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Abstract   

A biological sensor, commonly referred to simply as a biosensor, is a transducing device that allows 

quantitative information about specific interactions, analytes or other biological parameters to be 

monitored and recorded. The development of biosensors that are low-cost, reliable and simple to use 

stand to facilitate fundamental breakthroughs and revolutionize current medial diagnostic methods. 

Notably, there remains an unmet need for developing in-vivo biosensors, allowing insights to be 

directly gained from the precise location of biological interactions within the human body.   

Over the last two decades, whispering gallery modes (WGM) within microresonators have emerged as 

a promising technology for developing highly sensitive and selective biosensors, among many other 

applications. However, significant work remains to allow WGM sensors to make the transition from 

primarily being used within purely research environments to real-world applications. Specifically, one 

of the key limiting factors is the requirement of an external phase-matched coupling scheme (such as a 

tapered or angle polished optical fiber, prism or waveguide) to excite the WGMs, despite these devices 

displaying tremendous sensing performance. One way to lift this dependency on complex interrogation 

schemes is introduce a gain medium, such as a fluorescent dye or coating the resonator with quantum 

dots for example, thereby rendering it active and allowing remote excitation and collection of the 

WGM spectrum. Using active WGM resonators has allows the creation of novel sensing opportunities 

such as tagging, tracking and monitoring forces from insides living cells. Applications like these could 

not have been realized using external phase-matched coupling schemes.    

The biosensing platform presented here is based on combining WGM within active microspherical 

resonators with microstructured optical fibers (MOF). The MOF enables both the excitation and 

collection method for the WGM spectrum while simultaneously providing a robust and easy to 

manipulate dip sensing architecture that has the potential to address the unmet need for real time label-

free in-vivo sensing by combining with a catheter. 

The platform is investigated fundamentally as well as experimentally, beginning with the development 

of an analytical model that is able to generate the WGM spectrum of active microspherical resonators. 

This provides the opportunity to pinpoint the optimal choice of resonator to be used for undertaking 

refractive index based biosensing. Specifically by being able to extract the quality (Q) factor, a 

measure of the resonance linewidth, and refractive index sensitivity from the WGM spectrum, the 

optimal combination of resonator parameters (diameter and resonator refractive index) can be 

identified for optimizing the resonators sensing performance. Further, the availability, biocompatibility 

and cost, as well as fabrication requirements can be also considered when selecting the ideal resonator.  

Next, the inherently lower Q-factors observed in active resonators compared to their passive 

counterparts (i.e. resonators without a gain medium) is examined using a combination of theoretical, 

experimental and imaging methods. Through this examination process, the inherent asphericity of the 
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resonator is identified as being the limiting factor on the Q-factor of active resonators, with its effect 

most notably being observed for measurements made in the far field.   

Experimentally, the first demonstration of this platform operating as a biosensor is presented by 

monitoring the well-documented specific interaction of Biotin/neutravidin in pure solutions. Including 

identifying ways to improve sensing performance and lower the detection limit, such as operating the 

resonator above its lasing threshold. Although, it is noted that in its current form, this platform is best 

suited for the monitoring of protein, preferably occurring in higher concentrations, until further 

improvements to the sensing performance can be implemented. However, the robust design coupled 

with its ability to provide access to previously difficult to obtain locations provides an insight into its 

potential future application capabilities.   

Finally, the extension of the platform to operating in complex samples, namely undiluted human serum, 

is outlined. By self-referencing the platform, through the addition of a second, almost identical 

resonator (only varying in its surface functionalization) into one of the remaining vacant holes on the 

tip of the fiber, the effects of non-specific binding as well as changes in local environmental conditions 

(i.e. temperature fluctuations), can be eliminated. 	
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1 Motivation and Overview  

The field of biological sensing has emerged as the result of the growing demand from a wide range of 

research areas spanning medicine [1], pharmacology [2], environmental studies [3], defense [4] and 

even food safety [5], to observe and monitor biological interactions rapidly, using compact and low 

cost technologies. Biosensors have been developed from a variety of different sensing architectures 

such as electrical [6], mechanical [7], magnetic [8, 9], thermometric [10] and optical [11]. All of these 

architectures operate on the same principle of translating biological interactions and information into 

observable analytical signals, allowing highly specific and sensitive information to be recorded. Further, 

biological sensing technologies can be categorized depending on whether the target analyte of interest 

requires a label, such as a fluorescent dye [12] or radioactive material [13], or can remain un-labeled, 

allowing real-time measurements along with acquiring additional information such as the binding 

kinetic of the analyte of interest.   

Electrical  

Electrical biosensors operate by monitoring changes in electrical properties such as current 

(amperometric [14]), potential (potentiometric [15]), conductive properties (conductometric [16]), 

capacitance (capacitative [17]) or resistance (impedimetric [18]) as the result of an interaction with the 

analyte of interest. Commonly, electrical interfaces such as field effect transistors (FET) [19], nanowire 

arrays [20], electrodes [21] or nanoparticles [22] are used. In the mid 1950s, Clark developed one of 

the most notable and pioneering electrochemical biosensors with the invention of the oxygen electrode 

[23] and then an electrode system for glucose detection a number of years later [24]. This work paved 

the way for the first commercially available biosensor purely for glucose detection in 1975 [25]. Since 

then, a significant portion of the commercial biosensing market has been dedicated to developing and 

improving glucose monitoring technology, enabling point-of-care as well as continuous monitoring 

systems to be developed [26]. However, the majority of other electrochemical sensors have been 

predominately limited to purely research applications with improvements in sensitivity, stability and 

response time required [27].  

Mechanical  

Monitoring changes in motion and mechanical forces have also been used to develop biosensing 

platforms, with two main architectures being utilized, namely microcantilevers [28-30] and Quartz 

Crystal Microbalances (QCM) [31-33]. In microcantilever based sensors, as the name suggests, the key 

element is the cantilever which acts as the force transducer. For example, deflections or oscillations in 

the frequency of the cantilever can occur due to the binding of the analyte of interest [34]. Deflection 
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based microcantilever sensors have been used for monitoring protein [28], DNA [29] and even drug 

interactions [30]. However, the cantilevers are susceptible to deflections due to changes in refractive 

index, temperature and sample flow rate, which are indistinguishable from binding events. Similar to 

the operating principle of oscillatory microcantilevers, QCMs rely on the oscillation of a crystal, 

monitoring fluctuations in the resonance frequency during interactions with the target analyte [35].  

QCMs have found applications as humidity sensors [36], for studying atmosphere corrosion of metals 

[37], and cancer biomarker detectors [38].   

Optical  

Optical biosensors operate by monitoring light/matter interactions, positioning themselves as reliable 

analysis and detection tools for biosensing applications by providing robust architectures that are 

capable of continuous monitoring, remote sensing, working in complex solutions, and in some cases 

for conducting measurements in real time [11, 39-41]. The 3 main classes of optical biosensors are 

fluorescence, absorbance and label-free, which includes reflectance [42], light scattering [43], Raman 

spectroscopy [44] and refractive index detection [11]. Fluorescence-based sensors operate by 

monitoring the fluorescence signal, generated by the de-excitation of an electron to the ground state via 

displacement [45, 46], competitive [47, 48] or sandwich [49, 50] interactions with labeled analytes, Fig. 

1.1.  Commonly used fluorescence-based biosensors include those based on biochemical methods such 

as Western blots [51, 52] and Enzyme-Linked Immunosorbent Assay (ELISA) [53-55], along with 

newer technologies such as total internal reflection fluorescence (TIRF) [56] and polymerase chain 

reaction (PCR) [57, 58].   

 

Figure 1.1 Fluorescence based optical biosensors, (A) direct, (B) competitive binding and (D) sandwich 

assays.  
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Despite the success and clinical usage of fluorescence-based techniques, there are notable drawbacks 

that continue to plague this class of technologies. Firstly, the labeling process can be time consuming 

and complex. Secondly, quantitative measurements can be difficult in both low and high analyte 

concentrations. In low concentrations, other background sources of light can overshadow the 

fluorescence from the target analyte, while at high concentrations, the proximity of the fluorophores 

has the potential to allow Förster resonance energy transfer (FRET). When FRET occurs, instead of 

radiating away the energy from an excited fluorophore, the energy is transferred to a neighboring 

fluorophore [59]. Further, the inability to precisely control the number of fluorophores present on each 

target analyte can introduce a signal bias [60]. Label-free methods on the other hand allow for 

detection of analytes in their natural state, unlabeled and unaltered. There are various detection 

methods employed by label-free optical biosensors however, the method of refractive index detection 

has emerged as the leading candidate for developing robust and promising optical biosensing 

technologies. Examples of some of the most commonly used refractive index based biosensing 

architectures and a sample of the corresponding applications are summarized in Table 1.1.  

Each of these architectures has shown great sensing performance in their own regard. For example, 

Mach-Zender interferometers have demonstrated low refractometric detection limits (10-8 RIU) [61], 

while waveguide based sensors are easily multiplexed [62] and photonic crystal resonators provide a 

compact design [63]. However, it has been Surface Plasmon Resonance (SPR) based sensors that have 

become the benchmark for commercially available label-free refractive index based sensors with their 

ability to enable fast and reliable quantitative analysis of a broad range target analytes down to 

clinically relevant levels. 

SPR technologies were first implemented as biosensors in 1983 [64], and since then have been a 

reliable and powerful sensing tool for monitoring biological interactions for both research and clinical 

applications [65, 66]. Surface plasmons are oscillations of free-electrons that reside at the interface of 

two mediums, with opposite dielectric constants, commonly observed in metal (typically silver/gold) 

and dielectric interfaces. The most common methods of interrogating SPRs include prisms [67], 

waveguides [68], optical fibers [69] and gratings [70]. Both the prism and waveguide configurations 

provide robust platforms, displaying low detection-limits [71, 72]. SPR biosensors became 

commercially available in 1990 thanks to Biacore International [73], and have continued to grow and 

be developed by a range of other companies. Some key features of commercial SPR sensors include the 

integration of flow systems along with automatic sampling mechanisms and multiple sample channels, 

including reference channels, allowing the effects of non-specific binding to be minimized and multiple 

analytes measured simultaneously. 
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Label Free Optical Sensing 

Architecture  

Application  Advantages (+)/ Disadvantages (-) 

Mach-Zehnder Interferometer  Refractive Index Sensing [74, 75]   

Protein Detection [76]  

Disease Diagnosis [77] 

+: Low detection limits [61] 

-: Large size and small dynamic 

range 

Waveguide Pathogen Detection [78] 

Protein Detection [79, 80] 

+: Ability to be highly multiplexed 

-: Difficult to fabricate  

Photonic Crystal (PC) Protein Detection [81, 82] 

Virus Detection [83] 

Cancer Cell Detection [84] 

+: Small mode volumes, ability to 

be highly multiplexed, low detection 

limits [85, 86] 

-:  Difficulties integrating some 

configurations with microfluidic 

systems 

Surface Plasmon Resonance (SPR)  Protein Detection [87] 

Enzyme Detection [88]  

DNA Detection [89] 

+: Fast and reliable quantitative 

analysis of multiple analytes 

-: Expensive and cumbersome, wide 

signal linewidths, not able to reach 

single molecule detection  

Fibre Bragg Grating DNA Detection [90] 

Refractive Index Sensing [91] 

+: Highly sensitive, suited to 

distributed sensing  

-: Difficult to fabricate   

Whispering Gallery Mode (WGM) Refractive Index Sensing [92-94] 

Protein Detection [95, 96]  

DNA Detection [97, 98] 

Virus Detection [99, 100] 

Single Molecule Detection [101-

103] 

In-situ Cell Monitoring [104-106] 

+: Single molecule detection, 

narrow signal linewidths, compact 

design, ability to conduct in-vivo 

and remote sensing 

-: Some resonators can be expensive 

to fabricate and can have practical 

limitations that restrict use outside 

research environments  

Table 1.1 Examples of commonly used label free refractive index based sensing architectures and a 

sample of corresponding biosensing applications.  

However SPR sensors contain expensive components, complicated optics and are large in size. Optical 

fiber SPR sensors, on the other hand, remove some of these associated complexities, while also 

providing a straightforward route towards device miniaturization [107-109]. Despite the large amount 

of research focused on optical fiber SPR sensing platforms [110], there has been a notably absence of 

commercially available sensors. This is most likely due to their higher detection limits and lack of 

thorough demonstrations of sensor reliability and reusability.  
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Despite only being utilized for biological sensing applications over the last few decades, it is 

Whispering Gallery Mode (WGM) based sensors that have provided excellent sensitivity [111] and low 

detection limits [112, 113], allowing fundamental questions of biology to be examined. Further, by 

combining WGM sensors with other technologies such as plasmonic effects [101, 114] or using 

heterodyning techniques [115, 116], single molecule detection has become common. They have also 

been able to provide unprecedented access to previously unattainable locations, paving the way for in-

vivo biological sensing in low-cost configurations to be realized [104-106].  Originally known as 

“Morphological Dependent Resonances” [117, 118], optical WGMs owe their name to the acoustic 

phenomenon that occurs within large domed structures, such as St Paul’s Cathedral in London, as was 

famously observed by Lord Rayleigh in 1910 [119]. In such circular structures, acoustic modes 

propagate along the smooth, curved surfaces, efficiently guiding the sound to allow even whispers to 

be audible on the opposite side of the room. For optical WGMs, dielectric structures allow light 

travelling within them to be confined and circulated along the circumference due to total internal 

reflection (TIR) between the resonator and surrounding environment. The confinement can be 

considered spatially in terms of mode volume (V) or temporally in terms of the quality factor (Q) and is 

ensured through geometric design and material considerations, whereby one or more axis of revolution 

occurs within the resonator such as seen in spheres [120], capillaries [121], disks or toroids [122] and 

even polygons [123-125].   

 

Fig.1.2 (A) The coordinates of a sphere, with corresponding eigenvalues, l, m, and n as marked. (B) An 

example WGM spectrum of a 10 μm polystyrene (n1 = 1.59) microsphere in water (n2 = 1.3325).  

 

WGMs can be examined by solving Maxwell’s Equations using the appropriate boundary conditions, 

and expanding the electric and magnetic fields of the transverse electric (TE) and transverse magnetic 

(TM) modes in terms of their eigenfunctions [126-128]. In the case of a microsphere resonator, the 

corresponding eigenvalues, typically denoted l (azimuthal), m (polar) and n (radial) represent the 
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quantization conditions for the waves within the resonator to return in phase after a round trip. An 

example of a microsphere resonator, indicating the spherical coordinates and the corresponding mode 

numbers is shown in Fig. 1.2 (A). The WGM spectrum of a resonator is recognizable by its relatively 

sharp, well-spaced peaks, corresponding to the WGM resonances, as depicted in Fig. 1.2 (B). The 

narrow line-widths observed is a consequence of the quantization conditions, with broadening of the 

line-widths occurring as a result of imperfections in the circular symmetry of the geometric cross-

section [129, 130] as well as mode degeneration due to scattering [131], material losses [132] and weak 

confinement of the light [133].   

The simplest geometry for WGM to propagate in is a sphere. Microscale spherical resonators can be 

fabricated from a diverse range of materials including liquids [134, 135] and polymers [136-140] to 

glass [93, 98, 141, 142] and crystalline materials [143-145]. Liquid droplets, for example, were first 

utilized as optical resonators in 1977 [146], with surface tension allowing extremely smooth boundaries 

to form, resulting in Q-factors as high as 109 being recorded in liquid hydrogen droplets [134]. 

However, mechanical instabilities and evaporation severely restricted the widespread usage of this 

particular system. Recently, liquid resonators have begun to resurface as novel microlaser sources [147, 

148] and notably have found applications for biological sensing by allowing integration of biological 

molecules and live cells directly into the resonator [149, 150].  Today, silica remains one of the most 

commonly used materials for microspherical WGM resonators. Silica microspherical resonators are 

typically fabricated via melting the tip of a standard telecommunications optical fiber [101, 151], 

whereby surface tension allows almost perfect microspheres, with extremely low intrinsic surface 

imperfections, to be formed. Common tools used for melting the tip include CO2 lasers [152, 153], 

electric arc discharge [154], commercial fiber slicers [155] or butane microtorches [156]. The first 

demonstration of WGMs within silica microspherical resonators occurred in 1987 [157], opening the 

door for a broad range of applications with the innovation of novel and efficient external near-field 

evanescent resonator-light coupling schemes such as angle-polished fibers [158], fiber tapers [159], 

waveguides [160] and prisms [161]. This has lead to unprecedented performance in terms of narrow 

signal line widths [162], allowing WGM resonators to be used in applications spanning lasers [163], 

quantum electrodynamics [164], non-linear optics [165], mechanical filters [166, 167] and label-free 

biosensors [96, 97, 168-170]. Resonators requiring the use of such external evanescent coupling 

schemes, as they do not contain a gain medium, can be classified as passive resonators. However, it is 

these external evanescent coupling schemes that ultimately restrict the practical application of passive 

resonators outside a research laboratory environment, as they demand precise alignment conditions to 

be maintained throughout the measurement [171] and are also susceptible to breakage and fowling 

[172].  
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Effort has been placed towards the development of novel approaches to alleviate the need for external 

couplers for passive resonators, such as deformed cavities [172, 173] or introducing scattering centers 

by immobilizing nanoparticles onto the resonators surface [174]. For the case of deformed cavities 

however, the requirement of precise alignment of the focused free-space light onto the resonator still 

restricts their possible use outside laboratory environments. Although immobilizing nanoparticles onto 

the surface of the resonator can remove this dependency, both configurations still suffer from notably 

wider signal linewidths, and therefore reduced performance, in comparison to evanescently coupled 

resonators. An alternative approach is to utilize resonators with a gain medium, classified as active 

resonators, enabling free space excitation and collection of the WGMs. These active resonators take 

advantage of the Purcell effect producing a WGM modulated fluorescence spectra (i.e. increasing the 

fluorescence intensity at the specific resonance wavelengths [174, 175]). This alleviates the need for 

precision near-field coupling strategies. Examples of active resonators include dye-doped polystyrene 

microspheres [176, 177], microdroplets [178], quantum dot [179, 180] or fluorescent nano-crystal 

[181] coated resonators and fluorescent capillaries [95]. Active resonators enable the use of smaller 

resonators, as the requirement of precise positioning near an evanescent coupling scheme has been 

mitigated, allowing greater refractive index sensitivities and high multiplexing capabilities [182, 183].  

They also enabled novel biosensing applications including monitoring biomechanical forces from 

inside a cell [104], allowing individual cells to be tagged and tracked [105], as well as creating cellular 

lasers [106].  All of these applications would not be possible with current passive configurations.  

A key drawback for free-space coupled resonators (either active or passive) is the notably wider signal 

linewidths displayed compared with their evanescently coupled counterparts [129, 184]. This restricts 

their potential for reaching single molecule detection, as well as widespread usage to other applications 

outside of sensing. However, single molecule detection has limited to no relevance in many standard 

biosensing applications, such as for food safety and medical diagnostics for example, where analytes 

are typically found in higher concentrations [185, 186]. Further, specifically for active resonators, 

techniques have been developed to decrease the signal linewidth. These include operating the resonator 

in the stimulated emission regime [187], enabling narrower linewidths to be realized upon reaching the 

lasing threshold or combining fluorescent microspheres with microstructured optical fibers (MOF) to 

break the symmetry of the resonator [188]. This latter technique has added advantage of developing a 

robust and easy to manipulate dip sensing architecture that could be utilized for biosensing applications 

[140, 189, 190], with the potential for future in-vivo sensing.  
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1.1 Whispering Gallery Mode Theory  

1.1.1 Resonator Parameters   

While there are many different parameters associated with WGM resonators, such as the finesse, mode 

volume, free-spectral range and visibility of the mode (i.e. intensity compared to the background), 

details of which can be located elsewhere [191], the key metrics for WGM biosensing are the Q-factor, 

refractive index sensitivity, signal to noise ratio (SNR) and limit of detection.   

Q-Factor  

The Q-factor describes the photon storage time within the resonator and can be expressed equivalently 

in a variety of forms, the most common of which include the resonance linewidth (Fig 1.3), cavity ring 

down time, steady-state energy balance as well as considering the individual loss mechanisms that are 

present in the resonator. The Q-factor can be extracted in terms of the resonance wavelength, λ, and the 

linewidth, Δλ, and expressed as,  

Q = λ
Δλ 	 	 	 	 	 	 							(1.1) 

 

Fig. 1.3 A WGM emission spectrum depicting the resonance wavelength, λ, and linewidth, Δλ. 

Alternatively, the cavity ring down time τ RD  can be used to define the Q-factor, where the rate at which 

the light leaves the cavity is measured, and hence the Q-factor can be expressed in terms of resonator 

frequency, ω R  and τ RD  [192], 

Q =ω Rτ RD              (1.2) 
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Equivalently, the Q-factor can also be expressed in terms of the individual loss mechanisms present in 

the resonator, namely,  

1
Q

= 1
Qm

+ 1
Qs

+ 1
Qc 	 	 	 	 						(1.3) 

where Qm is the material loss, QS is the loss due to scattering from surface roughness and QR is the 

radiation loss. Material losses can be characterized by considering the absorption of light by both the 

resonator and the surrounding medium by using an absorption decay constant, αm, as [132],  

Qm = 2πn1
λαm 	 	 	 	 	 						(1.4) 

The individual contributions to the Q-factor from the resonator and surrounding medium are influenced 

by a range of factors including how tightly the light is confined within the resonator, the wavelength 

range being considered and the nature of the environment in which the measurement is taking place.  

Scattering losses due to surface inhomogeneities can be described by modeling the surface roughness 

as a function of changing dielectric constant. An expression for the limit on the Q-factor due to surface 

scattering is,  

Qs ≈
3λ 3R

8n1π
2B2σ 2

	 	 	 	 	 					(1.5) 

Where B is the correlation length and σ is the variance of the surface roughness [131]. Scattering losses 

can be reduced in resonators made from materials such as silica, where, during the fabrication process 

the melting techniques used remove the majority of the inhomogeneities both inside and on the surface 

of the resonator. In comparison with material and scattering losses, there is no explicit formula for 

tunneling loss in a WGM resonator; however, the curvature of the resonator affects the condition for 

TIR, with confinement losses being higher in resonators with smaller radii. For large resonators, R > 

100 μm, the confinement loss becomes negligible and the Q-factor is predominately dictated by the 

material and scattering losses.   

Refractive Index Sensitivity   

As highlighted previously, there is a strong dependence on the resonance position of WGMs on the 

refractive index contrast of the resonator and surrounding environment, allowing WGM resonators to 

be exploited for a diverse range of sensing applications. The refractive index sensitivity of a resonator 

is defined as the change in the spectral position of a resonance due to a change in refractive index of 
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the surrounding medium (in refractive index units, RIU), with units of nm/RIU. Changes in the 

surrounding refractive index can occur due to changes in pressure [193-195], temperature [196], 

humidity [197], electric fields [198] and binding of molecules on the resonators surface [199]. 

However, it is impossible to identify the source of the refractive index change if measures are not taken 

to remove the influence from changes in environmental conditions. This is a key problem for 

conducting biosensing measurements outside controlled laboratory environments where external 

factors like temperature and pressure can fluctuate. One solution to this problem is to self-reference the 

sensor, allowing background fluctuations to be removed by comparing the spectral shifts of a sensing 

resonator and reference resonator. This has been demonstrated primarily for integrated WGM resonator 

configurations, such as microdisks [200], where there are multiple resonators residing on a single 

device. This technique is obviously harder to implement for single resonator sensors. However, one 

technique that is emerging to allow self-referencing within a single resonator is mode-splitting [116, 

201].  

The spectral shift, Δλ, as a result of a change in the surrounding refractive index, Δnm, is determined by 

[202],  

  Δλ =ηΔnm
λ
ne

     (1.6) 

where η is the fraction of the evanescent field that extends into the surrounding medium nm, and ne, as 

previously defined, is the effective refractive index. From Eq. 1.6, it is clear that increasing the fraction 

of the evanescent field extending out into the surrounding medium will result in an increase in the 

refractive index sensitivity. This can done by either varying the refractive index contrast between the 

resonator and surrounding medium through the choice of material [93, 203] or decreasing the diameter 

of the resonator [204].  

Utilizing novel resonator designs such as hollow resonators (microbubbles) [205-208] or coated 

capillaries [209, 210] and microspheres [211, 212] can also provide increased refractive index 

sensitivity. For example, Teraoka et al. [211, 212] showed that altering the thickness of the coated 

layer could maximize the sensitivity of a coated microsphere, thereby allowing more of the evanescent 

field to extend into the surround medium. Similarly, Lane et al. conducted an extensive investigation 

on coated fluorescent capillaries, also finding an optimal coating thickness for maximizing the reach of 

the evanescent field into the sample medium [210]. Finally, interest has also been generated by the 

possibility of hybrid sensing platforms for improving refractive index sensitive by increasing the local 

evanescent field intensity through plasmonics [114, 213-215].  
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Refractive Index Biosensing  

Specifically for the detection of the binding of analytes to a resonators surface, whereby the interaction 

causes a change in the refractive index within the evanescent field of the WGM resonator, the 

corresponding wavelength shift is given by [151], 

  δλ
λ

= α exσ S

ε0 (n1
2 − n2

2 )R
          (1.7) 

where ε0 is the vacuum permittivity, R is the radius of the resonators axis of symmetry, n1 and n2 are 

the refractive index of the resonator and surrounding medium respectively. The excess polarizability 

can be approximated by the polarizability given by the Clausius-Mossotti equation,  

  α = ε r −1
ε r + 2

3Mε0
NAρm

           (1.8) 

where NA is Avogadro’s number and εr, ρ m and M are the dielectric function of the molecule of interest, 

with εr = n2, its mass density, and molecular weight respectively.  

Limit of Detection  

Although individually the Q-factor and refractive index sensitivity can provide a wealth of information 

about the performance of the resonator, combining them together provides an indication of the 

resonators ability to detect and quantify the various properties of the target solution through the 

definition of the detection limit [202]. The detection limit indicates the smallest measureable refractive 

index change the resonator can accurately quantify,  

  DL = δλ
S

      (1.9) 

where δλ is the sensor resolution [202]. The sensor resolution is influenced by the properties of the 

resonator (i.e. Q-factor) as well as the observing system (e.g. spectrometer or photodiode) and 

associated noise sources (e.g. variations in temperature and excitation laser intensity).  For example, 

consider an active WGM sensor using a spectrometer to observe and track the wavelength shift of the 

resonance peaks. The first limit introduced on the sensor resolution is from the spectral resolution of 

the spectrometer, σspect-res, typically ranging from 200 pm as seen in common portable spectrometers up 

to 4 pm in laboratory grade spectrometers. The second limit arises from the noise associated with the 

detection system, which can be classified as either being amplitude or spectral noise. Amplitude noise, 

σamp, is defined as noise that contributes to the overall spectrum, such as variation in the intensity of the 
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excitation laser, while spectral noise, σpeak, specifically covers noise that influences the position of the 

resonance peaks, such as temperature variations. Using Monte Carlo simulations, it has been shown 

that σpeak can be approximated by [202, 216],  

σ peak ≈
Δλpeak

4.59 SNR0.25( )     (1.10) 

where Δλpeak is the width of the WGM mode of interest in nm. The total sensor resolution, δλ, can then 

be quantified as the sum of all these individual noise sources [202], namely,   

     δλ = 3σ = 3 σ spect−res
2 +σ amp

2 +σ peak
2   (1.11) 

therefore, one way to improve the sensor resolution is to optimize the SNR of the sensor [217]. For 

active resonators, the SNR ratio can be improved by operating the resonator above its lasing threshold, 

resulting in an increase in both spectral intensity and Q-factor [188, 189].  While interferometric 

techniques and phase shift cavity ring down spectroscopy [218] have proven useful techniques for 

increasing the SNR of passive resonators.  

1.1.2 Mode Positions of Spherical Resonators  

Developing analytical and numerical tools that allow the mode positions, along with the WGM 

spectrum, to be produce represents important techniques for assisting in interpreting and predicting 

experimental observations as well as providing a way investigating novel resonator materials and 

geometries. The simulation of WGMs in spherical resonators began with the development of Mie 

scattering theory to extract wavelength positions of the modes [126, 128, 219]. The mode positions of 

WGMs in a spherical resonator can be estimated from purely geometric arguments as the result of 

constructive interference of the travelling wave satisfying the resonance condition,   

  λR =
2πRne
m       (1.12)

 

Where R is the radius, ne is the effective refractive index of the sphere and the surrounding medium and 

m is the mode number. More explicitly, by solving the boundary value equation of a spherical resonator, 

and enforcing continuity, the characteristic equations [220] as a function of the size parameter, x = πD/ 

λ, can be established,  

ne
1−2k jn

' (nex)
jn (nex)

= hn
' (x)
hn (x)

     (1.13) 
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where k = 0 for TE and k = 1 for TM modes and jn and hn are the spherical Bessel and Hankel functions 

respectively. From this equation, both the TE and TM mode positions can be obtained. Furthermore, 

the Q-factor can be estimated using a model derived from the asymptotic analysis of the above 

characteristic equation, where solutions lie near a root, t0, of the Airy Function, Ai(t) [220, 221],  

  Q = Re(ω )
Im(ω )

= 1
2
vne

2k−1 ne
2 −1e2Tl     (1.14) 

  Tl = v[ηl − tanh(ηl )]      (1.15) 

  ηl = arcosh ne 1−
1
v
t0

v
2
⎡
⎣⎢

⎤
⎦⎥
1/3

+ ne
1−2k

ne
2 −1

⎛

⎝
⎜

⎞

⎠
⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

−1⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
  (1.16) 

where v = l + ½. However, in order to determine the Q-factor more accurately, it is preferable to use 

one of the alternative methods for calculating the Q-factor instead of Eq. 1.14, such as using the 

resonance wavelength and linewidth obtained directly from the WGM spectrum or considering the loss 

mechanisms present (e.g. scattering, radiation, material) as previously outlined.  

1.1.3 Generating WGM Spectra from Spherical Resonators  

Progressing from simply being able to predict the location of the modes, the ability to generate the 

WGM spectrum enables greater insight into the performance of a resonator by allowing for comparison 

and interpretation of experimentally observed spectra. The WGM spectrum can be modeled 

numerically using approaches such as the Finite-element Method (FEM) [222] and Finite-Difference 

Time Domain (FDTD) [223, 224], or analytically. Different excitation scenarios can also be considered, 

such as plane-wave [223, 225] and dipole excitation [226-230].  Dipole source excitation is particularly 

interesting for active resonators, allowing analogous comparisons with experimental spectra from 

either quantum dot covered or fluorescent-doped resonators, as have been utilized for the experimental 

work contained in this thesis, for example.  

There are both advantages and disadvantages to using either numerical or analytical approaches to 

examine and characterize the properties and performance of active WGM resonators. For example, 

numerical methods allow for the comprehensive treatment of the electromagnetic fields, including the 

ability to consider the effects of non-ideal shapes and surface roughness. In the case of FDTD, space 

and time are discretized on a grid. The electric field is evaluated in the center of each grid line, and the 

magnetic field in the center of each cell, in a construction known as the Yee Cell [231]. This allows 

access to the intermediate values in the fields, enabling transient or emergent optical phenomena to be 
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investigated, as the time is incremented slice-by-slice. While, FEM methods are better suited for 

investigating the steady-state behavior of the modes by approximating the resonator as a polygon, and 

solving the boundary differential equation at each interface. However, numerical methods are 

notoriously computationally intensive to run and therefore are not suited to being able to evaluate large 

numbers of resonators at once or provide real-time comparison with experimental data. Although 

analytical models can only consider ideal resonators (i.e. perfect and homogenous refractive index 

spheres) and the TE and TM mode profiles are generated independently from each other, analytical 

models are significantly faster to run and have been implemented for identifying resonator parameters 

(radius and refractive index) in real-time [232].   

 

In 1988, Chew developed the first analytical model that allowed the generation of WGM from 

spherical resonators with first a single and then distribution of dipole sources [226, 228]. Beginning 

with a single dipole orientated either perpendicular or parallel to the surface tangent, the normalized 

power spectrum can be calculated from [227],  

P⊥

P0
⊥ = 3

2
ε1n1
x1
2

ε2
µ2

n(n +1) ⋅ (2n +1) jn
2 (x1)
x1
2 |Dn |

2

n=1

∞

∑   (1.17) 

P!

P0
! =

3
4
ε1n1
x1
2

ε2
µ2

(2n +1) ⋅ [x1 jn (x1)]
'

x1Dn

2

+ µ1µ2
ε1ε2

jn
2 (x1)
|Dn

' |2
⎛

⎝
⎜

⎞

⎠
⎟

n=1

∞

∑  (1.18) 

where ni = ε iµi , for the resonator and surrounding medium corresponding to i = 1 and 2 respectively. 

The denominators, Dn and Dn
’ define the resonance positions, matching with the Mie Scattering 

coefficients[204],  

  Dn = ε1 jn (x1) x2hn
(1) (x2 )⎡⎣ ⎤⎦

'
− ε2hn

(1) (x2 ) x1 jn (x1)[ ]'   (1.19) 

  Dn
' = Dn (ε1,2 → µ1,2 )  

By considering a distribution of dipoles, representing a dye-doped polystyrene microsphere for 

example, within a resonator and averaging over the orientations of a random distribution of dipoles in 

the active region, the normalized power spectrum can be obtained [204, 233],   

  
P
P0

≡ P⊥

P0
⊥ + 2 P

!

P0
!

1
3

     (1.20) 

  
P = 2H 2n +1

3
Jn

|Dn |
2 +

GKn

|Dn
' |2

⎛
⎝⎜

⎞
⎠⎟n=1

∞∑
	 	 	 (1.21)  
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where  

  H = 9ε1
4x1

5
ε1ε2µ1
µ2

, G = µ1µ2
ε1ε2

,	

Kn =
x1
3

2
⎛
⎝⎜

⎞
⎠⎟
jn
2 (x1)− jn+1(x1) jn−1(x1)⎡⎣ ⎤⎦ ,	 Jn = Kn−1 − nx1 jn

2 (x1) 	 	

Examples of the resulting normalized power spectrum (Eq. 1.21) for active microspherical resonators 

(n1 = 1.59) residing in water (n2  = 1.33) with radii 4, 5, 6 and 7 μm are displayed in Fig. 1.4.  

Examining Fig 1.4, as the radius is increased from 4 through to 7 μm there are significant changes in 

the mode profile, free spectral range (i.e. distance between two successive TE or TM modes) and Q-

factor are observed. For example, as the radius is increased the Q-factor increases, reducing the chance 

of overlapping modes such as those in Fig. 1.4 (D), while the free spectral range decreases, allowing 

more modes to be observed over a given wavelength range, Fig. 1.4 (A). This highlights how changing 

the size of the resonator can be used to tailor the performance of the resonator (i.e. refractive index 

sensitivity and Q-factor), noting that varying the refractive index of the resonator has a similar affect. 

Therefore, using this theory and analytical model (corresponding MATLAB code in Appendix A), the 

problem of selecting the ideal active resonator for undertaking refractive index biosensing using active 

microspheres can be addressed by investigating the performance of resonators with varying size and 

refractive index [204].   

1.1.4 Lasing Whispering Gallery Modes  

Additionally, active WGM resonators have the ability to be turned into microscopic laser sources, as 

documented in a variety of configurations [106, 137, 148, 183, 209, 234-237]. Operating resonators in 

the stimulated emission regime increases the Q-factor, typically by a factor of approximately 4, which 

can lead to an increase in resolution and hence lower detection limits for biosensing applications. This 

has been demonstrated for both dye-doped polystyrene microspheres [189] and fluorescent polymer 

coated microcapillary resonators [209].  
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Figure 1.4. Examples of normalised WGM power spectra for active microspherical resonators with 

refractive index n1 = 1.59 in water n2 = 1.33 with radius (A) 7 μm (B) 6 μm (C) 5 μm (D) 4 μm 

From a theoretical standpoint, describing the behavior and understanding the contributing factors for 

determining the lasing threshold of whispering gallery mode lasers remains challenging. Original 

formulations, such as cold-cavity modeling (i.e. with no consideration of gain effects) of microlasers 

used FDTD simulations [238], associating the modes with the largest Q-factors as lasing modes [239, 

240].  Using approaches such as the Lasing Eigenvalue Problem (LEP) [241, 242] on the other hand, 

which introduces gain through the imaginary part of the refractive index, allows both the laser 

threshold and frequencies to be determined numerically. Similarly, by introducing an imaginary 

refractive index into Eq. 1.21, the laser threshold of the individual modes can be determined. However, 

this model is not able to provide information about the modes once they have surpassed their lasing 

threshold [243].  
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In terms of establishing a relationship for the laser threshold, there is also not yet a consensus in the 

literature. For example, a relationship has been established for the Raman lasing threshold of a fiber 

coupled microsphere, highlighting the dependency on the gain factor (A), effective mode volume (Veff) 

and Q-factor [120],  

  Ithreshold = A
Veff
Q2       (1.22) 

Here, A can be either the gain coefficient for a Raman laser [120], the gain medium concentration or 

quantum yield of a fluorescent dye [137]. In contrast, earlier work with neodymium doped silica 

microspheres [244] and more recent work with ZnO microdisks [245], reported a lasing threshold that 

had a linear dependency on the inverse of the Q-factor.  

1.2 Resonators  

Microscale WGM resonators have been fabricated from a diverse range of materials including liquids 

[134, 135] and polymers [136-140] to glass [93, 98, 141, 142] and crystalline materials [143-145] with 

geometries including simple microspheres and microbubbles [206, 246-248] through to capillaries [168, 

169, 249], toroids [192] and disks [250, 251]. The resonator sizes encompass microns to millimeters in 

diameter. Every type of resonator geometry can be made active with the inclusion of an organic or 

inorganic gain medium. More detailed discussions specifically on active resonators, as well as 

highlighting some of the most commonly used and novel organic and inorganic gain mediums, are 

provided in Chapter 2. Here, the methods used to excited WGM resonators are briefly outlined, 

including near field evanescent coupling schemes for interrogating WGM within microresonators such 

as fiber taper [252], waveguide [160], prism [161] and angle-polished fibers [253], depicted in Fig. 1.5. 

 

Figure 1.5 Depiction of commonly used evanescent wave coupling schemes for interrogating WGM. 

(a) Fibre taper, (b) waveguide, (c) prism and (d) angle polished-fiber  

 

(a) (b) (c) (d)
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The basic principle of near field evanescent coupling schemes is to excite WGM resonances via 

efficient energy transfer from the evanescent field of the coupler to the resonator. This can occur if 

there is phase or mode matching as well as significant overlap between the evanescent fields of the 

coupler and the resonator [171, 254]. Phase matching occurs when the propagation constant of the 

resonator and coupler match. While the overlap of the two fields can be ensured by maintaining a 

precise gap between the resonator and coupler. Any changes in the resonators positioning can result in 

reduced Q-factor [255] or changes in resonance frequencies [256].  This leads to the definition of three 

coupling categories, under-coupled, critical coupled and over coupled, which depend on the 

relationship between the losses of the coupler and resonator [257]. Critical coupling occurs when the 

losses of the resonator and coupler are equal and therefore there is complete energy transfer from the 

coupler to the resonator, with no transmission at the output of the coupler. Under coupling occurs when 

the losses of the coupler (i.e. scattering) are greater than that of the resonator, resulting in significantly 

lower Q-factors compared to critically coupled resonators. In over coupled situations, the losses of the 

resonator are larger than those of the coupler, again reducing the Q-factor compared to a critically 

coupled configuration.  Coupling efficiencies have reached as high as 99% with fiber tapers [258], 78% 

for prisms [254] and 28% with angle polished fibers [253].   

