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Abstract

Sophisticated new sensor techniques have to be developed to enable the detection of the tem-
poral dynamics of single nanoparticles and molecules. Some of the newmicroscopy techniques
are based on nanoparticle labeling, achieving high sensitivity on the single nanometer scale,
but also changing the nanoparticle’s natural behavior. In this work, a �ber-based Fabry-Pérot
(FP) microcavity with high �nesse is presented, which allows the detection of unlabeled
nanoparticles. Single nanoparticle resolution is achieved by forcing the light to thousands
of round trips between two high-re�ective mirrors of micrometer size and consequently
enhancing the interaction between light and nanoparticle.
So far, �ber-based FP cavities in air, vacuum and liquid helium have been reported in the past.
In order to enable single nanoparticle measurements in liquids, two di�erent micro�uidic
channels are demonstrated. Both channels allow an easy integration of the �ber-based FP
cavity, provide a controllable laminar �ow, and the measurement of small sample volumes.
Furthermore the micro�uidic channel and the integrated FP cavity are embedded in a sensing
platform, that provides a high passive stability of ∼ 1 pm and a low root-mean-square mea-
surement noise of 0.39 pm. Combined with a high Cooperativity of the FP cavity in water
of 𝐶 ∼ 𝑄𝜆30/(𝑛3m𝑉m) = 2.1 · 104 single SiO2 nanospheres with a hydrodynamic radius down
to 11.7 nm can already be detected. In this work, it is shown that the FP cavity allows the
detection of hundreds of single SiO2 nanosphere transit events within a few hours. From
the derived statistical data, the SiO2 nanosphere’s mean polarizability, as well as the mean
e�ective refractive index, are deduced. Here, the �rst important �nding is the detection of the
nanosphere’s expanded size in pure water originating from a hydrate shell. This allows the
estimation of the mean thickness as well as the mean refractive index of the hydrate shell of
di�erent SiO2 nanosphere samples. Besides, the e�ect of salt on the hydrate shell is investi-
gated. Already small salt concentrations presumably lead to a suppression of the formation
of the hydrate shell and give indications of the signi�cantly lower polarizability of the bare
nanosphere. Furthermore, by improving the measurement time resolution, the polarizability
of a single SiO2 nanosphere is determined. In addition, the autocorrelation of the dispersive
signal of several SiO2 nanosphere transit events is compared with the theoretical numerical
autocorrelation of a punctiform nanosphere and the Monte Carlo simulated autocorrelation
of several nanosphere transit events with expanded size. As a result, a purely di�usive motion
is identi�ed.
Completely new is the detection of the three-dimensional Brownian motion of a single
nanosphere with a microcavity. By the simultaneous measurement of the dispersive shifts of
the fundamental and two higher-order transverse modes, the three-dimensional coordinate
of the nanosphere can be derived with a high spatial resolution of 8 nm and a high tempo-
ral resolution of 0.3ms. This is �rst analyzed by simulations and then demonstrated with
measured signals. From the three-dimensional track, the nanosphere’s di�usivity, as well
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0. Abstract

as its hydrodynamic radius, is deduced. The rotational di�usion of single anisotropically
shaped nanoparticles is measured by the polarization-split fundamental mode with a high
temporal resolution of 0.07ms. Already nanospheres with a speci�ed roundness of >0.98 can
be investigated in their rotational di�usion, showing that this detection method is highly
sensitive.
The presented FP microcavity already achieves a sensitivity, which allows the detection of dif-
ferent molecules like viruses, ribosomes, and exosomes. Therefore, it is a promising candidate
for a future detection of the dynamics of single, unlabeled molecules with a small molecular
mass.
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1. Nanoparticles and their detection on a
single particle level

1.1. Nanoparticles in our everyday life

Nanoparticles play an important role in our everyday life. When we are walking through the
streets, ultra�ne dust containing nanometer-sized particles can �ll the air which we breathe
in and which stem from the exhaust air of diesel engines, from wood combustion in stoves,
or are contained in tobacco smoke [1, 2]. When we season our food with salt, anticaking
agents such as silicon dioxide nanoparticles can be included as an additive to prevent the salt
from clumping. The food industry doesn’t only use nanoparticles for changing the food’s
consistency, but also to exploit their preservation properties and to use them for the preven-
tion of pathogens [3, 4]. Nanoparticles can also be found in our clothes. In sportswear, the
antibacterial properties of silver nanoparticles are exploited to combat otherwise developing
perspiration odors [5]. Maybe soon we will even be able to buy cotton clothes containing
carbon nanotubes, which can improve the cotton’s mechanical stability, make it water repel-
lent, reduces �ammability and the UV light permeability [6]. We also carry nanoparticles onto
our bodies via cosmetics, such as sunscreens [7] or anti-wrinkle creams [8]. Nanoparticles do
not only exist as a result of arti�cial production, but they also occur naturally. For example
by a volcanic eruption or by a forest �re nano �ne dust is blown into the air. We are also
made of various nanometer-sized objects, which are responsible for important vital processes.
For example, we produce catalytic enzymes for a better digestion of food [9, 10, 11] or we
build antibodies in order to defend against invading viruses [12, 13]. If our immune system is
not su�cient to �ght o� diseases, we are forced to rely on drugs and vaccinations. In cancer
therapy, cytostatics are used to prevent the cancer cells from multiplying, but they also have a
toxic e�ect on healthy cells. Great hope is being placed here in nanomedicine. Various organic
and inorganic nanoparticles can be used to transport the drug directly to the cancer cells.
Here, the nanoparticles speci�cally bind to the cancer cell’s surface and release the drugs
there. This has the positive e�ect that lower drug doses can be used and healthy cells are less
a�ected [14]. This increased e�cacy through nanoparticles also �nds its application in the
development of e�ective vaccines [15]. While a great potential is seen in nanoparticles, it is
unclear, to which extent some of the used nanoparticles also have a harmful e�ect on people
and the environment. But there are already several indications [16, 17, 18, 19].
Per de�nition, particles with the size range between 1 nm and 100 nm are called nanoparticles.
Due to the small size, they consist of a very large surface area to volume ratio. As a result, the
surface properties become more prominent and consequently, the nanoparticles’ properties
can totally di�er from the properties of the bulk material. For example, water as we know it
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1. Nanoparticles and their detection on a single particle level

is harmless. However, when water drops reach a nanometer size, they can destroy the cell
membranes of the M. parafortuitum bacteria [20]. This means, in the nanoworld, the rules are
di�erent from the ones we know. To be able to learn more from this exciting world and use it
for our own bene�t, we need ways to make nanoparticles visible.

Di�erent nanoparticle detection methods. When we look at our hand, we can’t see any
viruses that are probably on its surface at that moment. Even if we place our hand under a
light microscope, the viruses can’t be resolved due to the Rayleigh limited resolution of about
200 nm [21]. The resolution can be improved by decreasing the wavelength. For example
electron microscopes, such as scanning electron microscopes (SEM) and transmission electron
microscopes (TEM) achieve sub-nanometer resolution and provide information about the
nanoparticle’s size and morphology by the scattered electrons at the nanoparticle [22, 23].
However, the electrons are also scattered by the particles in air, thus the measurements are
usually operated in vacuum. Consequently, the nanoparticles’ natural behavior is changed and
their dynamical motion can’t be detected. In terms of biological processes, where molecules
play an important role, detection methods in liquids are necessary. There are several di�erent
approaches, such as electrochemical, electrical and optical sensors. Electrochemical sensors
detect nanoparticles by their reduction or oxidation at electrode surfaces and the resulting volt-
age, current, potential or resistance change [24, 25]. On the other hand, electric sensors such as
�eld-e�ect transistors (FETs) consist of a functionalized gate surface, where the nanoparticles
can bind. This results into a change of the gate voltage and consequently into a change
of the source-drain current [26]. Both, electrochemical, as well as electric sensors, allow
nanoparticle concentration measurements, but based on their measurement principles, they
change the nanoparticle properties and rely on either electrochemical processes or laborious
surface functionalization. Optical detection methods instead only require a non-zero electrical
polarizability of the nanoparticle and they allow a label-free detection of its temporal dynam-
ics without a change of its intrinsic properties. At ensemble measurements, e.g. dynamic
light scattering (DLS), the scattered light of several nanoparticles gives information about
the averaged nanoparticle size distribution [27]. On the other hand, �uorescence quenching
allows the detection of molecule concentrations [28].

Advantage of single nanoparticle detection. Of particular interest, however, are those
optical sensors that enable the resolution of single nanoparticles. The reason for this is that in
ensemble measurements, individual anomalous behaving nanoparticles can’t be registered. But
exactly those nanoparticles could be responsible for individual important processes that could,
for example in the case of anomalous molecules, cause diseases in the long term. Therefore,
in the following, only such optical sensors are presented, which allow the detection of single
nanoparticles.

2



1.2. Methods for the detection of single nanoparticles dispersed in liquids

a) b)

c)

Figure 1.1.: Principle of the STED microscopy. a) Energy diagram of the three di�erent processes. TPE (red
arrow): Two-photon excitation of the �uorophore. Green arrow: Spontaneous emission of �uorescence light.
STED (orange arrow): Stimulated emission depletion. b) Intensity distribution of the TPE laser (left) and the
STED doughnut (right). Scale bars: 500 nm. c) Di�raction-limited resolution (left, confocal microscopy) versus
sub-di�raction resolution (right, STED). Scale bars: 500 nm. All images were taken from [29].

1.2. Methods for the detection of single nanoparticles dispersed in
liquids

In this work, a so-called Fabry-Pérot (FP) �ber-based sensor is presented that allows us to
detect the dynamics of single nanoparticles with a size of a virus. But before going into this in
more detail, other types of optical microscopes and sensors will be introduced, which can also
give us insights into the nanoworld. All these optical sensing methods have in common that
the optical interaction between light and nanoparticle is exploited. Here, the general challenge
is to increase the nanoparticle signal-to-measurement-noise ratio. As the nanoparticle is tiny,
only a tiny amount of light is scattered, absorbed, re-emitted or frequency shifted by it1. The
following sections present di�erent optical sensors and their individual tricks for being able
to resolve single nanoparticles.

1.2.1. Fluorescencemicroscopes

Fluorescence microscopes are based on the detecting of the �uorescent light of nanoscaled
sources, the so-called �uorophores [30, 31, 32]. When the �uorophore is excited with a certain
light wavelength, it �rst absorbs the light, and then it re-emits the light at a longer wavelength
after a typical time scale of 10−9-10−7 s [33]. The emitted light is di�raction limited, but

1 If the nanoparticle is a nanosphere, its cross-sections scales with its radius 𝑟 as follows: The scattering cross-
section 𝜎s is proportional to |𝛼 |2 ∼ 𝑟6 and the absorption cross-section 𝜎a is proportional to =(𝛼) ∼ 𝑟3.
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superresolution is achieved by di�erent techniques [34, 35]. For example, the photoactivated
localization microscopy (PALM) [36] and the stochastic optical reconstruction microscopy
(STORM) [37] enable a resolution limit down to 20 nm. In both techniques, this high resolution
is achieved by the usage of �uorophoreswhich can be actively turned on and o�. The stimulated
emission depletion (STED) microscopy [29, 38] (see Fig. 1.1) or its further developed versions
the MINFLUX [39, 40] and the MINSTED [41] microscopy even reach a spatial resolution down
to 1 nm. The basic idea is the depletion of the excited �uorophore by a doughnut-shaped focal
laser spot with a longer wavelength than the excitation laser. Consequently, the �uorophore
molecules in the doughnut-shaped region are forced to stimulated emission, but the molecules
in the very center are undisturbed and therefore emit the �uorescent light, which has another
wavelength than the emitted light by stimulated emission. To investigate biological actually
non-�uorescent processes by either a di�raction limited �uorescence microscope or by the
di�erent superresolutionmicroscopy techniques, the so-called targets are labeled with di�erent
kinds of �uorophores. The usage of �uorophores has the advantage of selectivity. That means
they only bind to a speci�c target. This allows the imaging of the target’s location and shape
[21]. Besides, parallel sensing of several �uorophores over a large area is possible. However,
the labeling of the target is a complicated process and it can be also expensive. In addition,
the labeling might change the chemical structure of the target to such an extent that its
natural behavior is disturbed. Fluorescence microscopy does not only allow the imaging
of the �uorophore, but it also enables the detection of its three-dimensional motion. As
the �uorophores su�er from photobleaching and saturation, both the spatial as well as the
temporal resolution are limited. The best tracking �uorescence microscopy is MINFLUX [39],
which provides a 2 nm spatial and a 4 · 10−4 s temporal resolution.

1.2.2. Interference scatteringmicroscopy

The interference scattering (iSCAT) microscopy is based on the interferometric measurement
of the Rayleigh scattered light from a nanoparticle. The nanoparticles dispersed in liquid are
located on a glass substrate and are illuminated from below with a laser beam (see Fig. 1.2). At
the substrate-liquid interface, the laser beam is partially re�ected and the transmitted fraction

Glass 
substrate

Figure 1.2.: Principle of the iSCAT microscopy. The incident laser beam is partially re�ected at the glass plate and
the transmitted fraction is partially Rayleigh scattered at the nanoparticle. The �gure was taken from [42].
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1.2. Methods for the detection of single nanoparticles dispersed in liquids

is partially Rayleigh scattered at the nanoparticle. Eventually, the interference between the
re�ected beam and the Rayleigh back-scattered beam is detected. This is also called "homodyne
interferometric detection" [43]. By this method, the position of single metallic nanoparticles
can be detected with a spatial resolution limit down to 1.9 nm [44]. As molecules of the same
size have a smaller e�ective refractive index and thus a smaller scattering cross-section than
metallic nanoparticles, either only relatively large molecules can be detected [42, 45] or in
the case of smaller molecules, the resolution can be improved by their labeling with metallic
nanoparticles [46]. The disadvantages of labeling were already described in Chapter 1.2.1. In
terms of motion detection, iSCAT microscopy allows the two-dimensional tracking of single
nanoparticles. A reduction of noise and thus an improvement of the signal-to-noise ratio is
achieved by the integration over several frames. This enables an improved spatial resolution,
but at the same time, the temporal resolution gets worse [42]. At a spatial resolution of 1.9 nm,
thus, gold nanoparticles with a radius of 10-20 nm can be tracked with a time resolution of
1ms [44]. A larger gold nanoparticle with a radius between 20-40 nm can be tracked with a
similar spatial resolution of about 2 nm, but an improved time resolution of 2 · 10−5 s [47]. The
tracking of an unlabeled single Ferritin protein, though, is possible with a spatial resolution of
12 nm and a relatively long resolution time of 35ms [45]. As for the �uorescence microscope,
the iSCAT microscopy can be operated in a wide-�eld mode. This allows the parallel sensing
of multiple nanoparticles [42].

1.2.3. Optical cavities

There are di�erent types of optical cavities, which can be used for nanoparticle detection:
The micrometer-sized whispering gallery mode (WGM), photonic crystal (PhC), and Fabry-
Pérot (FP) cavities, and the nanometer-sized surface plasmon resonance (SPR) cavity. Each
cavity-type detects the single nanoparticle in the same way: The cavity enhances the inter-
action between the cavity light �eld and the nanoparticle. In general, the excitation light
of wavelength 𝜆 is trapped inside the cavity, which forces the light to several round trips
until it can leave the cavity. This leads to a standing-wave structure and therefore to regions
with high electrical �elds. When the nanoparticle resides inside such a high electrical �eld,
it partially absorbs and scatters the light and shifts the resonance frequency of the cavity2
each time when the light passes the nanoparticle [48, 49]. Thereby, the amount of cavity
light �eld change depends on the shape, size, and material of the nanoparticle. This is de-
scribed in Chapter 2.3 for the case of a FP resonator in more detail. The enhancement of
the nanoparticles signal and thus the resolution limit of the optical microresonator depends
on the number of light round trips inside the cavity and the light con�nement in the mode
volume 𝑉m. Hence, the �gure of merit is the cooperativity 𝐶 ∼ 𝑄𝜆30/(𝑛3m𝑉m). A high quality
factor 𝑄 means that the cavity photon lifetime is longer and therefore it interacts more fre-
quently with the nanoparticle. A small mode volume implies a highly localized mode �eld.
As a result, more photons interact with the nanoparticle at one round trip. In the following,

2 This is also called "refractive shift", because the light’s optical path length changes due to the di�erent refractive
index of the nanoparticle in comparison to the liquid.
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1. Nanoparticles and their detection on a single particle level

500nm
70nm

Figure 1.3.: SEM image of a slot-mode photonic crystal (PhC). Due to the slot-mode design, high electric �elds
are generated in the slots. The �gure was taken from [50].

the three di�erent resonator types are presented and compared in terms of their enhancements.

Photonic crystal (PhC) cavity. PhCs consist of a periodic lattice structure with two
alternating materials of a high and a low refractive index. In the case of single nanoparticle
sensing in liquids, the material with the lower refractive index is the liquid. Due to the
periodicity, the photonic crystal band structure consist of a bandgap. By inducing a defect
into the lattice structure or by changing locally the periodicity, an allowed state of a speci�c
frequency within the band structure is created. That means photons with this frequency are
not allowed to propagate in the PhC structure and therefore they are forced to execute round
trips. Consequently, a cavity is created (see Fig. 1.3). There are many di�erent PhC cavity
designs. An overview is given in [51, 49]. Since for the high refractive index material typically
silicon, silicon nitride, or gallium arsenide is used, the PhC cavities are operated in the infrared
range around 𝜆 = 1.5 µm and therefore su�er from a strong water absorption [52, 51]. Thus,
with a PhC cavity �lled with water, typically low quality factors of 𝑄 ≈ 103 are achieved
[53, 52]. However, PhCs consist of very small mode volumes. In Ref. [50], a PhC with a mode
volume of𝑉m = 0.06 · (𝜆/𝑛H2O)3 ≈ 0.08 µm3 and �lled with heavy water (D2O) is presented. In
this case, with a 𝑄-factor of 1.2 · 104, a 𝑄𝜆30/(𝑛3m𝑉m) ratio of ≈ 4.7 · 105 is achieved, and single
Polystyrene nanoparticles with a radius of 20 nm can be detected. However, this best reported
𝑄𝜆30/(𝑛3m𝑉m) ratio in liquids should be treated with caution since the high 𝑄-value is only
achieved by the usage of heavy water and therefore the light absorption is reduced. In terms
of biological measurements, heavy water is toxic. For example, at medium concentration, it
slows down cell division (mitosis) and at high concentration, it can destroy the cell [54]. By
using normal water instead for biosensing applications, the 𝑄 factor is below 6000 [50] and
the𝑄𝜆30/(𝑛3m𝑉m) ratio is 2.4 · 105. This value is still high and promising for the future detection
of small molecules. However, in terms of statistical measurements, the small sensing volume
limits the detection of several single nanoparticle events within a reasonable time. Besides, due
to the proximity to the dielectric surface, the nanoparticle could experience forces in�uencing
its movement. In general, PhCs can be easily integrated into a lab-on-a-chip device, and also
label-free sensing is possible.
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Figure 1.4.: Microtoroid whispering gallery mode (WGM) microresonator. A: SEM image of a microtoroid. B:
Electrical �eld distribution of the fundamental mode. The majority of the electrical �eld is located inside the
dielectric material. Only a fraction of the electrical �eld leaks out of the material and can interact with nanoparticles
and molecules residing close to the surface. The �gure was taken from [55].

Whispering Gallery mode (WGM) cavity. WGM resonators consist of a dielectric ma-
terial, which have a circular shape and usually have an extension in the micrometer range.
In order to excite the resonator, a laser with a certain light wavelength is coupled into the
resonator by an evanescent �eld. For the in-coupling, typically a tapered �ber or a prism is
used. Due to total internal re�ection, the light propagates inside the WGM resonator along the
periphery. If the diameter of the WGM cavity hits resonance condition3, the propagating wave
interferes constructively with itself after one round trip. Thus, a standing-wave propagates
inside the dielectric material. The main part of the resonance mode is extended inside the
dielectric material, where it is unreachable for the nanoparticle (see Fig. 1.4). However, an
evanescent �eld leaks out of the material, allowing the nanoparticle to interact with the mode.
[56]
There are di�erent WGM cavity geometries, such as rings [57], disks [58], spheres [59, 60, 61,
56], bubbles [62] and toroids [63, 64, 55, 65, 66, 67]. In the case of WGM cavities, the e�ective
sensing volume has to be introduced. As only a small fraction of the cavity mode can interact
with the nanoparticle, the �gure of merit for the cavity enhancement is not the mode volume
𝑉m, but the e�ective sensing volume 𝑉s. The latter takes into account the reduced maximal
electrical �eld outside of the dielectric material at the surface. Comparing the di�erent WGM
geometries �lled with water, the best nanoparticle signal enhancement is achieved with micro-
toroids. Although the 𝑄 factor is similar to that of microspheres on the order of 𝑄 ≈ 106...108,
the e�ective sensing volume is reduced in microtoroids due to the di�erent geometry. Here,
typical values for the e�ective sensing volume are in the range 𝑉s ≈ 630...3200 µm [52, 66].
Therefore, with microtoroids 𝑄𝜆30/(𝑛3m𝑉s) ratios of up to ≈ 9.7 · 103...2.2 · 104 are achievable
[55, 65, 66]. This allows the studying of single, unlabeled nanoparticles and molecules [55, 68].
As the excitation of the WGM cavity by an evanescent �eld is very sensitive, its integra-
tion into a micro�uidic channel is challenging. But there are di�erent approaches published
[69, 70]. In comparison to PhCs, WGM cavities have an up to �ve orders larger quality factor,
when both are �lled with normal water, but due to a less con�ned mode, the 𝑄𝜆30/(𝑛3m𝑉s)
ratio is about an order of magnitude lower. In general, single nanoparticles can be measured

3 The diameter is approximately a multiple of half light wavelengths.
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1. Nanoparticles and their detection on a single particle level

label-free with WGM cavities. However, usually the WGM cavity surface is functionalized in
order to introduce speci�city. This leads to an irreversible binding of the nanoparticles and
consequently to a contamination and damage of the sensor.

Surface plasmon (SP) resonances. SP resonances can be exited in metallic surfaces as
well as in metallic nanoparticles. In the �rst case, the conduction electrons are excited to a
resonant oscillation along the metallic surface by an evanescent light �eld. Thereby both, the
electrical �eld of the incident light and the induced electrical �eld interfere constructively.
Consequently, close to the metallic surface, the electrical �eld is enhanced (≈ 150-300 nm
�eld extension length perpendicular to the surface [72]). In the second case, localized surface
plasmon (LSP) resonances are excited in metallic nanoparticles4of a size much smaller than
the incident light wavelength. The incident, non-evanescent, linearly polarized light �eld
forces the conduction electrons to a resonant and coherent oscillation along the whole particle.
Consequently, a dipole �eld is induced. At the nanoparticle poles, the electrical �eld vectors
of the dipole point in the same direction as the electrical �eld of the excitation light, and at
the equator the �eld vectors point in opposite directions. The thus generated constructive
interference at the poles results in so-called "hot spots". Here, the electrical �eld is highly
con�ned to a small mode volume and the �eld strength is increased (see Fig. 1.5a). When a
nanoparticle or molecule resides inside a hot spot, the wavelength for resonance condition is
shifted due to a change in refractive index (see Fig. 1.5b) and also the light-scattered intensity
is changed. [73, 74, 75]
SP sensors allow the detection of single virus-like particles5 with a radius between 50-100 nm
and the detection of single Polystyrol (PS) nanoparticles with a radius of 40 nm, both dispersed
in distilled water or phosphate-bu�ered saline (PBS) [76]. In this case, the gold surface is
functionalized with di�erent labels, in order to achieve a binding of the virus-like particles or

4 Typically gold and silver nanoparticles are used.
5 "Virus-like particles are self-assembling, non-replicating, non-pathogenic particles similar in size, morphology,
and conformation to intact viruses. However, in contrast to viruses, virus-like particles are not infectious
because they assemble without in-corporating genetic material." [76]

b)a)

Figure 1.5.: Localized surface plasmon (LSP) resonator. a) Simulated electrical �eld distribution when LSP
resonances are excited along the vertical axis. The highest electrical �eld intensity is in the red regions ("hot
spots"). Scale bar: 10 nm. b) Produced plasmon resonance shift in the photothermal signal (absorption cross-section)
when biotin binds to the functionalized surface of the gold nanorod. The �gures were taken from [71].
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1.2. Methods for the detection of single nanoparticles dispersed in liquids

the PS nanoparticles to the surface. Besides, a parallel sensing of several single nanoparticles
can be achieved with a wide-�eld SP microscopy [77]. The best resolution, however, is
accomplished with LSP sensors. They allow a label-free detection of single proteins with a
mass down to 53 kDA [71]. The high sensitivity is achieved by the induced LSPs inside a gold
nanorod and the resulting strong con�nement of the mode. In this case, the ultra-small mode
volume is "of the same order as the volume of a typical protein" [71]. In [78] a mode volume
of ≈ 6 · 10−5 µm3 is achieved. However, LSP resonances su�er from large propagation losses.
Therefore, the𝑄-factor is small and of the order ≈ 10-50 [79, 80]. In total, with LSP resonances
a high 𝑄𝜆30/(𝑛3m𝑉m) ratio of ≈ 4 · 105 can be achieved. Furthermore, the LSP resonance sensor
can be easily integrated into a micro�uidic device [81, 82] and also a parallelized detection
of several single LSP resonances is possible [83]. The parallelization has the advantage of
increasing the total sensing area, which is quite small for a single LSP sensor and is in the
range of 10−3 µm2 [52].
Finally, single-molecule sensitivity in the measured Raman signal is also achieved in surface-
enhanced Raman scattering. When the molecule is attached to a hot spot region of the
plasmonic structure, the molecule starts to vibrate and emits wavelength shifted photons due
to inelastic scattering. Thus, the weak Raman cross-section6 is enhanced. For instance, in
Ref. [85] the Raman signals of single Bovin serum albumin molecules with a molecular mass
of 66.5 kDa could be detected. However, the measurement technique itself doesn’t allow the
detection of the molecule’s natural behavior as the molecule is forced to vibrations.

Fabry Pérot (FP) microcavity. FP microcavities consist of two highly re�ective mirrors of
micrometer size, which allow a small fraction of light to be transmitted through each mirror. In
the case of planar mirrors, they are aligned parallel to each other. Through one of the mirrors,
a laser with a speci�c wavelength is transmitted and re�ected back and forth between the
two mirrors. If the mirror distance hits resonance condition7, the propagating waves interfere
constructively and a standing-wave occurs. Consequently, when a nanoparticle resides inside
the cavity standing-wave light �eld, the light-nanoparticle-interaction leads to a change of
the intracavity �eld (see Chapter 2).
FP microcavities itself are well known [87, 88, 89, 90, 91, 92, 93], however, their usage for
single nanoparticle sensing in liquids is relatively new. In 2014 a FP microcavity for a refractive
index sensing of di�erent liquids was published [94]. The FP cavity consists of a planar mirror
and a second concave mirror with a small radius of curvature in order to simplify the alignment
of the mirrors and to realize a stable cavity8. Two years later, the same group introduced
nanospheres with a minimum radius of ≈ 45 nm (PS) into the FP cavity (see Fig. 1.6). In this
case, the 𝑄-factor of 1.8 · 104 and the mode volume of 𝑉m ≈ 0.4 µm3 allowed the trapping of
unlabeled nanospheres inside the con�ned mode and the investigation of resonance shift and
linewidth broadening produced by the nanosphere. However, in their approach, the 𝑄 factor

6 The Raman cross-section is on the order 10−29 to 10−32 [84] and about 7 orders smaller than the Rayleigh
cross-section.

7 The optical path length has to be a multiple of half of the wavelength.
8 If two planar mirrors are used, already small misalignments reduce the 𝑄-factor dramatically, as the light can

leave the cavity after a few re�ections. Spherical mirrors instead are more robust against small misalignments
and the condition for a stable cavity is 0 ≤ (1 + 𝑑/𝑟c,1) (1 + 𝑑/𝑟c,2) ≤ 1, with the mirror radii of curvature 𝑟c,i
and the cavity length 𝑑 .
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1. Nanoparticles and their detection on a single particle level

Figure 1.6.: Fabry-Pérot cavity consisting of a planar mirror (right) and a second mirror with an ion beam milled
spherical pro�le (left). Between the two mirrors, a nanoparticle is trapped inside an antinode of the standing-wave
cavity light �eld. The �gure was taken from Ref. [86].

Figure 1.7.: Sketch of a �ber-based Fabry-Pérot (FP) cavity. The laser beam is guided through a single-mode (SM)
glass �ber, which has a depression inside the end-facet and a dielectric mirror attached. A small fraction of the
laser beam is transmitted through the mirror and re�ected back and forth between the two mirrors. At discrete
distances, a standing-wave occurs with high electrical �elds at the center of the antinodes. A fraction of the
intracavity light is transmitted through the second mirror into the multi-mode (MM) �ber.

is limited due to the focused ion beam milled mirror pro�les and accordingly the high surface
roughness. Therefore, the 𝑄𝜆30/(𝑛3m𝑉m) ratio of ≈ 1.1 · 104 is less than that of PhC, WGM, and
SP cavities. In addition, for this kind of FP cavity, free-space in-coupling optics is needed and
the cavity was not yet integrated into a micro�uidic device in order to provide a controllable
laminar �ow.
The advantage of FP cavities in comparison to PhC, WGM, and SP cavities is the open-access
design. The cavity standing-wave light �eld is formed between the two mirrors, thus the
nanoparticle has open access to the light �eld without the requirement for being close to the
mirror surface. Hence, the nanoparticle’s motion isn’t in�uenced by surface forces, and in
contrast to WGM resonators, it has full access to the �eld maximum.

1.3. Fiber-based Fabry-Pérot microcavity with high finesse

Within this work, a �ber-based FP cavity is presented, which consists of two concave, dielectric,
mirrors on the end facets of glass �bers (see Fig. 1.7). In the following, they are called �ber
cavity mirrors. In this section, at �rst, the �ber-based FP cavity is compared with other optical
cavities. Second, the new achievements presented in this work are summarized. Third, the
tracking of a single nanoparticle with the FP microcavity is compared with other detection
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methods and �nally the limitations of this detection method are brie�y discussed.

Comparison of the FP microcavity with other optical cavities. Due to the fabrication
of the concave pro�le with CO2 laser pulses instead of ion beam milling, the surface roughness
is very low [87]. Therefore, a high quality factor of 1 · 106 is achieved for a �ber-based FP
cavity �lled with water. Simultaneously, the mode volume amounts to 𝑉m = 10 µm3 resulting
into a𝑄𝜆30/(𝑛3m𝑉m) ratio of 2.1 · 104 [95]. Although this sensor type is new in the area of single
nanoparticle sensing in liquids, the 𝑄𝜆30/(𝑛3m𝑉m) ratio is already similar or better than the
best WGM cavity and it is only a factor of 5 worse than the best PhC cavity and a factor of 8.5
worse than the best LSP cavity. In contrast to WGM cavities and FP cavities consisting of two
macroscopic mirrors, it is shown that a �ber-based FP cavity can be easily integrated into a
micro�uidic channel.

New achievements. Within this work, a novel and compact cavity setup consisting of a 3D
laser-written polymer micro�uidic channel is presented, which enables a customized design
of the channel and consequently ensures a controllable laminar �ow. Thus, hundreds of
single, unlabeled nanoparticle transit events can be detected within a few hours. From the
measured dispersive shifts of several single nanosphere transit events, the autocorrelation of
their motion through a FP cavity standing-wave light �eld could be investigated. The two
arising slopes were in accordance with Monte Carlo simulations of the Brownian motion of
single nanospheres of the same size. Whereas the numerical autocorrelation for a focused
beam is widely understood (see �uorescence correlation spectroscopy [96], the autocorrelation
for a standing-wave light �eld is not yet investigated. Only Ref. [97] o�ers a numerical result,
which, however, contradicted the double-slope structure of the measured autocorrelation.
Instead, within this work, a new numerical result for a punctiform nanoparticle was derived,
which described the two slopes. Via the refractive index sensing of single nanospheres, the
e�ective refractive index of the expanded nanosphere size in water could be determined and
the refractive index of the hydrate shell estimated [95]. The presumption in Ref. [98] that salt
reduces the expansion of the hydrate shell could be veri�ed and probably small amounts of salt
already suppressed the formation of the whole hydrate shell as the same polarizability as the
intrinsic polarizability of the bare nanosphere could be measured. Completely new is the track-
ing of the three-dimensional Brownian motion of a single, unlabeled nanosphere by an optical
cavity in general and especially by a FP cavity. The nanosphere’s motion could be tracked
with a time-resolution of 3 · 10−4ms and a maximal spatial resolution of 8 nm [95]. The track
gave rise to estimate the nanosphere’s hydrodynamic radius independently from its refractive
index and besides the normal di�usive motion, this technique should also allow the detection
of anomalous di�usion in the future. In addition to the translational movement, for the �rst
time, also the rotational di�usion of anisotropic-shaped single nanoparticles was investigated
with the �ber-based FP cavity. This is shownwithin this work with a time resolution of 7·10−5s.

Comparison of the single particle trackingwith other detectionmethods. In compar-
ison to the spatial resolution of 2 nm of the �uorescence microscope MINFLUX, the maximal
spatial resolution of 8 nm of the �ber-based FP cavity is worse. However, the use of labels is
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avoided, the method enables tracking in three instead of two dimensions, and the translational
movement is purely di�usive and not disturbed by the measurement. In addition, the time
resolution of the �ber-based FP cavity is an order of magnitude better. With the �uorescence
microscopy TSUNAMI [99] a better time resolution of 5 · 10−5 𝑠 is achieved, though the spatial
resolution is worse with 16...35 nm. With iSCAT microscopes, a spatial resolution of 2 nm and
a time resolution of 2 · 10−5 for larger gold nanoparticles is achieved. Both resolution limits
are better than those obtained with the �ber-based FP cavity, however, the tracking is limited
to two dimensions and fast tracking is only possible with labels (strong scatterers) or larger
nanoparticles.
The current time and spatial resolution of the �ber-based FP cavity could be signi�cantly
improved by an active stabilization of the cavity length and a heterodyne detection of the
resonance phase shift. Then, the time resolution would only depend on the bandwidth of the
photodetector and the cavity decay rate (≈ 108Hz). The spatial resolution would be improved
at the same time due to the lower measurement noise and consequently the increased signal-
to-noise ratio.

Limitations. Besides the advantages, the disadvantages of FP cavities should not be con-
cealed. As with all optical microcavities, a single FP cavity doesn’t allow the parallel obser-
vation of several single nanoparticles. Multiple single nanoparticles could be observed by
the integration of several single FP cavities into one micro�uidic channel. This is theoreti-
cally possible by the usage of multi-core �bers, however, this also complicates the handling.
Moreover, the sensing area is relatively small in comparison to �uorescence microscopes and
iSCAT.

1.4. Scope of this work

In Chapter 2, after the basic introduction to FP cavities and nanoparticles in the Rayleigh
regime, the interaction between the FP standing-wave light �eld and a single, homogeneous
nanoparticle are discussed. First, the resonance amplitude decrease and frequency shift pro-
duced by a nanosphere are considered. Then, a SiO2 nanosphere dispersed in water is discussed.
Afterward, the di�usive motion of the nanosphere in water probed by the cavity light �eld is
numerically simulated and it is shown that the simultaneous detection of the fundamental
mode and the two higher-order transverse modes reveal the nanosphere’s Brownian motion
and thus the information about its di�usivity and hydrodynamic radius. In the next sub-
chapter, the theoretical autocorrelation of the signal produced by a punctiform nanosphere,
which transits the FP standing-wave light �eld is derived. Finally, the investigation of the
rotational motion of anisotropic-shaped nanoparticles via the polarization-split fundamental
modes is discussed.
The next Chapter 3 deals with di�erent experimental sensing platforms and their perfor-
mance. The sensing platforms, where di�erent kind of micro�uidic channels and the FP cavity
are embedded, are discussed in detail. In addition, the principle of �nesse and nanoparticles
measurements are presented. Furthermore, the di�erent sensing platforms are compared
in terms of their passive stability, measurement noise and resolution limit. At the end of
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this chapter, an overview of the di�erent cavity geometries is given, that were used for the
conducted experiments.
Chapter 4 is about the sensing of the mean polarizability of several single nanosphere transit
events of di�erent SiO2 samples. Furthermore, for each sample, the refractive index of the
hydrate shell is determined. In addition, it is shown that an improved time resolution already
enables the determination of the polarizability of a single, freely di�using nanosphere. The
next sub-chapter covers the impact of salt on the hydrate shell of SiO2 nanospheres. It is
shown that salt decreases the thickness of the hydrate shell and probably already very low salt
concentrations could cause a removal of the shell. In the last sub-chapter, the experimentally
derived autocorrelation of several nanosphere transit events is compared with the theoretical
autocorrelation function of a punctiform nanosphere and the simulated autocorrelation de-
rived by several Monte Carlo tracks.
In Chapter 5 the three-dimensional single nanosphere track is derived from the simultane-
ously measured frequency shifts of the fundamental and two higher-order transverse modes.
From the three-dimensional track, the mean squared displacement is determined, which con-
tains the information about the nanosphere’s di�usivity and its hydrodynamic radius.
In Chapter 6 the rotational di�usion of an almost spherical nanoparticle, a dimer, and a larger
agglomerate is investigated by the polarization-split fundamental modes. This technique is
highly sensitive as already nanospheres with a speci�ed roundness of >0.98 can be tracked in
their rotational motion.
Finally, inChapter 7, all results are brie�y summarized and possible future steps are discussed
in an outlook.

Last but not least, references should be made to the appendix. In Appendix A detailed
descriptions andmathematical derivations are given, as well as assistance for possible problems
arising in practice. Appendix B contains a list of abbreviations and a list of symbols.
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2. Fundamentals of single polarizable
nanoparticles inside a fiber-based
Fabry-Pérot microcavity

In this chapter, at �rst, the fundamentals of �ber-based Fabry-Pérot (FP) cavities are discussed
(Chapter 2.1). The next Chapter 2.2 deals with the properties of nanoparticles much smaller
than the wavelength of incident light (Rayleigh regime). For a homogeneous nanosphere, the
polarizability is derived and its response to an external oscillating electrical �eld is considered.
In addition to a homogeneous sphere, anisotropically shaped nanoparticles are also discussed.
Finally, the interaction of a nanoparticle with the standing-wave light �eld of a FP cavity is
considered. Several aspects are highlighted. In Chapter 2.3 the change in cavity resonance is
explained when a spherical nanoparticle resides inside the cavity mode. The resonance change
is directly related to the polarizability of the nanosphere. Chapter 2.4 deals with the Monte
Carlo simulation of the Brownian motion of nanoparticles. It is theoretically shown that the
simultaneous measurement of the TEM00, TEM01 and TEM10 allows the three-dimensional
tracking of a single nanosphere. From the three-dimensional track, the di�usivity and hence
the hydrodynamic radius of the nanosphere can be deduced via the mean squared displacement.
In Chapter 2.5 the autocorrelation function is derived for a punctiform nanosphere moving
through the FP standing-wave light �eld. In general, the autocorrelation provides information
about the type of motion (e.g. di�usion, drift or rotation). In this case, di�usion and drift are
considered. Finally, Chapter 2.6 deals with the rotational di�usion of anisotropically shaped
nanoparticles. It is explained, how the polarization splitting of the fundamental modes can be
exploited to obtain information about the rotational di�usion of the nanoparticles.

2.1. Fiber-based Fabry-Pérot cavity modes

In this chapter, the general properties of a �ber-based Fabry-Pérot cavity are brie�y summa-
rized. If there is no prior knowledge of FP resonators in general, the reader is motivated to
acquire a deeper understanding for the basics e.g. by reading the corresponding chapters in
the standard literature [100].

A �ber-based FP cavity consists of two highly re�ective dielectric mirrors attached to the
end facets of two glass �bers (see. Fig. 1.7). Before the mirrors are attached, a depression is
micromachined into each cleaved �ber end facet by CO2 laser pulses [87, 101]. The resulting
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mirror pro�les have a low surface roughness of ≈ 0.2 nm and the depression inside the surface
can be approximated by a Gaussian pro�le. At the center, the depression is almost spherical.
Accordingly, the mirror curvature is de�ned by the radius of curvature 𝑟c. In general, di�erent
mirrors with di�erent radii of curvature 𝑟c,1 and 𝑟c,2 are used. In the real case, the mirrors
are slightly elliptical. Therefore, each mirror consists of two radii of curvature 𝑟c,1,1, 𝑟c,1,1 for
mirror 1 and 𝑟c,2,1, 𝑟c,2,1 for mirror 2. Before going into details of FP cavities with spherical
and elliptical mirrors, at �rst, a FP cavity with planar mirrors is considered.

