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Abstract

TURBULENT JETS IN CROSSING PIPE FLON

A M Ger and E. R Ho]ley RanTEE
“Department of Civil Engineering —
University of I1linois at Urbana-Champaign
The objective of th1s study 1s to develop a mathemat1ca] mode1
'to STmu1ate the steady f]ow f1e1d and associated concentrat1on d1str1bu—
“tions resuit1ng from a round “turbulent jet 1n3ected into a cross1ng
pipe flow. The Jet may be e1ther buoyant or nonhuoyant The tracer is
Eonservative. In Lhe deve]oped mode1, the flow field is divi&ed ihfo
three regions and each regihn treated séparate]y. The three regions
are flow establishment region,-near field region, and far field region.
Basically, the flow is treated as 2 jef in a crossflow in the first

two regions, and as the diffusion of a passive conservative tracer in

. the far field region. The nonuniform velocity distribution of the

cross1ng p1pe flow is cons1dered by 1ett1ng the p1pe flow ve]oc1ty
vary across. the p]pe according to a power law. The turbulence of

crossflow is also taken into_aceoynt_by the consideration of a far'

field region. Also, the effects.of pipe. turbulence in the.hear6f1e1duu :

region are inherently: reflectéd by the experimentally evaluated en- _"
trainment and drag coefficients. :
_The accuracy of the proposed model has been checked with

the exper7ments It has been found that by d1v1d1ng ana]ys1s 1nto

reg1ons a good representat10n of the f]ow f1e1d and assoc1ated concen- f[;

-trat10n dTStF}but10ﬂS was ach1eved The near f1e1d reg1on An wh1ch
jet is active represents a very sma]] fract1on (1ess than 2 percent)

of the total mixing distance, which is defined as the flow distance
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it B 1.LgINTRODUCTION' e T

1.T. Definitfon-of ‘the Problem = —~ === . =T osoe e e

Several of the possible means of discharge measurement in a

__pipe require either a-significant head loss or interruption of service.

The techniqueSNWhich_pfoduce:é head'Toss may not be econqmical since a
.portfdﬁ.of the_available heé&=is wasted; .On the other hand,.it may not
_ be feasible to interrupt service very often, so that techniques requir-
ing this interruption could be used only occasionally. Thus, a measure-
ment technique which is econimical and which requires no interruption of
- flow was needed. Tracer techniques were introduced because théy meet -
both requirements [Clayton, et al., 1968].

The basis of the tracer technique with a continuous, steady
injectiqn rate is the ﬁdss-ba]ance of.the tracer whfch is injected into
the flow. 'By knowing-the mass-injection rate, My, and méasuring"the”

_ concentration at a secfipn after the tracer becomes-"uniformly" mixed: -
- with the f]ow;.the discharge Q-in ‘the b{pé.can be.determined [Bureau of
Reclamation, 19661: .,

My = M

i = Mour (1-1)

Qcy

O R () - SO S SR 4 )

“ or rearranging, =

e R e Al

D T 12 e ————————
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51mp]y for convenience A11 of the con51derat1ons re]ated to m1x1ng

app]y equa]iy to 1n3ect1ons for discharge measurements or for any other

purpose.

1.1.2. Type of Injection

; There-haveibeen-éeveral ana1yt{ca1 andr?éboratéry-ﬁ;vesfiga;
~tions-for some injection systems in straight pipes with fully-established
turbulent pipe flow (Chapter 2). For some situations, these studies
[Clayton, et al., 1968; Clayton and Evans, 1967; Evans, 1968; Filmer and
- Yevdjevich, 196671 allow an accurate prediction of the mixing distance.
However, due to several difficulties involved, many of the situations
investigated in the analytical and laboratory studies-cannot;reasohabTy
be app31ed in f1e1d or prototype situations. Among these difficulties
are (a) the 1n3ect1on system (e g., a- r1ng source or-a: symmetr1ca1

_.center11ne_1nJect10n)-may not be suitable for field measuremen?gﬂand (b)
- the pipeline may ﬁot have a uniform straight sectianaS'Tbngeas the re—-
‘quired mixing :distance for a specific type of injection.