Fiber Taper 

Fiber tapers were originally used for interrogating WGM within silica microspherical resonators [97, 

159, 259], and since then have been extended to other geometries including microdisks [250, 251], 

toroids [192], goblets [260], microbubbles [206, 246-248] and capillaries [168, 169, 249]. Phase-

matching of the propagation constant of the resonator and the taper for critical coupling can be fine-

tuned via varying the thickness of the fibre taper during fabrication [252]. Fiber taper coupled 

resonators, such as silica microspheres for example, have demonstrated tremendous performance 

including extremely high Q-factors [162], allowing them to be used as biosensors [96, 97, 199, 261, 

262], filters [166, 167], force sensors [263] as well as nonlinear optics and QED applications [164, 

165] to name a few. Fiber-tapers have also been used to interrogate active glass-based microspherical 

resonators, such as those formed through either direction fabrication of doped glasses or by the 

deposition of coatings and rare-earth ions to the resonators surface [141, 264-266]. However, the 

significant drawback to utilizing fiber taper interrogation systems specifically for biosensing 

experiments is the inherently small diameter of the taper, making it susceptible to damage and fowling 

[172]. 
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Waveguide 

Waveguide couples are commonly fabricated on top of a substrate using techniques such as molecular-

beam epitaxy [267] or vapor deposition [268, 269] to form microstructures that are able to guide light 

through a refractive index contrast. This allows the evanescent field of the incident laser to overlap and 

couple into the resonator [270, 271], as depicted in Fig. 1.5 (B). Waveguides provide a robust platform 

for integrated sensing, allowing multiplexed [272-275] as well as self-referenced configurations to be 

constructed easily. For example, White et al. demonstrated how placing multiple anti-resonant 

reflecting optical waveguides onto a single chip allows multiple ring resonators to be excited within a 

single liquid core ring resonator [269].  While, the self-referenced configurations work by having one 

resonator that is not looking for a specific interaction and therefore can be used to subtract signal 

fluctuations from changing environmental conditions or non-specific binding in complex solutions. 

Notably, Genalyte Inc. have developed a multiplexed silicon ring resonator diagnostic platform, with 

capabilities for monitoring 32 biological analytes from a single sample [200], using the same approach.  

Prism  

TIR at the prisms surface allows incident laser light to be evanescently coupled into the resonator, with 

critical coupling being reached via varying the angel of incidence of the laser light [123, 276], as 

depicted in Fig. 1.5 (C). Similarly to waveguide couplers, prisms provide a more robust coupling 

scheme compared with fibre tapers and have found applications for nonlinear optics [277] and as 

tunable filters [278], for example. Although, achieving critical coupling through varying the incidence 

angle is both tedious and difficult. The prism surface is also susceptible to contamination from dust and 

water vapor, which can lead to degradation of the Q-factor of the coupled resonator [153].  

Angle-polished fiber  

Polishing the end of an optical fiber to a specific angle allows incident laser light guided through the 

fibre to undergo frustrated TIR at the fiber tip, resulting in evanescent coupling into the resonator [253, 

279, 280], Fig. 1. 5 (D). This provides increased robustness compared to a fiber taper, but without the 

bulkiness of waveguides or prisms. Although the fiber can also be used to collect the transmitted light 

from the resonator, practical applications of angle-polished fiber systems outside a research 

environment are severely limited. For example, the specific angle the fiber must be polished to depends 

on the individual properties of the resonator (i.e. size, material), meaning a new fiber must be polished 

each time the resonator is changed. Finally, angle-polished fibers have highest coupling efficiency for 

larger resonators (i.e. > 1mm), with a significant drop off seen for smaller resonators.  
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1.3 Active Microsphere Preparation 

Due to the low cost, commercial availability and practical advantages of free-space coupled active 

resonators, for all the experimental work considered in this thesis, the resonators used are dye-doped 

polystyrene microspheres (nominal diameter of 20 μm, ΔØ = 0.8 μm and n = 1.59 for [189], nominal 

diameter of 15 μm, ΔØ = 0.8 μm and n = 1.59 for [129, 140]), where the gain medium is provided by 

the laser dye Nile Red (λabs = 532 nm, λem = 590 nm) [281]. Here, a description of the doping procedure 

used and a brief overview of possible surface functionalization techniques for WGM resonators is 

provided.  

1.3.1 Doping  

The doping procedure begins by suspending the polystyrene microspheres in water, Fig. 1.6 (A), and 

then dissolving the laser dye Nile Red into xylene until the solubility limit is reached. Xylene is 

immiscible with water, therefore when the Nile Red/xylene solution is pipetted on top of the suspended 

microspheres, Fig. 1. 6 (B), there is no mixing between the liquids. By using a magnetic stirrer to 

provide agitation, the polystyrene microspheres are able to reach the interface between the two 

solutions, where the fluorescent dye can be transferred to the spheres.  

 

Fig.1.6 steps in the dye-doping process (A) Polystyrene microspheres are placed in water on top of a 

hot plate, (B) the fluorescent dye Nile Red, dissolved in xylene, is added to the vial (C) The fluorescent 

dye is transferred to the spheres as they come into contact with the xylene layer. 

(A) (B) (C)

Nile red in xylene 

Magnetic stirrer Magnetic hotplate  

Polystyrene 
microspheres 

Glass vial 



  22 

This process continues until all the xylene has been either transferred to the spheres or evaporated away, 

Fig. 1.6 (C). The low solubility of Nile Red and water ensures that once the dye has entered the sphere 

is will remain inside. Varying the amount of Nile Red/xylene solution used effects the lasing threshold 

of the microspheres [209].   

1.3.2 Surface Functionalization  

In order to enable highly sensitive, selective and label-free monitoring of specific interactions with 

analytes such as viruses [103], bacteria [272, 282], proteins [140, 189] or DNA strands [97], the 

resonators surface must first be functionalized, Fig 1.7. During the functionalization process 

considerations including the thickness of the functionalized layer, to ensure any interaction on the 

resonators surface occurs within the resonators evanescent field, and the orientation of the immobilized 

bioreceptors, to maximize the available binding sites [283-285], needs to be taken into account. 

Functionalization of a resonators surface typically occurs in three steps: preparing the surface, 

immobilization of the bioreceptor of interest, and pacifying active sites to reduce the effects of non-

specific binding.     

 

 

Fig. 1.7 Examples of functionalized WGM resonators.   

 

A. Preparing the Surface 

The first step in the surface functionalization process is to prepare the resonators surface with 

functional groups in order to facilitate the subsequent immobilization of the required bioreceptor. This 
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is typically achieved using either covalent binding or physiosorption techniques.  Covalent binding 

techniques are approaches that create covalent bonds on the sensors surface and are known for their 

stability and durability [286-289]. The most commonly used covalent binding approaches involve the 

binding of silane groups, such as (3-aminopropyl)trimethoxysilane (APTMS) [290], 3-

aminopropyldimethylethoxysilane (APDMES) [291], 3-glycidoxypropyl-trimethoxysilane (GOPTS) 

[292, 293] and 3-mercaptopropyltrimethoxysilane (MPTMS) [176] to the resonators surface. However, 

in order for the silane groups to bind to the resonator, the surface must first be activated with hydroxyl 

groups and is commonly achieved by either acid cleaning [294] or plasma activation [295]. 

Unfortunately, this process of activating the resonators surface is not applicable to all materials, 

including polymers, such as polystyrene, that have been utilized throughout this project.  

Alternatively, physiosorption techniques such as depositing layers of alternating charge 

polyelectrolytes (PE) onto the resonators surface, can be applied to a range of materials [296-299], 

notably including polymers [177]. There are a variety of different PEs that can be used, however, 

polyallylamine hydrochloride (PAH) and polystyrene sulfonate (PSS), are two of the most widely 

implemented. For example, they have been successfully deposited on dye-dope polystyrene 

microspheres [177] (including for the work completed in this thesis [140, 189]), the core of a 

suspended core silica MOF [296, 297] as well as silver coated optical fibers for SPR biosensing [298, 

299].  

B. Bioreceptor Immobilization  

Once the surface has been prepared with the appropriate functional group, further chemical interactions 

can be implemented to facilitate the immobilize of the bioreceptor of interest. Typically, cross-linkers 

such as hydrazine-nicotinamide (HyNic)/4-formylbenzaminde (4FB) [300], glutaradldehyde [301, 302] 

and coupling reagents carbodiimides such as 1-ethyl-3-(3-dimethylaminoropyl) carbodiimide (EDC) 

and N-hydroxysuccinimide (NHS) [140, 189] are used to enable covalent binding between the primary 

amine on the sensors prepared surface and the bioreceptor of interest. Commonly used bioreceptors 

include antibodies, complementary DNA, enzymes and aptamers. Sensors utilizing antibodies are 

known as immunosensors, and they take advantage of the high affinity and specificity between an 

antibody and its corresponding antigen. While aptasesnors (i.e. aptamer based sensors) use functional 

molecules that allow a wide range of target analytes spanning small molecules and proteins through to 

cells to be detected.  

For the work completed here, covalent binding between the final PAH layer and Biotin-D is used to 

create a biotinylated surface and represents the end of the surface functionalization process. The 
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specific interaction between biotin and neutravidin is then used to demonstrate and characterize the 

sensors capabilities. However, the biotinylated surfaces can easily be further functionalized by coating 

with another layer of an avidin (i.e. neutravidin or streptavidin) and then a biotinylated antibody [293].  

Regardless of the bioreceptor utilized, correctly immobilizing the bioreceptor to the resonators surface 

is as important as the resonators parameters (i.e. Q-factor and refractive index sensitivity) in 

determining the ultimate performance of the sensor [65]. For example, the ability to control the 

orientation of the bioreceptor is highly desirable in order to maximize the responsiveness and affinity 

of the sensor to the target analyte, especially in low concentrations [285]. In the case of immunosensors, 

one technique employed to ensure the correct orientation of the antibodies is to use protein A or G [303, 

304]. These proteins form an anchor on the sensors surface through the Fc fragment, as shown in Fig. 

1.8, allowing the epitopes, also known as the Fab fragments, to face away from the surface and interact 

with the antigens in surrounding medium.  

 

Fig. 1.8 Depiction of a protein G antibody structure.  

Recently, techniques using selective UV photo-activated cross linkers have began to generate interest 

for functionalizing WGM resonators [112, 305]. Unlike other covalent or physiosorption techniques, 

using UV photo-activated cross linkers allows precise control and localization of the functionalization 

sites. Notably for example, this technique has been utilized for functionalizing microbubble resonators 

ensuring that only the hollow cavity is functionalized and not simply the entire capillary structure [306]. 

This is important, especially when dealing with low concentrations of analytes, to ensure that any 

interaction of the analyte of interest occurs within the evanescent field of the WGMs, and not further 

up in the capillary. Additionally, this technique has enabled multiple microbubbles residing along the 

same capillary to be individual functionalized to monitor different interactions [306].  
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C. Pacification   

Non-specific binding (NSB) is the binding of other proteins or biomarkers present in a sample to the 

surface of the resonator, which can lead to increased spectral noise, false positive readings or 

degradation of the sensor [172]. Reducing the effects of NSB is one of the main challenges for WGM 

biosensing, as for all refractive indexed based biosensors, when undertaking measurements in complex 

solutions. For example, the ability of a sensor to distinguish or eliminate unwanted fluctuations in the 

signal due to variations in temperature, surrounding refractive index or NSB events is critical in 

transitioning from operating purely in controlled research environments to applications involving being 

able to assess real clinical samples.  

The main methods developed for preventing NSB in label-free biosensing platforms containing a single 

resonators to date have focused primarily on improving surface functionalization techniques by trying 

to increase specificity through pacifying NSB sites on the sensor’s surface. For example, successful 

reduction of the effects of NSB has been demonstrated on Surface Plasmon Resonance biosensors [65, 

307] by using NHS esters [308], CM dextran [309] and polyethylene glycol (PEG) [310]. For WGM 

biosensors, PEG coatings have proven successful when integrated with silica microspheres [96, 311], 

with thrombin being detected in 10-fold diluted human serum samples using a flow cell [96], for 

example. Unfortunately, these surface functionalization processes require the initial production of 

hydroxyl groups on the sensors surface [294, 295], and as previously discussed is not possible on all 

surface types, specifically not being applicable for polystyrene resonators.  

For the work completed here a Casein blocking agent is used to pacify the binding sites by “filling the 

gaps” between the antibodies bound to the surface. Casein is chosen in preference over other 

commonly used blocking agents such as BSA and gelatin as it provides a distribution of molecular 

weights, ensuring better coverage between the binding sites.  

1.4 Project Aims  

The primary aim of this thesis is to develop an efficient and simple biosensing platform that is able to 

conduct real-time label-free protein detection in complex solutions, with the potential for future in-vivo 

sensing, through the combination of the refractive index transducing mechanism of WGMs within 

fluorescent microspheres and a suspended core MOF.  

Review of Active WGM Sensing 

First, a review of WGM in fluorescent microresonators and their sensing applications is provided. This 

includes providing a theoretical background on fluorescent and lasing WGM resonators, strategies for 
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incorporating organic or inorganic gain medium and an overview of fluorescent resonator geometries, 

both commonly used and newer architectures, and their corresponding applications. Concluding 

remarks focus on future applications and possible improvements for fluorescent based WGM sensing 

technologies.     

Resonator Selection  

One of the initial steps in developing a WGM based biosensing platform is the selection of the 

resonator and maximizing its performance. For biosensing applications there are two key parameters 

commonly used for characterization sensing performance and they are the Q-factor and refractive index 

sensitivity. A higher Q-factor results in increased resolution, while higher refractive index sensitivity 

enables subtler changes in the surrounding environment to be monitored. As both these parameters can 

be extracted directly from the WGM spectrum, by developing an analytical tool that is able to 

efficiently generate the spectrum of any active microsphere resonator with radius, R, and refractive 

index, n, the characterization of a large number of resonators can take place. This process can be 

tailored for individual applications through restricting the types of materials, the wavelength range, 

sizes and surrounding environment, for example, that are considered, allowing the optimal resonator 

parameters in terms of refractive index and size to be identified. As an example of how this model can 

be used to provided guidelines for undertaking refractive index biosensing with active microspherical 

resonators, a subset of resonators is assessed. The set of resonators is selected based on previous 

experimental work with polystyrene microspheres doped with fluorescent organic dyes to determine 

the optical combination of resonator refractive index and radius to optimize sensing performance in 

water (the typical environment for biosensing applications). The results of this optimization process are 

then used to select the resonators for the fiber-tip sensing platform 

Performance Limitations 

The inherently lower Q-factors associated with active resonators, specifically those of fluorescent 

microspheres remains a limiting factor for lowering the detection limit of active resonators for 

biosensing applications. In order to investigate this further, dye-doped polystyrene microspheres are 

examined and compared under different excitation (free-space and fiber taper) and collection (far-field 

and fiber taper) methods.  It is proposed that the intrinsic asphericity present in commonly used active 

resonator (such as dye-doped polystyrene microspheres) is responsible and therefore differences in the 

Q-factor would become apparent under the different excitation/collection situations.  Along with the 

experimental data, theoretical modeling and imaging techniques are used to thoroughly investigate the 

resonators and identify the potential source for the lower Q-factors observed.  
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Platform Demonstration  

An alternative approach to free-space excitation and collection the WGM modulated fluorescence 

spectrum that still enables flexibility and control over the measurement location, is to use a MOF. The 

core of the fiber acts like a fiber taper, allowing only a subset of modes to be excited, resulting in an 

increase in the Q-factor. Further, the MOF provides a robust and easy to manipulate dip-sensing 

architecture that bypasses the need for complex microfluidic sample delivery systems and has the 

potential to operate in-vivo. The first demonstration of such a platform based on the combination of a 

MOF and an active WGM resonator to be used for biosensing applications is performed using the well-

known specific interaction model based on biotin-Neutravidin in unperturbed small volume samples. 

Further, ways to improve the sensing performance, specially the detection limit, are investigated by 

operating the resonator above its lasing threshold. 

Measurements in Complex Solutions 

Finally, as mentioned previously, the ability of a sensor to distinguish or eliminate unwanted 

fluctuations in the signal due to variations in, for example temperature, surrounding refractive index or 

NSB is critical in transitioning from operating purely in controlled research environments to 

applications involving being able to assess real clinical samples. A simpler approach, asides from using 

surface functionalization techniques to overcome to this problem, is to introduce a second resonator 

into the sensing system to act as a dynamic reference capable of compensating for both changes in the 

environmental conditions, such as temperature fluctuations, as well as NSB events. Previous 

demonstrations of multiplexing WGM sensors include a range of resonator types and geometries 

covering passive microspheres [97], liquid core ring resonators [269], microdisks [312] and even 

fluorescent microspheres for imaging techniques [313, 314]. Here, a self-referenced WGM biosensing 

platform is developed and demonstrated for the specific detection and quantification of biomolecules in 

undiluted human serum by extending on the work completed in [189], through the addition of a second 

almost identical fluorescent microsphere resonator to the MOF tip. In this configuration one resonator 

acts as a sensing resonator, being functionalized for monitoring of a specific interaction, while the 

second resonator is functionalized to act as a dynamic reference compensating for environmental 

changes and NSB.  Again, to evaluate the sensing performance of the self-referenced platform in both 

pure and complex solutions, the well-known specific interaction model based on biotin-Neutravidin is 

used. 
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2.1 Whispering Gallery Modes in Active Microresonators  

P1. T. Reynolds, N. Riesen, A. Meldrum, X. Fan, J. M. M. Hall, T. M. Monro, and 

A. François, “Fluorescent and lasing whispering gallery mode microresonators: an emerging 

paradigm for sensing application”, submitted to Laser & Photonics Review (2016) 

 

2.1.1 Publication Overview   

Active WGM microresonators have evolved significantly since the first observations of lasing WGMs 

from crystalline and liquid drop resonators, now including a diverse range of geometries with a novel 

variety of both inorganic and organic gain mediums. Notably, they have also opened up a whole range 

of new sensing opportunities with their ability to enable remote excitation and collection of the WGM 

spectrum. This has been most significantly taken advantage of for biosensing applications, enabling the 

possibility of conducting in-vivo measurements, including from within living cells. However, for all the 

success and promise they have shown, there is still significant work that must be completed to improve 

sensing performance, durability and reusability to produce commercially viable sensors.   

In this review, recent work using active WGM microresonators is dissected, highlighting novel 

geometries from liquid droplets to polygons, capillaries/microfibers, toroids, goblets and disks through 

to solid and free-floating microspheres, gain mediums and applications including physical sensing 

(pressure, temperature, humidity) and biosensing (refractive index and intensity based) that have been 

documented so far. Further noting areas that still require investigating, such as forming a consensus on 

contribution of the components that influence the lasing threshold, as well as mapping out the future 

directions, potential combinations with other sensing technologies and prospects of active WGM 

sensors as a whole.    
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T. Reynolds,1 N.Riesen,1,3 A. Meldrum,2 X. Fan,4 J. M. M. Hall,1 T. M. Monro,1,3 and A. François1,3 
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Abstract: Whispering gallery modes (WGMs) have been exploited for a broad range of sensing 

applications. However, the vast majority of such WGM sensors consist of passive resonators, requiring 

complex interrogation systems to be employed, ultimately limiting their practicality. 

Active resonators containing a gain medium, allowing remote excitation and interrogation of the 

WGM-modulated fluorescence spectra, have emerged as an alternative to passive resonators. Although 

research is still in its infancy, recent progress has reduced the performance gap between the two 

paradigms, fueled by the potential for new applications that could not previously be realized. 

Here, recent developments in sensors based on active WGM microresonators are reviewed, beginning 

with a discussion of the theory of fluorescence-based and lasing WGMs, followed by a discussion of 

the variety of gain media, resonator architectures, and emerging sensing applications. We conclude 

with a discussion of the prospects and future directions for improving active WGM sensors. 

 

1. Introduction  

Whispering gallery modes (WGMs) are optical resonances arising from light being trapped due to total 

internal reflection at the boundary of a dielectric structure having at least one axis of symmetry. The 

light propagating along the inner surface of the resonator gives rise to constructive interference when 

returning in phase after each round trip. This creates resonance features, with spectral positions and 

linewidths that depend on the dielectric function and geometry of the resonator, as well as the 

surrounding environment. 

Due to their extremely high Quality factor (Q-factor), defined as the ability to store energy, and their 

small mode volume1, 2, WGM resonators have found applications spanning sensing 3-5 through to 

quantum electrodynamics (QED) 6-8 and non-linear optics 9-11. The applications come with an equal 



  57 

diversity of geometries including spheres 4, capillaries 12, bubbles 13, bottles 14, fibers 15, toroids 16, rings 
17 and disks 18-33. Materials used for such resonators can be amorphous 4, 19, 34, 35 or crystalline 36-41, and 

organic or inorganic 17, 22, 42, 43. The vast majority of resonators studied are passive, requiring an 

evanescent-wave coupler to interrogate the WGMs. Commonly, these couplers take the form of a 

tapered optical fiber or a prism, with the taper waist diameter chosen to fulfill the required phase-

matching conditions 44. In the case of prism coupling the incidence angle is tuned to achieve the phase 

matching 45, 46. In either case this allows efficient coupling to the WGMs. Passive resonators have 

shown tremendous performance, especially in terms of the Q-factor which in some cases can exceed 

1011 1, but also in terms of ultra-small mode volumes which is important for QED and non-linear 

applications. Note however that the requirement for external evanescent coupling configurations, may 

render any real life applications outside laboratory environments problematic. 

In recent years several attempts to reap the performance benefits of passive resonators for real-world 

applications have emerged. Beyond the more obvious approaches of integrating resonators onto a 

sensing chip 43, 47, 48, Agarwal et al. 49 have integrated a passive silica microsphere at the end of an 

optical fiber stem with two conical taper couplers, into a monolithic device for dip sensing applications, 

while Shi et al. 50 have directly written, using femtosecond machining, a ring-resonator onto the core of 

a polished optical fiber. Other researchers have investigated approaches that allow for free-space 

coupling into passive WGM resonators. Ballard et al. 51 and Shao et al. 52 for instance used deformed 

microspheres and microtoroids, respectively, presenting “nodes” to couple into, while Zhu et al. 53 have 

used nanoparticles to induce scattering to the same effect. Moreover Zullo et al. 54 used a focused free-

space edge-coupling scheme to achieve similar results. Using passive free space coupling strategies 

however comes at the cost of reduced performance. 

Active resonators that contain a gain medium are particularly suited to remote excitation and collection 

of the WGM signal, thereby alleviating some of the practical limitations of typical passive resonators. 

The first reported active whispering gallery mode resonator was in 1961, barely a year after the first 

laser was demonstrated by Theodore Maiman. Samarium-doped CaF2 microspheres were excited by a 

flashlamp 55, apparently surpassing their lasing threshold at a wavelength of 708.5 nm.  In general, 

upon excitation of the gain medium the emitted fluorescence intensity is modulated at the resonance 

frequencies as a direct manifestation of the Purcell Effect (i.e. increasing the fluorescence intensity at 

the particular resonance wavelengths) 53, 56, 57.  

Fluorescent-based approaches also facilitate the use of smaller resonators thereby in general allowing 

for greater refractive index sensitivity. Microspheres of 15 µm diameter or even smaller 42,  and arrays 

of resonators can, for example, be interrogated simply by using a scanning microscope 43. As 
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mentioned active resonators however have reduced Q-factors. The lower Q-factor observed in active 

resonators is due to several factors. The asphericity can play a significant role for the case of 

fluorescent microspheres, as shown by Riesen et al.,58 who investigated the Q-factor of a dye-doped 

polymer microsphere measured in free space and through a fiber taper. The asphericity lifts the 

degeneracy of the resonances in different equatorial planes, so that when indiscriminate collection of 

these WGMs occurs in free space, the partially overlapping modes effectively result in broader 

linewidths hence reducing the Q-factor. Similarly, a reduction in the Q-factor of fluorescent cylindrical 

microcavities has also been observed 59, 60. As a result, fluorescence-based resonators typically remain 

somewhat restricted to sensing applications and are unsuitable for non-linear optics and QED 

applications where high Q-factors and small mode volumes are critical. 

For biosensing, single molecule detection has become well established using passive resonators with 

multiple demonstrations being reported 19, 29, 61-63. However, since fluorescent resonators have 

considerably lower Q-factors, and hence higher detection limits, single molecule detection with 

fluorescent resonators remains challenging. Nonetheless, the free space excitation and collection 

platform enabled by fluorescent resonators allows for novel applications not possible using passive 

resonators. For example, free-floating resonators can be inserted into living cells for sensing 64, or for 

tagging and tracking purposes, using the specific spectral fingerprint of each individual WGM 

resonator 65, 66. Even single cells can be turned into WGM resonators by injecting a mixture of 

fluorescent dye and high refractive index oil, providing the required gain medium to generate the 

WGMs and also the required light confinement owing to the refractive index contrast between the oil 

droplet and its surrounding environment 66. Further, by combining fluorescent microspheres with flow 

cytometry, automated high-throughput sensing can be achieved using a robust data analysis algorithm 

to extract real-time information about the resonator’s properties from its WGM spectrum 67, while 

fluorescent cholesteric liquid crystal core shell structures have also shown tremendous potential as 

magnetically transportable light sources for in-channel illumination applications 68. In addition, 

fluorescent resonators can be turned into microscopic laser sources using a lasing gain medium and a 

suitable pump source, enabling slight enhancements in the Q-factors to be realized upon reaching the 

lasing threshold 22, 42, 43, 48, 68, 69 and also lowering the detection limit for sensing applications 22, 69. 

While there are a large number of review articles in the literature on WGMs, focusing on different 

aspects such as theory and applications 70, 71, especially related to sensing 3, 5, 72-75, none of them have 

focused on fluorescent-based resonators and their prospects as sensors. In this review an overview of 

the recent work on fluorescent-based WGM resonators, which stands as a prolific research field with 

emerging sensing applications, is provided. First, the basic theory of fluorescent WGMs is discussed, 



  59 

focusing on lasing behavior. Next, strategies for incorporating a gain medium, either organic or 

inorganic, into resonators and the resulting resonator properties are reviewed, followed by an overview 

of fluorescent resonator geometries and applications. Concluding remarks focus on future prospects 

and research opportunities. 

2. Fluorescent Based and Lasing WGM Theory  

Fluorescent resonators can be modeled analytically by extending classical Mie Scattering theory. For 

example, Beier et al. 76, developed a model to describe quantum dot (QD) coated microspheres, while 

Chew et al. 77, 78, described fluorescent microspheres by considering distributions of dipoles within a 

resonator. By developing analytical models such as these, key characteristics including the resonance 

positions, Q-factor, refractive index sensitivity (S = δλ/δn) and free-spectral range can be extracted and 

used for instance in optimizing sensing performance 79. The main advantage of analytical models over 

computationally intensive numerical methods such as the Finite-Element Method (FEM) 80 or Finite-

Difference Time-Domain (FDTD) 81, is the ability to scan a vast parameter space relatively efficiently 
82. Numerical techniques on the other hand do facilitate the investigation of a broader variety of 

resonator shapes 36,  as well as providing access to intermediate values of the fields in the time-domain, 

which allows for the study of transient or emergent optical phenomena such as directional emission in 

deformed cavities 83-87. Novel resonator design has also begun focusing on microbubbles, and 

single/multi-layered microspheres 88-91, with such resonators demonstrating improved refractive index 

sensitivity 80, 91 and also generating interest for non-linear optics 11, 92-94. 

WGM microcavities have also been able to be operated as ultra-low-threshold microlasers in various 

configurations 22, 42, 43, 48, 68, 95-97. Examples of the typical behavior of lasing WGMs in fluorescent 

resonators can be seen in Figure 2.1 (a) and (b), where the mode intensity increases rapidly above the 

lasing threshold. The Q-factor also increases upon lasing, typically by a factor of approximately 4 22, 42. 

Employing the lasing eigenvalue problem (LEP) formulation 98, 99, which introduces gain through an 

imaginary part of the refractive index, the lasing frequency and threshold can be determined 

numerically 100. However, modeling how the resonator’s Q-factor and effective mode volume (Veff) 

influence the lasing threshold and how the modes behave above the lasing threshold remain largely 

unknown. 
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Figure 2.1. (a) WGM spectra exhibiting the typical transition between fluorescence and stimulated 

emission regimes and (b) Output energy of the fluorescent WGM signal as function of the pump power 
65. Reproduced (adapted) with permission from 65. Copyright (2015), American Chemical Society. 

 

Spillane et al. 101 have established a relation for the Raman lasing threshold of a fiber coupled 

microsphere where the lasing threshold (Ithreshold) scales proportionally with the gain factor (A) and more 

importantly with Veff/Q2: 

Ithreshold = A
Veff
Q2 .       (2.1) 

The gain factor, A, is related to the Raman gain coefficient for a Raman laser 101, or the gain medium 

concentration and quantum yield in the case of a fluorescent dye 42. As expected, the lasing threshold as 

described in Equation. 1, is inversely proportional to the Purcell enhancement factor, F, given by 56, 

F = 3Q

λc
n

⎛
⎝⎜

⎞
⎠⎟
3

4π 2Veff
~ Q
Veff

.      (2.2) 

In other words, a low lasing threshold is achieved if the Purcell factor is high. 

However, in earlier work by Sandoghdar et al. 102, the lasing threshold of neodymium doped silica 

microspheres was found to have a linear dependency on Q-1. More recently, Gargas et al. 103 established 

the same Q-factor dependency on the lasing threshold of a ZnO microdisk, further indicating that the 

behavior of lasing WGMs and especially the lasing threshold is not yet fully understood. 
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3. Gain Media 

The most important feature of fluorescence-based resonators, besides the resonator geometry, is the 

gain medium, which provides the required fluorescence emission that is then modulated by the WGM 

resonances. In the following section the different types of gain media used are reviewed, including how 

they have been incorporated into or combined with WGM resonators. In most cases the approach used 

for incorporating the gain medium is independent of the resonator geometry itself. It is however 

strongly influenced by the nature of the gain medium and the resonator material. 

3.1. Organic Gain Media  

Fluorescent dyes are the most common gain media used for active microresonators, providing a broad 

range of emission bands stretching from the UV 104, to the visible and through to the near infrared 105, 106 

as shown in Table 2.1. 

A large body of literature exists on the chemistry of various organic dyes in polymer matrices 107, in 

which the dye chemistry (i.e., solubility, reactivity, and so on) can be classified on the basis of the 

presence of azo (–N=N–) groups, quinone groups (anthraquinone dyes), or phthalocyanines. Organic 

fluorophores are commonly mixed with a polymer (e.g. PMMA, SU8, PDMS, Polystyrene), and then 

fabricated into rings, disks 31, 33, 108, solid or liquid microspheres 109, or drawn into solid fibers or 

capillaries 110, 111. Alternatively, fluorescent dyes can be introduced into already-formed polymer 

microresonators. A common method, especially for polystyrene microspheres is to use a two-phase 

liquid system where the resonators are suspended in an aqueous solution while the fluorophore is 

dissolved in an organic dye that is not miscible with water 42. Alternatively, resonators can simply be 

coated with fluorescent dye molecules using chemical moieties on both the dye and the resonator 

surface 112, 113. 

Fluorescent dyes were pivotal in the development of lasing WGM microcavities with thresholds as low 

as a few tens of nJ/mm2 31, 114 to a few µJ/mm2 33. It should be noted that the lasing threshold is strongly 

influenced by the fluorescent dye quantum yield, concentration and the resonator configuration (Q-

factor and mode volume) 31. Ultimately, the fluorescent dye concentration must be carefully controlled 

in order to minimize the lasing threshold 42. Fluorescent dye-doped polymers tend to be plagued by 

instabilities associated with photochemical degradation under lasing conditions (commonly referred to 

as “photobleaching”) 115, eventually resulting in loss of optical gain. This is a notable limitation in the 

application of active biosensing devices. Fluorescent dyes are typically excited with pulsed lasers not 

only to reach the lasing threshold, but also in order to minimize deleterious photochemical effects (i.e., 

dye-dye or dye-oxygen 116 interactions) and to reduce the formation of nonradiative triplet states 117.  
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Table 2.1. Examples of organic dye doped resonators. 
 

Dye 
Excitation/Emiss

ion 
Wavelength (nm) 

Resonator Type 

CY-3 480/540 Dye-doped SU8 microring 31* 
Coumarin 540 420/530 Dye-doped liquid droplet 235* 
Coumarin 6G 480/510 Dye-doped polystyrene microsphere 64, 166 

CY-3 480/540 Dye-doped SU8 microring 31* 
Yellow Venus 

protein 500/530 Liquid droplet 126* 

Rhodamine B 532/580-600 

Dye-doped monolithic microdisk 108* 
Dye-doped melamine-formaldehyde resin microsphere 38 
Dye-doped solid and hollow PMMA fibers 110, 111* 
Dye-doped liquid crystal droplet 236 
Dye-doped SU8 photoresist 33* 

Rhodamine 6G 532/580-600 

Liquid filled microcapillary 106* 
Free floating liquid droplet 109, methanol droplet in PDMS matrix 
237 
Dye-doped SU8 microring 31* 
Dye-coated rolled microtube 113 

Nile Red 532/580-600 
Dye-doped polystyrene microsphere 42, 69, 209* 
Dye-doped polymer coating on microcapillary 238* 
Dye-doped oil droplets 66, 239* 

CY-5 570/760 Dye-doped SU8 microring 31* 
DCM 490/600-800 Micro hemisphere 240 

Rhodamine 640 
perchlorate 620/700 Liquid droplet 158* 

Chlorophyll 430/680-730 Liquid filled microcapillary 127* 
* Lasing of the WGM(s) was observed. 

Alternatively, conjugated polymers can be used which are naturally fluorescent and are known to lase 
117. They typically consist of alternating single and double bonded C atoms, producing an electronic 

structure with extensive orbital delocalization and semiconductor-like energy gap. Conjugated polymer 

devices can be especially sensitive to the surrounding environment in terms of changes in the lasing 

intensity or threshold, for example showing “amplified quenching” due to their relatively high carrier 

mobility. This property makes them sensitive turn-off sensors for nitro compounds 118. Thus, 

conjugated polymers could be used for fabricating new and ultra-sensitive resonators for sensing 

vapors of toxic or dangerous substances, similar to how the lasing intensity of plasmonic cavities is 

quenched by nitroaromatics 119. However, the synthesis of WGM-compatible structures from 

conjugated polymers is difficult 120 without blending with another polymer. Kushida et al. 121 were 

among the first to exploit blends of conjugated polymer, with one donor and one emitter, enabling 

Fluorescent Resonant Energy Transfer (FRET). A FRET approach could be highly beneficial for 

limiting photobleaching using adequate donor/acceptor pairs 122, paving the way to a WGM FRET laser 
123, 124.  

Fluorescent proteins have also been exploited as gain media for active resonators 125, Jonáš et al. 126 for 

instance demonstrated the potential of liquid microdroplet resonators, doped with suspended 
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fluorescent proteins, as optofluidic biolasers. They revealed that even a single fluorescent bacterium, 

producing this fluorescent protein, is sufficient for inducing lasing. Chen et al. 127 used the fluorescent 

properties of chlorophylls to develop the first optofluidic chlorophyll laser, laying the path for future 

biocompatible and biodegradable lasers. 

3.2. Inorganic Gain Media  

Inorganic gain media allow continuous wave laser excitation and are relatively impervious to 

photobleaching. They are chemically robust, stable and offer several accessible excitation wavelength 

windows, depending on their energy level structure, as shown in Table 2.2. 

Table 2.2: Examples of inorganic material used as gain medium in microcavities. 

Material Excitation/Emission 
Wavelength (nm) Resonator Type 

ZnO 355/390 Hexagonal shaped sub-micron disk 103 *, Microwire 134, 241 * 
Microsphere 133, 242 

GaN/InGaN 350-500 Core-shell wire 243 
CdZnS/ZnS Q 

dots 440 Liquid filled capillary 244* 

PbI2 400/~500 Hexagonal shaped crystal 36* 
CsPbBr3 520-540 Rectangular cross sectioned nanowire 245* 

Er3+ 530-460 Upconversion emission doped microsphere 148, Upconversion 
lasing on microtoroid 150* 

Tm3+ 1064/450, 461, 784, 
802, 816 Upconversion lasing on microtoroid 149* 

CH3NH3PbBr3 400/560 Square shaped microrod 143, 246* 
CdSe/ZnS Q-dots 433/655 Single Q-dot coating inside thin wall capillary 128* 
CsPbX3, X = Cl, 

Br, and I) 400/420-700 Square shaped crystal 142* 

Si Q-dots 770 Q-dot coated capillaries 131 

Nd3+ 780/1064 
Doped barium titanium silicate microsphere 173*, Doped silica 
microsphere 95*, Glass microsphere 174*, Doped tellurite 
microsphere 147* 

InAs/InGaAsGaA
s/ 532/1270 Microring 136* 

HgTe Q-dots 1250 Q-dot coated microsphere 138* 
Er3+ 1535 Doped microtoroid 247*, Doped microspheres 145* 

Ge/SiGe Quantum 
well 1450-1650 Microdisk 244 

Tm3+ 1550-1610/2000 Microtoroid 97, 153* 
InAsSb/InAsPSb 

Quantum well 4000 Microdisk 32 

* Lasing of the WGM(s) was observed. 

Owing to the commercial availability of Quantum Dots (QDs) 128, semiconductors have risen as a 

popular gain medium. Unlike organic fluorophores where the pump wavelength has to be in a specific 

region of the optical spectrum (i.e. the maximum absorption wavelength), the only requirement for 

exciting semiconductor materials is for the pump wavelength to be shorter than the band gap. Further, 

as varying the size of the QDs provides control over the fluorescence emissions, and as QDs can all be 

excited with a single pump source, multiplexed sensing is easily achievable 129. The QDs can be 
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covalently attached 130, grown onto the resonator surface 131 or embedded within the resonator itself 132. 

More recently, semiconductor oxides such as ZnO 133, 134 and TiO2 135 have been exploited for their light 

emitting properties. Alternatively, quantum well heterostructures can be used for the fabrication of disk 

or pillar resonators using state-of-the-art fabrication processes 32, 136, 137, allowing them to be in some 

cases electrically driven 137 instead of using light for excitation. Lasing using semiconductors has been 

demonstrated with both quantum well heterostructures 48 and QDs 136, 138. However, non-radiative 

Auger recombination, exhibiting a recombination rate significantly higher than radiative transitions can 

drastically reduce the efficiency of such gain media for lasing applications 139, 140. 

Perovskite is an emerging new type of gain medium, which refers to crystalline materials with a 

composition ABX3, where A and B are two cations and X is an anion bonding to both A and B, such as 

CsPbBr3. The chemical composition dictates the bandgap structure 141 (i.e. direct or indirect bandgap) 

as well as its emission wavelength 142. Various perovskites have been used to fabricate micron-sized 

polygonal resonators (i.e. squares, pentagons, or hexagons) supporting WGMs. Lasing of perovskite 

resonators has also been demonstrated, however the lasing threshold ranges from the relatively high 

values of a few µJ/cm2 143 to tens of µJ/cm2 36 owing to the lower Q-factor exhibited by these polygonal 

resonators. 