2.1.1. Planar cavity mirrors

A cavity is created by a parallel aligning of the two mirrors. When laser light with vacuum
wavelength 𝜆0 is coupled into the mirror gap through one of the mirrors ("input mirror"), the
light is re�ected back and forth between the two mirrors. At mirror separations of

𝑑geom = 𝑞

(
𝜆0
2𝑛m

− 2𝑑pen(𝑛m)
)

1
𝑛m

, 𝑞 ∈ N , (2.1)

with "𝑑geom" called geometric cavity length, the re�ected light propagates in phase after one
round trip and a standing-wave with a constant amplitude occurs between the two mirrors.
In Eq. (2.1), the cavity is �lled with a liquid of refractive index 𝑛m and 𝑑pen(𝑛m) denotes the
penetration depth of light into each mirror with the same dielectric coating. Hence, the optical
cavity length can also be expressed as

𝑑opt = 𝑑geom𝑛m + 2𝑑pen . (2.2)

This simpli�es Eq. (2.1) to

𝑑opt = 𝑞
𝜆0
2𝑛m

, 𝑞 ∈ N . (2.3)

If the mirrors are highly re�ective and cavity losses are neglected, light is only transmitted
through the second mirror ("output mirror") at resonance condition. Otherwise, the transmit-
tance is zero. Thus, the light intensity distribution detected by the APD is a delta distribution
and the distance between two consecutive delta peaks is called free spectral range (FSR)

Δ𝜈FSR =
𝑐0

2𝑑opt𝑛m
. (2.4)

Here, 𝑐0 is the light velocity in vacuum.
In the real case, di�erent loss channels inside the cavity lead to a broadening of the transmitted
intensity. In Fig. 2.1 the losses inside a cavity are shown. Light with the incident electrical �eld
E0 enters the cavity through mirror 1 and is re�ected back and forth between both mirrors.
As mirrors have a re�ectivity smaller than one, with 𝑅𝑖 = 1 − 𝑇𝑖 − 𝐴𝑖 and where 𝑇𝑖 is the
transmission and 𝐴𝑖 are the absorption and scattering losses of mirror 𝑖 = [1, 2], a fraction
of the intracavity light can also leave the cavity through each mirror. In the following, only
the transmission through the second mirror is considered. At each re�ection at mirror 2, a
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Figure 2.1.: Loss channels inside a FP cavity. The incident light E0 is coupled into the cavity through mirror 1.
Inside the cavity, the light is re�ected back and forth between the mirrors. At each round trip, a fraction of the
light is lost. The liquid into which the mirrors are immersed absorbs a fraction of the light (𝐿m). Besides, the
mirrors absorb and scatter a fraction of the light as well (𝐴1, 𝐴2) and enable partial transmittance (𝑇1,𝑇2).

fraction of the light is transmitted E𝑇,𝑘 . The overall transmission through mirror 2 is then
given by the sum over all transmitted fractions

𝑇cav =

��∑∞
𝑘=1 ET,𝑘

��2
|E0 |2

. (2.5)

A fraction of the intracavity light does not only get lost due to the transmission and absorption
through each mirror but also due to the absorption of the liquid 𝐿m, by which the cavity is
�lled. The amount of absorption is described by the Lambert absorption coe�cient 𝛼m and
the overall loss at each round trip caused by the medium is

𝐿m(𝜆, 𝑑geom) = 2 · 𝛼m(𝜆) · 𝑑geom . (2.6)

Hence, a larger geometric cavity length 𝑑geom leads to a greater absorption inside the medium
and therefore to a decreased cavity transmission and �nesse. In case of water and the wave-
length 𝜆 = 775 nm, the absorption coe�cient is 𝛼m = 2.38 ppm/µm [102]. The exact result for
the transmission amplitude is an Airy-function, where the transmission doesn’t decrease to
zero at o�-resonance condition. If only highly re�ective mirrors are considered with 𝑅 ≈ 1,
the transmission amplitude 𝑇cav can be approximated as [103]

𝑇 ≈ 𝑇max

(
𝛿𝜈
2

)2(
𝛿𝜈
2

)2
+ (𝑞Δ𝜈FSR − 𝜈)2

, 𝑞 ∈ N . (2.7)

Consequently, the intensity distribution detected by the APD has a Lorentzian shape with
the full width half maximum (FWHM)

𝛿𝜈 = Δ𝜈FSR
𝑇1 +𝑇2 +𝐴1 +𝐴2 + 𝐿m

2𝜋 (2.8)

and the maximal amplitude at resonance condition 𝜈𝑞 = 𝑞Δ𝜈FSR is

𝑇max =
4𝑇1𝑇2

(𝐿m +𝐴1 +𝐴2 +𝑇1 +𝑇2)2
. (2.9)
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Figure 2.2.: . Schematic illustration of the FP cavity transmission spectrum with planar mirrors and di�erent
�nesses. The transmission spectrum of a low �nesse cavity is described by an Airy function (F3, purple). When the
�nesse of the cavity is high (F1, F2 � F3, green and blue), the transmission spectrum decreases to approximately
zero at non-resonance condition. At resonance condition, resonances occur with a Lorentzian shape. The higher
the �nesse, the narrower are the resonances (full width half maximum 𝛿𝜈1 < 𝛿𝜈2). The distance between two
consecutive resonances is called free spectral range Δ𝜈FSR.

The cavity �nesse is de�ned as the ratio between FSR and FWHM

F =
Δ𝜈FSR
𝛿𝜈

=
𝑐0

2𝑑opt𝑛m𝛿𝜈
. (2.10)

For the transformation, Eq. (2.4) was inserted. Inserting Eq. (2.4) and Eq. (2.8) into Eq. (2.10)
gives the important relation

F =
2𝜋

𝐿m +𝐴1 +𝐴2 +𝑇1 +𝑇2
(2.11)

for the �nesse [104]. In Fig. 2.2 the transmitted light is sketched for di�erent �nesses. The
lower the losses, the greater is the �nesse and the sharper are the resonances. The �nesse is
only used in the context of FP cavities. For other resonator types, including mechanical and
electronical resonant circuits, the �gure of merit is the quality factor 𝑄 . It is related to the
�nesse as follows:

𝑄 =
𝜈𝑞

𝛿𝜈
= 𝑞F , 𝑞 ∈ N . (2.12)

2.1.2. Spherical cavity mirrors

When the two planar mirrors are exchanged by two spherical mirrors, the amplitude of
the standing-wave isn’t a constant anymore, but it is a complex quantity depending on the
spatial coordinate ®𝑟 = (𝑥,𝑦, 𝑧)T. The new cavity modes can be found by solving the paraxial
Helmholtz equation. The simplest solution is a Gaussian amplitude distribution and the overall
intensity distribution of the cavity standing-wave light �eld is

𝐼00(𝑥,𝑦, 𝑧) = 𝐼G(𝑥,𝑦, 𝑧) cos2
(
2𝜋𝑛m
𝜆0

· 𝑧
)
, (2.13)
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z
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λ0/(4nm)

Figure 2.3.: Illustration of the cavity standing-wave light �eld distribution if spherical cavity mirrors are used
with the same radii of curvatures and if the fundamental mode TEM00 is excited. The expansion of an antinode in
the longitudinal direction between two nodes is 𝜆0/(2𝑛m). The smallest size of the beam is called waist𝑤0 and its
expansion is de�ned where the light �eld drops from its maximal value at the center of the antinode 𝐼0 to 𝐼0/𝑒
in the lateral direction. In this case, the waist is located at the center between the two mirrors. By the usage of
di�erent mirror radii of curvatures, the waist would be located away from the center closer to the mirror with the
larger radius of curvature. Similar to [95]

with

𝐼G(𝑥,𝑦, 𝑧) = 𝐼0
𝑤2

0
𝑤 (𝑧)2 exp

(
−2(𝑥2 + 𝑦2)

𝑤 (𝑧)2

)
(2.14)

and

𝑤 (𝑧)2 = 𝑤2
0

(
1 +

(
𝑧

𝑧0

))
. (2.15)

Here, the Rayleigh length is de�ned as 𝑧0 = 𝜋𝑛m𝑤
2
0/𝜆0, where𝑤0 is the waist of the Gaussian

beam

𝑤0 =

√√√√︄
−𝑑opt(𝑟c,1 + 𝑑opt) (𝑟c,2 + 𝑑opt) (𝑟c,1 + 𝑟c,2 + 𝑑opt)

𝑟c,1 + 𝑟c,2 + 2𝑑opt
𝜆0
𝑛m𝜋

(2.16)

and 𝐼0 is the light �eld amplitude at 𝑧 = 0. The waist depends on the geometry of the two
spherical mirrors with the radius of curvature 𝑟c,1 (𝑟c,2) of the �rst and second mirror. In Fig.
2.3, the intensity distribution of the TEM00 mode is sketched. Due to the complex amplitude,
the light propagating between the two mirrors collects an additional phase of 2Δ𝜉 along the
optical axis at 𝑥,𝑦 = 0. This phase di�erence is also called the Gouy-phase di�erence between
the Gouy-phases at mirror 1 and mirror 2. Therefore, the resonances, called fundamental
modes TEM00, occur at slightly di�erent frequencies in contrast to the resonances of a FP
resonator with planar mirrors, namely at

𝜈𝑞 = 𝑞Δ𝜈FSR + Δ𝜈FSR
Δ𝜉

𝜋
. (2.17)
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2. Fundamentals of single polarizable nanoparticles inside a �ber-based Fabry-Pérot microcavity

Figure 2.4.: . "Schematic illustration of the cavity transmission as a function of frequency. Blue and green denote
di�erent longitudinal orders q. Inset: intensity distribution of the transverse modes up to order 3." Image and
description were taken from [103].

In addition to the fundamental mode, also the Hermite-Gaussian modes are solutions of the
paraxial Helmholtz equation. By introducing the Hermite-Gauss functions 𝐺𝑚 , the overall
intensity distribution can be described by

𝐼𝑚,𝑛 (𝑥,𝑦, 𝑧) = 𝐼G(𝑥,𝑦, 𝑧) ·𝐺2
𝑚

( √
2𝑥

𝑤 (𝑧)

)
𝐺2
𝑛

( √
2𝑦

𝑤 (𝑧)

)
cos2

(
2𝜋𝑛m
𝜆0

· 𝑧
)

. (2.18)

In the following, they are called the higher-order transverse modes TEMmn. The collected
Gouy-phase of (𝑚 + 𝑛 + 1)Δ𝜉Δ𝜈FSR/𝜋 leads to the resonance condition

𝜈𝑞,𝑚,𝑛 = 𝑞Δ𝜈FSR + (𝑚 + 𝑛 + 1)Δ𝜉
𝜋
Δ𝜈FSR . (2.19)

For the condition𝑚,𝑛 = 0, the resonance frequencies of the fundamental modes are obtained.
Fig. 2.4 shows a schematic illustration of the transmission spectrum of a FP cavity with
almost spherical mirrors. The fundamental mode as well as the higher-order modes occur at
di�erent resonance frequencies and the inset depicts the intensity distributions of the di�erent
modes. Because of a slightly elliptical mirror shape, the modes of the same order𝑚 + 𝑛 are
not degenerated and therefore appear at di�erent frequencies.

2.1.3. Birefringent cavity mirrors

Each resonance is splitted into two polarization modes if either the mirror pro�les are not
perfectly spherical, but have an elliptical shape, or if the mirror coating is birefringent. In the
following, this is explained for elliptically shaped mirrors with di�erent radii of curvature
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Figure 2.5.: Sketch of a spherical and elliptical-shaped mirror. a) Contour plot of a spherical, concave mirror with
radius of curvature 𝑟c. b) Contour plot of an elliptical, concave mirror. The largest (smallest) radius of curvature
is de�ned as 𝑟c,1 (𝑟c,2). Due to the non-spherical shape, the mirror consists of a slow and fast axis and therefore
causes birefringence. c) Cut through the spherical mirror. d) Cut through the elliptical mirror.

Figure 2.6.: Geometrical Birefringence depending on the rotation angle 𝜃 of the birefringent mirrors to each
other. The radii of curvature used for the simulation are 𝑟c,M1,1 = 40.0 µm, 𝑟c,M1,2 = 70.0 µm, 𝑟c,M2,1 = 45.0 µm
and 𝑟c,M2,2 = 85.6 µm. Marked in colors are the two extreme values as well as a value in between. On the right
hand-side the corresponding frequency splitting of the fundamental mode is sketched.

along the two principal axes 𝑟c,1 and 𝑟c,2 (see Fig. 2.5):
If both mirrors are elliptical and the mirrors di�er from each other in their curvature (𝑟c,M1,1 ≠
𝑟c,M2,1 and 𝑟c,M1,2 ≠ 𝑟c,M2,2) and if the radii of curvature are much larger than the wavelength of
light, the frequency splitting Δ𝜈 between the two linearly and orthogonally polarization-split
fundamental modes is given by [92, 105]

Δ𝜈 =
𝜆0F𝛿𝜈

2𝑛m𝜋2 Δ𝑐 (𝜃 ) =
𝑐𝜆0

8𝑛m𝜋2𝑑opt
Δ𝑐 (𝜃 ) , (2.20)

with the geometrical birefringence

Δ𝑐 (𝜃 ) =
√︃
𝛿21 + 𝛿22 + 2𝛿1𝛿2 cos(2𝜃 ) . (2.21)
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Figure 2.7.: Respond of an homogeneous, dielectric nanosphere residing inside a static, homogeneous electrical
�eld ®𝐸𝑖 = 𝐸0𝑒𝑧 . The nanosphere has a radius of 𝑟NP, a refractive index of 𝑛NP and is surrounded by a medium with
refractive index 𝑛m.

The latter depends on the radii of curvature of each mirror𝑀

𝛿M =
1

𝑟c,𝑀,1
− 1
𝑟c,𝑀,2

, (2.22)

with𝑀 = 1, 2 for mirror 1 and 2, and on the rotation angle 𝜃 of the mirrors to each other (see
Fig. 2.6).

2.2. Nanoparticles in a homogeneous electrical field

The electrical polarizability of a nanoparticle is in general a tensor and a complex quantity,
which takes into account the nanoparticle’s shape, expansion and refractive index. Ultimately,
the polarizability describes the response of the nanoparticle to an external electrical �eld, e.g.
to an electromagnetic wave. In the following, two special cases are discussed: A homogeneous
nanosphere and a homogeneous, anisotropically shaped nanoparticle. In both cases, the expan-
sion of the nanoparticle is much smaller than the wavelength of light of an electromagnetic
wave. Therefore, the electrical �eld can be considered as approximately constant over the
whole nanoparticle (Rayleigh regime).

2.2.1. Nanosphere

The case for a homogeneous, dielectric nanosphere with refractive index 𝑛NP and radius
𝑟NP residing inside a homogeneous electrical �eld ®𝐸i = 𝐸0𝑒𝑧 and in the external medium
with refractive index 𝑛m is depicted in Fig. 2.7. In order to derive the polarizability of the
nanosphere, the Laplace equation

ΔΦ = 0 (2.23)

has to be solved. Here, Φ is the potential and the electrical �eld depends on the potential as
®𝐸 = −∇Φ. Di�erent boundary conditions have to be taken into account:
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2.2. Nanoparticles in a homogeneous electrical �eld

First, the potential outside the nanosphere has to become the potential of the incident �eld at
in�nity:

lim
𝑟→∞

Φout = −𝐸0𝑧 . (2.24)

Second, at the interface between the nanosphere and the environmental medium, the tangential
component of the electrical �elds has to stay constant

𝐸t,out( |®𝑟 | = 𝑟NP) = 𝐸t,in( |®𝑟 | = 𝑟NP) (2.25)

and �nally, the normal component of the electric displacement has to be constant as well:

𝐷n,out( |®𝑟 | = 𝑟NP) = 𝐷n,in( |®𝑟 | = 𝑟NP) . (2.26)

Solving the Laplace equation with these boundary conditions gives the solution [52, 106]:

Φin = − 3𝑛2m
𝑛2NP + 2𝑛2m

𝐸0𝑧 (2.27)

and
Φout = −𝐸0𝑧 + 𝑟 3NP

𝑛2NP − 𝑛2m

𝑛2NP + 2𝑛2m
𝐸0

𝑧

|®𝑟 |3
. (2.28)

Consequently, the incident electrical �eld induces a constant electrical �eld inside the nanosphere
and a static dipole �eld outside the nanosphere. By introducing the induced dipole moment ®𝑝 ,
the potential outside the nanosphere can be written as

Φout = −Φ𝑖 + Φdipole (2.29)

= −𝐸0𝑧 +
®𝑝®𝑟

4𝜋𝜖0𝑛2m |®𝑟 |3
, (2.30)

with
®𝑝 = 𝑛2m𝛼𝐸0𝑒𝑧 , (2.31)

the complex electrical polarizability

𝛼 = 4𝜋𝑟 3NP𝜖0
𝑛2NP − 𝑛2m

𝑛2NP + 2𝑛2m
(2.32)

and with 𝜖0 as the vacuum permittivity. The electrical �eld outside of the sphere at distance
|®𝑟 | and direction 𝑒𝑟 = ®𝑟/|®𝑟 | is given by [106]

®𝐸out = −∇Φout = ®𝐸𝑖 +
3( ®𝑝 · 𝑒𝑟 )𝑒𝑟 − ®𝑝
4𝜋𝜖0𝑛2m |®𝑟 |3

. (2.33)

In general, expect for the temporal oscillation, this is the solution as for an oscillating dipole
in the near �eld [107].

Extinction, scattering and absorption. In case of a nanosphere residing inside a constant
homogeneous �eld, the nanoparticle’s polarizability can be deduced (Eq. (2.32)). In the next
step, the constant �eld is changed by an oscillating electrical �eld

®𝐸i = 𝐸0𝑒𝑧𝑒
i(𝑘m𝑟−𝑤𝑡 ) , (2.34)
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Figure 2.8.: Sketch of an oblate (𝑎 > 𝑐) and a prolate (𝑎 < 𝑐) spheroid.

with the wavenumber 𝑘m = 2𝜋𝑛m/𝜆0. The nanosphere is considered to be so small that at a
speci�c time the electrical �eld is approximately constant over the hole nanoparticle. Again,
due to the external �eld, surfaces charges are induced, causing a dipole moment inside the
sphere. Due to the oscillation of the external �eld, the surface charges oscillate with the same
frequency. This can be described by a harmonic oscillator. Due to damping caused by friction,
a fraction of the external �eld energy is absorbed by the nanoparticle. This is described by
the absorption cross-section 𝜎abs. On the other hand, the incident light is also scattered at the
nanosphere, which is described by the scattering-cross section 𝜎scat. Both, the absorption and
scattering cross-sections can be summed up to the extinction cross-section

𝜎ext = 𝜎abs + 𝜎scat . (2.35)

The derivation of the di�erent cross-section is discussed in Ref. [108]. Here, the results are
directly given for the scattering-cross section

𝜎scat =
𝑘4m
6𝜋𝜖20

|𝛼 |2 (2.36)

and the absorption cross-section

𝜎abs =
𝑘m
𝜖0

=(𝛼) . (2.37)

2.2.2. Anisotropically shaped nanoparticle

If a homogeneous nanoparticle consists of an anisotropic shape, its polarizability depends on
the polarization direction of the external �eld ("birefringence"). This is explained using the
example of a spheroid.
A spheroid is a special type of an ellipsoid, consisting of two semiaxes of the same length
(𝑎 ≠ 𝑐, 𝑎 = 𝑏). Here, two di�erent types of spheroids can be distinguished by 𝑎 > 𝑐 ("oblate
spheroid") and 𝑎 < 𝑐 ("prolate spheroid") (see Fig. 2.8). Due to the di�erent semiaxis lengths,
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2.2. Nanoparticles in a homogeneous electrical �eld

di�erent optical polarizabilities occur. The optical polarizability of the general case of an
ellipsoid (𝑎 ≠ 𝑏 ≠ 𝑐) can be described as [109, 110]

𝛼 = 𝜖0𝑉e𝛼 𝑗 , (2.38)

with the ellipsoid volume 𝑉e = 4𝜋𝑎𝑏𝑐/3 and the normalized polarizability 𝛼 𝑗 for the di�erent
half axes directions 𝑗 =[𝑎, 𝑏, 𝑐]. If the external electrical �eld is polarized in the direction of
half axis 𝑗 , the normalized polarizability is given by

𝛼 𝑗 =
𝑛2e − 𝑛2m

𝑛2m + 𝑁 𝑗 (𝑛2e − 𝑛2m)
. (2.39)

Here, 𝑛e is the refractive index of the homogeneous ellipsoid and the depolarization factor 𝑁 𝑗

is de�ned by

𝑁 𝑗 =
𝑎𝑏𝑐

2

∫ ∞

𝑠=0

d𝑠
(𝑠 + 𝑗2)

√︁
(𝑠 + 𝑎2) (𝑠 + 𝑏2) (𝑠 + 𝑐2)

(2.40)

and ful�lls
𝑁𝑎 + 𝑁𝑏 + 𝑁𝑐 = 1 . (2.41)

Hence, for an oblate spheroid with 𝑎 = 𝑏 and 𝑎 > 𝑐 , the depolarization factor in 𝑐-direction
is

𝑁𝑐 =
𝑎2

𝑎2 − 𝑐2

(
1 − 𝑐

√
𝑎2 − 𝑐2

arctan
(√︂

𝑎2

𝑐2
− 1

))
(2.42)

and for a prolate spheroid with 𝑎 = 𝑏 and 𝑎 < 𝑐 it is

𝑁𝑐 =
𝑎2

𝑐2 − 𝑎2

(
−1 + 𝑐

2
√
𝑐2 − 𝑎2

ln
(
𝑐 +

√
𝑐2 − 𝑎2

𝑐 −
√
𝑐2 − 𝑎2

))
. (2.43)

The respective depolarization factors in 𝑎-direction result from Eq. (2.41).
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Figure 2.9.: Change of the cavity length at which the resonance of the excited mode occurs, when a nanoparticle
enters the cavity standing-wave light �eld. The nanoparticle produces a shift Δ𝑑 of the unperturbed resonance
(black) to a smaller cavity length (green resonance) and also the resonance amplitude decreases by Δ𝑇 and the
linewidth broadens to 𝛿𝑑NP > 𝛿𝑑m.
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2.3. Interaction of nanoparticles with a cavity mode

When a polarizable and non-�uorescent nanoparticle of complex refractive index𝑛NP = 𝑛R+𝑖𝑛I
enters the cavity standing-wave light �eld (see Chapter 2.1), the resonance of the excited mode
changes (see Fig. 2.9). A fraction of the intracavity light is absorbed and another fraction is
scattered by the nanoparticle (see Chapter 2.2), both producing a decrease of the resonance
amplitude Δ𝑇 and broadening of its linewidth 𝛿𝑑NP > 𝛿𝑑m. Since the refractive index 𝑛NP
is larger than the refractive index of the cavity medium 𝑛m, the total optical path length
increases and thus the resonance shifts to a smaller cavity length 𝑑 . Thereby, the strength of
the overall resonance change depends on the optical polarizability tensor of the nanoparticle
(see Chapter 2.2). Consequently, the detection of the resonance change allows the investigation
of individual nanoparticles’ properties. In the following subsections, the three e�ects, decrease
of amplitude, linewidth broadening and resonance shift, are explained in more detail for a
spherical, homogeneous nanoparticle with radius 𝑟NP. Besides, the hydration shell of a SiO2
nanosphere is considered. This knowledge is important since the later measurement results
show that the FP sensor is sensitive to the increased size and the e�ective refractive index of
the dispersed SiO2 nanoparticles in water.

2.3.1. Scattering and absorption losses

When a nanoparticle resides in the cavity standing-wave light �eld, it produces a decrease of
the resonance amplitude and a broadening of its linewidth, because the nanoparticle absorbs
and scatters a fraction of the light (see Chapter 2.2). The amount of scattering depends on
the scattering cross-section 𝜎scat and the amount of absorption depends on the absorption
cross-section 𝜎abs of the nanoparticle. Since the change of the resonance is an e�ect of both,
the cross-sections can be summed up to the extinction cross-section 𝜎ext = 𝜎scat +𝜎abs. At �rst,
the relation between the extinction cross-section and the decrease of the amplitude is derived
and then the linewidth broadening is discussed.

Decrease of the transmission amplitude. In the following, the connection between the
amplitude change and nanoparticle extinction cross-section is derived brie�y. If the reader is
interested in a detailed derivation, they can �nd more detailed descriptions in [100, 108, 111].
The following derivations are also based on these sources.

In Chapter 2.1 the losses inside an empty cavity are discussed and an expression for the overall
transmission is derived (Eq. (2.9)). Now, a nanosphere inside the FP resonator is considered,
thus leading to an additional loss 2𝐿NP for one round trip of the re�ected light inside the cavity
(see Fig. 2.10). As a result, the overall transmission can be approximated as

𝑇cav(𝐿NP) ∝
4𝑇1𝑇2

(2𝐿NP + 𝐿m +𝐴1 +𝐴2 +𝑇1 +𝑇2)2
, (2.44)

if only low losses of the mirrors are considered. Since it is di�cult to determine the absorption
and scattering losses of the mirrors, the intrinsic cavity losses can be derived from the �nesse
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Figure 2.10.: Loss channels inside a FP cavity. The incident light E0 is coupled into the cavity through mirror 1.
Inside the cavity, the light is re�ected back and forth between the mirrors. At each round trip, a fraction of the
light is lost. The liquid into which the mirrors are immersed absorbs a fraction of the light (𝐿m), the nanoparticle
scatters and absorbs a part of the light, leading to the loss 𝐿NP and the mirrors absorb and scatter a fraction of the
light as well (𝐴1, 𝐴2) and enable partial transmittance (𝑇1,𝑇2).

of the empty cavity F in Eq. (2.11). If spherical cavity mirrors are used and the fundamental
mode (TEM00) is excited, the intracavity light �eld distribution has in the lateral direction
the shape of a Gaussian beam with the beam waist 𝑤0 and in longitudinal direction it is a
standing-wave (see Fig. 2.3 and Eq. (2.13) for the mathematical description). At the center of
the antinode of the standing-wave, the intensity is maximal, and therefore the nanoparticle
produces maximum loss, when it resides there. The maximum loss 𝐿NP,max is then given by
[110]

𝐿NP,max ≈
4𝜎ext
𝜋𝑤2

0
(2.45)

if 𝜎ext is much smaller than𝑤0.
If the nanoparticle size can’t be neglected, the extinction cross-section of a nanoparticle with
a given size and refractive index can be derived by Mie theory. More information can be taken
from various literature as [112, 113, 114].
In the later shown experimental results, the percentage change of the transmission ampli-
tude due to a nanoparticle is investigated. Therefore, the decrease of amplitude (𝐷𝑂𝐴) is
introduced:

𝐷𝑂𝐴 = 100%
(
1 − 𝑇cav(𝐿NP)

𝑇cav(0)

)
. (2.46)

Linewidth broadening. The additional loss 𝐿NP produced by the nanoparticle leads not
only to the decrease of te resonance amplitude, but also to a linewidth broadening. Eq. (2.8)
changes to the following expression for the FWHM:

𝛿𝜈 = Δ𝜈FSR
𝑇1 +𝑇2 +𝐴1 +𝐴2 + 𝐿m + 2𝐿NP

2𝜋 . (2.47)
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2. Fundamentals of single polarizable nanoparticles inside a �ber-based Fabry-Pérot microcavity

2.3.2. Resonance frequency shi�

The optical cavity length changes, when a nanoparticle enters the cavity standing-wave light
�eld. Therefore, the mirror separation has to be adapted, when the resonance condition should
be maintained and the laser wavelength is kept constant. In the following, the optical length
change Δ𝑑 is described as a frequency shift Δ𝜈 , but both relate to each other by

Δ𝑑 =
Δ𝜈

𝛿𝜈
· 𝛿𝑑 ,with (2.48)

𝛿𝑑 =
𝑑opt · 𝛿𝜈 · 𝜆0

𝑐0
. (2.49)

First, a spherical, homogeneous nanoparticle with polarizability 𝛼 and a size much smaller
than the wavelength (𝑟NP � 𝜆) is considered (Rayleigh limit, see Chapter 2.2). Both cases, the
empty cavity (𝑘m = 𝑘0/𝑛m, ®𝐸0, 𝜖m = 𝑛2m) as well as the same cavity with a nanosphere residing
inside the light �eld (𝑘NP = 𝑘0/𝑛NP, ®𝐸, 𝜖NP = 𝑛2NP) obey the Helmholtz equation[

Δ + 𝜖0𝜖m𝑘
2
m
] ®𝐸0 = 0 and (2.50)[

Δ + 𝜖0𝜖NP𝑘
2
NP

] ®𝐸 = 0 . (2.51)

In �rst order perturbation theory, the permittivity 𝜖m as well as the wavenumber 𝑘m of the
empty cavity only change slightly when the nanoparticle resides in the cavity:

𝜖NP ≈ 𝜖m + 𝛿𝜖 and (2.52)
𝑘NP ≈ 𝑘m + 𝛿𝑘 . (2.53)

By an integration of the Helmholtz equations, the important relation for frequency shift in
�rst order perturbation theory is derived [52]

𝛿𝜈

𝜈0
=
𝛿𝑘

𝑘0
≈ −12

∫
𝑉NP

𝛿𝜖 |𝐸0 |2d®𝑟∫
𝑉
𝜖m |𝐸0 |2d®𝑟

(2.54)

Taking into account the geometry of the nanosphere, the electrical �eld inside the nanosphere
has to be considered. According to Eq. (2.27), the electrical �eld is [52]

®𝐸in = −∇Φin (2.55)

=
3𝑛2m

𝑛2NP + 2𝑛2m
𝐸0 . (2.56)

Consequently, with

𝛿𝜖 =
3𝑛2m(𝑛2NP − 𝑛2m)
𝑛2NP + 2𝑛2m

𝛿 (®𝑟 − ®𝑟NP) (2.57)

the frequency shift produced by a nanosphere is

𝛿𝜈

𝜈0
≈ −32<

[
𝑛2NP − 𝑛2m

𝑛2NP + 2𝑛2m

]
|𝐸0(®𝑟NP) |2𝑉NP∫

𝑉
|𝐸0 |2d®𝑟

(2.58)
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2.3. Interaction of nanoparticles with a cavity mode

Inserting the polarizability of a nanosphere (see Eq. 2.32) and introducing ®𝑟NP = (𝑥0, 𝑦0, 𝑧0)T
for its position the produced frequency shift Δ𝜈00 of the fundamental mode (TEM00) can be
transformed to [59, 115]

Δ𝜈00(𝑥0, 𝑦0, 𝑧0) =
<(𝛼) · 𝑐0
2𝜆m𝜖0𝑉m

𝐼00(𝑥0, 𝑦0, 𝑧0)
𝐼0

, (2.59)

with 𝜆m = 𝜆0/𝑛m being the wavelength in medium. Here, 𝛿𝜈 was replaced by Δ𝜈 as in the
following 𝛿𝜈 is de�ned as the full width half maximum and Δ𝜈 as the frequency shift. The
intracavity light �eld of the fundamental mode in Eq. (2.13) is normalized to the maximal
intensity 𝐼00(0, 0, 0) = 𝐼0 and the phase terms of the cavity standing-wave light �eld are
neglected. The cavity mode volume 𝑉m can be approximated by [116, 103]

𝑉m =
𝜋𝑤2

0𝑑opt

4 . (2.60)

If the the size of the nanosphere is not negligible, but su�ciently small (in the order of���𝑛NP
𝑛m

��� 2𝜋𝑟NP𝜆m
' 1 [108]), an integration over the nanosphere’s volume 𝑉NP is demanded and the

frequency shift is described by [86]:

Δ𝜈00(𝑥0, 𝑦0, 𝑧0) =
<(𝛼) · 𝑐0
2𝜆m𝜖0𝑉m

∫
𝑉NP

d𝑉NP ·
𝐼00(𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0)

𝐼0
. (2.61)

With equations (2.3), (2.4), (2.10), (2.12) and (2.60) this can be transformed to

Δ𝜈00(𝑥0, 𝑦0, 𝑧0) =
<(𝛼) · 𝑛m

2𝜖0

∫
𝑉NP

d𝑉NP ·
𝐼00(𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0)

𝐼0

𝛿𝜈 ·𝑄
𝑉m

. (2.62)

Resonance frequency shifts produced by a single nanosphere residing in the TEM00
mode. Fig. 2.11 shows the simulated frequency shifts when a nanosphere resides in the
TEM00 mode at di�erent positions. According to Eq. (2.61), the frequency shift is maximal at
the center of the antinode (𝑧0=0,𝑦0=0,𝑧0=0) and is smaller when the nanosphere is at lower
intensities. If a single nanosphere di�uses in water and is probed by the cavity standing-wave
light �eld, the probability to measure a smaller frequency shift is greater than measuring a
larger frequency shift. This is regarded to be obvious by considering the schematic in Fig. 2.12
a). The contour lines represent areas of equal intensity and consequently, at those locations,
the same frequency shifts are produced by the nanosphere. Fig. 2.12 b) shows histograms of
the produced frequency shifts if the nanosphere was exactly once at every position in the
standing-wave light �eld. This result was obtained by the simulation of di�erent frequency
shift matrices (Fig. 2.11) with the same nanoparticle radius, but for di�erent refractive indices.
Subsequently, the frequency shift values of the matrix were plotted in an histogram. In Fig.
2.12, each histogram has a steep decay at the maximal occurring frequency shift. Besides, a
larger refractive index leads to a larger frequency shift.

Frequency shifts of the higher-order transverse modes TEM01 and TEM10. If the
nanosphere resides in the higher-order transverse modes, the intensity distribution of the
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Figure 2.11.: The in Python simulated frequency shifts produced by a spherical, homogeneous SiO2 nanoparticle
at di�erent residential positions inside the fundamental mode light �eld (TEM00) and which is dispersed in water.
For the simulation a nanosphere radius of 𝑟NP = 71.5 nm, a refractive index of 𝑛NP = 1.42, a cavity quality factor
of 𝑄 = 1.7 · 106, a mode volume of 𝑉m = 110 µm3 and a vacuum wavelength of 𝜆0 = 780 nm were assumed. The
remaining cavity parameters can be taken from Table 3.6, CP1. For reasons of symmetry, only one octant of the
antinode is shown (also see Fig. 2.12a). a) Three dimensional representation of the frequency shift matrix. b) Cut
through the matrix at 𝑥0 = 0. c) Cut through the matrix at 𝑧0 = 0.
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2.3. Interaction of nanoparticles with a cavity mode

a) b)

z

x

Figure 2.12.: Density of states inside the cavity standing-wave light �eld and frequency shift probabilities. a)
Contour plot of the intracavity light �eld. The gray rectangle marks the section of the antinode (one octant), which
is shown in 2.11. b) Histograms for the produced frequency shifts of a SiO2 nanosphere with radius 𝑟NP = 71.5 nm
and refractive index 𝑛NP = 1.41 (light gray), 𝑛NP = 1.43 (dark gray) and 𝑛NP = 1.45 (black). The nanosphere was
assumed to be exactly once at each position inside the cavity standing-wave light �eld. The cavity parameters are
the same as in Fig. 2.11.

TEM00 mode in Eq. (2.61) has to be exchanged by the intensity distributions of the higher-order
transverse modes (see Eq. (2.18)). Hence, the transverse modes of order 1 are described by

𝐼01(𝑥,𝑦, 𝑧) =
8(𝑥 − 𝑥0)2
𝑤01(𝑧 − 𝑧0)2

𝐼G(𝑥,𝑦, 𝑧) cos2(𝑘m · 𝑧) (2.63)

for the TEM01 and

𝐼10(𝑥,𝑦, 𝑧) =
8(𝑦 − 𝑦0)2
𝑤10(𝑧 − 𝑧0)2

𝐼G(𝑥,𝑦, 𝑧) cos2(𝑘m · 𝑧) (2.64)

for the TEM10 mode and their frequency shifts are given by

Δ𝜈01(𝑥0, 𝑦0, 𝑧0) =
<(𝛼) · 𝑐
2𝜆m𝜖0𝑉m

∫
𝑉NP

d𝑉NP ·
𝐼01(𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0)

𝐼0
(2.65)

and

Δ𝜈10(𝑥0, 𝑦0, 𝑧0) =
<(𝛼) · 𝑐
2𝜆m𝜖0𝑉m

∫
𝑉NP

d𝑉NP ·
𝐼10(𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0)

𝐼0
. (2.66)

2.3.3. Hydrate shell of quartz glass nanospheres dispersed in water

Within this work, SiO2 nanospheres were investigated in water. In order to understand the
later shown results concerning the hydrodynamic radius and the e�ective refractive index of
the SiO2 silica nanospheres, the basic understanding is created here.
The surface of SiO2 nanospheres is covered with silanol groups (hydrophilic) and with hy-
drophobic siloxane groups. When the nanospheres are immersed in water, a chemical potential
di�erence occurs at the interface between water and nanospheres. In order to minimize the
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nH2O
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Figure 2.13.: Simpli�ed schematic representation of the developed hydrate shell, when a SiO2 nanosphere is
dispersed in water. Due to the formation of a hydrate shell, the intrinsic radius of the bare nanosphere 𝑟SiO2
is increased to the hydrodynamic radius 𝑟hydr. The e�ective refractive index 𝑛e� is composed of the intrinsic
refractive index 𝑛SiO2 and the refractive index of the hydrate shell 𝑛h. [95], supplementary information.

Gibbs free energy, a fraction of the free silanol groups dissociate and acquire a negative surface
charge [117, 118, 119]:

SiOH
 SiO− + H+ . (2.67)

For the sake of simplicity, other dissociation processes are not shown. At equilibrium, a
static electric �eld at the surface arises, which attracts water molecules. In the innermost
zone, the water molecules adsorb to the nanosphere surface via hydrogen bonding. This
so-called Stern layer is rigid and the potential decreases linearly. In the outer zone, a di�usive
electric double-layer is developed (Gouy-Chapman layer), where the potential decreases to
zero. Consequently, an expanded hydrate shell surrounds the nanosphere, which increases its
intrinsic radius 𝑟SiO2 to the e�ective radius 𝑟hydr (see Fig. 2.13) [120, 121, 119].
When SiO2 dispersed in water are investigated with the �ber-based FP sensor, the expanded
size of the nanoparticle 𝑟hydr as well as the e�ective refractive index 𝑛e� , consisting of the
intrinsic refractive index 𝑛𝑆𝑖𝑂2 and the refractive index of the hydrate shell 𝑛h is measured
(see Chapter 4). Therefore, the e�ective polarizability of a nanosphere with a surrounding
hydrate shell is described by

<(𝛼) = 4𝜋𝑟 3hydr𝜖0
𝑛2e� − 𝑛2m

𝑛2e� + 2𝑛2m
(2.68)

(compare with Eq. (2.32)). In Chapter 5 it will be shown that the hydrodynamic radius can
be determined independently from the e�ective refractive index and by the measurement of
the e�ective polarizability (Chapter 4), the e�ective refractive index can be determined as
well. Besides, there are indications that the intrinsic polarizability of the bare nanosphere can
be measured by the FP sensor when small concentrations of salt are added to the colloidal
solution of the nanosphere (see Chapter 4.4). Accordingly, when the intrinsic radius 𝑟SiO2
is known (e.g. by scanning electron microscope (SEM) images), presumably the intrinsic
refractive index of the bare nanoparticle 𝑛SiO2 can be derived from the intrinsic polarizability.
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2.4. Simulation of the nanoparticle’s translational di�usion probed by a Fabry-Pérot microcavity

Finally, the refractive index of the hydrate shell 𝑛h can be deduced. According to [122], the
polarizability of a core-shell nanosphere is

𝛼𝐶𝑆 = 4𝜋𝑟 3NP𝜖0
(2𝑛2h + 𝑛

2
SiO2) (𝑛2h − 𝑛2m)𝑟 3hydr + (𝑛2SiO2 − 𝑛2h) (2𝑛

2
h + 𝑛

2
m)𝑟 3SiO2

(2𝑛2h + 𝑛
2
SiO2) (2𝑛2m + 𝑛2h)𝑟

3
hydr + 2(𝑛2SiO2 − 𝑛2h) (𝑛

2
h − 𝑛2m)𝑟 3SiO2

. (2.69)

Since the e�ective polarizability (Eq. (2.68)) and the polarizability of the core-shell nanosphere
(Eq. (2.69)) have to be equal, the following relation applies:

𝑛2e� − 𝑛2m

𝑛2e� + 2𝑛2m
=

(2𝑛2h + 𝑛
2
SiO2) (𝑛2h − 𝑛2m)𝑟 3hydr + (𝑛2SiO2 − 𝑛2h) (2𝑛

2
h + 𝑛

2
m)𝑟 3SiO2

(2𝑛2h + 𝑛
2
SiO2) (2𝑛2m + 𝑛2h)𝑟

3
hydr + 2(𝑛2SiO2 − 𝑛2h) (𝑛

2
h − 𝑛2m)𝑟 3SiO2

. (2.70)

This can be transformed to

𝑛h =

√︄
−𝑝2 +

√︂
𝑝2

4 − 𝑞 , (2.71)

with

𝑝 =
𝑛2e� (𝑟

3
SiO2 + 2𝑟 3hydr) − 𝑛2SiO2(2𝑟 3SiO2 + 𝑟

3
hydr)

2(𝑟 3SiO2 − 𝑟 3hydr)
(2.72)

and

𝑞 = −
𝑛2SiO2𝑛

2
e�

2 . (2.73)

2.4. Simulation of the nanoparticle’s translational di�usion probed
by a Fabry-Pérot microcavity

This chapter covers the three-dimensional tracking of the Brownian motion of a single,
spherical-shaped nanoparticle within a FP cavity and the information gained from the track
about the nanosphere’s hydrodynamic radius. Parts of this chapter have been submitted to
[95] (supplementary information). The Brownian motion of a nanoparticle is described by
its translation as well as by its rotation. If the nanoparticle is spherical, the translational
di�usivity is, according to the Stokes-Einstein-relation [123, 124]

𝐷t =
𝑘B𝑇

𝛾t
, (2.74)

with the friction coe�cient 𝛾t = 6𝜋𝜂𝑟hydr. In addition, a nanosphere undergoes di�usive
rotational motion, with

𝐷r =
𝑘B𝑇

𝛾r
(2.75)

and 𝛾r = 8𝜋𝜂𝑟 3hydr for the rotational friction coe�cient. The translation and the rotation
are induced by the collisions of the �uid molecules (thermal noise) [125]. In order to track
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Figure 2.14.: Schematic illustration of the di�erent mode shifts depending on the nanosphere’s position inside
the cavity light �eld. In red (green, blue) the TEM00 (TEM01, TEM10) is illustrated as a cross-section through the
standing-wave light �eld at 𝑧 = 0 (see Fig. 2.3) and as the respective resonances. Depending on the position of the
nanosphere (green full circle), the resonances a) are not shifted, b) only the TEM01 is shifted, c) all resonances are
shifted and d) only the TEM00 mode is shifted. Submitted to [95].

the translational motion of the nanosphere, the fundamental mode TEM00 and the radially
expanded higher-order transverse modes TEM01 and TEM10 are scanned simultaneously. In
Chapter 2.4.1 it is shown that the three-dimensional track can be extracted from the measured
frequency shifts of the three modes. In Chapter 2.4.2 the mean squared displacement is derived
from the three-dimensional track and the connection to the nanosphere’s di�usivity and
hydrodynamic radius is presented.

2.4.1. Simulation of themeasured signal generated by a nanoparticle di�using in
water and verification of the tracking algorithm

The simultaneous scanning over the three cavity modes TEM00, TEM01 and TEM10 and thereby
the di�erently measured frequency shifts generated by a nanosphere di�using in water pro-
vides information about the nanosphere’s position (see Fig. 2.14 and Chapter 2.3.2). Due to the
symmetry of the light �eld, the absolute position of the nanosphere can’t be determined as
soon as the nanosphere changes the octant within an antinode or changes between antinodes
(in Fig. 2.12, an octant of the antinode is marked with a gray rectangle). Instead, the derived
three-dimensional path from the detected frequency shifts is folded back into one octant
of the antinode. Although the absolute position of the nanosphere gets lost, its performed
Brownian motion is still contained in the back-folded track when only short time scales are
considered, before the track is back-folded again. But an additional uncertainty comes into
play, which demands a tracking algorithm: The measured frequency shifts are superimposed
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y
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z

Figure 2.15.: Monte Carlo simulation of four exemplary single nanosphere tracks, depicted in di�erent colors.
Each track starts at zero position and is simulated for a nanosphere with a hydrodynamic radius of 75.3 nm, which
is dispersed in water.

by the measurement noise, which allows the particle to reside in a certain region of the octant
at a given time. In the following, the measured frequency shifts are simulated and di�erent
tracking algorithms are compared. For this purpose, various steps are carried out in succession:
First, a random three-dimensional nanosphere track is Monte Carlo simulated. In the second
step, the track is folded back in 𝑥,𝑦-direction into one octant of the standing-wave. In the third
step, the theoretically produced frequency shifts for the TEM00, the TEM01 and the TEM10
are calculated and on each shift, a random measurement noise is added. Finally, from the
frequency shifts, the position of the nanosphere inside the light �eld is derived via di�erent
algorithms and compared with the originally simulated path.