: The simplest possible set up (and one which is suitabie for
field meaéureménts as well as laboratory measurements) is a sin§1e~point
injection at the pipe wa1] and a s1ng1e -point samp11ng, also at the
pipe. wa]l However, for a 51mple source”'at the wa]] the m1x1ng ks
:d1stance is approx1mate1y 200 plpe d1ameters for a smooth p1pe and a
" Reynolds number of about 100,000. . (' Symp]e source ' is used to refer to

a tracer source issuing into the pipe flow with no initial mixing.) Any

In much of"this'fépokf"’fheiiﬁjébtéd fTuidf¥5~cd11éd aT“Eraceﬁf£f7f



reduction in the mixing distance may increase the appTicabiTity—bf tracer
techniques in discharge measurements and provide a greater opportunity
for using segments of existing pipes for accomplishing mixing. A
turbulent jet, with or without buoyancy, located at the wall of the pipe,
rather than a simple source, may be used to inject the tracer (or other
_substance) and thereby reduce the mixing distance. A jet pefpendicu?ar
to the pipe wall will transport the injected fluid away from the wall
and cause some initial mixing. This initial mixing and the transport
of the injected fluid away from the pipe wall decrease the amount of
mixing which must be accomplished by the pipe flow and therefore reduce
the mixing distance.

If the behavior of the jet is partially governed by a density
disparity between the jet and the ambient fluid, the jet is said to be
buoyant. A convenient parameter to assess the importance of buoyancy

in jet flows is the jet densimetric Froude numberiFd defined as:
1/2 '
Fq = uy/(]2p]gd/p,) / | _ _ (1-4)

where Uy is the jet injection velocity, Ap is the density disparity
between the jet and the ambient fluid, Pa is the ambient density, g is
the local acceleration of gravity, and d is the diameter of the injec-
tion hole. For large Fd (>>1), the jet is considered to be inertially
dominated with neg]igibie influence of buoyancy. For Fd-near unity.'

buoyancy becomes the dominating aspect of the flow. Should Fd'be'ﬁn the

order of unity at the injection point, it would be hard to consider the



eF?]ugnffgS*éﬁjéfﬁil}f3bdoyéﬁc§fi§“%0?5é7Eoﬁ§Tdé%éd?ég_ﬁﬁfbfﬁﬁﬁféﬁfféhéi_
“port the fnjected Fiuid away fro the pipe wall, then the fnjection =

should be made vertically from the top of the pipe if the injected fluid -
is heav1er than the amb1ent or vert1ca11y from the bottom if the THJECted

f1u1d 1s ]1ghter

1.2. The Objectives of This Study -

“'Theé'general objective of this study was to investigate the be-
“havior of a fluid injected as a turbulent jet, with or without'buoyancy;
perpendfcu]ar to the pipe wall into_fu]]&Léstéblished'turbu]ent flow in
a pipe. The results were used to evaluate the use of turbulent jets as
tracer sources for discharge measurements in pipes and as means for

" “accomplishing mixing within a pipe flow. 'More_§peciffééijy; the “indi-

'_vidUa1 objectives are - -

 ];7 To deve?op a mathemat1ca1 mode1 wh1ch @ouId pfov1de a

X so1ut1on for the behav1or of the InJected f1u1d (Chqptef
3)- : =

"_j2. “Tqrgéndup;:eﬁpefimenté.ﬁﬁ_chepé the accuracy of thg:math-

ematical modei (Chapters 4 and 5).- | |

3. To experimenta]ly observe and evaluate the reduction in

: e m1x1ng d1stance due to use of a Jet w1th or w1thout R
3 buoyancy, m compamson to nﬂxmg dTS’Cance due tO Othe" e e
:.}- : _types. of 1n3ect10n systems (Chapter 5). '?*;l 5“.”

4. To make recommendatlons for use of this 1n3ect1on technique

in field applications (Chapter 6).



2. PHYSICAL PROCESS AND LITERATURE REVIEW
2.1 General Description of the Flow Field '
2.1.1 Similarity to Jet in a Crossflow

The behavior of either a nonbuoyant of a buoyént jet 1Qjected_
perpendicularly from the pipe wall into a crossflow in a pipénis_simi1ar
in many respects to that of a jet injected into a uniform, unconf{ned
| crosﬁfibw. The differences resulting from the existence of the confining
boundary (the pipe wall) are

1. The pressure gradient along the pipe axis.

2. The nonuniform velocity distribution of the crossflow in

a pipe.
3. The ambient turbulence. |
4. The limited supply of ambient flow for potential entra{n-

ment by the jet.
2.1.2 The Flow Field

As a jet enters a crossflow in a pipe, the jet behaves ini-
tially as if it were in a stagnant ambient fluid since the crossflow
velocity is small in comparison with the jet velocity. However, as the
jet penetrates into the crossflow, the interaction of the jet énd the-
crossflow causes the jet to be_def1écted in the directidh df-the Cross-.
fiow. The.rate of deflection is dependént on the net effect of momenfum

and buoyancy of the jet, the pressure force on the jet, and the entrain-

ment.