Rare-earth ions such as Er3+, Nd3+ and Tm3+, utilized for telecom fiber amplifiers and fiber lasers, have 

been used for microsphere fabrication by melting rare-earth doped fused silica fiber to realize 

microspheres with high Q-factors 144, 145. Rare-earth ions can also be dissolved in different glass hosts, 

such as ZBLAN 146 or tellurites 147, unlocking different emission wavelength windows, especially in the 

mid-infrared where silica’s absorption becomes an issue. Upconversion has also been exploited for 

rare-earth systems, enabling fluorescence emission 148, 149 and lasing 149, 150 at shorter wavelengths. The 

use of rare earth doped sol-gel coatings has also been investigated for coating fused silica microspheres 
145, 151. This method has also been applied to other resonator geometries such as toroids, taking 

advantage of their low mode volume and large Q-factor, for lasing applications 97, 150. Many of the 

fundamental characteristics of WGM-based lasing have been carefully investigated using rare-earth 

doped microsphere systems 152, with CW lasing thresholds ranging from µW 95 to several mW 153.   

4. Fluorescent Resonator Geometries  

Microscale resonators have been fabricated from a diverse range of media spanning liquids to polymers, 

and glass to semiconductors with an equally large variety of geometries. Here we summarize some of 

the more commonly utilized fluorescence and lasing WGM resonator geometries and the materials 

from which they are fabricated. 
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4.1 Liquid Droplets   

Microsphere liquid-drop resonators have resurfaced as candidates for microlasers 68, 154 and biosensors 
126, 155, despite initial limitations preventing their widespread usage 156. Liquid droplets form naturally 

smooth spherical surfaces due to surface tension, allowing high Q-factors to be realized (4.2×109 at 300 

nm) 157. Fluorescent dye-doped droplet-based resonators have found applications in microfluidics 158 

(Figure 2.2 (a)), and can also readily be manipulated using optical tweezers 159. Further, using a water-

in-oil-in-water (W/O/W) double emulsion, depicted in Figure 2.2 (c), where magnetic nanoparticles 

were incorporated into the center, the droplets can be controlled using a magnet 68. 

 A key advantage of droplet resonators is their ability to be tuned. For example, nematic liquid crystal 

(LC) droplets 160 provide the means to tune the WGM resonances by using electric fields to manipulate 

the LC orientations 161, while Tang et al. demonstrated the tuning capability via manipulating the 

diameter of the droplets as they travel into a microfluidic chip and are slowly dissolved 158. Similar 

behavior has been reported with self-assembled static dye-doped polystyrene microdroplets formed in a 

PDMS matrix 162. Finally, free-floating liquid droplets, shown in Figure 2.2 (b), have the capability to 

change their shape under external stimulus, allowing for tuning of the resonance wavelengths 163. 

 
Figure 2.2. (a) Rhodamine 640 perchlorate doped free-floating benzyl alcohol micro droplets in sodium 

dodecyl sulfate in a microfluidic chip 158, (b) free floating Rhodamine 6G doped dichloromethane and 

epoxy resin micro droplet laser 163, (c) diagram of glass capillary microfluidic setup for producing 

W/O/W double-emulsion droplets 68. (a) Reproduced with permission from 158. Copyright (2011), 

Optical Society of America. (b) Reproduced with permission from 163. Copyright (2016), Nature 

Publishing Group. (c) Reproduced with permission from 68. Copyright (2016), Royal Society of 

Chemistry. 

 

(b)

(c)
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4.2 Solid Microspheres  

Solid fluorescent microsphere resonators 67, 121, 164 are commonly fabricated from polymers due to their 

low cost, structural flexibility and ease of fabrication and integration of a gain medium 42, 121, 162, 165-167. 

Beyond the straightforward approach of using a single microsphere resonator, either trapped with 

optical tweezers 168 or simply deposited onto various substrates 166, there has been interest in combining 

fluorescent microspherical resonators with capillaries 169, or microstructured optical fibers (MOF) 69, 170, 

171, as shown in Figure 2.3 (a) and (b). This approach allows the fiber to be used to simultaneously 

excite and collect the fluorescent/lasing WGM signal. Further, the local environment of a MOF near a 

fluorescent microsphere enhances specific modes due to the Purcell Effect and also improves the lasing 

efficiency 172. The combination of a MOF and a fluorescent microsphere can for instance be used for 

sensing applications, whereby the microsphere resides in one of the fiber’s axial holes 69. 

 
Figure 2.3. Dye-doped polymer microspheres (a) inside 170 and (b) on a tip 209 of a microstructured 

optical fiber. (a) Reproduced with permission from 170. Copyright (2013), Optical Society of America. 

(b) Reproduced with permission from 209. Copyright (2016), American Chemical Society. 

Rare-earth doped microspheres are also commonly used although the vast majority of research 

undertaken with such resonators still employs a fiber taper for evanescent coupling. In comparison, the 

few free space experiments that have been reported have displayed lower performance 148, 173, 174, 

although some interesting opportunities have still been identified notably by Kishi et al. who introduce 

a “terrace” structure, which breaks the microsphere symmetry to achieve quasi-single mode output 

lasing 147. 

4.3 Polygon Resonators  

Polygons can also support WGMs, and have recently become an interesting addition to more traditional 

circularly-symmetric resonator geometries. They are often characterized by their number of facets (m), 

where m = 2 corresponds to a Fabry-Perot cavity and cavities with m ≥ 3 can support quasi-WGMs 175. 

The Q factor for non-absorptive cavities is given as, 

Q =
mπnDsin 2π

m
⎛
⎝⎜

⎞
⎠⎟ R

m/4υ0

2c(1− Rm/2 )
     (2.3) 
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where n is the cavity index of refraction, R the is reflectivity of the polygon facet, D is the polygon 

diameter, c is the speed of light, and υ0 is the resonance position. By considering the normalized Q-

factor, and holding the diameter of the resonator constant, it can be seen that the Q-factor tends to 

decrease as m increases, revealing why the vast majority of the facetted crystals supporting WGMs (see 

Figure 2.4), exhibit as few facets as possible 175. Polygonal resonators are commonly grown using 

Chemical Vapor Deposition from perovskite, which has a fairly large refractive index (typically above 

2 in the visible) 36, providing strong confinement of the WGMs 36, 79, 142. The Q-factors of these 

resonators however remain somewhat limited to below ~103. 

 
Figure 2.4. Cesium lead halide (CsPbX3; X=Cl, Br, I) square nanocrystals exhibiting WGM lasing at 

different wavelengths 142. Reproduced with permission from 142. Copyright (2016), Wiley. 

 

4.4 Toroid, Goblet, Microdisk and Ring Resonators  

Microfabrication techniques have also been exploited for producing integrated microresonators, the 

most famous example being toroid resonators initially developed by Vahala et al. at Caltech 16. These 

techniques have since been adapted by many other research groups. Earlier examples of 

microfabricated WGM resonators include microdisks 18, 176 and micro-rings 17, 177. These particular 

resonant structures have the ability to confine light in ultra-small volumes 178, making them particularly 

suited to QED and lasing applications. Over the last few years, active variants of toroid or “goblet” 

resonators 43, 178, 179, disks 43, 178 and ring resonators (Figure 2.5) 31 have emerged.  

Fluorescent goblet resonators can for instance be integrated into microfluidic chips and interrogated 

remotely using a scanning confocal microscope 43. It is envisioned that the large-scale integration of 

lasing resonant microstructures such as microgoblets could be highly advantageous for multiplexed 

sensing, with each individual resonator functionalized for the detection of a specific analyte. Adding a 
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photo-responsive liquid on top of the goblet resonator, for example, could also enable fast tuning of the 

lasing output wavelength through the elastic deformation of the resonator 179. 

 
Figure 2.5. (a), (b) Fluorescent PMMA goblet resonators on a chip 43. (c) Coupled ring resonators 

etched on fused silica and coated with a fluorescent dye-doped high refractive index polymer 31 and (d) 

coupled disk resonator with a protruding waveguide for directional emission 33. (a), (b) Reproduced 

with permission from 43. Copyright (2015), Royal Society of Chemistry. (c) Reproduced with 

permission from 31. Copyright (2015), Nature Publishing Group. (d) Reproduced with permission from 
33. Copyright (2015), Elsevier. 

Microfabrication techniques have also allowed for the design and fabrication of coupled resonators, 

which requires both resonators to have almost identical dimensions to ensure spectral overlap of the 

resonances 180. Coupled disk and ring resonators have been used to exploit the Vernier effect 181 and 

have also allowed for the realization of single-mode WGM lasers 31, 33. Microfabrication can also be 

used for the development of alternative resonator geometries with controlled deformations 33 or with 

directly connected waveguides for unidirectional emission 33, 182 for integrated photonics applications. 

The creation of reusable 183 and reconfigurable 31 ring resonator lasers has recently been demonstrated 

by Chandrahalim et al., opening up the possibility of realizing photonic devices such as on-chip 

coherent light sources. The reusability of the resonators was demonstrated through depositing, 

removing and re-depositing both a dye-doped polymer liquid and solid, while wavelength 

reconfiguration was demonstrated using a similar process via interchanging the gain medium. 

Finally, Sun et al. investigated the use of proteins for the fabrication of biocompatible disk resonators, 

using femtosecond machining 108. By combining a protein matrix with fluorescent dyes, lasing behavior 

(a)

(b)

(c)

(d)
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of the resonator was demonstrated, paving the way for novel biocompatible materials to be used as 

laser sources. 

4.5 Capillaries and Microfibers  

Capillary-type structures with fluorescent channel coatings can also support fluorescent WGMs and 

have been used as refractometric sensors 22, 131, 184, 185 or biosensors 48. For microcapillaries to function as 

active WGM-based sensors, the capillary must be coated with a fluorescent layer that: (a) has a high 

refractive index in order to support WGMs, and (b) has a thickness of less than ~1 µm so that the 

resonant field profile extends sufficiently far into the channel medium as shown in Figures 2.6 (a) & 

(b). Recently, the first capillary-based WGM laser sensor for refractometric sensing was developed 

using a dye-doped polymer 22, in theory yielding an order of magnitude improvement in the limit of 

detection, as compared to the same device operated below the lasing threshold. 

Microfibers supporting WGMs such as R6G-doped PMMA 25, 111 or CdSe–ZnS core–shell QD-doped 

polyvinylpyrrolidone (PVP) nanowires 132, forming cylindrical structures whose width can be precisely 

controlled, are shown in Figures 2.6 (c), (d) & (e). Such structures can exhibit lasing WGMs with 

unusually high refractive index sensitivities of up to 300 nm/RIU 25. Inkjet-printed fluorescent dye-

doped epoxy resin, and PDMS fibers have also been shown to support WGM lasing with good 

sensitivity to external strain 111, 162, 163, generating interest due to their high flexibility and mechanical 

robustness. Fluorescent dye-doped-polymer-coated waveguides have similar benefits and are suitable 

candidates for future biosensing experiments 31. 

Development in nanofabrication techniques 186 have enabled the realization of self-rolled nanotubes 

from bi-layers materials 187-190. The bi-layer is strained and deposited atop of a sacrificial substrate, 

which is subsequently etched away, releasing the layer and allowing it to roll and form a nanotube 186. 

Most commonly the bi-layer is SiO/SiO2, enabling robust, transparent and biocompatible sensors to be 

fabricated 187, 188. Moreover, hybrid polymer/oxide/polymer tubes have also been fabricated 189, and 

novel composite cavities made from dielectric and metal materials have also recently been proposed 190. 

The diameter and wall thickness of these nanotubes can be controlled during the deposition process, 

and there is also the possibility of incorporating a thin organic active layer 187. These structures have 

proven to be successful candidates for refractive index sensors, with sensitivities as high as 450 

nm/RIU reported 188. They have also been shown to allow for the detection of volatile organic 

compounds 187, could serve as humidity sensors 189, and also present great promise for lab-on-chip 

integration due to their compact size.  
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Figure 2.6. (a)(b) Microcapillaries with a dye-doped polymer coating 238 and (c)-(e) Dye-doped 

polymer fibers 111. (a), (b) Reproduced with permission from 238. Copyright (2013), Optical Society of 

America. (c), (d) and (e) Reproduced with permission from 111. Copyright (2014), American Chemical 

Society. 

5. Applications 

WGMs are inherently suited to optical sensing due to the dependence of the spectral positions of the 

resonances on both the resonator geometry and the refractive index of the surrounding environment. 

This has been exploited for sensing pressure, temperature, humidity, electric fields, and also for 

biological sensing. While passive resonators are intrinsically limited to the tracking of resonance 

positions for the transduction, fluorescent and lasing WGM resonators can be used for transduction via 

the associated intensity changes of the modes. 

5.1 Physical Sensors 

5.1.1 Pressure/Deformation  

Pressure/deformation sensing using active microresonators has been well documented. For instance, 

Himmelhaus et al., incorporated fluorescent dye-doped microspheres into living cells, enabling the 

measurement of cell stress via the blue shift of the resonances of the microsphere 64. This application 

enables biomechanical stress induced during endocytosis and phagocytosis to be analyzed, with 

applicability to a variety of cells. Martin et al., investigated the effects of pressure on Nd3+ doped, 

barium titanium silicate microspheres, with an average sensitivity of 6.5 × 10-4 GPa-1, which is higher 

than conventional ruby pressure sensors 191. Pressure sensing has also been demonstrated with other 

resonator geometries, for example Chen et al., used optically pumped dye-doped microfibers 

(a)

(b)

(c)

(d) (e)
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encapsulated with PDMS elastomer. Strain-induced refractive index changes from either tensile or 

compressive forces incurred during bending allows for bidirectional tuning of the WGM resonances, 

enabling a new range of bend sensing applications 111. Similarly, Zamanian et al., have demonstrated 

numerical simulations on the effect of shear stress and wall pressure on the resonances of multiple 

cylindrical microlasers encapsulated in a slab, allowing for simultaneous wall pressure and shear stress 

measurement 192. Finally, Manzo et al., demonstrated the use of a rhodamine 6G doped dome-shaped 

polymer WGM microlaser with the incorporation of a membrane, for pressure sensing with a resolution 

as low as 9 Pa 193. 

5.1.2 Temperature  

Active whispering gallery microresonators have also found applications in temperature sensing. For 

example SBN Er3+-Yb3+ co-doped glass microspheres were demonstrated for temperature sensing in the 

range of 290-380 K 148. Excitation of the microspheres at a wavelength of 1 µm led to a broad 

upconversion emission in the green, which is modulated by the sphere resonances yielding a resonance 

shift resolution of 4.7 pm/K with a minimum temperature resolution of around 0.01 K 148. Furthermore, 

microbottle lasers fabricated from Er:Yb glass molten onto silica capillaries were demonstrated by 

Ward et al. for the same purpose, with the Er:Yb doped outer glass pumped at a wavelength of 980 nm 

via a taper, while the WGMs were recorded at ~1535 nm. This structure allows for thermo-optic tuning 

of the microlaser modes by passing gas through the capillary, exploiting the cooling effect that shifts 

the WGMs to shorter wavelengths. A tuning of the lasing modes was demonstrated over 70 GHz. The 

setup can also be used to measure liquid flow rate, and a water flow rate sensitivity of 1 GHz/nL/s was 

demonstrated. Alternatively, the bottle resonators could be calibrated to allow for gas flow rate or 

indeed temperature measurements by monitoring the WGM shifts 194. Although this particular example 

uses a fiber taper for pumping the gain medium and collecting the lasing WGM signal, one can clearly 

envision this particular application could be replicated using a free space approach. Phase transitions in 

dye-doped LC droplets, resulting in a change of the resonator Q-factor can also be exploited for 

temperature sensing, although they typically exhibit a very small dynamic range of a few degrees 

around the LC phase transition 161. 

5.1.3 Humidity  

Labrador-Paez et al., have demonstrated a liquid-state WGM resonator that allows for highly sensitive 

humidity sensing. The microdroplets used consist of glycerol doped with rhodamine 6G. Since glycerol 

is highly hygroscopic the refractive index and radius of the microdroplets change with humidity, 

resulting in shifts in the resonance wavelength positions. The sensors allow for a relatively high 

sensitivity of 10-3 per relative humidity percent (% RH-1) 109. 
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5.2 Biosensing Applications  

Since the first demonstration of the capabilities of WGM resonators for label-free biological sensing, 

measuring either the wavelength shift 4 or Q-factor spoiling 195 upon adsorption of biological molecules 

onto the resonator surface, significant effort has been invested into improving the sensitivity, 

selectivity, detection limit and response time of such sensors. While single molecule detection has been 

achieved with passive resonators providing a gateway for investigating fundamental processes in 

biology on the nanoscale, single molecule detection is of limited relevance for the vast majority of 

biosensing applications and especially for medical diagnostics, where biomarkers such as proteins are 

usually found in concentrations ranging from a few ng/mL 196 to hundreds of µg/mL 197.  

5.2.1 Refractive Index Biosensing 

Refractive index sensing is still the most common WGM sensing application, in which changes in the 

refractive index (δn) within the WGM evanescent field induce shifts (δλ) in the resonance 

wavelengths: 

δn
n

= δλ
λ

.      (2.4) 

The wavelength shift induced by adsorption of molecules with excess polarizability (αex) and a surface 

density (σs) is given by 4, 

δλ
λ

= α exσ S

ε0 n1
2 − n2

2( )R ,     (2.5) 

where ε0 is the vacuum permittivity, R is the radius of the resonator, and n1 and n2 are the refractive 

indices of the resonator and the surrounding medium, respectively. The excess polarizability can be 

approximated from the Clausius-Mossotti equation, in which the polarizability is linearly proportional 

to the molecular weight. It follows that the sensitivity (S) is strongly dependent on the molecular 

weight of the molecule to be detected, as is the case for other refractive-index-based sensing techniques. 

Here, the sensitivity S depends on the fraction of energy of the WGM contained within the sensing 

medium 199, 200. Therefore, increasing the magnitude of the evanescent part of the field through 

controlling the resonator diameter or the refractive index contrast between the resonator and its 

surrounding environment, naturally affects the sensitivity 79. Alternatively, depositing a thin layer of 

high refractive index material onto the resonator surface can shift the mode field profile in such a way 

as to enhance S 91. Depositing a monolayer of QDs onto the surface of polystyrene microspheres has 
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also been shown to increase the sensitivity 201, but this also reduces the Q-factor. As the magnitude of 

the evanescent field increases, the Q-factor drops 79, which raises the detection limit 202. Consequently, 

an appropriate tradeoff between the sensitivity and the Q-factor needs be made to optimize the sensing 

performance 79. Lasing microresonators are highly beneficial in this context, providing a way to 

significantly increase the Q-factor 22, 42, 43, 48, 68, 96 without affecting S, and thus lowering the detection 

limit 22, 69. Another way to improve S is to use coupled resonators, utilizing the Vernier effect in 

coupled microspheres 203 or microcapillaries, with the latter resulting in a sensitivity above 2510 

nm/RIU 204. One application of the Vernier effect in two polymer microfibers resulted in a twofold 

increase in the sensitivity compared with the individual resonators 25. 

The vast majority of the literature relating to WGM resonators for biosensing applications focuses on 

characterizing the sensitivity of the proposed device. Table 2.3 provides a non-exhaustive overview 

canvasing the performance of both active and passive resonators from the literature in terms of the 

sensitivity, Q-factor and detection limit. Although the detection limit of passive sensing configurations 

may be lower than that of active ones, the practical advantages of active sensing configurations remains 

unmatched by passive resonators 42, 64-68, 126, 127, 137. 

Beyond simply characterizing a bulk refractive index change, WGM resonators have also been used for 

detecting various biomolecules. Bioreceptors, including antibodies 205, aptamers 206, and DNA strands 
207, 208 have been immobilized onto WGM resonator surfaces. As proof-of-concept demonstrations of 

active biosensors, the highly specific interaction of streptavidin and biotin/biotinylated proteins has 

been utilized on a number of devices including, dye-doped polystyrene microspheres 69, 209, dye-doped 

polymer coated microcapillaries 131, polymer microring resonators 210 and polymeric microgoblets 211. 

This approach also forms the basis of more complicated surface functionalization approaches, such as 

the immobilization of biotinylated proteins or antigens. For example, one novel large-scale 

functionalization technique involves the deposition of fluorescently-labeled phospholipids and the 

incorporation of biotinylated ink in the procedure. This work demonstrated that microgoblets can be 

used as biolasers for the detection of anti-2,4-Dinitrophenol 212. Other examples of biosensing include 

polystyrene microspheres embedded with CdSe/ZnS QDs for thrombin detection 76, dye-doped polymer 

coated microcapillaries for detecting Vitamin D Binding Protein 213, fluorescent microspheres for the 

detection of unlabeled oligonucleotide targets 208, and the multiplexed quantification of ovarian cancer 

markers 205. In terms of reaching the same single-molecule detection capability of passive resonators, a 

self-referenced and self-heterodyned WGM Raman microlaser was recently demonstrated 214. This set-

up is restricted in its practical application compared with free space interrogated active resonators, due 

to the precise alignment, and laser frequency stability and locking requirements. 
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The capability of a sensor to distinguish or eliminate the effects of non-specific binding is critical for 

sensing within complex biological samples. Successful prevention of non-specific binding has been 

demonstrated in passive configurations using covalent surface functionalization strategies, notably 

using polyethylene glycol (PEG) 215, allowing Pasquardini et al. to detect thrombin (down to ~ 8 μM) 

in 10-fold diluted human serum samples 216. Alternatively, a simpler approach using two active 

microspheres, with one acting as a floating reference measuring the non-specific binding component, 

and the second resonator measuring both the non-specific and specific signal has been used for 

measuring the neutravidin concentration in undiluted human serum 209. 

Table 2.3: Examples of refractive index sensitivities for active and passive resonators. 

Sensitivity 
(nm/RIU) Q-factor 

Detection 
Limit 
(RIU) 

Resonator Details (passive/active, dimension, refractive 
index) 

1.1 (TM) 
0.73 (TE) 

2.1 × 108 (TM) 
1.7 × 108 (TE) 1.5 ×10-3 Crystalline (birefringent) magnesium fluoride (MgF2), 2.4 and 

5.8 mm microdisks (no = 1.375, ne = 1.387) 248 

0.5 6 × 107 1.0 × 10-6 Silica microbubble resonators with diameters 340 µm (n = 1.45) 
249 

3 2 × 103 2.6 × 10-2 Dye-doped polymer coating (1 µm, n = 1.56) inside a 100 µm 
diameter fused silica capillary 22* 

6.5 3.0 × 104 6.2 × 10-4 38 µm diameter barium-titanate microsphere (n = 2.43) excited 
with a tunable diode laser at 633 nm using a dove prism 35 

7.7 4.5 × 104 5.2 × 10-4† 9 µm diameter Er doped tellurite microsphere (n = 2.03 at 633 
nm) 34 

9.8 800 (Type I) 
1500 (Type II) 7.2 × 10-3 

Si Q-dot coated silica capillary (Type I: Inner diameter 25 µm 
and outer diameter 360 µm, Type II: Inner diameter 100 µm and 
outer diameter 160 µm) 184 

10 1.5 × 103 4.0 × 10-4† Si Q-dot coated silica capillary (50 µm Inner diameter, 360 µm 
outer diameter) 131 

10 1 × 105 5 × 10-4 Dye-doped 50 µm diameter PMMA microgoblet (n = 1.48) 43* 

20 1.2 × 106 1.0 × 10-6 Silica (n = 1.45) liquid core ring resonator (100 µm outer 
diameter, 2-3 µm wall thickness) 250 

30 800 10-3 Dye-doped polymer coating (1 µm, n = 1.56) inside a 50 µm 
diameter fused silica capillary 238 

33 1.3 × 107 8.7 × 10-6 50 µm diameter PMMA microgoblet (n = 1.48) 211 
50 7 × 104 8 × 10-5 10 µm diameter dye-doped polystyrene microsphere 42* 

50 2 × 104 2.6 × 10-5 Dye-coated 38 µm diameter soda-lime microsphere emitting at 
630 nm 221 

100 103 § 4 × 10-4 CdSe/ZnS quantum dot embedded 10 µm diameter polystyrene 
microspheres (n = 1.59) emitting at 550 nm 76 

100 1700 1 × 10-4 Si Q-dot coated 30 µm diameter silica (n = 1.45) microsphere 251 

300 8.2 × 103 - Dye-doped 36 µm diameter PMMA microfiber (n = 1.48) 
emitting at 600 nm 25 

390 500 1 × 10-4 Thin wall silica (n = 1.45) capillary (11 µm outer diameter, 0.8 
µm wall thickness) 252 

570 1.2 × 105 2.8 x 10-7 Thin wall silica (n = 1.45) capillary (70 µm outer diameter, 2-3 
µm wall thickness) 253 

5930 2.5× 103 § 2.7 × 10-5 Coupled optofluidic ring laser (125 µm diameter, n = 1.52) 254* 
* Lasing of the WGM(s) was observed; † Calculated values of detection limit based on the refractive 

index sensitivity (S) and Q-factor, assuming a wavelength resolution of 4 pm achievable with a high 

resolution spectrometer; § Calculated values of the Q-factor from the WGM spectrum.  
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Another advantage of fluorescent or lasing WGM biosensors is their multiplexing capability; especially 

for medical diagnostics whereby monitoring multiple markers can facilitate better understanding of 

disease development and diagnosis 217, 218. Vollmer et al.’s remarkable demonstration of multiplexed 

DNA sensing using passive microspheres, is nevertheless difficult to extend to larger numbers of 

resonators/biomarkers due to the stringent light coupling requirements 219. Recently, Genalyte Inc. 

developed a passive multiplexed silicon photonic chip diagnostic platform using ring resonators with 

integrated waveguides, capable of detecting up to 32 biological analytes from a single sample 220. 

Fluorescent resonators also provide the possibility of realizing highly multiplexed biosensors such as 

the fluorescent-labeled microspheres used by Huckabay et al. 221, or the fluorescent microgoblets 

developed by Wienhold et al 43. 

5.2.2 Intensity Based Biosensing  

Intensity based sensing provides a novel sensing modality, removing the need to continually monitor 

and track the precise position of resonances. In this case the sensitivity, limit of detection, and the 

dynamic range of the sensor can all be redefined in terms of intensity changes 198, 222. Figure 2.7 shows 

a comparison between the operating principles of an intensity based and resonant-wavelength shift 

WGM sensing system. It is clear from Figure 2.7 that in an intensity based system the sensitivity 

becomes strongly dependent on the Q-factor of the resonator, as higher Q-factors result in sharper 

resonances allowing smaller variations in intensity to be measured. Intensity-based detection systems 

have also demonstrated higher sensitivities and lower detection limits compared with wavelength-shift 

sensing methods, albeit with significantly smaller dynamic ranges 210. 

 
Figure 2.7. Two sensing schemes measuring (a) resonant-wavelength shift and (b) intensity variation. 

Reproduced with permission from 222. Copyright (2006), Optical Society of America. 

 

By incorporating biochemical/biological molecules directly into the gain medium and taking advantage 

of the sensitive nature of the lasing threshold on the resonator parameters, optofluidic biolasers have 

emerged as a highly effective platform for a range of biosensing applications 155. Capillary-based 
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Fig. 1. Basic configurations of microring resonators. (a) Singly coupled
microring and (b) a doubly coupled microring. (c) Transmitted ports in both
configurations have a spectrum of periodic-notch resonance. (d) Drop port in
the doubly coupled configuration has a complementary periodic peak resonance
spectrum.

coupled) or two (doubly coupled) straight bus waveguides
serving as the input and the output, as shown in Fig. 1(a) and
(b), respectively. These waveguide structures can be analyzed
to relate the output intensity to the incident intensity [13]. For a
singly coupled microring, the transmission coefficient, defined
as the ratio of the transmitted intensity to the incident intensity,
can be expressed as

T ≡ Itrans

Iin
=

∣

∣

∣

∣

αiτ − α2
i aejφ

1 − αiaτejφ

∣

∣

∣

∣

2

(1)

where αi is the coupling loss, τ is the amplitude self-coupling
coefficient, κ is the amplitude cross-coupling coefficient, a is
the amplitude attenuation factor in the ring waveguide, and
φ is the single-pass phase shift of the wave propagating in
the microring. Equation (1) implies that the transmission has
a periodic-notch spectrum as plotted in Fig. 1(c). From this
equation, the resonance condition is obtained as

λc =
neffL

m
(2)

where λc is the resonant wavelength, neff is the effective index
of the guided mode, L is the circumference of the microring,
and m is an integer representing the resonance order.

For a doubly coupled configuration, there are two outputs:
the transmission port and the drop port. According to ex-
perimental results [14], drop ports have a lower background
disturbance and a higher intensity contrast between ON and
OFF resonance. These properties facilitate sensing applications.
Using the same electromagnetic theory and assuming two
identical couplers, the transmission coefficient at the drop port,
which is defined as the ratio of the dropped intensity to the
incident intensity, can be expressed as

Td ≡ Idrop

Iin
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Fig. 2. Two sensing mechanisms. (a) Homogeneous sensing where analytes
exist in the surrounding aqueous medium that serves as the top cladding.
(b) Surface sensing where analyte molecules adsorb on a sensor surface, which
can be modeled as an ultrathin film.

Fig. 3. Two sensing schemes measuring (a) resonant-wavelength shift and
(b) intensity variation.

Based on the calculation, a doubly coupled microring has a
similar periodic-notch spectrum to the singly coupled case in
the transmission port and a complementary peak spectrum in
the drop port shown in Fig. 1(d). The resonance condition is
still the same as in (2).

B. Sensitivity

For optical-waveguide sensors, there are two sensing mecha-
nisms that are commonly used: homogeneous sensing and sur-
face sensing [14], as shown in Fig. 2. In homogeneous sensing,
the device is typically surrounded with an analyte solution,
which can be regarded as the top cladding of the waveguide.
The homogeneously distributed analyte in the solution will
modify the bulk refractive index of the solution. Such an index
modification changes the effective index of the guided mode.
In this mechanism, all materials including the detected analyte
in the solution can contribute to the effective-index shift, which
leads to no specificity. To solve this problem, surface sensing
can be employed. In surface sensing, the optical device is
pretreated to have receptors or binding sites on the sensor
surfaces [8], which can selectively bind the specific analyte.
Accordingly, this method enables a specificity as well as a label-
free detection. In addition, this method can provide a higher
sensitivity due to the presence of a larger evanescent field at the
waveguide boundary to probe the analytes.

To transduce the amount of analytes to a detectable signal
of a microring sensor, two sensing schemes can be used: the
resonant-wavelength-shift scheme and the intensity-variation
scheme [10], as shown in Fig. 3. The former scheme monitors
the shift of a resonant wavelength caused by analytes. It pro-
vides a wider detection range but requires a more sophisticated
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sensors, such as optofluidic ring-resonators or fluorescent-core microcapillaries, are particularly 

interesting with their ability to blend microfluidics and laser technology together, alleviating 

complexities involved with sample delivery. For example, Sun et al. incorporated DNA samples and 

probes into the gain medium, which is flown through the channel of an optofluidic ring-resonator, 

allowing sensitive and selective detection of two different DNA sequences 223. 

Alternatively, recent work by Chen et al. demonstrated the ability to position the gain medium onto the 

surface of the resonator, producing an optofluidic laser with a single molecular layer of gain, opening 

up the possibility for surface-based detection, a feature that is not commonly observed in optofluidic 

lasing platforms 224. 

6. Conclusion and Future Prospects  

Despite many emerging sensing applications, the performance gap between passive and active 

resonators remains significant. Fluorescent-based resonators typically exhibit a lower Q-factor which 

can constrain the sensor detection limit, despite lasing of the WGMs of such resonators potentially 

allowing for a slight improvement of both the Q-factor and signal to noise ratio. Nevertheless, there are 

many avenues worth exploring that could enable the emergence of new hybrid sensing methodologies. 

One envisioned approach combines fluorescent resonators with plasmonic effects. While plasmonic 

nanoparticles have been successfully used to reach single molecule detection 19, 225 and passive 

resonators have been coated with a metal layer to induce a WGM-like behavior of the plasmonic wave 
226, the adaptation of the same methodologies to fluorescent resonator has not yet been investigated. 

Even more interesting is the prospect of using another plasmonic effect, namely Metal Enhanced 

Fluorescence (MEF), which is well suited for lasing microresonators. MEF is attributed to the stronger 

interactions occurring between a fluorophores’ excited states and the induced surface plasmon 

resonances (SPR) in metal particles or films due to the increased electromagnetic field in the proximity 

of metal 227. As a result, the radiative fluorescence lifetime could be drastically decreased, resulting in 

an enhancement of the fluorescence intensity. This phenomenon is obviously of particular interest for 

fluorescent/lasing-based microresonators, potentially driving down the lasing threshold. However, 

MEF also has very strict requirements. First, the SPR has to match the excitation wavelength of the 

gain medium. Most of the noble metals used for their plasmonic properties (Au, Ag) exhibit SPRs in 

the shorter-wavelength range of the visible spectrum, restricting the gain media that could be used. In 

addition, MEF requires the gain medium to be positioned a few nanometers above the metal supporting 

the SPR, in order to produce the maximum enhancement 227. Therefore, only two options appear to be 

viable for fluorescent microresonators to benefit from MEF. First, one may coat or incorporate metallic 
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nanoparticles in fluorescent resonators, similar to what has been achieved with plasmonic epitope 19, 225, 

although one may question the impact this procedure will have on the Q-factor, since these 

nanoparticles are likely to behave as scattering centers. Second, depositing micron size resonators onto 

specifically engineered substrates that can support a long range SPR (LRSPR) 228 may further extend 

the penetration depth of the plasmonic field, and consequently increase the distance above the metallic 

coating at which the fluorescence is enhanced. 

Enhanced Raman Scattering is another intriguing phenomenon, taking advantage of either the hot spots 

created by the propagating WGMs at the resonator surface to enhance the Raman effect without the use 

of metallic nanoparticles (cavity enhanced Raman scattering) 229, 230 or through the addition of 

nanoparticles inducing scattering at the microresonator surface 231. Lasing microresonators are of 

particular interest for exploiting these effects, promising highly sensitive detection modalities. 

However, these effects require the resonator to exhibit very high Q-factors. 

As discussed, simply using the WGM fluorescence intensity for sensing has been widely exploited, 

relying on the fluorescent/lasing gain medium emission that is varied upon interaction with the analyte 

to be detected. However, the Q-factor can be affected by binding events occurring at the resonator 

surface, with the first demonstration of this phenomenon being documented over 14 years ago by 

Nadeau et al. 195 More recently, Hu et al. theoretically investigated the resonance broadening induced 

by dielectric nanoparticles and revealed that a single particle can be detected without resorting to any 

sensitivity enhancement mechanism or active noise control technique 232. The same mechanism was 

experimentally used by Shao et al. for the detection of a single virus particle 233. This novel sensing 

mechanism holds great promise for lasing resonators, as any Q-factor spoiling should result in an 

increase of the lasing threshold. Although measuring the lasing threshold could be somehow 

impractical, one can resort to measuring only the intensity of the lasing modes, assuming that both the 

gain medium and pump source intensity are stable. This method would not only allow better 

performance to be achieved but also alleviate practical requirements related to the specialized and 

expensive equipment used for performing such measurements, potentially paving the way for viable 

commercial application of WGM-based sensing technologies. 

Finally, fluorescent microresonators offer the potential for in-vivo sensing. After the first demonstration 

of intracellular sensing 64 and tagging 65, 66, the concept of free-floating resonators inside blood vessels 

no longer seems quite as unrealistic, especially with the emergence of flow cytometry 154. However, for 

this vision to be realized one would have to use a gain medium in the NIR rather than in the visible 

spectrum 234, as the latter is strongly absorbed by tissue. Powerful spectral analysis methods for the 
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determination and characterization of binding events without prior knowledge of the resonance spectra 

would be required in such setups.  
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3.1 Optimizing Resonator Design for Fluorescence Based Whispering 

Gallery Mode Biosensing  

P2. T. Reynolds, M. R. Henderson, A. François, J. M. M. Hall, N. Riesen, S. Afshar V., S. J. 

Nicholls and T. M. Monro, “Optimization of whispering gallery resonator design for 

biosensing applications,” Optics Express, 23 (13), 17067-17076, 2015.  

3.1.1 Publication Overview   

The selection of the ideal resonator for conducting WGM biosensing requires considerations of many 

aspects such as the biocompatibility, availability, cost, fabrication requirements and importantly the 

resonators sensing performance. As discussed previously, two of the key metrics for assessing sensing 

performance are the Q-factor and refractive index sensitivity, both of which can be directly obtained 

from the WGM spectrum. Ideally, the resonator of choice should have a high Q-factor, for increased 

resolution, as well as high refractive index sensitivity, to allow smaller changes in refractive index to 

be observed. However, a compromise must be made between these two connected parameters. 

Accordingly, to allow the comparisons of the sensing performance between two resonators to take 

place, a simple figure of merit is defined as the product of these two parameters. Therefore, through 

developing an analytical model that is capable of generating the fluorescence modulated WGM 

spectrum of any spherical resonator (R, n1) residing in any medium (n2), over a given wavelength range, 

and extracting the Q-factor and refractive index sensitivity, large sets of resonators can easily and 

efficiently be compared and assessed to find the optimal combination of resonator parameters (R, n1) 

for maximized sensing performance. It should be noted that further considerations of intrinsic noise 

sources pertaining to individual experiments can be included as necessary, however, this work focuses 

on developing an initial design tool purely for the resonator selection.  

As an example of how this model can be implemented, a set of resonators (diameters of 2-20 um and 

refractive indices ranging from 1.45-2.0, residing in water, over the wavelength range 600-615 nm) is 

examined, calculating the refractive index sensitivity, Q-factor and figure of merit. This particular set 

of resonators is selected to cover commonly used materials for active resonators (i.e. polystyrene, 

PMMA) along with commonly utilized organic dyes such as Coumarin derivatives and Nile Red, 

which have previously been implemented as gain mediums for active WGM biosensing. By taking into 

consideration experimental constraints, such as the resolution of a spectrometer used to observe the 

WGM spectrum, the ideal combinations of resonator diameter and refractive index can be identified.  
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design for biosensing applications 
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Abstract: Whispering gallery modes (WGMs) within microsphere cavities 
enable highly sensitive label-free detection of changes in the surrounding 
refractive index. This detection modality is of particular interest for 
biosensing applications. However, the majority of biosensing work utilizing 
WGMs to date has been conducted with resonators made from either silica 
or polystyrene, while other materials remain largely uninvestigated. By 
considering characteristics such as the quality factor and sensitivity of the 
resonator, the optimal WGM sensor design can be identified for various 
applications. This work explores the choice of resonator refractive index 
and size to provide design guidelines for undertaking refractive index 
biosensing using WGMs. 
©2015 Optical Society of America 
OCIS codes: (070.5753) Resonators; (140.3945) Microcavities; (230.0230) Optical devices; 
(280.1415) Biological sensing and sensors. 
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1. Introduction

The use of whispering gallery modes (WGMs) within microsphere resonators for detecting 
changes in the surrounding refractive index has been extensively studied and exploited for use 
in biological sensing [1–6]. The phenomenon of WGMs in microspheres arises from light 
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being trapped inside the resonator circumference due to total internal reflection. The 
circulating light has an evanescent field that extends beyond the resonator into the 
surrounding medium, enabling changes in the surrounding refractive index to be monitored 
via the shifts in the resonance wavelengths. The addition of surface functionalization to the 
microsphere allows interaction with specific analytes as they bind to the surface, enabling 
highly sensitive and selective, label-free detection of molecules to be made [5, 6] down to the 
single molecule level [6]. The amount of time the light remains circulating within the 
resonator determines the quality (Q) factor. The Q-factor can be expressed equivalently in 
terms of a variety of quantities including the cavity ring down time [7], the ratio between 
resonance wavelength and linewidth, the energy stored in the resonator as well as the loss 
mechanisms of the resonator (i.e. surface scattering, material absorption and radiation losses) 
[8]. As the Q-factor increases, the resonance linewidth decreases, enabling smaller 
wavelength shifts to be measured [5]. Such improvements in the resolution are of particular 
importance for biosensing applications. 