Monte Carlo simulation. The di�usion time for the free di�usion of the center of the
nanosphere is described by [126, 127]

𝜏D =
〈𝑟 2〉
2𝑏 · 𝐷 (2.76)

Here, b is the dimension and r is the moved distance. This can be transformed to a mean
stepwise position change within the time step Δ𝑡 by√︁

〈Δ®𝑟 2〉 =
√
2𝑏𝐷Δ𝑡 . (2.77)
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At each individual time step, the nanosphere doesn’t move exactly
√︁
〈Δ®𝑟 2〉, but the movement

is probabilistic and is described by a Gaussian probability distribution 𝑃 (𝑟 ) with the standard
deviation 𝜎 =

√
2𝑏𝐷Δ𝑡 [128, 129, 130]:

𝑃 (𝑟 ) = 1
𝜎
√
2𝜋

exp
(
−12

( 𝑟
𝜎

)2)
, 𝑟 ∈ R. (2.78)

The direction of the nanoparticle movement 𝑒𝑟 at time step Δ𝑡 can be expressed by

𝑒𝑟 =
(𝑥 (𝑘) , 𝑦 (𝑘) , 𝑧 (𝑘) )T√︁
𝑥 (𝑘)2 + 𝑦 (𝑘)2 + 𝑧 (𝑘)2

, (2.79)

with 𝑥 (𝑘) , 𝑦 (𝑘) and 𝑧 (𝑘) randomly chosen from the probability distributions 𝑃 (𝑥), 𝑃 (𝑦) and
𝑃 (𝑧) at the 𝑘’th time step:

𝑃 (𝑥) = 1
√
2𝜋

exp
(
−0.5𝑥2

)
, 𝑥 ∈ R, (2.80)

𝑃 (𝑦) = 1
√
2𝜋

exp
(
−0.5𝑦2

)
, 𝑦 ∈ R, (2.81)

𝑃 (𝑧) = 1
√
2𝜋

exp
(
−0.5𝑧2

)
, 𝑧 ∈ R. (2.82)

Thus, the probabilistic discrete step is given by

Δ®𝑟 = 𝑟 (𝑘) · 𝑒𝑟 . (2.83)

Here, 𝑟 (𝑘) is the randomly selected 𝑘’th step distance with the Gaussian probability distribution
in Eq. (2.78). Finally, the new position ®𝑟𝑘 can be derived from the position before by

®𝑟𝑘 = ®𝑟𝑘−1 + Δ®𝑟 . (2.84)

Fig. 2.15 shows four simulated three-dimensional Brownian motion tracks all starting at zero
position and for a nanosphere with a hydrodynamic radius of 75.3 nm, which is dispersed in
water. The time step is Δ𝑡 = 3.3 µs1.

Back-folding of the simulated track into one octant for the lateral directions. To
arti�cially lengthen the residence time of the particle in the standing-wave light �eld, such
a simulated track is folded back into one octant in 𝑥,𝑦-direction. This is explained for the

1 Those parameters were chosen, because the discussed experiments in Chapter 5 were also carried out under
these conditions.
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Figure 2.16.: The simulated nanoparticle track (gray) is back-folded into the octant 0 ≤ 𝑥 ≤ 2.2 µm (black). The
red dotted line marks the upper border.

Figure 2.17.: Back-folded simulated tracking path for a nanosphere with the hydrodynamic radius 𝑟hydr = 75.3 nm
dispersed in water. Submitted to [95].

𝑥-coordinate. When the position of the nanosphere at time 𝑥 (𝑡𝑘 ) is below 0 or exceeds 2.2 µm2,
the position 𝑥 (𝑡𝑘 ) and the following positions 𝑥 (𝑡𝑘+1...𝑥 (𝑡𝑁 ) are mirrored on the horizontal
line at the height of 𝑥 (𝑡𝑘−1):

𝑥 (𝑡𝑘...𝑁 ) = 2 · 𝑥 (𝑡𝑘−1) − 𝑥 (𝑡𝑘...𝑁 ) . (2.85)

The back folding of the track in 𝑥-direction is shown in Fig. 2.16 and the �nal result for all
directions is shown in Fig. 2.17. The track in 𝑧-direction is also folded back when the 𝑧-value
falls below zero (though it is not necessary). But there isn’t an upper border in 𝑧-direction,
which demands the particle to stay within the octant in order to simulate both, a change of
the octant within an antinode and a change of the antinode itself.

Theoretically calculated shifts. In the next step, from the simulated, back-folded nanosphere
di�usion track, the expected frequency shifts are calculated for the modes TEM00, TEM01

2 This is taken from the experiment: At around 𝑥 = 2.2 µm≈ 1.5𝑤0, the produced frequency shift by the nanosphere
is approximately the measurement noise. For smaller values, the signal is greater than the measurement noise.
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2. Fundamentals of single polarizable nanoparticles inside a �ber-based Fabry-Pérot microcavity

Figure 2.18.: Simulated frequency shifts for the nanosphere track shown in Fig. 2.17 including the measurement
noise of 0.14GHz (0.16GHz, 0.14GHz) for the TEM00 (red) (TEM01 (green), TEM10 (blue)) mode. Submitted to
[95].

and TEM10. Equations (2.61), (2.65) and (2.66) show the theoretical relations between the
nanosphere’s position inside the standing-wave light �eld and the calculated frequency shifts.
For each frequency shift calculated in this way, a measurement noise of 𝜎00 = 0.14GHz
(𝜎01 = 0.16GHz, 𝜎10 = 0.14GHz) is superimposed on the TEM00 (TEM01, TEM10) mode by
randomly choosing a value within the interval [Δ𝜈 (𝑡) − 𝜎,Δ𝜈 (𝑡) + 𝜎]. The result is depicted
in Fig. 2.18 and the noise values are based on experimentally derived data (see Chapter 5).

Comparison of di�erent tracking algorithms. In the last step, the nanosphere track is
deduced from the simulated frequency shifts by di�erent tracking algorithms. The algorithms’
track solutions are compared with the original track in order to evaluate which track deviates
least from the original one. As the simulated (and measured) frequency shifts include the
measurement noise, the frequency shift triple values lie within a range of uncertainty

Δ𝜈00(𝑡) − 𝜎00 ≤ Δ𝜈00(𝑡) ≤ Δ𝜈00(𝑡) + 𝜎00 , (2.86)
Δ𝜈01(𝑡) − 𝜎01 ≤ Δ𝜈01(𝑡) ≤ Δ𝜈01(𝑡) + 𝜎01 and (2.87)
Δ𝜈10(𝑡) − 𝜎10 ≤ Δ𝜈10(𝑡) ≤ Δ𝜈10(𝑡) + 𝜎10 . (2.88)

This has the consequence that several nanosphere positions within the octant ful�ll this
condition. In the following, three di�erent tracking algorithms are tested:

• Algorithm 1: Chooses the position at time 𝑡 which has the shortest distance to the
position before at 𝑡 − 1, but the distance has to be non-zero.

• Algorithm 2: Chooses the position at time 𝑡 which has from all possible positions the
mean distance to the position before at 𝑡 − 1.
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2.4. Simulation of the nanoparticle’s translational di�usion probed by a Fabry-Pérot microcavity

a)

b)

Figure 2.19.: Derived tracks from the simulated frequency shifts calculated by di�erent evaluation algorithms. a)
The black curve is the original track, the green curve is derived from the absolute mean position, the blue curve
origins from the minimum distance algorithm, and the red curve from the mean distance to the position before. b)
Deviations from the original track. At each time the distance between the original track and the track derived by
the respective algorithm is calculated and all distances are summarized by the respective histograms. Submitted to
[95].

• Algorithm 3: Doesn’t take into account the previous position, but takes the absolute
mean position of all possible positions at time 𝑡 .

Fig. 2.19 shows the result for the di�erent tracking algorithms. Each algorithm follows the
original track. However, algorithm 3 deviates the least from the original track with a standard
deviation of 0.26 µm instead of 0.29 µm (algorithm 1) and 0.31 µm (algorithm 2). Therefore
the absolute mean position is chosen for the evaluation of the experimentally derived data in
Chapter 5.

2.4.2. Mean squared displacement

In the following it is discussed, how the hydrodynamic radius of the nanosphere can be
obtained from its track. This is directly shown for the simulated track in Fig. 2.19, green,
which is derived from the simulated frequency shifts and with the third tracking algorithm.
The core variable of this analysis is the mean squared displacement (𝑀𝑆𝐷). As the simulated
track is limited to the antinodes octant (𝑥 ∈ [0, 2.2 µm], 𝑦 ∈ [0, 2.2 µm], 𝑧 ∈ [0, 𝜆0/(4 ·𝑛m), the
track is divided into sequences. A new sequence 𝑖 starts, when the nanosphere reaches a border
of the octant, because here, the information about the absolute distance to the earlier positions
is no longer meaningful. The division into sequences is shown in Fig. 2.20 by di�erent colors
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2. Fundamentals of single polarizable nanoparticles inside a �ber-based Fabry-Pérot microcavity

Figure 2.20.: Division of the Monte Carlo simulated track in di�erent segments depicted in di�erent colors. A
new segment starts, when the nanosphere reaches the border of the octant sensing volume. Shown in [95] for
measured data.

Figure 2.21.: Histogram of the segment lengths. Submitted to [95].

and for the �rst few milliseconds. For each segment, the means squared displacement of the
segment𝑀𝑆𝐷𝑠 is calculated by [126]

𝑀𝑆𝐷𝑠 (𝜏) =
1

𝑁𝑠 − 𝑘

𝑁𝑠−𝑘∑︁
𝑡=0

(®𝑟𝑠 (𝑡 + 𝑘 · d𝑡) − ®𝑟𝑠 (𝑡))2, with 𝑘 = 1, 2, .., 𝑁𝑠 .

Here, 𝑁𝑠 is the length of segment 𝑠 . The lag time 𝜏 is an integer multiple of the time bin d𝑡

𝜏 = 𝑘 · d𝑡 (2.89)

and ®𝑟𝑠 represents the three-dimensional coordinates ®𝑟𝑠 = (𝑥𝑠 , 𝑦𝑠 , 𝑧𝑠)T. Fig. 2.21 shows the
statistical distribution of the segment lengths. For the most segments, a border of the sensing
octant is reached within less than 10ms. Responsible for the nanosphere reaching the border
in such a short time is mainly the di�usion in 𝑧-direction, because the 𝑧-expansion of the
octant is only 𝜆/(4 · 𝑛m) ≈ 0.14 µm� 𝑤0 ≈ 1.5 µm. All calculated𝑀𝑆𝐷𝑠 are set to start from
zero. Hence, the mean𝑀𝑆𝐷 at lag time 𝜏 can be calculated by

〈𝑀𝑆𝐷 (𝜏)〉 = 1
𝑁 (𝜏)

∑︁
𝑠

𝑀𝑆𝐷𝑠 (𝜏) ,
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b)

a)

Figure 2.22.: Mean squared displacement 〈𝑀𝑆𝐷 (𝜏)〉 of the simulated track in Fig. 2.17 of a nanosphere with
𝑟hydr = 75.5 nm hydrodynamic radius dispersed in water. The blue error bars show the standard deviation and
the black error bars show the ten-fold enlarged statistical error Δ𝑥𝑖 . The red line is a linear �t to the �rst 52 data
points. a) For the �rst few milliseconds the 〈𝑀𝑆𝐷 (𝜏)〉 increases linearly. With a decreasing statistic at longer
lag times, the 〈𝑀𝑆𝐷 (𝜏)〉 deviates from the linear behavior. b) Fit to the �rst 52 data points. Shown in [95] for
measured data.

where 𝑁 (𝜏) is the number of𝑀𝑆𝐷𝑠 values at the lag time 𝜏 . The result for 〈𝑀𝑆𝐷 (𝜏)〉 is shown
in Fig. 2.22. The blue error bars represent the standard deviation 𝜎𝑖 and the black error bars
the ten-fold enlarged statistical error Δ𝑥𝑖 , which is given by

Δ𝑥 (𝜏) =
1

𝑁 (𝜏)
∑𝑁 (𝜏)

𝑠 𝜎𝑠 (𝜏)√︁
𝑁 (𝜏)

. (2.90)

The𝑦-o�set of the 〈𝑀𝑆𝐷 (𝜏)〉 arises due to measurement noise and consequently a localization
uncertainty of the nanosphere’s position. According to Ref. [127], from the 𝑦-o�set, the static
localization uncertainty 𝜎0 can be estimated by an "unweighted linear �t to the �rst two or few
data points". The obtained𝑀𝑆𝐷�t-o�set at 𝜏 = 0 is then related to the localization uncertainty
by

𝜎0 ≈
(
𝑀𝑆𝐷�t(0)

6

)1/3
. (2.91)

In this case, a �t to the �rst �ve data points gives𝑀𝑆𝐷�t(0) = 0.269 µm3 and accordingly the
statistic localization uncertainty of the simulated track amounts to 𝜎0 ≈ 355 nm.
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For short lag times, 〈𝑀𝑆𝐷 (𝜏)〉 increases linearly. This is in agreement with the Brownian
motion of the nanosphere, and the slope of the linear �tting curve (red) is directly related to
the nanosphere’s di�usivity by

𝐷 =
1
6
d
d𝜏 〈𝑀𝑆𝐷 (𝜏)〉 .

Because of a worsening statistic for increasing lag times, the 〈𝑀𝑆𝐷 (𝜏)〉 deviates from the
linear progression. Therefore, a linear �t to a maximal number of data points is necessary.
On the other hand, a �t to only the �rst few data points would lead to a wrong results as
well due to the lack of statistics and therefore a larger e�ect of localization errors. In order to
determine the optimal number of �tting data points 𝑥ON, the iterative approach in [127] is
followed. In this case, 𝑥ON is 52. By weighting the �t with

𝑤 (𝜏) = 1
Δ𝑥 (𝜏) ,

in addition, the linear �t to the �rst 52 data points (see Fig. 2.22b) yields 𝐷 = (2.7 ± 0.4) µm2/s.
According to the Stokes-Einstein relation (Eq. (2.74) this corresponds to a hydrodynamic
radius of 𝑟hydr = (78 ± 11) nm. The di�usivity error is calculated by the standard error slope
of the linear �t and the error for the hydrodynamic radius is calculated via Gaussian error
propagation. By comparing the result derived from Monte Carlo simulated single nanosphere
di�usion (𝑟hydr = (78 ± 11) nm) with the assumed hydrodynamic radius of 𝑟hydr = 75.3 nm,
both values agree very well. Therefore, this is a proof of principle of how the di�usivity and
hydrodynamic radius of the nanosphere can be extracted from its track, which in turn is
derived from the recorded TEM00, TEM01 and TEM10 signals.

2.5. Autocorrelation function for a punctiform particle moving
through the Fabry-Pérot standing-wave light field

In �uorescence correlation spectroscopy (FCS) the �uorescence light of several nanoparticles is
simultaneously detected and autocorrelated. The autocorrelation contains information about
the particles’ kind of motion (normal and anormal di�usion), about their mean di�usivity
and hydrodynamic radius, gives information about the mean particle concentration, allows
the detection of single triplet dynamics and enables the detection of chemical reaction rates
[96, 131, 132]. This kind of analysis is very sensitive as only a small number of nanoparticles
are excited in a small volume of a focused beam. The prerequisite for an accurate determination
of the time constants of the present processes is the precise determination of the theoretical
autocorrelation function. Here, the intensity distribution of the focused beam is included.
In the case of FCS, it is described by a 2D-Gaussian and a 1D-Lorentzian distribution, but
usually the approximation of a 2D-Gaussian in lateral and a 1D-Gaussian in longitudinal
direction is su�cient. In this work, the transmission signals of several non-�uorescent single
nanosphere transit events were measured with a FP cavity and the autocorrelation evaluated
in order to determine the nanoparticles’ mean di�usivity and mean hydrodynamic radius.
However, in this case, an own analytical solution for the theoretical autocorrelation had to be
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2.5. Autocorrelation function for a punctiform particle moving through the Fabry-Pérot standing-wave light �eld

deduced. On the one hand, the FP cavity light �eld consists of a 2D-Gaussian distribution and
a cosine squared function. Therefore, it can’t be approximated by two Gaussians as it is done
in FCS. On the other hand, only in Ref. [97] an analytical solution for the autocorrelation
of a standing-wave light �eld is suggested. However, the measurement results presented
in Chapter 4.17 contradicted with those results. Therefore, an own analytical solution was
derived and is outlined in the following.

The general de�nition of the autocorrelation function describing the signal produced by
punctiform particles

𝐺 (𝜏) ∝
∬

𝑊 (®𝑟 )𝑊 (®𝑟 ′)Φ(®𝑟, ®𝑟 ′, 𝜏)d𝑉 d𝑉 ′ , (2.92)

with
Φ(®𝑟, ®𝑟 ′, 𝜏) = (4𝜋𝐷𝜏)−3/2e−|®𝑟−®𝑟 ′−®𝑣𝜏 |2/(4𝐷𝜏) , (2.93)

has to be solved for the FP standing-wave light �eld

𝑊 (®𝑟 ) = e
−2𝑥

2+𝑦2

𝑤2
0 cos2(𝑘m𝑧) . (2.94)

Here, 𝑘m = 2𝜋/𝜆m is the wavenumber in medium and the additional phase terms 𝑘m(𝑥2 +
𝑦2)/(2𝑅(𝑧)) − arctan(𝑧/𝑧0) as well as the change of the beam diameter along the longitudinal
direction𝑤2

0/𝑤 (𝑧)2 are neglected. This is well justi�ed since the used cavity geometries are in
the quasi-planar regime. The velocity ®𝑣 in Eq. (2.93) describes possible drifts in all directions.
Within a collaboration, the numerical solution of the autocorrelation function was solved by
Kevin Müller, a PhD student at the École Polytechnique Fédérale de Lausanne (EPFL). His
solution path is given below:

The standing-wave term can be written as

cos2(𝑘m𝑧) =
1
4 (2 + e2i𝑘m𝑧 + e−2i𝑘m𝑧) (2.95)

and therefore, according to Eq. (2.92) and (2.94), cos2(𝑘m𝑧) cos2(𝑘m𝑧 ′) can be converted to
the following �ve terms:

cos2(𝑘m𝑧) cos2(𝑘m𝑧 ′) = 𝐹1 + 𝐹2(𝑧) + 𝐹3(𝑧 ′) + 𝐹4(𝑧, 𝑧 ′) + 𝐹5(𝑧, 𝑧 ′) , (2.96)

with
𝐹1 =

1
4 ,

𝐹2(𝑧) =
1
4<(e2i𝑘m𝑧)

𝐹3(𝑧 ′) = 1
4<(e2i𝑘m𝑧 ′) ,

𝐹4(𝑧, 𝑧 ′) = 1
8<(e2i𝑘m (𝑧+𝑧 ′) ) and

𝐹5(𝑧, 𝑧 ′) = 1
8<(e2i𝑘m (𝑧−𝑧 ′) ) .

(2.97)
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a)

b)

c)

Figure 2.23.: Normalized autocorrelation for a punctiform nanoparticle moving through the FP standing-wave
light �eld. From red to orange a) the hydrodynamic radius of the nanosphere is decreased from 100 nm to 25 nm
and pure di�usion in all directions is considered, b) the radius is constant, but the drift velocity in 𝑧-direction is
increased from 0 to 90 µm/s, while the other directions are purely di�usive and c) the radius is constant, but the
drift velocity in 𝑥-direction is increased from 0 to 90 µm/s, while the other directions are purely di�usive.

Here, the relation 2<(𝑧) = 𝑧 + 𝑧 is used, with 𝑧 representing the complex conjugate of the
complex number z. Hence, 𝐺 (𝜏) can be expressed as

𝐺 (𝜏) ∝ (4𝜋𝐷𝜏)−3/2
∬

d𝑧d𝑧 ′e−(𝑧−𝑧 ′−𝑣𝑧𝜏)2/(4𝐷𝜏)
5∑︁

𝑚=1
𝐹𝑚∬ ∞

−∞
d𝑥d𝑥 ′𝑒−(𝑥−𝑥

′−𝑣𝑥𝜏)2/(4𝐷𝜏)e
−2𝑥2+𝑥 ′2

𝑤2
0∬ ∞

−∞
d𝑦d𝑦 ′𝑒−(𝑦−𝑦

′−𝑣𝑦𝜏)2/(4𝐷𝜏)e
−2 𝑦2+𝑦 ′2

𝑤2
0 .

(2.98)

In 𝑧-direction the light �eld changes periodically and thus the integrals have to be resolved
over several periods in order to obtain a su�ciently accurate solution. The whole integral
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in Eq. (2.98) is solved by the commercially available software Wolfram Mathematica3. Since
the analytical solution is very long, it is not shown here, but instead, the result is plotted for
di�erent parameters4 (see Fig. 2.23). In contrast to Ref. [97], two characteristic slopes at about
2 · 10−4 s and 10−1 s are visible in the autocorrelation. This already occurs for pure di�usion,
without any considered drifts and can be explained by the FP standing-wave light �eld: In
𝑧-direction, the 1D-movement from antinode to node (𝜆0/(4 · 𝑛m)) generates the shorter time
constant, while the 2D-movement from antinode in 𝑥,𝑦-direction (𝑤0 ≈ 10 · (𝜆0/(4 · 𝑛m)))
generates the longer time constant. a) shows the change of the autocorrelation for decreasing
hydrodynamic radii and a purely di�usive punctiform nanoparticle. According to Eq. (2.74) the
di�usivity increases for decreasing radii and the di�usion time is given by Eq. (2.76). Hence,
the decreasing di�usion time for decreasing hydrodynamic radii is in agreement with the
simulated data in a) (the characteristic slopes shift to the left). The same hydrodynamic radius,
but di�erent drift velocities in 𝑧-direction are depicted in b). By increasing the drift velocity,
the periodical structure of the standing-wave light �eld becomes visible in the autocorrelation.
In addition, in c) is the change of the autocorrelation for a possible drift in 𝑥-direction shown.
Only the longer time constant is a�ected by decreasing the time for the lateral movement.

2.6. Rotational di�usion of an anisotropic, homogeneous
nanoparticle probed by a Fabry-Pérot cavity with birefringent
mirrors

At the beginning of Chapter 2.4 the Brownian translational and rotational movement of a
nanosphere are introduced. If the nanoparticle is not spherical but anisotropic in shape, the
movement perpendicular to its long axis 𝑏 or perpendicular to its short axis 𝑎 causes di�erent
friction 𝛾t,b > 𝛾t,a with the surrounding medium. Therefore, two translational di�usivities
𝐷t,𝑏 < 𝐷t,𝑎 arise. The rotational di�usivity is described by Eq. (2.75), but with a di�erent
friction coe�cient. E.g. the friction coe�cient of a nanorod with �at ends can be expressed as
[133]

𝛾r =
8𝜋𝜂𝑏3

3

[
ln

(
𝑏

𝑎

)
− 0.662 + 0.917𝑎

𝑏
− 0.050

(𝑎
𝑏

)2]−1
. (2.99)

The mean square angular displacement (MSAD) 〈Δ®𝜑2(Δ𝑡)〉 = 〈(𝜑 (𝑡 + Δ𝑡) − 𝜑 (𝑡))2〉 in three
dimensions is related to the rotational di�usivity [134] via

〈Δ®𝜑2(Δ𝑡)〉 = 4𝐷rΔ𝑡 (2.100)

and thus the di�usion time for a full rotation of the nanoparticle is

𝜏D,r = Δ𝑡 (2𝜋rad2) = 𝜋2

𝐷r
rad2 . (2.101)

3 Each of the integral terms is solved individually and then assembled by superposition.
4 The following �xed parameters are used: 𝑤0 = 1.48 µm, 𝜆 = 780 nm, 𝑇 = 20 °C and 𝜂 = 1mPa s.
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a) b)

Figure 2.24.: Frequency shift and frequency splitting produced by a prolate spheroid with semi-axes 𝑐 = 95.8 nm
and 𝑎, 𝑏 = 𝑐/2 and the refractive index 𝑛 = 1.41. For the mirror rotation angle, the value 𝜃 = 0 ° was chosen.
a) The radii of curvatures of the elliptical cavity mirrors are di�erent with 𝑟c,M1,1 = 40.0 µm, 𝑟c,M1,2 = 70.0 µm,
𝑟c,M2,1 = 45.0 µm and 𝑟c,M2,2 = 85.6 µm. b) The radii of curvatures of the elliptical cavity mirrors are the same with
𝑟c,M1,1 = 𝑟c,M2,1 = 45.0 µm and 𝑟c,M1,2 = 𝑟c,M2,2 = 70.0 µm.

There are di�erent ways how the rotation of the anisotropic nanoparticle can be detected.
Either the direct imaging of its rotation (e.g. see [135, 136, 137, 134, 133]), applying anisotropy
to a spherical nanoparticle by labeling with a highly scattering nanoparticle [138], or as
investigated in this work, via the polarization-split cavity fundamental mode.
In the following, the detection of the rotational movement of an anisotropically shaped
nanoparticle via the polarization-split cavity fundamental mode is explained. The birefringence
of an anisotropic nanoparticle is already introduced in Chapter 2.2.2 by the example of a
homogeneous spheroid. In addition, the polarization splitting of the fundamental mode is
explained in Chapter 2.1.3.

For a �xed mirror rotation angle 𝜃 , the distance between the two linearly and orthogonally
polarization-split fundamental modes TEM00,1 and TEM00,2 is constant, when the cavity is
empty. When a prolate spheroid resides inside the modes, the amount of shift of each mode
is di�erently and depends on the rotation angle Ω of the spheroid. If the long axis 𝑐 of the
prolate spheroid shows in the direction of TEM00,1, the frequency shift of TEM00,1 resonance
is maximal and that of TEM00,2 is minimal. The other way around is produced by the spheroid
for 𝑐 parallel to TEM00,2. A mathematical description is derived for the case, when the optical
polarizabilities 𝛼𝑐 and 𝛼𝑎 are projected on the mode axes [89]

𝛼00,1 =
√︁
(𝛼𝑎 cos (Ω))2 + (−𝛼𝑐 sin (Ω))2 , (2.102)

𝛼00,2 =
√︁
(𝛼𝑎 sin (Ω))2 + (𝛼𝑐 cos (Ω))2 (2.103)
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Figure 2.25.: Prolate spheroid with the two polarizabilities 𝛼c = 18.0 ·103 nm3/(4𝜋𝜖0) and 𝛼a = 17.2 ·103 nm3/(4𝜋𝜖0)
rotating inside the FP standing-wave light �eld at di�erent positions. From light gray to black the spheroid
approaches the maximum intensity. At the lightest gray color the spheroid is outside the light �eld and at the
black color it resides at the center of the antinode.

and the calculated frequency shifts are accordingly

Δ𝜈00,1 =
<(𝛼𝑥 ) · 𝑐
2𝜆m𝜖0𝑉m

∫
𝑉Spheroid

d𝑉Spheroid ·
𝐼00(𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0)

𝐼0
, (2.104)

Δ𝜈00,2 =
<(𝛼𝑦) · 𝑐
2𝜆m𝜖0𝑉m

∫
𝑉Spheroid

d𝑉Spheroid ·
𝐼00(𝑥 − 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0)

𝐼0
. (2.105)

(2.106)

Fig. 2.24 shows the simulated frequency shifts and the frequency splitting Δ𝜈00,2 − Δ𝜈00,1 for a
Rayleigh spheroid5 rotating at the center of the antinode. At a �xed position of the spheroid
in the light �eld, the frequency splitting contains only the information of the spheroid’s
rotation angle. However, when a spheroid di�uses in water and is probed by the FP cavity
standing-wave light �eld, the intensity at the location of the spheroid changes. Consequently,
the strength of the frequency splitting also changes. This is depicted in Fig. 2.25. As the
intensity increases, the frequency splitting also increases. Thus, the measured frequency
splitting signal generated by a di�using anisotropically shaped nanoparticle does not only
contain the information about the rotation, but also about the translational di�usion.

The projection on the polarization split mode axes (see Eq. (2.102) and (2.103)) is only valid,
when the polarization direction isn’t changed by the anisotropic-shaped nanoparticle. In Ref.
[89] a change in polarization direction isn’t observed, although, in [139, 140] a rotation is
predicted.

5 ∫
𝑉Spheroid

d𝑉Spheroid ·
𝐼00 (𝑥−𝑥0,𝑦−𝑦0,𝑧−𝑧0)

𝐼0
≈ 1.
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3. Realization and performance of the
Fabry-Pérot microcavity sensing platform

In the previous chapter, the fundamentals of a Fabry-Pérot (FP) microresonator and the
interaction of the FP standing-wave light �eld with a nanoparticle were discussed. In order
to detect the described e�ects, an experimental sensing platform had to be developed. The
very �rst sensing platform combining a �ber-based FP sensor with a micro�uidic channel
was introduced by Matthias Mader [108], a former PhD student of the same research group.
With his preliminary work, Matthias Mader could detect the Rayleigh scattered light of SiO2
spheres with a diameter of 142 nm �owing through the cavity, and simultaneously, he could
measure the correlated change of the cavity transmission signal. Since his version of the
sensing platform included many time consuming steps for the fabrication and exhibited several
problems such as a lack of reproducibility (see Appendix A.1), a new sensing platform had
to be developed. This chapter is about the realization of the new �ber-based FP microcavity
sensing platform and about its performance in terms of signal enhancement and mechanical
stability. Parts of this chapter have been submitted to nature communications [95]. The core
of the sensor consists of a �ber-based FP microcavity and a micro�uidic channel, which is
explained in detail in Chapter 3.1. This core is embedded in di�erent versions of sensing
platforms. These are presented in Chapter 3.2. In Chapter 3.3 the detection of the cavity
�nesse is explained in the case of di�erent optical cavity length regimes. Chapter 3.4 covers
the optical and electrical periphery. These components are required to operate the �ber-based
cavity sensor. Besides, general aspects for the detection of nanoparticle signals are discussed.
In addition, in Chapter 3.5, the di�erent sensing platforms are compared in terms of their
mechanical stability and resolution limit. The di�erent cavity geometries, which were used in
the di�erent experiments are summarized in Chapter 3.6 and in Chapter 3.7 the results are
�nally discussed.

3.1. The core of the Fabry-Pérot sensor

This chapter deals with the core of the FP sensor, which consists of the �ber-based FP cavity
and the micro�uidic channel (see Fig. 3.1). At �rst, the �ber-based FP cavity is discussed
(Chapter 3.1.1). By micromachining the �ber end facet with CO2 laser pulses, an approximately
Gaussian-shaped depression is achieved with an ultra smooth surface roughness. This low
surface roughness in combination with high re�ective dielectric mirrors is responsible for the
achieved high cavity �nesses in the order of F ≈ 105...106. In addition, a �ber-based FP cavity
allows a direct coupling of light into the cavity. In this context, the coupling e�ciency (mode
matching) and the overall transmission e�ciency are discussed. In Chapter 3.1.2 two di�erent
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Figure 3.1.: Two di�erent versions for the core of the �ber-based FP micro�uidic scanning cavity setup. a) The
precision hole of the glass ferrule causes a direct alignment of the single-mode (SM) and the multi-mode (MM)
cavity �bers. On the end facet of the �bers, dielectric mirrors are attached, forming a FP resonator. The cavity
�bers protrude into a micro�uidic channel, which in this case is created by a direct laser-written (DLW) polymer
structure. This setup makes it possible to pump nanoparticles dispersed in water into the micro�uidic channel and
through the cavity in a �ow perpendicular to the orientation of the cavity �bers. b) Similar setup as shown in a).
Instead of the DLW polymer structure, the micro�uidic channel is directly formed by a drilled, conically-shaped
hole through the ferrule. Commercial available micro�uidic tubes are attached in order to guide the sample solution
to the cavity. c) Photograph of the ferrule and the DLW polymer structure. d) Photograph of the conically-shaped
hole inside the ferrule. Submitted to [95].

types of micro�uidic channels are presented. Both channels enable the integration of the
�ber-based cavity and allow the measurement of nanoparticles dispersed in liquids. Although
all measurements were conducted at rest, the liquid �ow inside a micro�uidic channel with
�bers protruding into the channel was simulated and the results are presented within this
chapter.

3.1.1. Fiber-based Fabry-Pérot cavity

The core of each cavity version consists of a glass ferrule1, which has a precision hole of 131 µm
in diameter. Into the precision hole, a single-mode (SM) and a multi-mode (MM) �ber are
inserted. Both �bers have a depression in their end facets, which is coated by a dielectric high
re�ective mirror2. In the following, such a �ber is called „SM-cavity �ber“ or „MM-cavity �ber“.

1 OZ Optics, FER 1.225-1.225-131, material: quartz glass
2 Transmission at 780 nm: 𝑇 = 17.6 ppm
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a) b)

c)

20μm 20μm

Figure 3.2.: CO2 laser-machined �ber end facets. a) Side view from a cropped �ber end. The picture was taken
from [141]. b) Top view of a cropped �ber end with a Gaussian depression at the center. Due to the already
attached dielectric mirror coating for the center wavelength 𝜆 = 585 nm, the surface appears yellow. The picture
was taken from [103]. c) White light interferometric (WLI) image of an approximately Gaussian depression at the
center. This MM cavity �ber mirror was used for the three-dimensional tracking experiment (Chapter 5) and for
the measurement of the rotational movement of single SiO2 nanospheres with 𝑟geom = 25 nm geometric radius
(Chapter 6.1).

Micromachined �ber end-facet. A depression in the surface of a glass �ber end-facet
can be achieved by one or several CO2 pulses (𝜆 = 10.6 µm) focused on the cleaved surface.
This method was �rst published by David Hunger and Jakob Reichel [87, 101] and a detailed
description can be looked up in the references [141, 108]. The focused CO2 pulse on the glass
�ber-end facet is thermally absorbed by the silica and depending on the intensity distribution
of the pulse, the silica evaporates. Consequently, an approximately Gaussian depression in
the surface remains. In order to enable short cavity distances and an angular alignement of
the cavity mirrors, the rim of the �ber end is removed with CO2 pulses. This process leaves a
freestanding cone behind that contains the depression at the Gaussian center. In Fig. 3.2 such
a cropped cavity �ber end-facet with an approximately depression at the center is shown. The
depression is not perfectly rotationally symmetrical and the pro�le is more like an elliptical
shape. A 𝑥- and 𝑦-cut through such an elliptically-shaped depression is shown in Fig. 3.3. In
this case, the depression was machined with a single CO2 laser pulse and the radii of curvature
are 𝑟MM

c,x ≈ 79.2 µm and 𝑟MM
c,y ≈ 87.8 µm. However if the depression is machined with multiple

CO2 pulses, also spherical pro�les can be achieved. This was shown by Jonathan Körber, a
former Bachelor student of the same research group [142]. All cavity �ber mirrors used in this
work had an elliptical shape and had a radius of curvature between 𝑟c = 29 µm and 31 µm (see
Chapter 3.6). In principle also radii of curvatures below 10 µm can be fabricated by CO2 laser
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a) b)

d)c)

Figure 3.3.: Cut through the WLI pro�le (black) shown in Fig. 3.2 at 𝑦 = 0 (a,c) and 𝑥 = 0 (b,d). The expansion
of the cavity TEM00 mode on the mirror surface is assumed to be 3.2 µm in diameter, which is depicted in all
sub-�gures as a red vertical rectangle. The green curve is a Gaussian �t and the blue curve is a circle �t to the
center values at the minimum of the measured data (black). At the boundaries, both curves deviate strongly (a,b),
but they are in excellent agreement in the center area, where the cavity mode is formed (c,d). In this case, the
mirror have a radius of curvature of 𝑟MM

c,x ≈ 79.2 µm and 𝑟MM
c,y ≈ 87.8 µm.

pulses. However a satisfying dielectric mirror coating is not achievable with such small radii
of curvatures. Steep side walls of the depression causes probably tensions on the dielectric
mirror coating and a partial detachment of the mirror (see Fig. A.22). This was observed for
all cavity �bers with a 780 nm dielectric mirror coating and a radius of curvature 𝑟c ≤ 12 µm,
which are available in our own laboratory. The CO2 pulse for the depression at the center
does not only evaporate the material but it also melts the silica surface, resulting in a desirable
low surface roughness of only ≈ 0.2 nm [87, 101]. Due to this tiny surface roughness at the
atomic scale, very high �nesses can be achieved in the �ber-based FP cavity (see cooperativity
below).

Dielectric mirror coating. A dielectric mirror consists of alternating thin layers with
di�erent refractive indices 𝑛L and 𝑛H. At each interface, the incident light with the vacuum
wavelength 𝜆0 is re�ected and transmitted. When the thickness of each layer is 𝑡𝑖 = 𝜆0/(4𝑛𝑖),
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Figure 3.4.: Dielectric mirror coating of the cavity �bers used in this work. a) The coating consists of 16 alternating
pairs of layer consisting of Ta2O5 (𝑛Ta2O5 = 2.10) and SiO2 (𝑛SiO2 = 1.45) and the �nal layer was chosen to be
Ta2O5. In this case, the cavity �ber mirrors are in air. b) Transmission spectrum of the mirror. Both graphs were
created with a Mathematica script written by Thomas Hümmer [111] and Julia Benedikter [103].

the re�ected electrical �elds interfere constructively and a high re�ectivity is obtained. In this
work, a mirror coating with 16 alternating pairs of layers consisting of tantalum pentoxide
(Ta2O5, 𝑛Ta2O5 = 2.10) and SiO2 (𝑛SiO2 = 1.45) was used. The �nal layer was chosen to be
Ta2O5 (see Fig. 3.4 a). Consequently, the mirror exhibit a transmission of 𝑇 = 17.6 ppm at the
center wavelength 𝜆0 = 780 nm and in air (see Fig. 3.4 b). The transmission spectrum and the
following results were calculated by a transfer matrix method explained in the book [143] and
performed with a Mathematica script written by Thomas Hümmer [111] and Julia Benedikter
[103], which where two former PhD students of the same research group. With a FP cavity
compromising two of such mirrors, a �nesse of up to F ≈ 90000 could be measured in air
by the supervised bachelor student Julian Schaal [144]3. In his bachelor thesis he utilized
a simpli�ed cavity setup, which allowed him to precisely adjust the angular alignment of
the �ber. Thus, the absolute maximum �nesse could be measured without losses due to
misalignment. Hence, according to Eq. 2.11, the mirror losses in air can be calculated and
amount to 𝐴1 = 𝐴2 ≈ 17 ppm. When the same mirrors protrude in water, their transmission
increases to 𝑇 = 23.5 ppm and the light penetration depth into the mirror changes from
𝑑p,a = 323 nm in air to 𝑑p,w = 430 nm in water. In addition, the absorption loss in water has

3 Actually, he could measure larger �nesse values at short cavity distances. However, these results are distorted,
because the cavity length was measured via the higher-order transverse modes (see Chapter 3.3).
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Air Water
Finesse F 90000 ≥ 56710 (𝑑opt = 5.4 µm)
Mirror transmission 𝑇 (ppm) 17.6 23.5
Mirror absorption and scattering
loss 𝐴 (ppm) 17 ≤ 24
Mirror penetration depth 𝑑p (nm) 323 430
Absorption of medium between
mirrors 𝐿m (ppm) 0 16.2 (𝑑opt = 5.4 µm)
Cooperativity 𝐶0 ∝ 𝑄𝜆3m/𝑉m 5.1 · 104 2.1 · 104

Table 3.1.: Dielectric mirror coating of the cavity �bers, which where used for the experiments. The absorption
loss of the mirror in water was determined by assuming a perfect mirror alignment. With this mirror coating a
high cooperativity of 𝐶0 ∝ 2.1 · 104 was achieved in water.

to be taken into account (see Chapter 2.1.1). At a cavity length of 𝑑opt = 5.4 µm, the water
absorption loss is

𝐿m = 2 · 2.38 ppm/𝜇m · 𝑑geom (3.1)
= 2 · 2.38 ppm/𝜇m · (𝑑opt − 2 · 𝑑p,w)/1.33 (3.2)
= 16.2 ppm . (3.3)

Accordingly, the �nesse in water decreases to F ≈ 65000, when an optical cavity length of
𝑑opt = 5.4 µm and the same mirror losses as in air are assumed. However, as the scattering
losses of the mirror increase with a shorter light wavelength4, a �nesse < 65000 is expected.
In this work, a maximal �nesse of F = 56710 could be achieved in water at the optical cavity
length 𝑑opt = 5.4 µm. Compared to the above mentioned setup of Julian Schaal, the �bers in
the �ber-based FP sensing platform are automatically aligned by the precision hole of the
ferrule. As there is a spacing of 6 µm between the cavity �ber (diameter 125 µm) and the
ferrule precision hole (diameter 131 µm), small misalignments can arise. The alignment can
be improved by a rotation of the mirrors to each other. Consequently, when a perfect mirror
alignment is assumed at the maximal measured �nesse of F = 56710, the increased mirror
losses in water can be deduced: 𝐴1 = 𝐴2 = 24 ppm. All results discussed in this section are
summarized in Table 3.1.

Cooperativity. The smooth surface obtained by CO2 laser pulses in combination with high
re�ective dielectric mirrors reduces the mirror scattering losses signi�cantly and is responsi-
ble for the high �nesse of 90000 in air and 56710 in water achieved with the �ber-based FP
cavity. The remaining losses of the mirror are dominated by absorption of the light in the
dielectric mirror coating stack. The highest cooperativity achieved in this work amounts to
𝐶0 ∝ 𝑄𝜆3m/𝑉m = 5.1 · 104 in air and 𝐶0 ∝ 2.1 · 104 in water. When dielectric mirrors with a
higher re�ectivity are used than those presented above, a �nesse of even up to F = 172000
can be obtained in air [145]. Consequently, a FP cavity with a high cooperativity of up to

4 The Rayleigh scattering cross-section 𝜎scat is proportional to 𝑛4m/𝜆40 .
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𝐶0 ∝ 4.3 · 105 can be achieved in air (assumed parameters: F = 172000, 𝑟c = 15 µm, 𝑑opt = 2 µm
and 𝜆0 = 780 nm). The cooperativity 𝐶0 is the �gure of merit for the signal enhancement of
the �ber-based FP cavity.

