

velocity = v = aTﬂ v, +at+ 5 et (28)
and ueing Tquation (1) to elimirate ct,
1 .
Ve v 4 -z-t(ao-t-a)e ()
Integrating Equation (22),

1 2 1.3
AR A AR LA, z ct (3a)

1 2 1 2
¥ = yc+v°t+3aot + get (3v)

If quentities pertaining to the end of the time interval are denoted
by doudble ascents {e.g. v‘?e and those pertaining to the begimning of
the time interval by single accente (e.,g; wra)9 thgn from Equations (2b)

snd (3b) we have directlys

veve Zeaea? (4a)
y"ayﬂ-c»vﬂ'rd-%'-aa 1'24-%&”1'2 (4v)

1. Eguations of Motien.

Having developed the simplifications and assumptions of the pro=
cedure, equations of motiom for the joimts can be derived. To begin
with, the moving load is in the left-hand pemel., Iet us choose the
time interval v such that the panel, of lemgth ., is traversed in.,‘

gay, twenty interwals,

X

n ’J !
P16. 2.
PIEST PAVEL
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The masg, at the end of n time intervals, is distant from the lef%

suppert &n amonnt

vt vae : (5)

It has passed over & fraction, a, of the panel length, vhere

am 2 = 2 (6)
h 20
and conseguently
Ty=ev = BN | 9

The forces which act on the concentrated mass H1 are showa in

Fig. 3. The force exerted by the moving losd, a X (g - ’y‘n)o
ol (g=-¥

"

Q'l = F (?19 729 73)

PIG. 3
FORCES ACTING ON “1
depends not only on the weight of the truck axle, N g but alsc cm
the downward scceleration of the point of contact, ¥y if, for
example, the point of contact were moving downward with an accelers-
tion of 32.2 feet per second per mecond, thers would be ny instan-
taneons pressure exerted by the moving lcad om the span, It ig this
interaction betwsen force and deflecticn that makes it impossible to

utilize solutions in which the moving mass is replaged by a comstant

force or even by 2 force varying in some simple manner,

Ly Dotted superseriptes indicate di;’ferentintion with respect to time,
for emample, ¥ = dy/dt and § = dey/dtao
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The other forecs exerted on the mass Hl is that due to the

alagtiecity of the span., When the spen deflects to positioms V10

72" y39 _§{nternal forces Ql“ Qgp % are doveloped at each nods

point to reeist thie deflestion. The deflections ars related to

the forces byv the expressions

ylz 9%4-11%# 7% 5
pél 1

;reﬁnq1=e,1‘6q‘a+nc;5 x o 768 (8)
y3= TQ1+11Q2+ 9Q5

These expressions are just the deflectioms of the quarter pointe of

a simple span due to loads o Qv e For exampls, the deflection
, %

ef the senter point, Voo due to a soncentratsd force 02 is

1 3
Voe Wi mm e " %‘Tx'

& well-kmown relationship. Inverting the above Equations (8) we
have

Q = 630.85706 7 - 603 hogly 7o + 246.85703 v3
BI
Q, = =603.428M1 y, + 877.T1H0 y, - 603.h28k1 73 | =3 (9

% = 2&608570351 ~ 603.42841 7, + 630.85706 73|

The forces Q'a.re simple linear functions of the deflections.
Fewton®s equation of motion, ¥ = me, cen now bs written for the

thres nods pointse, ‘
W Fy=aM (g=-Fy) - §
xa ;2 = = qa (10)
Wy I3 = G
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These expressions are valid se long a8 the truck axle is im the first

penel, Y¥hen it emters the second pamel the term o« L (g 93._“) wast
e ramovad‘ from the first of Equationms (10). While the truck is im the
gecond panel, moving load terms appear im the first ¢wo of Equatioms
{10), vhils it is in the third panel they appear im the last two equa~
tions, and while it is im the last pamel the moving lcad term appears
oaly in the lac% equation., Ths treatment of these ezges ie not dis-
cussed explieitly ia tﬁis report but it follows the first-panel case

in & straightforwerd mammer.

177, BSelutiom of the Equations of Motion.

The first step in the solution of Equetiops (10) iz the slimina~

tion of the term ?M" in visw of Bguation (7)

xT =N
vhence Ty= oy +7; @

where, ia view of Bquation (6) & = v/h = constant.