The majority of biosensing work previously conducted utilizing WGMs in microspheres 
has involved the use of silica [1, 5, 6] or polystyrene [3, 4, 9], with other materials remaining 
largely uninvestigated [10], apart from a few examples of high refractive index glass [11], 
ZnO [12] or TiO2 [13] microspheres. Silica microspheres are usually produced via melting of 
the tip of an optical fiber [5, 6] and typically range from 50 to 100 μm in diameter [14]. As 
the microsphere remains attached to the fiber during this fabrication process, it can be secured 
in position, allowing light from a tunable laser to be coupled evanescently to the microsphere 
using a phase matched fiber taper [14], waveguide [15] or prism [16]. Free space coupling to 
microspheres has also recently been demonstrated for the case of asymmetric resonators [17]. 
Optimization of the sensing performance of silica microspheres has previously been 
conducted by examining the detection limits [18], as well as increasing the Q-factor by 
reducing the material absorption and scattering contributions [19]. Q-factors as high as 8 × 
109 have been demonstrated using evanescent coupling, closing in on the ultimate Q-factor, as 
dictated by material attenuation, of 9 × 109 at 633 nm [20]. 

Despite the extremely high Q-factors that have been recorded using evanescent coupling, 
the alignment requirements in such systems, impose practical limitations on the use of the 
sensors. For example, any change in the position of a fiber taper with respect to a 
microresonator will induce changes in the positions of the resonance peaks due to a change in 
effective refractive index [21], which may be indistinguishable from changes in refractive 
index of the surrounding medium or binding events. Furthermore, the fiber taper used for 
coupling light into the resonator may become contaminated during the sensing experiment, 
resulting in reduced throughput [17]. In contrast, fluorescence based sensing, such as that 
involving dye-doped microspheres, alleviates some of the practical constraints by enabling 
remote interrogation of the WGM modulated fluorescence of the microsphere. However, the 
significantly lower Q-factors reported for such systems restrict the achievable sensing 
performance. The finite resolution of the detection system, often a spectrometer for 
fluorescence-based methods, may also limit the performance. 

In order to capitalize on the practical benefits shown by small fluorescent microspheres 
such as remote excitation and detection [3], which can be used for e.g. interrogating complex 
phenomenon within living cells [22], different resonator materials and sizes need to be 
investigated to help bridge the performance gaps between passive (fiber taper or prism 
coupled) and active (free space coupled fluorescent) microspheres. This could for instance 
allow for the detection of smaller biomolecules and within lower concentrations even when 
using active microspheres, matching the performance achieved with fiber taper coupled 
passive microspheres [1, 6, 7]. The problem of determining the optimal WGM sensor design 
has been approached previously by considering a variety of different parameters. These 
include, but are not limited to, the detection limit [23], introducing a new parameter of time 
normalized sensitivity to allow comparison of sensors in the white-noise-limited regime [24], 
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and optimizing the signal to noise ratio [25]. Our method of investigating a large range of 
different resonator refractive indices and sizes is to utilize an analytical model [26, 27], 
simulating the WGM spectrum as a way towards characterizing the sensing performance by 
extracting parameters such as the resonator’s sensitivity and Q-factor directly from WGM 
spectra. The model allows for any sphere (refractive index n1 and radius R) to be assessed and 
compared with any other sphere. 

The aim of the current research is to consider a subset of resonators and demonstrate how 
the model can be applied to provide guidelines for designing WGM based refractive index 
sensing fluorescent microspheres. 

2. Theoretical considerations 

The WGM spectrum of a dielectric microsphere of radius R and refractive index n1 can be 
predicted by extending classical Mie Scattering theory, as illustrated by Chew [26, 27]. 
Consider an arbitrary distribution of dipoles within a spherical dielectric resonator, of radius 
R and refractive index n1, within a medium of refractive index n2. The resulting total average 
power radiated from the sphere is given by the sum of the radial and tangential oscillations, as 
defined in [27]: 
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where H and G are normalization factors, Dn
’ and Dn are the electric and magnetic multiple 

terms (equivalent to the Mie Scattering coefficients), jn is the nth order spherical Bessel 
function of the first kind, hn

(1) is the nth order spherical Hankel function of the first kind, ε1,2 
and μ1,2 are the permittivity and permeability of the sphere and surrounding medium, 
respectively, and ρ1,2 is the size parameter [27]. 

The Chew formulation for modeling WGM spectra has previously been shown to be 
consistent with classical Mie scattering with agreement of the resonance positions [28]. It has 
also previously been implemented in flow cytometer systems for the efficient identification of 
the (R, n1) values of microsphere populations [29]. Recently, we have confirmed that this 
formulation agrees with other analytical models and also that it is consistent with 
computational simulations based on the Finite-Difference Time-Domain (FDTD) method 
[30]. We note here that the FDTD method provides the opportunity to investigate other 
resonator geometries, as well as provide insight extending beyond the spectral information, 
including transient phenomena. In contrast, the Chew model is significantly less 
computationally expensive to run, and hence allows for more efficient scanning over large 
parameter spaces. 

By generating the WGM spectrum of a resonator of any combination of radius and 
material, it is possible to characterize sensing performance through the calculation of key 
parameters such as the Q-factor (or components thereof) and refractive index sensitivity. The 

#242247 Received 2 Jun 2015; accepted 10 Jun 2015; published 19 Jun 2015 
© 2015 OSA 29 Jun 2015 | Vol. 23, No. 13 | DOI:10.1364/OE.23.017067 | OPTICS EXPRESS 17070 



  101 

 

 

 

 

 

 

 

 

 

 

 

overall cavity Q-factor is intrinsically tied to the losses of the resonator and so can be 
expressed in terms of the individual loss mechanisms involved, 

 1 1 1 1

m s cQ Q Q Q
= + +  (2) 

where Qm is due to material loss, Qs is due to scattering from surface roughness and Qc is the 
geometric (tunneling loss) contribution derived from the Chew model. For a given resonance 
wavelength λ and linewidth Δλ, Qc can be calculated directly from the simulated WGM 
spectrum as, 

 cQ λ
λ

=
∆

 (3) 

Both λ and Δλ are determined by Gaussian fitting routines that have been written to analyze 
the WGM spectra. The Chew model enables calculation of only a single contribution to the 
total Q-factor, and therefore to create a more realistic model to compare with experimental 
data, all Q-factor components need to be considered. The limiting factor on Q is often 
material absorption or surface scattering. The limit of the Q-factor due to material losses can 
be determined by considering the absorption of light by both the resonator and the 
surrounding medium using an absorption decay constant αm, as, 

 12
m

m

nQ π
λα

=  (4) 

The absorption decay constant is dependent on how tightly the light is confined within the 
resonator, the wavelength range, and the environment of the measurement. 

Scattering contributions can be calculated by modeling the surface roughness as a 
changing dielectric constant and it has been used to determine upper limits on the Q-factors of 
small silica spheres [19]. One expression for the limit of the Q-factor due to surface scattering 
is, 
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where B is the correlation length and σ is the variance of the surface roughness [31]. 
The refractive index sensitivity is calculated by considering the shift in a resonance 

wavelength position due to a change in the surrounding refractive index, S = Δλ/Δn. By 
simulating the WGM spectrum, and not just determining the resonance positions, other 
features such as the change in Qc can also be tracked, as is demonstrated in Fig. 1(a). 

3. Results and discussion 

To demonstrate how this model can be used, simulations of microspheres with diameters 
ranging from R = 1 – 10 μm and refractive indices ranging from n1 = 1.45 – 2.0 residing in 
water (n2 = 1.3325) were carried out using the analytical model described above, with spectral 
information over the range of 600-615 nm being generated for every (R, n1) pair. This 
parameter set was chosen as the refractive index range allows comparison with previous 
experimental work based on polystyrene microspheres [3, 4, 22, 32, 33], and the wavelength 
range selected is a common region for organic dyes such as Nile Red [3, 32] or Coumarin 
derivatives that have previously been utilized for WGM biosensing [22, 33]. 

Over the entire parameter space considered, each spectrum produced represents the total 
average power radiating from the resonator which has been normalized to the power of the 
dipole sources within the medium [27], indicating that to observe the modulation of the 
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WGMs on top of the fluorescence background and for it to be above any background noise 
from the experiment, the peak height must exceed unity. This defines the boundary (black 
line), as observed in Fig. 2, below which no peaks would be observed experimentally. 

For every resonator (R, n1) within the parameter space, to decrease computation time, an 
initial WGM spectrum (3750 points) is generated over the wavelength range considered, 
allowing the approximate positions and intensities of the resonance peaks to be identified. To 
isolate peaks that would be observable experimentally, a threshold on the spectrum is then 
introduced, with peaks having a height less than unity not being considered. The selected 
peaks are then regenerated at a higher resolution to accurately determine their position and 
linewidth. During the regeneration process, care needs to be taken to ensure only one peak is 
regenerated at a time. If more than one peak resides within the same wavelength window then 
the calculation of both Qc and S will either be incorrect or the single peak fitting formulation 
will fail. Every eligible peak in the spectrum is considered, with the maximum values of S and 
Qc being recorded. 

 

Fig. 1. (a) A demonstration of how the position of the resonance peaks changes for a 5 μm 
radius polystyrene sphere (n1 = 1.59) initially in water (n2 = 1.3325) for incremental increases 
in the surrounding refractive index n2 up to 0.01 R.I.U. (b) Comparison of the predicted 
sensitivity from the analytical Chew model (red line) with the measured sensitivity for a R~5 
μm polystyrene sphere in water. 

The first feature considered is the refractive index sensitivity. Initially, all the spheres 
considered reside in water (n2 = 1.3325). In order to calculate S, new spectra are generated 
after increasing the value of n2 (step size Δn = 0.0005 R.I.U.) until the surrounding refractive 
index has increased by 0.01 R.I.U., monitoring the shift in the position of the resonance peak 
at each step. An example of this process is shown in Fig. 1(a). The predicted sensitivity for a 
polystyrene sphere in water with R ~5 μm is compared with measured sensitivities, and the 
result is shown in Fig. 1(b). Excellent agreement is seen between the model and experimental 
data, therefore validating the numerical model. As expected, the shift in the position of the 
resonance peaks Δλ displays a linear response to changes in n2 over the range of Δn 
considered, even as Δn extends to values that are higher than those typically observed 
experimentally for refractive index sensing. The sensitivity of a resonator is related to how 
tightly the light is confined inside the circumference of the sphere with poor confinement 
leading to greater sensitivity as more light extends out of the resonator enhancing the 
interaction with the surrounding environment. 
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This approach of calculating the sensitivity can be extended to cover the entire parameter 

space. Figure 2 shows a contour plot of the refractive index sensitivity as functions of radius 

and refractive index of the resonator. This sensitivity map shows that, for a given sphere 

radius R, the sensitivity decreases with increasing sphere refractive index, as the increasing 

index contrast results in the light becoming more tightly confined within the resonator. The 

region corresponding to the highest sensitivity is located just above the boundary of unit peak 

height (i.e. black line), and it shows that the higher the refractive index, the smaller the sphere 

can be whilst maintaining the same sensitivity. 

 

Fig. 2. Contour plot of the sensitivity in nm/R.I.U., calculated using the analytical Chew model 

for spherical resonators over the parameter space ranging from R = 1 – 10 μm and microsphere 

refractive index n1 = 1.45 – 2.0 within the wavelength range of 600 – 615 nm. 

The Q-factor was also evaluated over the same parameter space as is shown in Fig. 3. 

Initially, the Q-factor contribution Qc as derived from the Chew model was determined. 

Afterwards, other loss mechanisms (e.g. material absorption and surface scattering) can be 

incorporated as required, but these are strongly dependent on the material properties, nature 

of the gain medium (organic dye vs quantum dots) and fabrication processes used to produce 

the microspheres. This implies that Qc represents an upper limit, for the ideal situation of a 

perfect sphere with only tunneling losses. In calculating Qc, every peak within each resonator 

(R, n1) spectrum was assessed, and the peak corresponding to the highest Q-factor was 

recorded as Qc, noting that this peak is not necessarily the same peak as that of greatest 

sensitivity. Since we are considering fluorescent microspheres, the maximum Q-factor which 

can be resolved with the spectrometer (2400 mm
−1

 grating ~4 pm resolution, 2048 pixels 

CCD camera) results in the 1.5 × 10
5
 cut-off shown in Fig. 3. Beyond this value of Q-factor, 

the spectrometer cannot resolve any improvement in WGM linewidth, limiting the benefit of 

having ultra-high Q resonators in this context. 
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Fig. 3. The quality factor, Qc, derived using the analytical Chew model for spherical 
resonators, including the limit placed on the observable Q of fluorescence based microsphere 
WGMs due to the finite resolution of the spectrometer used (4 pm), over the parameter space 
ranging from R = 1 – 10 μm and microsphere refractive index range of n1 = 1.45 – 2.0, and 
within the wavelength range of 600-615 nm. The white dotted-line highlights the resolution 
limit of the spectrometer beyond which any increase in the Q factor cannot be resolved 
experimentally. 

As mentioned, for each specific case the individual loss mechanisms due to surface 
scattering, material absorption and geometric imperfections can be incorporated providing a 
more accurate calculation of the total cavity Q-factor. For the present example, focusing on 
polystyrene microspheres, the loss due to surface scattering was first considered. Qs was 
calculated based on the typical surface roughness of polystyrene of 10 nm or greater [34–36]. 
This results in Q-factor values much larger than that of Qc, (e.g. for R = 5 µm, n1 = 1.59, Qc 
~4.4 × 103, Qs ~5 × 107) indicating that its contribution to Q through Eq. (2) is insignificant. It 
is only when the roughness is increased up towards 50 nm, which is unlikely for polystyrene, 
that Qs starts to become a limiting factor on the overall Q-factor. For the material losses, it has 
previously been shown that the intrinsic absorption of polystyrene can be estimated by the 
typical losses of polymer fibers, corresponding to an absorption coefficient of 0.23 m−1 [34], 
resulting in Qm ~7.2 × 107. This is once again orders of magnitude larger, indicating that it too 
is not the limiting factor on the Q-factor and suggests that another contribution has to be 
considered. 

One possible explanation arises from the fact that the Chew model is based on the 
assumption that the resonator is perfectly spherical, which in reality is not the case. It is well 
established that fractional changes in a sphere’s radius induces a shift in the resonances. As an 
example, a ± 5 nm radius deviation for a R = 5 μm polystyrene microsphere results in up to a 
0.61 nm wavelength shift. Therefore, we hypothesize that the intrinsic asphericity of a 
microsphere, falling within the same radius deviation might be the predominant mechanism in 
lowering the Q-factor of free-floating fluorescent microspheres. For fluorescent microspheres 
the WGM spectrum originates from all excited equatorial planes. While no discrepancy 
would be observable for a perfect microsphere, a slightly aspherical one, which can be 
thought of as having multiple equatorial planes of different effective radius, would exhibit a 
superposition of perturbed resonances, effectively resulting in the broadening of each 
individual peak and hence a reduction in the measured Q-factor. 
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For biological sensing, to achieve the best sensing performance, both high refractive index 
sensitivity and high Q-factors are required, with the latter dictating the smallest resolvable 
wavelength shift. However, it appears that the Q-factor and the sensitivity are influenced in 
very different ways by both the resonator’s refractive index and size. Therefore, optimizing 
the sensing performance requires finding a compromise between these two parameters. 
Incorporating noise sources, such as, thermal noise, spectral noise and amplitude noise which 
can be caused either by the optical setup used to interrogate the resonator (e.g. pump power 
fluctuations, resolution limit of the detector) or by the material constituting the resonator (e.g. 
thermo optic effect), as shown by White et al. [23], allows for further refinement of the model 
to be made, but these are specific to individual scenarios. While resonator performance is 
indeed independent of noise sources specific to individual experimental setups, further 
consideration of the material properties of the resonator could assist in the sensor design. As 
an example to highlight this, it is possible to find two materials such as a polymer and a glass 
(e.g. PMMA and NBK7), which have the same refractive index yet very different thermo 
optic constants (−1.20 × 10−4 K−1 [37] and 1.6 × 10−5 K−1 respectively [38]). Nevertheless, as 
an initial design tool, it is reasonable to compare the sensing performance of the 
microresonators considered here by using a Figure of Merit (FOM) defined as the product of 
Q and S, without noise considerations, which fall outside the present scope, 

 FOM QS=  (6) 

On the FOM map shown in Fig. 4, a white dotted-line is shown which corresponds to the 
maximum FOM (~6.0 × 106) achievable for fluorescent microspheres where the maximum 
resolution of the spectrometer (4 pm with a 2400 mm−1 grating and 2400 pixels CCD camera) 
used to record the WGM spectra will eventually restrict the performance of this sensing 
approach. 

 

Fig. 4. Figure of Merit (FOM [nm/R.I.U.]) mapped over the parameter space R = 1 – 10 μm 
and microsphere refractive index n1 = 1.45 – 2.0 within the wavelength range 600-615 nm. The 
white dotted line represents the maximum value as limited by the spectrometer resolution of 4 
pm for fluorescent microspheres. 

In order to obtain a high FOM for fluorescent microspheres in water (the typical situation 
for biosensing applications), spheres with smaller radius and larger refractive indices are 
required. This could be realized by using materials such as polymers (polystyrene [3, 4, 22, 
32, 33], melamine [39], PMMA [40], PDMS [41]), higher refractive index glasses doped with 
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Erbium [11] or Thulium [42] or other oxides like ZnO [12] or TiOx [13]. The parameter 
space used in this paper is representative of our previous experiments using dye-doped 
polystyrene spheres [3, 32], and the results can be used to infer how the performance is likely 
to compare with other materials. For example, according to the model, a R = 5 μm melamine 
(n1 = 1.68) sphere will provide a significantly larger FOM (5.05 × 106) compared with a R = 5 
μm polystyrene (n1 = 1.59) sphere (2.23 × 105). The FOM map also allows for other resonator 
material and size combinations to be assessed for specific applications. However the 
performance is still significantly lower compared to passive microspheres for which the Q-
factor is not limited by the resolution of a spectrometer. For instance silica microspheres of R 
= 55 μm with a FOM = 1.5 × 108 corresponding to a Q ~5 × 106 and S = 30 nm/R.I.U. have 
been demonstrated experimentally [14]. This highlights the need for alternative detection 
modalities for fluorescent microspheres with improved spectral resolution. 

While experimentally the Q-factors of fluorescent microspheres are significantly lower 
than the theoretical values presented here, and as a consequence the FOM is lower than 
predicted by the model, several improvements are possible. These include operating the active 
microspheres within their stimulated emission regimes [32] or investigating alternative 
coupling strategies [43], which result in increased Q-factors. 

4. Conclusion 

This work represents the first application of the analytical model developed by Chew [26,27] 
to fluorescence based WGM refractive index biosensors, that allows the sensing performance 
of any microsphere of refractive index n1 and radius R to be predicted using simulated WGM 
spectra. The model demonstrates excellent agreement with measured refractive index 
sensitivity values, whilst providing an upper limit on the achievable resonator Q-factor. By 
combining the S and Qc parameters, a Figure of Merit can be given for sensing performance, 
where additional information specific to the sensing task can be incorporated as required. An 
example of how this model can be implemented was given, focusing on fluorescence based 
WGM microspheres. By providing a relatively simple method for generating WGM spectra 
for any resonator size and material over any given wavelength range, this model serves as an 
initial step in the resonator selection process for WGM biosensing by predicting the 
sensitivity and Q-factor for any number of resonators in a range of different situations. 
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4.1 Q-Factor Limits for Far-Field Detection of Whispering Gallery 

Modes in Active Microspheres  

P3. N. Riesen, T. Reynolds, A. François, M. R. Henderson and T. M. Monro, “Q-Factor limits for 

far-field detection of whispering gallery modes in active microspheres”, Optics Express, 23 

(22), 28896-28904, 2015. 

 

4.1.1 Publication Overview  

One of the observations to come out of the theoretical work completed in Chapter 3 was that the 

limiting factor on the Q-factor of active microspherical resonators was not material absorption or due 

to scattering from surface roughness, but possibly arising due to imperfections in the resonator. More 

specifically, the analytical model employed is derived on the assumption of a perfectly spherical 

resonator; however, in reality this is never the case, especially for free-floating polymer-based 

resonators that are commonly utilized for active resonator sensing. For free-space excited resonators, 

the WGM spectrum has contributions from all the excited equatorial planes. In the case of a perfectly 

spherical microsphere no discrepancy from the analytical model would be observed, as each plane is 

exactly the same. However, for a slightly aspherical resonator, consisting of multiple different 

equatorial planes (corresponding to different effective radii), the resulting WGM spectrum will be a 

super position of the all excited planes, resulting in a broadening of each of the resonance peaks. 

Similarly, elliptical aspherical perturbations that lift the degeneracy between polar modes, can also lead 

to broadening of the resonance peaks.        

In order to investigate this thoroughly, experimental, theoretical and imaging techniques are 

implemented. Firstly, the Q-factors of dye doped polystyrene microspheres are compared using far 

field and fiber taper collections, highlighting the advantages of utilizing the highly mode-selective fiber 

taper in both free-space and taper excitation scenarios. Next, a Q-factor component for an active 

microsphere due to the inherent asphericity is derived theoretically using both a multi-plane and 

elliptical model, with both models producing very similar results. Finally, the dye-doped microspheres 

are imaged using a scanning-electron microscope (SEM) to attempt to quantify the asphericity of the 

resonators, with an upper limit on the size of the asphericity being identified.  
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Abstract: This paper investigates the Q-factor limits imposed on the far-
field detection of the whispering gallery modes of active microspherical 
resonators. It is shown that the Q-factor measured for a given active 
microsphere in the far-field using a microscope is significantly lower than 
that measured using evanescent field collection through a taper. The 
discrepancy is attributed to the inevitable small asphericity of microspheres 
that results in mode-splitting which becomes unresolvable in the far-field. 
Analytic expressions quantifying the Q-factor limits due to small levels of 
asphericity are subsequently derived. 
©2015 Optical Society of America 
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1. Introduction 

Whispering gallery modes (WGMs), otherwise referred to as morphology dependent 
resonances, are optical modes propagating in resonators having at least one axis of revolution 
such as capillaries, disks or toroids, spheres and shells [1–4]. Light that is trapped by total 
internal reflection circulates inside the cavity close to the surface, and when returning in 
phase gives rise to resonance features. In recent years there has been growing interest in 
WGMs in part because the spectral positions of the resonances are strongly dependent on the 
refractive index contrast between the resonator and its surrounding environment, and this 
phenomenon has been exploited for refractive index sensing applications such as label-free 
biosensing [5]. Furthermore, the position of the resonances is also dependent on the geometry 
of the resonator, and this aspect has been used to measure e.g. resonator deformation induced 
by mechanical stress in various contexts [6,7]. 

Several approaches have been used to excite and collect WGMs in microresonators such 
as microspheres, the most common being through a tapered optical fiber, phase-matched with 
the propagating WGMs in the resonator [2,5,8]. Recently, there has been emerging interest in 
the use of active microresonators, i.e. resonators that contain a gain medium, enabling either 
fluorescence [9,10] or lasing of the WGMs [4]. Active microresonators permit the use of free-
space excitation and collection of the WGMs, alleviating some of the practical issues related 
to the use of tapered fibers. The practical issues include fluctuation of the taper position with 
respect to the resonator which can result in increased spectral noise in the WGM signal, or the 
inevitable degradation of the transmission of the fiber taper from the fouling of the surface 
during e.g. biological sensing experiments [11]. Nevertheless, in most cases the WGMs 
excited and collected with a tapered fiber show extremely high Quality factors (Q-factors) 
(~105 to 109) [1,5], defined as the ratio between the wavelength position of the mode and its 
linewidth (λ/Δλ). In contrast, the vast majority of work in the literature involving far-field 
WGM collection from fluorescent microspheres reports Q-factors several orders of magnitude 
lower (500 to ~104) [4,9,10]. In this paper we demonstrate that a contributing factor to the 
difference is the increased role of geometric eccentricity on the spoiling of the Q-factor for 
far-field detection. This is in addition to the role of spectral broadening and fluorescence 
emitter linewidth in decreasing the Q-factor for active resonators [9]. 

In a recent paper by Yu et al. [12], a numerical demonstration was given of the spoiling of 
the Q-factor in disks resulting from small deformations. In this paper, we consider the case of 
spherical resonators, and it is shown that for active microspheres the spoiling of the Q-factor 
due to geometric eccentricity involves a different mechanism. We demonstrate that the 
collection scheme of the WGMs (tapered fibers vs far-field) from a given active microsphere 
plays a significant role in determining the measured Q-factor. This is a consequence of 
WGMs having spectral positions that are highly dependent on the resonator’s morphology as 
stated above, and the fact that a microsphere is never perfect, always having a certain degree 
of asphericity. The asphericity essentially lifts the degeneracy between modes of different 
polar number resulting in ‘mode-splitting,’ in which the modes have unique resonance 
frequencies [6,13,14]. The split in modes is unique to different planes, all of which are 
excited in the case of an active microsphere. The difference between taper and far-field 
collection is that the highly mode-selective nature of the taper allows for the collection of a 
much smaller subset of polar modes, that are confined to a single equatorial plane [8]. In the 
case of far-field collection a near-continuum of split-modes from multiple planes are sampled 
indiscriminately. This results in linewidth broadening and hence a reduction in the effective 
Q-factor. 
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2. Experimental results 

These hypotheses are investigated in this paper by comparing taper and far-field sampling of 
the WGMs of active microspheres excited in both cases by free-space illumination. The 
reduction in Q-factor of active microspheres in the far-field due to asphericity is also 
modelled numerically, and a novel Q-factor component is derived to take into account the 
spoiling of the cavity Q-factor. 

 
Fig. 1. (a)-(b) Whispering gallery mode spectra sampled in the far-field (red) and via the taper 
(black) of the same dye-doped polystyrene microsphere excited with free-space illumination. 
The measurements were taken simultaneously at the same pump power. (c) A closer look at the 
whispering gallery mode spectra of the polystyrene microsphere, and signs of mode-splitting 
for far-field collection (inset). (d) Microscope images showing the taper and attached 
microsphere under free-space excitation. 

In order to reach an unambiguous conclusion, we used an experimental setup [15, 16] 
where the WGM signal from a single active microsphere can be acquired simultaneously 
from both a phase-matched tapered optical fiber and in the far-field, ensuring identical 
settings for the comparison. To achieve that goal, a drop of dye-doped polystyrene 
microsphere solution was placed onto a microscope glass slide positioned onto an inverted 
microscope (IX 71, Olympus, Japan) set up in a confocal arrangement, allowing for the 
simultaneous excitation and far-field collection of the fluorescent microspheres. A packaged 1 
micron diameter fiber taper was fixed to a separate 3-axis stage, allowing for the fiber taper to 
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be maneuvered independently above the glass slide and within the microsphere solution 
droplet. This allowed for the taper to be positioned in contact with single microspheres. The 
microspheres were prepared from non-fluorescent commercial polystyrene spheres in aqueous 
solution (Ø ~15 μm; n = 1.59; Polysciences Inc., USA) by doping them with a fluorescent dye 
(Nile Red, λabs ~532 nm, λem ~590 nm, Sigma Aldrich) using a method described elsewhere 
[4]. The free-space excitation of the microspheres was achieved through the inverted 
microscope with a × 20 objective, using a λ ~532 nm CW laser as the pump source. The 
pump power at the focal point of the microscope objective was 3.0 mW with a spot size 
comparable with the microsphere’s diameter (Ø~15 μm). For far-field collection, the emission 
was collected back through the same × 20 objective and coupled into a 200 µm patch fiber. 
For both WGM collection strategies (i.e. far-field vs tapered fiber), the WGM spectra were 
resolved with a spectrometer (iHR550, Horiba, Japan) equipped with a 2400 mm−1 grating 
and a cooled CCD (Synapse 2048 pixels, Horiba, Japan). 

Figures 1(a) and 1(b) show the WGM spectrum of a single free-space illuminated 
microsphere collected in the far-field through the microscope and through the attached fiber 
taper, respectively. Microscope images of the microsphere and attached taper are given in Fig. 
1(d). In both cases, the WGMs are clearly distinguishable, although the fluorescence 
background in the far-field spectrum of Fig. 1(a), is absent in the fiber taper collection 
spectrum of Fig. 1(b) as would be expected due to the negligible off-resonant coupling. The 
smaller, broad peaks visible in the far-field spectrum were identified as higher-order modes 
which do not couple efficiently with the taper. The highly mode-selective nature of tapers 
means that such discrepancies in far-field and tapered fiber transmission spectra are to be 
expected. A closer view of both spectra centered at 600 nm is provided in Fig. 1(c), 
highlighting the difference in linewidth and therefore Q-factor measured for the same 
microsphere excited at the same pump power, but collected in two different ways. This result 
demonstrates the significant dependence of the measured Q-factor on the collection 
mechanism used. In the case of far-field collection the Q-factor is ~2600, whereas for taper-
collection for the same microsphere at the same time and under the same excitation conditions 
yields a Q-factor of ~12,600. This approximately five-fold increase in Q-factor was consistent 
amongst many microspheres tested. Note that the presence of the taper appeared to have 
negligible influence on the far-field Q-factor, with no change observed upon attachment. 
Furthermore the measured Q-factors were steady suggesting minimal spectral noise due to 
motion of the sphere or taper. 

 
Fig. 2. (a) Whispering gallery mode spectra sampled in the far-field of the same dye-doped 
polystyrene microsphere excited with either the taper (green) or with free-space illumination 
(red). (b) Microscope images showing taper excitation of the microsphere with the pump 
wavelength removed using a dichroic filter. 

Given the clear difference in Q-factor for the two different collection schemes (i.e. taper 
vs far-field) we also investigated the influence of the excitation mechanism. This involved 
comparing the far-field collected spectrum of an active microsphere for free-space (red curve) 
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and taper excitation (green curve) as shown in Fig. 2. In this case the Q-factor is improved by 
only a factor two when using the taper. 

As seen in Fig. 2(b) the WGMs of the active microsphere excited with the taper are more 
spatially confined than is observed for free-space excitation (see Fig. 1(d)). However since 
the fluorescent dye emits in all directions the WGM confinement to a single plane is weak. 
The Q-factor improvement using taper excitation is less significant than when using taper 
collection (i.e. Figure 1), due to both the near indiscriminate emission of the dye into various 
WGMs/planes of the sphere, regardless of the excitation technique, and the indiscriminate 
sampling occurring for far-field collection. This results in a larger number of near-degenerate 
modes being sampled than for taper collection, which overlap to contribute to linewidth 
broadening. Compared with free-space excitation, the mode-splitting is more clearly evident 
here due to the smaller subset of modes/planes excited when using taper excitation. The dual-
peak resonances in Fig. 2 are indicative of an ellipticity in the resonator [13]. Note also that 
the higher-order modes are present in both spectra due to the indiscriminate nature of far-field 
sampling. 

3. Theoretical analysis 

In the following section we propose and model a Q-factor component for an active 
microsphere due to a given degree of asphericity, assumed to be small, for free-space WGM 
excitation and collection. This Q-factor component (denoted here by QFF) contributes to the 

overall cavity Quality factor through the usual expression, Q−1 = ¦1/Qi, where Qi are the 
individual components accounting for radiative losses from the curved microsphere surface 
(Qgeo) [17], scattering losses due to surface in-homogeneities (Qs), material losses (Qmat) 
[1,17], and as mentioned, the asphericity of the microsphere (QFF). 

In the case of the polystyrene microspheres, Qs ~106 assuming a surface roughness with 
correlation length and variance of 25 nm [18]. In the extreme case of a correlation length and 
variance of 50 nm, the Q-factor due to scattering reduces to Qs ~6 × 104, which is still 
significantly higher than the measured Q-factor. The Q-factor due to material losses [1] is 
Qmat ~107, assuming an attenuation coefficient of αm = 0.3 dB/m. The Q-factor due to 
tunneling or radiation losses determined using the Chew model is Qgeo ~2 × 105 [19]. In our 
experiments the resolution of the spectrometer was 4 pm, equivalent to a maximum Q-factor 
that can be resolved at 600 nm of Qspect ~5 × 104. The measured Q-factor (Q ~103) for far-
field collection is however consistently far lower than any of these Q-factor components even 
with conservative estimates. As mentioned, the discrepancy can in part be attributed to the 
slight asphericity of the resonator. 

Two different approaches were adopted for modeling the Q-factor spoiling due to the 
asphericity (QFF). The first involved modelling the excitation of many sphere planes with 
slightly varying radii, and the second involved modelling polar mode-splitting of a single 
plane due to an elliptical distortion of the sphere (as described in [13]). 

3.1 Multiple-plane model 

The spoiling of Q-factor by the free-space excitation and collection of resonances from 
multiple sphere planes of slightly different radii was modeled by calculating the wavelength 
shift of the most sensitive resonances of a perfect sphere, i.e. the first-order fundamental (m = 
l) modes, as the radius ρ, is varied over a range Δρ. Since multiple planes are excited 
indiscriminately in an active microsphere, the result is the sampling of almost a continuum of 
slightly perturbed resonances, which superimpose to broaden the initial resonances, hence 
resulting in the dramatic reduction in the Q-factor. The corresponding Q-factor component 
(QFF) can be approximated by λ/Δλ, where λ is the wavelength of a given fundamental mode, 
and Δλ is the range of resonance wavelength perturbations across all sampled WGM planes. 
For very small perturbations, the value Δλ can be determined simply from the range of 
effective radii over all sampled planes, Δρ. Here effective radius is simply the radius of a 
perfect sphere with circumference equal to the boundary of a given irregular plane. If there is 
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a continuum of radii within the range Δρ for all the excited/sampled planes, the modes 
overlap and broaden the initial linewidth resulting in a reduction of the effective Q-factor. 

Assuming that l ~2πρn/λ which is an appropriate estimate for e.g. the fundamental modes 
in the limit of l >> 1, an approximation of QFF for an active microsphere is, 

 FFQ
ω ρ
ω ρ

= ≈
∆ ∆

 (1) 

This expression is given by the black line in Fig. 3(b) for ρ = 7.5 μm. This far-field Q-factor 
component (QFF) is not dependent to first-order on the specific wavelength or refractive index 
contrast, whereas it is proportional to the size of the microsphere. For a given level of 
asphericity Δρ, the value of QFF decreases with smaller sphere size, as might be expected. 
Note however that the influence of QFF on the overall Q-factor is likely to be less significant 
for very small microspheres (ρ ~λ) or small refractive index contrast Δn, due to the inherently 
low Qgeo to begin with. 

At this point it should be noted that since far-field detection relies on radiative tunneling 
losses (or surface scattering) the collection mechanism tends to become inefficient for large ρ, 
such that the resonances might no longer be detected [16]. This is one of the reasons why 
tapered fiber collection is prefered for large microspheres. Far-field collection can only be 
used in the regime where radiative bending losses are greater or comparable to the internal 
loss mechanisms of the resonator or when scattering losses are high [16], and the models 
presented in this paper are limited in practice to this regime. 

 

Fig. 3. (a) Depiction of the fiber taper and far-field collection of the WGM signal of the 
microsphere. Quantification of the spoiling of the Q-factor of an active microsphere when 
using far-field excitation and collection by (b) modelling the wavelength shift over a range of 
radii Δρ of a perfect microsphere or (c) the wavelength shift associated with mode-splitting for 
given levels of ellipticity ε. The inset of (b) shows the Q-factor spoiling occurring for a 
Gaussian distribution of radii with mean 7.5 μm and standard deviation σ = 0.5 nm modelled 
using the Chew model [19, 20]. Here the dark blue curve is the fundamental mode for a perfect 
sphere, whereas the light blue peaks are the non-degenerate fundamental (m = l) modes for an 
aspherical resonator, which overlap to yield linewidth broadening as suggested by the red 
Gaussian fit. 

The Q-factor spoiling was also calculated numerically using the same approach as before, 
but this time using the Chew model [19, 20]. WGM spectra of perfect spheres were generated 
for a range of radii Δρ and then summed, with the spectrum generated for each radius 
weighted with respect to the radii distribution used. Here a normal distribution was used 
(compared with a uniform distribution assumed for Eq. (1)) such that the range Δρ 
corresponds to radii within 3 standard deviations of the mean, i.e. with mean ρ and standard 
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deviation σ = Δρ/6. The QFF component based on λ/Δλ was calculated from the summed 
spectrum by fitting a Gaussian distribution. An example calculation is shown in the inset of 
Fig. 3(b) for σ = 0.5 nm. The resulting Q-factors are shown by the red line in Fig. 3(b). The 
discrepancy with Eq. (1) arises due to the assumption of a normal distribution here which 
naturally yields higher Q-factor estimates for a given value of Δρ. 

We infer from Eq. (1) that if the variation in radius exceeds 190 picometres (>2.5 × 
10−3%) for the polystyrene microspheres, the asphericity is likely to become the limiting 
factor on the Q-factor. For the experimental results the Q-factor measured (QFF ~2600) would 
suggest a 0.05% variation in radius equivalent to a plausible deviation of 3 nm across all 
equatorial planes. 

3.2 Ellipsoid model 

The second approach for modelling the Q-factor degradation for far-field collection due to 
asphericity involves considering an ellipsoidal perturbation. Ellipticity of a microsphere lifts 
the degeneracy between the polar modes as described in [13], which can then effectively 
broaden the initial resonance peak. To determine the associated Q-factor component, we first 
consider the quantum numbers commonly assigned to the modes of a microsphere for a given 
equatorial plane. These are the radial q, angular l, polar m (where |m| ≤ l), and polarization 
mode numbers p [8]. The radial and angular mode numbers determine the number of nodes in 
the radial and azimuthal directions, respectively, and the number of lobes in the polar 
direction is determined by l−m + 1. The fundamental modes (m = l) usually dominate, and 
correspond to propagation closest to the equator of the sphere [8]. In a perfect microsphere 
the subspace of modes of given q, l and p but with different values of m is 2l + 1 fold 
degenerate. In practice the degeneracy is always lifted to some extent due to the asphericity of 
the microsphere resulting in a range of m-dependent frequencies. The asphericity essentially 
removes the degeneracy in path-length of modes with different polar order, m. Only a select 
number of these m-dependent modes of appropriate spatial confinement couple efficiently 
with an attached taper [8, 21]. In fact, using coupled mode theory it can be shown that the 
power coupled between a taper and the microsphere is proportional to exp(−Δβ2), where Δβ = 
βf −m/ρ is the phase mismatch between taper and microsphere modes and βf is the fiber modal 
propagation constant [8]. The exponential dependence implies that the taper-to-sphere 
coupling is highly mode-selective, as is well established, allowing for coupling with only a 
small subset of the m-dependent modes. The WGMs of lower polar order m also have wider 
polar distribution of the fields such that the spatial overlap with the taper modes is much 
lower. This can dominate over the phase mismatch since the propagation constants do not 
vary dramatically for different polar orders [8, 21]. The high mode-selectivity of the taper 
means that the mode-splitting is usually resolvable and evidenced by just a few different 
peaks in the sampled spectrum, with minimal linewidth broadening occurring [2, 13, 14]. For 
far-field collection there is almost no discrimination between different m-dependent modes 
(or different sphere planes). A large number of modes are therefore sampled, which partially 
overlap, resulting in linewidth broadening of the initial peak. 