Mode matching. Without the use of any additional coupling optics, the light propagating
through the �ber is transmitted through the dielectric mirror and directly coupled into the
cavity. However, only a fraction of light is coupled into the cavity mode depending on the
overlap integral between the �ber mode and the cavity mode. This is called mode matching 𝜖 .
For well aligned cavity mirrors, meaning that the �ber mode and the cavity mode optical axis
are not shifted to each other, and for a well centered mirror depression with respect to the
center of the �ber core, the mode matching can be estimated by [87]

𝜖 ≈
(
2𝑤f𝑤m

𝑤2
f +𝑤

2
m

)2
. (3.4)

Here, 𝑤m is the cavity mode radius on the mirror and 𝑤f is the mode �eld radius of the
�ber. Consequently, for a SM �ber with𝑤f = 3 µm and 𝑛f = 1.45 and the cavity parameters
𝑤m = 1.53 µm, 𝑟c,1 = 49, 6 µm and 𝑟c,2 = 83.5 µm, the maximal mode matching is 𝜖 ≈ 0.67.
Here, the parameters of the cavity were inserted, which were used for the operated three-
dimensional tracking experiment (see Chapter 5). The already high coupling e�ciency can
be increased to a theoretical maximum value of 0.979 by adapting the cavity mode size on
the mirror. This is achieved by a larger cavity length or by an increased radius of curvature.
However, the �rst option also increases the water absorption losses in the cavity and the
second option increases the mode volume, both leading to a reduced cooperativity. A more
elaborate option to increase the coupling e�ciency would be the fabrication of cavity �bers
with integrated mode matching optics [146].
In this work, a SM �ber was used for the light coupling into the cavity. Using a MM �ber
instead would greatly reduce the mode matching due to the larger �ber mode, a non-planar
phase wavefront inside the �ber core and consequently a worse mode overlap.

Transmission e�ciency. The transmission e�ciency of perfectly aligned cavity mirrors
depends on the mode matching between the input �ber mode and cavity mode 𝜖1, between
the output �ber mode and cavity mode 𝜖2, the transmission, scattering, and absorption losses
of each mirror (𝑇1, 𝑇2, 𝐴1, 𝐴2) and the absorption losses due to the liquid �lling the cavity 𝐿m.
The transmission e�ciency is then given by [147]

𝑃T,max
𝑃in

= 𝜖1𝜖2
4𝑇1𝑇2

(2𝐿m +𝑇1 +𝑇2 +𝐴1 +𝐴2)2
, (3.5)

where 𝑃T,max is the maximal transmitted power and 𝑃in is the incident power. In case of
the same coupling e�ciencies 𝜖1=𝜖2=0.67, the maximal transmission e�ciency amounts to
0.056 (remaining parameters are the same as discussed for the dielectric mirror coating:
𝑇1=𝑇2=23.5 ppm, 𝐴1=𝐴2=24 ppm, 2𝐿m=16.2 ppm). In this work, a ferrule with a precision hole
of 131 µm was used for an automatic alignment of the cavity mirrors. However, the spacing
between the ferrules hole and the glass �bers (diameter: 125 µm) is 6 µm. Accordingly, a lateral
o�set as well as an angular misalignement of the �ber cores can occur. If a SM �ber is used as
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Figure 3.5.: Fabrication of a v-shaped notch into the glass ferule. a) CAD drawing of the glass ferrule and the
v-shaped notch. b) Micrograph of the sewed notch. Submitted to [95].
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Figure 3.6.: CAD drawing of the polymer structure, which forms the micro�uidic channel. a) The 3D structure
is written into the v-shaped notch. b) Side view of the micro�uidic channel. The outer hole with a diameter of
0.38mm is designed to �t a syringe needle, which can be glued into that hole and acts as a micro�uidic adapter.
To provide a laminar �ow, the micro�uidic channel diameter is reduced to 0.2mm at the center. The 0.21mm
perpendicular hole forms the transition to the precision hole of the ferrule.

outcoupling �ber instead of a MM �ber, the transmission e�ciency can decrease signi�cantly.
This was analyzed by Jasmin Häberle and Shalom Palkhivala (both supervised students) in
more detail [148, 149]. Consequently, if single-mode operation is required (e.g. for active
stabilization measurements) a narrower precision hole of the ferrule is necessary in order to
increase the transmission e�ciency. However, all experiments conducted and presented in
this work, were compatible to the MM-outcoupling-�ber and therefore were insusceptible for
misalignment and transmission losses.

3.1.2. Microfluidic channel

The micro�uidic channel is an essential part of the �ber-based FP sensing platform. It allows
the detection of nanoparticles dispersed in liquids, enables a laminar �ow and signi�cantly
reduces the required sample volume for the measurement. Within this work, three di�erent
micro�uidic channel versions were fabricated. As the �rst micro�uidic version was not used
for the conducted experiments, the information about its design and fabrication can be taken
from Appendix A.1. The other two versions are described in the following. Both micro�uidic
designs have been submitted to [95].

Polymer channel. The second micro�uidic channel version consists of a 3D polymer struc-
ture, which is written by two-photon direct laser writing (see Fig. 3.1 a) and c)). It was designed
and fabricated together with Christian Kern, a former Ph.D. student in the Martin Wegener
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research group at the Applied Physical Institute at the Karlsruhe Institute of Technology. In
the following, the fabrication steps for the micro�uidic channel are brie�y explained. Detailed
information can be taken from Appendix A.2.2.
At �rst, a v-shaped notch is cut into the glass ferrule5, which is 260 µm deep and has a width
of 800 µm (see Fig. 3.5). In the second step, the 3D-polymer structure is written into the notch.
For this purpose, a CAD design of structure was drawn (see Fig. 3.6). It consists of an outer
hole, with a diameter of 0.38mm, which narrows to 0.2mm at the center. At the center is a
crossing with a slightly thicker hole of 0.21mm in diameter than the precision hole of the
ferrule (0.131mm). This is necessary in order to compensate for inaccuracies in the fabrication.
The direct laser writing of the 3D polymer structure itself was carried out by Christian Kern
(see Appendix A.2.2). In general, the 3D-writing of the micro�uidic channel into a polymer
allows for custom design and it is fabricated within ≈ 5 h.

Quartz glass channel. The third micro�uidic channel version consists of a conical hole
inside the glass ferrule, which is produced with femtosecond laser pulses (see Fig. 3.1 b) and
d)). This was carried out by Heino Besser of the Laser Material Processing Facility (KNMF), a
Helmholtz Research Infrastructure at the Karlsruhe Institute of Technology (KIT)6. Due to
limitations of the aspect ratio in the fabrication and in order to create symmetrical conical
holes, the ferrule is machined from both sides. This results in holes with an outer diameter
of 0.56mm and an inner diameter of 0.32mm. At the center of the ferrule, the drilled hole
intersects with the precision hole in order to allow the �ber ends to protrude into the mi-
cro�uidic channel. The fabrication time of the micro�uidic channel is only ≈ 10min. An
alternative fabrication way was also investigated in cooperation with Georg Gramlich from
the Institute of high-frequency technology and electronics. In this case, the concave hole was
produced with a laser cutter. Finally, those holes with similar quality can also be produced in
our laboratory using a CO2 pulsed laser, as it was shown by Shalom Palkhivala (supervised
master thesis) [149].

Laminar �ow simulation. For the �rst micro�uidic channel design (see Appendix A.1)
water �ow simulations were carried out in the Autodesk computational �uid dynamics (CFD)
simulation software (see Fig. A.2). This �rst micro�uidic channel was not used for the con-
ducted experiments and is therefore not further described in the rest of this work. The �ow
simulations were done to detect any turbulences that might occur inside the micro�uidic chan-
nel depending on the applied pressure between channel inlet and channel outlet. Although
the �rst micro�uidic channel version was not used for the experiments shown in this work,
the simulation results are transferable to the other two micro�uidic channel versions (polymer
and quartz glass channel). Turbulences are only expected, where the cavity �bers protrude
into the micro�uidic channel. In this respect, the di�erent micro�uidic versions are similar.
Fig. 3.7 shows the water �ow at a pressure di�erence of 140 Pa between the three inlets and

5 Carried out by Lucas Radtke, a technician at the Center for Functional Nanostructures at the KIT.
6 The conical hole in d) is similar to the hole fabricated by Heino Besser, however, in this case, the hole was
drilled with a laser cutter. This was done in another collaboration with Georg Gramlich from the Institute of
Radio Frequency Engineering and Electronics (IHE)
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Figure 3.7.: Water �ow simulation at a pressure di�erence of 140 Pa between the three inlets and the outlet. A top
view as well as a side view on the micro�uidic channel is shown. In the gap between the �ber ends and around
the �bers the water velocity is increased, but no turbulences occur.
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Figure 3.8.: Water �ow simulation at a pressure di�erence of 2.5 · 105 Pa between the three inlets and the outlet.
A top view as well as a side view on the micro�uidic channel is shown. In the gap between the �ber ends, around
the �bers and after the constriction the water velocity is increased and turbulences occur.
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the outlet. Since the cross-section for the water �ow narrows at the �bers and the water is
incompressible, the velocity is increased, when the water has to �ow around the �bers and
through the gap between the �ber ends. However, no turbulences occur and the �uid �ow is
laminar. On the other hand, if the pressure di�erence is increased to 2.5 · 105 Pa, turbulences
occur after the constriction caused by the cavity �bers protruding into the micro�uidic channel
(see Fig. 3.8).
All measurements presented in this work were performed without a liquid �ow (zero pressure
di�erence). However, if in the future measurements are to be carried out with liquid �ow and
a laminar �ow is demanded, then low �uid velocities, much slower than 𝑣 = 8000mm/s should
be ensured inside the micro�uidic channel. Under normal conditions, such low velocities are
already achieved, which is why laminar �ow is expected. The calculation of the �uid velocity
in the micro�uidic channel is explained in Appendix A.3.

Hydrophobic versus hydrophilic micro�uidic channel surface. In the polymer mi-
cro�uidic channel, as well as in the quartz glass micro�uidic channel, SiO2 nanoparticles where
investigated. By comparing both channels with respect to the time of operation until the
nanoparticles got stuck and the channel had to be mechanically cleaned, two major di�erences
were observed: Whereas in the polymer channel the SiO2 nanoparticles did not get stuck for
at least 5 months7, they clogged the quartz glass channel within 1-3 weeks. As the surface
of the polymer is hydrophobic and the surface of the hole inside the quartz glass ferrule is
hydrophilic, it is assumed that the hydrophobic surface prevents the SiO2 nanoparticles to
adsorb at the surface of the polymer channel. In contrast, the free silanol groups on the surface
of the SiO2 nanoparticles presumably interact with the surface of the glass ferrule and tend
of being adsorbed to the micro�uidic channel wall (see Chapter 2.3.3). If the micro�uidic
channel is �ushed, only the non-bound single nanoparticles and agglomerates can leave
the ferrule through the micro�uidic tubes. However, the bound nanoparticles remain and
build ever-increasing SiO2 agglomerates when new SiO2 nanoparticles are introduced to the
channel. This assumption is supported insofar as after about three weeks macroscopic sized
glass structures could be resolved under the stereo microscope.
Therefore, it is assumed that a hydrophobization of the quartz glass ferrule surface could
prevent the SiO2 nanoparticles to bind to the surface and would enhance the sensors durability
signi�cantly. This can be achieved by a silanization with octadecyltrichlorsilane (OTS) (see
Appendix A.8). However, the passivation of the micro�uidic channel’s surface depends on
the kind of nanoparticle. Whereas the hydrophobization prevents SiO2 nanoparticles to bind
to the surface, unspeci�c protein binding at hydrophobic surfaces is observed for biological
samples [150, 151].

7 The polymer structure detached from the surface after 5 months.

59



3. Realization and performance of the Fabry-Pérot microcavity sensing platform

Cavity A Cavity B Cavity C
Micro�uidic polymer quartz glass quartz glass
channel channel channel channel
Material of the base aluminum aluminum Macor
Sorbothane sheet ×
Hood ×
Micro�uidic tubes removable non-removable removable

Table 3.2.: The di�erent developed sensing platforms at a glance.

3.2. Combining all elements into the Fabry-Pérot sensing platform

The core of the FP sensor, consisting of the �ber-based FP cavity and the micro�uidic channel
(see Chapter 3.1) is embedded into a sensing platform. It is mounted on a base compromising
all necessary components to operate the core of the FP sensor, such as micro�uidic connectors
and shear piezoelectric actuators for the cavity length modulation. As two of the three di�erent
micro�uidic channel versions were used in the experiment (polymer and borosiilcate channel)
and the base was improved stepwise, the measurements presented in this work were carried
out with three di�erent sensing platforms. In the following, they are speci�ed as cavity A,
cavity B and cavity C and their main features are brie�y summarized in Table 3.2. The principle
of the sensing platform is described with cavity A, whereas only changes and improvements
on cavity B and cavity C in respect to cavity A are highlighted. In all sensing platforms, liquid
leaked out at the inlets of the precision hole, when it was pumped through the micro�uidic
channel. The precautions made in this context are explained in Appendix A.2. In the Appendix,
also the exact details about the fabrication of the sensing platforms are given.

3.2.1. Cavity A

Cavity A is the �rst cavity version and is shown in Fig. 3.9. Here, the core of the FP sensor is
glued8 on an aluminum base and the micro�uidic channel consists of a direct laser-written
polymer structure (see Chapter 3.1.2). Syringe needles9 are glued10 into the micro�uidic
channel inlet and outlet and an infusion extension line connector11 enables a connection to
commercial available micro�uidic tubes12. The connectors and thus the long micro�uidic tubes
can be removed during nanoparticle measurements. For the modulation of the cavity length,
each cavity �ber is clamped on a shear piezoelectric actuator13, which shear in opposite
directions with an applied voltage. They are speci�ed with a shear range of 3 µm at an
operating voltage of ±320V. Therefore, assuming a vacuum wavelength of 780 nm and the

8 UHU plus schnellfest 2-Komponenten-Kleber
9 Sterican Insulinkanüle gelb 30G, outer diameter: diameter of 0.3mm.
10 Epo-Tek OG116-31
11 Braun 1 ProSet Verlängerungsleitung 0,5x2,35x300mm PUR
12 Upchurch 1561L PEEK tubing black; outer diameter: 1/16", inner diameter: 0.004".
13 Noliac NAC2402-H2.3
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Syringe needle

Aluminium base 
1st generation

Connector of infusion 
extension line

SM fiber 

Microfluidic tube

Glue to avoid 
stress

Clamp

Piezo-electric
actuator 8mm
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Figure 3.9.: Photograph of the �rst sensing platform (cavity A). The ferrule is glued on a aluminum base. Into the
3D-polymer structure syringe needles are glued in order to enable the connection to micro�uidic tubes via the
connector of an infusion extension line. Stress on the fragile 3D-polymer structure can be avoided by gluing the
syringe on the aluminum base. Two piezoelectric actuators provide a modulation of the cavity length. For this
purpose, clamps are glued on top to hold the cavity �bers.

cavity �lled with water, the cavity length can be modulated more than 20 FSR. However, this
speci�cation applies only for unloaded piezoelectric actuators. In this case, clamps are glued
on the piezoelectric actuators in order to mount the �bers and to allow fast unplugging of
the �bers. Besides, the piezos are operated with a maximal voltage of ±175V. When taking
the operation parameters as basis, a scanning range of 10 FSR is expected. As a matter of
fact the cavity length could only be modulated by 4 FSR. The base is mounted on a 3-axis
micropositioner14. This allows an adjustment of the cavity alignment via micrometer screws15.
However, the positioning stage also increases the mechanical instability of the system, which
becomes noticeable through a cavity length shift (see Chapter 3.5). For the adjustment of the

14 Thorlabs MAX313D/M
15 The precision hole is 6 µm bigger than the �ber diameter. Therefore, small adjustments of the alignment can be

made.
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D
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E

B

a) b)Shim

Aluminium base
2nd generation

Microfluidic
tube

Figure 3.10.: The cavity B sensing platform. a) CAD drawing of the setup. The 2nd generation aluminum base
consists of a drain for the micro�uidics as well as of a catch basin. To prevent excessive forces on the drilled hole,
the micro�uidic tubes are glued to the aluminum base. Shims are used to adjust the height. b) Photograph of the
ferrule (A), the inserted �bers (B), and the attached micro�uidic tubes (C), which are tapered at the tip. The tube is
glued into the hole (D) and on the shims (E).

cavity length, a second 3-axis micropositioner16 is used, which is placed next to the sensing
platform (compare Fig 3.12). During the preliminary adjustment, one �ber is already �xed
to the clamp on the piezoelectric actuator and the second �ber is moved by clamping it on
the 3-axis stage and via a micrometer screw. When the desired length is achieved, the second
�ber is also �xed by the clamp on the piezoelectric actuator. During the measurements, the
second �ber was still �xed on the micropositioning stage. Since the cavity length was only
modulated by ≈ 150 pm, this had no in�uence on the movement of the �bers in the ferrule.
The �xation on the micropositioning stage was necessary because, despite the clamping on
the piezoelectric actuators, the cavity length changed several sub-micrometers independently
from the piezoelectric modulation and had to be adapted by the micrometer screw after a few
hours.

3.2.2. Cavity B

As the �rst sensing platform (cavity A) was assembled provisionally and the polymer mi-
cro�uidic channel has detached from the ferrule after about 5 months, a new sensing platform
was established. The section for the modulation of the cavity length remained the same, but
the aluminum base became more professional and the polymer micro�uidic channel was
exchanged by a micro�uidic channel consisting of a drilled hole into the ferrule (see Fig. 3.10).
Into the quartz glass micro�uidic channel, commercially available and tapered micro�uidic
tubes17 are glued18. Therefore, they can’t be removed during measurements. In this case, the

16 Newport M-562-XYZ
17 Upchurch 1561L PEEK tubing black; outer diameter: 1/16", inner diameter: 0.004".
18 LOCTITE SI 5091

62



3.2. Combining all elements into the Fabry-Pérot sensing platform

Figure 3.11.: Mount for the FP sensor. The Photograph shows the newest version of the cavity setup (cavity C).
The core of the �ber-based FP micro�uidic scanning cavity setup is mounted on a Macor base. Two clamps, each
glued on a piezoelectric actuator, �x the cavity �bers, allowing the actuators to change the distance between the
�ber end-facets. Tapered micro�uidic tubes are glued into the conical holes of the ferrule in order to pass the
liquid through the micro�uidic channel. Micro�uidic adapters allow the connection to additional micro�uidic
tubes, which in turn submerge in a liquid reservoir.

base is �xed on a massive aluminum block to avoid any mechanical noise generated by the
mechanically unstable 3-axis micropositioner of cavity A.

3.2.3. Cavity C

Because of arising problems with cavity length drift in cavity A and B, a new version C was
designed to eminently reduce the drifts and also to improve the measurement noise. (Fig.
3.11). The micro�uidic channel is formed by a drilled hole in the quartz glass ferrule and the
attachment of the tapered micro�uidic tubes19 (black color) to the ferrule is already explained
for cavity B. This newest cavity version has the following new features:
First, the long tubes can be removed during measurements avoiding overhanging structures

19 Upchurch 1561L PEEK tubing black; outer diameter: 1/16", inner diameter: 0.004".
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3-axis stage

Hood

Aluminum 
adapter

Aluminum
block

Figure 3.12.: Details of the sensor mount of cavity C. A 3-axis micropositioning stage is used to adjust the cavity
length before both �bers are clamped and the piezoelectric actuators take over the �ne-tuning. In order to increase
the mechanical stability of the system, the 3-axis stage is removed and the FP sensor is covered by a hood.

and accordingly reducing the mechanical instability of the system. In contrast to cavity
B, only a small piece of the tapered micro�uidic tube is glued into the drilled hole of the
quartz glass ferrule. On the opposite side of the tube, the tube is glued20 into a micro�uidic
adapter21. In order to pump liquids through the micro�uidic cell, long micro�uidic tubes
with an outer diameter of 1/16” can be connected to the adapter by commercial �angeless
�ttings22. Second, the new base consists of Macor instead of aluminum in order to reduce
thermal drifts. Additionally, the corners of the �ber delivery are rounded, so that the �bers
can be �xed to the base/socket. This avoids free-hanging glass �ber parts, reducing further
vibrational noise. Finally, the base of cavity C is mounted on a massive aluminum block with
a sorbothane sheet, which absorbs vibration from the table below. To reduce environmental
in�uences, the complete sensing platform can be covered by a hood (see Fig. 3.12). Although
the micropositioner was removed at measurements and both �bers were only �xed by the two
clamps on the piezoelectric actuators, a cavity length drift was still observable independently
from the cavity length modulation. Since the length changed only very slowly, this has
neglegible in�uence on individual measurements. In order to reduce this length changes in
future, the clamping of the �bers has to be improved. For example a thin anti-friction coating
on the clamps could provide remedy.
With the new sensing platform the cavity length shifts caused by the mechanical instability of
the platform could be signi�cantly improved. This is discussed in Chapter 3.5.1) in detail.

20 LOCTITE SI 5091
21 Milled by the workshop, material: polyetheretherketon (PEEK)
22 Postnova XLT-111X
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2.05GHz

FWHM

Figure 3.13.:Calibration of the resonance full width half maximum (FWHM). In addition to the TEM00 resonance
two sidebands are excited, which are separated by 2.05GHz. The gray vertical lines mark the maxima of the
sidebands and the red curve is a �t to the measured data (black) by three Lorentzians.

2.05GHz

Figure 3.14.:Asymmetric resonance due to the photothermal e�ect. Three Lorentzians (red) are �tted to the
resonance and the sidebands (black). The vertical dotted lines mark the sidebands, which are separated by
2.05GHz.

3.3. Detection of the cavity finesse

Important properties of a FP resonator are the resonance full width half maximum (FWHM)
𝛿𝜈 and the free spectral range (FSR) Δ𝜈FSR. Both properties de�ne the cavity �nesse F :

F =
Δ𝜈FSR
𝛿𝜈

(3.6)

(see Chapter 2.1.1), which is a �gure of merit for the signal enhancement. The FSR itself
depends on the optical cavity length (see Eq. (2.4)). In the following, the measurement of the
FWHM and the optical length are explained in detail.
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FSR

Figure 3.15.:Cavity free spectral range (FSR). At a �xed cavity length a superluminescent diode (SLED) is coupled
into the resonator. The envelope of the SLED is sketched in gray. Two Gaussians (red) are �tted to the excited
fundamental modes (black). The un�tted black curves are the excited higher-order modes.

3.3.1. Measurement of the full width half maximum

The FWHM of the resonance is measured with an electro-optic modulator (EOM)23, which
creates sidebands with a known frequency distance. This allows the calibration of themeasured
FWHM from sampling numbers into frequency scales. The frequency distance of the sidebands
is set by a signal generator24, which drives the EOM. In this case, it is set to 2.05GHz. In
Fig. 3.13 a recorded fundamental mode with sidebands is shown. The FWHM in sampling
numbers 𝛿𝑁 can be calculated into the FWHM in frequency units 𝛿𝜈 via the distance between
the two sidebands Δ𝑁 :

𝛿𝜈 =
2.05GHz · 𝛿𝑁

Δ𝑁
. (3.7)

Here, a resonance with a 𝛿𝜈 = 490MHz FWHM is shown. With this cavity, the tracking
of the three-dimensional motion of a single nanosphere was observed (see Chapter 5). The
measurement of the FWHM has to be conducted at low laser25 powers and at high scanning
frequencies26. Otherwise, the cavity mirrors would absorb the high intracavity light and
expand to such an extent that an asymmetric resonance occurs (see Fig. 3.14). This e�ect is
also called "photothermal e�ect" [88]. By comparing the FP cavity operated in air and water,
an increased photothermal e�ect could be observed in water due to water absorption.

3.3.2. Measurement of the cavity length

In order to measure the cavity length, the mirror distance is kept at a �xed value and a broad-
band light source is coupled into the cavity. In this case, the light source is a superluminescent

23 Laser Components NIR-MPX800
24 DS Instruments SG4400L
25 The laser power was reduced so much that the sidebands were just visible.
26 Usually, the cavity was scanned with a 1...3 kHz frequency.
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Figure 3.16.: Sketch of excited resonances with di�erently aligned cavity mirrors. a) A bad alignment of the
mirrors results into a strong excitation of the higher-order modes (in this case the TEM01 mode is strongest
excited). b) A good cavity alignment is reached when especially the fundamental mode TEM00 is excited and the
higher-order transverse modes are almost not excited.

Figure 3.17.: Spectrum, when the cavity length is �xed and resonances are excited by a SLED. In this case, the
cavity mirrors are poorly aligned.

diode (SLED) (see Fig. 3.19), which excites several resonances simultaneously in the cavity.
The transmitted light is directed to a grating spectrometer via a magnetically mounted mirror.
Fig. 3.15 shows such a recorded resonance spectrum. In this case, two fundamental modes are
excited and the FSR can be measured and the optical cavity length deduced. However, the
shorter the cavity length, the less fundamental modes are excited by the SLED and are visible
in the spectrometer. With the SLED used in this work, at about 5.4 µm optical cavity length
only one fundamental mode, and the higher-order modes are detected. Then, the optical cavity
length has to be determined by the distance between the higher-order transverse modes of
same order. At �rst, the detection of the cavity length via the free spectral range is explained
and then its detection via the higher-order transverse modes is discussed.
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Cavity length via the free spectral range. Fig. 3.17 shows a recorded spectrum when
the cavity length is constant and an SLED simultaneously excited several resonances in the
�ber-based FP cavity. As the cavity mirrors are were well-aligned, the two highest resonances
can be assigned to two consecutive fundamental modes and their distance to each other is one
FSR. According to Eq. (2.4), the cavity length can be deduced from the measured FSR Δ𝜈FSR
by

𝑑opt =
𝑐0

2𝑛mΔ𝜈FSR
, (3.8)

with Δ𝜈FSR = 𝜈𝑞+1,𝑚,𝑛 − 𝜈𝑞,𝑚,𝑛 . In this case, the optical cavity length is 𝑑opt = 16.3 µm. In
general, perfectly aligned cavity mirrors are achieved when mainly the fundamental mode is
excited and the higher-order modes are hardly excited. In contrast, a strong excitation of one
of the higher-order transverse modes and a weak excitation of the fundamental mode is caused
by badly aligned mirrors. Also, strongly di�erent resonance amplitudes of the degenerated
higher-order transverse modes provide evidence of poor alignment. In Fig. 3.16 the cases for a
good and a bad alignment are schematically depicted. When the mirrors are badly aligned, the
resonance spectrum recorded by the spectrometer is di�cult to interpret. Fig. 3.17 shows such
a recorded spectrum. Probably the �rst higher-order transverse mode is excited strongest, but
quickly the spectrum is misinterpreted and thus a wrong cavity length is measured. In this
case, the �nesse can be estimated via the oscilloscope. Both, the FWHM as well as the FSR,
are determined in sampling number units:

F =
Δ𝜈FSR,N
𝛿𝑁

. (3.9)

However, the error on the measured FSR is large due to the piezoelectric actuators expanding
non-linear and thus an error on the �nesse of about 10 % has to be assumed. But if the �nesse
is approximately known and the FWHM is also measured in frequency units, the cavity length
can be estimated. This can be thereupon used as a reference value for the hardly to interpret
FSR spectrum.

Cavity length via the higher-order transverse modes. When at short cavity lengths
(<5.4 µm) less than one FSR is excited in the FP cavity by the SLED, the optical cavity length
and accordingly the FSR has to be determined via the distance between consecutive higher-
order transverse modes of the same order 𝑞. According to Eq. (2.19) the following applies:

𝜈𝑞,𝑚,𝑛 − 𝜈𝑞,𝑚−1,𝑛 = (𝜉 (𝑧2) − 𝜉 (𝑧1))Δ𝜈FSR
𝜋

, (3.10)

with the phase retardation

𝜉 (𝑧) = arctan
(

𝜆0

𝑛m𝜋𝑤
2
0
𝑧

)
. (3.11)
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a)

b)

Figure 3.18.: Evaluation of the optical cavity length a) by taking the distance between consecutive fundamental
modes and b) by considering the higher-order transverse modes of the same order 𝑞. The chosen modes are
marked with red crosses.

Both, the waist𝑤0 (see Eq. 2.16), as well as 𝑧1 and 𝑧2, depend on the the radii of curvatures
𝑟c,1, 𝑟c,2 of both mirrors as well as on the optical cavity length 𝑑opt [100]:

𝑤0 =

√√√√︄
−𝑑opt(𝑟c,1 + 𝑑opt) (𝑟c,2 + 𝑑opt) (𝑟c,1 + 𝑟c,2 + 𝑑opt)

𝑟c,1 + 𝑟c,2 + 2𝑑opt
𝜆0
𝑛m𝜋

, (3.12)

𝑧1 =
−𝑑opt(𝑟c,1 + 𝑑opt)
𝑟c,1 + 𝑟c,2 + 2𝑑opt

, (3.13)

𝑧2 = 𝑧1 + 𝑑opt . (3.14)

Since the used cavity mirror pro�les are not rotationally symmetric but elliptical (see Chapter
3.1.1) and the higher-order transverse modes are radially expanded, di�erent radii of curvatures
have to be taken into account for the di�erent modes. A more exact description of the higher-
order transverse modes would be a series expansion of the Hermite-Gaussian modes as shown
by Julia Benedikter [152]. Though, here it is shown that an empirical correction factor 𝑓c to
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dopt (µm) via Eq. (3.8) dopt (µm) via Eq. (3.15) dopt (µm) via Eq. (3.10)
16.9 ± 0.1 16.7 ± 0.8 22.6 ± 1.1
16.3 ± 0.003 16.3 ± 1.0 22.1 ± 1.5
12.8 ± 0.0003 12.9 ± 0.9 17.3 ± 1.3
9.7 ± 0.01 9.6 ± 1.0 12.9 ± 0.3

Table 3.3.: Determination of the optical cavity length via the distance between consecutive fundamental modes
(1st column), via the distance between consecutive higher-order modes including a empirical factor of 𝑓c = 0.87
(2nd column) and via the distance between consecutive higher-order modes without the consideration of an
empirical factor (3rd column). Each column shows the averaged value as well as the standard deviation (�ve
measurements at each cavity length).

the phase retardation in Eq. (3.10) gives good enough results for the determination of the
optical cavity length. Hence, Eq. (3.10) is adapted to

𝜈𝑞,𝑚,𝑛 − 𝜈𝑞,𝑚−1,𝑛 = 𝑓c · (𝜉 (𝑧2) − 𝜉 (𝑧1))Δ𝜈FSR
𝜋

(3.15)

for elliptical mirror pro�les. The empirical factor 𝑓c can be determined at longer cavity lengths,
where the cavity length can also be measured via the FSR range. Such an example is shown in
Fig. 3.18. For the same recorded spectrum, the cavity length is determined via the FSR (a) and
via the higher-order transverse modes (b). Here, the empirical factor of 𝑓c = 0.87 has to be set
in order to reach the same results for the optical cavity length. By reducing the cavity length,
the same factor continues to lead to a good agreement between both evaluation methods (see
Table 3.3). If, on the other hand, no empirical factor is assumed (𝑓c = 1), the higher-order
transverse modes deliver a result which deviates by up to 36 % from the value determined via
the FSR (see third column of the table).

3.4. Detection of nanoparticle signals

This chapter provides the background information for the detection of nanoparticle signals.
In this work, di�erent kind of quartz glass nanospheres where investigated. At �rst, the
preparation of the nanosphere colloidal solution is presented (Chapter 3.4.1). Chapter 3.4.2
deals with the optical and electrical peripherals. These components are required to operate
the �ber-based cavity sensor. Finally, in Chapter 3.4.3 the detection principle of nanoparticle
signals is discussed.

3.4.1. Preparation of the nanoparticle colloidal solution

Three di�erent quartz glass SiO2 nanosphere colloidal solutions with di�erent sizes were used
to conduct the measurements for the evaluation of the theoretical simulations. In the following,
they are denoted as sample A, sample B and sample C (see Table 3.4). All manufacturers
provide the SiO2 nanospheres dispersed in water and for detailed information see Appendix
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Sample A Sample B Sample C
𝑟geom (nm) 63.2 ± 1.7 60.0 ± 1.8 25.0 ± 0.8
𝑛SiO2 1.42 1.45 1.45

Table 3.4.: SiO2 nanospheres investigated in di�erent experiments presented in this work. The intrinsic properties
of the bare nanoparticle are given: Geometric radius 𝑟geom and intrinsic refractive index 𝑟SiO2.

A.5.
SiO2 nanoparticles tend to agglomerate within a short period of time (after ≈ 1 h, see 5.2).
In order to separate the agglomerates and thereby increase the number of single particles
inside the nanoparticle solution, an ultrasonic tip27 is used28. First, 5 µl of the nanoparticle
solution is mixed with 2ml of double-distilled water. Then, the solution is treated for 15min
with the ultrasonic tip at 90% of amplitude. The leftover agglomerates can be �ltered out by
a micrometer-pore �lter with a suitable size, but this step can be also skipped, as the �lters
uncontrollably reduce the nanoparticle concentration. Eventually, the nanoparticle solution
is pumped into the FP sensor micro�uidic system via compressed air on a pressure vessel
until it �ushes the cavity at the center of the micro�uidic channel. Subsequently, the pressure
is turned o� and after about 10min to 1 h of waiting time, nanoparticle measurements are
conducted. The waiting time is necessary in order to avoid drifts and to measure the free
Brownian motion of single nanoparticles inside the FP cavity.

3.4.2. Optical and electrical components

In the following, the optical and electrical parts are explained, which are crucial for the opera-
tion of the cavity. Two di�erent narrow-linewidth lasers and a broadband superluminescent
diode (SLED)29 can be coupled into the cavity single-mode (SM)-�ber (see Fig. 3.19). Here, the
parts that are important for nanoparticle measurements are described.
Two narrow lasers, an external grating stabilized diode laser (𝜆 = 780 nm, laser linewidth
< 1MHz on short time scales30) and a volume-holographic-grating stabilized laser diode
(𝜆 = 785 nm, laser linewidth: 10MHz31, laser head mount see Appendix A.4) are used to probe
the cavity while the cavity length is modulated and single nanoparticles are di�using through
the cavity. At each optical path, a �ber-based polarization controller (𝜆/4−𝜆/2−𝜆/4) allows the
control of the polarization and thereby the control of the mode polarization inside the cavity
(see Chapter 2.6). Via a 90/10-beam splitter32, both lasers are coupled into the input SM-cavity
�ber at the same time. The transmitted light through the output multi-mode (MM)-cavity
�ber is collimated into a free-space beam and focused on an avalanche photodiode (APD)

27 Bandelin Sonopuls mini20 with a MS 1.5 sonotrode
28 This only works for silicon dioxide nanoparticles. E.g. agglomerated polymethylmethacrylat (PMMA) agglom-
erates or polystyrol (PS) agglomerates are more di�cult to separate since they can be destroyed at ultrasonic
treatment. Here an anionic surfactant could help.

29 About 40 nm broad spectrum at the center wavelength 755 nm.
30 TOPTICA DLpro
31 Thorlabs LP785-SAV50
32 Thorlabs TN785R2A2
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Figure 3.19.: Schematic drawing of the optical setup and the electrical components. The 780 nm and 785 nm lasers
are used to probe the cavity and the transmitted light is detected by an APD and recorded by an oscilloscope.
Two piezoelectric actuators shear in opposite directions, allowing a modulation of the cavity length. In order to
measure the FWHM of the FP resonator, an EOM is used to calibrate the linewidth of the resonance in frequency
units. The FSR can be measured by keeping the cavity length constant and coupling the SLED into the cavity. A
magnetically mounted mirror is used to guide the transmitted light into a grating spectrometer. Sketch is similar
to supplementary information of [95].

(bandwidth: 50MHz). A 12 bit digital storage oscilloscope33 records the APD signal. In order to
modulate the cavity length during the measurement, two piezoelectric actuators are operated
by a periodical high voltage waveform. The signal generator controls the shape of the voltage
signal (e.g. sinusoidal or triangular) and provides the trigger signal in addition. The output
of the signal generator is ampli�ed34 up to ±175V. In the following, the frequency of the
modulated signal is called "scanning frequency".

3.4.3. Measurement principle

In this section, the basic measurement principle is explained, when the transmission signal is
changed due to a nanoparticle di�using through the standing-wave light �eld of the cavity (see
Chapter 2.3). During the measurements, the cavity length is modulated either by a sinusoidal
or a triangular signal in order to scan over the resonance. At higher scanning frequencies
between 5 kHz and 15 kHz the sinusoidal signal produces less mechanical noise than the
triangular signal. The non-linear expansion of the piezoelectric actuator can be overcome by

33 LeCroy HRO66Zi
34 Falco Systems WMA-280 for the three-dimensional tracking experiments and Falco Systems WMA-02 for the

other experiments
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Figure 3.20.: Schematic drawing of the resonance (blue) occurring at each trigger event (green). In yellow, the
triangular voltage signal, which drives the piezoelectric actuators, is depicted. The peak voltage𝑈max (𝑡), FWHM
𝛿𝑡 (𝑡) as well as the resonance peak time distance to the trigger Δ𝑡 (𝑡) change when a nanoparticle di�uses through
the cavity standing-wave light �eld (dotted blue curve). Submitted to [95].

a local calibration of the slope with electro-optic modulator (EOM) sidebands. Below 5 kHz a
triangular signal is preferable since the mechanical noise is low and the piezoelectric actuator
expands approximately linear, when a correct voltage range is selected. The signal shape, as
well as the corresponding trigger signal, stem from the frequency generator. In this case, the
triangular signal (yellow) and the trigger signal (green) are schematically depicted in Fig. 3.20.
At a certain cavity length, the resonance occurs (blue). Here, for the sake of simplicity, only
one resonance (e.g. of the TEM00) with one polarization is shown35. At each trigger event,
the resonance peak𝑈max(𝑡), the FWHM 𝛿𝑡 (𝑡) as well as the resonance peak time distance to
the trigger Δ𝑡 (𝑡) is recorded by the oscilloscope36. If noise is neglected, the three parameters
have a constant value, if the cavity is empty. However, when a nanoparticle di�uses into the
cavity,𝑈max(𝑡) decreases, 𝛿𝑡 (𝑡) broadens and Δ𝑡 (𝑡) shifts (see Chapter 2.3).
In Fig. 3.21 a typical time trace for 𝛿𝑡 (𝑡), Δ𝑡 (𝑡) and 𝑈max(𝑡) is shown. Here the calculation of
the raw data into frequency shift (Δ𝜈) units and the𝐷𝑂𝐴 is explained. Both, the frequency shift
as well as the decrease of amplitude are related to the unperturbed, empty cavity parameters.
As the cavity length drifts over time, the recorded time traces have to be �tted in order to
determine the unperturbed cavity parameters at each time. First, a linear �t 𝛿𝑡�t is �tted to
the unperturbed 𝛿𝑡37 (see a)). In b) Δ𝑡 (𝑡) is already plotted in units of the FWHM �t 𝛿𝑡�t
and is called "lineshift". To get rid of the cavity length drift, a linear �t Δ𝑡�t is �tted to the

35 If both polarizations of the TEM00 are desired (see Chapter 6), the polarization controller can be used to change
the polarization of the laser. The higher-order transverse mode of order 01 (TEM01) and higher-order transverse
mode of order 01 (TEM10) can be detected together with the TEM00 mode by operating the second probe laser
in addition (see Chapter 5).

36 In order to record the three parameters at each trigger event, the oscilloscope is operated in sequence mode. In
this mode, the oscilloscope �rst writes the full probe signal (blue) into its memory and then calculates the three
parameters after the memory storage capacity is reached. In timebase mode, the oscilloscope would save the
�rst trigger event, calculate the three parameters and then save the next trigger event. As the calculation takes
about 0.01 s, data is getting lost if the scanning frequency is higher than 100Hz.

37 Meaning the 𝛿𝑡�t of the cavity �lled with double distilled water, but none of the silica nanoparticles residing in
the cavity standing-wave light �eld.
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a)

b)

c)

Figure 3.21.: Recorded time traces of the resonance FWHM 𝛿𝑡 (𝑡), the time shifts Δ𝑡 (𝑡) and the resonance peak
𝑈max, when a SiO2 nanosphere of 75.3 nm hydrodynamic radius di�uses through the cavity standing-wave light
�eld. The resonance parameters are explained in Fig. 3.20. a) Linear �t to the unperturbed 𝛿𝑡 (𝑡), b) Linear �t
to the unperturbed lineshifts Δ𝑡/𝛿𝑡�t, c) Linear �t to the unperturbed 𝑈max. Submitted to [95] (supplementary
information).

unperturbed lineshifts. By subtracting Δ𝑡�t and multiplying the FWHM in frequency units (𝛿𝜈 ),
the time-dependent frequency shifts Δ𝜈 are �nally calculated:

Δ𝜈 (𝑡) =
(
Δ𝑡

𝛿𝑡�t
− Δ𝑡�t

)
𝛿𝜈 . (3.16)

In c) the recorded 𝑈max as well as a linear �t 𝑈max,�t to the unperturbed data is shown. The
𝐷𝑂𝐴 is de�ned as the percentage deviation of the measured data to the �t at time 𝑡 :

𝐷𝑂𝐴(𝑡) = 100%
(
1 − 𝑈max(𝑡)

𝑈max,�t(𝑡)

)
(3.17)

3.5. Resolution limit of the di�erent cavity versions

Before nanoparticle signals are investigated with the FP �ber-based sensor, it is crucial to know
the resolution limit of the sensor. The resolution limit depends on the signal enhancement as
well as on the measurement noise. Various changes were made between the three di�erent
cavity designs cavity A, cavity B, and cavity C (see Chapter 3.2). Here, not only the design of
the setup including the di�erent micro�uidic channel versions changed, but the �ber-based
FP cavity itself was also operated with di�erent cavity mirrors and at di�erent optical cavity
lengths (see Table 3.5). In the table, next to the FWHM in frequency units 𝛿𝜈 , also the FWHM
in cavity length units 𝛿𝑑 is given. As the �nesses are the same, the following relation applies

Δ𝑑

𝛿𝑑
=
Δ𝜈FSR
𝛿𝜈

, (3.18)
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Cavity A Cavity B Cavity C (1 kHz) Cavity C (14.1 kHz)
F 18400 56710 52228 50469

𝑑opt (µm) 27.3 5.4 5.1 8.14
𝛿𝜈 (MHz) 299 490 561 365
𝛿𝑑 (pm) 21.2 6.9 7.4 7.7
𝑟c,SM (µm) 59.3 49.6 49.6 37.1
𝑟c,MM (µm) 95.0 83.5 83.5 87.6
𝑤0 (µm) 2.27 1.53 1.51 1.60

Table 3.5.:Cavity geometry and �nesse of the di�erent cavity versions. Cavity C was operated with two di�erent
cavity �ber mirror pairs. They are speci�ed by the operated modulation frequency of the cavity length of 1 kHz
and 14.1 kHz. From each elliptically shaped cavity mirrors (see Appendix 3.6) the mean value of the radii of
curvatures 𝑟c,i, with 𝑖 = {SM,MM} is given. The waist 𝑤0 was calculated by Eq. (2.16). Results of cavity A and
cavity B have been submitted to [95].

a) b)

Figure 3.22.: Comparison of the drift behavior between cavity A and cavity C. a) Within 20 s of measurement
time, the signal measured by cavity A (green) drifts about Δ𝑑 = 268 pm, whereas there is no signi�cant signal drift
observed with cavity C (blue) in this representation. b) Signal recorded with cavity C. Within 20 s it only drifts
about Δ𝑑 ≈ 1 pm.

with the free spectral ranges Δ𝑑FSR = 𝜆0/(2𝑛m) and Δ𝜈FSR = 𝑐0/(2𝑛m𝑑opt). Therefore, when
Δ𝜈FSR and 𝛿𝜈 are measured (see Chapter 3.3), the FWHM 𝛿𝑑 can be calculated by

𝛿𝑑 =
𝛿𝜈𝜆0

Δ𝜈FSR2𝑛m
. (3.19)

The construction of the sensing platform has an impact on the measurement noise, whereas
the FP cavity geometry determines the signal enhancement. At �rst, the di�erent cavity
designs are compared in terms of their passive stability and their measurement noise. Then,
the resolution limit of each cavity is discussed.