G v

Iy =

yl + & 31 (11)

Usiné Bquation {11), Bquatioms (10) become
L% 2 . k4
vy {1+1:a.233 = lia,vg=8an§§-1= Qiju

73 == G/
vhers ,
. :[,: - treveling weight (13}

I weight of dridge
The second step iz the sclutiom is the removal of the veloeity

term, ¥, from the right-hand pide of the first of Equatioms (12).

Thie is done by means of Equation {lUa) which relates the velocity at
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any time to the velocif.y at & previoue instant and to the accelefationi
at the pressnt and previouns inestants. Denoting'the valuee of gquantities
at a previous instant by 2a additional zarc subseript (e.g. 710) is
the deflection ¥y at an instgnt previous to the one under conuider;ationg
we have from (la),

= dior 37 Gyt ) | (15)

Substituting this in the first of Equations (12),

Fy (1 ofr = BRIy o op (ug - B (5 - 2, 0)]- o/

07.2“ "592/“ (16)
3= = /N

At this point there are two wvays im vhich it is possible to pro-
cesd. Both yield the same resuli and the choice between them is largely
cne of convenience. The first method described is due %o N, M, Wewmark.
It is an iterative procedure. |

A part of the solution is @ssumed, the remainder is them computed,
end £inally the computed part is nsed to obtain a new value for the
qusntities originally sssumed. If these values agree with the original
agsumptions the process is complete, otherwise it must be repegted using

the new valuse as & starting assumptions

Method A3
Suppose that at the beginning of some time intervel the
displacements, velocities, and ascelerations of the node points are

known. Since the properties of the bridge and the load are also kmewn,

the vonly unknowns which appear in Equations (16) are the accelerations

at the end of the time imterval (‘il, 5‘2,,, ?’3) and the displacemenis at
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the end of the time intervel (’1“ Too y3)° These last appear impli-=

citly ng Q, and % by virtue of Equations (9).

1, Assume valumes for the *final® acecelerations

Fro Voo Foo
| 2. Compute the corresponding valuee of the final die-
plecements and veloocities using Equations (b)) ard (ia).

3. With these values of the displacements and velocities
at the end of the interval, solve Equations (16) for new values of the
accelerations. These should agree with the values @assumed in Step 1.
If they do not egree, to the ascuracy desired, the cdnputation 18 re=
peated, using the derived values of the accelerations as & new start-
ing point,

4, It mey be noted that the method depends on knowing
the displacements, velocities, and asccelerations &t the beginning of |
some time interval. These quantities are kmown for the first time

interrals all successive valunes follow, step by step.

Hethod,me
A8 in A, 1% is assumed that at the beginning of some time

interval, sy the first, the displacamentdo velocities and accelera~
tione of the joints are kmown.

1. To begin, the acceleraticns ?19 '7'2, 'y’j are removed
from Bquatiors (16) by diresct substitution from Equation (4b), The
resulting expressions are

QM + 1,(1 +lap s BET, 5014 R o Ty e ymw_qa ¥.0

T e

*“Rchgc';(ilo ylo)]
2 1 ao
Qz/““";‘szya = ;6‘2(”20*’20'* 37 Vo) an
. |
.| =2 7 1 D L.
B 23 = Sy iy re 5 7 T30



23,

2. These expressicns are & set of three linear algebraie
squations ﬁz the three unknowns Fyo Too 73“ (It should be remembered
that Q!. %, QS are simﬁly linear fnnctiong of the y's, as defined by
Equations (93'.) The quantities appearing on thé right-hend sides of
Bquations {17) depend only on previoua. values of the aseeleration,
velocity and displacement. Thay &re known constants as far as the solu~
tion of the sgquations is concerned. |

3o whiie the Etmati‘ons (17) can, in principle, be solved
diréetly., it is prefersble to reduce them to a dimemsionless form,
Lot the tims of passage of the load over the spanm be divided imtc, say,
80 parte, 20 per pamel, as in Section II of this Chapter. ILet n be

the number of the time interval under consideration, 2lso as inm Section

11 of this Chapter, Them .

a=n/f20=vt/h=vav/ay v v/fhe 0,05 (18)

Instead of measuring deflections ¥ in conventional units, for the pur-
poses of the caicnlatiéna it is desirable to introduce the dimensionless
quantity § defined Yy |

y= §gr° ' (19)

Pime i8 to bq measured bty meang of the dimensionless quantity

t°  where

te t 7 (20)

Derivatives taken with respect to ¢ will be indicated by astericks

/Y ¥

Bofo —mgp =
da%
It should be noted that

¥ .8 & .5
at as  at

4 o
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Finally it is necessary to choose the length of the time interval ¢, .