The expressions for mode-splitting in an ellipsoid of axially symmetric shape distortion 
are given by [13]. Assuming l >> 1, the relative shift in angular frequency due to an elliptical 
deformation (as defined in Eq. (1.2) of [13] with L = 2, M = 0) for polar mode m is [13], 

 
2

2

3 1
6

m
l

ω ε
ω

§ ·∆ = −¨ ¸
© ¹

 (2) 

where ε = (ρp−ρe)/ρ is the ellipticity, and ρp and ρe are the polar and equatorial radii, 
respectively. We assume here that the ellipticity is sufficiently small such that the modes 
partially overlap. If we take the final peak width to be the total range of individual polar mode 
shifts, by calculating the difference between the two extremes m = 0 and m = l, we find a 
width of Δω = 2εω/3, yielding a QFF of 3/2ε. Figure 3(c) shows the slightly higher estimate in 
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Q-factor predicted by this model. For the Q-factor of 2600 measured for the polystyrene 
microspheres, this model would suggest a microsphere ellipticity of ε ~5.8 × 10−4 (i.e. |ρp−ρe| 
= 4 nm). 

To determine whether the low levels of asphericity predicted by the two models are 
plausible, scanning electron microscopy (SEM) was used to image a number of the 
polystyrene microspheres. Samples were coated with a 5 nm platinum coating and imaged 
with a Quanta 450 SEM at a resolution of 4096 × 3775 pixels at × 5000 magnification. 
Images were then processed by adjusting the brightness/contrast, followed by the use of a 
threshold to obtain a two colour image of the sphere as shown in Fig. 4(b). An ellipse was 
then fit to each two colour sphere image using the Matlab image processing function 
“regionprops”. 

 
Fig. 4. (a) Low resolution scanning electron microscope (SEM) image of a 15 µm polystyrene 
microsphere. Inset shows the same sphere when excited by the taper (b) Corresponding two 
color threshold image with an ellipse fit shown (red line). 

Over the seven samples measured, the difference in major and minor ellipse axes was 11 ± 
4 pixels (corresponding to 80 ± 30 nm) with ellipse orientation of 2 ± 7°. Such a regular axis 
difference, with orientation consistently near 0°, is indicative of a systematic unequal aspect 
ratio of the imaging system (i.e. image stretching/contracting) rather than an actual ellipticity 
of the spheres. After compensating for this unequal aspect ratio, the ellipse fit was repeated 
for the spheres, yielding an average ellipticity of 4 pixels or 30 nm with random orientation. 
This level of ellipticity is at the detection limit of the measurement system and therefore 
represents an upper limit. It corresponds to a relative distortion of about 0.2% for the 15 µm 
spheres. 

These SEM images demonstrate that the few nanometer asphericity suggested by the Q-
factor spoiling in the far-field is plausible. The very low levels of asphericity are however 
very difficult to measure accurately, given the relatively large resonators considered. Indeed 
Q-factor degradation could be used as an indirect method of measuring such minute 
geometric asphericities. The SEM images also do not allow one to differentiate between the 
two models described. Note however that the two models merely represent two different ways 
of describing a small geometric perturbation, and yield nearly identical results. 

4. Conclusions 

This paper has investigated the Q-factor limits for active microspheres in the far-field due to 
slight asphericity. It has been shown that even minute geometric eccentricity of the order of 
tens of nanometers or less can significantly spoil the Q-factor for far-field collection. In this 
paper a Q-factor spoiling of more than a factor 5 is shown for 15 µm polystyrene 
microspheres due to a several nanometer eccentricity. Given these findings it is likely that the 
low Q-factors of active microspheres measured in far-field experiments could be mistaken for 
higher contributions from either scattering or material absorption. The technique of 
comparing both the far-field and evanescently coupled WGM signal from an active 
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microsphere could be exploited for various applications including strain sensing in which 
very small cavity deformations could be measured [6]. 
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5.1 A Fibre-Tip Label Free Biological Sensing Platform: A Practical 

Approach Toward in-vivo Sensing 

P4. François, T. Reynolds, and T.M. Monro, “A fibre-tip, label free biological sensing platform: 

A practical approach to in-vivo sensing,” Sensors 15 (1), 1168-1181, 2015.  

 

5.1.1 Publication Overview  

As highlighted in Chapter 4, the Q-factor of dye-doped polystyrene microspheres can be improved 

using a phase-matched fiber taper for the collection of the WGM modulated fluorescence spectrum. 

However, as previously detailed, implementing such a coupling scheme severely limits the practical 

applicability of the sensor. An alternative approach, which still results in an increase of the Q-factor by 

breaking the symmetry of the resonator, is to place the resonator in one of the holes at the tip of a MOF. 

Not only does the fibre provide the excitation and collection method for the WGMs, but also provides a 

robust and easy to manipulate dip sensing architecture that circumvents the need for complex 

microfluidic integration as well as having the potential to be used in-vivo if it were to be combined with 

a catheter.  

The potential of this sensor, based on combining dye-doped polystyrene microspheres with a MOF, to 

conduct real-time biosensing can be examined utilizing the well-known specific interaction model 

based on Biotin/neutravidin within pure solutions. A key element in determining a sensors performance, 

asides from the Q-factor and refractive index sensitivity, is the surface functionalization. Therefore, 

before moving to monitor a specific interaction, the physiosorption process of depositing of layers of 

alternating charges of polyelectrolytes was examined closely to identify the number of layers required 

ensure complete coverage and hence maximize the available amine sites for the immobilization of the 

Biotin. Next, the specific interaction was monitored in varying concentrations when the resonator was 

operated both below and above its lasing threshold. This revealed that the increase in Q-factor, due to 

operating the resonator above its lasing threshold, provided an increase in resolution and hence allowed 

lower concentrations of Neutravidin to be observed.   
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Abstract: The platform presented here was devised to address the unmet need for real time 
label-free in vivo sensing by bringing together a refractive index transduction mechanism 
based on Whispering Gallery Modes (WGM) in dye doped microspheres and 
Microstructured Optical Fibers. In addition to providing remote excitation and collection of 
the WGM signal, the fiber provides significant practical advantages such as an easy 
manipulation of the microresonator and the use of this sensor in a dip sensing architecture, 
alleviating the need for a complex microfluidic interface. Here, we present the first 
demonstration of the use of this approach for biological sensing and evaluate its limitation 
in a sensing configuration deprived of liquid flow which is most likely to occur in an  
in vivo setting. We also demonstrate the ability of this sensing platform to be operated 
above its lasing threshold, enabling enhanced device performance. 

Keywords: fiber optics sensors; biological sensors; microcavities; laser resonators 
 

1. Introduction 

Over the last decade, whispering gallery modes (WGMs) have found applications in label-free 
optical biosensing, enabling operation down to the single molecule level [1,2] and also miniature laser  
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sources [3–5], waveguides [6], filters [7] and mechanical [8,9] and temperature [10,11] sensors. 

Generally, WGMs can be described as light being trapped within a resonator by total internal 

reflection, circulating along the inner surface and returning in phase after a single or multiple round 

trips to satisfy the resonance conditions [12]. Multiple resonator geometries have been reported in the 

literature, ranging from rings/toroids [13] and spheres [14] to cylinders and capillaries [15,16]. The 

spectral position of the resonances is dictated not only by the resonator geometry (diameter, sphericity) 

and optical properties but also by the refractive index of the environment surrounding the resonator [12], 

making this phenomenon particularly interesting for label-free biosensing applications. 

A key parameter of such resonators is the quality factor (Q) which effectively describes how many 

round trips a photon can undergo within the resonator before being lost by absorption or scattering. 

WGMs can exhibit extremely low losses; when the refractive index contrast at the resonator 

boundaries is high, the radius of curvature of the resonator exceeds several wavelengths and the 

intrinsic scattering and surface roughness is small [15], the Q factor can reach several millions, as 

demonstrated for silica spheres and toroids [13,17]. While such high Q factor resonators can exhibit 

outstanding sensing performance, their utilization remains restricted in practice. For high Q factor 

resonators, light must typically be coupled into the resonator through the evanescent field of carefully 

aligned fiber taper [12,14] or a prism [18]. These approaches are limited by the requirement to maintain a 

precise gap between the resonator and the tapered fiber or prism to stabilize the position of the  

resonance [19], realistically rendering these platforms unfit for non-laboratory applications such as point 

of care or in vivo diagnostics. 

Our approach is to combine WGMs as transduction mechanism using an active spherical resonator 

integrated onto the tip a suspended core Microstructured Optical Fiber (MOF) to create a label-free 

biosensing platform with the potential application for in vivo biosensing. A single dye doped 

microsphere is located onto one of the holes at the tip of a suspended core fiber as shown in  

Figure 1B,C. This simple approach takes advantage of the Purcell effect to amplify the emission of 

light from a gain medium at the resonance frequencies when located within the resonator [20]. 

Positioning the fluorescent microsphere onto the suspended core microstructured optical fiber tip as 

seen in the Figure 1A provides a pathway for both the remote excitation and collection of the WGM 

modulated fluorescence emission seen in the Figure 2A,B, alleviating the need for a cumbersome 

positioning/coupling scheme [21] as described above. While the use of a high refractive index polymer 

such as polystyrene (polystyrene = 1.59) as the sphere material enables us to use smaller resonators 

with higher refractive index sensitivity compared to larger silica spheres, this choice impact the 

resonator’s Q factor, since polymer microspheres have relatively low Q factors [22]. It is important to 

note that since the analysis of the WGM signal is performed using a standard monochromator to 

resolve both the spectral position and linewidth of the resonance features, the resolution is ultimately 

limited by the detection system, which is typically around 4 pm using a 2400 L/mm grating. 

In-vivo biological sensing is an emerging field with much promise for revolutionary medical 

diagnostic applications and fundamental breakthrough in biology by enabling measurements to be 

performed where it has not been possible so far [23]. In this context, optical fiber probes are 

particularly suited for minimally invasive procedure where the tip of the fiber is rendered active toward 

the detection of a specific biochemical compound [24,25]. While it is now possible to detect a wide 
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range of biomolecules, ranging from metabolite ions and chemicals [23] such as glucose [25] to 

enzymes [23,24], the specific detection and quantification of proteins remains an unmet challenge. 

Here we evaluate the performance of our fiber tip WGM sensing platform [16,21] for biosensing 

applications using biotinylated microsphere to specifically capture neutravidin as a first demonstration 

of the biosensing capabilities of this platform. To mimic the conditions that such a sensor is likely to 

encounter in an in vivo sensing situation, we have deliberately chosen to perform the detection in static 

conditions and evaluate the detection limit as function of the surrounding neutravidin concentration to 

assess its suitability for such application. We also investigate how to improve the detection limit by 

inducing lasing of the WGM to increase the sensor resolution and eventually detection limit. 

 

Figure 1. (A) schematic of the optical setup; (B,C) bright field and fluorescence images of 

a 20 µm diameter dye doped polystyrene microsphere positioned onto the tip of a 

suspended core silica fiber respectively (Øcore = 4 µm, Øhole = 17 µm). 

 

Figure 2. (A,B) WGM spectra below and above the lasing threshold respectively;  

(C) resonance amplitude as function of the pump power. 

20 µm 



  128 

 

Sensors 2015, 15 1171 
 

 

2. Experimental Section 

2.1. Chemicals 

Polystyrene (PS) microspheres (Ø~20 µm, nPS = 1.59) were purchased from Polysciences, Inc., 
(Warrington, PA, USA). Nile red fluorescent dye, xylene, poly(allylamine hydrochloride) (PAH),  
MW ~15,000 Da and poly(sodium 4 styrenesulfonate) (PSS), MW ~70,000 Da were received from 

Sigma-Aldrich (Sydney, Australia) , glycerol, >99%, was obtained from Chem-Supply (Gillman, 
Australia), all chemicals were used as received. N-hydroxysuccinimide (NHS), 1-Ethyl-3-[3-
dimethylaminopropyl], carbodiimide hydrochloride (EDC), and ethanolamine hydrochloride (EA), 1 

M, were obtained from VWR International (Murarrie, Australia) as a part of the Biacore amine 
coupling kit. Phosphate buffered saline (PBS) was received in the form of tablets from Sigma-Aldrich 
(Sydney, Australia) and dissolved in deionized (DI) water yielding a pH of 7.4. Biotin D and 

neutravidin were received from Sigma Aldrich (Sydney, Australia) and diluted to the relevant 
concentration in PBS. 

2.2. Microspheres Preparation 

Polystyrene microspheres with a nominal diameter of 20 µm (ΔØ = 0.8 µm, n = 1.59) were doped 
with a fluorescent laser dye (Nile Red, λabs = 532 nm, λem = 590 nm) using a liquid two phase  
system [16,21]. Among the different techniques reported in the literature to either introduce a gain 

medium within a polymer microsphere [26] or simply coat its surface with either quantum dots or 
organic dye molecules [27,28], this approach enables high dye content to be loaded within the polymer 
sphere which is critical for reaching the lasing threshold of the WGMs. The fluorescent dye was first 

dissolved into xylene until the solubility limit was reached. The resulting solution was poured on top of 
an aqueous solution of diluted microspheres and left on a magnetic stirrer plate until the xylene had 
completely evaporated. As xylene and water are immiscible and the fluorescent laser dye used 

hydrophobic, when the xylene evaporates, the fluorescent dye is transferred into the microspheres that 
come into contact with the dye solution. After the doping procedure, the microsphere solution was 
heated above the boiling temperature of the xylene for 1 h to remove any trace of solvent from the 

microspheres. The microspheres were then washed by centrifugation, the supernatant removed and the 
lost volume replaced by Millipore water. 

2.3. Surface Functionalization 

Immobilization of relevant proteins onto the microspheres surface was done through the use of 
polyelectrolyte (PE). Positively and negatively charged PE solutions, polyallylamine hydrochloride 
(PAH) and polystyrene sulfonate (PSS) respectively were prepared by dissolving 2 mg/mL of either 

PAH or PSS into a 1 M NaCl buffer. The deposition of the polyelectrolyte onto the microspheres  
was performed using the layer by layer technique described elsewhere [28,29]. Five layers 
(PAH/PSS/PAH/PSS/PAH) were deposited onto the spheres. Covalent binding of biotin-D onto the 

primary amine of the PAH coated sphere was performed in solution using 1-ethyl-3-(3-
dimethylaminopropyl) carbodiimide (EDC) and N-hydroxysuccinimide (NHS) as coupling reagents. A 
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1 mg/mL biotin-D solution in PBS buffer (200 µL) was mixed with both a 1M EDC solution (100 µL) 
and 1 M NHS (100 µL) and then left incubating with the dye doped sphere solution (~2.5% volume, 
100 µL) for two h. After the immobilization of the biotin-D onto the sphere surface, the microspheres 
were washed by centrifugation, the supernatant removed and the lost volume replaced by PBS. The 
passivation of the non-specific binding sites was achieved by incubating the functionalized spheres  
in a 2.5% casein solution for 24 h. After the passivation step, the sphere were again washed by 
centrifugation and redispersed in PBS buffer before being stored at 4 °C. 

2.4. Optical Setup 

The optical setup used to operate the sensor is depicted in the Figure 1A. A doubled frequency 
YAG laser (λ = 532 nm, ~9 ns pulse duration, 10 Hz repetition rate) was used for the excitation of the 
active microspheres. The beam emerging from the laser was first spatially filtered using a single mode 
fiber (Øcore = 8 µm) before being coupled into a silica suspended core Microstructured Optical Fiber 
(MOF; Øcore = 4 µm, Øhole = 17 µm). A λ = 550 nm long pass filter was used at almost normal 
incidence, behaving as a dichroic mirror. This simple optical setup allowed the WGM modulated 
emission originated from the dye doped resonator, to be recaptured by the MOF, and launch it into a 
monochromator (600, 1200 and 2400 L/mm grating) equipped with a cooled CCD (2048 pixels) to 
record the WGM signal, while the sensor head, hence resonator onto the fiber tip, was dipped into a 
200 µL sample holder.  

2.5. Microsphere Attachment onto the MOF Tip 

An inverted microscope equipped with a second three axis translation stage was used to position the 
microsphere onto the MOF tip. A drop of the microsphere solution was deposited onto a glass cover 
slip and inspected using the inverted microscope while the freshly cleaved MOF end was attached to 
the second translation stage with the fiber’s tip pointing toward the drop of microsphere solution.  
A microsphere was selected from the many within the drop by qualitatively analyzing its emission 
spectrum via the confocal excitation and collection provided by the inverted microscope. Once located, 
the microsphere was brought into contact with the tip of a 80 cm long MOF which was aligned using 
the independent microscope stage. The microsphere and the MOF tip are both hydrophobic. Thus, once 
they come into contact, the microsphere tends to adhere to one of the holes of the MOF as shown in 
both Figure 1B,C. Once the microsphere is attached onto the fiber tip, it remains in this position, 
allowing easy manipulation of the sensor. 

3. Results and Discussion 

3.1. Characterization of the Lasing Behavior of the Dye Doped Resonator 

To determine the lasing threshold of the processed dye doped polystyrene microspheres, the 
excitation power was systematically varied from 5 µW to 100 µW and the corresponding WGM 
spectra were recorded. The excitation power was calculated assuming a 50% coupling efficiency 
between the single mode fiber delivering the 532 nm double YAG and the suspended core fiber. This 
coupling efficiency was measured under the same conditions with a 532 nm CW laser following the 



  130 

 

Sensors 2015, 15 1173 
 

 

same optical pathway. Then, the mode exhibiting the highest lasing intensity was selected and fitted 
with a Gaussian function. Figure 2A,B shows typical WGM spectra below and above the lasing 
threshold from the same microsphere while Figure 2C displays the resulting dependence of the peak 
intensity on the excitation power. On Figure 2A,B the periodic repetition of the first order  
mode with different mode number and polarization can be seen as previously reported in the  
literature [4,8,21,22,26]. 

These figures show that only the modes located around 620 nm are lasing despite the fact the 
maximum emission of the dye used to dope the resonator is near 590 nm. This phenomenon can be 
explained by the higher absorption losses of the polystyrene at lower wavelengths [30], which reduces 
the gain at shorter wavelengths. The evolution of the peak intensity shows clearly two linear regimes 
with lower slope below and higher slope above threshold, respectively. Therefore, the lasing threshold 
could be determined by linear fitting of the two linear regions of spontaneous and stimulated emission 
as indicated by the dash lines in the Figure 2C and subsequent calculation of their intersection. This 
approach yields a lasing threshold for this resonator of 28 µW, in excellent agreement with previous 
reported values for a toroidal micro laser [31] and polystyrene microspheres [4,32], both with 
comparable Q factor. While the non lasing spheres typically exhibit a Q factor, (Q = λresonance/Δλresonance), 
around 3 × 103 ± 0.8 × 103, the lasing modes are significantly narrower as it can be seen in the  
Figure 2B, yielding a Q factor above 1.5 × 104 ± 0.5 × 104. As the Q factor is defined as the ratio of the 
stored energy into the resonator to the energy lost per cycle [33], a higher gain into the resonator, 
especially upon lasing will increase the stored energy while the lost energy per cycle which is an 
inherent property of the resonator remains constant, resulting in an increased Q factor. This increase of 
the Q factor is highly beneficial for sensing purposes as it increase the resolution of the sensor, 
enabling the detection of smaller changes in the resonance wavelength position [34]. 

3.2. Analysis of the Sensing Performance of the Dye Doped Resonator 

To characterize the sensing performance of spheres in a situation that mimics an in vivo setting, we 
have deliberately chosen to simply dip the sensor head, meaning the microresonator attached to the 
fiber tip, into small Eppendorf tubes without providing any agitation of the solution under study. We 
do this to reflect the liquid flow that is most likely to occur while performing a measurement in vivo 
instead of using microfluidic flow cells. We sought also to identify the number of PE layers required to 
achieve a complete surface coverage of the sphere by monitoring the successive deposition of PE 
layers in real time for non-functionalized spheres. Once a suitable lasing resonator was identified and 
positioned onto the fiber tip, the sensor head was dipped into a 200 µL Eppendorf tube filled with 
Millipore water. A reference spectra of the sphere above its lasing threshold was acquired with the 
highest resolution grating available, yielding a resolution of 4 pm. The sensor head was then removed 
from the Millipore water and dipped into a second Eppendorf tube filled with PAH. Again another 
spectra was acquired under the same experimental conditions. After leaving the sensor head immersed in 
PAH solution for 30 min, it was removed and dipped into Millipore water for rinsing for 10 min before 
acquiring another spectra. As the concentration of the PE solutions used are very high (2 mg/mL), the 
coating efficiency/kinetic is thought not to be diffusion limited. This procedure was repeated for the 
deposition of each PE layer, up to five layers in total, with three different sensors. From each WGM 
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spectra, the spectral position of the resonance features were identify by fitting the resonance peaks with a 
Gaussian function. 

The wavelength shift for three different spheres as function of the number of PE layers deposited is 
shown in Figure 3A. The error bars on Figure 3A are given as the fitting error of the resonance peaks.  
Figure 3B shows the results of the calculation of the deposited thickness achieved after each PE layer 
while the error bars on the determination of the layer thickness have been calculated as the standard 
deviation between the three different equivalent experiments and represent the accuracy in terms of 
reproducibility rather than the resolution of the sensor itself. 

 

Figure 3. (A) Wavelength shift of the WGM of a Ø = 20 µm polystyrene dye doped 
microsphere for increasing number of deposited polyelectrolyte layers; (B) Cumulative and 
individual layer thickness calculated after the deposition of each polyelectrolyte layer. 

From the wavelength shift, the increase of radius of the sphere can be calculated using Equation (1), 
where Δλ is the wavelength shift, λ the initial resonance position, ΔR the effective increase in radius,  
R the initial resonator radius, e the thickness of the deposited layer, nL and ns the refractive index of the 
deposited layer, typically 1.5 for both PAH and PSS in solution [35], and the resonator respectively: 

∆λ
λ = Δ =  (1)

The initial radius can be calculated from the peak spacing of two successive modes with the same 
polarization using Equations (2) and (3): 

= λ
2π  (2)

= λ
λ − λ + 1 (3)

where m is the mode number, λm+1 and λm the wavelength of two successive first order modes with the 
same polarization.  
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It becomes clear from the Figure 3B that the first layer (PAH) is significantly thinner than 
subsequent PAH layers. This indicates that the first layer doesn’t fully cover the resonator which is not 
surprising and has been previously reported in the literature [28,29]. Nevertheless, the thickness of the 
first bi-layer (PAH/PSS) is about 3 nm, the second about 6.8 nm, which is good agreement with 
reported thicknesses of PAH/PSS bi layer deposited under the same conditions [36]. Therefore, we 
assumed for the subsequent surface functionalization steps that five PE layers would be sufficient to 
ensure good surface coverage and consequently maximize the density of free amine available for 
subsequent immobilization of biomolecules. 

3.3. Demonstration of the Detection of a Specific Interaction 

A similar experimental procedure was used to measure the specific binding kinetics of neutravidin 
onto the biotinylated surface of the resonator and determine what would be the detection limit in an  
in vivo sensing scenario. We choose to use biotin/neutravidin as a specific interaction model because it 
has been well characterized with other sensing platforms and therefore provides a useful benchmark test. 
Also it forms the basis of a surface functionalization process we recently used to produce an antibody 
coating with a specific orientation to increase the corresponding antigen capture efficiency [37]. 

From the estimate of the increase of radius from the previous section, one can calculate the quantity 
of adsorbed molecules as follows. The mass per unit surface of the adsorbed molecule is a convenient 
parameter that does not depend on the geometry of the sensor considered and therefore enables a direct 
comparison between different techniques and different sensor geometries. The mass per unit surface, d, 
can be calculated using the following equations [2]: 

= σ  (4)

σ = α
ε −

1
δ  (5)

here, M is the molecular weight, NA is the Avogadro number, σp−1 the projected area of the adsorbed 
molecule, αex its excess polarizability, and nm the refractive index of the medium surrounding the 
microsphere (nm = 1.33 for PBS buffer). In a first approximation, the polarizability, α, of the adsorbed 
molecule which can be calculated by means of the Clausius-Mossotti equation was used instead of the 
excess polarizability: 

α = ε − 1
ε + 2

3 ε
ρ  (6)

here, εr is the dielectric function of the considered molecule (εr = n2 where n = 1.5 for most  
proteins [38], NA is the Avogadro number and ρm the mass density (ρm = 1.37 g·cm−3 for most  
proteins [38]). 
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3.3.1. Binding Kinetics below the Lasing Threshold 

As a first test, we replace the pulsed YAG laser pump source with a CW 532 nm solid state laser  
(2 mW pump power) and triggered the excitation with the acquisition (0.1 s) of the WGM signal 
performed once per minute to reduce the photobleaching of the organic dye. The objective behind  
this first set of measurements was to benchmark the binding kinetics when the sensor is operated 
below its lasing threshold. Figure 4A shows the binding kinetics for the neutravidin (M = 55,000 kDa) 
with concentrations ranging from 1600 nM (88 µg/mL) down to 4 nM (0.22 µg/mL). As observed in 
the Figure 4A, the highest concentration (1600 nM) can be easily detected and a saturation of the 
radius increase occurs within the first minute. We found that the surface density achieved at the steady 
state with the 1600 nM concentration is about 177 ± 45 ng/cm2. This value, within the error, is about 
half of the density of a full neutravidin monolayer as reported in literature with surface plasmon 
sensors (445 ng/cm2) [37]. 

 

Figure 4. Binding kinetic for neutravidin on a Ø = 20 µm biotin functionalized sphere with 
sphere operated (A) below and (B) above the lasing threshold. 

An explanation can be found from the observation that approximately one half of the resonator 
protrudes from the hole on the suspended fiber tip. Given that low concentrations are used during this 
experiment and that the sample is not subjected to agitation, we infer that the neutravidin did not 
penetrate into the hole of suspended core fiber, leaving a significant portion of the resonator surface 
unexposed to the analyte. For the 400 nM concentration, it takes about 5 min to reach the saturation 
level with a saturation value about half that obtained with the 1600 nM concentration while for the  
100 nM concentration, equilibrium is reached after 15 min with an even lower saturation level. 
Reducing further the concentration a similar trend is found, although the equilibrium regime is then 
barely reached after 30 min. For the lowest concentration used, 4 nM, no noticeable change of the 
resonance position was observed beyond the noise level, indicating that this concentration is beyond 
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the detection limit of the sensor. The error bars have been calculated as the standard deviation from the 

three sets of experimental data acquired for each concentration. 

3.3.2. Binding Kinetic above the Lasing Threshold 

We repeated the same binding kinetics measurements using the frequency doubled YAG laser as  

a pump source to operate the spheres above their lasing threshold in an attempt to increase the Q factor 

and thus improve the detection limit of the sensor defined as the ration between the sensor’s resolution 

and resolution (DL = R/S) [34]. 

The binding kinetics presented in Figure 4B, obtained with lasing resonators, follow a similar trend 

as the binding kinetics obtained while exciting the resonators below their lasing threshold. Saturation 

of the sensor surface upon exposure to the 400 nM neutravidin solution is observed after few minutes 

while the other concentrations never yielded saturation within the 30 min time frame. However a slight 

wavelength shift of the WGM, and therefore binding of the neutravidin onto the sensor surface can be 

observed with the 4 nM concentration, which is not the case with the spheres operated below their 

lasing threshold. To confirm the specificity of the interaction, the results observed with the lowest 

neutravidin concentration were repeated using the microspheres without the biotin coating but 

passivated against non-specific binding with casein following the protocol previously described. In this 

case, no binding was observed confirming that casein can efficiently block non-specific binding from 

neutravidin and that for the lowest concentration, the observed wavelength shift is only due to the 

specific binding of neutravidin onto the biotinylated spheres. This is not surprising considering an 

effective increase of the Q factor induced by the lasing behavior and the resulting increase of limit of 

detection. In fact, it can be clearly seen by comparing Figure 4A,B that the error on the measurement 

which has been determined as the deviation from the mean value from the three sets of independent 

measurements performed is much lower when the microsphere is excited above its lasing threshold 

which allows to discriminate the increase of wavelength shift or surface density as presented in both 

Figure 4A,B from the noise. Despite the absence of flow, which certainly limits the sensor’s 

performance, a limit of detection of 4 nM neutravidin solution is achieved. In term of surface density 

of bound protein, this is equivalent to 1.3 × 1015 molecules/m−2 or 120 pg/mm2 in an environment 

deprived of liquid flow. This is approximately 50 times lower than the fiber based WGM sensor 

reported by Boleininger et al. (LOD = 7 × 1016 molecules/m−2) [39] or half of the detection limit 

claimed by Chao et al. (LOD = 250 pg/mm−2) [40]. 

4. Conclusions 

In this paper, we have demonstrated the ability of a single dye-doped polymer microsphere to be 

turned into a microlaser at the tip of a suspended core optical fiber which in turns enables enhanced 

sensor resolution in individual measurements and can also to be used to detect a specific analyte, 

neutravidin in this case, down to a concentration of 4 nM (0.20 µg/mL) in an experimental setting 

deprived of liquid flow, mimicking the conditions anticipated for in vivo sensing applications. This 

result raises the question of the suitability of such sensing platform for the detection of proteins using 

an antibody/antigen assay, especially when the molecule to be detected is in small concentration. 

Therefore, at its present stage of development this technology is best suited to the detection of protein 
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that are present in relatively high concentrations such as for example ApoE or clusterin which are 
stress marker indicators with normal regulation range of 20 to 50 µg/mL [37,41]. To expand the 
application range of this platform a smaller resonator could offer improved refractive index sensitivity. 
In this paper, we have used Ø ~ 20 µm polystyrene microspheres which typically have a refractive 
index sensitivity of 25 nm/RIU. Reducing the diameter of the resonator to 10 µm should results in a 
two-fold increase of the refractive index sensitivity [21] although lasing with such microsphere has not 
been demonstrated yet. A more efficient approach would be to use coupled microspheres to take 
advantage of the Vernier effect to increase the sensitivity such as proposed by Boriskina [42] or 
recently demonstrated by Ren et al. [43] in coupled capillaries with refractive index sensitivity above 
2510 nm/RIU. Beyond the current limitation of this platform, we demonstrate that this simple and 
robust sensing architecture can be used as a dip sensor, and we envision that it can be used to perform 
immunoassays in areas that that are present difficult to access with existing sensors. 
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6.1 Dynamic Self-Referencing Approach to Whispering Gallery Mode 

Biosensing and its Application to Measurement Within Diluted Serum  

P5. T. Reynolds, A. François, N. Riesen, M. E. Turvey, S. J. Nicholls, P. Hoffmann and T. M. 

Monro, “Dynamic self-referencing approach to whispering gallery mode biosensing and its 

application to measurement within undiluted serum” Analytical Chemistry, 88 (7), 4036-4040, 

2016.  

6.1.1 Publication Overview  

Being able to perform measurements in complex solutions such as human serum, saliva and whole 

blood represents a key step towards developing a sensor that is suited towards applications beyond only 

operating in controlled research environments. More specifically, the sensor must provide a way to 

eliminate or significantly reduce the effects of non-specific binding (NSB). One way to overcome the 

effects of NSB is to introduce a second resonator to act as a dynamic reference, allowing for both NSB 

and environment changes, such as fluctuations in temperature, to be compensated for. The sensing 

platform introduced in Chapter 5 lends itself to be self-referenced by simply adding a second, almost 

identical, resonator to the tip of the fibre in a neighboring hole. Both resonators can be excited 

simultaneously, without coupling with each other, producing clearly distinguishable spectra due to the 

slight, on the order of nanometers, differences in their radii and will be exposed to identical 

environmental conditions due to their positioning on the fibre tip. By taking advantage of surface 

functionalization techniques to prepare one sphere to monitor a specific interaction, while simply using 

a blocking agent on the other, the relative movement between the two sets of resonances can be used to 

eliminate unwanted interactions.  

Here, the potential for this sensing platform to be used in complex solutions is successfully 

demonstrated using the well-known specific interaction of Biotin/neutravidin, whereby undiluted 

human serum samples (with the immunoglobulin removed) are spiked with known concentrations of 

neutravidin and the responses are compared with measurements made in pure solutions. This platform 

further lends itself to future multiplexed sensing applications by simply introducing more resonators 

onto the fibre tip, all functionalized to monitor different interactions.  
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ABSTRACT: Biosensing within complex biological samples
requires a sensor that can compensate for fluctuations in the signal
due to changing environmental conditions and nonspecific binding
events. To achieve this, we developed a novel self-referenced
biosensor consisting of two almost identically sized dye-doped
polystyrene microspheres placed on adjacent holes at the tip of a
microstructured optical fiber (MOF). Here self-referenced
biosensing is demonstrated with the detection of Neutravidin in
undiluted, immunoglobulin-deprived human serum samples. The
MOF allows remote excitation and collection of the whispering
gallery modes (WGMs) of the microspheres while also providing a
robust and easy to manipulate dip-sensing platform. By taking
advantage of surface functionalization techniques, one microsphere
acts as a dynamic reference, compensating for nonspecific binding events and changes in the environment (such as refractive
index and temperature), while the other microsphere is functionalized to detect a specific interaction. The almost identical size
allows the two spheres to have virtually identical refractive index sensitivity and surface area, while still having discernible WGM
spectra. This ensures their responses to nonspecific binding and environmental changes are almost identical, whereby any specific
changes, such as binding events, can be monitored via the relative movement between the two sets of WGM peaks.

The phenomenon of whispering gallery modes (WGMs)
within microresonators as a label-free sensing modality has

emerged as a powerful contender for biosensing and medical
diagnostic applications.1,2 It has enabled unprecedented
detection limits down to single molecules,3 and has given way
to new in vivo sensing opportunities.1,4,5 The spectral positions
of the WGMs are determined by both the properties of the
resonator (e.g., diameter, shape, refractive index) as well as the
surrounding medium. The latter feature allows changes in the
environment to be monitored via shifts in the spectral positions
of the resonances. Surface functionalization of the resonator can
also be utilized allowing specific interactions with desired target
analytes such as proteins,6,7 bacteria,8 and DNA9,10 to be
monitored within pure samples in controlled laboratory
conditions.
However, the ability of a sensor, and in particular a label-free

biosensor, to distinguish or eliminate unwanted fluctuations in
the signal due to variations in, for example, temperature,
surrounding refractive index, or nonspecific binding (NSB) is
critical in real clinical samples. While it is usually possible to
control the environmental conditions, such as temperature,
reducing the effect of unwanted binding events in clinical samples

is far more challenging. Different methods to overcome this
critical issue have been proposed, all based on surface chemistry
approaches, using, for example, NHS esters,11 CM dextran,12 or
polyethylene glycol (PEG).13,14 Integrating PEGs with silica
microsphere resonators has, for example, allowed thrombin (∼8
μM) to be detected in 10-fold diluted human serum inside a flow
cell.7 However, this method requires serum to be diluted, which
adds an additional processing step and reduces the concentration
of the analyte by the same factor, increasing the demands on the
performance of the sensor. For some applications, such as the
early diagnosis of myocardial infarctions in cardiology, for
example, where the analyte concentration is already very
small,15−17 this technique might not be suitable and alternative
approaches have to be found. One such approach is to design a
self-referencing sensor that allows both environmental changes
and NSB events to be compensated, as is presented here.
A relatively straightforward approach of developing a self-

referencing sensor is to introduce a second resonator that serves
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as a dynamic reference, similar to multiplexed sensing
techniques.18 Multiplexing of WGM sensors has previously
been proposed conceptually18 and demonstrated in a range of
resonator geometries and configurations including passive
microspheres,9 microdisks,19 and liquid core ring resonators20

and fluorescent microspheres.21,22 Fluorescent or active
resonators are particularly interesting in this context, as they
allow remote excitation of the resonator, thereby alleviating some
of the practical limitations of passive resonator configura-
tions.9,23−25 Active resonators do display lower Q-factors26 in
comparison with passive resonators,27,28 however, techniques
exist that can improve the Q-factor, such as operating the
resonator within the stimulated emission regime29 or breaking
the symmetry of the resonator by placing it onto the tip of a
microstructured optical fiber (MOF).30 This second technique
has the additional advantage of creating a robust and easy to use
dip-sensing architecture.1

In this study we demonstrate a self-referenced WGM
biosensing platform for the specific detection and quantification
of biomolecules in undiluted human serum. Our self-referenced
sensing platform is an extension of our previously reported dip
sensing active WGM platform using a 4-hole silica MOF which
allows for the remote excitation and collection of the WGM
signal from a dye-doped polystyrene microsphere placed in one
of the holes at the tip of the fiber.1 A second, almost identical
microsphere (reference resonator), but differing in its surface
chemistry from the sensing microsphere, is placed in an adjacent
hole acting as a dynamic reference, Figure 1A. The reference

resonator compensates for nonspecific binding as well as
environmental changes, acting as a dynamic reference, while
the first sphere (sensing resonator) is functionalized for detecting
a specific analyte. Due to the highly sensitive nature of the
resonance wavelength positions to the resonator’s effective
radius, differences of only nanometers allows the spectrum of
each individual sphere to be clearly distinguished. The nearly
identical size of the resonators also guarantees that the two
spheres have virtually identical refractive index sensitivity and

surface area, so their response to any environmental changes or
NSB is almost identical, while the proximity of the spheres on the
MOF’s tip allows them to simultaneously experience the same
local environment. Furthermore, utilizing a single gain medium
for both spheres ensures that the sensing performance
(sensitivity and resolution) of both resonators remain com-
parable, allowing the use of the relative displacement between the
two sets of peaks for tracking specific binding events.
To evaluate the performance of our self-referenced fiber tip

sensing platform we used a well-known specific interaction
model based on biotin-Neutravidin. The Neutravidin detection
limit in buffer solution (PBS) was first characterized and then
repeated in Neutravidin spiked undiluted, immunoglobulin-
deprived human serum samples. Following from our previous
work,1 the measurements were performed in static conditions, by
simply dipping the MOF tip with attached microsphere
resonators into the different liquid samples, as shown in Figure
1B. In both sets of measurements, the nonspecific binding signal
was monitored using the reference resonator, while the total
contribution of specific and nonspecific interactions was
measured using the sensing resonator. The relative movement
between the two sets of resonances was then monitored.

■ EXPERIMENTAL SETUP, MATERIALS, AND
METHOD

The polystyrene microspheres (nominal diameter of 15.00 ±
1.43 μm from Polyscience Inc.) were doped with the fluorescent
dye Nile Red (λex = 532 nm, λem = 590 nm)31 using a liquid two-
phase system.32 Following this process, the microspheres were
annealed and rinsed thoroughly to remove any trace of the
organic solvent (xylene) used during the doping process,
eliminating any potential drift of the resonance positions over
time. The surface functionalization begins with the deposition of
a series of positively and negatively charged polyelectrolyte
layers, polyallylamine hydrochloride (PAH) and polystyrene
sulfonate (PSS),33 to form three layers (PAH/PSS/PAH).1 The
microspheres were then separated into two batches, sensing and
reference resonators, with only the sensing resonator batch being
biotinylated for monitoring the specific interaction with
Neutravidin. For the sensing resonators, the primary amine of
the PAH layer was used to covalently immobilize biotin-D using a
solution of 1-ethyl-3-(3-dimethylamionpropyl) carbodimide
(EDC) and N-hydroxysuccinimide (NHS) as coupling reagents.
As a final process, both the reference and the sensing resonators
were incubated in 2.5% casein solution for 24 h to cover
nonspecific binding sites.
A schematic of the optical setup is shown in Figure 1B, where a

frequency-doubled YAG laser (λ = 532 nm, ∼800 ps pulse
duration, 10 kHz repetition rate) was used for the excitation of
the active microspheres beyond their lasing thresholds, enabling
higher Q-factors, as previously shown.32 The light from the YAG
was spatially filtered using a tapered single mode fiber (SMF28
Øcore = 4 μm) before being coupled into the 4-hole silica MOF
(Øcore = 7 μm, Øhole ∼ 15 μm) shown in Figure 1A. The WGM
emission from the microspheres is then recaptured by the MOF
and directed back through a dichroic mirror into a mono-
chromator equipped with a cooled CCD (2048 pixels) where the
WGM spectrum is recorded.
To attach a microsphere to the tip of the MOF a drop of water

containing the microspheres was placed on top of a glass
coverslip and positioned on an inverted microscope. A three-axis
translational stage was used to hold and align the tip of the MOF
as it was carefully lowered down into the drop of microspheres.