3.5.1. Passive stability andmeasurement noise

First, the drift behavior of cavity A and cavity C are compared (see Fig. 3.22). Both signals
were recorded in a noisy laboratory when people were walking around. This is important to
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a) b)

Figure 3.23.: Measurement noise of the signals recorded by three di�erent setups. a) Time traces for the measured
length shifts Δ𝑑 . The signal of cavity A (green) shows an 𝑟𝑚𝑠-noise of 0.77 pm and a peak-to-peak noise of 4.86 pm.
Cavity B (orange) produces an 𝑟𝑚𝑠-noise of 0.91 pm and a peak-to-peak noise of 5.21 pm and the noise of cavity C
(blue) is signi�cantly the lowest: the 𝑟𝑚𝑠-noise is 0.43 pm and the peak-to-peak-noise is 2.66 pm. b) Histograms of
the measured time traces in a).

mention since the mechanical instability can be signi�cantly reduced in a quite laboratory and
without people walking around. Thus, only signals within the same environmental conditions
are compared. Within 20 s of measurement time, cavity A drifts about Δ𝑑 ≈ 268 pm (see a)),
which is about 12.6 times the FWHM 𝛿𝑑,𝐴 of the resonance, whereas cavity C hardly drifts
(Δ𝑑 ≈ 1 pm= 0.13 · 𝛿𝑑,𝐶 , see b)).
In order to compare the di�erent background noises, the drifts are subtracted from the length
shifts and only short, unperturbed38 parts of the signal are taken (see Fig. 3.23 a)). In addition to
the length shifts of cavity A (green) and C (blue), also cavity B (orange) is compared. The signal

recorded by cavity A has an 𝑟𝑚𝑠-value of 𝑟𝑚𝑠A =

√︂(∑𝑁1
𝑖
(Δ𝑑𝑖)2

)
/𝑁 = 0.77 pm= 0.04·𝛿𝑑,C, the

𝑟𝑚𝑠-value of the signal recorded with cavity B is slightly greater (𝑟𝑚𝑠B = 0.91 pm= 0.13 · 𝛿𝑑,C)
and the smallest 𝑟𝑚𝑠-value could be measured with cavity C (𝑟𝑚𝑠C = 0.43 pm= 0.06 · 𝛿𝑑,C).
Fig. 3.23 b) shows the measured length shifts in an histogram. The peak-to-peak noise values
of cavity A and B are similar with 4.86 pm and 5.21 pm, whereas the noise value for cavity
C is signi�cantly lower (2.66 pm). The signals of cavity A and B were taken with a 3 kHz
and the signal of cavity C with a 1 kHz scanning frequency. In order to exclude that the
better background noise of cavity C stems from the lower scanning frequency, the 𝑟𝑚𝑠-value
and peak-to-peak noise is also determined for a 14.1 kHz measurement with cavity C. Here,
both values are even slightly smaller in comparison to the 1 kHz frequency measurement:
𝑟𝑚𝑠 = 0.39 pm= 0.05 · 𝛿𝑑,C and 2.56 pm peak-to-peak noise.

Discussion. By comparing the drift behavior and the 𝑟𝑚𝑠 noises of cavity C with cavity
A and cavity B, both could be signi�cantly improved. In the following, the implemented

38 Cavity is only �lled with water, but no nanoparticle resides inside the light �eld.
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mechanical improvements of cavity C, as well as general aspects, are discussed which provide
an improved mechanical stability:

• The new sensor mount (cavity C) consists of a Macor base instead of an aluminum base
(cavity A, B). Macor has a signi�cantly smaller coe�cient of linear thermal
expansion (𝛼𝐿) of 𝛼L,Macor = 9.3 ppm/K in comparison to that of aluminum
(𝛼L,Al = 22.9 ppm/K) [153, 154]. In all cavity versions, the piezoelectric actuators39 are
glued on the sensor mount and on top of the actuators, the cavity �bers are clamped.
Therefore, an expansion of the sensor mount directly transfers into a drift of the mirror
distance. Due to the smaller linear thermal expansion of Macor, this e�ect is reduced.

• A second source for length drifts stems from the movement of the cavity �bers due to
environmental air�ow. This happens for example if people are passing by, if the door is
opened or if the air circulates due to air conditioning. The air�ow has a greater impact
on the length drifts in comparison to the thermal expansion of the sensor base. The
e�ect of air�ow on the cavity length drift is reduced by three measures: First, the
free-standing parts of the cavity �bers are kept as short as possible by keeping the
distance between clamp and ferrule short. Second, the cavity �bers are �xed to the
setup and optical table with tapes. Besides the mechanical �xation, this also prevents
the change of polarization of the guided mode in the �ber. Third, while running
measurements, the outer micro�uidic tubes (see Fig. 3.11, white color) are removed and
a hood is put over the setup (see Fig. 3.12). The former reduces free-hanging parts and
the latter reduces the air�ow reaching the sensor.

• A third source for length drifts are mechanical vibrations of the hole sensing setup.
This is on the one hand reduced due to the mount of the sensor on an optical table,
which has a passive vibration damping. On the other hand, a sorbothane sheet40 is used
between the aluminum adapter and aluminum block in order to further reduce
vibrations.

3.5.2. Resolution limit

The resolution limit of the cavity depends on the signal enhancement and the measurement
noise. The resolution limit is achieved, when the length shift produced by the nanoparticle
is equal to the 𝑟𝑚𝑠-value of the length shift noise. At �rst, a general expression is deduced
for the length shift produced by the nanoparticle Δ𝑑 depending on the cavity �nesse F , the
FWHM 𝛿𝑑 and waist 𝑤0. Inserting Eq. (2.10) and Eq. (2.60) into the frequency shift of the
fundamental mode (Eq. 2.61) gives

Δ𝜈00(𝑥0, 𝑦0, 𝑧0) =
2<(𝛼) · 𝑐0
𝜆m𝜖0𝜋𝑤

2
0𝑑opt

∫
𝑉NP

d𝑉NP ·
𝐼00(𝑥0, 𝑦0, 𝑧0)

𝐼0
. (3.20)

39 Noliac NAC2402-H2.3
40 Thorlabs, SB12C, sorbothane sheet, 12" x 12" x 1/2", hardness 70 durometer
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By inserting Eq. (2.10), this can be transformed to

Δ𝜈00(𝑥0, 𝑦0, 𝑧0) =
4<(𝛼)𝑛m
𝜆m𝜖0𝜋

∫
𝑉NP

d𝑉NP ·
𝐼00(𝑥0, 𝑦0, 𝑧0)

𝐼0

F𝛿𝜈

𝑤2
0

. (3.21)

Since the length shift depends on the frequency shift as Δ𝑑 = Δ𝜈𝛿𝑑/𝛿𝜈 the shift in length
scales can be expressed by

Δ𝑑00(𝑥0, 𝑦0, 𝑧0) =
4<(𝛼)𝑛m
𝜆m𝜖0𝜋

∫
𝑉NP

d𝑉NP ·
𝐼00(𝑥0, 𝑦0, 𝑧0)

𝐼0

F𝛿𝑑

𝑤2
0

, (3.22)

Consequently, if a nanosphere is assumed, which is dispersed in water and has an e�ective re-
fractive index of 𝑛NP,e� = 1.45, the produced cavity length shift depending on the nanoparticle
hydrodynamic radius can be derived for each cavity version (see Fig. 3.24). As the blue solid
line (cavity C) and the dashed orange line cavity B are almost in line, their signal enhancements
are almost the same. In contrast, the signal enhancement of cavity C (green solid line) is
signi�cantly smaller. Simultaneously, the 𝑟𝑚𝑠-noise of cavity B (horizontal orange dotted line)
and cavity C (horizontal green dotted line) are considerably larger than the 𝑟𝑚𝑠-noise of cavity
C (horizontal blue dotted line). Both, the improved signal enhancement (cavity A → cavity B,
C) and the improved mechanical stability (cavity A, B→ cavity C) enabled an improvement
of the resolution size limit from 𝑟hydr,min = 18.5 nm (cavity A) to 𝑟hydr,min = 15.1 nm (cavity B)
and 𝑟hydr,min = 11.7 nm (cavity C (1kHz)). The resolution size limit of cavity C (14.1 kHz) is
not depicted in Fig. 3.24, but it is equal to the resolution size limit of cavity C (1kHz).

Figure 3.24.: Resolution size limit of each cavity version for a nanosphere with an e�ective refractive index of
𝑛e�=1.45. The green (blue) solid and the orange dashed line shows the simulated cavity length shifts for cavity A
(cavity C (1 kHz)) and cavity B depending on the nanospheres hydrodynamic radius 𝑟hydr. The horizontal dotted
lines mark the measured 𝑟𝑚𝑠-noise and the vertical dotted lines the minimal hydrodynamic radius for cavity A
(green), cavity B (orange) and cavity C (blue).
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3.6. Cavity geometries and signal enhancement of each cavity version

CG 1 CG 2 CG 3 CG 4
Cavity version A B C C
Cooperativity ∝ 𝑄𝜆3/𝑉m 0.3 · 104 2.1 · 104 1.9 · 104 1.7 · 104
Quality factor 𝑄 1.7 · 106 1.0 · 106 0.9 · 106 1.4 · 106
Finesse TEM00 F 18400 56710 52228 50469
Finesse TEM01 F01 - 47789 -
Finesse TEM10 F10 - 45668 -
Optical cavity length 𝑑opt (µm) 27.3 5.4 5.1 8.14
FWHM 𝛿𝜈00 (MHz) 299 490 561 365
FWHM 𝛿𝜈01 (MHz) - 581 - -
FWHM 𝛿𝜈10 (MHz) - 607 - -
Radius of curvature 𝑟𝑆𝑀𝑐,𝑥 (𝑚) 62.4 46.1 46.1 29.4
Radius of curvature 𝑟 SMc,y (µm) 56.2 53.1 53.1 44.7
Radius of curvature 𝑟MM

c,x (µm) 58.9 79.2 79.2 81.8
Radius of curvature 𝑟MM

c,y (µm) 131.0 87.8 87.8 93.4
Mirror transmission in air 𝑇SM (ppm) 17.6 17.6 17.6 17.6
Mirror transmission in air 𝑇MM (ppm) 77 17.6 17.6 17.6
Waist𝑤0 (µm) 2.3 1.5 1.5 1.6
Mode volume 𝑉m (µm3) 110.0 10.0 9.7 16.3
Cavity length modulation frequency
𝑓 (kHz) 3 3 1 14.1

Table 3.6.: Cavity geometries (CG) of the di�erent �ber-based FP cavities, which were used for the presented
experiments in Chapter 4, 5, and 6. Cavity geometries of cavity A and cavity B have been submitted to [95].

3.6. Cavity geometries and signal enhancement of each cavity
version

The presented experiments in this work have been operated with three di�erent sensing
platforms (cavity A-C) and four di�erent cavity �ber geometries (CG 1-4). In Table 3.6,
the important information, such as the cavity �nesse and the cooperativity of the di�erent
established cavities are summarized. All parameters given are valid for the cavity �lled with
water if not stated otherwise. Due to the long cavity length in CG1 and thus increased water
absorption losses and due to a higher transmission of the mirror on the outcoupling side
(𝑇MM = 77 ppm instead of𝑇MM = 17.6 ppm), the cooperativity is signi�cantly lower𝐶 ∝ 0.3 ·104
compared to the cooperativities of the other cavity geometries (𝐶 ∝ 1.7...2.1 · 104).

3.7. Discussion

In this chapter, a new sensing platform was presented, which includes the �ber-based FP
microcavity and its easy integration into a micro�uidic channel. Overall, two di�erent types
of micro�uidic channels (polymer channel, quartz glass channel) have been developed, both of
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which in principle allow the measurement of nanoparticles in a laminar �ow (Chapter 3.1.2).
However, all measurements presented in this work were operated without any liquid �ow. In
the case of the polymer channel, the FP sensor could be operated for 5 months with quartz
glass nanoparticles. After this time, the polymer structure released from the quartz glass
ferrule surface. On the other hand, in the case of the quartz glass channel, the FP sensor could
only be operated for 1-3 weeks. After that time, the channel got stuck due to the agglomeration
of quartz glass nanospheres and their adsorption to the channel surface. Both micro�uidic
versions, though, allowed the measurement of hundreds of single nanoparticle transit events.
The �ber-based FP microcavity consists of two highly re�ective dielectric mirrors attached to
the end-facet of glass �bers with a Gaussian surface depression and a low surface roughness
of ≈ 0.2 nm. Due to the low scattering losses and the high mirror re�ectivities, a high
cooperativity of 𝐶0 ∝ 2.1 · 104 could be achieved in water, which was already on par with
the best reported WGM microcavities. A precision hole with a diameter of 131 µm in a
quartz glass ferrule provided a direct alignment of the cavity mirrors. However, the spacing
of 6 um between glass �ber and the precision hole demanded a multi-mode-outcoupling
�ber which was insusceptible for misalignments and transmission losses. For the conducted
measurements presented in this work, the phase did not have to be preserved. However,
if phase measurements are carried out in future experiments, a single-mode-single-mode-
con�guration is required. In this case, the spacing between glass �ber and precision hole has
to be reduced in order to prevent coupling losses and to increase the transmission e�ciency.
In terms of cavity length measurements with a SLED as a broadband light source, short cavity
lengths had to be determined via the higher-order transverse modes of the same longitudinal
order. It was shown that applying the theory for perfectly spherical cavity mirrors leads to a
systematic error of up to 36 % at the determination of the cavity length. If instead the deviation
of the used cavity mirrors from the spherical shape was taken into account by an empirical
factor, the systematic error could be signi�cantly reduced to 1.2 %.
Overall, three di�erent sensing platforms have been operated. The drift of the passively
stabilized cavity could be signi�cantly improved from 268 pm to 1 pm within 20 s of recording
time by exchanging the material of the base from aluminum to Macor and covering the sensing
platform with a hood. In addition, the mechanical stability of the sensing platform could be
improved from 0.91 to 0.43 𝑟𝑚𝑠-noise. Consequently, together with the high cooperativity of
𝐶0 ∝ 2.1 · 104, the actual resolution limit of the FP sensor amounted to 𝑟hydr,min = 11.7 nm in
the case of quartz glass nanospheres. With this resolution limit, already single biomolecules
such as viruses, DNA origami, and exosomes can be detected.
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4. Properties of quartz glass nanospheres
dispersed in liquids and probed by the
Fabry-Pérot cavity light field

Parts of the results presented in this chapter have been submitted to Nature Communications
[95].
If a nanoparticle di�uses in water and is probed by the cavity standing-wave light �eld (see
Fig. 4.1a), it generates a decrease of the transmission amplitude and a broadening and shift
of the resonance due to its optical polarizability (see Chapter 2.3). Depending on the light
intensity at the position of the nanoparticle, the nanoparticle has a weaker or stronger e�ect
on the change of the transmission signal and it is maximal at the center of the antinode, where
the intracavity intensity is greatest. Fig. 4.1 b) shows snapshots of the recorded transmission
change when a single quartz glass (SiO2) nanoparticle di�uses in water and approaches the
center of the antinode.
In Chapter 4.1, the measured frequency shifts and transmission amplitude changes produced
by a single, or several single nanoparticle transit events, are evaluated in terms of the signal-
to-noise ratios, the nanoparticles’ dwell time in the cavity and it’s shown in addition that
most of the measured transit events stem from single nanoparticles residing in the cavity. In
the next Chapter 4.2, the polarizability is deduced from the measured frequency shifts and
transmission amplitude changes for three di�erent quartz glass nanosphere samples (Sample
A-C). An important result of this analysis is the sensitivity of the optical FP sensor to the

z

x
a) b)

Figure 4.1.: a Schematic of the cavity standing-wave light �eld and a di�using nanoparticle. b) Snapshots of
the recorded resonance when a nanoparticle di�uses in water. In black is the unperturbed resonance when the
nanoparticle is absent. From dark gray to light gray the nanoparticle approaches regions of increasing intensities.
Therefore, the amplitude decreases, the linewidth broadens, and the resonance shifts. [95]
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increased size of the SiO2 nanoparticle in water (see hydrate shell, Chapter 2.3.3). Therefore,
Chapter 4.4 is about the manipulation of the SiO2 hydrate shell with salt. In Chapter 4.5,
the autocorrelation of several transit events is compared with the theoretical autocorrelation
function for a punctiform nanosphere (see Chapter 2.5) and the simulated autocorrelation of
several Monte-Carlo nanosphere tracks. Finally, in Chapter 4.6, the results are discussed.

4.1. Single nanoparticle transit events

In Fig. 4.2 a typical single SiO2 nanosphere transit event is shown. The signal was recorded
with cavity A, which had the lowest cooperativity of𝐶 ∝ 0.3 · 104 (see CG1, Table 3.6) and with
sample A (Table 4.1). Di�erent frequency shifts and decreases of amplitudes are produced by
the nanosphere over time, depending on its position inside the cavity standing-wave light �eld
(see Chapter 2.3). The frequency shift Δ𝜈 and the decrease of amplitude 𝐷𝑂𝐴 are correlated:
A larger shift also leads to a larger decrease of amplitude.

Signal-to-noise ratios. By comparing the signal-to-noise ratios (𝑆𝑁𝑅)

𝑆𝑁𝑅 =
maximal measured value

standard deviation of the noise , (4.1)

Δν

-DOA

Figure 4.2.: Single SiO2 nanosphere transit event. At about 0.07 s the nanosphere enters the cavity standing-wave
light �eld, at approximately 0.49 s it resides at the center of the antinode or at least it is close to the center and
after 0.68 s the nanosphere leaves the cavity. Similar to [95].
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Figure 4.3.: Simulated maximal frequency shifts and decreases of amplitudes for di�erent SiO2 hydrodynamic
radii. For the simulation, the parameters of cavity geometry 1 (CG1, Table 3.6) were used. The horizontal blue
(green) dotted line marks the measured standard deviation of the decrease of amplitudes (frequency shifts) and the
vertical gray dotted line marks the hydrodynamic radius of the SiO2 sample, which produced the signal depicted
in Fig. 4.2.

the frequency shift signal has a 𝑆𝑁𝑅fs of 29 and the𝐷𝑂𝐴 has a signi�cantly smaller 𝑆𝑁𝑅doa = 5.
This is in accordance with the theoretical consideration in Fig. 4.3. Following Eq. (2.61) and
(2.46), the maximal decrease of amplitude produced by the SiO2 nanosphere decreases more
towards smaller hydrodynamic radii than the frequency shift. In the case of the decrease of
amplitude, a 𝑆𝑁𝑅doa value of 1 is already achieved at 58 nm hydrodynamic radius. In contrast,
single SiO2 nanospheres with a hydrodynamic radius down to 23 nm can be detected by the
measured frequency shifts. In this case, an e�ective refractive index of 𝑛e� = 1.41 was assumed.
This is why the result for the minimum detectable nanosphere radius di�ers from the result
obtained in Chapter 3.5.2 for cavity A (𝑟hydr = 18.5 nm at 𝑛e� = 1.45). The e�ective refractive
index of 𝑛e� = 1.41 is also di�erent to the intrinsic refractive index of 𝑛SiO2 = 1.42 given by
the manufacturer. Later is shown that the nanospheres have a reduced e�ective refractive
index in water due to a hydrate shell surrounding them. Besides, in Chapter 3.5.2 is shown
that improved mechanical stability and increased cooperativity have lowered the resolution
limit to a hydrodynamic radius as small as 𝑟hydr = 11.7 nm at an e�ective refractive index of
𝑛e� = 1.45 (cavity C).

Dwell time in the cavity. 330 di�erent transit events are evaluated in order to determine
the mean dwell time of the quartz glass nanoparticles (sample A) in the cavity. Fig. 4.4 shows
an histogram of the nanospheres’ dwell time 𝑡D. A nanosphere stays in the cavity for 𝑡D = 0.5 s
on average.

Single or multiple nanospheres residing in the cavity. In order to increase the proba-
bility of measuring single nanosphere transit events, the nanosphere concentration is chosen
so low that transit events occur every 10 s on average. In Fig. 4.5, all measured frequency
shifts are plotted in an histogram. By �tting a Gaussian distribution to the frequency shift
distribution of the empty cavity originating from measurement noise (a), this contribution
can be subtracted from the signal and only the nanoparticle signal remains (b). The measured
signal can be compared with the theoretical frequency shift distribution produced by a single

83



4. Properties of quartz glass nanospheres dispersed in liquids and probed by the Fabry-Pérot cavity light �eld

Figure 4.4.: Dwell times of about 330 single SiO2 nanoparticle transit events. On average, a single particle is in
the cavity for 0.5 s. Submitted to [95] (supplementary information).

a) b)

Figure 4.5.: Measured frequency shifts (green) of about 330 nanoparticle transit events. a) Gaussian �t to the
noise (gray dotted line) in order to subtract the noise from the overall signal (green curve in b). b) The gray bar
shows the maximal theoretical shifts for the mean nanosphere hydrodynamic radius of 71.5 nm (gray vertical
line) and plus-minus the size standard deviation of 2 nm. In black are the simulated frequency shifts produced
by a single nanosphere with a hydrodynamic radius of 73.5 nm and the intrinsic refractive index of 𝑛SiO2 = 1.42.
As the intrinsic refractive index instead of the e�ective refractive index is used, the simulated frequency shifts
are slightly overestimated. Since in the measurement also larger frequency shifts occur than expected for single
nanoparticle transit events, few of the 330 nanoparticle transit events are also multiple particle or agglomerate
transit events. Similar to [95] (supplementary information).

nanosphere (black dotted curve1). The steep count decay at the maximal shift is slightly
washed out as in sample A di�erent nanosphere radii are contained (𝑟hydr = 71.5 ± 2.0). Be-
sides, transit events can be included with multiple nanoparticles residing in the cavity at the
same time or originating from agglomerates (Δ𝜈meas>Δ𝜈theo,max). However, the simulation for
a single nanosphere transit event is in good agreement with the smaller occurring frequency
shifts and therefore it can be concluded that most of the detected events stem from single
nanospheres.

1 also see Fig. 2.12 for the theoretical frequency shifts
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4.2. Quantitative evaluation of the nanoparticle optical properties

This section covers the evaluation of single nanosphere transit events in order to determine
their e�ective averaged polarizability. A total of three di�erent quartz glass nanosphere
samples are investigated (sample A-C). Their properties given by the manufacturer (M) or
measured with a scanning electron microscope (SEM) or by dynamic light scattering (DLS) are
summarized in Table 4.1. Detailed information can be taken from Appendix A.5. As the mean
hydrodynamic radius is known, the e�ective refractive index is deduced from the e�ective
averaged polarizability. This also allows the determination of the hydrate shell refractive
index. While in the following several transit events are evaluated in order to get information
about the sample’s averaged properties, in Chapter 4.3 a single nanosphere transit event is
evaluated. It is shown that an increase in modulation frequency of the cavity length allows
the determination of the single nanosphere properties.

4.2.1. Polarizability and e�ective refractive index

In the following, the polarizability is determined for three di�erent quartz glass nanosphere
samples (sample A-C, Table 4.1). As for sample A and B the cavity length was modulated with
a frequency between 𝑓 = 1 kHz and 3 kHz (Measurement principle, see Chapter 3.4.3), a single
nanosphere transit event doesn’t include enough statistics. Therefore, for the determination
of the nanosphere’s polarizability, several single nanoparticle transit events have to be taken
into account. At �rst, the mean polarizability of sample A is evaluated via the correlation
between the decrease of amplitude 𝐷𝑂𝐴 and the frequency shift Δ𝜈 . Then, only the measured
frequency shifts are evaluated for the determination of the polarizability of sample B and
C. In addition, also the e�ective refractive index is determined for all three samples. The
hydrodynamic radius required for this was either known from the manufacturer (sample A)
or measured with dynamic light scattering (DLS, sample B,C).

Sample A Sample B Sample C
𝑟geom (nm) 63.2 ± 1.7 (SEM) 60.0 ± 1.8 (M) 25.0 ± 0.8 (M)
𝑟hydr (nm) 71.5 ± 2.0 (M) 75.3 ± 9.5 (DLS) 46 ± 30 (DLS)
𝑛SiO2 1.42 (M) 1.45 (M) 1.45 (M)

Table 4.1.: Properties of the di�erent quartz glass nanospheres, which were investigated in the �ber-based FP
microcavity. The geometric radius 𝑟geom of sample A was measured by scattering electron micrographs (SEM)
and the hydrodynamic radius 𝑟hydr was speci�ed by the manufacturer (M). In case of sample B and sample C the
geometric radius was speci�ed by the manufacturer and the hydrodynamic radius was measured by dynamic light
scattering (DLS). All manufacturers made indications on the refractive index of the bare nanoparticle 𝑛SiO2. The
intrinsic refractive index 𝑛SiO2 = 1.45 for cavity B and C is an estimation of the manufacturer: since they don’t
add any impurity to the silica nanospheres, the nanospheres should have the same refractive index as the bulk
silica material. In Chapter 4.4 measurements are presented, which support their estimation. Detailed information
about the samples can be taken from Appendix A.5.

85



4. Properties of quartz glass nanospheres dispersed in liquids and probed by the Fabry-Pérot cavity light �eld

Sample A. For the determination of the polarizability of sample A, about 330 transit events
are evaluated in order to achieve an improved statistic. The measured frequency shifts and
decrease of amplitudes (compare with Fig. 4.2 for a single transit event) are plotted in one
density scattering plot (see Fig. 4.6). At larger shifts (decreases), the density of points decrease.
This can be explained by the lower density of states at higher intensities of the cavity standing-
wave light �eld and is therefore in accordance with the expected theory (see Fig. 2.12). The
black curve shows the measured mean 𝐷𝑂𝐴 and its slope depends on the nanosphere’s
polarizability and is independent of the cavity geometry [155]. This is shown in Fig. 4.7.
Hence, by comparing simulated curves2 with the measured mean 𝐷𝑂𝐴, the best agreement is
achieved for the mean polarizability 𝛼/(4𝜋𝜖0) = (14.5 ± 1.8) · 103 nm3. For the nanospheres
studied in these measurements, the hydrodynamic radius of 𝑟hydr = 71.5 nm is speci�ed by the
manufacturer, whereby the e�ective refractive index is unknown. Fig. 4.8 shows the deviation
of the simulated decreases of amplitudes from the mean value when the refractive index is
changed and the hydrodynamic radius stays constant. Here, the 𝜒2-function is de�ned as

𝜒2 (𝑛e�) =
∑︁
𝑖

(𝐷𝑂𝐴sim(Δ𝜈𝑖 , 𝑛e�) − 𝐷𝑂𝐴mean(Δ𝜈𝑖))2

𝐷𝑂𝐴mean(Δ𝜈𝑖)
(4.2)

and best agreement between simulation and measured mean values is achieved for 𝑛e� =

1.41±0.01. The uncertainty for the e�ective refractive index of 0.01 is deduced from the𝑦-error
of the parabola �t (= uncertainty for 𝜒2) and is transmitted into an 𝑥-error (= uncertainty for
𝑛e� ). The measured e�ective refractive index of 𝑛e� = 1.41 ± 0.01 is smaller than the intrinsic
refractive index 𝑛SiO2 = 1.42 of the bare particle (de�nition see Chapter 2.3.3). The reason for
this signi�cant di�erence is due to the SiO2 nanosphere’s hydrolysis in water. This results in
a formation of a hydrate shell, which increases the overall particle size and is sensed by the
FP resonator.

Sample B. If the decrease of amplitude is unknown or not measurable due to the weak 𝑆𝑁𝑅

of nanoparticles with smaller polarizabilities (see Fig. 4.3), the mean polarizability can also
be determined by the measured frequency shifts. This is discussed for a measurement with
another type of SiO2 nanospheres (sample B, Table 4.1) and with another cavity geometry
(CG2, Table 3.6). The new cavity has a larger cooperativity of 𝐶 ∝ 2.1 · 104 than the cavity
before (𝐶 ∝ 0.3 · 104). Fig. 4.9 shows the measured frequency shifts of about 59 transit events
(orange curve). Because of the shorter cavity length (5.4 µm versus 27.3 µm), and the lower
transmission of the cavity outcoupling mirror (𝑇 = 17.6 ppm versus𝑇 = 77 ppm), the signal-to-
noise ratio could be signi�cantly increased in comparison to the measurement shown in Fig.
4.5, namely from 𝑆𝑁𝑅fs,A = 29 to 𝑆𝑁𝑅fs,B = 50. The nanosphere hydrodynamic radius also
increased from 𝑟hydr = 71.5 nm to 𝑟hydr = 75.3 nm, which was additionally responsible for the
larger 𝑆𝑁𝑅, but had a minor e�ect. The steep decay at 8.05GHz is more pronounced as in Fig.
4.5, because fewer transit events include larger shifts due to agglomerates or multiple particle
events. Therefore, the maximal shift produced by single nanosphere transit events and accord-
ingly the mean polarizability can be determined directly from the frequency shift distribution.

2 The loss introduced by the nanoparticle is assumed to change linearly from 𝐿NP = 0 to 𝐿NP = 𝐿NP,max for
increasing frequency shifts and the frequency shifts are calculated by Eq. 2.61.
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Figure 4.6.: Density scattering plot of about 330 SiO2 nanoparticle transit events. By comparing the slope of the
measured mean 𝐷𝑂𝐴s (black) with the simulated curves for 𝑟e� = 71.5 nm and 𝑛e� = 1.41 (yellow), 1.42 (orange)
and 1.43 (blue), the e�ective refractive index can be determined. If both, the size and the refractive index are
unknown, the slope gives the mean polarizability. Submitted to [95].

Figure 4.7.: Decrease of amplitude 𝐷𝑂𝐴 versus Frequency shift Δ𝜈 . Black solid line: measured mean 𝐷𝑂𝐴s. Red
solid line: Maximal simulated 𝐷𝑂𝐴 and Δ𝜈 when the mirror radii of curvature 𝑟c,SM and 𝑟c,MM are varied between
50 µm and 150 µm and a constant e�ective refractive index (𝑛e� = 1.41) is assumed. Blue dotted (solid) line:
(Maximal) simulated 𝐷𝑂𝐴 and Δ𝜈 when the e�ective refractive index is varied between 1.38 and 1.5 and constant
radii of curvature (𝑟c,SM = 59.3 µm, 𝑟c,MM = 95.0 µm) are assumed. The remaining parameters assumed for the
simulations can be taken from Table 3.6, CG1. The slope of the simulated curve increases with increasing e�ective
refractive index. In contrast, the slope remains the same for di�erent radii of curvatures.

In this case, the mean hydrodynamic radius of 𝑟hydr = 𝑟hydr ± 𝜎𝑟 = (75.3 ± 9.5) nm is known
from dynamic light scattering (DLS) measurements, and therefore the e�ective refractive
index is directly deduced from the comparison between simulation and experimental data. It
is assumed that the maximal shift of Δ𝜈max = 8.05GHz is produced by nanospheres with the
larger radius of the size distribution. This demands an e�ective refractive index of 𝑛e� = 1.43.
Since the DLS-size distribution is larger than the intrinsic one (9.5 nm versus 1.8 nm), a large
systematic error is assumed. It is estimated by calculating the e�ective refractive index for the
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Figure 4.8.: Deviation between the simulated curves and the measured mean DOAs depicted in Fig. 4.6. The
minimum of the parabola �t to the center values (between 1.388 and 1.430) gives the best agreement between
theory and experiment. Here, the e�ective refractive index amounts to 𝑛e� = 1.414. Submitted to [95], see
supplementary information.

Figure 4.9.: Measured frequency shifts of about 59 transit events (orange). The black dots are the simulated
frequency shifts for a refractive index-radius-combination producing the maximal frequency shift of 8.05GHz (e.g.
𝑟hydr = 84 nm and 𝑛e� = 1.43). Submitted to [95].

largest size 𝑟hydr + 𝜎𝑟 and taking the di�erence to the refractive index derived at 𝑟hydr + 𝜎𝑟/2.
Hence, the result for the e�ective refractive index is 𝑛e� = 1.43 ± 0.02.
By determining the e�ective refractive index via the correlation between the decrease of
amplitude and the frequency shifts, the value for the e�ective refractive index of sample B
can be given with a smaller uncertainty of 𝑛e� = 1.42 ± 0.005 (see Appendix A.5.2).

Sample C. The e�ective refractive index of a third type of silica nanospheres (sample C,
Table 4.1) is determined with another cavity geometry (CG3, Table 3.6). This cavity has a
similar cooperativity (𝐶 ∝ 1.9 · 104) as the previous cavity. The investigated SiO2 nanospheres
are speci�ed with a mean geometric radius of 𝑟geom = 25 nm by the manufacturer and an
increased hydrodynamic diameter of 𝑟hydr = 46.2 nm was measured by DLS. Since the small
polarizability of the nanospheres doesn’t produce a visible decrease of the resonance amplitude,
the e�ective refractive index is determined by the measured frequency shifts of 25 transit
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events and in a similar way as described for sample B (see Appendix A.5). Therefore, the result
is given directly with 𝑛e� = (1.39 ± 0.03).

4.2.2. Refractive index of the hydrate shell

From the measured frequency shifts shown in Fig. 4.9, it can be concluded that the FP sensor
is sensitive to the expanded size of the SiO2 nanospheres dispersed in water: If the intrinsic
radius of the bare nanosphere of 𝑟SiO2 = 61.8 nm (sample B)3 instead of the hydrodynamic
radius 𝑟hydr = 80.1 nm is assumed, the maximal measured frequency shift of Δ𝜈max = 8.05GHz
would demand a refractive index of 1.57, which is much larger than the expected refractive
index of quartz glass (1.45). Therefore, the sensor is sensitive to the hydrodynamic size, as well
as to the e�ective refractive index of the nanosphere. The e�ective refractive index consists of
the intrinsic refractive index of the bare nanosphere and the refractive index of the hydrate
shell, which surrounds the nanosphere (see Chapter 2.3.3). As the hydrodynamic radius of
𝑟hydr = (75.3 ± 9.5) nm, the intrinsic radius of 𝑟SiO2 = (60 ± 1.8) nm, the intrinsic refractive
index of 𝑛SiO2 = 1.45 and the e�ective refractive index of 𝑛e� = 1.42 ± 0.005 are known or
measured with the �ber-based FP sensor, the refractive index of the hydrate shell can be
calculated by Eq. (2.71) and amounts to 𝑛h = 1.39 ± 0.04. By the same approach, also the
refractive index of the hydrate shell of sample A can be determined. Here, the 8.5 nm thick
hydrate shell has a refractive index of 𝑛h = 1.40 ± 0.02. For sample C a 21.2 nm thick hydrate
shell is measured and a refractive index of 𝑛h = 1.38 ± 0.04 is deduced.

4.2.3. Discussion

The results derived in this section are summarized in Table 4.2. For all sample types, the
measured frequency shift histograms are in agreement with the simulated shifts for a di�usive
nanosphere motion. If an additional force would act on the nanoparticle, e.g. an optical
tweezer force (see Appendix A.10), a peak would occur in the histogram at larger frequencies
due to the nanosphere being trapped in the center of the antinode [86]. Therefore, it can be
concluded that the nanospheres behave purely di�usive.
A comparison between the di�erent polarizabilities (Table 4.2) shows that nanospheres dis-
persed in water have a signi�cantly higher polarizability than their intrinsic value. Therefore,
for the determination of the minimal detectable nanosphere polarizability of optical sensors in
liquids, the expanded size of the nanoparticle has to be taken into account. E.g. in Ref. [98] a
minimum detectable silica radius of 20 nm was predicted in water. However, in measurements
they were still able to resolve nanospheres with 5 nm radius due to a hydrate shell surrounding
the nanospheres.
By comparing the three samples, the thickness of the hydrate shells vary greatly. The hydrate
shell of sample A (8.5 nm) is signi�cantly thinner than that of sample B (15.3 nm) and C

3 The larger radius is used from the diameter distribution: 60 ± 1.8 nm.
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(21.2 nm). As the intrinsic refractive index of sample A (1.42) is smaller than that of the bulk
material (1.45), it can be concluded that the material must contain impurities. In contrast,
sample B and sample C have the same refractive index as the bulk material, thus the material is
pure quartz glass. Therefore, the nanospheres of sample A have presumably less silanol groups
covering their surface and accordingly a lower negatively surface charge is acquired, when
the nanospheres are immersed in water (see Chapter 2.3.3). Thus, the reduced electrostatic
�eld leads to a thinner hydrate shell. On the other hand, the hydrate shell of sample C is
thicker than that of sample B despite of the same material (pure quartz glass). In Ref. [156]
and Ref. [119] is shown that a stronger curvature of the silica nanosphere surface increases
the surface charge density below a critical nanosphere radius. When the ratio hydrate shell
thickness 𝑡h to intrinsic nanosphere diameter 2𝑟hydr is

𝑡h
2𝑟hydr

< 0.2 , (4.3)

the surface charge density is independent of the nanoparticle size. At ratios

𝑡h
2𝑟hydr

> 0.2 , (4.4)

the surface charge density increases with smaller nanosphere sizes. In case of sample B, the
ratio amounts to 𝑡h

2𝑟hydr ≈ 0.13 < 0.2 and in case of sample C it is 𝑡h
2𝑟hydr ≈ 0.42 > 0.2. Therefore

it is assumed that the stronger curvature of the nanosphere’s surface (sample C) consist of
a denser surface charge than sample B and consequently, the higher electric �eld leads to
a thicker hydrate shell. This only applies for deionized water. If the nanospheres would be
dispersed in an electrolyte, the ions are attracted by the surface charge and screen the charge
from the surrounding area (see Chapter 4.4).

Sample A Sample B Sample C
𝛼e�/(4𝜋𝜖0) (nm3) (14.5 ± 1.8) · 103 (19.0 ± 1.0) · 103 (2.9 ± 1.4) · 103
𝑛e� 1.41 ± 0.01 1.42 ± 0.005 1.39 ± 0.03
𝑛h 1.40 ± 0.02 1.39 ± 0.04 1.38 ± 0.04
𝑡h (nm) 8.5 15.3 21.2
𝛼SiO2/(4𝜋𝜖0) (nm3) (11.2 ± 3.3) · 103 (12.8 ± 4.5) · 103 (0.9 ± 0.3) · 103
𝑟geom (nm) 63.2 ± 1.7 (SEM) 60.0 ± 1.8 (M) 25.0 ± 0.8 (M)
𝑟hydr (nm) 71.5 ± 2.0 (M) 75.3 ± 9.5 (DLS) 46 ± 30 (DLS)
𝑛SiO2 1.42 (M) 1.45 (M) 1.45 (M)

Table 4.2.: E�ective refractive indices 𝑛e� , refractive indices of the hydrate shell 𝑛h and thickness of the hydrate
shell 𝑡h of the di�erent SiO2 samples, which were measured with the FP �ber-based sensor. The geometric radius
𝑟geom, the hydrodynamic radius 𝑟hydr as well as the intrinsic refractive index of the bare nanoparticle 𝑛SiO2 were
either speci�ed by the manufacturer (M) or measured with an scattering electron microscope (SEM) or by direct
light scattering (DLS). The averaged polarizabilities 𝛼e� and 𝛼SiO2 were calculated by Eq. (2.68) and (2.32). Results
for sample A and sample B have been submitted to [95].
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4.3. Optical properties of a single quartz glass nanosphere

By increasing the modulation frequency of the cavity length from 3 kHz to 14.1 kHz, the
recorded signal of a single nanosphere transit event already contains enough statistics for the
determination of its polarizability and e�ective refractive index. Fig. 4.10 shows the signal
of a quartz glass nanosphere (sample B, see Table 4.1), which is dispersed in 1.5 · 10−4mM
dulbecco’s phosphate bu�ered saline (DPBS). In Chapter 4.4 is shown that the hydrodynamic
radius is reduced to 𝑟hydr = 71.2 nm due to the salt (DPBS) ions providing a better shielding
of the negative SiO2 surface charge. The signal was recorded with cavity geometry 4 (CG4,
Table 3.6), which had a cooperativity of 𝐶 ∝ 1.7 · 104. Due to the great signal enhancement,
the change of the resonance produced by the nanosphere is also visible in the broadening
of the resonance linewidth (FWHM). The mean e�ective refractive index of sample B was
already determined in Chapter 4.2 and amounts to 𝑛e� = 1.42± 0.005. This predicts a maximal
produced frequency shift of Δ𝜈max = 3.22GHz at the center of the antinode (red horizontal
line, Fig. 4.10) and a frequency shift of Δ𝜈min = 0.42GHz at the node on the optical axis. Away
from the optical axis, also smaller frequency shifts can be induced by the nanosphere. Hence,
between 0 s and 0.95 s the envelope of the frequency shift signal shows that the nanosphere
di�uses between neighboring antinodes or back into the same antinode. Fig. 4.11 shows a
zoom into the data set of Fig. 4.10, marked with a yellow transparent vertical line. Also within
an antinode, the nanosphere’s position changes between the center of the antinode (red) and
the node (gray) on millisecond time scale.