The proper cheice of time interval is discussed in some detail iz
Section IV of this chapter. Por purposes of illustration let us con-

gider & time interval one thirty-second of the fundamental pericd, i.e.

= Tf32, (21)
vhere v fwd .
Pa = J— {22}
™ ¥ EX

On using the relationshipe (18) to (22) snd replacing Q» Qs
and q5 by ¢heir values in terms of}ylf, yé aad y3 eg given by Bquations
(9), the equatiens of motiom take the form:

'{'630985706 71 = 603.:‘-‘28’41 72 4+ 2“6«,35703 331 -a;—:'z

= aR(l1+em)y ¢ . aRA+0)N,= % i
+6F (e S50 = 6 1+ 255520 ¢ g ¢ Ty

]

H h ,‘- 1‘0
M- B A TR T

[- 60312801 7, + E77.71410 5, = 603.42841 ;] —5+ 67,
&4 n

1

3

L246.85703 ¥, - 603 42841 Vo + 630.85706 '53] '5}_5+ € ’y*3
7T

® o

. 12
=6 G5+ T3¢ 30
4, Sinee the initial values of v y end ¥ are all gero,
the Bquations (23) are emsily written down for the first time imtervai,
a= 1. Suppose, for example, that, as in one of the cases studied, the

mass ratio R = 3.5, Then for n = 1 Equations (23) take the forms



7418735 ?1 = 0.955312 52 + 0,390809 §3 = 0ol
= 0.955312 §) + 7389544 7, - 0.955312F; = 0

0.390809 3, = 0,955312 §, + 6.996735 5 = O
of vhich the sclution is
¥, = 0.096090
¥, = 0.011940
¥ ==0.003736

Prom these values we may at oncs compute

L3

25.

e &P
'ffls6?1=6i10=5§10®2’7'10261000950m-0°57651$0

] & &% b
énd Fy=Tio+ 05 F; + Fy) = 0+ 0.5 T 0.576540 = 0.288270
%3 ]
7= 0.071640 ¥, = 0.035820
»H ®
75 = -0.022416 F3 == 0,011208

The procedure may now be repeated for the second time interval.
5« A valuable check is obtained by computing

e a t‘ 8
p.aNL(s=yx)a§3n3g(1ao°1§1ao,,05ni1)

Q = [0.998735 7, = 0.955312 §, + 0390809 ?33 gM

& P
then F, = Ql
1 Mg

In the example of Step U4,
n ‘ ,
P= 5 M, g (1 = 0.028827 = 0.028827) = 0.04T117 M g

Q= 00083102, Mg
and since HI/H = U T35 14
;’1 = 14 T 0,047117 = 0.083102 = 0.576540

vwhich checks the result of the previous step.

(24)
(25)

(26)
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Similer shecks cam de pexrformed for *}‘2 and ?30 They are simpler be-

ceuse P venishes for these joimts when the 1osd is im the first pmnel.

6. Finally, bending moments at the quarter points are

s
L, Bathel ‘ 4

F1G. L.
BENDING MOMERT COMPUTATION

eomputed.

SRR DAL LV

Myl ele) (2n)
3 1,1 x

a}luah%%«»%%»bﬁqﬁ ¥g

T- I% is conveniemt to arrange the computations in
a tabular form, as showa in Teble 1. Here are indicated the compa=

tetions for the first three time imtervals.

I¥. Proper Choics of the Time Interva}.;

i% is cle_ar that the iterative method of solntiom {(Method A) ié

sucesssful cnly if the newly compuited values of acceleraticm a.relc‘i@wr

~ %o the true sccslerations them wérs the original asgumed values. This

will be the case provided that the time inmterval 3uriang which the aceal-
eration is assumed Yo be constent is smalier tham a certain limiting
value; This 1imiting lemgth of the time interval, 7, s velated to the
shortest period of the mbstitﬁ%e strusture, FNewmark has shown that to

securs é@zwergance in ordinary vibraiion problems it is necessary to
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have T < r_mmin (28)

For the case of a uniform bridgs

R 5
/m? /n .