Figure 1. (A) Bright-field microscope image of two 15 μmdiameter dye-
doped polystyrene microspheres positioned onto the tip of a 4-hole
microstructured optical fiber (MOF). (B) Schematic of the optical
setup.
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After recording the emission spectra of free floatingmicrospheres
from both the sensing and reference resonator batches, using
free-space excitation and collection, one microsphere was
selected from each droplet and brought into contact with the
fiber tip. Due to the hydrophobic nature of both theMOF tip and
the microspheres, the microspheres can easily be positioned in
individual holes of the MOF, as seen in Figure 1A. It is important
to note that once attached to the MOF tip, the microspheres stay
in place and can be easily manipulated and dipped into other
liquid droplets.

■ DATA ANALYSIS
All the binding kinetics presented here are presented in terms of
the change in surface density of adsorbed molecules onto the
surface of the resonator (d, ng/cm2). This value can be estimated
from the wavelength shift Δλ, through the effective radius
increaseΔR using the following equations,34 where λ is the initial
resonance wavelength, R is the initial resonator radius which can
be calculated from the spacing of successive modes with the same
polarization using eqs 2 and 3, e is the thickness of the deposited
layer, and nL and ns are the refractive indices of the layer and
sphere, respectively. By fitting Gaussian functions to the
resonance peaks, the spectral position of an initial resonance
wavelength λ, and subsequent positions of the peak over time can
be determined.
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Here,M is the molecular weight, NA is Avogadro’s number, σp is
the projected area of the adsorbed molecule, αex is the excess
polarizability, which to a first approximation can be calculated
using the Clausius-Mossotti formula (eq 6), ε0 is the free-space
permittivity, εr is the dielectric function of the molecule
considered, ρ is the mass density (ρ = 1.37 g/cm3 for most
proteins35) and nm and ns are the refractive indices of the
surrounding environment and microsphere, respectively. Calcu-
lating the surface density allows comparison with other
techniques and sensing geometries as it removes the dependence
on the geometry as well as the refractive index sensitivity of the
sensor being considered.

■ RESULTS AND DISCUSSION
Figure 2A and B show the typical WGM spectra of the two-
microsphere system above and below the lasing threshold,
respectively. Below the lasing threshold the resonances of the

two spheres cannot be distinguished. However, operating the
spheres above their lasing thresholds not only allows the
spectrum of each individual sphere to be clearly identified, but
also improves the resolution, enabling lower detection limits to
be reached.1 The resonance spectra typically do not overlap,
when operated in the stimulated emission regime as even a
minute deviation in diameter between the two microspheres
results in a discrepancy between the resonances. In this
configuration, the spheres can either be tracked individually by
following an individual peak or alternatively, by performing a
convolution on the two resonator comb-like WGM spectrum as
both spheres respond to the same environment, Figure 2C.
Once both spheres were attached, spectra were taken at 20 s

intervals as the fiber was moved into the Neutravidin solution.
Figure 2D shows the response of both microspheres when placed
in 400 nM Neutravidin solution. From the responses of the two
spheres it is clear that binding is occurring on the biotinylated
sphere, with equilibrium being reached after approximately 200 s,
while the reference sphere spectrum remains relatively stable

Figure 2. (A)Whispering gallerymode spectrum of the reference sphere
alone (black trace) and both the biotinylated and reference spheres (red
trace) attached to the tip of the microstructured optical fiber (MOF),
operating above the lasing threshold. Both spheres are 15 μm in
diameter. (B) Whispering gallery mode spectrum of the reference
(black), biotinylated (red), and both the reference and biotin spheres,
when attached to the tip of the microstructured optical fiber below the
lasing threshold. (C) Comparison of the whispering gallery mode
spectra of both the reference and biotinylated microspheres attached to
the tip of theMOFwhen initially in water (black trace) and after dipping
into Neutravidin solution for 8 min (red trace). (D) Binding kinetic of
Neutravidin onto the biotinylated sphere (blue trace) and reference
sphere (black trace).
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throughout the measurement with deviations toward the end of
the measurement. This result is consistent with our previous
demonstrations of fiber tip1 and fluorescent microcapillary36

sensing. We also note that the presence of the reference sphere
does not have any effect on the biotinylated sphere’s perform-
ance. As such, the process is repeated for decreasing Neutravidin
concentrations, with 3 measurements made for each concen-
tration. Each individual measurement was completed with a new
set of spheres. No deviation was observed for the reference
spheres during the Neutravidin measurements, and for simplicity
only the binding kinetic of the biotinilated sphere is shown for
each of the concentrations in Figure 3, where the error bars have
been calculated from the standard deviation of all three trials
completed for each concentration.

After completing these initial trials in PBS, the same
experimental procedure was used to investigate the sensor’s
response in human serum samples. Drops of each of the sphere
populations were once again placed on top of a glass coverslip,
with a single sphere from each subsequently being attached to the
fiber tip, along with 30 μL drops of 1:20 (v/v) and 1:40 (v/v)
diluted human serum without Neutravidin added. The response
of the individual spheres in the sensor is displayed in Figure 4.
Examining Figure 4, it is clear that significant adsorption is
occurring in both sphere populations, however there is a
reduction in the adsorption of the biotinylated sphere as the
dilution of the sample increases, Figure 4A, while the reference
sphere’s response remains almost unchanged, Figure 4B.
Without any added Neutravidin in the diluted serum sample,
these results indicate that there is another molecule present in the
serum that is interacting and binding to the biotinylated sphere

surface. It has been reported that immunoglobulin can interact
with biotin, resulting in false positive results for similar
biotinylated-based immunoassays.37

Therefore, to avoid such false positive results while using
biotin-Neutravidin as a specific interaction model, the
immunoglobulin was removed from our serum samples by
brief incubation and pull-down with protein A/G-conjugated
sepharose beads. Four pull-downs with protein A/G beads were
required to ensure that the false positive signal on the
biotinylated microsphere was reduced to zero using undiluted
serum while significant adsorption on the reference microsphere
due to the nonspecific binding of the large protein content of the
serum was still present.
Tests were repeated with pure human serum, with the

immunoglobulin removed, avoiding the unwanted binding
between the immunoglobulin and the sensing resonator, but
spiked with a known Neutravidin concentration. The results for
the lowest concentration tested are shown in Figure 5.
For all the tests performed, the reference resonator exhibited a

similar behavior characterized by a sharp wavelength shift, or
increase of the surface density, due to the large NSB component
introduced by the serum, despite the use of casein as a blocking
reagent. This highlights the fact that blocking solutions such as
caseine, bovine serum albumin, and alike are inherently
inefficient at preventing NSB in complex biological samples.
The biotinylated microspheres, however, showed a steady
increase in the surface density beyond the initial WGM
wavelength shift due to the high refractive index of the serum,
which characterizes the Langmuir adsorption of the Neutravidin
onto the biotinylated resonator surface, down to 25 nM
Neutravidin concentration. Once the contribution from the
NSB is subtracted from the biotinylated microsphere response a
perfect correlation between the Neutravidin binding kinetic in
PBS and undiluted serum was reached as shown in the Figure
5D,E. For the lowest concentration tested (5 nM), no
unambiguous positive detection of Neutravidin can be observed
whether in PBS or undiluted serum.
In conclusion, this simple approach of using two almost

identical microspheres, differing by their surface functionaliza-
tion, for self-referencing purposes has shown that specific
detection and quantification in undiluted serum samples can be
realized. The reference microsphere allows for the compensation
of the nonspecific binding, enabling the quantification of the
binding of the analyte onto the sensing resonator surface in

Figure 3. Binding kinetic of Neutravidin on a 15 μm biotinylated
microsphere of five different concentrations 5−400 nM.

Figure 4. Binding kinetic of a sensing resonator (A) and reference
resonator (B) attached to the tip of a fiber dipped into two human serum
samples of different dilution.
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complex biological samples to be correlated with what happens
with the same target analyte in buffer solution.
While for the sake of the specific interaction model used for

this demonstration, the immunoglobulin had to be removed, one
can appreciate that this approach can still be used for the
detection of other more relevant biomolecules in serum, without
having to process the serum by removing the immunoglobulin
once antibodies are used to target a specific biomolecule instead
of biotin. Furthermore, one can also expand this concept to
multiplexed detection of different biomolecules simultaneously,
taking advantage of the multiple holes on the MOF to
accommodate microspheres targeting different biomolecules.

■ AUTHOR INFORMATION
Corresponding Author
*E-mail: tess.reynolds@adelaide.edu.au. Fax: +61-8-8313-4380.
Notes
The authors declare no competing financial interest.

■ ACKNOWLEDGMENTS
The authors acknowledge the support of T.M.M.’s ARC
Georgina Sweet Laureate Fellowship. This work was performed
in part at the Optofab node of the Australian National
Fabrication Facility utilizing Commonwealth and SA State
Government funding. Authors thank Roman Kostecki, Erik
Schartner, Peter Henry, and Alastair Dowler for help with the
silica microstructured fiber fabrication.

■ REFERENCES
(1) Franco̧is, A.; Reynolds, T.; Monro, T. M. Sensors 2015, 15, 1168−
1181.
(2) Agarwal, M.; Teraola, I. Anal. Chem. 2015, 87, 10600−10604.
(3) Baaske, M.D.; Foreman,M. R.; Vollmer, F.Nat. Nanotechnol. 2014,
9, 933−939.
(4) Humar, M.; Yun, S. H. Nat. Photonics 2015, 9, 572−576.
(5) Schubert, M.; Steude, A.; Liehm, P.; Kronenberg, N. M.; Karl, M.;
Campbell, E. C.; Powis, S. J.; Gather, M. C. Nano Lett. 2015, 15, 5647−
5652.
(6) Ballard, Z.; Baaske, M. D.; Vollmer, F. Sensors 2015, 15, 8968−
8990.
(7) Pasquardini, L.; Berneschi, S.; Barucci, A.; Cosi, F.; Dallapiccola, R.;
Insinna, M.; Lunelli, L.; Conti, G. N.; Pederzolli, C.; Salvadori, S.; Soria,
S. J. Biophotonics 2013, 6, 178−187.
(8) Anderson, M. E.; O’Brien, E. C.; Grayek, E. N.; Hermansen, J. K.;
Hunt, H. K. Biosensors 2015, 5, 562−576.
(9) Vollmer, F.; Arnold, S.; Braun, D.; Teraoka, I.; Libchaber, A.
Biophys. J. 2003, 85, 1974−1979.
(10) Fan, X. D.; Sutter, J. D.; White, I. M.; Zhu, H. Y.; Shi, H. D.;
Caldwell, C. W. Biosens. Bioelectron. 2008, 23, 1003−1009.
(11)Masson, J. F.; Battaglia, T.M.; Cramer, J.; Beaudoin, S.; Sierks, M.;
Booksh, K. S. Anal. Bioanal. Chem. 2006, 386, 1951−1959.
(12) Bolduc, O. R.; Pelletier, J. N.; Masson, J. F. Anal. Chem. 2010, 82,
3699−3706.
(13) Ostuni, E.; Chapman, R. G.; Holmin, R. E.; Takayama, E.;
Whitesides, G. M. Langmuir 2001, 17, 5605−5620.
(14) Wang, F.; Anderson, M.; Bernards, M. T.; Hunt, H. K. Sensors
2015, 15, 18040−18060.
(15) Konstantinides, S.; Geibel, A.; Olschewski, M.; Kasper, W.;
Hruska, N.; Jac̈kle, S.; Binder, L. Circulation 2002, 106, 1263−1268.
(16) Maisel, A. Circulation 2002, 105, 2328−2331.
(17) Ridker, P. M. Circulation 2001, 103, 1813−1818.
(18) Boriskina, S. V.; Dal Negro, L. Opt. Lett. 2010, 35, 2496−2498.
(19) Qavi, A. J.; Kindt, J. T.; Gleeson, M. A.; Bailey, R. C. Anal. Chem.
2011, 83, 5949−5956.
(20)White, I. M.; Oveys, H.; Fan, X.; Smith, T. L.; Zhang, J. Appl. Phys.
Lett. 2006, 89, 191106.
(21) Huckabay, H. A.; Wildgen, S. M.; Dunn, R. C. Biosens. Bioelectron.
2013, 45, 223−229.
(22) Kim, D. C.; Armendariz, K. P.; Dunn, R. C. Analyst 2013, 138,
3189−3195.
(23) Ksendov, A.; Lin, Y. Opt. Lett. 2005, 30, 3344−3346.
(24) Gorodetsky, M. L.; Illchenko, V. S. J. Opt. Soc. Am. B 1999, 16,
147−154.
(25) Guo, Z.; Quan, H.; Pau, S. J. Phys. D: Appl. Phys. 2006, 39, 5133−
5136.
(26) Riesen, N.; Reynolds, T.; Franco̧is, A.; Henderson, M. R.; Monro,
T. M. Opt. Express 2015, 23, 28896−28904.
(27) Vernooy, D. W.; Ilchenko, V. S.; Mabuchi, H.; Steed, E. W.;
Kimble, H. J. Opt. Lett. 1998, 23, 247−249.
(28) Gorodetsky, M. L.; Savchenkov, A. A.; Ilchenko, V. S. Opt. Lett.
1996, 21, 453−455.
(29) Franco̧is, A.; Himmelhaus, M. Appl. Phys. Lett. 2009, 94, 031101.
(30) Franco̧is, A.; Rowland, K. J.; Afshar, S. V.; Henderson, M. R.;
Monro, T. M. Opt. Express 2013, 21, 22566−22577.
(31) Greenspan, P.; Mayer, E. P.; Fowler, S. D. J. Cell Biol. 1985, 100,
965−973.
(32) Franco̧is, A.; Riesen, N.; Ji, H.; Afshar, V. S.; Monro, T. M. Appl.
Phys. Lett. 2015, 106, 031104.
(33) Decher, G. Science 1997, 277, 1232−1237.
(34) Arnold, S.; Khoshsima, M.; Teraoka, I.; Holler, S.; Vollmer, F.Opt.
Lett. 2003, 28, 272−274.
(35) Schweiger, G.; Horn, M. J. Opt. Soc. Am. B 2006, 23, 212−217.
(36) Lane, S.; West, P.; Franco̧is, A.; Meldrum, A. Opt. Express 2015,
23, 2577−2590.
(37) Chen, T.; Hedman, L.; Mattila, P. S.; Jartti, L.; Jartii, T.;
Ruuskanen, O.; Soderlund-Venermo, M.; Hedman, K. PLoS One 2012,
7, 43276.

Figure 5. Individual sphere responses of the biotinylated (red trace) and
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Neutravidin. (D−F) Comparison of the corrected binding kinetic of
the sensor in the spiked human serum samples (blue trace) with binding
kinetic in the pure Neutravidin solution (green trace).
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Chapter 7 

 

Conclusion and Future Work  
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This thesis advances the development of a fiber tip fluorescence-based whispering gallery mode 

biosensing platform. Initially, through modeling the WGM spectrum from fluorescent microspheres, 

the refractive index sensitivity and Q-factor as functions of both the microsphere resonator diameter 

and refractive index was mapped. Polystyrene was chosen as the resonator material due to its 

commercial availability, low cost and ease in which a gain medium can be introduced into the 

resonator and therefore, using the model developed, the specific diameter that provides the optimal 

tradeoff between Q-factor and refractive index sensitivity to optimize the detection limit of the 

resonator could be identified. Next, the limiting factor on the Q-factor of fluorescent microspheres was 

investigated further, and it was identified as being due to the inherent asphericity that is present in the 

resonator geometry. Therefore, moving away from far-field collection methods in which this effect on 

the Q-factor is more noticeable and taking advantage of the novel structure of suspended core MOFs 

that facilitates remote excitation and collection of the WGM modulated fluorescence signal, a novel 

and robust dip sensing architecture that alleviates the need for complex microfluidics and coupling 

could be realized.  

Additionally, by utilizing surface functionalization techniques, bioreceptors can be immobilized on the 

resonator’s surface, allowing specific interactions to be monitored demonstrating the platforms ability 

to be used for protein detection as well as noting its potential for in-vivo sensing through the ability to 

combine the fiber with a catheter. Further, enhancement to the sensing performance can be achieved by 

operating the resonator above its lasing threshold, where the increase in the Q-factor allows an increase 

in the resolution, reducing the uncertainty of the resonance wavelength and thus results in lowering the 

detection limit. Finally, by adding multiple microspheres to the tip of the fiber, a self-referenced 

sensing strategy was demonstrated whereby one of the microspheres is functionalized to detect a 

specific biomolecule while the second is functionalized to only measure the changes in the surrounding 

environment and monitor non-specific binding. Therefore, any shift in the WGM resonance wavelength 

associated with non-specific binding in complex samples, such as undiluted human serum samples, can 

be compensated for.  The self-references sensing strategy lays the foundation for future multiplexed 

sensing, specifically to realize the detection of multiple proteins within a clinical sample, something 

that has never been achieved using WGM resonators before.  

In Chapter 3 the analytical model originally for describing active WGM microspherical resonators 

developed by Chew (Section 1.1.2, MATLAB code in Appendix B) was applied for the first time to the 

problem of utilizing fluorescence based WGM resonators for conducting refractive index biosensing, 

specifically through assessing and comparing sensing performance of active microspherical resonators 
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using simulated WGM spectra. To demonstrate the viability of the model to predict sensing 

performance, the model was initially used to compare experimentally measured values for the 

refractive index sensitivity, demonstrating excellent agreement. Secondly, a figure of merit 

encompassing not only the refractive index sensitivity, but also the Q-factor of the resonator was 

defined, providing a way to easily assess and compare the sensing performance of any number of 

resonators. Finally, an example of how the model can be used to select a suitable resonator for 

undertaking refractive index biosensing was provided, selecting the resonators to be used in the 

subsequent Chapters. Although in this work the only other additional information considered was the 

resolution limit of the spectrometer capping the possible Q-factor values reached, the model easily 

allows for the inclusion of other specific information pertaining to the individual sensing tasks as 

required.    

In Chapter 4 the Q-factor limits of fluorescent microspheres, and the influence of the coupling strategy 

(i.e. far-field or fiber taper), was investigated and attributed to the slight inherent asphericity present in 

the geometry of the resonator. It was shown, through theoretical modeling, imaging and experimental 

techniques, that significant Q-factor spoiling when using far-field collection occurs for asphericity as 

small as tens of nanometers or less. Specifically, for polystyrene based resonators with diameter of 15 

um for example, a factor 5 decrease in the Q-factor in the far field due to a maximum eccentricity of 

only several nanometers was observed. As a result of this work it is proposed that a new contribution to 

the overall Q-factor should be included when considering active resonators in the far field that takes 

into account the effect of asphericity, instead of simply attributing it to scattering or material absorption.    

In Chapter 5 the first biosensing demonstration of the platform formed by combining a MOF with a 

single dye-doped polystyrene fluorescent microsphere to detect proteins in pure solutions, including the 

lowering of the detection limit by inducing lasing in the microsphere was outlined. Initially, the lasing 

behavior of the dye-doped polystyrene microspheres was examined, including identifying the lasing 

threshold and comparison of the Q-factor above and below the lasing threshold, showing good 

agreement with previous experimental work. Next, the sensing performance of the resonators was 

investigated, including characterizing the initial surface functionalization steps to enable the 

subsequent immobilization of biomolecules to the resonators surface. Finally, the first demonstration of 

the detection of specific biological interaction using this platform was demonstrated involving the well-

documented biotin/neutravidin specific interaction.  The binding kinetics of the interaction above and 

below the lasing threshold were investigated, revealing a decrease in the detection limit when operating 

above the lasing threshold due to the increase in Q and hence higher resolution. Although this work did 

highlight some limitations in the performance of the platform, namely being more suited to detection 
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proteins in higher concentrations, it still demonstrated the simple and robust sensing architecture and 

how it can be used as a dip sensor, providing the potential for future measurements to be made in areas 

that are presently difficult to access with existing sensing architectures.   

In Chapter 6 the sensing platform was extended by introducing a second, almost identical resonator to 

the tip of the MOF for self-referencing purposes, allowing the specific detection and quantification of 

proteins in undiluted human serum samples to be realized. The role of the second microsphere was to 

act as a dynamic reference, allowing any wavelength shift induced by nonspecific binging of other 

analytes present in the human serum samples to be compensated for. By simply taking advantage of 

surface functionalization techniques to create the reference and sensing microspheres, this approach 

still maintained all the previous advantages of the robust and easy to manipulate dip sensor architecture 

discussed in Chapter 5.  As a result, it was shown that neutravidin concentrations as low as 25 nM 

could be detected, paving the way for future work expanding on the concept of the multiplexed 

detection of multiple biomarkers simultaneously. Importantly, this technique of self-referencing the 

sensor is independent of the sample (i.e. serum, whole blood, saliva) unlike other surface 

functionalization based approaches, opening up a wider range of possible applications of this sensing 

platform. 

As outlined above, this thesis has demonstrated the ability of a fluorescent-based WGM fibre tip sensor 

to be used for biosensing applications, culminating in conducting measurements in undiluted human 

serum samples. For the platform to mature enough to be used in clinical settings and provide insightful 

diagnostic information there are several optimizations to the design and performance, as well as 

fundamental understanding that needs to be achieved. For example, in terms of final application of the 

platform as a diagnostic device, there is a growing need to be able to detect multiple biomarkers 

simultaneously, including monitoring relative concentrations of a combination of markers. The 

platform presented here provides the perfect base for future multiplexed sensing applications by using 

the remaining holes on the MOF to accommodate additional microspheres. Each of the additional 

microspheres could be functionalized for the detection of a different biomarker, allowing simultaneous 

monitoring to occur.  

In terms of performance of the sensor, increasing the refractive index sensitivity is a key area of 

interest. For example, the possibility of developing hybrid sensing platforms for improving refractive 

index sensitivity have began to immerge, notably by increasing the local evanescent field through 

plasmonic effects. Alternatively, the Vernier effect between coupled resonators has provided a way to 

improve the refractive index sensitivity, without compromising the Q-factor and has been implemented 

for a variety of resonator geometries. However, in the platform’s current configuration it is not possible 
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for the resonators to be coupled. Further, despite the potential to explore an alternative fiber design that 

could allow coupling between the resonators to occur on the fiber tip, the feasibility of this approach is 

questionable.  

In its current form, the sensor is cost prohibitive to be used outside research environments with 

components such as a laboratory grade spectrometer and a specialized in-house fabricated fiber. One 

way to help lower the cost is to remove the need for the spectrometer. This could be achieved by 

utilizing the sensitive nature of the lasing threshold on variations in refractive index, whereby only a 

simple, and significantly cheaper, photodiode would be required for measurements. However, in order 

for this to be successfully implemented both theoretical and experimental work needs to be undertaken. 

As highlighted previously, from a theoretical point of view, understanding the behavior of the lasing 

threshold along with how it depends on resonator parameters such as Q-factor and mode volume 

remains incomplete. Being able to establish a concrete relationship between the lasing threshold and 

these parameters could open up the possibility of lasing within increasingly smaller resonators, with 

inherently greater refractive index sensitivities, for example. Experimentally, it is paramount that a 

stable gain medium (i.e. not susceptible to photobleaching) can be identified along with a stable laser 

source in order to provide reliable and reproducible performance.  
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Appendix A 

 

 

MATLAB Code for Generating the 

Whispering Gallery Mode Spectra of 

Active Microspherical Resonators  
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Active Microsphere WGM Spectrum Simulator 

%******************************************************************** 

%Produces the WGM spectrum of microspherical resonator with a random 

distribution of dipoles based on the Chew model for a given radius, 

sphere refractive index, surrounding refractive index, over the 

wavelength range x1-x2 in nm.  

 

% Variables: 

% a = Sphere radius in micron  

% m0 = Sphere Refractive Index  

% m1 = Surrounding Refractive Index  

% x1 = start of wavelength range in nanometers  

% x2 = end of wavelength range in nanometers  

 

%This program with plot the WGM spectrum over the wavelength range x1 

to x2. The resolution can modified by changing the spacing of lam1.  

 

%Tess Reynolds and Matthew Henderson  

%(2015) 

%University of Adelaide, Australia. 

%******************************************************************** 

  

function data = TheChewSpec(a, m0, m1, x1, x2) 

  

%clear 

  

%Display the sphere radius and reractive index 

disp(a) 

disp(m0) 

 

%Set the wavelength resolution 

lam1 = linspace(x1, x2, 10000);   
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%Variables  

lam = lam1./1000;                       %Wavelength 

k1 = 2*pi*m0./lam;                      %Wavenumber - Sphere 

k2 = 2*pi*m1./lam;                      %Wavenumber - Surrounding 

p1 = a.*k1;                             %Size parameter - Sphere 

p2 = a.*k2;                             %Size parameter - Surrounding 

u1 = 1;                                 %u of Sphere 

e1 = m0.^2;                             %e of Sphere 

u2 = 1;                                 %u of Surrounding Medium 

e2 = m1^2;                              %e of Surrounding Medium 

sph = sqrt(pi./(2.*p1));                %Factor for spherical Bessel 

sph2 = sqrt(pi./(2.*p2));               %Factor for spherical Bessel  

  

%Initialize the array: 

y2 = 0.*lam;  

 

%Set up the other parameters: G & H% 

G = (u1*u2)./(e1.*e2); 

H = (9.*e1)./(4*p1.^5).*((u1.*e1.*e2)/u2).^0.5; 

  

%Determine the max number of terms that need to be summed for the 

series to converge  

lim = p1(1)+4*p1(1)^(1/3)+2; 

LI = round(lim); 

N = m0/m1; 

LI = abs(LI); 

LI = round(LI); 

 

%Begin the sum for total averaged rates: 

for n = 1:LI 

    if n == 1 

        besseljnp05 = sph.*besselj(n+0.5,p1); 

        besseljnm05 = sph.*besselj(n-0.5,p1); 

        besselhnp05p2 = sph2.*besselh(n+0.5,p2); 

        besselhnm05p2 = sph2.*besselh(n-0.5, p2); 

    else 
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    %If we are past the first n, then just use the previous value for 

    %n+0.5 as the new value for n-0.5 before we recalculate n+0.5. 

    %E.g. we have n=2.  In the last iteration, n=1 and we calculated 

    %n+0.5=1.5.  Now for n=2, n-0.5 = 1.5, so just use the old n+0.5 

    %for this, as it is the same number. 

        besseljnm05 = besseljnp05; 

        besseljnp05 = sph.*besselj(n+0.5,p1); 

        besselhnm05p2 = besselhnp05p2; 

        besselhnp05p2 = sph2.*besselh(n+0.5,p2); 

    end 

    

    besseljnp15 = (2*(n+0.5)./p1).*besseljnp05 - besseljnm05; 

    besseljnm15 = (2*(n-0.5)./p1).*besseljnm05 - besseljnp05; 

     

    K = ((p1.^3)/2).*((besseljnp05).^2-besseljnp15.*besseljnm05); 

    K1 = ((p1.^3)/2).*((besseljnm05).^2-besseljnp05.*besseljnm15); 

    J = K1-n.*p1.*((besseljnp05).^2); 

     

    dJ = p1.*besseljnm05-n.*besseljnp05; 

    dH = p2.*besselhnm05p2-n.*besselhnp05p2; 

     

    DnTm = e1.*besseljnp05.*dH-e2.*besselhnp05p2.*dJ; 

    DnTe = u1.*besseljnp05.*dH-u2.*besselhnp05p2.*dJ; 

     

    y1 = (J./(abs(DnTm).^2)+(G.*K)./(abs(DnTe).^2))*(2*n+1)/3; 

    y2 = y1+y2; 

 

end 

y11 = y2.*2.*H;  

%Plot the final spectrum 

 

plot(lam*1000, abs(y11)) 

xlabel('Wavelength (nm)'); 

ylabel('Intensity (a.u)'); 

  

end 
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Four-hole Microstructured Optical Fiber 

Ideally, an optical fibre specifically for use in WGM biosensing applications should have a tailored 

number, size and arrangement of holes for the specific application, a large core, and be made from a 

robust and easily manipulated material. Previous work has shown a possible enhancement of up to 30% 

in the Q-factor when the diameter of the microsphere resonator being used matched the diameter of the 

hole in the MOF. Therefore, as microspheres with nominal diameter of 15 μm and 20 μm were to be 

utilized, the fibre was designed to have holes within this size range. Further, the number and 

arrangement of holes was also considered, with a 4-hole design being selected to allow for more than 

one microsphere to be attached to the tip of the fiber at any one time, without interfering or coupling 

between any of the other microspheres. A core of between 5-7 μm was proposed to ensure efficiently 

coupling for both exciting and collecting the modulated fluorescence spectrum from the microsphere, 

and F300 silica glass (n = 1.45) was chosen as the material.  

 

Fig. B.1 Schematics of (A) the preform drilling pattern (B) of the final 4-hole fiber design. 
 

The final 4-hole fiber was made using a three-step process, beginning with drilling the preform, 

canning and then drawing the fiber. The preform was drilled in a 20 mm F300 Silica rod, 

approximately 100 mm in length, with 4 x 1.5 mm holes, placed in a square with spacing of 1.9 mm as 

depicted in Fig B.1.  The canning process reduced the size of the preform to approximately 1.5 mm 

outer diameter, and then the cane was used to draw the final fibre with a diameter of 120 μm. The draw 

target parameters are summaries in Table B.1. A bright field image of the final fiber is shown in figure 

B.2 and a loss measurement in figure B.3. Approximately 2 km of fibre was drawn. 

 

 

 

 

 

!! !!

!!!!

!!!!

1.5 mm

1.9 mm
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 Fibre Drawing Target Parameters  

Temperature 2020 °C 

Pressure 20 mbar 

Feed 0.5 mm/min 

Outer Diameter 120 μm 

 

Table B.1 Summary of fibre drawing target parameters 

 

 

Fig. B.2 Bright field microscope image of two of the fabricated 4-hole MOF 
 

 
Fig. B. 3. Fibre lose measurement of the fabricated 4-hole MOF 
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Appendix C 

 

The Theory of Active Multi-Layer 

Microsphere Resonators  

	

	

	

	

	

	

	

	

	

	

	

	

	



  166 

C.1 Statement of Contribution   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

	

	

	

	

	

	

	

	

Statement of Authorship
Title of Paper A unified theory of multilayer microspheres with single dipole or active layer 

sources  

Publication Status Published Accepted for Publication  

Submitted for Publication
Unpublished and Unsubmitted w ork w ritten in 
manuscript style  

Publication Details J. M. M. Hall, T. Reynolds, M. R. Henderson, N. Riesen, T. M. Monro, and S. 

Afshar V., “A unified theory of multilayer microspheres with single dipole or active 

layer sources,” Accepted for Publication in Optics Express, January 2017.    

Principal Author 

Name of Principal Author 

(Candidate) 

Jonathan M. M. Hall  

Contribution to the Paper 

 

 

Primarily wrote the paper and acted as corresponding author as well as assisting 

with the mathematical formulation of the analytical models throughout the project, 

along with assisting to write the MATLAB codes, primarily focusing on the single 

dipole case.    

Signature Date 11-11-16  

Co-Author Contributions 
By signing the Statement of Authorship, each author certifies that: 

i. the candidate’s stated contribution to the publication is accurate (as detailed above); 

ii. permission is granted for the candidate in include the publication in the thesis; and 

 

 

 

 

 

 

 

 

X



  167 

	

	

	

	

	

	

Name of Co-Author Tess Reynolds  

Contribution to the Paper Assisted with the mathematical formulation of the analytical models throughout the 

project, along with assisting to writing the MATLAB codes, focusing on the dipole 

layer case, while also helping to evaluate and edit the manuscript. Overall 

percentage: 20%.   

Certification: This paper reports on original research I conducted during the period of my Higher 

Degree by Research candidature and is not subject to any obligations or contractual 

agreements with a third party that would constrain its inclusion in this thesis. I am 

the primary author of this paper. 

Signature Date 11-11-16 

 

 

Name of Co-Author Matthew R. Henderson  

Contribution to the Paper Assisted with the mathematical formulation of the foundations of the analytical 

models derived as well as primarily writing the first iterations of the MATLAB 

codes.     

Signature  

 

Date 16-11-16 

 

 

Name of Co-Author Nicolas Riesen  

Contribution to the Paper Assisted with the mathematical formulation of the final forms of the analytical 

models derived along with helping to evaluate and edit the manuscript.    

Signature Date 16-11-16 

 

 

 

 

	

	

Statement of Authorship
Title of Paper  

Publication Status Published Accepted for Publication
 

Submitted for Publication
Unpublished and Unsubmitted w ork w ritten in 
manuscript style  

Publication Details  

Principal Author 

Name of Principal Author (Candidate)  

Contribution to the Paper 

 

 

 

Overall percentage (%)  

Certification: This paper reports on original research I conducted during the period of my Higher Degree by 
Research candidature and is not subject to any obligations or contractual agreements with a 
th  this thesis. I am the primary author of this paper. 

Signature  
 

Date  

Co-Author Contributions 

By signing the Statement of Authorship, each author certifies that: 

i. the candidate’s stated contribution to the publication is accurate (as detailed above); 

ii. permission is granted for the candidate in include the publication in the thesis; and 

iii. the sum of all co-author contributions is equal to 100% less the candidate’s stated contribution.  

 

Name of Co-Author  

Contribution to the Paper  

Signature  
 

Date  

 

Name of Co-Author  

Contribution to the Paper  

Signature  
 

Date  

Optimization of whispering gallery resonator design for biosensing 
applications

T. Reynolds, M. R. Henderson, A. François, J. M. M. Hall, N. 
Riesen, S. Afshar V. and T. M. Monro, “Optimization of whispering 
gallery resonator design for biosensing applications,” Opt. Express, 

23 (13), 17067-17076, 2015. 

Tess Reynolds

Developed and implemented the analytical model capable of generating the 
WGM fluorescence spectrum of a microspherical resonator of any size and 

refractive index, primarily wrote the paper and acted as corresponding author. 

11-11-16

70%

Matthew Henderson 

15-11-16

14-11-16

Alexandre François

Assisted with the formalization of the analytical model, along with contributions to 
manuscript editing and evaluation. 

Supervised the development of the work and helped with the manuscript editing and 
evaluation.  

Name of Co-Author: Tess Reynolds  

Contribution to the Paper: 

 

 

 

 

Signature: 

 

Assisted with the mathematical formulation of the analytical models 

throughout the project, along with assisting to writing the MATLAB 

layer case, while also helping to evaluate 

                                                            Date: 

 

Name of Co-Author: Matthew R. Henderson   

Contribution to the Paper:  Assisted with the mathematical formulation of the foundations of the 

analytical models derived as well as primarily writing the first iterations 

of the MATLAB codes.  

Signature: Date:  

 

Name of Co-Author: Nicholas Riesen   

Contribution to the Paper: Assisted with the mathematical formulation of the final forms of the 

analytical models derived along with helping to evaluate and edit the 

manuscript.  

Signature:  Date:  

 

Name of Co-Author: 

Contribution to the Pa  contributed to the editing and 

Signature:  Date:  

 

 

 

 

 

16-11-2016



  168 

	

	

	

	

	

	

Name of Co-Author Tanya M. Monro  

Contribution to the Paper Supervised the entire project and contributed to the editing and evaluation of the 

manuscript.      

Signature Date 16-11-16  

 

 

Name of Co-Author Shahraam Afshar V.   

Contribution to the Paper Assisted with the mathematical formulation of the analytical models throughout the 

project, along with supervising the entire project and contributed to the editing and 

evaluation of the manuscript.     

Signature Date 16-11-16 

 

 

 

 

 

 



  169 

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

	

A unified theory of whispering gallery
multilayer microspheres with single

dipole or active layer sources
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Abstract: The development of a fast and reliable whispering gallery mode
(WGM) simulator capable of generating spectra that are comparable with
experiment is an important step forward for designing microresonators.
We present a new model for generating WGM spectra for multilayer
microspheres, which allows for an arbitrary number of concentric dielectric
layers, and any number of embedded dipole sources or uniform distributions
of dipole sources to be modeled. The mode excitation methods model em-
bedded nanoparticles, or fluorescent dye coatings, from which normalized
power spectra with accurate representation of the mode coupling efficiencies
can be derived. In each case, the emitted power is expressed conveniently
as a function of wavelength, with minimal computational load. The model
makes use of the transfer-matrix approach, incorporating improvements to
its stability, resulting in a reliable, general set of formulae for calculating
whispering gallery mode spectra. In the specific cases of the dielectric
microsphere and the single-layer coated microsphere, our model simplifies
to confirmed formulae in the literature.

© 2016 Optical Society of America

OCIS codes: (140.3945) Microcavities; (230.0230) Optical devices; (230.5750) Resonators.
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1. Introduction

Due to their guidance of optical whispering gallery mode (WGM) resonances, dielectric micro-
spheres have attracted a lot of interest in different fields of research, such as remote atmospheric
sensing [1, 2], biosensing technologies [3–5], photonic band-gap devices [6, 7], fluorescence
spectroscopy [8–10], nonlinear optics [11–16], superscattering [17], and metamaterial perfect
absorbers [18, 19]. The extensive literature on these applications, together with the numerous
theoretical works on light scattering from microspheres [1, 2, 9, 20–26] based on Mie scatte-
ring [27], clearly demonstrate a continually growing interest in this field of research. Techno-
logical advances have led to new possibilities for using microspheres with several dielectric
layers, coatings of active materials, or doped with fluorescence nanoparticles [28, 29]. The ex-
citation of WGM resonances of microspheres can also occur in numerous ways, such as via
phase-matched optical waveguides [6,30] or fiber tapers [31–34], prism coupling [35], fluores-
cence emission of incorporated nanoparticles [36–38], or active material coatings [39]. As a
result, there is now a necessity to have more advanced models, as well as efficient numerical
simulation tools, for describing these resonators and their excitation schemes accurately.

Simulation techniques are required for the interpretation of measured whispering gallery
mode (WGM) spectra obtained from optical resonators. They may be used to identify the po-
larizations of the modes in a given WGM spectrum [40], and provide insight into how they can
be used for sensing applications [25, 41–43]. Furthermore, the ability to calculate the underly-
ing geometric parameters of a given resonator based solely on its spectrum [44] by scanning
over a wide parameter space makes the development of a fast, reliable and general model for
resonators of high importance.

The derivation of a model that contains multiple layers of concentric spheres has, until
now, not been treated comprehensively. The development of a WGM spectrum model by



  172 

 

 

 

 

 

 

 

 

 

 

 

Chew [20, 45] considered spherical dielectric particles with embedded dipole sources, with
the motivation being the modeling of Raman and fluorescence scattering. The Chew model
was then extended to include a uniform distribution of dipole sources placed on the surface
of a sphere [9]. A multilayer variant to the Chew model exists, but contains no derivation of
the power spectrum [45]. Meanwhile, a generalization of Mie scattering theory, developed for
spherical concentric ‘onion’ resonators, is constrained to external ray excitation [21–23], and
does not provide emitted power spectra with which to compare to WGM resonances.