Polarizability and refractive index. The measured data shown in Fig. 4.10 are evaluated
in the same way as in Chapter 4.2. It is crucial to note that in this case a single nanosphere
transit event already contains the whole information in order to determine its polarizability or
its e�ective refractive index if the diameter is known. Fig. 4.12a) shows themeasured frequency
shifts in an histogram (blue) and in comparison also the measured frequency shifts of 12
single transit events. In red is the simulated maximal shift for 𝑛e� = 1.42 and 𝑟hydr = 71.2 nm
plus-minus the peak-to-peak measurement noise. It can be concluded, that a single transit
event already displays the entire range up to the maximal frequency shift. Fig. 4.12b) shows the
correlation between the decrease of amplitude and the frequency shifts for the single transit
event (blue) and 12 single transit events (gray). The gray data cloud is broader in 𝑦-direction
than the blue one. In black is a measurement for the same nanospheres, but dispersed in
pure double distilled water. Therefore, the hydrodynamic radius is bigger and a larger shift is
produced by the nanosphere (see Chapter 4.4). The data cloud obtained at this measurement
is even broader. The reason is that the polarization-splitting of the fundamental mode was
tracked (see Chapter 2.6 and Chapter 6) with similar heights of the resonance amplitudes, but
only one amplitude was tracked by the oscilloscope. Here, only the greater amplitude was
recorded, such that one of the polarization modes was selected randomly for the evaluation.
The splitting between the two modes is thus added as noise and consequently, the data cloud is
expanded in 𝑦-direction. The lines represent the simulation for 𝑟hydr = 71.2 nm and 𝑛e� = 1.41
(yellow), 1.42 (purple) and 1.43 (gray). Already the single nanosphere transit events delivers
the result 𝛼/(4𝜋𝜖0) = 16.1 · 103 nm3 or 𝑛e� = 1.42 for sample B.
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Figure 4.10.: Correlation between the FWHM 𝛿𝑡 , the frequency shifts Δ𝜈 and the resonance peak𝑈max. When
the quartz glass nanosphere with 𝑟hydr = 71.2 nm enters the cavity at 𝑡 = 0.01 s, 𝛿𝑡 and Δ𝜈 increase and 𝑈max
decreases. At about 𝑡 = 1.85 s the nanoparticle leaves the cavity. The red (gray) horizontal line represent the
maximal (minimal) theoretical shift produced by the nanosphere when it resides at the antinode (node) plus-minus
the peak-to-peak measurement noise and the black dotted lines mark the unperturbed resonance values. The
yellow vertical transparent line marks the section shown as zoom in Fig. 4.11.

Figure 4.11.: Zoom into the data set marked with a vertical transparent line in Fig. 4.10. The red (gray) horizontal
line represent the maximal (minimal) theoretical shift produced by the nanosphere when it resides on the optical
axis and at the center of the antinode (node) plus-minus the peak-to-peak measurement noise. The black dotted
line marks the unperturbed resonance value. It can be concluded that the nanoparticle resides in the center of the
cavity mode.

Frequency spectrum of the recorded signal generated by a single nanosphere. In
order to determine the frequency spectrum generated by a single nanosphere di�using in
water and probed by the FP cavity fundamental mode TEM00, the detected frequency shifts
are fast Fourier transformed (FFT) and calculated into the power spectral density (PSD) (see
Appendix A.9). The result is shown in Fig. 4.13. The PSD of the nanosphere signal is shown in
blue and the PSD of the measurement noise is shown in black. The overall signal is depicted in
gray, where it lies behind the blue and black areas over a wide range. One observes frequency
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a) b)

Figure 4.12.: Evaluation of the polarizability and refractive index of a single SiO2 nanosphere. a) Histogram of the
detected frequency shifts for 12 transit events (gray, dipsersed in 1.5 · 10−4mM DPBS), 9 transit events (black,
dipsersed in double distilled water) and the single transit event shown in Fig. 4.10 (blue, dipsersed in 1.5 · 10−4mM
DPBS). The red transparent rectangle marks the maximal simulated shift for 𝑛e� = 1.42 and 𝑟hydr = 71.2 nm
plus-minus the peak-to-peak measurement noise. b) Decrease of amplitude versus the correlated frequency shifts
for 9 transit events in double distilled water (black), 12 transit events in 1.5 · 10−4mM DPBS (gray) and the single
transit event in 1.5 · 10−4mM DPBS (blue). The lines are simulations for 𝑟hydr = 71.2 nm and 𝑛e� = 1.41 (yellow),
1.42 (purple) and 1.43 (bright gray).

components of the nanosphere signal over the entire accessible spectral range. However,
below 10Hz the signal is dominated by an 1/f-noise, which is attributed to frequency and
amplitude noise of the probe laser. Between ≈ 10Hz and ≈ 200Hz the PSD consists of a
plateau and at larger frequencies it decreases towards the background noise. The plateau
arises due to the nanoparticle movement through the antinode in lateral and longitudinal
direction. According to Eq. (2.76) the di�usion time in transversal direction amounts to

𝜏D,𝑥𝑦 =
𝑤2

0
4 · 𝐷 = 0.21 s . (4.5)

Therefore, the nanoparticle signal is expected around 4.7Hz, which is approximately at the
middle of the measured plateau. On the other hand, the di�usion time in longitudinal direction
can be calculated by

𝜏D,𝑧 =

(
𝜆0
4𝑛m

)2
2 · 𝐷 = 3.6ms . (4.6)

The expected nanoparticle signal around 280.6Hz is in the measured PSD where the signal
already starts to decrease to the background noise.

4.4. The impact of salt ions on the formation of the hydrate shell

In the previous sections it was shown that the FP sensor is sensitive to the hydrate shell of
the nanosphere. In the following, the impact of salt ions on the formation of the hydrate
shell is investigated. At a pH value larger than 2 ± 1, the surface of SiO2 nanoparticles is
negatively charged, when they are immersed in water [157]. The reason is the dissociation
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a)

b)

Figure 4.13.: Frequency range of a single SiO2 nanosphere transit event. a) Time domain signal for the measured
frequency shifts at a 14.1 kHz modulation frequency of the cavity length. The gray data depicts the whole signal
(also hidden behind the blue and the black data), whereas the marked section in blue (black) shows the nanoparticle
signal (noise). b) Power spectral density of the signal in a). The blue data represents the nanosphere signal and
the black data represents the measurement noise. Below 10Hz a 1/f-noise is visible (orange dashed line).

of the silanol groups, which cover the quartz glass surface, into SiO− and H+ (see Chapter
2.3.3). In Ref. [119] the surface charge density of a SiO2 nanosphere is modeled for di�erent
parameters. Barisik et al. could show that an increase in pH, a reduction of the nanosphere’s
radius below a critical value, or an increase in salt concentration increases the charge density
of the negative charge on the nanosphere’s surface. The reason is a decrease of the H+ ion
concentration at the surface. In case of double distilled water, no or negligible few ions are in
the solution. Therefore, attracted water molecules form the hydrate shell, which increases in
size as the surface charge density increases. On the other hand, if salt ions are in the solution,
the positively charged ions of the salt are attracted by the negatively charged SiO2 surface
and thereby displace the H+ ions at the surface. Simultaneously, the salt ions provide a better
screening of the surface charge, leading to a reduction of the hydrate shell. According to the
Debye-Hückel theory, the Debye length 𝜆𝐷 is related to the number density of the salt ions
𝑐b,𝑖 by [158]

𝜆𝐷 =

√︄
𝜖0𝑛

2
m𝑘B𝑇∑

𝑖 𝑐b,𝑖𝑒
2𝑧2

𝑖

, (4.7)

where 𝑘B is the Boltzmann constant, 𝑇 is the temperature, 𝑒 is the elementary charge and 𝑧 is
the number of charges on an ion. The summation over 𝑖 accounts for the di�erent ions 𝑖 in the
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4.4. The impact of salt ions on the formation of the hydrate shell

Figure 4.14.: SiO2 Nanospheres dispersed in di�erent salt concentrations and e�ect of the salt on the polarizability
of the nanospheres. Medium blue: Nanospheres dispersed in pure double distilled water (25 transit events), light
blue: dispersed in 1.5 · 10−4mM DPBS (5 transit events) and dark blue: presumably higher (unknown) DPBS
concentration than before (25 transit events). Red: maximal theoretical frequency shift produced by the bare
nanosphere with (25 ± 0.8) nm radius and a refractive index of 𝑛SiO2 = 1.45.

solution, such as Na+ or K+. The Debeye length is de�ned as the length at which the potential
from the negatively charged surface has dropped to 1/e. Therefore, the decrease of the Debeye
length with increasing salt concentration is directly correlated to the thickness decrease of
the hydrate shell. In addition, according to Ref. [159], a higher surface charge density leads to
a decrease of the hydrate shell thickness, when the nanoparticle radius is kept constant. On
the other hand, the surface charge density increases for a stronger surface curvature and thus
smaller nanosphere radius [156, 119] and it increases for a larger pH value. The smaller the
radius of the nanosphere, the more the surface charge density increases as the pH increases
[119]. Consequently, when di�erent SiO2 nanosphere sizes of the same material (pure quartz
glass, no impurities) are dispersed in a salt solution, a thinner hydrate shell is expected for the
smaller nanospheres (Salt: pH=7.0...7.3, double distilled water: pH=5...7).
The e�ect of salt on the hydrate shell was investigated with two di�erent SiO2 nanosphere
sizes: 𝑟geom = 25 nm and 𝑟geom = 60 nm. In the following, the �rst results are presented.
However, these are still to be regarded as preliminary due to inconsistencies.

4.4.1. Hydrate shell of 25 nm quartz glass nanoparticles

At �rst, the e�ect of salt on the expansion of the hydrate shell was investigated with sample
C (see Table 4.2) and the cavity with the cooperativity 𝐶 ∝ 1.9 · 104 (CP3, Table 3.6). Fig. 4.14
shows the measured frequency shifts of several single SiO2 transit events. The large shift
of Δ𝜈max = 2.2GHz stems from 101 SiO2 nanosphere transit events, which were solved in
pure double distilled water (medium blue). Here the hydrate shell is completely formed and
increases the intrinsic nanosphere radius from 𝑟SiO2 = 25 nm to the hydrodynamic radius of
𝑟hydr = 46 nm. The e�ective refractive index was determined independently (see Appendix
A.5.3) and amounts to 𝑛e� = 1.39 ± 0.03. This corresponds to an e�ective polarizability of
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𝛼/(4𝜋𝜖0) = (2.9 ± 1.4) · 103 nm3. By adding 1.5 · 10−4mM of the salt DPBS4, the maximal
produced frequency shift is smaller (Δ𝜈max = 0.75GHz, light blue), but a precise statement
can’t be made due to the poor statistics (12 transit events). Between this measurement (light
blue) and the last measurement (dark blue) the micro�uidic cell was �ooded with di�erent
liquids and air as follows:

• nanospheres dispersed in 1.5 · 10−4mM DPBS, no nanospheres could be detected,

• air,

• about 15min with double distilled water,

• nanospheres dispersed in 1.5 · 10−4mM DPBS, no nanospheres could be detected,

• about 30min with double distilled water,

• nanospheres dispersed in 1.5 · 10−4mM DPBS, no nanospheres could be detected,

• about 15min with double distilled water,

• nanospheres dispersed in 1.5 · 10−4mM DPBS, no nanospheres could be detected,

• about 15min with double distilled water,

• nanospheres dispersed in double distilled water, no nanospheres could be detected,

• double distilled water,

• air,

• nanospheres dispersed in double distilled water.

Although in the last step the nanospheres should have been dispersed in pure water, the
typical steep decay in the frequency shift histogram occurs at about 0.4GHz (dark blue, 42
transit events), which is much smaller than 2.2GHz and corresponds to a polarizability of
𝛼/(4𝜋𝜖0) = 1.0 · 103 nm3. By comparing this measurement result with the theoretical maximal
shift produced by the bare SiO2 nanosphere with (25± 0.8) nm radius and the refractive index
of pure quartz glass 𝑛SiO2 = 1.45 (marked in red), the steep decay of the measured frequency
shifts agrees with the bare nanosphere (=without a hydrate shell). This is contrary to the
expectations. Although the same reservoir was used for each sample preparation, it was
previously rinsed with plenty of double distilled water. In addition, the micro�uidic channel
was rinsed with plenty of water as well. Therefore, nanospheres with the fully developed
hydrate shell would have been expected, however, nanospheres with the same polarizability
as the bare nanosphere was measured.

Discussion. Presumably the hydrate shell was not developed because DPBS residues re-
mained in the micro�uidic cell. Similar e�ects were observed with di�erent SiO2 samples.
Within the same setup, di�erent samples could not been observed consecutively, because a

4 SAFC, Cat. No. 56064C-10L, dry powder, DPBS Modi�ed, without calcium, without magnesium, suitable for cell
culture.
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Figure 4.15.: Sketch with stuck SiO2 nanospheres (red) inside the micro�uidic channel. a) The tapered micro�uidic
tubes are glued into the concave-shaped hole with a silicone adhesive. Thereby, cavities are created between the
tubes and the glass wall, where the SiO2 nanospheres get stuck. b) Improved micro�uidic connection avoiding
cavities. This new connection was developed by Shalom Palkhivala, a supervised master student [149].

fraction of the old sample remained in the micro�uidic channel. This is explained with Fig.
4.15a. In case of the quartz glass channel, tapered micro�uidic tubes are glued into the drilled
hole. Thereby, cavities are created, where the SiO2 nanospheres can accumulate. Already an
improved micro�uidic connection has been developed by Shalom Palkhivala [149] (supervised
student, see Fig. 4.15b), however, the hydrate shell measurements were conducted with the
tapered connectors. The accumulated salt concentration in the cavities of the micro�uidic chan-
nel could have been already high enough to screen the surface charge of the SiO2 nanospheres
to a large extend. In Ref. [98] an e�ect of salt on the hydrate shell was already measured
at 10−4mM salt concentration. As the micro�uidic channel was rinsed with 1.5 · 10−4mM
DPBS several times, presumably a higher concentration accumulated. Nevertheless, it remains
contradictory since the micro�uidic channel was �ushed with a lot of water and the residual
salt concentration should be very low. Therefore, the results are not fully reliable. However,
a signi�cant statistic was measured for the single nanosphere transit events in pure water
(101 events) and the unknown salt concentration, where the characteristic slope at maximal
frequency shift occurred (43, dark blue, Fig. 4.14). Since in the second case the maximum shift
agrees with the polarizability of the bare nanosphere, this strengthens the assumption made
by Alpha Nanotechne about the refractive index 𝑛SiO2 = 1.45 of the bare nanospheres (see
Appendix A.5).

4.4.2. Hydrate shell of 60 nm quartz glass nanoparticles

The measurement of the nanospheres polarizability depending on the salt concentration was
also conducted with sample B (𝑟geom = 60 nm, 𝑟hydr = 75.3 nm, Table 4.2) and with a cavity
cooperativity of 𝐶 ∝ 1.7 · 104 (CP4, Table 3.6). At the measurements, the cavity length was
modulated at a high frequency of 14.1 kHz. Therefore only a few transit events lead to su�-
cient statistics. Fig. 4.16 shows the result. The maximal shift of Δ𝜈 = 3.55GHz is produced by
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a) b)

Figure 4.16.: Measured resonance change for several single SiO2 nanosphere transit events, when the nanospheres
are dispersed in water (medium blue), 1.5 · 10−5mM DPBS (dark blue) and 1.5 · 10−4mM DPBS (light blue). a)
Frequency shift histogram. b) Correlation between the decrease of amplitudes and frequency shifts.

the nanospheres dispersed in pure water (medium blue, 9 transit events) and doesn’t change
for a DPBS concentration of 1.5 · 10−5mM (dark blue, 13 transit events). A small decrease of
the shift is observed for 1.5 · 10−4mM DPBS (light blue, 12 transit events). Here, the maximal
shift amounts to Δ𝜈 = 3.45GHz. By assuming that the e�ective refractive index has remained
approximately the same, the hydrate shell has become thinner by 0.8 nm.

Discussion. By comparing both measurements, sample B (60 nm intrinsic radius) and sample
C (25 nm intrinsic radius), the same DPBS concentration of 1.5 · 10−4mM seems to reduce the
hydrate shell thickness of sample C more than that of sample B. This is in accordance with
the expectation that a presumably higher surface charge density of the 25 nm nanospheres
(stronger curvature of the surface) leads to a stronger attraction of the salt ions and thus
to a stronger screening of the surface charge. To what extent the hydrate shell could be
reduced more in case of the 25 nm nanospheres compared to the 60 nm nanospheres can not
be evaluated due to the poor statistics at the 1.5 · 10−4mM DPBS concentration measurement.
Presumably the maximal frequency shift when the nanosphere resides in the center of the
antinode was not measured in case of sample C.

4.5. Towards the determination of the hydrodynamic radius via the
autocorrelation of the frequency shi� signal

The autocorrelation of the produced frequency shifts of single nanospheres contains the
information about their di�usivity and hydrodynamic radius. In this Chapter, the measured
autocorrelation is compared in two di�erent ways. First, it is compared with the analytical
solution derived in Chapter 2.5 for a punctiform nanosphere di�using or drifting in water
and probed by the FP standing-wave light �eld. Second, the track of several nanospheres was
Monte Carlo simulated and the produced frequency shifts autocorrelated (see Chapter 2.4.1).
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4.5. Towards the determination of the hydrodynamic radius via the autocorrelation of the frequency shift signal

This autocorrelation is compared with the measured one as well. Fig. 4.17 shows the di�erent
autocorrelations. The blue crosses depict the autocorrelation for about 33 transit events of
single SiO2 nanospheres (𝑟hydr = 75.3 nm, sample B (Table 4.2 )), which were measured with a
cavity cooperativity of 𝐶 ∝ 1.7 · 104 (CG4, Table 3.6). The corresponding measured frequency
shifts were already shown in Fig 4.16 dark blue (pure water) and medium blue (1.5 · 10−5mM
DPBS). Although the nanoparticles were measured in di�erent solutions, the same maximum
frequency shift occurred. Therefore, the same hydrodynamic radius and autocorrelation were
assumed. Both measurements were evaluated together for the autocorrelation in order to
improve the statistic.

Comparison with theoretical autocorrelation. In case of the theoretical autocorrelation,
purely di�using nanospheres in water (no drift terms) with the same hydrodynamic radius
as the investigated sample (𝑟hydr = 75.3 nm) and the same cavity geometry (CG4, Table 3.6)
were assumed. In Fig. 4.17 the result is depicted in green. Both, the measured autocorrelation
as well as the theoretical one consist of two characteristic slopes at about 10−3 s and 10−1 s.
However, especially for larger times, the two curves di�er signi�cantly. Since also the plateau
height at 10−2 s is di�erent, an assumed drift in 𝑥,𝑦-direction doesn’t bring the curves into line.
The main reason for the deviation is assumed to be that the theoretical description doesn’t
take into account the expansion of the nanosphere.

Comparison withMonte Carlo simulated autocorrelation. The Monte Carlo simulated
tracks and the simulated frequency shifts produced by a nanosphere following this track take
into account the nanosphere size (see Chapter 2.4). Here, the autocorrelation of 22 simulated
tracks (orange curve) of single nanospheres with a hydrodynamic radius of 𝑟hydr = 75.3 nm is
in good agreement with the experimental data (see Fig. 4.17). Especially between 10−2 s and

Figure 4.17.: Autocorrelation of 33 single nanosphere transit events (blue crosses) and comparison with the
theoretical autocorrelation function (green) and the autocorrelation derived by Monte Carlo simulation (orange).
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Figure 4.18.: Comparison of the lag time at half of the slope with the theoretical di�usion times. The experimental
autocorrelation is depicted with blue crosses and the Monte Carlo simulated one with orange dots. Besides, the
dashed horizontal magenta line marks the plateau and the solid horizontal line the value at half of the plateau.
Here, the derived lag time at about 𝜏 ≈ 90ms is marked with a magenta rectangle. The gray (green) dotted (dashed)
vertical line depicts the theoretical di�usion time if the nanosphere dispersed in water di�uses in longitudinal
(transversal) direction.

7 · 10−2 s the two curves agree excellently. If there would be a drift in any direction, the slope
at longer time scales would change (see Fig. 2.23).

Discussion. Only in Ref. [97] an analytical solution for the autocorrelation of a standing-
wave light �eld is suggested. However, this solution contradicts the measured autocorrelation
because it consists of only one slope instead of two. Therefore, an own analytical solution
was derived. This solution follows the double-slope structure, though, at longer lag times the
measured autocorrelation and the theoretical one deviate. Since the Monte Carlo simulated
autocorrelation takes the nanoparticles size into account and is in good agreement with the
measured data, the analytical solution still needs to be adapted in this respect.
On the other hand, because the Monte Carlo simulation agrees very well, it can be used
to determine the nanoparticles di�usivity and hydrodynamic radius. Furthermore, it can be
concluded that the nanospheres behave purely di�usive inside the micro�uidic channel and
intracavity forces like the optical tweezer force, the photothermal force5, or a force acting on
the nanosphere due to the mirror movement can be neglected (see Appendix A.10).
In �uorescence correlation spectroscopy (FCS) the di�usion time can be read directly at half
of the slope, if the di�erent e�ects responsible for the di�erent time scales can be treated
independently [96]. In case of the measured autocorrelation with the �ber-based FP cavity, the
two slopes occur due to the nanosphere’s di�usion in longitudinal and transversal direction.
According to Eq. (2.76) the di�usion time in transversal direction is expected at 𝜏D,𝑥𝑦 =

𝑤2
0/(4𝐷) = 0.22 s and the di�usion time in longitudinal direction at 𝜏D,𝑧 = (𝜆0/(4𝑛m))2/(2𝐷) =

3.8ms. Fig. 4.18 shows a comparison between the theoretical expected di�usion times and the
lag time derived at half of the second slope at the longer time scale. Neither the experimental
derived lag time nor the Monte Carlo simulated one agree with the theoretical di�usion time.

5 Heating of the liquid inside the cavity, causing a gradient in the liquid’s density.
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4.6. Discussion

Consequently, the approach commonly used in FCS to read o� the di�usion time at half the
slope can’t be applied to FP cavity-derived autocorrelations.

4.6. Discussion

In this chapter it was shown that the unlabeled quartz glass nanoparticles behaved purely
di�usive in the cavity standing-wave light �eld of the FP cavity. This was, on the one hand,
con�rmed by the measured frequency shift histograms (Chapter 4.2.1) and, on the other hand,
by the autocorrelation signal and its agreement with Monte Carlo simulations (Chapter 4.5).
Therefore, the FP cavity is a promising candidate for the investigation of the natural behavior
of nanoparticles and biomolecules.
In addition, the e�ective mean polarizability, the e�ective refractive index and the refractive
index of the hydrate shell was determined for three di�erent quartz glass nanoparticle samples
(Chapter 4.2.1). At lower modulation frequencies (1...3 kHz) of the cavity length, several single
nanoparticle transit events had to be taken into account. Improved statistics was achieved by
an increase of the modulation frequency to 14 kHz such that the optical properties of a single
nanoparticle could be determined from a single nanosphere transit event (Chapter 4.3). By
considering the correlation between the decrease of amplitude and the frequency shift, the
e�ective refractive index could be evaluated with a low uncertainty of 0.01 since the slope was
widely independent of the cavity geometry (Fig. 4.7). However, the signal-to-noise ratio for
the amplitude decrease was smaller than for the frequency shift (Chapter 4.1). Therefore, for
particles with a smaller polarizability, only the frequency shift was measurable and a larger
error arose for the determination of the refractive index (0.03 error). When the quartz glass
nanospheres are dispersed in double-distilled water, their polarizability increases due to a
formed hydrate shell around them. This signi�cant increase of the polarizability was measured
by the FP cavity (compare intrinsic and measured e�ective polarizability, Table 4.2). Further-
more, the refractive index of the hydrate shell could be estimated for three di�erent samples
(Chapter 4.2.2). The di�erent hydrate shell thicknesses could be explained by impurities in the
material (sample A) and di�erent surface curvatures of the spheres (sample B versus sample
C). Overall, it has been shown that the FP cavity enables the measurement of various optical
properties of nanoparticles and therefore it is a powerful tool for the investigation of single
nanoparticles.
In chapter 4.4 the impact of salt on the formation of the hydrate shell around the quartz
glass nanosphere was investigated. In case of sample C, adding salt ions to the solution lead
to a suppression of the hydrate shell as the intrinsic polarizability was evaluated from the
measured frequency shifts. A downside of this measurement was the lack of control of the salt
concentration in the FP cavity. Probably salt residuals remained in the micro�uidic channel
when it was rinsed with double distilled water. Therefore, no statements could be made about
the actual salt concentrations in the cavity. In case of sample B, the salt concentration of
≈ 1.5 · 10−4 lead to a reduction of the hydrate shell thickness from 15.3 nm to 14,5 nm. Despite
the lack of control of salt concentration, salt ions were shown to reduce the formation of the
hydrate shell.
In chapter 4.5, the autocorrelation of the measured frequency shifts of several single nanoparti-
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cle transit events was compared with the theoretical autocorrelation of a punctiform nanopar-
ticle and with the Monte Carlo simulation of several single nanoparticle tracks. Whereas
the theoretical autocorrelation contained the double-slope structure which arose due to the
movement of the nanoparticle in the longitudinal and transversal direction inside the cavity
standing-wave light �eld, especially at longer lag times the measured autocorrelation and the
theoretical one di�ered. This strong deviation occurred because the geometric expansion of
the particle has not yet been taken into account. In the Monte Carlo simulation, the expan-
sion of the nanoparticle was considered instead. Especially between 10−2 s and 7 · 10−2 s the
measured autocorrelation and the Monte Carlo simulated one agreed excellently. Accordingly,
by comparing Monte Carlo simulations with the measured autocorrelation, in principle, the
hydrodynamic radius of the nanoparticles can be determined independently of their refractive
index.
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5. Three-dimensional tracking of a single
quartz glass nanoparticle

All results presented in this chapter are submitted to Nature Communications for publication
and content is therefore closely following [95].
In Chapter 2.4.1 it is theoretically explained, how the three-dimensional track of a spherical
nanoparticle can be extracted from the recorded signal of the fundamental mode TEM00
and the two higher-order transverse modes TEM01 and TEM10. The track itself contains the
information of the nanosphere’s di�usivity and consequently of its hydrodynamic radius
(see Chapter 2.4.2). The determination of the hydrodynamic radius is thereby independent
of the nanosphere’s refractive index. In this chapter, the theory is applied to measured
single nanosphere signals. The experimental data are based on the cavity with cooperativity
𝐶 ∝ 2.1 · 104 (CP2, Table 3.6) and sample B (𝑟geom = 60 nm, Table 4.2). At �rst, a second laser is
introduced, which enabled a simultaneous measurement of the three modes at low mechanical
background noise (Chapter 5.1). In the next Chapter, the measured frequency shifts of several
transit events are considered in order to select a transit event of a single nanosphere (Chapter
5.2). The single transit event is then evaluated and characterized. Besides, the localization, as
well as the temporal resolution of the three-dimensional tracking, are analyzed (Chapter 5.3).
Finally, the tracking algorithm for the position is applied to the measured frequency shifts
resulting in the three-dimensional tracking path and the di�usivity and hydrodynamic radius
are determined via the mean squared displacement (Chapter 5.4).

5.1. Reduction of themeasurement noise by two probe lasers

In Chapter 3.5, the di�erent cavity versions A-C are compared. For the measurements of their
stabilities, the cavity length was changed by 20 · 𝛿𝜈 ≈ 0.2 nm. If next to the fundamental mode
TEM00 also the two higher-order transverse modes TEM01 and TEM10 are of interest, there are
two possibilities for scanning over all three modes: Either one probe laser excites the three
modes or two probe lasers are used, one excites the TEM00 mode and the second one excites
the TEM01 and TEM10. The former demands a larger range for the scanning of the cavity (see
Fig. 5.1a). Using two lasers instead, the excited resonances can be shifted to each other by a
tuning of the laser wavelength. This allows the shift of the fundamental mode in between of
the two higher-order modes. Hence, the cavity length only has to be changed in the order
of 20 · 𝛿𝜈 to scan over the three modes. Fig. 5.1b) shows the experimental di�erence in the
detected measurement noise. By using two lasers instead of one, the mechanical noise of the
cavity is greatly reduced from 25.3 pm 𝑟𝑚𝑠-noise (gray) to 0.91 pm 𝑟𝑚𝑠-noise (orange). For the
de�nition of the 𝑟𝑚𝑠-noise see Chapter 3.5.
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Figure 5.1.: Reduction of the measurement noise by using two probe lasers. a) If one laser is used for the scanning
over the TEM00 (red), the TEM01 (green) and the TEM10 (blue) mode, the scanning range is larger than using two
probe lasers instead. b) Measurement noise if one probe laser (gray) or two probe lasers (orange) are used.

5.2. Selection of a single transit event

In order to avoid an increased mechanical measurement noise, two probe lasers are operated
when the cavity is scanned over the three modes TEM00, TEM01 and TEM10 (see Chapter
5.1). Fig. 5.2 shows the frequency shifts of several transit events, which were measured
within 8 hours without changing the sample inside the cavity. Within the �rst two hours
of measurement time (green, ≈ 59 transit events), the TEM00 mode shows a steep decay at
about 8 (GHz), which is typical for single nanosphere transit events and is in agreement
with the simulated black dotted curve. However, the TEM01 and TEM10 mode don’t agree
with the simulated steep decay at about 5.8 GHz. Therefore it can be concluded that during
the measurement the nanosphere concentration is too high, increasing the probability of
detecting a single nanosphere in the TEM00, but simultaneously a second nanosphere in the
radially expanded TEM01 and TEM10 modes. After 8 hours of measurement time (gray, ≈ 210
additional transit events), about double of the single nanosphere frequency shift is measured
for the TEM00 mode (gray transparent rectangle). This agrees with a dimer, consisting of
two aggregated SiO2 nanospheres1. The blue curve, however, represents a single nanosphere
transit even. In this case, all three modes detect a single nanosphere at the same time, because
all measured frequency shifts agree with the simulated histogram. The spreading of the
simulated maximal frequency shifts at 6.4 GHz and 7.8 GHz for the TEM00 mode stems from
the size distribution of the sample.
The measured raw data of this single nanosphere transit event is shown in Fig. A.19 and
the frequency shifts with the already subtracted drifts are shown in Fig. 5.3. It can be seen
that each mode is reacting di�erently, depending on the nanosphere’s position inside the
standing-wave light �eld (see Fig. 2.14 for the qualitative explanation).

1 For the estimation of the maximal frequency shifts produced by a dimer, two single spheres with the center
distance 2𝑟hydr are estimated. Any interaction �elds are neglected, meaning the single produced shifts at
𝑥,𝑦, 𝑧 = 0 and 𝑥 = 2𝑟hydr, 𝑦, 𝑧 = 0 are summed up.
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TEM00

TEM01

TEM10

Figure 5.2.: Frequency shifts of a single nanosphere transit event (blue), of about 59 nanoparticle transit events
(green, 2 hours measurement time) and of about 210 additional nanoparticle transit events (gray, 8 hours measure-
ment time). The black dotted curves show the simulated frequency shifts for the single nanosphere polarizabilities
𝛼/(4𝜋𝜖0) = 23.3 · 103 nm3 and 𝛼/(4𝜋𝜖0) = 27.9 · 103 nm3. Both values are within the range for the nanosphere
size distribution and e�ective index uncertainty. The gray transparent rectangle shows the region of the expected
maximum dimer shifts. Submitted to [95].

5.3. Characterization of the cavity and tracking resolution

In order to characterize the cavity’s geometry, Fig. 5.4 shows the correlation between the
TEM00 mode and the TEM01 (blue) and TEM10 (gray) mode. By comparing the measured
correlations with the simulated one (red) the measured frequency shifts for the TEM01 and
TEM10 mode seem to be slightly smaller than the theoretically expected ones. There are
two possible reasons: On the one hand, the probability that the nanosphere resides at or
close to the center of the antinode is low (see Fig. 2.12). Therefore small frequency shift
values are measured more frequently than larger values. On the other hand, the non-perfect
spherical-shaped mirrors2 can cause small deviations between theory and experiment. Due to
the radial expansion of the higher-order transverse modes, the radius of curvature for each
mode can di�er [152]. In the following, these possible, small deviations are neglected for the
determination of the nanosphere’s track.

2 The mirrors used in this work are fabricated by CO2 laser pulses. [87].
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5. Three-dimensional tracking of a single quartz glass nanoparticle

Figure 5.3.: Frequency shifts of the fundamental mode Δ𝜈00 (red) and the two higher-order transverse modes
Δ𝜈01 (green) and Δ𝜈10 (blue) of a single nanosphere transit event. The red rectangle marks the time section of the
three-dimensional track shown in Fig. 5.8. Submitted to [95].

Figure 5.4.: Correlation between the frequency shifts of the TEM00 and the TEM01 (blue) or TEM10 (gray)
mode generated by the nanosphere dispersed in water an di�using through the modes. The red curve is the
theoretically expectation, when the nanosphere changes its position along the 𝑥-axis at 𝑦, 𝑧=0. Submitted to [95],
see supplementary information.

The measurement noise creates an uncertainty for the measured shifts and therefore plays
an important role, when the nanosphere’s track is derived from the shifts. Fig. 5.5 shows
histograms of the measured frequency shifts of the three modes. Gaussian �ts to the small
frequency shift values gives the measurement noises: 𝜎00 = 0.13GHz, 𝜎01 = 0.15GHz and
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Figure 5.5.: Histograms for the measured frequency shifts of the TEM00, the TEM01 and the TEM10 mode produced
by a single nanosphere. Submitted to [95], see supplementary information.

𝜎10 = 0.12GHz.

To deduce the the uncertainty of localization from the frequency measurement noise, the
theoretical frequency shift matrices for each mode are calculated by Eq. (2.61), (2.65), and (2.66)
with a 𝛿𝑥 = 𝛿𝑦 = 16.9·10−3 µm pixel size in 𝑥- and𝑦-direction and a 𝛿𝑧 = 1.6·10−3 µm pixel size
in 𝑧-direction. For each nanosphere position (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖), the theoretically produced frequency
shift triples at this position are superimposed with the frequency measurement noises 𝜎00 =
0.13GHz, 𝜎01 = 0.15GHz, and 𝜎10 = 0.12GHz. Consequently, the exact theoretically produced
frequency shifts at position (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖) are compared with all other positions inside the matrix
with superimposed frequency measurement noises. If the exact frequency shift triple values at
position (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖) lie within the uncertainty range at another position, the nanoparticle could
also reside there. Finally, the localization uncertainty 𝛿𝑟 (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖) is de�ned as the number
of all positions 𝑁 (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖), where the nanoparticle would produce the same frequency shift
triples including the uncertainty, times the third root of the pixel volume 𝑉pixel = 𝛿𝑥𝛿𝑦𝛿𝑧:

𝛿𝑟 (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖) = 𝑁 (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖) · (𝑉pixel)1/3 . (5.1)

Fig. 5.6a) shows the resulting localization uncertainty matrix for 𝑥 ≤
√︃(

𝑤2
0 − 𝑦2

)
and

𝑧 ≤ 143 nm. Within this volume, the fundamental mode intensity is larger than 𝐼0/𝑒2, where
𝐼0 is the maximal occurring intensity. Fig. 5.6b) and c) show a cross-section through the uncer-
tainty matrix for 𝑦=0 and 𝑧=0. At the largest intensity gradients, the localization uncertainty
is only 8 nm. However, at the sensing octant border the uncertainty reaches its maximal value
of 218 nm and the mean uncertainty inside the sensing volume is 43 nm.

The frequency shifts produced by the single SiO2 nanosphere di�using in water and probed
by the cavity standing-wave light �eld were measured with a scanning frequency of 3 kHz.
Therefore, the time resolution of the three-dimensional track is 0.3ms.
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5. Three-dimensional tracking of a single quartz glass nanoparticle
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Figure 5.6.: Localization uncertainty due to measurement noise. a) Three-dimensional representation of the
uncertainty matrix. Only the section of the sensing octant is shown, where the intensity of the fundamental mode
is larger than the maximum intensity at the antinode divided by 𝑒2. b) Cross-section through the uncertainty
matrix at 𝑦 = 0 and c) cross section through the uncertainty matrix at 𝑧 = 0. Submitted to [95].

5.4. Three-dimensional track andmean squared displacement

Due to the measurement noise, the measured frequency shift triples at time 𝑡 are a�icted with
some uncertainty. Therefore, di�erent possible positions inside the octant sensing volume
can be found for the same frequency shift triple (see Chapter 5.3). The simulation of a single
nanosphere transit event (see Chapter 2.4.1) yields the result that the mean of all possible posi-
tions within the uncertainty volume (Algorithm 3, Chapter 2.4.1) provides the best agreement
between the actual track and the algorithm track. Consequently, this tracking algorithm is
applied to the measured frequency shifts. Fig. 5.7 shows the resulting tracking path and Fig.
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5.4. Three-dimensional track and mean squared displacement

Figure 5.7.: Derived tracking path of a single SiO2 nanosphere transit event from the simultaneously measured
frequency shifts of the TEM00, the TEM01 and the TEM10 mode. The red rectangle marks the time section of the
three-dimensional track shown in Fig. 5.8. Submitted to [95].
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Figure 5.8.: Representation of the tracking path of a single nanosphere in the three-dimensional space. The time
section shown here is marked in red in Fig. 5.3 and 5.7. Submitted to [95].

5.8 is a representation in the three-dimensional space. Here, only the time range marked in
red in Fig. 5.3 and 5.7 is depicted for better visibility. As the expansion of the cavity mode
in 𝑧-direction is about 15 times smaller than in 𝑥,𝑦-direction, the nanosphere reaches faster
the sensing octant’s border and thus the track is folded back into the sensing octant more
frequently. However, the information of the nanosphere’s Brownian motion is still included.
In Chapter 2.4.2 it is explained, how the mean𝑀𝑆𝐷 is determined from the obtained three-
dimensional track and how the values for the di�usivity are obtained from the linear �t.
Therefore, only the results are given here. Fig. 5.9 a) shows the related 〈𝑀𝑆𝐷〉 to the single
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5. Three-dimensional tracking of a single quartz glass nanoparticle
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Figure 5.9.: Mean 𝑀𝑆𝐷 a) for the single nanosphere track shown in Fig. 5.7 and b) for �ve single nanosphere
tracks including the track depicted in Fig. 5.7. In both cases, the linear �t to the data points is shown in red.
Submitted to [95].

nanosphere track depicted in Fig. 5.7. As the 〈𝑀𝑆𝐷〉 increases linearly with increasing lag
times, the nanosphere’s motion is purely di�usive. This is an additional con�rmation of
the result obtained via the autocorrelation (see Chapter 4.5). The slope of the linear �t to
the �rst 𝑥ON = 45 data points [127] directly depends on the di�usivity. In this case, the
di�usivity of 𝐷 = (2.2 ± 0.3) µm2/s and the hydrodynamic radius of 𝑟hydr = (95.7 ± 14.6) nm
is obtained. Taking into account the uncertainty of the nanosphere’s hydrodynamic radius
of (75.3 ± 9.5) nm, both values are in agreement. An excellent agreement between both can
be achieved by considering �ve single nanosphere tracks instead of one. The obtained mean
𝑀𝑆𝐷 is shown in Fig. 5.9 b). In this case, the �t converges at the �rst 𝑥ON = 62 data points
and the mean di�usivity of 〈𝐷〉 = (2.8 ± 0.4) µm2/s and the mean hydrodynamic radius of
𝑟hydr = (76.9 ± 10.0) nm is derived.
Both 〈𝑀𝑆𝐷〉 are shifted along the𝑦-o�set due to the included measurement noise in the signal.
From the o�set, the static localization uncertainty can be estimated by Eq. (2.91). A �t to the
�rst �ve data points gives 𝜎0 ≈ 304 nm in case of the single track and 𝜎0 ≈ 361 nm in case
of the �ve tracks. Both uncertainties are on the same order as the result obtained by Monte
Carlo simulation (𝜎0 ≈ 355 nm, Chapter 2.4.2).
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5.5. Discussion

5.5. Discussion

In this work, three-dimensional tracking of nanoparticles with a microresonator was demon-
strated for the �rst time. It was shown that nanoparticles can be tracked with a temporal
resolution of 0.3ms, a minimum spatial resolution of 8 nm and a mean spatial resolution of
43 nm. By detecting the di�usive motion, the di�usivity, as well as the hydrodynamic radius
could be determined with only 2 % deviation to the obtained mean hydrodynamic radius via
ensemble measurements. Thereby, the three-dimensional track provides the information about
the nanoparticle’s hydrodynamic radius independently from its refractive index. In addition,
the recorded frequency shift of the TEM00 mode contains the information of the nanopar-
ticle’s e�ective polarizability (see 4.3). Consequently, the nanoparticle’s e�ective refractive
index can be deduced. Whereas previously only the polarizability could be determined with
microresonators, detailed information is now obtained by the three-dimensional track.
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6. Towards the determination of the rotational
di�usion of nanoparticles

The temporal evolution of measured frequency shifts generated by single nanoparticle transit
events is shown in Fig. 5.2. Within the �rst two hours of measurement, almost only single
nanospheres reside in the cavity. With time progressed, larger frequency shifts are measured.
As the larger frequency shifts have about twice the value of the maximal shift expected for
a single nanosphere, these larger shifts are assumed to stem from dimers consisting of two
agglomerated nanospheres. To further characterize both nanoparticle species, their rotational
di�usion is investigated. In Chapter 2.6 the theory of the interaction between the polarization-
split fundamental modes of a FP cavity and a rotating prolate spheroid is discussed. Here, this
theoretical understanding is used in order to measure the rotational di�usion of single, not
perfectly spherical nanospheres, of dimers and larger agglomerates. Due to their anisotropic
shape, their rotational Brownian motion in water causes a change of the frequency splitting of
the polarization-split fundamental modes. As the amount of frequency splitting also depends
on the light intensity at the position of the nanoparticle, the frequency split signal contains
the information about the nanoparticles translational di�usion as well. In Chapter 4.5 it was
shown that the autocorrelation of the measured frequency shift signal consist of two slopes due
to the nanosphere’s translation in longitudinal and transversal direction of the standing-wave
light �eld. The autocorrelation of the frequency splitting contains the additional information
about the nanosphere rotation, thus, three slopes are expected in total.
In the following, two di�erent nanosphere samples were used, with a geometric radius of
either 𝑟geom = 25 nm (sample C, Table 4.2) or 𝑟geom = 60 nm (sample B, Table 4.2). Each
sample contains di�erent nanoparticle shapes due to the agglomeration of single nanospheres
to dimers, consisting of two nanospheres, and larger agglomerates with unknown shape.
These di�erent nanoparticle types are investigated in their produced frequency shift and
frequency splitting signal. Although, in case of sample C, a frequency splitting is detected for
all nanoparticle species, rotational di�usion times can’t be determined. In contrast, subsequent
evaluation of the signals generated by nanoparticles of sample B provides information about
rotation times. The �rst measurements with the smaller nanoparticles (sample C) were
operated with a cavity cooperativity of𝐶 ∝ 1.9·104 (CG3, Table 3.6) and themeasurements with
the larger nanoparticles (sample B) were performed with a slightly smaller cavity cooperativity
of 𝐶 ∝ 1.7 · 104 (CG4, Table 3.6).
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6. Towards the determination of the rotational di�usion of nanoparticles

Δν

TEM00,1 TEM00,2

a) b)

Figure 6.1.: Polarization splitting of the fundamental mode and geometric birefringence. a) Lorentzian �t (red) to
the measured polarization-split fundamental mode TEM00,1 and TEM00,2 (black). The distance between the two
resonances is Δ𝜈 = 2.34GHz. b) Simulated geometrical birefringence depending on the rotation angle 𝜃 of the
mirrors relative to each other and for the mirror radii of curvature 𝑟c,M1,1 = 40.0 µm, 𝑟c,M1,2 = 70.0 µm, 𝑟c,M2,1 =
45.0 µm and 𝑟c,M2,2 = 85.6 µm. The blue dotted horizontal line marks the measured geometric birefringence.