2 &8 10 2 L - ——1 = e c—

mAT 273 = T3 0.1415 e (29)

and for the substitute structure having concentrated mass zad elasg-

tlecity . S
. o ,m}' .
? = 1,273 - T = 01510, (== {30}
max { g3 uin T

where ¥ is, as before, ore—=quarter of the total mess of the structure.
';’he figures are cited to show how closely ths substitute structure with
ite concentrated mass and ‘elastﬂcity corresponds to the' *originai‘ atruc=
ture with distributed mess and slasticity. »

Designating the fundamental or maximum period simply es T, we
have |

Tmin a 0,1185 T and therefore woe must have

T & 0.0377 7 , (31)

In the iilustrative problem of the pervioues sestion, v was chosen as

= P?f32a 0,03127T - (32)
which falis within the allowabls raange.

A% first glance it might appear as though Method B would be fres
from this limitation on the allowable length of the tine interval,
Agtually this is not the gase. If the time interval is toc iarge, the
assumptior of & linear Fariation of asceleration will be seriousiy ia

erro¥, JAccouracy apd conveirgence are closely allied and for this reascn
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use of & time imberval largsy then thst given by Bguatica (28) ceems
jnndvisablie. ITn the pressnt iuvestigaticn the time intsrvals have
been checked by recompubing, using fimer time divisicns. The eri-

terion presented im this section hes provem to be entirsly adequate.



TABLE

X1

PYPICAL COMPUTATION SEEET. e
1 2 3 B
+ 0,056090 + 006;;761; + 1.880921 + 3.560016
+ ooésgz?o + 9,801212 + 1461375 + 157904k
. 0.5T6540 + O, 6ug3hYy + 0,%70982 + ooSS‘.&B‘}G
+ 0,659642 + 1.182922 + 1.68u7s52 . * 20069@
+ 0.083102 + 0533574 |+ L.173772 + 170547
P1%; Y1+ o.5785u0 + 0.6u9348 + 0470980 + 0.36435%
%o + 0,011540 + 0,141769 + 0,68u2u7 + 1.8388349
;2 + 0035820 + 0.282027 + 0.852993 + 1545741
¥, | +oomee | solzom | +ogmmse | + o6
P, 0 o o 0
%, = 0,071636 = 0,120768 = 0,721157 = 0.564340
?zu: Q2 + 0,071636 + 0.U20768 + 0,721157 + 0,664340
"y"3 , = 0,003736 = 0,038104 = 0,130762 = 0,117910
,;%3 - 0.011208 | = 0.06ghg0 = 0.091950 + 0,197862
¥ = 0,022416 = 0,004128 + 0,049188 + 0.530436
Py 0 0 o 0
c% + 0.022415 + 0,09%123 = 0.049185 = 0.530437
f}_éf;;, o025 | - 00025 |+ 0.0185 | + 053007
H(1/%) || + 0.0321 Nga + 0,2133 Ngh + 0.5075 Mgh | + 0.8143 Hgh
K(1f2) || = 0.0189 = 0,1070 = 0.1589 = 0,0768
B3 || & 0,0018 = ©,006%4 = 0,1040 = 0,3036
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CHAPPER IV, ' 30,

IMPACT LOADS OF SIMFLE SPANS,

Essentielly two types ef problem have been studied %o dite.
Both deal with smeothly rumming loads on simple-spam dridges. The
Pirst type of investigation has been aimad et esteblishing the prac-
tical usefulness of the method of analyeis and does not deal with &
gpecific bdridge wnder a specific truck loading. The second investigs-
tion, on the other hand, concerns iteelf with ths megnitude of the
{mpact effeet which would be produced by & common type of truck pese-
ing smoothly tut at rather high velecity over a typical highway spen.