Analytic models typically make use of the transfer-matrix approach [2], which is faster and
more convenient to construct mathematically than the multilayer Chew model. However, this
approach suffers from numerical instabilities for certain parameter values [46], and needs to be
treated carefully. More recent work on single-layer coated microspheres clearly separates the
spectrum into TE and TM modes, and calculates the resonance positions [24, 26]. However,
the correct identification of the TE and TM modes is not always achieved [2], and the work
presented here clarifies these conventions. The key result of the present work is the derivation
of a model for multilayer microsphere resonators, which may include dipole sources in any
layer, or an active layer of sources. The model is able to generate the wavelength positions of
the TE and TM modes, and calculate the emitted power spectrum, from a formalism that is
general for any excitation strategy, unlike previous works [2].

The format of the article is as follows. In Section 2, the mathematics of the problem is sum-
marized, and the conventions used in the literature are harmonized. In solving the boundary
value problem of a multilayer microsphere using the transfer-matrix approach, the resonance
positions are calculated. The formulae for the normalized power as a function of wavelength
are then derived for two main cases. The first case is mode excitation via a single dipole placed
on the surface with any desired orientation, analogous to embedded nanoparticles. The sec-
ond case is a uniform distribution of dipoles of random orientation, extending the work by
Chew [9], which is analogous to a fluorescent dye coating as commonly used in biosensing ap-
plications [47,48]. The distribution of dipoles can occur in any layer of the multilayer resonator.
In Section 3, the formulae are shown to apply to specific cases, highlighting the differences be-
tween multilayer, single-layer and uncoated microsphere spectra. We showcase the results for
active layer coated microspheres, and demonstrate the novelty of the unified multilayer model.
A discussion of the implementation of the transfer-matrix algorithm is also included, demon-
strating improvements made to the mean execution time. Tests showing that the model con-
verges to the specific cases as the layer thickness becomes vanishingly small are given in the
Appendix.

2. Theory

In this section, we state the basic equations required to find the wavelength positions of the
resonances, and the radiation power spectrum of a multilayer microsphere, with either dipole
sources or active layers for the excitation method.

2.1. Geometry

We consider a microsphere with an arbitrary number of concentric layers, N. The refractive in-
dex distribution and thicknesses are illustrated in Fig. 1. It is assumed that each layer includes
a dipole emitter located at position r0j , where j is the layer number and the prime symbol is
specifically used for the position of the sources. We use the radial coordinate r when repre-
senting fields at an arbitrary point in space, and r j to specify unambiguously the radius of the
boundary between the jth and j+1th region. The outermost region is N+1, extended to infinity,
and the innermost region is 1, hence the radius of the inner region is r1 and rN is the boundary
of region N.
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Fig. 1. The geometry of a spherical resonator with N layers. (a) A single layer contains a
uniform distribution of dipoles, to represent an active layer. (b) One or more individual dipoles
can be placed in a given layer, to represent one or more embedded nanoparticles.

2.2. Conventions

Considering the spherical symmetry of the problem, we use Vector Spherical Harmonics
(VSH). Different conventions exist for the definition of VSH in the literature, e.g. atomic
physics and electrodynamics (see [27] and [49]). We modify the definition given by Bar-
rera [50],

Ylm =Ylm(q ,f)r̂, YYYlm =(
1

i
p

l(l +1)
)r—Ylm(q ,f), FFFlm(q ,f)= (

1
i
p

l(l +1)
)r⇥—Ylm(q ,f),

(1)
where Ylm(q ,f) are standard Scalar Spherical Harmonics [51], and l and m are the azimuthal
quantum numbers. The vector functions Ylm(q ,f), YYYlm(q ,f), and FFFlm(q ,f) are orthonormal,
and form a complete set (See Eqs. (68) and (69)), i.e. any vector field in spherical coordinates
can be expanded based on these functions,

E(r,q ,f) =
•

Â
l=0

m=l

Â
m=�l

[Er
lm(r)Ylm(q ,f)+E(1)

lm (r)YYYlm(q ,f)+E(2)
lm (r)FFFlm(q ,f)], (2)

where the coefficients Er
lm,E

(1)
lm and E(2)

lm can be found by using orthogonality relations (see
Appendix A). Note that Ylm is in the radial direction and YYYlm and FFFlm are in the transverse
plane perpendicular to r̂, and hence E(1)

lm and E(2)
lm represent the coefficients of the transverse

field.

2.3. Transfer Matrix Method

We solve Maxwell’s Equations in the SI system,

E =
ic

we
(—⇥H), H=

ic
we

(—⇥E), (3)

taking into account the boundary conditions of the problem. In general, the total electric and
magnetic field in each region j can be written as the sum of the fields due to the dipole in the
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layer, denoted E jd ,H jd , and those associated with the reflection and transmission from other
layers, denoted E j,H j. Hence Etotal

j = E j +E jd and Htotal
j = H j +H jd . The fields (E j,H j) can

be written as [45]:

E j=Â
l,m

 

ic
n2

jw

!

A j—⇥ [ jl(k jr)FFFlm(q ,f)]+

 

ic
n2

jw

!

B j—⇥ [h(1)l (k jr)FFFlm(q ,f)]

+Cj jl(k jr)FFFlm(q ,f)+D jh
(1)
l (k jr)FFFlm(q ,f), (4)

H j=Â
l,m

�
✓

ic
µ jw

◆

Cj—⇥ [ jl(k jr)FFFlm(q ,f)]�
✓

ic
µ jw

◆

D j—⇥ [h(1)l (k jr)FFFlm(q ,f)]

+(
1
µ j

)A j jl(k jr)FFFlm(q ,f)+(
1
µ j

)B jh
(1)
l (k jr)FFFlm(q ,f). (5)

Here, A j, B j, Cj and D j are coefficients that are determined through the boundary conditions.
Note that A j and B j describe the transverse component of H j and thus the TM modes, whereas
Cj and D j describe the TE modes, as defined by Jackson [51]. Also the choice of Bessel func-
tions jl(k jr) and h(1)l (k jr) ensures that appropriate functions of r can be constructed for any
layer, including the innermost and outermost regions. Using the properties of the orthonormal
functions Ylm, YYYlm, and FFFlm (Eqs. (68) through (70)), we rewrite Eqs. (4) and (5) as

E j=Â
l,m

"

�
 

ic
n2

jw

!

p

l(l +1)
i

[A j
1
r

jl(k jr)+B j
1
r

h(1)l (k jr)]Ylm(q ,f)

�
 

ic
n2

jw

!

⇢

A j
1
r

d
dr

[r jl(k jr)]+B j
1
r

d
dr

[rh(1)l (k jr)]
�

YYYlm(q ,f)

+
n

Cj jl(k jr)+D jh
(1)
l (k jr)

o

FFFlm(q ,f)

#

, (6)

H j=Â
l,m

"

✓

ic
µ jw

◆

p

l(l +1)
i

[Cj
1
r

jl(k jr)+D j
1
r

h(1)l (k jr)]Ylm(q ,f)

+

✓

ic
µ jw

◆⇢

Cj
1
r

d
dr

[r jl(k jr)]+D j
1
r

d
dr

[rh(1)l (k jr)]
�

YYYlm(q ,f)

+(
1
µ j

)
n

A j jl(k jr)+B jh
(1)
l (k jr)

o

FFFlm(q ,f)

#

. (7)

This explicitly shows that the electric and magnetic fields (E j,H j) in the layer j are written in
terms of the orthonormal function set Ylm(q ,f), YYYlm(q ,f), and FFFlm(q ,f), in a form consis-
tent with Eq. (2). The boundary conditions at the interfaces of the layers imply that transverse
components of the fields are continuous, while there is a discontinuity in the normal compo-
nents of the fields. We focus on transverse components of the fields, indicated by superscript
(1) and (2) in Eq. (2), in layer j. We write them in a matrix form using Eqs. (6) and (7)

EH j = Mj(r)A j, (8)
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where the block diagonal matrix Mj(r) =
✓

MT M
j 0
0 MT E

j

◆

and the vectors EH j and A j are

defined as

Mj(r) =
1

k jr

0

B

B

B

B

@

�
⇣

i
n j

⌘

y 0
l (k jr) �

⇣

i
n j

⌘

c 0
l (k jr) 0 0

( 1
µ j
)yl(k jr) ( 1

µ j
)cl(k jr) 0 0

0 0 yl(k jr) cl(k jr)
0 0

⇣

in j
µ j

⌘

y 0
l (k jr)

⇣

in j
µ j

⌘

c 0
l (k jr)

1

C

C

C

C

A

, (9)

EH j(r) =

0

B

B

B

B

@

E(1)
j (r)

H(2)
j (r)

E(2)
j (r)

H(1)
j (r)

1

C

C

C

C

A

, A j =

0

B

B

@

A j
B j
Cj
D j

1

C

C

A

. (10)

In arriving at Eq. (9) we have used c/n jw = 1/k j, Riccati-Bessel and Riccati-Hankel func-
tions, yl(k jr) = k jr jl(k jr) and cl(k jr) = k jrh(1)l (k jr), and their derivatives with respect to their
arguments, y 0

l (k jr) and c 0
l (k jr). Note that the determinant of 2⇥2 blocks, MT M

j and MT E
j , are

given by

det(MT M
j (r)) =

i
µ jn jk2

j r2 Wk jr[yl(k jr),cl(k jr)] =� 1
µ jn jk2

j r2 , (11)

det(MT E
j (r)) =

1
k2

j r2

✓

in j

µ j

◆

Wk jr j [yl(k jr),cl(k jr)] =�
n j

µ jk2
j r2 , (12)

where the Wronskian is defined as

Wx[ f (ax),g(ax)]⌘ f (ax)g0(ax)� f 0(ax)g(ax), for the derivative with respect to x. (13)

Using Eq. (19) in [2], it can be shown that Wk jr[yl(k jr),cl(k jr)] = i. We write the fields
E jd(r),H jd(r) due to a dipole located in the layer j and at position r0j in a similar way as
Eq. (8), and hence we modify the field equations in [20] to write

EH jd(r) = q(r0j � r)Mj(r)a jL +q(r� r0j)Mj(r)a jH . (14)

Here, q(r) is a step function [q(r) = 0 for r < 0 and q(r) = 1 for r � 0] that ensures the correct
Bessel function jl(k jr) or h(1)l (k jr) is selected to evaluate the fields at point r either when r < r0j
(shown by subscript L in a jL) or r > r0j (shown by subscript H in a jH ), respectively. The vectors
EH jd , a jL and a jH are given by

EH jd =

0

B

B

B

B

@

E(1)
jd

H(2)
jd

E(2)
jd

H(1)
jd

1

C

C

C

C

A

,a jL =

0

B

B

@

a jEL
0

a jML
0

1

C

C

A

,a jH =

0

B

B

@

0
a jEH

0
a jMH

1

C

C

A

, (15)
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where the coefficients a jEL, a jML, a jEH and a jML take the form [20]:

a jEL(r0j) = 4pk2
j

rµ j

e j
P.—0

j⇥[h(1)l (k jr0j)FFF⇤
lm(q 0

j,f 0
j)], a jML(r0j) = 4pik3

j
1
e j

h(1)l (k jr0j)P.FFF⇤
lm(q 0

j,f 0
j),

(16)

a jEH(r0j)=4pk2
j

rµ j

e j
P.—0

j⇥[ jl(k jr0j)FFF⇤
lm(q 0

j,f 0
j)], a jMH(r0j) = 4pik3

j
1
e j

jl(k jr0j)P.FFF⇤
lm(q 0

j,f 0
j).

(17)

The dipole coefficients a jEL and a jEH contribute to the TM modes, whereas a jML and a jMH
contribute to the TE modes [27, 51], which has caused confusion in the literature [2]. Here, we
use the subscripts E and M of the dipole coefficients to indicate their origin in the electric and
magnetic multipole expansions, respectively. The —0

j symbol indicates derivatives with respect
to the position r0j, and P is the dipole moment vector. Establishing field components in the layer
j, we can construct the total field as the sum of fields in Eqs. (8) and (14), i.e.,

EHT
j (r) = Mj(r)A j +q(r0j � r)Mj(r)a jL +q(r� r0j)Mj(r)a jH , (18)

where superscript T indicates total fields in layer j. The continuity of the transverse components
of the electric and magnetic fields at the interface of regions j and j+1 leads to

EHT
j (r j,q ,f) = EHT

j+1(r j,q ,f), (19)

Mj(r j)[A j +a jH ] = Mj+1(r j)[A j+1 +a j+1L], (20)

A j+1 = M�1
j+1(r j)Mj(r j)A j +M�1

j+1(r j)Mj(r j)a jH �a j+1L. (21)

Equation (20) can be used recursively to connect the coefficients in the outermost region, N+1,
to the innermost region, 1, leading to

AN+1 = T (N +1,1)A1 +D, (22)

where matrix T (N +1, j) is defined by

T (N +1, j) = M�1
N+1(rN)MN(rN)M�1

N (rN�1)MN�1(rN�1)M�1
N�1(rN�2)MN�2(rN�2)...

M�1
j+2(r j+1)Mj+1(r j+1)M�1

j+1(r j)Mj(r j), for 1  j < N +1, (23)

T (N +1, j) = I4⇥4, for j = N +1. (24)

Note that T (N + 1, j) is always composed of repetitive blocks of matrices in the form of
M�1

j+1(r j)Mj(r j). Explicitly writing this matrix, it can be found that

M�1
j+1(r j)Mj(r j) =

i
n j+1µ j

k j+1

k j
G( j+1, j) =

i
n j+1µ j

k j+1

k j

0

B

B

@

G11 G12 0 0
G21 G22 0 0

0 0 G33 G34
0 0 G43 G44

1

C

C

A

( j+1, j)

.

(25)

The sub-matrices GT M =

✓

G11 G12
G21 G22

◆

and GT E =

✓

G33 G34
G43 G44

◆

take the form

✓

GLy 0
l (k jr j)cl(k j+1r j)�GRyl(k jr j)c 0

l (k j+1r j) GLc 0
l (k jr j)cl(k j+1r j)�GRcl(k jr j)c 0

l (k j+1r j)
GLy 0

l (k j+1r j)yl(k jr j)�GRyl(k j+1r j)y 0
l (k jr j) GLy 0

l (k j+1r j)cl(k jr j)�GRyl(k j+1r j)c 0
l (k jr j)

◆

(26)
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for GL = µ jn2
j+1/n j and GR = µ j+1n j+1 in the case of GT M , and GL = µ j+1n j and GR = µ jn j+1

in the case of GT E .
The constant vector D is given by

D =
N+1

Â
j=1

T (N +1, j)(1�d j,N+1)a jH �T (N +1, j)(1�d j,1)a jL. (27)

The sum in Eq. (27) is effectively over the regions that contain dipoles, since terms associated
with regions with no dipoles are zero. Equation (22) can be inverted to obtain A1 in terms of
AN+1 as follows,

A1 = T�1(N +1,1)AN+1 +T�1(N +1,1)D. (28)

Note that the constant vector D, contains information about the structure through the scattering
matrix T , and information about the dipole sources, through a jH and a jL. However, matrices
T (N +1,1) and T�1(N +1,1) are independent of any source, and depend only on the parame-
ters of the structure. Thus, they represent the scattering matrix of the entire structure. To avoid
confusion between the elements of matrices T (N +1,1) and T (N +1, j), from now on, we use
T ⌘ T (N+1,1) and T j ⌘ T (N+1, j) for j 6= 1. The matrices of the form T (N+1, j) are block
diagonal matrices, since they have been built based on block diagonal matrices M. We define

matrix S ⌘
✓

ST M 0
0 ST E

◆

= T�1(N +1,1) = T�1 and hence

S =

0

B

B

@

T11 T12 0 0
T21 T22 0 0
0 0 T33 T34
0 0 T43 T44

1

C

C

A

�1

=

0

B

B

@

S11 S12 0 0
S21 S22 0 0
0 0 S33 S34
0 0 S43 S44

1

C

C

A

. (29)

In the innermost region, the coefficients of Hankel functions in Eq. (4) and (5) are zero, and
hence the vector A1 has the form A1 = (A1,0,C1,0). Using this, Eq. (28) can be solved to find
AN+1 in terms of A1 and C1 as

AN+1 = D1 +
S22

(�S21S12 +S11S22)
A1, (30)

BN+1 = D2 �
S21

(�S21S12 +S11S22)
A1, (31)

CN+1 = D3 �
S44

(S43S34 �S33S44)
C1, (32)

DN+1 = D4 +
S43

(S43S34 �S33S44)
C1. (33)

The coefficients AN+1 = (AN+1,BN+1,CN+1,DN+1)T determine the fields in the region N + 1,
i.e., the outermost region, and hence are the scattering coefficients of the whole system of the
microsphere and its sources. These coefficient are the same as an and bn coefficients of Mie
scattering, and represent different magnetic and electric dipole moments (BN+1 corresponds to
an, and DN+1 corresponds to bn).

Equations (31) through (32) are general, and can be used for a range of scenarios:

1. If there are no sources (i.e. no dipoles in the structure and no incident wave) then D = 0,
and from the above equations one can find the ratios BN+1/AN+1 and DN+1/CN+1, which
determine all the far field scattering coefficients. From these ratios one can find the TM
and TE resonances of the structure, respectively (see Sections 8.1 and 8.2).
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2. If there are dipole sources in the structure, then, without loss of generality, we can choose
AN+1 = CN+1 = 0, solve for A1 and C1 from Eqs. (30) and (32) and then find BN+1 and
DN+1 from Eqs. (31) and (33), respectively. This is due to the fact that the total emitted
power must be the same in both the near and far fields.

3. If there is only an incident field, then D = 0, and AN+1 and CN+1 are known from the
incident wave expansion, and in turn A1 and C1 are known, which means that BN+1 and
DN+1 are also known.

2.4. Structure Resonances

We consider the case where there are no sources- neither plane waves nor dipoles. Thus D = 0
in Eqs. (31) through (32) and we can find

BN+1 =�S21

S22
AN+1, (34)

DN+1 =�S43

S44
CN+1. (35)

In the electric field of Eq.( 4), BN+1 is the coefficient of the h(1)l (kr) term and AN+1 is the coef-
ficient of the jl(kr) term in the outermost region N +1. Hence the ratio of BN+1/AN+1 should
approach infinity near a resonance with a transverse magnetic component only. Similarly, in the
magnetic field of Eq. (5), DN+1 is the coefficient of the h(1)l (kr) term and CN+1 is the coefficient
of the jl(kr) term, in the outer layer N+1. In this case, the ratio of DN+1/CN+1 should approach
infinity near a resonance with a transverse electric component only. As a result, both S21/S22
and S43/S44 ! •, which means the TM and TE resonances of the structure can be found by
setting

T11 = 0 for TM resonances, (36)
T33 = 0 for TE resonances. (37)

These equations are in general multivalued, and for a given azimuthal quantum number l, the
solutions to Eqs. 36 and 37 form the fundamental radial modes and their harmonics. The nu-
merical code associated with this paper1 uses the optical and geometrical properties of any
structure, to find the T matrix, and numerically solves Eqs. (36) and (37) for any given wave-
lengths range.

2.5. Scattered power in the outer region

We are interested in calculating the total radiated power of the system. Thus, we need to calcu-
late the fields as r ! •. In the outermost region N +1 and for r � r0j, the total transverse parts
of the fields in Eq. (18) are given by

EHT
N+1(r) = MN+1(r)AN+1 +q(r� r0N+1)MN+1(r)aN+1H(r0N+1). (38)

In the limit of r ! •, this equation leads to the following forms for the scattered fields,
1http://www.photonicsimulation.net
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Esc =�Â
l,m

✓

i
nN+1

◆

1
kN+1r

c 0
l (kN+1r)YYYlm(q ,f)[BN+1 +aN+1EH(r0N+1)]

+Â
l,m

FFFlm(q ,f)
1

kN+1r
cl(kN+1r)[DN+1 +aN+1MH(r0N+1)], (39)

Hsc = Â
l,m

(
1

µN+1

)FFFlm(q ,f)
1

kN+1r
cl(kN+1r)[BN+1 +aN+1EH(r0N+1)]

+Â
l,m

(
inN+1

µN+1

)
1

kN+1r
c 0

l (kN+1r)YYYlm[DN+1 +aN+1MH(r0N+1)]. (40)

Note that in arriving at the above equation, we have used Eqs. (2), (9), and (10) and jl(kr)! 0
as r ! •. The total scattered power through a sphere of radius r can then be calculated by

Ptotal = r2
Z

Ssc.r̂dW =
c

8pµN+1
r2

Z

(Esc ⇥µN+1H⇤
sc).r̂dW

=
c

8pµN+1
Â
l,m

⇣ �i
nN+1k2

N+1

⌘

c 0
l kN+1rc⇤

l (kN+1r)
�

�BN+1 +aN+1EH(r0N+1)
�

�

2

+ i
nN+1

k2
N+1

cl(kN+1r)c⇤0
l (kN+1r)

�

�DN+1 +aN+1MH(r0N+1)
�

�

2
, (41)

where we have used the orthonormal properties of YYYlm(q ,f) and FFFlm(q ,f) functions given
in Eq. (68) through (70). Note that in the limit of r ! •, cl(z) ! zh(1)l (z) ! i�l�1eiz and
c 0

l (z)! i�leiz [2], and hence

Ptotal =
c

8p

r

eN+1

µN+1

1
k2

N+1
Â
l,m

[
⇣ 1

n2
N+1

⌘

�

�BN+1 +aN+1EH(r0N+1)
�

�

2
+
�

�DN+1 +aN+1MH(r0N+1)
�

�

2
].

(42)
Equation (42) is general, where BN+1, DN+1, aN+1EH(r0N+1) and aN+1MH(r0N+1) can be calcu-
lated based on Eqs. (31), (33), (15), and (16) respectively. Note that if there is no dipole in the
outermost region, then aN+1EH(r0N+1) = aN+1MH(r0N+1) = 0.

2.6. A dipole in one layer

In this section, we assume that there exists only one dipole in the layer j, where j = 1, . . . ,N+1.
Then, according to Scenario 2 of Section 2.3,

A1 =� (�S21S12 +S11S22)

S22
D1, C1 =

(S43S34 �S33S44)

S44
D3,

BN+1 = D2 +
S21

S22
D1, DN+1 = D4 +

S43

S44
D3. (43)

Then, using Eqs. (15), (27), and (29), we get

D = T (N +1, j)(1�d j,N+1)a jH �T (N +1, j)(1�d j,1)a jL

=

0

B

B

B

@

T j
12(1�d j,N+1)a jEH �T j

11(1�d j,1)a jEL

T j
22(1�d j,N+1)a jEH �T j

21(1�d j,1)a jEL

T j
34(1�d j,N+1)a jMH �T j

33(1�d j,1)a jML

T j
44(1�d j,N+1)a jMH �T j

43(1�d j,1)a jML

1

C

C

C

A

, (44)
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based on which we can find

BN+1 +aN+1EH(r0N+1) =

(T j
22 +

S21

S22
T j

12)(1�d j,N+1)a jEH(r0j)� (T j
21 +

S21

S22
T j

11)(1�d j,1)a jEL(r0j)+d j,N+1a jEH(r0j)

= ala jEH(r0j)�bla jEL(r0j), (45)

where al = (T j
22 +

S21

S22
T j

12)(1�d j,N+1)+d j,N+1 and bl = (T j
21 +

S21

S22
T j

11)(1�d j,1) (46)

and

DN+1 +aN+1MH(r0N+1) =

(T j
44 +

S43

S44
T j

34)(1�d j,N+1)a jMH(r0j)� (T j
43 +

S43

S44
T j

33)(1�d j,1)a jML(r0j)+d j,N+1a jMH(r0j)

= gla jMH(r0j)�zla jML(r0j), (47)

where gl = (T j
44 +

S43

S44
T j

34)(1�d j,N+1)+d j,N+1 and zl = (T j
43 +

S43

S44
T j

33)(1�d j,1) (48)

Equations (45) and (47) are also general, and can be applied to a dipole in any layer j,
including the innermost layer 1 or the outermost layer N + 1. Considering Eqs. (16) and (17),
we can rewrite BN+1 + aN+1EH(r0N+1) and DN+1 + aN+1MH(r0N+1), which appear in the total
scattered power in Eq. (42), as

BN+1 +aN+1EH(r0N+1) = 4pk2
j

rµ j

e j
P.—0

j⇥{[al jl(k jr0j)�blh
(1)
l (k jr0j)]FFF⇤

lm(q 0
j,f 0

j)}, (49)

DN+1 +aN+1MH(r0N+1) = 4pik3
j

1
e j
[gl jl(k jr0j)�zlh

(1)
l (k jr0j)]P.FFF⇤

lm(q 0
j,f 0

j). (50)

Using the properties of orthonormal functions Ylm, YYYlm, and FFFlm(q ,f), and Eq (70), we note
the forms of BN+1 +aN+1EH(r0N+1) = P.[ fl(r0j)Ylm +gl(r0j)YYYlm] and DN+1 +aN+1MH(r0N+1) =
P.kl(r0j)FFF

⇤
lm, where fl(r0j),gl(r0j), and kl(r0j) are functions of r0j, as in Eqs. (49) and (50).

Hence we can use the properties of the dyadic products of Ylm, YYYlm, and FFFlm, Eq.
(71), to perform the summation over m and simplify Âl,m
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, which appear in Eq. (42),
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Here, Pr, Pq , and Pf are the polar components of the polarization vector P. Based on the above
equation, we can find the total scattered power from a sphere as the sum of powers due to
normal and transverse components of P,

Ptotal = P?+Pk =
c
2

r
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k4
j n

2
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(
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(53)

One can normalize the powers P? and Pk to powers radiated by a dipole in a bulk material
with (n j,e j,µ j), i.e. P0

? = ck4
j |Pr|2 /(3e jn j) and P0

k = ck4
j (|Pq |2 +

�
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=
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2.7. One active layer

In this section, we consider a multilayer structure where one of the layers consists of active
material. In this context, we add randomly oriented and uniformly distributed dipoles, with
density r(r0j) = 1, into that layer. As a result, one must integrate Eqs. (54) and (55) with respect
to r0j, which is located within the layer j. Since dipoles are randomly oriented in the layer, we

can write
⌦
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⌦
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=
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(
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I(1)l = (2l +1)
Z

j
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�

[al jl(k jr0j)�blh
(1)
l (k jr0j)]

�

�

�

2
dr0j, (58)

where the volume of the shell is Vjshell = 4p(r02j � r02j�1). If j = 1, then by convention, r0 is
set to zero, as in that case the volume is simply the sphere bounded by the innermost radius.
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=
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I(3)l = (2l +1)
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The total power is then

⌧
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Defining a functional form
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1
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where pl(z) and ql(z) can be any of y(x) = x jl(x) or c(x) = xh(1)l (x), one can then find
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where r j and r j�1 are the radii of the upper and lower interfaces of the region j, respectively.
Similarly, we can calculate
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(66)

With
h

l(l +1)I(1)l + I(2)l

i

and I(3)l now known, the total averaged power can be calculated from
Eq. (63).

3. Demonstration and discussion

We now consider several scenarios of interest that can be uniquely treated using this model.
First, we examine the behavior of the WGM spectrum of a silica microsphere (with dispersion
included [52]) coated with a single high refractive index layer (N = 2) surrounded by water, as
the thickness of the coating d is changed from 5 nm to 15 nm. Figure 2 shows the results for
an electric dipole placed just outside the surface, with an orientation perpendicular or parallel
to the surface of the sphere. A range of wavelengths 0.59–0.61 µm is simulated, and the outer
diameter is kept fixed at 25 µm. It is found that there is a systematic shift in the prominent
WGM peaks towards higher wavelengths, as the thickness of the layer is increased. The free
spectral range, however, remains largely unchanged over this range of wavelength values. In
the limit d ! 0, the results match the simple case of the Chew model, as anticipated [20].

The thin vertical lines marking the position of the resonances, with the corresponding mode
numbers and labels, are obtained from the structure resonance positions in Eqs. (36) and (37)
for a two-layer microsphere, by setting N = 2 in our general formalism. This can be done in a
straightforward way in the code associated with this paper (see footnote on pg. 10). The thick
vertical lines indicate the resonance positions obtained from the Arnold formalism [24, 26],
which agree exactly. Note that in the case of the parallel excitation in Fig. 2(b), there is a small
contribution from the TM mode as well, as expected from Eq. (55).

A silica microsphere of the same size, 25 µm, is then modeled as being coated with a polymer
(PMMA) with dispersion incorporated through the Sellmeier equations for both materials [52,
53], as shown in Fig. 3. PMMA is simulated in this example because it can act as an active
layer [47] and is a straightforward way of testing the functionality of the model. At the diameter
considered, higher order modes are not strongly coupled to, and so both the TE and TM modes
remain distinct, as can be seen in Fig. 3(a). The refractive index contrast between silica and
PMMA is relatively small, and so the dependence of the mode positions on the thickness of
the coating is more mild. A close-up view of the plot is shown in Fig. 3(b). The vertical lines
indicate the full-width at half-maximum positions for a variety of peaks, from which Q-factors
can be extracted. Q-factors corresponding to a selection of TM and TE modes are also shown
above each peak. Note that for the TM modes (the left three peaks) there is a decrease in the
Q-factor as d increases, but for the TE modes there is an apparent increase in the Q-factor.

The sensitivity of the WGM peaks can be examined by varying the refractive index of the
surrounding medium, n3. In Fig. 4(a), d = 10 nm, the mean TE peak shift leads to a sensitivity
of S ⌘ dl/dn3 = 60.0 nm/R.I.U. For a surrounding index of 1.36 and above, the index contrast
is sufficiently low that the TM mode is suppressed, and only the TE mode appears. We also
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Fig. 2. Spectra obtained from a simulated silica microsphere, incorporating dispersion, coated
with a high refractive index layer (n2 = 1.7) with a diameter of 25 µm, surrounded by water. A
single electric dipole is oriented (a) in the radial direction and (b) in the tangential direction.

TE179,0TE180,0TE181,0TE182,0TE183,0TE184,0

TM179,0TM180,0TM181,0TM182,0TM183,0TM184,0

0.590 0.595 0.600 0.605 0.610

1.0

1.5

2.0

2.5

3.0

l @mmD

PêP
0

HaL
d = 50 nm
d = 30 nm
d = 10 nm

2874

2920

2681

2980

2659

2996
3075

3175

0.597 0.598 0.599 0.600 0.601 0.602 0.603 0.604

1.0

1.5

2.0

2.5

3.0

l @mmD

PêP
0

HbL
d = 90 nm
d = 70 nm
d = 50 nm
d = 30 nm
d = 10 nm

Fig. 3. Spectra for a silica microsphere coated with a polymer layer (PMMA), both of which
include dispersion. The polymer layer functions as an active layer. (a) Both TE and TM modes
are excited. (b) A zoomed in plot showing the FWHM of several peaks and their Q-factors.
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Fig. 4. The sensitivity of silica microspheres coated with PMMA as a function of the surround-
ing refractive index, for two example layer thicknesses. (a) d = 10 nm, (b) d = 50 nm. Inset:
the figure of merit (FOM), Q.S, in units of 105 nm/R.I.U., as a function of l .
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Fig. 5. The execution time T of the formulae P/P0(l ) as a function of wavelength. The results
are shown for a numbers of layers N = 1,2 and 3. The results for a single-dipole excitation
oriented (a) parallel, and (b) perpendicular to the surface of the sphere are similar in magnitude.
(c) The results of a single uniform distribution of dipoles within the center of the sphere begin
to plateau as the wavelength becomes small. The tolerance selected is t = 1⇥1012.
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calculate a figure of merit (FOM), defined as Q.S [43], to assess the sensing performance of
the microspheres. The inset of Fig. 4(a) shows a decrease in the FOM as a function of l . In
Fig. 4(b), d = 50 nm, both the sensitivity and the FOM are larger, with S = 63.3 nm/R.I.U.

The implementation of the algorithm for the calculation of P/P0(l ) is presented in the sup-
plementary information. The summation, Â•

l=1, is calculated to an upper bound, lmax, deter-
mined by a prescribed tolerance t , so that

|(P/P0)l=lmax+1 � (P/P0)l=lmax |
(P/P0)l=lmax+1

< t. (67)

This prescription is sufficient so long as the behavior of P/P0 is convergent, which is usually
the case, except for unstable parameter regions, described below. At each value of l > 1, the
spherical Bessel and Hankel functions are calculated using the recursion relations, and function
calls are minimized to improve the efficiency of the calculation.

Examples of the scaling behavior of the execution times (T ) for the functions P/P0(l ), with
respect to wavelength, for numbers of layers N = 1,2 and 3 are shown in Fig. 5 for a fixed
outer diameter of 25 µm. The results are fairly insensitive to the layer thickness, allowing
Fig. 5 to be a fairly accurate measure of the execution time for a given number of layers and
prescribed tolerance, t . It was found that the implementation of the recursion relations resulted
in an improvement of approximately one order of magnitude in the execution time compared to
function-call methods.

4. Conclusion

A method for the modeling of whispering gallery modes in optical resonators, including various
excitation scenarios that closely mirror experimental techniques, is an important step toward fa-
cilitating the design and analysis of novel resonator architectures. We developed an algorithm
based on the solutions of the boundary value problem for multilayer spherical resonators, with
improved execution times compared to standard functional methods. The model is able to han-
dle an arbitrary number of concentric, spherical dielectric layers, and extract the resonance
positions from the characteristic equation. Formulae for the power spectrum are derived for
the case of a single dipole or an active layer source, and the behavior of the mode positions
are examined for several different scenarios. Estimates of the computation time for the normal-
ized emitted power at a single wavelength, and improvements to stability issues inherent in the
transfer-matrix approach, have been discussed. The spectrum simulator reported represents an
important step towards a general, fast and efficient method for extracting the underlying pa-
rameters and properties of a given resonator purely from its spectrum, simulating spectra over a
wide parameter space, and predicting features of novel resonator designs for photonic band-gap
devices and biosensing applications.
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6. Appendix A: Properties of Vector Spherical Harmonics (VSH)

The VSH are orthogonal in the usual three-dimensional sense,

Ylm ·YYYlm = FFFlm ·YYYlm = FFFlm ·Ylm = 0, (68)
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and also orthonormal in the Hilbert space
Z

Ylm ·Y⇤
l0m0dW =

Z

YYYlm ·YYY⇤
l0m0dW =

Z

FFFlm ·FFF⇤
l0m0dW = dll0dmm0 ,

Z

Ylm ·YYY⇤
l0m0dW =

Z

YYYlm ·FFF⇤
l0m0dW =

Z

Ylm ·FFF⇤
l0m0dW = 0. (69)

In addition, it can be shown that

—⇥ ( f (r)Ylm) =
1
r

f (r)FFFlm; —⇥ ( f (r)YYYlm) =

✓

d f
dr

+
1
r

f (r)
◆

FFFlm,

—⇥ ( f (r)FFFlm) =�
p

l(l +1)
ir

f Ylm �
✓

d f
dr

+
1
r

f
◆

YYYlm. (70)

The following summation rules apply to dyadic products of the VSH:

m=l

Â
m=�l

FFFlmFFF⇤
lm =

m=l

Â
m=�l

YYYlmYYY⇤
lm =

2l +1
8p

(eq eq + ef ef );
m=l

Â
m=�l

YlmY⇤
lm =

2l +1
4p

(erer);

m=l

Â
m=�l

FFFlmY⇤
lm =

m=l

Â
m=�l

FFFlmYYY⇤
lm =

m=l

Â
m=�l

YlmYYY⇤
lm = 0. (71)

7. Appendix B: Relation between conventions

Depending on the application, different definitions have been used for the VSH. The following
functions have been used in the literature

Xlm(q ,f) = (
1
i
)(

1
p

l(l +1)
)r⇥—Ylm(q ,f) [23, 51] (72)

Yllm(q ,f) = (
1
i
)(

1
p

l(l +1)
)r⇥—Ylm(q ,f)Eq. (5.9.14) of [54] (73)

Y(m)
L = (

1
i
)(

1
p

l(l +1)
)r⇥—Ylm(q ,f); Y(e)

L =�(
1
i
)(

1
p

l(l +1)
)r—Ylm(q ,f);

(
�1
i
)Ylm(q ,f)r̂ = Y(o)

L [2] (74)

Comparing these equations with the orthonormal functions used here, Eqs. (1), we find,

Yllm = Xlm = Y(m)
L = FFFlm, Y(e)

L =�YYYlm, (
1
i
)Y(o)

L = Ylm. (75)

8. Appendix C: Examples

8.1. Example 1: A microsphere

For a microsphere, we set N = 1, and then using Eq. (23), the T matrix is

T (2,1) = M�1
2 (r1)M1(r1), (76)

and hence we can use Eq. (25) and (26) with j = 1 to find
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T11 =
i

n2µ1
G11 =

i
n2µ1

k2

k1

n2

n1
[n2µ1y 0

l (k1r1)cl(k2r1)�n1µ2yl(k1r1)c 0
l (k2r1)], (77)

T33 =
i

n2µ1

k2

k1
G33 =

i
n2µ1

k2

k1
[n1µ2y 0

l (k1r1)cl(k2r1)�n2µ1yl(k1r1)c 0
l (k2r1)]. (78)

By assuming µ1 = µ2, the TM and TE resonance conditions, T11 = 0 and T33 = 0, lead to

n2
y 0

l (k1r1)

yl(k1r1)
= n1

c 0
l (k2r1)

cl(k2r1)
TM resonance condition, (79)

n1
y 0

l (k1r1)

yl(k1r1)
= n2

c 0
l (k2r1)

cl(k2r1)
TE resonance condition. (80)

Eqs. (79) and (80) exactly match Eqs. (19) and (13) in [25] and Eq. (4.53) in [27], respectively.
It should be noted that in Eq. (33) of [2] the TE and TM modes are interchanged.

8.1.1. Special case: A dipole in the outer region

Let us assume a dipole source is located in the outermost region, i.e., j = N + 1 = 2. Then D
from Eqs. (27) and (23) becomes

D =�T 2(2,2)a2L =�I4⇥4a2L (81)

Using Eq. (45) and (47), we can find B2 +a2EH(r0j) and D2 +a2MH(r0j) in

B2 +a2EH(r02) = ala2EH �bla2EL; where al = 1 and bl = (T 2
21 +

S21

S22
T 2

11) =
S21

S22
(82)

D2 +a2MH(r02) = gla2MH �zla2ML; where gl = 1 and zl = (T43 +
S43

S44
T33) =

S43

S44
(83)

Having identified the coefficient al ,bl ,gl ,zl , we can find the power due to normal and trans-
verse components using Eq. (54) and (55) as

P?
P0
?
=

3
2 Â

l
(2l +1)l(l +1)

�

�

�

[ jl(k2r02)+
S21
S22

h(1)l (k2r02)]
�

�

�

2

k2
2r022

, (84)

Pk
P0
k
=

3
4 Â

l
(2l +1)

8

>

<

>

:

2

6

4

�

�

�

{ d
dr02

[r02 jl(k2r02)]+
S21
S22

d
dr02

[r02hl(k2r02)]}
�

�

�

2

k2
2r022

+

�

�

�

�

[ jl(k2r02)+
S43

S44
h(1)l (k2r02)]

�

�

�

�

2
3

7

5

9

>

=

>

;

.