6.1. Rotational di�usion of 25 nm quartz glass nanoparticles

This section is divided into di�erent parts. At �rst, the measured polarization splitting of the
fundamental mode is evaluated. Then, the caused birefringence of di�erent nanoparticle types
is compared and eventually their rotational di�usion is investigated.

Polarization-split fundamental mode. Fig. 6.1a) shows the transmission signal of the
polarization-split fundamental modes TEM00,1 and TEM00,2. The frequency distance between
both resonances of Δ𝜈 = 2.34GHz is directly related to the geometrical birefringence of the
cavity mirrors Δ𝑐 = 5385.7 1/m via Eq. (2.21). The geometric birefringence in turn is related to
the geometrical shape of the mirror at the position of the formed mode via Eq. (2.22). When
the mode is formed at the center of the mirror depression, the mirror radii of curvatures (see
MP3, Appendix 3.6) would cause a birefringence between Δ𝑐 = 1623 1/m and Δ𝑐 = 4096 1/m.
As the measured value of 5385.7 1/m is not included in this range, this indicates that the
mirrors are slightly misaligned and as a result, the mode is formed away from the center. Such
a misalignment is possible since there is a cavity of 6 micrometers between the cavity �ber
and the precision hole of the ferrule. Away from the center of the mirror depression, the radii
of curvature can deviate from the radii of curvature at the center by several microns, because
the used mirrors deviate from a spherical-shaped depression (see Chapter 3.1.1 and [152]).
When the mirror radii of curvatures of 𝑟c,M1,1 = 40.0 µm, 𝑟c,M1,2 = 70.0 µm, 𝑟c,M2,1 = 45.0 µm
and 𝑟c,M2,2 = 85.6 µm are assumed instead, the measured geometrical birefringence would be
caused at the rotation angle 𝜃 = 0 (see Fig. 6.1b)).

Birefringence produced by single quartz glass nanoparticles. If an anisotropic nanopar-
ticle resides inside the cavity light �eld, the frequency splitting between TEM00,1 and TEM00,2

114



6.1. Rotational di�usion of 25 nm quartz glass nanoparticles

Figure 6.2.: Frequency shifts and decreases of amplitudes by di�erent single nanoparticle transit events: Blue: a
single nanosphere, gray: probably a dimer and red: a larger agglomerate.

changes. This is demonstrated for nanoparticles consisting of single or multiple nanospheres
with a geometric radius of 𝑟geom = 25 nm (sample C). In this case, the nanoparticles were
dispersed in a DPBS solution and a maximum frequency shift of ≈ 0.45GHz for a single
nanosphere transit event was measured (see Fig. 4.14). Thus, the frequency shift of a dimer
is expected at ≈ 0.9GHz. Following this theoretical expectations, three transit events are
further investigated and assigned to the individual nanoparticle types (see Fig. 6.2). The
smallest frequency shifts (blue) are assigned to a single nanosphere transit event. The approxi-
mately twice as large frequency shifts of the events in gray are assumed to stem from a dimer
and the large frequency shifts (red) are caused by a large agglomerate consisting of several
nanospheres.
The time evolution of the measured frequency shifts of the polarization-split modes Δ𝜈00,1 and
Δ𝜈00,2, the measured frequency splitting between the modes Δ𝜈00,2 − Δ𝜈00,1 and the decrease
of amplitude 𝐷𝑂𝐴 of TEM00,1 are depicted in Fig. 6.3. While the frequency shift and the
frequency splitting signals increase with the nanoparticle size and with increasing anisotropy,
the decrease of amplitude is too insensitive for the two smaller nanoparticle types. Only the
larger agglomerate produces a detectable decrease of amplitude. In contrast, the frequency
splitting is much more sensitive. Although the single nanospheres are speci�ed with a round-
ness of better than 0.980 by the manufacturer (see TEM pictures A.13), this tiny asymmetry of
the single nanosphere already produces a change of the frequency splitting.

Investigation of di�usion times. To extract the information about the di�usion times
contained in the measured frequency splittings, the autocorrelation is calculated. Before
that, however, only the sections containing the nanoparticle signal have to be determined
from the overall frequency splitting measurement. This is shown in Fig. 6.4 for the dimer
measurement. Only the black part of the signal is used to calculate the autocorrelation (see
Fig. 6.5a, gray). The same procedure is done for the frequency splittings generated by the
single sphere and the larger agglomerate. Their autocorrelation is shown in Fig. 6.5a) as well.
The single nanosphere as well as the large agglomerate autocorrelation oscillate around zero
in the entire lag time range, thus no slope is visible. Only the dimer autocorrelation slightly
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6. Towards the determination of the rotational di�usion of nanoparticles

Single nanosphere Dimer Larger agglomerate

Figure 6.3.: Measured frequency shifts of the polarization-split fundamental modes Δ00,1 and Δ00,2, frequency
splitting between the two modes and measured decrease of amplitude of one of the modes over the time. Depicted
are single nanoparticle transit events of di�erent nanoparticle types: a single nanosphere (blue), a dimer (gray)
and a larger agglomerate (red).

Figure 6.4.: Measured frequency splitting of the polarization-split fundamental modes when a dimer is di�using
in water. The black dots mark the data sections, which are di�erent to the measurement noise and are generated
by the rotation of the dimer.
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6.1. Rotational di�usion of 25 nm quartz glass nanoparticles

a)

b)

Figure 6.5.: a) Autocorrelation of the frequency splitting sections produced by the single nanosphere (blue), the
dimer (gray) and the large agglomerate (red). The vertical dashed lines mark the theoretical di�usive rotation
times for a nanosphere with the hydrodynamic radius 𝑟hydr = 25 nm (magenta) and its theoretical translational
di�usion time in longitudinal (black) and transversal (green) direction. b) Evaluation of the lag time value at half
of the plateau. The plateau is assumed at values equal or larger than 0.03. There, the lag time is 𝜏 ≤ 28ms.

a) b)

Figure 6.6.:Dimer frequency shift and corresponding autocorrelation. a) The black dots mark the section of the
frequency shift signal (gray), which were caused by the dimer. b) Autocorrelation of the black sections marked in
a). The magenta black horizontal line is the estimated value at half of the slope and the vertical magenta dashed
line marks the corresponding lag time value.

increases with decreasing delay time (see Fig. 6.5b). Here, the autocorrelation consists of
one slope instead of the expected three (one slope for the rotation and two slopes for the
translational di�usion).
To �nd out where the slope comes from, the autocorrelation of the frequency shift produced
by the dimer is calculated in addition. This is depicted in Fig. 6.6. Although two slopes are
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6. Towards the determination of the rotational di�usion of nanoparticles

expected of the translational di�usion, only one is visible. Consequently, the slope of the dimer
translational di�usion in longitudinal direction is not resolved in time (expected at shorter
time scales). The visible slope occurs due to the dimer di�usion in transversal direction. By
comparing the value at half of the slope (𝜏 ≈ 20ms) with the value at half of the slope of the
frequency-split autocorrelation (𝜏 ≈ 29ms, Fig. 6.5b), both values are similar. Therefore, it is
assumed that the slope in the frequency-split autocorrelation of the dimer is caused by its
translational di�usion in transversal direction.
In Fig. 6.5 also the theoretical di�usion times for a single nanosphere with 𝑟hydr = 25 nm
hydrodynamic radius are shown. The dashed vertical lines mark the theoretical di�usive
rotation time and its theoretical translational di�usion times in longitudinal (black) and
transversal directions (green, compare with Eq. (2.101) and Eq. (2.76)). The rotational and
transversal di�usion time in longitudinal direction are very close to each other (𝜏D,r ≈ 1.0ms,
𝜏D,z ≈ 1.3ms), whereas the translational di�usion time in transversal direction is further apart
(𝜏D,xy ≈ 65.5ms). In case for the larger nanoparticles (dimer, agglomerate) larger di�usion
times are expected due to the higher friction at rotation and translation. Because the two
smaller di�usion times are so close together (𝜏D,r ≈ 𝜏D,z), it is assumed that in the frequency-
split autocorrelation only two slopes occur instead of three. One slope for the two smaller
di�usion times (𝜏D,r, 𝜏D,z) and the other slope for the di�usion in transversal direction (𝜏D,xy).
Furthermore, for all nanoparticles (single nanosphere, dimer, larger agglomerate) it is assumed
that the slope at the smaller lag time would be further to the left of the lag time domain, but
this time range is not contained in the frequency-splitting signal due to the low modulation
frequency of the cavity length of 1 kHz. In addition, probably the slope at longer lag time
caused by the translational di�usion in transversal direction of the single nanosphere and the
agglomerate doesn’t appear in the frequency-split autocorrelation due to the lack of statistics
and because the autocorrelation is dominated by noise.

6.2. Rotational di�usion of 60 nm quartz glass nanoparticles

In the following the signals generated by a single nanosphere with geometric radius 𝑟geom =

60 nm and an event ascribed to a dimer consisting of two such agglomerated nanospheres are
identi�ed. Furthermore, their translational as well as their rotational di�usion are investigated.
In comparison to the measurement results presented above in Chapter 6.1, the nanoparticle
transit events are recorded with a signi�cantly higher scanning frequency of 14.1 kHz versus
1 kHz. On the one hand, this improves the statistics of a single transit event and on the other
hand, the autocorrelation signal also contains smaller lag times.

Identi�cation of di�erent nanoparticle types. Fig. 6.7 shows the comparison of de-
creases of resonance amplitudes and frequency shifts of two di�erent nanoparticle transit
events. As the same cavity setup was also used for the quantitative evaluation of the e�ective
refractive index of several single nanosphere transit events of the same quartz glass nanosphere
size (see Fig. A.15) the blue data can be directly assigned to a single nanosphere transit event.
A dimer is assumed to produce about twice the shift than expected for a single nanosphere.
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6.2. Rotational di�usion of 60 nm quartz glass nanoparticles

Figure 6.7.: Decreases of amplitude and frequency shifts produced by a di�using single nanosphere (blue) and
probably by a dimer (gray).

Therefore the gray signal is assigned to a dimer transit event.

Translational di�usion. The time evolution of both transit events is shown in Fig. 6.8a).
Here, the data sections originating from the dimer (single nanoparticle) are marked in red
(blue). Fig. 6.8b) shows the autocorrelation of the marked sections of both transit events. Both
autocorrelations consist of two slopes as expected. The �rst slope occurs due to the dimer
(nanosphere) translational di�usion in longitudinal direction and the second slope at longer
lag times occurs due to the di�usion in transversal direction. Furthermore, the second slope of
the dimer is further to the right than that from the nanosphere. This is directly correlated with
a larger di�usion time (compare with Fig. 2.23a), which is in agreement with the expectation,
since a larger particle causes more friction and therefore di�uses slower.

Rotational di�usion. Fig. 6.8c) shows the frequency splitting of both transit events. Again
the sections, which di�er from the measurement noise, are marked in red and blue. Although
the SiO2 nanoparticles are speci�ed with a roundness of better than 0.980 by the manufacturer,
a small anisotropy is detected via the frequency splitting. Compared to the dimer, the frequency
splitting caused by the single nanoparticle is smaller than that caused by the dimer. This is in
agreement with the greater anisotropy of the dimer. In order to get information about the
rotation time, the marked frequency splitting sections of the single nanoparticle as well as of
the dimer are autocorrelated and depicted in Fig. 6.8d). Two slopes appear for both nanoparticle
types at about 𝜏 = 10−3 s and 𝜏 = 3 · 10−2...10−1 s instead of the expected three slopes: one for
the rotational di�usion and two for the translational di�usion in longitudinal and transversal
direction. In contrast to the theoretical di�usion times of the 25 nm nanospheres, in this case,
all theoretical values are further apart: The rotational di�usion time amounts to 𝜏D,r = 26.2ms
and the translational di�usion times are 𝜏D,z = 3.8ms and 𝜏D,xy = 224.4ms.
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6. Towards the determination of the rotational di�usion of nanoparticles

a) b)

c) d)

Figure 6.8.: Investigation of the translation and rotation of a SiO2 single nanoparticle with a geometric radius
of 60 nm and a hydrodynamic radius of 75.3 nm (blue) and a dimer (gray/red) consisting of two agglomerated
SiO2 nanoparticles of the same type. a) Time evolution of the measured frequency shift. In red and dark blue
the sections are marked, which contain the dimer (nanoparticle) signal. b) Autocorrelation of the frequency
shift sections, which are marked in red and dark blue in a). c) Time evolution of the frequency splitting of the
polarization-split fundamental mode. d) Autocorrelation of the frequency splitting sections, which are marked in
red and dark blue in c).

Presumably three slopes don’t occur in the frequency-split autocorrelation due to the lack
of statistics at longer time scales. Thus. the second slope at longer lag times could include
the dimer (nanosphere) rotational di�usion as well as its di�usion in transversal direction.
In order to investigate this in detail, the autocorrelation of the measured frequency shift is
directly compared with the autocorrelation of the frequency splitting for both nanoparticle
types (see Fig. 6.9). In the case of the dimer (a), as well as in the case of the nanosphere
(b), the frequency-split autocorrelation and the frequency shift autocorrelation, consist of
a plateau from about 7ms to 20ms (depicted as horizontal lines in black, blue (dimer) and
black, orange (nanosphere)). At half value of the second slope, the lag time value of the
frequency-split autocorrelation is smaller than that of the frequency shift autocorrelation.
This applies for both cases: for the dimer (a) as well as for the nanosphere (b). It is assumed
that the slopes shifted to the left due to the frequency-split signal containing the rotational
di�usion in addition. As the rotational di�usion (𝜏D,r = 26.2ms) is faster than the transversal
di�usion (𝜏D,xy = 224.4ms), a shift of the second slope to the left is conceivable. By comparing
the frequency-split autocorrelation of the nanosphere and the dimer, the second slope of the
nanosphere is further left than that of the dimer. This is in agreement with the expectation as
the dimer causes more friction at rotation.
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6.3. Discussion

a)

b)

Figure 6.9.:Comparison of the frequency-split autocorrelation with the frequency shift autocorrelation for the
dimer (a) and the single nanosphere (b)- In both cases the frequency-split autocorrelation was scaled in y-direction
with a factor to better compare both autocorrelations. a) Dimer autocorrelations of the frequency-split signal (red
dots) and the frequency shift signal (brown). The horizontal lines in blue (black) mark the plateau and the value at
half of the slope. b) Single nanosphere autocorrelations of the frequency-split signal (medium blue dots) and the
frequency shift signal (dark blue). The horizontal lines in blue (orange) black mark the plateau and the value at
half of the slope.

6.3. Discussion

It has been shown that simultaneous measurement of the two polarization-split fundamental
modes provides information on the rotational di�usion of anisotropically shaped nanoparticles
in water. This detection method is highly sensitive as already nanospheres with a speci�ed
roundness of > 0.980 could be detected in their rotational di�usion. However, the frequency-
split signal still contains the information about the translational di�usion. So far, the rotational
and translational di�usion can’t be separated reliably. In addition, lack of statistics made
the evaluation di�cult. As a consequence, no precise statements could be made about the
rotational di�usivity and di�usion time. In case of the dimer, a comparison with the theoretical
rotation time could not be made due to the lack of information on the exact shape. Therefore
future experiments need to be conducted with known nanoparticle shapes, such as gold
nanorods, and with increased statistics. Furthermore the self-induced back-action (SIBA)
optical trapping [160] of the nanoparticle in the center of the antinode could signi�cantly
reduce the impact of the translational movement on the measurement. Here, the e�ect of
the increased cavity light �eld intensity on the nanoparticle’s rotational movement could be
investigated.

121





7. Summary and outlook

An open-access �ber-based Fabry-Pérot (FP) microcavity for the characterization and three-
dimensional tracking of label-free single nanoparticles dispersed in liquids has been build up
and its functionality evaluated in this work. In order to achieve high passive stability and a
controllable laminar �ow, a robust cavity setup with di�erent micro�uidic channel solutions
has been developed. This opened up the possibility to measure the cavity resonance changes of
several modes produced by a single nanosphere and thus the measurement of the nanosphere’s
polarizability, the change of its hydrate shell, the tracking of its three-dimensional Brownian
transversal di�usion and the detection of its rotational di�usion at high bandwidth.

7.1. Characterization of the cavity

Micro�uidic channel. Two di�erent micro�uidic channels have been demonstrated. Both
allow an integration of the �ber-based FP cavity into the channel and an easy exchange of
the �bers. The �rst micro�uidic channel consists of a polymer, hydrophobic structure, and
the second channel is built by a drilled hole into the glass ferrule [95]. Whereas the �rst
channel has the advantage of a customized shape, the latter is fabricated in 30 times the time
and can be fabricated in the own laboratory. Concerning the long-term stability as soon as
SiO2 nanoparticles are passed through the channel, the hydrophobic polymer channel isn’t
clocked after 5 months whereas the hydrophilic drilled hole is clogged after 1-3 weeks due
to higher tendency of the SiO2 nanoparticles adsorbing at the inner surface of the channel
and agglomerating to macroscopic structures. Nevertheless, both kinds of channels enable
the detection of hundreds single nanoparticle transit events within a few hours in order to
achieve statistical data.

Cooperativity. By comparing the cavity �lled with air and �lled with water, the �nesse is
decreased in water due to the additional water absorption loss. Therefore, in air, a high �nesse
of ∼ 90000 and in water a lower, but still high �nesse of 56710 were achieved. Consequently,
the highest cooperativity obtained in water was 𝐶 ∼ 𝑄𝜆30/(𝑛3m𝑉m) = 2.1 · 104, with a high
quality factor of𝑄 = 1 · 106, at the excitation wavelength of 𝜆0 = 780 nm and the mode volume
of 𝑉m = 10 µm3. [95]

Passive stability and resolution limit. In total, three sensing platform generations, cavity
A-C, have been developed. As from cavity A to cavity B mainly the micro�uidic channel was
changed but the rest of the setup almost stayed the same, they consist of a similar mechanical
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stability. In contrast, for cavity C, the cavity drifts have been drastically improved from 268 pm
to ≈ 1 pm due to di�erent kinds of changes: First, the material of the base was changed from
aluminum to Macor, reducing thermal expansions of the material. Second, the �ber �xation
on the setup mount was improved and �nally, a hood over the setup was introduced. These
changes also improved the measurement noise by a factor of 2.3. Consequently, a high passive
stability of 0.39 pm 𝑟𝑚𝑠 and 2.56 pm peak-to-peak noise were achieved. In addition, di�erent
cavity geometries were used. Whereas cavity A had a cooperativity of𝐶 ∝ 0.3 ·104, the highest
cooperativity of 𝐶 ∝ 2.1 · 104 was achieved with cavity B and similar cooperativities with
cavity C. Therefore, due to the improved 𝑟𝑚𝑠-noise in combination with an improved cavity
cooperativity, the minimal detectable nanosphere radius could be reduced from 𝑟hydr = 18.5 nm
to 𝑟hydr = 11.7 nm for SiO2 nanospheres dispersed in water. Comparing this resolution limit
with di�erent kind of molecules, already the dynamics of single ribosomes, exosomes, DNA
origami, and viruses could be detected [64, 68, 77, 161].

7.2. Characterization of di�erent quartz glass nanospheres

From several tens to hundreds nanoparticle transit events, the mean polarizabilities of three
di�erent SiO2 nanospheres, sample A-C, have been determined. It was shown that the ex-
tended nanosphere size (bare nanosphere + hydrate shell) instead of of its intrinsic size (bare
nanosphere) was measured. As a result, the mean e�ective refractive index of the extended
nanosphere and the mean thickness and mean refractive index of its hydrate shell was deduced.
The thickest hydrate shell of 21 nm was measured for sample C, with a shell refractive index
of 1.38 ± 0.04. In this case, the e�ective refractive index amounted to 1.39 ± 0.03, which was
smaller than the intrinsic refractive index of 𝑛SiO2 = 1.45. In Table A.2, the results for each
sample are summarized. [95]
In addition, it was shown that an increase of the scanning frequency from 3 kHz to 14.1 kHz
allowed the determination of the polarizability of a single nanosphere.
Furthermore, the in�uence of the salt dulbecco’s phosphate bu�ered saline (DPBS) on the
hydrate shell was investigated. Upon repeated alternate pumping of air, pure water, and
SiO2 nanospheres dispersed in 1.49 · 10−4mM DPBS through the micro�uidic channel, the
hydrate shell of the SiO2 nanospheres presumably vanished as the polarizability of the bare
nanosphere was measured. However, this contradicted the expectation since the nanoparticles
were dispersed in pure water in the �nal step. Therefore, the fully developed hydrate shell
was expected. Probably, the repeated pumping of the channel led to an accumulation of salt
and thus to an increase of its concentration in the micro�uidic channel.
Finally, the autocorrelation of several single nanosphere transit events was investigated both
theoretically and experimentally. With mathematical support from Kevin Müller1 a numerical
solution of the autocorrelation of a punctiform nanosphere drifting and di�using in water and
probed by the FP standing-wave light �eld was derived. In contrast to [97] two characteristic

1 Ph.D. student at the École Polytechnique Fédérale de Lausanne (EPFL).
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slopes appeared in the autocorrelation. This double-slope structure was experimentally con-
�rmed. However, the experimental autocorrelation di�ered from the theoretical one due to
the nanosphere’s expanded size in the real case. By considering the nanosphere’s expansion
and simulating the autocorrelation by Monte Carlo three-dimensional tracks, the measured
autocorrelation could be brought in coincidence with the simulated one. This con�rmed that
the transversal motion of the nanosphere was purely di�usive and the e�ect of the light �eld
on the nanosphere’s motion could be neglected.

7.3. Three-dimensional tracking of the Brownianmotion

The simultaneous scanning over the fundamental mode TEM00 and the two higher-order
transverse modes TEM01 and TEM10 allowed the three-dimensional tracking of a single
nanosphere’s di�usive motion through the FP cavity standing-wave light �eld. First, this
was shown theoretically by Monte Carlo simulations. Di�erent tracking algorithms were
evaluated and the best one was chosen, which deviated the least from the original track.
Then, via the mean squared displacement (MSD) the di�usivity and hydrodynamic radius of
the nanosphere was determined. Second, this established evaluation method was applied to
the measured signals. This allowed the tracking of a single SiO2 nanosphere with a spatial
resolution of 8 nm at the largest intensity gradients and with 44 nm mean spatial resolution
within the octant’s sensing volume for intensities greater than 𝐼0/𝑒2. The track was recorded
with a time resolution of 0.3ms, but in principle, also a time resolution of 0.07ms would be
possible without losing mechanical stability (see rotational di�usion signals). From the single
nanosphere track, the di�usivity 𝐷 = (2.2 ± 0.3) µm2/s as well as the hydrodynamic radius
𝑟hydr = (96 ± 15) nm were deduced. A better statistic could be achieved by the evaluation of 5
di�erent single nanosphere tracks. The obtained mean di�usivity of 〈𝐷〉 = (2.8 ± 0.4) µm2/s
and mean hydrodynamic radius of

〈
𝑟hydr

〉
= (76.9±10.0) nm were in excellent agreement with

the measured hydrodynamic radius determined by DLS measurements (𝑟hydr = (75.3±9.5) nm)
and the di�usivity calculated from it (𝐷 = (2.85 ± 0.37) µm2/s). Consequently, via the mea-
surement of the three-dimensional single nanosphere track, the hydrodynamic radius could
be determined independently from its refractive index. Together with the evaluation of the
polarizability, thus, the nanosphere’s e�ective refractive index can be derived. [95]

7.4. Rotational di�usion

The rotational di�usion of a nanosphere (sample B, C), a probable dimer (sample B, C) and a
larger agglomerate (sample C) could be investigated by the detection of the polarization-split
fundamental modes. Although the nanospheres were speci�ed with a roundness larger than
0.98, even the rotational motion of a single nanosphere could be detected by the frequency
splitting with a signal-to-noise (𝑆𝑁𝑅) ratio of 5. As expected, with increasing anisotropic
shape the 𝑆𝑁𝑅 ratio also increased to 𝑆𝑁𝑅 = 10 in the case of the dimer and to 𝑆𝑁𝑅 = 28
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in the case of the larger agglomerate. From the frequency-split signals, the autocorrelation
was calculated in order to get information about the di�erent di�usion times contained in
the signal. As the amount of frequency splitting produced by the rotation of the nanoparticle
also depends on the light �eld intensity at its position, three di�usion times and accordingly
three slopes were expected in the autocorrelation: one due to the nanoparticle’s rotation and
two due to its di�usion in longitudinal and transversal direction. Interestingly, in the case of
sample C, only the dimer autocorrelation showed a slight increase to smaller delay times. This
increase was assigned to the transversal motion of the dimer. Both, the nanosphere as well as
the larger agglomerate autocorrelation stayed the same (around zero) in the considered time
period. An increase in scanning frequency from 1 kHz to 14.1 kHz allowed the investigation
of the di�usion at smaller lag times of a nanosphere and a dimer (both sample B). Instead of
the three expected slopes, the autocorrelation of both nanoparticle types only consisted of
two slopes. Presumably, due to the lack of statistics, the slope at longer lag times contained
the rotational as well as the transversal di�usion.

7.5. Outlook

The resolution limit of the cavity can be further improved by di�erent approaches. First,
the water absorption loss can be reduced by decreasing the wavelength of the probe laser
to 630 nm. Within this work, new cavity �bers with attached dielectric mirrors for this
wavelength were already prepared. Second, the signal enhancement can be increased by
plasmonic nanoparticles. As on the one hand, plasmonic nanoparticles bene�t from a tiny
mode volume and on the other hand, microcavities consist of a high quality factor, both in
combination would improve the signal enhancement. Such hybrid microcavities are already
demonstrated for WGM [61, 162, 163, 164] and PhC cavities [165]. Third, the measurement
noise can be further decreased. For instance, this would be achieved by establishing several
cavities in the very same setup by using multi-core �bers instead of single-core �bers. Then,
each cavity would measure the same background noise and this would allow a subtraction
of the noise from the detected nanoparticle signal [86]. Alternatively, an active stabilization
of the cavity length would improve the measurement noise. Within two supervised student
works, a Pound-Drever-Hall lock [166], as well as a phase drift compensation lock, were
already established [148, 149]. For this purpose, a second laser with a wavelength of 860 nm
was introduced, which was simultaneously resonant with the 780 nm laser. The re�ected
signal of the 860 nm laser at the �ber-based cavity was used for active stabilization of the
cavity length (Pound-Drever-Hall lock). In addition, a Mach-Zehnder interferometer was set
up to measure phase changes when the nanoparticle resides in the cavity. Since phase drifts
also occurred without nanoparticles, a phase stabilizer was introduced in addition (phase lock).
To maintain phase in the �bers, the �ber-based cavity was established with two SM �bers
instead of one SM for the incoupling and one MM �ber for the outcoupling. First nanoparticle
signals could be measured in an active lock. However, the signal-to-noise ratio was still worse
in comparison to the passively measured signals presented in this work. This is due to a very
noisy lockbox, which must be replaced in the future by a low-noise device. Also, the SM-SM
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�ber alignment has to be improved to obtain similar high cooperativities. This can be achieved
by a smaller precision hole diameter of the ferrule.

Furthermore, the recording of the nanoparticle signal could be improved by replacing the
oscilloscope with a �eld-programmable gate array (FPGA). This would o�er the advantage
that the recording of the signal and the evaluation of the resonance amplitude, resonance full
width half maximum (FWHM), and resonance position could be performed in parallel and not
consecutively. Hence, not only the waiting time during evaluation would be saved, but also
the recording time would not be limited by the memory depth of the oscilloscope. Besides,
for the evaluation of the resonance, a Lorentzian �t to the resonance could be implemented
by using an FPGA for the readout. This would improve the determination of the resonance
properties.

Regarding the e�ect of salt on the hydrate shell, the decrease in hydrate shell as a function
of salt concentration as well as the SiO2 nanosphere size could be further investigated. The
e�ect on other nanoparticle materials, especially biomolecules, would also be interesting.

Besides, a further theoretical consideration of the autocorrelation function for a non-
punctiform nanosphere moving inside a FP standing-wave light �eld would be valuable. Then,
the type of nanosphere movement could be further investigated, independent of the measure-
ment of the three-dimensional track.

Due to symmetry reasons, the three-dimensional track of the nanoparticle is folded back
into the sensing octant of the antinode. Therefore, in the longitudinal direction, the sensing
octant is only 𝜆0/(4𝑛m) = 147 nm extended. To be able to detect a positional change between
di�erent antinodes and thus expand the sensing volume, an additional beat laser with a
di�erent frequency than the probe laser could be introduced. Then the new sensing octant
would be extended to a half-period of the beating pattern. In addition, the symmetry within
an antinode could be repealed by perfectly spherical mirror pro�les. Thus, the degeneracy of
the higher-order mode families would be broken by the nanoparticle and the phase-sensitive
interference measurement of the di�erent transverse modes would contain the full lateral
particle position inside an antinode [167].

The rotational di�usion of di�erent nanoparticle types inside the FP standing-wave light
�eld is not well understood yet. To analyze the rotation, �rst, a change of the nanoparticle
sample with a known anisotropic shape is recommended. For instance, single gold nanorods
with a plasmon resonance far away from 780 nm could be investigated. Second, a measurement
at higher bandwidth would improve the resolution of the �rst plateau in the autocorrelation.
This could be achieved by actively stabilizing the cavity length and simultaneously exciting
both polarization modes of the fundamental mode with an electro-optic modulator (EOM). In
addition, it has to be investigated if the polarization direction of the split modes changes due to
the birefringent nanoparticle [139, 140]. A change in rotation can be detected, by introducing
a polarizing beamsplitter for the read-out of the signal. Finally, it would be interesting to
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which extend di�erent intracavity light intensities and nanorod lengths a�ect the rotational
movement.

In order to expand the sensor’s functionalities, an active stabilization of the cavity length
would enable the investigation of the self-induced back-action (SIBA) optical trapping
[160]. This would allow the trapping of nanoparticles or molecules at lower powers than
needed for conventional optical tweezers. When the nanoparticle is trapped, its interaction
with other nanoparticles or its change over time due to environmental changes could be
investigated.

The �rst step towards themeasuring of biological samples could be done by the investi-
gation of the unfolding process of DNA origami at di�erent temperatures and di�erent salt
concentrations [168, 169]. In addition, drug-loaded nanoparticles and molecules could be
examined [170, 171]. Once, the cavity resolution is improved such that even SiO2 nanospheres
with a hydrodynamic radius between 1 nm to 10 nm are detectable, the dynamics of individual
unlabeled proteins with a small molecular mass would provide insights into an unknown
world of biological processes that occur in living species.
However, before biological samples can be examined, �rst, the passivation of the micro�u-
idic channel has to be investigated. Whereas SiO2 nanoparticles tend to agglomerate at
hydrophilic surfaces, unspeci�c protein binding at hydrophobic surfaces is observed for bi-
ological samples[150, 151]. Therefore, in this case, another surface passivation has to be
investigated. Good advances were achieved by other groups with dichlorodimethylsilane
(DDS)-Tween-20 [172] or with bovine serum albumin (BSA) [173]. Probably nanometer-thin
layers of polytetra�uoroethylene (PTFE) [174] could be used as an allrounder surface passiva-
tor, to prevent the adsorption of both, SiO2 nanoparticles as well as biomolecules.

Finally, a surface scanning FP cavity in liquids would allow the investigation of biological
processes e.g. on a cell membrane. In this case, one of the cavity �bers has to be exchanged by
a planar mirror that would act as both, the second cavity mirror as well as the sample holder
[87, 89, 175].

In conclusion, with the discussed current and future methods, the �ber-based Fabry-Pérot
microcavity can be used for future studies of nanoparticles in liquids to learn more of this
still largely unknown world. Such detection methods are important because, on the one hand,
we can derive a bene�t from nanoparticle properties, e.g. in nanomedicine or technological
applications. But on the other hand, we can also investigate possible negative e�ects of
nanoparticles on our health and the environment.

128



A. Appendix

A.1. The first fiber-based Fabry-Pérot cavity for sensing in liquids

The �rst version of the �ber-based FP cavity setup is shown in Fig. A.1. The design was
created by Matthias Mader [108] and ful�lls the requirement of integrating the cavity into a
micro�uidic channel. With the setup, the �rst signal of SiO2 nanospheres di�using through
the cavity could be recorded with a locked cavity. The setup was �rst rebuilt with minor
changes (see Fig. A.2), however, the fabrication of the setup is complex, time-consuming and
a good cavity alignment, and thus a high quality factor, is only attainable through luck. In the
following, the problems are discussed in more detail:
The micro�uidic channel consists of a channel milled in marcor1. This channel is sealed by
gluing a quartz glass pane on top as a lid. In order to prevent the glue from �owing into the
channel, the channel is �rst �lled with polyethylenglycol 2000 (PEG2000) and then the quartz
glass plane is glued on top2. Afterward, the PEG2000 is melted out of the channel again. Here,
the �rst problem arises: As the PEG2000 consists of a rough surface and it’s di�cult to �ll
up the channel evenly, glue also extends into the channel and may cause turbulent �ow. In
addition, when the PEG2000 is melted out, residues can remain in the channel, which can

1 The channel has a square cross-section with 200 µm side length. The length of each inlet is 53.7mm and the
outlet has the length 6mm.

2 The silica plane is cut by the CO2 laser setup with single laser pulses. As the bar in the middle has a diameter of
only 2.2mm, the plane breaks easily at its fabrication.

a) b)

Figure A.1.:Overview of the cavity setup design by Matthias Mader. a) The micro�uidics consists of a milled
macor block (F), which is glued on top of an aluminum pedestal. A quartz glass panel seals the channel (A).
The cavity �bers are glued on a v-groove (B), which in turn is glued (C) to piezoelectric actuators (D). Through
SMC-connectors (G), the piezos are electrically connected to an external voltage. b) Zoom into the crossing, where
the cavity �bers protrude into the micro�uidic channel. Taken from [108].
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a) b)

1 cm 

Figure A.2.: Own cavity setup inspired byMattthias Mader’s design. a) CAD drawing of the setup. The micro�uidic
channel consists of three inlets and one outlet. b) Photograph of the setup.

contaminate the cavity when the experiments are conducted. The most critical part of the
fabrication is the gluing of the �bers into the micro�uidic channel. The gluing is in this case
required because otherwise, the liquid could leave the micro�uidic channel through the �ber
openings and thus reach the electronics. However, gluing the �bers into the channel has the
following disadvantages: First, although the glue cures under UV light3, it can happen very
quickly that the glue gets onto the mirror end facets. This means that the whole setup has to
be taken apart again and started from scratch. Second, the glue shrinks when it dries, causing
a change in the cavity alignment. This generally deteriorates the cavity �nesse without being
able to control it. The glue’s sti�ness also reduces the scanning range of the piezos, which
means that in the worst case, less than one FSR can be scanned. Lastly, when the �ber mirrors
get dirty at the experiments, the �bers can’t be taken out for cleaning in an ultrasonic bath or
the mirrors also can’t be exchanged. Instead, the whole setup has to be rebuild.
Because of these problems, a new, simpli�ed, controllable setup was developed and re�ned
(see Chapter 3).

A.2. Construction of the core sensor

This chapter deals with additional information about the di�erent cavity setup versions. In
Appendix A.2.1 the protection system for the electronics on the sensing platform is presented.
This is necessary because water can leak out at the precision hole openings and is located
there in the vicinity of the electronics of the piezoelectric actuators.

A.2.1. Protection of electronics from getting wet

The �bers are inserted into the ferrule’s precision hole without sealing the openings. Since
untreated quartz glass consists of a hydrophilic surface, the water, which is pumped through

3 EPO-TEK 113-91-5
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Figure A.3.: Details of the sensor mount of cavity C. To prevent the liquid from reaching the piezoelectric actuators,
the sensor mount consists of a drainage system. The liquid leaking out of the ferrule’s precision hole (red) is lead
through a hole inside the Macor base (from red to green) and is collected in a catch basin (yellow). If the liquid
level exceeds a certain height, it �nally leaves the Macor base through two outlets (turquoise).

the micro�uidic channel, can leave the ferrule through the precision hole by capillary forces
(see Fig. A.3, red). Directly next to the ferrule precision hole openings, piezoelectric actuators
(blue) are located, which are operated at high voltages. In order to prevent the electronics
from getting wet, the aluminum bases (cavity A, cavity B), as well as the Macor base (cavity
C), consist of a drain at the ferrule precision hole openings. In case of cavity B and cavity C ,
the drain leads to a catchment basin (Fig. A.3, green and yellow). Before the liquid level can
exceed the piezoelectric actuator’s pedestal, the liquid expires the Macor base at the outlet
(only implemented in cavity C, Fig. A.3 turquoise).
A hydrophobization of the micro�uidic channel and of the ferrule’s precision hole (see Ap-
pendix A.8) could also prevents water from leaking out at the �ber precision hole openings.
For this purpose, the polymer micro�uidic channel (cavity C) was silanized and di�erent
pressure experiments conducted. As the Polymer micro�uidic channel was directly silanized
at its fabrication, at �rst, a non-silanized quartz glass ferrule was investigated. When a water
bubble at the end of a syringe tip was was held to the opening of the drilled hole, the typical
capillary column was observed, which allowed the water to escape through all openings
(micro�uidic channel as well as precision hole) without any applied pressure. In the next
step, the same approach was performed for the hydrophobic polymer micro�uidic channel
(see Fig. A.7a). The water did not �ow through the channel nor through the precision hole,
but came out on the same side. A micro�uidic connector was then glued to one side of the
polymer micro�uidic channel (Fig. A.7b) and the water was pumped through, by applying a
pressure of 0.5 bar to the pressure vessel (see Fig. A.5). Besides, glass �bers were inserted into
the precision hole from both sides. In this case, the water �owed through the micro�uidic
channel and the opening on the other side. The capillary column also increased in length in
the precision hole, but the water did not leak out at the precision hole openings. Finally, a
connector was glued to the other side of the polymer micro�uidic channel as well (see A.7c).
As the length of the micro�uidic channel increased, the water leaked out at the other side of
the micro�uidic channel, but also at the precision hole openings, when a pressure of 0.5 bar
was applied. Experiments at lower pressures were not carried out. However it is assumed
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a) b)

c)

capillary 
column

Figure A.4.: Water pressure experiments on the hydrophobized polymer micro�uidic channel. a) The hydrophobic
surface prevents the water from �owing through the channel. b) Gluing a connector into the inlet of the micro�uidic
channel and pumping water through under pressure forces the water �owing through the channel. The water
leaves the channel on the other side, but it doesn’t leak out at the precision hole openings, although the length of
the capillary column increases. c) The outlet of the micro�uidic is connected as well. Due to the increased length
of the micro�uidic channel, the water also leaks out at the precision hole openings.

that a signi�cantly lower pressure in combination with a smaller precision hole diameter
(the latter would also improve the SM-SM �ber alignment, which is necessary for active lock
measurements) would prevent the water from leaking out at the precision hole openings.

A.2.2. Construction of the di�erent cavity versions

The main parts of the core sensor and the di�erent sensing platforms cavity A (Fig. 3.9), cavity
B (Fig. 3.10) and cavity C (Fig. 3.11) are already presented in Chapter 3. Here, the detailed
fabrication steps as well as the used materials are described.

For all setup versions, the same quartz glass ferrule4 is used. It is glued on the aluminum
(cavity A, B) or the Macor base (C; see Fig. 3.11) with a 2-component epoxy glue5. To enable

4 OZ Optics, FER 1.225-1.225-131, material: quartz glass
5 UHU plus schnellfest 2-Komponenten-Kleber
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Figure A.5.: Micro�uidic pump. The micro�uidic channel is �ushed with a liquid by applying pressure on a vessel.
This forces the liquid to �ow through the micro�uidic tube into the micro�uidic channel.

Cavity length 
changes!Fiber is 

clamped

Figure A.6.: Sketch of the �ber clamp at lower height than the ferrule’s precision hole. When the �ber is clamped
down (black arrow) it is pulled back (red arrows) and therefore the cavity length increases.

a modulation of the cavity length, two Piezos are glued on the base with the same epoxy
glue. Before the �ber clamps6 are glued on top, the height between the �ber clamp and
the ferrule precision hole has to be adapted. This is necessary because if the clamp was
lower than the precision hole of the ferrule, the �ber would be pulled back when it was
clamped (see Fig. A.6). This would increase the cavity length by several micrometers and
therefore short resonator lengths would not be achievable. Long resonator lengths, on the
other hand, lead to greater water absorption losses and consequently to lower signal en-
hancements (cooperativities) of the �ber-based FP cavity. The height of the clamp can be
increased by cluing thin metal sheets on the piezoelectric actuator as a spacer or if the clamp is
too high, the thickness of the clamp can be reduced by grinding its bottom side with sandpaper.