The firat of these stuliss, although admittedly academic, has
brought into fecus & number of important points, 80 that it is worth
citing in soms detail. The lcad in this case consisted of 2 single

axle earrying & mass one~tenth the mass of the dridge, & more or less

represantative valus for highway spans.

sags of truck axie
vy=B= = 0,1 {1}
magg of bridge

The only other paremeter which need be specified is the quentity

by
3T gaker equal to 0.2 {2

v
ae3
in this expressioR v is ths velocity of the moving 1ssd, T the funde-
mental peried of the strusturs, and 1 the spen length,
The fact that ¢ and R are the only quantities that need be spesi-
fied for the analysis was first noticed by Inglis (see reference).
The axpreesien a cam be written in & fornm which brings out its physicel

significance in a more striking way.
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1/2 Fundemental period of the bridge (3)

&= Time required for the load to traverse the spem

The spead of the moving load is of importamce, but only ss compared
with the fundamental period of the strusture. In the investigatiom in
qusstion this mentity was taken to be two-tenths, a valne whick wounld
represent, for example, a bridge having a spaa of LY feet, and a furda-
mental period af 0.2 seconds, acted on by & single axle treveling at
60 m.pohs

In Fig, 1 the deflection of the midpoint of the spem is plotted
vertically and the position of the moving load horizontally. Whesn, for |
example, the loed 1s three=tenths of the way across the span, the step-
by-step or dynsmic deflection of the midpoint S8 2,80 g T° X 1070, The

three curves which appear im the figure are:

1. The static deflection, This is & papabolic curve
gymmetrical ebout the midspan, It is the deflection which the Icad
would prodnce if moved very slowly., TFor this re@son it is known as
the *erawl® deflection.

2o The dymamic deflection cbiained by the step=by-step
analysis developed in this imvestigaticm. This is the true dynamic
deflestion of the nmpoiato I% lags behind the "erawl® deflection ai
first because of 'the inertia of the structure, Its maximum valne ie
0,569 g T2 X 167> as compared with 0.512 g T° X 107> for the statio

case, The dynemic amplification factor for deflestiom is

0,56
ymedynanie _— 775 ?_a 1.11 (h)
ymaxc atatie 0.512

We notice that the bridge swings back and its deflection becomes nega~
tive (upward) just before the lcad leaves the span.
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2. The %econstant foi’ee“ solubion. This is the dynamis
deflection which wonld be prodmced by 2 constani force, as contrasted
with 2 censtant mmas, $raversing ths spsn, The distinection lies im the

fapgt that the force exerted by & mass on the bridge dspends on the
weight of the mass and alse or the- saceleratioz of ths point over which
the mase ie pessing. IZ that point, for example, is moving downward
vith =n acceleratien of 32.2 £%./ ssc.> them the mass exerts mo force

on the zpan. It is prescisely this imterastion of mass and span vhich

complicetes thes apalysis, Actual truck loadings correspond to masses
erogsing the etructure, 8% least if wes neglest for the moment the
springing of the trusck, The statement is sometimes meds that if the
mass ratio R 4s mailg the traveling mass mey be repleced by a2 coznstant
force, The sclution showe that this is not e evem for mass retios

as smull as one-temth,

Aetuwelly, bending moments are of greater engineering interest
them deflectimns, Since stresses are directly proportionsl to bending
mements, it i¢ these which usually control design and which provide &z
index of the safety of the ptructure. In Figs. 2, 3 and Y the bending
noments at the guarter poimts of the bridge ars plotted againgt the
positica of the ioad. The hedvy curve of static bending moment Topre=
senta the bending moment vhich the axle would profuce if it moved
slowly ssrcons the bridge. It ie proportiomal to the influence lime for
bending romsnt 8% the point in guesiion. Oa the other hand, the dashed
curve represests the actusl dynimic bending moment se obtainel frem the
step-by-step eralysis,

Refsr}'ing to ¥Pig, 2, the dynawic bending moment lags bdﬂnﬁ the
static due to the imertia of the span. The dynsmie amplification fastor



for bending mememt or stross is 0.99, vexy neerly equal to maity.
A} the third gqueeter—point, s shown im Fig. W, the dynamic

emplificatics factor isc

max, dynamic momend - Ooﬁ x 1,35 (5)
max, static mement . 300 :

There is 2 thirty-Live per cont inoreése in bending moment due to the
dypemic effect.