(85)

Now since S = T�1, Eq. (29), then S21
S22

= �T21
T11

and S43
S44

= �T43
T33

. In addition, T (2,1) =
M�1

2 (r1)M1(r1) and hence we can use Eq. (25) and (26) to find
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S21

S22
=�

[n1µ2y 0
l (k2r1)yl(k1r1)�n2µ1yl(k2r1)y 0

l (k1r1)]

[n2µ1y 0
l (k1r1)cl(k2r1)�n1µ2yl(k1r1)c 0

l (k2r1)]
(86)

=
[(e2/n2)yl(k2r1)y 0

l (k1r1)� (e1/n1)y 0
l (k2r1)yl(k1r1)]

[(e2/n2)y 0
l (k1r1)cl(k2r1)� (e1/n1)yl(k1r1)c 0

l (k2r1)]
, (87)

S43

S44
=�

n2µ1y 0
l (k2r1)yl(k1r1)�n1µ2yl(k2r1)y 0

l (k1r1)

n1µ2y 0
l (k1r1)cl(k2r1)�n2µ1yl(k1r1)c 0

l (k2r1)
(88)

=
(e1/n1)yl(k2r1)y 0

l (k1r1)� (e2/n2)y 0
l (k2r1)yl(k1r1)

(e1/n1)y 0
l (k1r1)cl(k2r1)� (e2/n2)yl(k1r1)c 0

l (k2r1)
. (89)

Having found the coefficients S21
S22

and S43
S44

, we can find P?
P0
?

and
Pk
P0
k
. Equations (86) and (88) are

the same as Eqs. (6) and (7) of Chew [20].

8.1.2. Special case: A dipole in the inner region

Let us assume a dipole in the innermost region, then N = 1, j = 1 and from Eqs. (15), (23)
and (27) we find D = T (2,1)a jH = (T12a1EH ,T22a1EH ,T34a1MH ,T44a1MH). Using Eq. (45) and
(47), we can find B2 +a2EH(r01) and D2 +a2MH(r01),

BN+1 +aN+1EH(r02) = (T22 +
S21

S22
T12)a jEH (90)

= ala1EH �bla1EL; where al = (T22 +
S21

S22
T12) and bl = 0 (91)

DN+1 +aN+1MH(r02) = (T44 +
S43

S44
T34)a1MH (92)

= gla1MH �zla1ML; where gl = (T44 +
S43

S44
T34) and zl = 0 (93)

According to Eq. (27), S = T�1(2,1) hence (S22T22 + S21T12) = (S44T44 + S43T34) = 1 and
as a result, al =

1
S22

and gl =
1

S44
. Now, since S = T�1(2,1), then S22 = det(T TM)�1T11 and

S44 = det(T TE)�1T33 and hence we can use Eqs. (25) and (26) to find

S22 = [det(M2)
�1 det(M1)]

�1 i
n2µ1

k2

k1

n2

n1
[n2µ1y 0

l (k1r1)cl(k2r1)�n1µ2yl(k1r1)c 0
l (k2r1)],

(94)

=�i
k1n1

e2e1

r

e2

µ2

n1

n2
[e1r1 jl(k1r1)c 0(k2r1)� e2y 0

l (k1r1)rhl(k2r1)]. (95)

Similarly, we find

S44 = [det(M2)
�1 det(M1)]

�1 i
n2µ1

k2

k1
[n1µ2y 0

l (k1r1)cl(k2r1)�n2µ1yl(k1r1)c 0
l (k2r1)], (96)

= i(
n1

µ2
)[

n2

e2
y 0

l (k1r1)cl(k2r1)�
n1

e1
yl(k1r1)c 0

l (k2r1)]. (97)
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Thus, we can find P?
P0
?

and
Pk
P0
k

as

Pk
P0
k
=

1
4

r

e2

µ2

3n1e1

(k1r1)2 Â
l
(2l +1)
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>

<

>
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�

�

�

d
dr01

[r0j jl(k1r01)]
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�
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k2
1r021 |Dl |2

+
µ1µ2

e2e1

| jl(k1r01)|
2

�

�D0
l

�

�

2
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>

=

>

;

, (98)

P?
P0
?
=

1
2

r

e2

µ2

3n1e1

(k1r1)2 Â
l
(2l +1)l(l +1)

| jl(k1r01)|
2

k2
1r021 |Dl |2

, (99)

for Dl = [e1 jl(k1r1)c
0
l (k2r1)� e1y 0

l (k1r1)hl(k2r1)], D0
l = Dl(e $ µ). (100)

These are exactly the same as Eqs. (1, 3a) and Eq. (2,3) of Chew [9].

8.1.3. Special case: A microsphere with an active inner region

Now assume that the inner region is filled with randomly oriented dipoles. Then, we can use
Eqs. (63), (65), and (66) together with al =

1
S22

, bl = 0, z = 0, and gl =
1

S44
, calculated in the

previous section, to find

1
(2l +1)

h

l(l +1)I(1)l + I(2)l

i

=
a2

l
(2l +1)k1

{(l +1)Y[y2
l�1](k1r1)+ l2Y[y2

l+1](k1r1)}. (101)

Note that r1 and r0, which would be the radii of the higher and lower interfaces of inner region
for a microsphere, means that r0 is set to zero, and all functional forms Y[·](k1r0)= 0. Similarly,
we can also find

I(3)l =
1
k1
(2l +1)g2

l Y[y2
l ](k1r1) (102)

Having 1
(2l+1)

h

l(l +1)I(1)l + I(2)l

i

and I(3)l , we find

⌧

Ptotal

P0

�

=
1
3

⌧

P?
P0
?

�

+
2
3

*

Pk
P0
k

+

=
3
2

r

e2

µ2

n2
1

n2
2

n1

k2
1e1r3

1
Â

l

h

l(l +1)I(1)l + I(2)l + I(3)l

i

. (103)

8.2. Example 2: A shell

If N = 2, i.e., a microsphere coated by a single layer, then using Eqs. (23), (25), and (26), we
have the following T (3,1) matrix:

T = M�1
3 (r2)M2(r2)M�1

2 (r1)M1(r1) =
ik3

n2µ2

ik2

n1µ1
G(3,2)G(2,1). (104)

One can find the TM and TE resonances of the structure by setting T11 = 0 and T33 = 0,
respectively, from Eqs. (36) and (37)

T11 =
ik3

n2µ2

ik2

n1µ1
[G11(3,2)G11(2,1)+G12(3,2)G21(2,1)] = 0 (105)

T33 =
ik3

n2µ2

ik2

n1µ1
[G33(3,2)G33(2,1)+G34(3,2)G43(2,1)] = 0 (106)

which results in the following resonances
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Fig. 6. Demonstration that the multilayer model reproduces the microsphere model results, for
D = 6 µm, n1 = 1.59, and n2 = 1.33. (a) Spectra for single-dipole excitation in both tangential
and radial orientations. (b) Spectra for a uniform distribution of dipoles are also shown.

µ2n3cl(k3r2)

n2µ3c 0
l (k3r2)

=
C
D yl(k2r2)+cl(k2r2)

C
D y 0

l (k2r2)+c 0
l (k2r2)}

(TM) (107)

and
n2µ3cl(k3r2)

n3µ2c 0
l (k3r2)

=
E
F yl(k2r2)+cl(k2r2)
E
F y 0

l (k2r2)+c 0
l (k2r2)

(TE) (108)

where

C
D

=
[n2µ1y 0

l (k1r1)cl(k2r1)�n1µ2yl(k1r1)c 0
l (k2r1)]

[n1µ2y 0
l (k2r1)yl(k1r1)�n2µ1yl(k2r1)y 0

l (k1r1)]
(109)

E
F

=
[n1µ2y 0

l (k1r1)cl(k2r1)�n2µ1yl(k1r1)c 0
l (k2r1)]

[n2µ1y 0
l (k2r1)yl(k1r1)�n1µ2yl(k2r1)y 0

l (k1r1)]
. (110)

Eqs. (107) and (108) exactly match Eq. (7) in [26] and Eq. (10) in [24], respectively.
A numerical comparison is shown in Fig. 6. The multilayer model for a single layer converges

to the microsphere case for a vanishingly small layer coating, or a vanishingly small internal
sphere size. It was found that both the limits converge to within numerical precision.
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Active Multilayer Microsphere WGM Spectrum Simulator 

Matthew R Henderson, Jonathan M M Hall, Tess Reynolds Shahraam Afshar V. and Nicholas Riesen. 

MLStest.m is an example spectrum calculator, and may be modified to save, print or plot spectra across 

a range of wavelength values, for any number of layers, refractive index values and radii. The 

excitation method is established by assigning the dipole layer, and calling the routine 

‘calculateSpectrum1Dipole.m’ or ‘calculateSpectrumDipoleLayer.m’. The output of each of these 

routines is a spectrum.  

Website: http://www.photonicssimulation.net/microsphere  

MLStest.m  

%MLSTEST: An example testing file. Given multilayer microsphere 

parameters, output a spectrum within a given wavelength range.  

%Matthew Henderson, Jonathan Hall, Tess Reynolds, Shahraam Afshar. 

%(2015) 

%University of Adelaide, Australia. 

  

clear all 

format long e 

  

%Set the number of layers: 

Nlayers=2; 

  

%Set the refractive indices of each layer, and the outer medium: 

n(1)=1.00; 

n(2)=1.59; 

n(3)=1.33; 

  

%Set the radii values (in units of micron):  

rad(1)=3.0-0.5; 

rad(2)=3.0; 

  

%Set the dipole position (for calculateSpectrum1Dipole case):  

dpos(1)=rad(2)-10^-10; 

dpos(2)=0; 
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dpos(3)=0; 

  

%Obtain the layer the dipole sits in, from dpos:  

dlayer=1; 

for ilayer=1:Nlayers 

  if rad(ilayer)<norm(dpos)  

      dlayer=ilayer+1; 

  end 

end 

  

%Set the dipole orientation: 

Pr=1; Ptheta=0; Pphi=0; 

  

%Set the wavelength range:  

lamlo=0.60; 

lamup=0.60; 

  

%Define the wavelength array, for a given coarseness:  

lambda0_vect=(lamlo:0.002:lamup); 

  

%Set the buffer size and convergence tolerance:  

buff=0.2; 

tol=1e-5; 

  

%Create a multilayer sphere:  

s=createMLSphere(lamlo, lamup, buff, [rad], [n], [dpos], [Pr Ptheta 

Pphi], dlayer); 

  

%Calculate the spectrum:  

P=calculateSpectrum1Dipole(lambda0_vect,tol,s); 

%P=calculateSpectrumDipoleLayer(lambda0_vect,tol,s); 

 

createMLSphere.m  

function sphere = createMLSphere(wavelengthLow, wavelengthHigh, 

wavelengthBuffer, radii, refractiveIndices, dipolePosition, 

dipoleVector, dipoleLayer) 
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%createMLSphere creates a data structure for storing the geometric 

%parameters of a multilayer sphere.  

 

%Matthew Henderson, Jonathan Hall, Tess Reynolds, Shahraam Afshar. 

%(2015) 

%University of Adelaide, Australia. 

  

%INPUT CHECKS 

if length(refractiveIndices) ~= length(radii) + 1 

    error('MLWGMSolver:refractiveIndexRadiiLengthMismatch', 'There 

must be N+1 refractive indices for N radii, check input vector 

lengths.'); 

end 

  

if wavelengthLow > wavelengthHigh 

    error('MLWGMSolver:wavelengthLimitsOutOfBounds', 'The high limit 

of wavelength must be larger than the low limit.'); 

end 

  

sphere.wavelengthRange = [wavelengthLow wavelengthHigh]; 

sphere.radii = radii; 

sphere.refractiveIndices = refractiveIndices; 

sphere.permeabilities = ones(length(refractiveIndices), 1); 

sphere.permittivities = refractiveIndices.^2; 

  

sphere.dipolePosition = dipolePosition; 

sphere.dipoleVector = dipoleVector; 

sphere.dipoleLayer = dipoleLayer; 

  

end 
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calculateSpectrum1Dipole.m  

function [Ptotal] = 

calculatesSpectrum1Dipole(lambda,tol,sphereStruct) 

%CALCULATES SPECTRUM for 1 dipole placed in/on a layer of a 

multilayer microshell. 

 

%Matthew Henderson, Jonathan Hall, Tess Reynolds, Shahraam Afshar. 

%(2015) 

%University of Adelaide, Australia. 

  

%Definitions of the properties of the medium: 

nList = sphereStruct.refractiveIndices; %refractive indices 

ep = sphereStruct.permittivities; %the electric permittivities 

mu = sphereStruct.permeabilities; %the magnetic permeabilities 

r = sphereStruct.radii; %the radii of the layers 

dl = sphereStruct.dipoleLayer; %the layer in which the dipole sits 

dpos = sphereStruct.dipolePosition(1); %dipole position 

  

%Initialise the loop variables:  

Ptotal(length(lambda)) = 0; 

lMax=10000; 

  

%Loop over wavelength lambda: 

for i_lambda = 1:length(lambda) 

     

    %Initialse the total power: 

    PSum = 0; 

    PSum_prev=Inf; 

     

    %Set the wave number values: 

    for j=1:length(nList) 

        k(j) = 2.*pi.*nList(j)./lambda(i_lambda); 

    end 
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    %Loop over the azimuthal quantum number, l: 

    for l = 1:lMax 

         

        %Set the wave number in the dipole layer: 

        kj = k(dl); 

         

        %Set the wave number in the outermost medium: 

        kend = k(length(nList)); 

         

        %Set the initial values of the Bessel/Hankel functions 

needed: 

        if l==1 

             

            %Nl: need only the lower and upper boundaries of each 

layer: 

            for Nl=1:2 

                 

                %NN: loop over the number of layers: 

                for NN=1:length(r) 

                    jv(Nl,NN)=besseljsph(l, k(Nl+NN-1).*r(NN)); 

                    jvm(Nl,NN)=besseljsph(l-1, k(Nl+NN-1).*r(NN)); 

                     

                    hv(Nl,NN)=h1sph(l, k(Nl+NN-1).*r(NN)); 

                    hvm(Nl,NN)=h1sph(l-1, k(Nl+NN-1).*r(NN)); 

                end 

            end 

             

  %Set the Bessel/Hankel functions that occur at the dipole location: 

            jlkj = besseljsph(l, kj.*dpos); 

            jlkjm = besseljsph(l-1, kj.*dpos); 

             

            hlkj = h1sph(l, kj.*dpos); 

            hlkjm = h1sph(l-1, kj.*dpos); 

        end 

         

        %Use recursion relations to update the Bessel/Hankel 
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functions: 

        for Nl=1:2 

            for NN=1:length(r) 

                jvp(Nl,NN)=(2.*l+1)./(k(Nl+NN-1).*r(NN)).*jv(Nl,NN) - 

jvm(Nl,NN); 

                hvp(Nl,NN)=(2.*l+1)./(k(Nl+NN-1).*r(NN)).*hv(Nl,NN) - 

hvm(Nl,NN); 

            end 

        end 

         

%Use recursion relations to update the Bessel/Hankel functions that 

occur at the dipole location: 

        jlkjp=(2.*l+1)./(kj.*dpos).*jlkj -  jlkjm; 

        hlkjp=(2.*l+1)./(kj.*dpos).*hlkj -  hlkjm; 

         

%Use the function 'primesphf' to obtain the Riccati-Bessel 

derivatives: 

        jlprimekj=primesphf(kj.*dpos,jlkjp,jlkj,jlkjm); 

        hlprimekj=primesphf(kj.*dpos,hlkjp,hlkj,hlkjm); 

         

         

 %Use the function 'recurseMatrixMultiplicationNRange' to obtain 

 the TM block of the matrix t=T(N+1,j) defined in Eq.(X): 

        t_TM = 

recurseMatrixMultiplicationNRange(0,0,lambda(i_lambda),length(r),dl,l

,r,nList,ones(length(nList),1),jvp,jv,jvm,hvp,hv,hvm); 

         

 %Obtain the TM block of the matrix t=T(N+1,j): 

        t_TE = 

recurseMatrixMultiplicationNRange(0,1,lambda(i_lambda),length(r),dl,l

,r,nList,ones(length(nList),1),jvp,jv,jvm,hvp,hv,hvm); 

         

 %Obtain the TM block of the matrix S defined in Eq.(X): 

        S_TM = 

recurseMatrixMultiplicationNRange(1,0,lambda(i_lambda),length(r),1,l,

r,nList,ones(length(nList),1),jvp,jv,jvm,hvp,hv,hvm); 
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%Obtain the TE block of the matrix S: 

        S_TE = 

recurseMatrixMultiplicationNRange(1,1,lambda(i_lambda),length(r),1,l,

r,nList,ones(length(nList),1),jvp,jv,jvm,hvp,hv,hvm); 

         

%Define the polarisabilities that specify the coefficients in the 

outermost layer, and the total power: 

        alpha = t_TM(2,2) + t_TM(1,2).*S_TM(2,1)./S_TM(2,2); 

        beta = t_TM(2,1) + t_TM(1,1).*S_TM(2,1)./S_TM(2,2); 

        gamma = t_TE(2,2) + t_TE(1,2).*S_TE(2,1)./S_TE(2,2); 

        zeta = t_TE(2,1) + t_TE(1,1).*S_TE(2,1)./S_TE(2,2); 

         

%Construct the perpendicular-to-tangent (R direction) and parallel-

to-tangent (Theta or Phi direction) parts of the power: 

        R_coeff = nList(dl).^2./nList(end).^2.*l.*(l + 

1).*abs(alpha.*jlkj - beta.*hlkj).^2./kj.^2./dpos.^2;   

        TPhi_coeff = 

nList(dl).^2./nList(end).^2.*abs(alpha.*jlprimekj - 

beta.*hlprimekj).^2./kj.^2./dpos.^2 + abs(gamma.*jlkj - 

zeta.*hlkj).^2; 

                 

%Define the normalisation factors to the medium of the layer that 

contains the dipole: 

        fac0=(kj.^4)./(3.*ep(dl).*nList(dl)); 

          

%Define the normalised components of the power: 

        R_coeffnorm= R_coeff./fac0; 

        TPhi_coeffnorm= TPhi_coeff./fac0; 

         

%Define the total power, which is summed iteratively: 

        PSum = PSum + (2.*l + 1).*(R_coeffnorm + TPhi_coeffnorm./2); 

        

%State the escape clause, prescribed by the preset tolerance, tol: 

        if abs(PSum-PSum_prev)<tol*abs(PSum) 

            break; 

        end 
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 %Update the total power inside the loop: 

        PSum_prev = PSum; 

         

 %Update the Bessel functions inside the loop: 

        jvm=jv; 

        jv=jvp; 

         

        hvm=hv; 

        hv=hvp; 

         

        jlkjm=jlkj; 

        jlkj=jlkjp; 

         

        hlkjm=hlkj; 

        hlkj=hlkjp; 

    end 

     

 %Define the final coefficient to be premultiplied: 

    finalcoeff = 

(1.0/2.0)*sqrt(ep(end)/mu(end))*((kj)^4*nList(dl)^2)/(nList(end)^2*ep

(dl)^2); 

     

 %The total power is written the same way as Eq.(X): 

    Ptotal(i_lambda) = finalcoeff.*PSum; 

     

    disp(lambda(i_lambda)); 

    disp(Ptotal(i_lambda)); 

end 

end 
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calculateSpectrumDipoleLayer.m  

function [Ptotal] = 

calculateSpectrumDipoleLayer(lambda,tol,sphereStruct) 

%CALCULATES SPECTRUM for a uniform distribution of dipoles in/on a 

layer of a multilayer microshell. 

 

%Matthew Henderson, Jonathan Hall, Tess Reynolds, Shahraam Afshar. 

%(2015) 

%University of Adelaide, Australia. 

 

%Definitions of the properties of the medium: 

nList = sphereStruct.refractiveIndices; %refractive indices 

ep = sphereStruct.permittivities; %the electric permittivities 

mu = sphereStruct.permeabilities; %the magnetic permeabilities 

r = sphereStruct.radii; %the radii of the layers 

dl = sphereStruct.dipoleLayer; %the layer that contains the 

distribution of dipoles 

  

%the volume of the layer that contains the distribution of dipoles 

if dl == 1 

    VShell=(4*pi/3).*(r(dl).^3); 

else 

    VShell=(4*pi/3).*(r(dl).^3-r(dl-1).^3); 

end 

  

%Initialise the loop variables:  

Ptotal(length(lambda)) = 0; 

lMax=10000; 

  

%Loop over wavelength lambda: 

for i_lambda = 1:length(lambda) 

     

    %Initialse the total power: 

    PSum = 0; 

    PSum_prev=Inf; 
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    %Set the wave number values: 

    for j=1:length(nList) 

        k(j) = 2.*pi.*nList(j)./lambda(i_lambda); 

    end 

     

    %Loop over the azimuthal quantum number, l: 

    for l = 1:lMax 

         

        %Set the wave number in the dipole layer: 

        kj = k(dl); 

         

        %Set the wave number in the outermost medium: 

        kend = k(length(nList)); 

         

%Set the initial values of the Bessel/Hankel functions needed: 

        if l==1 

             

%Nl: need only the lower and upper boundaries of each layer: 

            for Nl=1:2 

                 

                %NN: loop over the number of layers: 

                for NN=1:length(r) 

                    jv(Nl,NN)=besseljsph(l, k(Nl+NN-1).*r(NN)); 

                    jvm(Nl,NN)=besseljsph(l-1, k(Nl+NN-1).*r(NN)); 

                     

                    hv(Nl,NN)=h1sph(l, k(Nl+NN-1).*r(NN)); 

                    hvm(Nl,NN)=h1sph(l-1, k(Nl+NN-1).*r(NN)); 

                end 

            end 

             

%Set the Bessel/Hankel functions in the dipole layer, at l-2, which 

are needed for the variable PSI: 

        jlkjmm=besseljsph(l-2, kj.*r(dl)); 

        hlkjmm=h1sph(l-2, kj.*r(dl)); 
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        if dl ~= 1 

            jlkjm1mm=besseljsph(l-2, kj.*r(dl-1)); 

            hlkjm1mm=h1sph(l-2, kj.*r(dl-1)); 

        end 

      end 

         

%Use recursion relations to update the Bessel/Hankel functions: 

        for Nl=1:2 

            for NN=1:length(r) 

                jvp(Nl,NN)=(2.*l+1)./(k(Nl+NN-1).*r(NN)).*jv(Nl,NN) - 

jvm(Nl,NN); 

                hvp(Nl,NN)=(2.*l+1)./(k(Nl+NN-1).*r(NN)).*hv(Nl,NN) - 

hvm(Nl,NN); 

            end 

        end 

         

%Use recursion relations to update the Bessel/Hankel functions that 

occur in the dipole layer: 

        jlkjpp=(2.*l+3)./(kj.*r(dl)).*jvp(1,dl) - jv(1,dl); 

        hlkjpp=(2.*l+3)./(kj.*r(dl)).*hvp(1,dl) - hv(1,dl); 

         

%Use recursion relations to update the Bessel/Hankel functions in the 

layer below the dipole layer:   

        if dl ~= 1 

          jlkjm1pp=(2.*l+3)./(kj.*r(dl-1)).*jvp(2,dl-1) - jv(2,dl-1); 

          hlkjm1pp=(2.*l+3)./(kj.*r(dl-1)).*hvp(2,dl-1) - hv(2,dl-1); 

        end 

                 

%Use the function 'primesphf' to obtain the Riccati-Bessel 

derivatives: 

        jlprimekjm=primesphf(kj.*r(dl),jv(1,dl),jvm(1,dl),jlkjmm); 

        hlprimekjm=primesphf(kj.*r(dl),hv(1,dl),hvm(1,dl),hlkjmm); 

         

        jlprimekj=primesphf(kj.*r(dl),jvp(1,dl),jv(1,dl),jvm(1,dl)); 

        hlprimekj=primesphf(kj.*r(dl),hvp(1,dl),hv(1,dl),hvm(1,dl)); 
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        jlprimekjp=primesphf(kj.*r(dl),jlkjpp,jvp(1,dl),jv(1,dl)); 

        hlprimekjp=primesphf(kj.*r(dl),hlkjpp,hvp(1,dl),hv(1,dl)); 

         

%Use the function 'primesphf' to obtain the Riccati-Bessel 

derivatives in the layer below the dipole layer: 

        if dl ~= 1 

        jlm1primekjm=primesphf(kj.*r(dl-1),jv(2,dl-1),jvm(2,dl-

1),jlkjm1mm); 

        hlm1primekjm=primesphf(kj.*r(dl-1),hv(2,dl-1),hvm(2,dl-

1),hlkjm1mm); 

         

        jlm1primekj=primesphf(kj.*r(dl-1),jvp(2,dl-1),jv(2,dl-

1),jvm(2,dl-1)); 

        hlm1primekj=primesphf(kj.*r(dl-1),hvp(2,dl-1),hv(2,dl-

1),hvm(2,dl-1)); 

         

        jlm1primekjp=primesphf(kj.*r(dl-1),jlkjm1pp,jvp(2,dl-

1),jv(2,dl-1)); 

        hlm1primekjp=primesphf(kj.*r(dl-1),hlkjm1pp,hvp(2,dl-

1),hv(2,dl-1)); 

        end 

         

%Use the function 'recurseMatrixMultiplicationNRange' to obtain 

%the TM block of the matrix t=T(N+1,j) defined in Eq.(X): 

        t_TM = 

recurseMatrixMultiplicationNRange(0,0,lambda(i_lambda),length(r),dl,l

,r,nList,ones(length(nList),1),jvp,jv,jvm,hvp,hv,hvm); 

         

%Obtain the TM block of the matrix t=T(N+1,j):  

        t_TE = 

recurseMatrixMultiplicationNRange(0,1,lambda(i_lambda),length(r),dl,l

,r,nList,ones(length(nList),1),jvp,jv,jvm,hvp,hv,hvm); 

         

 %Obtain the TM block of the matrix S defined in Eq.(X): 

        S_TM = 

recurseMatrixMultiplicationNRange(1,0,lambda(i_lambda),length(r),1,l,
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r,nList,ones(length(nList),1),jvp,jv,jvm,hvp,hv,hvm); 

         

%Obtain the TE block of the matrix S: 

        S_TE = 

recurseMatrixMultiplicationNRange(1,1,lambda(i_lambda),length(r),1,l,

r,nList,ones(length(nList),1),jvp,jv,jvm,hvp,hv,hvm);         

         

%Define the polarisabilities that specify the coefficients in the 

outermost layer, and the total power: 

        alpha = t_TM(2,2) + t_TM(1,2).*S_TM(2,1)./S_TM(2,2); 

        beta = t_TM(2,1) + t_TM(1,1).*S_TM(2,1)./S_TM(2,2); 

        gamma = t_TE(2,2) + t_TE(1,2).*S_TE(2,1)./S_TE(2,2); 

        zeta = t_TE(2,1) + t_TE(1,1).*S_TE(2,1)./S_TE(2,2); 

        

%Define the size parameter at the upper dipole layer boundary: 

        rho1=kj*r(dl); 

         

%Special case: dipole layer is the innermost layer 

        if dl == 1 

     

%Obtain the quantities T1-T6 defined in Eqs.(X) - (X): 

      T1=PSI(l-

1,rho1,rho1*jvm(1,dl),jlprimekjm,rho1*jvm(1,dl),jlprimekjm); 

        

T2=PSI(l+1,rho1,rho1*jvp(1,dl),jlprimekjp,rho1*jvp(1,dl),jlprim

ekjp); 

         

      T3=PSI(l-

1,rho1,rho1*hvm(1,dl),hlprimekjm,rho1*hvm(1,dl),hlprimekjm);      

   

T4=PSI(l+1,rho1,rho1*hvp(1,dl),hlprimekjp,rho1*hvp(1,dl),hlprim

ekjp); 

         

      T5=PSI(l-

1,rho1,rho1*jvm(1,dl),jlprimekjm,rho1*hvm(1,dl),hlprimekjm); 
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T6=PSI(l+1,rho1,rho1*jvp(1,dl),jlprimekjp,rho1*hvp(1,dl),hlprimekjp);  

        else 

             

%Define the size parameter at the upper dipole layer boundary: 

        rhom1=kj*r(dl-1); 

     

%Obtain the quantities T1-T6 defined in Eqs.(X) -(X): 

        T1=PSI(l-

1,rho1,rho1*jvm(1,dl),jlprimekjm,rho1*jvm(1,dl),jlprimekjm)-... 

            PSI(l-1,rhom1,rhom1*jvm(2,dl-

1),jlm1primekjm,rhom1*jvm(2,dl-1),jlm1primekjm); 

         

        

T2=PSI(l+1,rho1,rho1*jvp(1,dl),jlprimekjp,rho1*jvp(1,dl),jlprimekjp)-

... 

            PSI(l+1,rhom1,rhom1*jvp(2,dl-

1),jlm1primekjp,rhom1*jvp(2,dl-1),jlm1primekjp); 

         

        T3=PSI(l-

1,rho1,rho1*hvm(1,dl),hlprimekjm,rho1*hvm(1,dl),hlprimekjm)-... 

            PSI(l-1,rhom1,rhom1*hvm(2,dl-

1),hlm1primekjm,rhom1*hvm(2,dl-1),hlm1primekjm); 

         

        

T4=PSI(l+1,rho1,rho1*hvp(1,dl),hlprimekjp,rho1*hvp(1,dl),hlprimekjp)-

... 

            PSI(l+1,rhom1,rhom1*hvp(2,dl-

1),hlm1primekjp,rhom1*hvp(2,dl-1),hlm1primekjp); 

         

        T5=PSI(l-

1,rho1,rho1*jvm(1,dl),jlprimekjm,rho1*hvm(1,dl),hlprimekjm)-... 

            PSI(l-1,rhom1,rhom1*jvm(2,dl-

1),jlm1primekjm,rhom1*hvm(2,dl-1),hlm1primekjm); 
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T6=PSI(l+1,rho1,rho1*jvp(1,dl),jlprimekjp,rho1*hvp(1,dl),hlprimekjp)-

... 

            PSI(l+1,rhom1,rhom1*jvp(2,dl-

1),jlm1primekjp,rhom1*hvp(2,dl-1),hlm1primekjp); 

        end 

         

%Obtain the quantity I1PlusI2 from Eq.(X): 

        I1PlusI2 = (1./kj).*(abs(alpha).^2*((l+1).*T1+l.*T2)+... 

                 abs(beta).^2*((l+1).*T3+l.*T4)-... 

                 2*abs(alpha).*abs(beta)*((l+1).*T5+l.*T6)); 

        

              

%Special case: dipole layer is the innermost layer          

    if dl == 1 

      

%Obtain the quantities T7-T9 defined in Eqs.(X) - (X): 

        

T7=PSI(l,rho1,rho1*jv(1,dl),jlprimekj,rho1*jv(1,dl),jlprimekj);     

        

T8=PSI(l,rho1,rho1*hv(1,dl),hlprimekj,rho1*hv(1,dl),hlprimekj); 

         

T9=PSI(l,rho1,rho1*jv(1,dl),jlprimekj,rho1*hv(1,dl),hlprimekj); 

         

    else 

  

%Re-define the size parameter at the upper dipole layer boundary: 

    rhom1=kj*r(dl-1); 

  

%Obtain the quantities T7-T9 defined in Eqs.(X) - (X): 

   T7=PSI(l,rho1,rho1*jv(1,dl),jlprimekj,rho1*jv(1,dl),jlprimekj)-... 

       PSI(l,rhom1,rhom1*jv(2,dl-1),jlm1primekj,rhom1*jv(2,dl-

1),jlm1primekj); 

         

   T8=PSI(l,rho1,rho1*hv(1,dl),hlprimekj,rho1*hv(1,dl),hlprimekj)-... 

       PSI(l,rhom1,rhom1*hv(2,dl-1),hlm1primekj,rhom1*hv(2,dl-

1),hlm1primekj); 
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   T9=PSI(l,rho1,rho1*jv(1,dl),jlprimekj,rho1*hv(1,dl),hlprimekj)-... 

       PSI(l,rhom1,rhom1*jv(2,dl-1),jlm1primekj,rhom1*hv(2,dl-

1),hlm1primekj); 

         

    end 

  

        %Obtain the quantity I3 from Eq.(X): 

        I3 =(1./kj).*(2*l+1).*(abs(gamma)^2.*T7+... 

            abs(zeta).^2.*T8-... 

            2*abs(gamma).*abs(zeta).*T9); 

         

        %Define the total power, which is summed iteratively: 

        PSum = PSum + 

(((nList(dl)).^2)./(nList(end).^2)).*I1PlusI2+I3;  

  

         

  %State the escape clause, prescribed by the preset tolerance, tol: 

        if abs(PSum-PSum_prev)<tol*abs(PSum) 

            break; 

        end 

         

        %Update the total power inside the loop: 

        PSum_prev = PSum; 

  

        %Update the Bessel functions inside the loop: 

        jlkjmm=jvm(1,dl); 

        hlkjmm=hvm(1,dl); 

         

        if dl ~= 1 

          jlkjm1mm=jvm(2,dl-1); 

          hlkjm1mm=hvm(2,dl-1); 

        end 

   

        jvm=jv; 

        jv=jvp; 
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        hvm=hv; 

        hv=hvp;      

    end 

     

    %Define the final coefficient to be premultiplied: 

    finalcoeff = 

1.0/2.0*sqrt(ep(end)./mu(end))*nList(dl)^2/nList(end)^2*nList(dl)/(kj

^2*ep(dl)*VShell)*4*pi; 

     

    %The total power is written the same way as Eq.(X): 

    Ptotal(i_lambda) = finalcoeff.*abs(PSum); 

     

    disp(lambda(i_lambda)); 

    disp(Ptotal(i_lambda)); 

       

end 

end 
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recurseMatrixMultiplicationNRange.m 

function M = recurseMatrixMultiplicationNRange(invert,TE,lambdaGuess, 

n, nLow, l, radiusList, nList, muList,jvp,jv,jvm,hvp,hv,hvm) 

%RECURSEMATRIXMULTIPLICATION Returns the transfer matrix of an n-

layer sphere. Calculates the 2x2 submatrix of the transfer matrix of 

the nth layer, and then multiplies this by the n-1th layer by calling 

itself again. Generates all of the transfer matrices down to the 1st 

layer and multiplies them all together with recursive calls. 

 

%Matthew Henderson, Jonathan Hall, Tess Reynolds, Shahraam Afshar. 

%(2015) 

%University of Adelaide, Australia. 

  

%Sphere layers nomenclature: 

%n=1 | n=2 | .... | n=N+1 

%    r(1)  r(2)   r(N) 

  

  

if n > 0 

     

    %Define the momenta for the two neighbouring layers:  

    k = 2*pi*nList(n)./lambdaGuess; 

    npk = 2*pi*nList(n+1)./lambdaGuess; 

     

    %Define the size parameters for the two neighbouring layers:  

    rho = k.*radiusList(n); 

    nprho = npk.*radiusList(n); 

     

    %Assign the refractive indices: 

    nn=nList(n); 

    nnp=nList(n+1); 

     

    %Assign the magnetic permeabilities: 

    mu=muList(n); 

    mup=muList(n+1); 
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 %Assign the Riccati-Bessel/Hankel functions, and their  derivatives:  

    psip = rho*jvp(1,n); 

    psi = rho*jv(1,n); 

    psim = rho*jvm(1,n); 

    chip = rho*hvp(1,n); 

    chi = rho*hv(1,n); 

    chim = rho*hvm(1,n); 

    psiprime = primesphf(rho,jvp(1,n),jv(1,n),jvm(1,n)); 

    chiprime = primesphf(rho,hvp(1,n),hv(1,n),hvm(1,n)); 

     

    nppsip = nprho*jvp(2,n); 

    nppsi = nprho*jv(2,n); 

    nppsim = nprho*jvm(2,n); 

    npchip = nprho*hvp(2,n); 

    npchi = nprho*hv(2,n); 

    npchim = nprho*hvm(2,n); 

    nppsiprime = primesphf(nprho,jvp(2,n),jv(2,n),jvm(2,n)); 

    npchiprime = primesphf(nprho,hvp(2,n),hv(2,n),hvm(2,n)); 

     

end 

  

%'invert' controls whether we calculate elements of the matrix T or S  

if invert~=1  

     

    %This part calculates the TE and TM blocks of the G matrix 

    if n > 0 

        coef = i/(nnp*mu)*npk/k; 

         

        if TE == 1  

            GcoefL=nn*mup; 

            GcoefR=nnp*mu; 

        else   

            GcoefL=nnp^2/nn*mu; 

            GcoefR=nnp*mup; 

        end 
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            Gmatrix = [... 

            (GcoefL*psiprime*npchi - GcoefR*psi*npchiprime) ... 

            (GcoefL*chiprime*npchi - GcoefR*chi*npchiprime); 

            (GcoefR*nppsiprime*psi - GcoefL*nppsi*psiprime) ... 

            (GcoefR*nppsiprime*chi - GcoefL*nppsi*chiprime); 

            ].*coef; 

        disp(GcoefL*psiprime*npchi); 

    end 

     

    %Multiply down the series from N+1 to 1 

    if n == nLow - 1 

%Finished, so just return the identity matrix so that the recursion 

ends. 

        M = eye(2); 

    else 

            M = Gmatrix*recurseMatrixMultiplicationNRange(0, TE, 

lambdaGuess, n-1, nLow, l, radiusList, nList, 

muList,jvp,jv,jvm,hvp,hv,hvm); 

    end 

     

  

else  

%This part calculates the TE and TM blocks of the inverted G matrix.  

    if n > 0 

        coef = i/(nn*mup)*k/npk; 

         

        if TE == 1  

            GcoefL=nnp*mu; 

            GcoefR=nn*mup; 

        else   

            GcoefL=nn^2/nnp*mup; 

            GcoefR=nn*mu; 

        end 

         

        Gmatrix = [... 

            (GcoefL*nppsiprime*chi - GcoefR*nppsi*chiprime) ... 
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            (GcoefL*npchiprime*chi - GcoefR*npchi*chiprime); 

            (GcoefR*psiprime*nppsi - GcoefL*psi*nppsiprime) ... 

            (GcoefR*psiprime*npchi - GcoefL*psi*npchiprime); 

            ].*coef; 

    end 

     

    if n == nLow - 1 

%Finished, so just return the identity matrix so that the recursion 

ends. 

        M = eye(2); 

    else 

            M = recurseMatrixMultiplicationNRange(1, TE, lambdaGuess, 

n-1, nLow, l, radiusList, nList, 

muList,jvp,jv,jvm,hvp,hv,hvm)*Gmatrix; 

    end 

     

end 

  

end 
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besseljsph.m  

%Spherical Bessel Function 

 

%Matthew Henderson, Jonathan Hall, Tess Reynolds, Shahraam Afshar. 

%(2015) 

%University of Adelaide, Australia. 

  

function[C]=besseljsph(m,x) 

  

C = sqrt(pi./(2*x))*besselj(m+1/2,x); 

  

end 

 

h1sph.m  

%Spherical Hankel Function 

 

%Matthew Henderson, Jonathan Hall, Tess Reynolds, Shahraam Afshar. 

%(2015) 

%University of Adelaide, Australia. 

  

function[C]=h1sph(m,x) 

  

C = sqrt(pi./(2*x))*besselh(m+1/2,1,x); 

  

end 
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primesphf.m 

%Provides the form for a derivative of a Bessel-like function, for 

%Bessel-like function inputs. 

 

% Matthew Henderson, Jonathan Hall, Tess Reynolds, Shahraam Afshar. 

% (2015) 

% University of Adelaide, Australia. 

  

function[C]=primesphf(x,jp,j,jm) 

  

C = (j + x*(jm-jp))./2; 

  

end 

 

PSI.m  

%The function PSI, defined in Eq.(X) of the publication doi:/// 

 

% Matthew Henderson, Jonathan Hall, Tess Reynolds, Shahraam Afshar. 

% (2015) 

% University of Adelaide, Australia. 

  

function out = PSI(m,x,f1,f1p,f2,f2p) 

out=(1/2)*((x-m*(m+1)./x).*f1.*f2-... 

    (1/2)*(f1.*f2p+f1p.*f2)+... 

    x.*f1p.*f2p); 

end 

 

 

	

	