Polymer channel (CavityA). Themicro�uidic channel of cavity A consists of a 3D polymer
structure. It was designed and fabricated together with Christian Kern, a former Ph.D. student
in the Martin Wegener research group at the Applied Physical Institute at the Karlsruhe
Institute of Technology. In the following, the fabrication steps for the micro�uidic channel
are explained in detail.
At �rst, a v-shaped notch is cut into the glass ferrule (see Fig. 3.5). This is done with a wafer

6 Material: PEEK.
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𝑦-position (µm) Sawing depth (mm)
0 250

±32.5 225
±65.0 201
±97.5 176
±130.0 151
±162.5 127
±195.0 102
±227.5 78
±260.0 53
± 292.5 28
± 325.0 4

Table A.1.: Parameters for the sawing of the v-shaped notch into the ferrule. At the middle (𝑦 = 0) the sawing
depth is greatest and decreases towards the outside symmetrically in ±𝑦-direction.

saw7 and was carried out by Lucas Radtke, a technician at the Center for Functional Nanos-
tructures at the KIT. The wafer saw has a saw blade width of about 220 µm8, the spindle speed
is set to 25000 rpm and the feed is set to 2mm/s. To prevent the ferrule from moving around
during the sawing process, the ferrule is �xed on an adhesive �lm9 and it is additionally �xed
with adhesive tape. In order to cut a v-shaped notch, di�erent sawing depths are cut into the
glass at di�erent 𝑦-positions (see Fig. 3.5 for the de�nition of the 𝑦-position and Table A.1 for
the sawing depths). In Fig. 3.5 b) a micrograph of the cut v-shaped notch is shown.
In the second step, the 3D-polymer structure is written into the notch. For this purpose, a
CAD design of the wanted structure is necessary (see Fig. 3.6). It consists of an outer hole,
with a diameter of 0.38mm, which narrows to 0.2mm at the center. At the center is a crossing
with a slightly thicker hole of 0.21mm in diameter for the cavity �bers. The designed hole of
0.21mm is 79 µm thicker than the precision hole of the ferrule. This is necessary since the
fabricated hole diameter deviates from the designed hole, and also the center of the written
hole can be slightly misaligned from the center of the precision hole. The writing of the 3D
polymer structure was carried out by Christian Kern. Therefore, its verbatim description of
the fabrication process is taken from [95]: "[...] we fabricate the micro�uidic channel using
a commercial direct laser writing setup (Photonic Professional GT, Nanoscribe GmbH) with
a 25× NA 0.8 objective lens (LCI Plan-Neo�uar Imm Corr DIC M27, Carl Zeiss Microscopy
GmbH) and the liquid negative-tone photoresist IP-S (Nanoscribe GmbH). The total writing
time is about 3.5 h. Due to the large dimensions of the polymer structure, several measures
have to be taken: First, we use a galvanometer mirror scanning system to increase the writing
speed. Second, we use the so-called dip-in con�guration, which means that the objective lens
is immersed in the liquid photoresist itself, thereby removing the constraint on the height
of the structure imposed by the working distance of the objective lens. Third, instead of

7 DISCO DAD3350
8 Minitron elektronik GmbH Microkerf 2.187-8-45H
9 UHP 0805M6 E2
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polymerizing the whole structure during the actual writing process, we only polymerize an
outer shell as well as an internal support sca�old. Following the development of the structure
in mrDev 600 (micro resist technology GmbH), the liquid photoresist inside of the structure
is cured using a UV �ood-exposure. In the third and last step, in order to ensure that the
system is watertight, we apply a hydrophobic coating in a two-step process: First, the structure
is conformally coated with a Al2O3 layer with a thickness of several ten nanometers using
atomic-layer deposition. Second, following a brief air-plasma treatment, the structure is
immersed in a 3mM solution of octadecyltrichlorsilane (CAS 112-04-9) in toluene."
In the last step, external micro�uidic tubes are connected to the micro�uidic channel. First,
syringe needles10 with a diameter of 0.3mm are shortened with a dremel and then glued
into the 0.38mm holes of the 3D-polymer structure with a UV-curing adhesive11. The rapid
hardening of the adhesive under UV light is necessary, otherwise, there is a risk of the adhesive
clogging the micro�uidic channel. To avoid stresses on the 3D-polymer structure, the syringe
needle is glued on the aluminum base with a 2-component epoxy adhesive12. Here, shims are
used to adjust the height of the aluminum base. The micro�uidic connection to the needle
consists of the connector of an infusion extension line13, which are used as standard in the
medical sector and a micro�uidic tube14 with an inner diameter of 100 µm. The connection at
the end of the extension line is cut o� and the micro�uidic tube is glued15 into the resulting
hole. The �nished micro�uidic connection is shown in Fig. 3.9.

Quartz glass channel (cavity B, cavity C). To the drilled hole, commercially available
micro�uidic tubes16 are directly attached (see Fig. 3.10). First, the tube ends are conically
sharpened with a razor blade so that the tip diameter is smaller than the outer diameter of the
drilled hole and then the tubes are glued into the hole with a UV-curing silicone adhesive17.
The silicon adhesive is used instead of the epoxy adhesive18 because it is more elastic and
provides a long-lasting seal. In case of cavity B, the long micro�uidic tube is glued on the
aluminum base with an epoxy glue19 in order to reduce stress on the drilled hole. Shims are
used to adjust the height between tube and aluminum base. On the other hand, the short
micro�uidic tubes of cavity C are glued on and into the micro�uidic adapters with the silicone
adhesive.
If the micro�uidic cell gets clogged by solid, insoluble nanoparticles (see Chapter 3.1.2), the
�bers as well as the micro�uidic tubes have to be removed in order to mechanically clean the
channel. In case of cavity C the following was tried once: The micro�uidic adapters were

10 Sterican Insulinkanüle gelb 30G
11 Epo-Tek OG116-31
12 UHU plus schnellfest 2-Komponenten-Kleber
13 Braun 1 ProSet Verlängerungsleitung 0,5x2,35x300mm PUR
14 Upchurch 1561L PEEK tubing black; outer diameter: 1/16", inner diameter: 0.004".
15 Epo-Tek OG116-31
16 Upchurch 1561L PEEK tubing black; outer diameter: 1/16", inner diameter: 0.004".
17 LOCTITE SI 5091
18 Epo-Tek OG116-31
19 UHU plus schnellfest 2-Komponenten-Kleber

135



A. Appendix
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Figure A.7.: Schematic for the continuity law of incompressible �uids.

pulled simultaneously in opposite directions. This lead to an even breaking of the silicone
adhesive and next time, they could be carefully pressed on the ferrule again without gluing.

A.3. Pressure inside themicrofluidic channel

Of the two di�erent micro�uidic designs, only the polymer micro�uidic channel is silanized
in order to prevent the water from leaking out through the precision hole. To estimate the
pressure inside themicro�uidic channel at which the channel remains water tight, two di�erent
physical laws are important [176]: The �rst one is the law of continuity for incompressible
�uids. Fig. A.7 shows a sketch for a �uid �owing in a pipe with a cross-section 𝐴1 decreasing
to a smaller cross-section 𝐴2. The corresponding �ow velocities through cross-section 𝐴1, ®𝑣1
and through cross-section 𝐴2, ®𝑣2 relate to each other as follows

| ®𝑣2 | =
𝐴1
𝐴2

| ®𝑣1 | . (A.1)

In a micro�uidic channel, the �uid �ow is laminar. If the channel has a �xed radius of 𝑟 and a
length 𝑙 , the volume �ow can be calculated by Hagen-Poiseuille:

d𝑉
d𝑡 =

𝜋𝑟 4Δ𝑝

8𝜂𝑙 , (A.2)

whereas 𝜂 is the dynamical viscosity and Δ𝑝 is the pressure di�erence between the inlet and
outlet. With the volume 𝑉 = 𝐴 · 𝑙 = 𝜋𝑟 2𝑙 , the volume �ow can be transformed to

d𝑉
d𝑡 =

d𝐴
d𝑡 𝑙 +

d𝑙
d𝑡 𝐴 = 𝑣 · 𝜋𝑟 2 (A.3)

and with Eq. (A.2) the pressure di�erence can be expressed as

Δ𝑝 =
8𝜂𝑙𝑣
𝑟 2

. (A.4)

By neglecting the outlet through the precision hole, the micro�uidic system consist of the
micro�uidic tube (MT, inner radius 𝑟MT = 0.1mm), the syringe needle (SN, inner radius
𝑟SN = 1.4mm), the polymer micro�uidic channel (PC), the syringe needle and the micro�uidic
tube (see Fig. A.8). At the outlet (0), the atmosphere pressure of 𝑝0 ≈ 1 bar is assumed. Via Eq.
A.4, the pressure at the intersection 1 can be calculated by

𝑝1 =
8𝜂𝑙MT𝑣10

𝑟 2MT
+ 𝑝0 . (A.5)
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Figure A.8.: Sketch of the micro�uidic system.

At intersection 1, the tube cross-section is changing from 𝐴MT = 𝜋𝑟 2MT to 𝐴SN = 𝜋𝑟 2SN. Here,
the new velocity 𝑣21 is derived by Eq. (A.1):

𝑣21 =
𝑟 2MT
𝑟 2SN

𝑣10 . (A.6)

By repeating step (A.5) and step (A.6) for the other intersections 2-5, the pressure di�erence
inside the polymer channel Δ𝑝32 as well as the �uid velocity 𝑣32 can be estimated. If the inlet
pressure of 1.5 bar = 1.5 · 105 Pa is applied, the pressure is Δ𝑝32 ≈ 0.01...0.14 Pa and the �uid
velocity is 𝑣32 ≈ 0.12...0.24mm/s.
For the estimation of the pressure di�erence and velocity, any height di�erences and friction
at the internal surfaces were neglected.

A.4. CAD design for the electric current and temperature control of
the laser

As a second probe laser, a wavelength-stabilized laser diode is used, which is already �ber
coupled20. In order to establish a current and temperature control, a housing was CAD
designed and fabricated by the mechanical workshop (see Fig. A.9). The laser diode (yellow)
is clamped into a copper laser head mount and is �xed on a copper adapter. Copper is used to
provide a good heat conduction. Under the copper adapter is a Peltier element clamped with
its warm side facing upwards. Simultaneously, the Peltier element serves as a spacer between
the copper adapter and the aluminum base, which is cooled by the Peltier element. The Peltier
element is connected to a D-sub 9 connector (male) by electronic cables. Besides, the laser
diode is electronically connected by an adapter mounted on an electronic board21 and the
electronic board itself is connected to a D-sub 9 connector (female) by electronic cables. All
electronic cables are lead through the passage and are hidden under the cover. In order to
thermally encapsulate the laser diode from the environment, an aluminum hood is imposed
on the laser head mount. A passage through the hood provides an outlet for the �ber (laser
output).

20 Thorlabs LP785-SAV50
21 Fabricated by Jannis Ret from the electronic workshop at the Physical Institute, KIT.
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Figure A.9.: Laser head housing designed with Autodesk Inventor CAD software. The housing provides an
aluminum hood for thermal encapsulation of the laser head to the environment and an electronic connection of
the laser diode (electronic board, D-sub 9 connector). In addition, a Peltier element can be operated for an active
temperature stabilization of the laser.

Both, the Laser diode and the Peltier element can be connected to an electric current controller
and a temperature controller. In the conducted experiments, the laser was not temperature
stabilized because the proportional integral derivative (PID) control loop settings of the
temperature controller would have to be adapted to the new thermal mass. However, in the
long term, the same temperature controller was used for another laser with a di�erent thermal
mass and therefore the PID settings have not been adjusted. However, for the conducted
three-dimensional tracking events, the laser was stable enough. For the operation of the laser
diode, a current controller from Toptica22 was used. When connecting and operating the laser
diode for the �rst time, several things must be considered: First, when touching the laser
head, the person must be grounded to prevent damage to the laser diode. Second, the laser
diode ground, cathode, and anode have to be connected to the correct inputs of the current
controller. Consequently, custom-made cable connectors have to be soldered for the correct

22 Toptica, DCC 110
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assignment. Finally, the maximal current and maximal voltage for the laser diode must be
set in the current controller. When the laser diode is operated the �rst time, a low current is
advisable, which is slowly increased, until the lasing regime is achieved.

A.5. Quartz glass nanoparticle samples

Within this work, three di�erent quartz glass nanosphere samples were investigated. They
are denoted as sample A, sample B, and sample C. In Table A.2 the di�erent properties are
summarized. The black numbers are given by the companies, the gray numbers were measured
with commercial measurement techniques and the blue numbers were measured with the FP
sensor. In the following, the sample properties are investigated in more detail.

A.5.1. Sample A

The SiO2 nanospheres are provided by the company microParticles GmbH23. The general
speci�cations of the SiO2 nanospheres given by the company are summarized in Fig. A.10.
Especially for the acquired nanosphere diameter distribution, the following properties are
speci�ed: They have a mean diameter of 143 nm, a standard deviation of 0.004 nm and a
5% solids content in an aqueous solution. The following additional information could be
received via email contact: The SiO2 nanospheres are fabricates by a sol-gel process (hydroly-
sis/condensation reaction according to Stöber).

Sample A Sample B Sample C
𝑟geom (nm) 63.2 ± 1.7 60.0 ± 1.8 25.0 ± 0.8
𝑟hydr (nm) 71.5 ± 2.0 75.3 ± 9.5 46 ± 30
𝑛e� 1.41 ± 0.01 1.420 ± 0.005 1.39 ± 0.03
𝑛SiO2 1.42 1.45 1.45
𝑛h 1.40 ± 0.02 1.39 ± 0.04 1.38 ± 0.04

Table A.2.:Quartz glass nanospheres investigated in this work. The di�erent parameters are the geometric radius
𝑟geom, the hydrodynamic radius 𝑟hydr, the e�ective refractive index 𝑛e� , the intrinsic refractive index 𝑟SiO2 and
the refractive index of the hydrate shell 𝑟h.

Refractive index of the bare nanosphere. The intrinsic refractive index of 𝑛SiO2 = 1.42
was measured by customers by increasing the transmission intensity through the solution for
di�erent solvent mixture ratios. More details about this method can be found in [177].

23 microParticles GmbH, SiO2-F-0.15
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Figure A.10.:General properties of the SiO2 nanospheres provided by the microParticles GmbH company. Screen-
shot taken from the o�cial website [178].
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Figure A.11.: Nanosphere size distribution measured by di�erential sedimentation. This Plot was provided by the
company and is from another batch than used in this work.

Hydrodynamic size. The diameter distribution of the SiO2 particles was determined by the
company via di�erential sedimentation (cps disc centrifuge) in aqueous suspension. Therefore,
the hydrodynamic size distribution is measured instead of the intrinsic size. In Fig. A.11 the
diameter distribution for another batch but the same nanosphere size is shown.
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Figure A.12.: SEM pictures of sample A. The SiO2 nanospheres have a mean intrinsic radius of 𝑟geom = 63.2 nm
and a standard distribution of 𝜎𝑟 = 1.7 nm. [95], see supplementary information

Intrinsic size. In order to determine the intrinsic size distribution of the nanospheres, scat-
tering electron micrographs were taken from the nanospheres. This measurement was done
by Patrice Brenner from the CFN nanostructure service lab at the Karlsruhe institute of tech-
nology (KIT) and the results are shown in Fig. A.12. From the di�erent measured sizes a
mean intrinsic radius of 𝑟geom = 63.2 nm and a standard distribution of 𝜎𝑟 = 1.7 nm could be
obtained.
E�ective refractive index and refractive index of the hydration shell. The determina-
tion of the e�ective refractive index and the refractive index of the hydration shell is described
in Chapter 4.2.
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A.5.2. Sample B

This kind of quartz glass nanospheres is provided by the company ALPHA Nanotech24. Since
the company determines the size distribution by transmission electron micrographs (see Fig.
A.13), the given size distribution accounts for the intrinsic size of the bare SiO2 nanosphere.
They specify the nanospheres with a mean diameter if 𝐷geom = 120 nm and a variation coe�-
cient of 𝑐𝑣 < 3%. The nanospheres are di�racted in Milli-Q water and are non-functionalized.

Hydrodynamic radius. In order to measure the hydrodynamic size of the nanospheres,
DLS measurements were carried out by Mark Rutschmann from the Insitute of Inorganic
Chemistry at the Karlsruhe institute of technology (KIT). The measurement result is shown
in Fig. A.14 and yield a hydrodynamic radius of 𝑟hydr = 75.3 nm and a standard deviation of
𝜎𝑟 = (

√
𝑃𝐷𝐼 · 𝐷hydr)/2 = 9.5 nm.

Refractive index of the bare nanosphere. Via email contact the following additional
information about the intrinsic refractive index of the nanospheres could be received: "We
haven’t measured the refractive index [...], however, we expect the value is very close to the
refractive index of silica surfaces, as there is no impurity added into the silica nanospheres, the
silica nanospheres should have the same physical parameters as silica materials." (21.08.2019,
contact: Edward from ALPHA Nanotech Team). Concerning the agglomeration of glass beads,
the following information was given: "We did a number of tests for di�erent sizes (SiO2 50
nm, SiO2 500 nm, and SiO2 1000 nm) and di�erent materials (PS 100 nm, PS 500 nm, and PS
1000 nm) and found that silica nanospheres are NOT easy to get aggregated if prolonged ultra-
sonication/vortexing is applied. On the other hand, for polymeric materials like polystyrene
or poly(methyl methacrylate), the re-suspended nano-/microspheres cannot be back to the
originally suspended state, regardless of the length and power of ultrasonication/vortexing.
This indicates the aggregation of silica nanospheres is reversible while the aggregation of
polymeric nanospheres is not. Silica nanospheres can be considered as miniaturized glass
beads and they are much" more "robust than what we thought they would be. So, ultrasonica-
tion/vortexing at 40 to 80 kHz for 10 to 15 minutes is su�cient for colloidal silica nanospheres
to reach a completely colloidal state. If the silica nanospheres ever undergo temperature
shocks or come to the partially or completely powdered state, ultrasonication/vortexing at
100 kHz for 30 mins in the new solvent (while controlling the temperature no higher than 35
Celcius degrees) is su�cient for reversing any aggregations. If you wish to add surfactants
(although not necessary based on our experience), we would say always start by a tiny amount
and see how it would respond to the colloidal silica." (21.08.2019, contact: Edward from ALPHA
Nanotech Team)

E�ective refractive index. The determination of the e�ective refractive index via the
frequency shift histogram is described in Chapter 4.2. Due to a later quantitative measurement
with another cavity geometry (CG4, Table 3.6), the correlation between the decrease of

24 ALPHA Nanotech, non-functionalized collodial quartz glass nanospheres, size: 120 nm.
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Figure A.13.: Transmission electron micrograph of sample B provided by ALPHA Nanotech.
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Figure A.14.: a) Dynamic light scattering (DLS) measurement of the SiO2 nanospheres with an intrinsic diameter
of 𝐷geom = 120 nm. The nanospheres have an expanded averaged diameter of 𝐷hydr = 150.6 nm when they are
dispersed in water and the polydispersity index is 𝑃𝐷𝐼 = 0.016 nm.

Figure A.15.: Correlation between the decrease of amplitudes and the frequency shifts of 9 transit events (blue).
In colors are the simulated curves depicted for the hydrodynamic radius of 𝑟hydr = 75.3 nm and the e�ective
refractive index of 𝑛e� 1.41 (yellow), 1.42 (purple) and 1.43 (gray).

amplitude and frequency shifts could be measured (see Fig. A.15). In this case, the polarization
splitting of the fundamental modewasmeasuredwith resonances of a similar height. Therefore,
the data point cloud is slightly expanded on 𝑦-direction. By comparing the experimentally
derived data with the simulated curves, the best agreement is achieved for 𝑛e� = 1.420. The
systematic error is estimated by Δ𝑛e� = 0.005.
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Refractive index of the hydration shell. The determination of the refractive index of
the hydration shell is described in Chapter 4.2.

Figure A.16.: Transmission electron micrograph of SiO2 with an intrinsic mean diameter of𝐷geom = 50 nm (sample
C) provided by ALPHA Nanotech.

Figure A.17.:DLS measurement of sample C. The solid lines represent lognorm-�ts to the data points and the
vertical lines de�ne the z-average value.

A.5.3. Sample C

Sample C is provided by the same company as sample B (ALPHA Nanotech)25. Here, the
nanospheres are speci�ed with a mean intrinsic diameter of 𝐷geom = 50 nm and a variation
coe�cient of 𝑐𝑣 < 3% (see Fig. A.16). The rest of the properties given by the company are the
same as for sample B.

25 ALPHA Nanotech, non-functionalized colloidal quartz glass nanospheres, size: 50 nm.
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Hydrodynamic radius. From DLS measurements26 the intensity weighted mean hydrody-
namic size 𝑟z (also called "z-average") of an ensemble nanosphere measurement can be derived
by [179]

𝑟z =

∑
𝐼 (𝑟hydr)∑ 𝐼 (𝑟hydr)

𝑟hydr

. (A.7)

This is done for each measurement and is shown in Fig. A.17 by vertical lines. By averaging
over all 𝑟z, the averaged harmonic mean of the hydrodynamic radius is calculated, namely
𝑟hydr = 46.2 nm. In order to deduce the standard deviation for the hydrodynamic radius 𝜎𝑟 , a
log-normal distribution is �tted to the measured intensities. The linewidth of the �t directly
indicates the standard deviation and averaging over all linewidths give the standard deviation
𝜎𝑟 = 29.6 nm.

E�ective refractive index. The e�ective refractive index is determined by the FP �ber
sensor (see Fig. A.18). Since the polarizability of the nanospheres is so small that the amplitude
of the resonance doesn’t change, the e�ective refractive index is derived from the frequency
shift histogram, where the maximal measured frequency is Δ𝜈 = 2.2GHz (see Fig. A.18).
In this case, agglomerates and multiple nanospheres being in the cavity at the same time
could be sorted out in advance via the polarization contrast (see Chapter 6). Due to the
large hydrodynamic radius distribution of 𝑟hydr = (46.2 ± 29.6) nm, the occurring maximal
frequency shift is assumed to stem from nanospheres with radius 𝑟hydr = (46.2 + 29.6/2)nm
and the systematic error is estimated by Δ𝑛 = 𝑛e� ((46.2+ 29.6) nm) −𝑛e� ((46.2+ 29.6/2) nm).
Therefore, the e�ective refractive index is𝑛e� = 1.39±0.03. The determination of the refractive
index of the hydrate shell is described in Chapter 4.2.

26 Carried out by Mark Rutschmann from the Insitute of Inorganic Chemistry at the Karlsruhe institute of
technology (KIT).

Figure A.18.:Measured frequency shift of 25 nanosphere transit events. The maximal measured frequency shift is
at Δ𝜈 = 2.2GHz, whereby an e�ective refractive index of 𝑛e� = 1.39 can be derived.
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A.6. Raw data of the single quartz glass nanosphere transit event

Measured resonance full width half maxima (FWHMs) 𝛿𝑡 and time shifts Δ𝑡 for the TEM00,
the TEM01 and the TEM10 mode. The calculation into frequency shifts is already explained in
Chapter 3.4.

A.7. Cavity preparation and occurring sensor problems

When the cavity is adjusted and �ooded with a liquid, several problems may occur. In the
following, those problems are discussed, and possible solutions are o�ered.

Problem 1:
Despite a short cavity length, the �nesse in air is lower than the theoretical one. When the
cavity �bers are inserted into the ferrule, the precision hole basically ensures the alignment.
However, various reasons lead to a misalignment: 1. the mirrors’ convex pro�les are not
perfectly centered to the �ber cores, 2. the �ber cores itself may not be perfectly centered, and
3. the precision hole is 6 um larger than the diameter of the uncoated �bers, allowing them to
tilt and shift against each other.

Figure A.19.: FWHMs 𝛿𝑡 and time shifts Δ𝑡 for the TEM00 (red), the TEM01 (green) and the TEM10 (blue) mode.
The black/gray dashed lines are �ts to the unperturbed FWHMs or lineshifts Δ𝑡/𝛿𝑡�t. The third row shows the
drift subtracted lineshifts Δ𝑡/𝛿𝑡�t − Δ𝑡�t. [95], see supplementary information.
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c) d)

a) b)

Figure A.20.: Investigation of the �ber core distance to the center of the mirror depression by the WLI. a) The green
cross is aligned to the center of the �ber core (white circle). b) When the �ber core isn’t illuminated anymore, the
center of the mirror pro�le appears, which seems to be shifted to the center of the �ber core. However, the mirror
is tilted, which can be seen by the many interference fringes. Therefore, only a reconstruction of the pro�le can
clarify whether the core of the �ber is shifted in relation to the mirror depression. The same procedure is applied
to another mirrored �ber (c,d). In this case, the mirror is hardly tilted and the center of the mirror depression is at
the center of the �ber core .

Possible solutions:
1.: Only use �ber mirrors that consist of su�ciently good centered mirror pro�les (see Fig.
A.20). If one mirror is well centered and the other one is strongly shifted to the core, a low
�nesse can’t be avoided. 2., and 3.: Alignment can be improved by an adjustment of the
rotation angle of one cavity mirror to the other.

Problem 2:
Don’t get light into the cavity.

Possible solutions:
Is the glass �ber in the �ber plug broken? Is the �ber plug dirty? Is the light in-coupling into
the cavity �ber optimized?

Problem 3:
Don’t detect light in the photodiode.

Possible solutions:
Couple light with another wavelength into the cavity, which is not re�ected by the mirror
coating. If the photodiode detects a signal, then adjust the coupling and collection optics until
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Dirt

Mirror detacheda) b)

Broken mirror 

Figure A.21.: Broken and dirty �ber mirror. a) WLI picture of the cavity �ber mirror, directly after it was pulled
out of the micro�uidic channel. Both liquid residues on the mirror as well as a detachment of the mirror at the
edge are observed. b) The same �ber after it was cleaned in the ultrasonic bath. Although there is no more dirt at
the center, the cavity �nesse is still low due to the broken mirror coating.

the signal is maximized. Afterward couple into the cavity input �ber the probe laser light. If
the photodiode detects a signal, adjust the coupling optics and collection optics again, until
the signal is maximized. However if the photodiode doesn’t detect a signal, the cavity mirrors
may be dirty or have been detached from the �ber ends.

Problem 4:
No resonances are detected although the coupling and collection optics are built correctly. Or:
Broad resonances are detected with a low amplitude.

Possible solutions:
The mirrors could be dirty. Have a look at the �ber end facet with a white light interferometer
(WLI) (see Fig. A.21a). If there are residues close or at the �ber core (radius twice the waist of
the beam), clean the �ber end facets in the ultrasonic bath: 3min in 20% hydrochloric acid and
afterward 3min in ethanol for spectroscopy. Slowly lift the �bers back up vertically out of the
bath. Control the result in the WLI and repeat the procedure, if there are still residues close to
the core. However, if the mirrors look clean, also the mirror coating itself could have come o�
slightly (see Fig. A.21a). This has been observed after the �ber cleaning as well as for mirrors
with small radii of curvatures (𝑟c < 20 µm). In this case, exchange the �ber mirror (see Fig.
A.22). Recommendation: Don’t clean the �bers with hydrochloric acid inside the setup. In
this case, bubbles appear in the micro�uidic channel (see below) and the hydrochloric acid
attacks the piezoelectric actuators destroying them over time27.

Problem 5:
Less than one FSR is scanned, although the piezoelectric actuators should expand more ac-
cording to the datasheet

Possible solutions:
1. Cables soldered on the piezoelectric actuators correctly? Check the resistors. 2. Are the
piezoelectric actuators intact? Check the capacity. Do the piezo electrodes look di�erently as

27 This observation was made in the context of a supervised master’s thesis [149]
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Figure A.22.: WLI picture of the cavity mirror pro�le. In this case, the mirror radius of curvature is only 11.6 µm
and a double-ring structure is visible in the WLI. Such double-ring structures were also observed for mirrors with
similar and smaller radii of curvature. Presumably, due to the steep mirror walls, the dielectric mirror coating has
come o� slightly.

before?28 Exchange the piezoelectric actuators. 3. Do the piezoelectric actuators expand as
described in the datasheet? Check the expansion with the WLI29 4. Does the �ber get stuck in
the ferrule? This can happen if nanoparticles are used in the experiments and if these block
the cavity between �ber and precision hole.30 5. Do the piezoelectric expand in opposite
directions? Check each piezoelectric actuator individually and change the polarity of the
contacts if necessary.

Problem 6:
When the clamps are tightened, the alignment and cavity length changes.

Possible solutions:
1. If the cavity length changes strongly, check if the clamp height is on the same level as
the ferrule’s precision hole (see Fig. A.6). 2. Be careful when tightening the clamp. Observe
the change of the signal in the oscilloscope during this time and adjust the cavity length if
necessary by the micro-positioning stage, before the clamp is fully tightened.

Problem 7:
The measurement noise is increased although the setup is the same. Only the �ber clamps
have been opened and closed.

Possible solutions:
Cavity changes in the sub-micrometer range have been observed, especially when a liquid
was pumped through the micro�uidic channel. This may be improved by coating the clamp

28 This observation was made in the context of a supervised master’s thesis [149]. In this case, hydrochloric acid
was pumped through the micro�uidic channel whereby the electrodes degraded over time.

29 Several Thorlabs PL5FBP3 piezoelectric actuators were tested, but they could not hold the expansion properties
described in the datasheet. Some only expanded in the sub-micrometer range.

30 In the context of a supervised bachelor and master’s thesis [148, 149], ferrules with a smaller hole diameter
(128 µm) also lead to a greater friction between �ber and glass ferrule and therefore parts of the mirror coating
were broken and got stuck in the precision hole. Over time, the �bers couldn’t be moved anymore.
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with a higher friction material.

Problem 8:
When measuring the cavity length in the spectrometer, it’s di�cult to identify the fundamental
modes.

Possible solutions:
This problem occurs with a poor alignment. If e.g. the 2nd order mode is more excited than the
fundamental mode or if the 𝑥-polarization of the 2nd order mode is much more excited than
the 𝑦-polarization, this causes a spectrum in the spectrometer which is di�cult to interpret
(see Chapter 3.3).

Problem 9:
There are bubbles inside the micro�uidic channel through which gives rise to an unstable
cavity.

Possible solutions:
Gas bubbles were mainly observed when Tween 2031 or hydrochloric acid32 were used in
the micro�uidic channel. Also after much rinsing with double-distilled water or ethanol
for spectroscopy, the bubbles remained in the channel. The bubbles can be �ushed out by
repeatedly increasing and decreasing the pressure inside the micro�uidic cell. Thereby the
bubbles shrink and expand allowing them to detach from the wall and leaving the cavity
through the tubes or the precision hole. If the micro�uidic is not glued into the ferrule (see
Chapter A.2.2), the micro�uidic adapters can also be dipped in a double-distilled water bath
and the remaining liquid can be blown out. By repeating this several times, the residuals are
su�ciently removed and in a faster way than by the repeated pressure change.
Recommendation: Either don’t use liquids that outgas at low pressures, or if it is unavoidable,
degasing of the liquids in advance may help.

Problem 10:
Don’t get rid of the old SiO2 sample, although the cavity is rinsed with plenty of double-
distilled water. This leads to ever-increasing agglomerates, which build macroscopic glass
residues inside the channel and the FP cavity.

Possible solutions:
1. The SiO2 nanoparticles get stuck between the tapered micro�uidic tube and the ferrule wall
(see Fig. 4.15a). This can be improved by a new tube connection (b). 2. The SiO2 surface is
covered with silanol groups [180]. Those hydrophilic groups cause an adsorption of water
molecules to the surface (hydration), however, they also form a bond with other SiO2 glass
surfaces. This is how agglomerates are formed and how the ferrule surface is covered with
SiO2 nanoparticles. The latter can be avoided by the hydrophobization of the ferrule surface
with a hydrophobic silane (see Appendix A.8).

31 Merck, TWEEN 20, CAS-number: 9005-64-5.
32 Observed in supervised master thesis [149].
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Figure A.23.: Example signal when the laser is running unstable. The upwards jumps are produced by the
nanoparticle, which di�uses through the cavity standing-wave light �eld. However, the signal jumps downward
occur due to the unstable laser.

Problem 11:
How to get rid of the 50Hz noise on the measurement signal.

Possible solutions:
1. Use cables between the electronic devices which are as short as possible. 2. Twist all
electronic cables together in order to avoid any electronic loops. 3. Ensure that all electronic
devices have the same earthing (try di�erent power plugs).

Problem 12:
The measured resonance shift signal has both upward and downward jumps (see Fig. A.23).

Possible solutions:
The laser runs unstable. Slightly change the current of the laser current controller.

A.8. Silanization

Here, the process for the silanization of glass or tantalum pentoxide (Ta2O5)33 surfaces is
described. The process was developed by the Wegener group (Applied Physics, Karlsruhe
Institute of Technology) and shared by Christian Kern, a former Ph.D. student of this group.
At �rst, a 3mM silane solution in toluene is prepared. There are di�erent kinds of silanes with
di�erent functional groups available. In this case, for the hydrophobization of the surface,
octadecyltrichlorsilane (OTS)34 is used. The mixture of toluene and the 90% silane is done
under a nitrogen outlet �ow because the silane alters if oxygen enters the solution. A part
of the prepared solution is poured into a breaker and another breaker is placed over the �rst

33 This was done in a supervised Bachelor thesis [144].
34 CAS 112-04-9

152



A.8. Silanization

one. The rest of the prepared solution is sealed as airtight as possible with sealing foil. In the
second step, the quartz glass or the tantalum pentoxide surface is treated in a plasma oven
in order to increase the number of -OH groups on the surface. This is also called activation
of the surface. Both kinds of materials are treated with an O2 plasma for 5min35. After the
surface activation, the sample is immersed into the 3mM silane and afterward rinsed with
isopropanol and blown o� with nitrogen. This last step, after the plasma oven, has to be
carried out as fast as possible, because the activation of the surface holds only for a short time
under ambient air condition.

Additional practical tips:

• Whether the silanization has worked can be checked by measuring the contact angle of
a water drop on the silanized surface (see Fig. A.24). A contact angle of about 98
degrees is expected.

• If silanization didn’t work, a treatment of the same surface is not possible. It is
therefore recommended to �rst try silanization with a test substrate (e.g. cover glass)
and then use the actual sample.

35 This is di�erent depending on the plasma oven and the O2 concentration.

Hydrophilic glass surface Hydrophobic glass surface

Figure A.24.:Measurement of the contact angle of a water drop on a glass substrate. Before the silanization,
the contact angle between water drop and hydrophilic glass substrate surface is below 90 degrees. After the
hydrophobic silanization of the glass surface, the contact angle is larger than 90 degrees. The pictures were
taken by Andreas Wickberg, a former Ph.D. student in the Wegener group at the Applied Physical Institute at the
Karlsruhe Institute of Technology.
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A.9. Fast Fourier transformation and power spectral density

If a time domain signal 𝑥 (𝑡) is fast Fourier transformed (FFT), the amplitude spectrum 𝑥 (𝑓 ) is
derived. However, the y-axis is uncalibrated. In order to calibrate the y-axis, the 𝑟𝑚𝑠-values
for the time domain signal, as well as for the frequency domain signal are calculated by

𝑟𝑚𝑠𝑡 =

√︂
𝑥 (𝑡1)2 + 𝑥 (𝑡2)2 + ... + 𝑥 (𝑡𝑁−1)2

𝑁
and (A.8)

𝑟𝑚𝑠𝑓 =

√︄
|𝑥 (𝑓1) + 𝑥 (𝑓2) + ... + 𝑥 (𝑓𝑁−1) |2

𝑁 2 . (A.9)

As Parseval’s theorem states that [181]

𝑟𝑚𝑠𝑡
!
= 𝑟𝑚𝑠𝑓 , (A.10)

the amplitude of the FFT can be calibrated by

𝑥 (𝑓 ) → 𝑟𝑚𝑠𝑡

𝑟𝑚𝑠𝑓
𝑥 (𝑓 ) . (A.11)

Eventually, the power spectral density is the squared amplitude and normalized to the fre-
quency bin width d𝑓 = 𝑓2 − 𝑓1:

𝑃𝑆𝐷 (𝑓 ) =

(
𝑟𝑚𝑠𝑡
𝑟𝑚𝑠𝑓

· 𝑥 (𝑓 )
)2

d𝑓 . (A.12)

A.10. Possible acting forces inside the Fabry-Pérot cavity

Although the SiO2 nanospheres behave purely di�usive in the operated experiments, here
di�erent forces, are discussed, which could act on the nanospheres’ motion inside the cavity.
At �rst, the optical tweezer force is illuminated in more detail and then the cavity mirror
movement is considered.

A.10.1. Optical tweezer force

The FP standing-wave light �eld generates an attractive force on the dielectric SiO2 nanosphere.
Here it is shown that for the used intracavity powers in the experiments the attractive force is
negligible.
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At �rst, the measured peak power of the resonance 𝑃T by the APD is converted to the intra-
cavity power via the transmission of the output-coupling cavity mirror 𝑇MM

36 [104]:

𝑃Cav =
𝑃T
𝑇MM

. (A.13)

The maximal intracavity intensity at the center of the antinode is then calculated by [145]

𝐼Cav =
8𝑃Cav
𝜋𝑤2

0
(A.14)

and the maximal trapping potential is [160]

𝑈Trap =
𝛼𝐼Cav
𝑛m𝑐

. (A.15)

Here, 𝛼 is the polarizability of the nanosphere (see Eq. (2.68). Stable trapping occurs when the
trapping potential exceeds about three times the thermal energy

𝑈Trap > 3𝑘B𝑇 , (A.16)

but also below up to ≈ 1𝑘B𝑇 the attractive forces act on the nanosphere signi�cantly [60].
In the experiments, peak voltages of up to 0.33 V are measured by the APD. This corresponds
to a measured transmitted power of 𝑃T = 0.25 µW. The intracavity power then amounts to
𝑃Cav = 14.2mW and the trapping potential is 𝑈Trap = 2.7𝑘B𝑇 . Although the condition in Eq.
(A.16) is ful�lled, in the experiment, this force only acts for a short time, because the cavity
length is scanned by the frequency 𝑓 = 3...14.1 kHz. In the following, it is estimated by how
much the nanosphere is moved within this short time when the optical force is acting:
The optical force is calculated by

𝐹Opt(𝑧) = − d
d𝑧 (𝑈Trap (cos (𝑘m𝑧))2) = 2𝑈Trap cos (𝑘m𝑧) sin(𝑘m𝑧)𝑘m . (A.17)

If the maximal force 𝐹Opt(𝜋/(4𝑘)) is assumed and the full width half maximum 𝛿𝑡 ≈ 0.3 µs is
assumed for the time span that this force acts on the nanosphere, the distance traveled by the
nanosphere can be calculated by

𝑠 =
1
2

𝐹Opt(𝜋/(4𝑘m))𝛿𝑡2

𝑚SiO2 + 6𝜋𝑟SiO2𝜂m𝛿𝑡
(A.18)

Here, the Stokes friction force 𝐹S = 6𝜋𝑟SiO2𝜂m𝑣 is considered, which acts against the optical
force. The velocity can be expressed as 𝑣 = 𝑎𝑡 and𝑚SiO2 is the mass of the SiO2 nanosphere.
This gives a distance traveled of 𝑠 = 2.0 · 10−14m� 𝜆/(4 · 𝑛m). That means in this short time

36 Any incoupling losses into the APD or mode matching losses are neglected.
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Figure A.25.: Illustration of the lateral movement of the nanosphere due to the periodically changed cavity length.

span, where the optical force is acting, the movement of the nanosphere is negligible. In
addition, the mean trapping potential can be considered37 by

〈𝑈Trap〉 =
𝛼 〈𝐼Cav〉
𝑛m𝑐

and (A.19)

〈𝐼Cav〉 =
8〈𝑃Cav〉
𝜋𝑤2

0
with (A.20)

〈𝑃Cav〉 ≈
𝑃T𝛿𝑡 𝑓

𝑇MM
. (A.21)

In the experiments, this gives a mean trapping potential of 〈𝑈Trap〉 = 0.007𝑘B𝑇 , which is three
orders below the condition for stable trapping.

A.10.2.Mirror movement

The movement of the cavity mirrors is already discussed in [182]. If the mirror distance 𝑑 is
decreased by 𝑑S, the assumed incompressible liquid is displaced in lateral direction (see Fig.
A.25). This is the lateral force, which acts on the nanosphere. The transversal movement is
given by

𝑎 = 𝑟

√︄
𝑑

𝑑 − 2𝑑S
− 1 , (A.22)

when the concave mirror pro�le is neglected and the liquid column is assumed to have a
cylindrical shape with cross section 𝐴 = 𝜋𝑤2

0 at the beginning and 𝐴 = 𝜋 (𝑤0 + 𝑎)2 after the

37 Similar to the consideration of a pulsed laser.
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mirror movement. In the experiments presented in this work, the scanning amplitude of the
mirrors amounts to 𝑑S ≈ 0.1 nm and typical cavity parameters are 𝑑 = 5 µm and𝑤0 = 1.5 µm.
This results into a lateral nanosphere movement of 𝑎 = 0.03 nm� 𝜆/(4𝑛m) due to the scanning
of the resonance length. As this moved distance is much shorter than the expansion of the
antinode, this e�ect is negligible.
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B.1. Abbreviations

STORM stochastic optical reconstruction microscopy

PALM photoactivated localization microscopy

STED stimulated emission depletion

iScat interference scattering

PhC photonic crystal

FP Fabry-Pérot

SP surface plasmon

LSP localized surface plasmon

WGM whispering gallery mode

DLW direct laser writing

SM single-mode

MM multi-mode

FSR free spectral range

FWHM full width half maximum

SNR signal-to-noise ratio

ppm parts per million, 10−6

SEM scatterinf electron microscope

DLS dynamic light scattering

SiO2 silicon dioxide

APD avalanche photodiode

SLED superluminescent diode

EOM electro-optic modulator

TEM00 fundamental mode
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TEM01 higher-order transverse mode of order 01

TEM10 higher-order transverse mode of order 01

FFT fast fourier transform

PEG2000 polyethylenglycol 2000

WLI white light interferometer

PBS phosphate bu�ered saline

DPBS dulbecco’s phosphate bu�ered saline

D2O heavy water

PEEK polyetheretherketon

PS polystyrol

OTS octadecyltrichlorsilane

DDS dichlorodimethylsilane

PTFE polytetra�uoroethylene

BSA bovine serum albumin

SIBA self-induced back-action

PID proportional integral derivative

B.2. Symbols

𝑉s e�ective sensing volume

𝑉m mode volume

𝜆 wavelength

F �nesse

𝑑opt optical cavity length

𝑑geom geometrical cavity length

𝑑pen penetration depth

𝑉NP sphere volume of the nanosphere

𝛼 optical polarizability

𝛼e� e�ective optical polarizability

𝑛SiO2 intrinsic refractive index of the SiO2 nanosphere
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𝑛e� e�ective refractive index of the nanosphere

𝑛m refractive index of the liquid

𝑟hydr hydrodynamic radius

𝑟SiO2 intrinsic radius of the SiO2 nanosphere

𝑇 mirror transmission

𝛼𝐿 coe�cient of linear thermal expansion

𝐷𝑂𝐴 decrease of amplitude

Δ𝜈 frequency shift

𝑀𝑆𝐷 mean squared displacement

𝑀𝑆𝐴𝐷 mean square angular displacement

𝑄 quality factor

𝛿𝜈 FWHM in frequency units

𝛿𝜈 FWHM in time units

Δ𝑡 time shift

Δ𝜈 frequency shift

Δ𝑠 length shift

𝑟𝑚𝑠 root mean square

𝑟c radius of curvature

𝑈max resonance peak in volt units

Δ𝜈FSR free spectral range
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