The peek stress ccomrs when the traveliap load iz nenr ths point
in question. The explemstica of the relatively high amplification
factor at the third guarter—poimt, as cempared with the firet, lles in
the fect that the moving lsad passes the third gquarter-point after the
respenge of the bridge hes been fully developsd. On the other hand,
it pasges the first quarfer-point before the structure hes had time %o
- respond, Simse vehicles sre, prosumedly, as likely to travel in one
directien 23 the cotber, the #third® guarter-point may de 2% either and

of the Ep8l,

| Figure 3 gives tho bending moment at midapan. Although the
sxplification factor 4is wmaller than at the third gquarter—point, being
in fact

rax, dynsmie ﬁemifmg moment a* midepan

1.
max, static dending moment 8% midepan = 112 (6)

the meximmm statis bending mament is larger by & faster of 4/3, s; thet
the pesk aynanie stresses 2re nearly equeal at midspsa and third gquarter—
point.

The "consiant forse® soluticm is shown for acedenmic porposes cnly.

1% does mot resemble the correst dymemic scluticn apd would, im fact
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vield peak strssses on the unsefe side.

The second type of gquostion investigated wae intendad %9 corves—
pond clogely to an asctual highwey loading. The vehicle im thiz case
 was taker to be a two-axle trusk, shown aschematisally at the top of

g 5. In the Illinois State Traffic Survey of 1545 trucks of this
type were fourd $o scccunt for roughly ons=third af all commercisi
traffis., The tobal weight, 34,000 1b,, is about ae high as'is commOoniy
earried an & twa-exle vehicle, The axle spacing of 16 fest and the
divisicn of load betwesn exies (84 per cemt to the resr ard 16 per ceab
to the front axie) were chosen very @oss $o the meen valnes for these
wvahicies diselosed in the traffic survey. Tho speed of the vehicls was
taken to be 60 m.poho, & high tmt not unreasanable value,

Az mentioned ia Chepter II, the bridge enalyzed wae intended to
be more or lese typical of State Highway Department practices for strue-
tures of the sizb and I=deam type, Flans from & wumber of states were
stulied. The perdinmemt results of the study ere given im Chapter Ii,
The dridge actuelly analiyzed had the following properties:

‘Spen iemgth L = G4 2%,
Wolght of tridge W = 218,000 1b,
Fundemental periocd T = 0,146 ssconds

S44ffness « BI = 33.8 X 10° £4.°1v,

It should be moted that in this case the quantity & of expressions (2)
end {3) has the value 0.10. The dridges in question had beem designed
for B-15=ii4 loading so thet the vehiele reprosents vesy nearly the load
for wvhich ths siructure wes asiually designed. It shonld de amphasized
that the properties of ithe strusture analyzed ars an aversge of the pro-=

parties of dridges of the same é@mnn typs desisred for the same loading.
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The dymemie bending mememis, as computed by the gtep=by-step
method of analysis discussed in Chepter III, are shows in Figs. 5, 6
and 7. In each cese the horiontal scale zives the position of the
frent whesl, The curves extend boyond the end of the gpan deceuse the
rear whesl is on the spam ever &fter the fron wheel leaves it., 4s in
prreviouns figures, the static or Perewl® bemding moment is givem by solid
lines and the dynamiec bending moment by deshed 1lines,

Refovring to Fig. 5, the first point to be neted is that the
dyramic smplification factor for moment at the first gquerter-point is
very nearly egual to miﬁa Boﬁh dynemis and stetic maximum bending

monents arse
L9 )
Meximum Moment = O,LLE T {7

Tho dypamic respemse lags bebhimd the statice, reaching its meximus wvaliue
0,545 mecomdz afier the rear wheel has passed,
E% the midpoint, @s showr in Fig. 6, the mavimum dynemic bdending

morent materially excesds the static,

¥L
Mex, static dending moment = C.577 -“6%
1

o @
Mex, dynemic bending moment= 0.625 7p

Ampilifisation factor = 2".?.2.?; = 1,08
0.5T7
it i interesting to note that im this case the dyznamie curve oscillates

abtond the static eurve with a period neariy equal to the fondemental
period of the spem,
A5 the third guarter-poimt, as shown im Fig, 7, the dynemic smpli-

fication factor is larger tham &t the midpeint.
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Hex, static bending mement = 0,395 5

{9)
Max, dynamic bending moment = C.LU5 %‘

Amplification fagtor = %:%;—'% = 1,13
The higher amplification factor at this point is entirsiy reasomable,
the sxplanation being the same S5 that given im conmeotion with & eimi-
iar observation in the case of the first problsm of $his Chapter.
Indeed the reasoning in the two casez is substanbially the same. The
front axle, ‘o-eing 1light, haes enly a secondary iaflunence om the dynamiec

TOSDORSE6,
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CHAPTER ¥,
SUMMARY AWD SUGGESTED FUTURE WOEK.

During the p2st yesr the imvestigatior has accemplished %the
felliewing objectivess

3. Completsd 2 siudy of the literature im the field
ef moving loads om bridges,

20 Tabul’ata& siznifiecsnt siruvebural properiics of
typical sleb-smdi-girdsr highwey bridges.

3. Developed & workeble methed of smalysis fer smecthly
roaaing meas loeds,

4, Completed ssveral smalyses of ropreseniative trusk
icadinges treveling at high speed over a Yypical

gimple~apen zlzb-smd-girder bridge.

In comectian with 4i3em 3 above, cerisin dravbecke in the
method of analysis should e moted. The primery difficulty is that
the ecmputatior 48 tedious if eomdusnted Yy heand with ealy the 24d of
& deck calenleber, The reenlis prosented im Chepbsr IV of $his
report required 2boud ﬁ.ve mka {eseh) of such e@mﬁatiezéo Oa the
other hemd, the advantagss of %ﬁe methed &re 80 great that it dogs
not seem advizable ¢o plase mﬁ’ mejor effort on the development of
£ substitute Bt this time, Iaber, porbeps, vhea & large number of
cases have been worked out, it mey de desiradle to devaelop & simplified
method of predictiag peak stresses vhich will give resulis im good
agresmeat with the lenmthier amalyeis. For the immediate fulure, it is

suggested that pricrity be given to the coding of the apkiysis se that




43,

tho computations sam be earried oub rapifily om I.B.H., punchad capd

squipnent. These machines sre availsble at the Statisticel Burenn

ef the University.
The pesulte presented in Chapfer IV are mereiy an indicstism
of the potentieiitios eof analysis., They should be supplemented By 2

systemiic sbudy &f

1, 7The ®speed?® effesh.
2. The weighd offect.
3. The importanse of the truck chzaesis springs.
U4, The affect of 2 joli or series of jolis as somtrasied
with the effesat of 2 smeothly ruwming lozd,
In all of these cases what iz desirsd primarily is 2 value of the
dynamie amplification fastor for strsss. Im other words, whalt is the
ratic of the peak dynamic stress o the peak static siress at sgy
peint on the bridge? Since ¢the sistic =iress is the one with vhich the
designer works, the "dynamic amplifiecatiocm fagtor for sirsas® is o
genuine impect fagher,
In order bo avoid smy possibility of misumdsrstending, 1t should

be ztated plainly that deflection measurswenmts and compubtatiems, while

of scme value iz themselves, do not provide aay szfe guide to the siabe
of stress im ths dridge siructurs, The midpsint of & bdridze =msy 4sflse
only 10 psr cemt more wnder & moving truck tham it would wader the same
truck standing s%1ll, yet the dynamic stress may well de mushk more them

10 per cent in =xcess of the static strese, Donding mument and siress

depend cn eurvature,  Tc appreciats the invportance of this eircmmcizase




ki,

i% iz only negessary tc visualise twe idantical simple betxEs havimg
thae same maximum deflestior, One of %thess, howsrer, is loaded so as
30 deflset to & half-sine=vwars shape, the other %o 8 Tar2hoia. The
two deflestion chapes will be so mearly idemtical 23 to be almest
indistinguisheble, DBut the dending moement or sitiress variatiens will
bo entirsly differemt. In $he parzbolie cage bending moment would
be constast alsng the beam, vhile iz the sinusoidal emse it woulid vary
as a halfaaﬁnen%_mc For this ressom, theories vhich predist oniy
deflecticas, or which are Justifisd only by an agresmert beitween b=
gerred and computed deflegticng, shonld e viewsd with the greatest
Teserve.

I% 43 svggested that %the work of the imvestigation now be
directed toward the accumniation of strass amplilicetion fastoers for
simple 3nd thres-epan bridges for the varisbles 1 ....4 enumersted in

the previouns paragraph,
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