2.7+24] Preséure Force - F : _ i

There is a drag-type pressure force on the jet. On the up-
stream side of the jet, the crossflow is partially stagnated. On the
downstream side some separation of the ambient flow takes place. Thus,
the pressure éround the jet continuously decreases from the upslream |
side of the jet to the downstream side. This change is in addition-fo
any pressure gradient 1mpressed by the ambient flow. Due to both ef-
fects, there is a net pressure force on the jet. WNormally, the drag-
type pressure force is larger than that associated with the ambient

pressure gradient.
2.1.2.2 Entrainment

The shearing between the crossflow and the jet causes entrain—
ment of crossflow by the jet. As the jet deflects, there will be a .
component of crossflow velocity along the jet axis and another component
normal to the éxis. The velocity difference between the jet velocity
and_the component of the crossflow velocity in the direction of the jet
axis gives riée to a free-jet type entrainment. On the other hand,-the
normal component of the.crossfiow velocity generates a vortex pair fﬁ
the wake behind the jet and disturbs the jet boundary. This produces
strong mixing and causes further entrainment of ambient fluid.

The existence of the pipe w§11 p1aces a pofentfa? limit on
the supply of ambient flow for entrainment by the jet. However, as Tong

as the volume flux of the jet is small compared to the ambient volume



flux, this Timitation on the supply of ambient flow is probably not

significant.
2.1.3 Three Principal Flow Regions

For a round turbulent jet, with or without buoyancy, discharg-
ing through a circular hole at the wall into a fully-established tur-
bulent pipe flow, three principal regions can be distinguished in the
jet flow (Fig. 1). In the present work, these regions are identified
~as (a) the flow establishment region, (b) thé near field region, and
(c) the far field region. Basically, the transport of the tracer can
be treated as a jet in a crossflow in the flow establishment and near
field regions, and as the turbulent diffusion of a passive tracer in a
pipe flow in the far field region. The general characteristics of each
region are discussed below. Quantitative definitions for each region

are given in Chapter 3 (Sections 3.2.3, 4, 5).
2.1.3.1 The Flow Establishment Region

As the jet penetrates into the fully-established turbulent
pipe flow, a diffusion zone is formed around the periphery of the jet
by the shear between the jet and ambient fluid. This diffusion zone
grows both inward toward the jet axis and outward. Eventually at some
distance along the jet éxis the diffusion zone reaches the jet axis,
after which the jet centerline velocity starts to decrease. The region
between the jet outlet and the jet cross section where the diffusion zone

reaches the jet axis is called the flow establishment region. The main
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X locat1on of the Jet center re}at1ve to the p1pe center at the end of the

: the m1x1ng dtstance 15 concerned For Jet centers 1ocated c]ose to ‘the

.cont1nua11y decreases a]ong the p1pe axis and eventuaITy the adequate

.pf the other two regions, as will be -Seen in Section 5.4.5. _

11

= the‘Jet ﬁehav1or in the ftrst twe reg10n5” The behav1or of the-tracer';3“tﬁw = rg

in the far f1e1d reg1on s governed by the ve]oc1ty and the turbu1ent by
diffusion of the pipe f1ow Due to turbu1ent mixing in the pipe flow, -
the variation in_ concentrat10n-of-tracer within a pipe cross sect1on -

mixing is ach1eved The length of th1s reg1on is. much greater than that

2.1.4 Jet Penetration and the Mixingiﬂietance

Since, in the far fie]d'regton,jthe transport of the tracer is
governed solely by the pipe flow characteristics, the length of this
region for a given F]ew is dependent solely upon the distribution of the

tracer concentratton at the beg1nn1ng of the reg1on In-other words , the

near f1€1d reg1on 1s of pr1nany 1mp0r nce as far’ as. the magn1cude "f

pipe wa11, ane woqu expect 1onger m1x1ng d1stances as compared to the

jet center c1ose to the p1pe center based on the d1fferent mixing dis-

~_penetration as the d1stance betWeen the Jet center at the end of the

:near f1er reg1on and the 1n3ect10n s1de of the ptpe wa]i, 1t 15 te be

tances for szmple sources 10cated at the pipe. wai] as compared to the - - ' q

case for those on the p1pe center11ne (Sect1on 5.5). Defining the jet

expected that there ex1sts an opt1mum penetrat1on for wh1ch the m1x1ng

= dtstance is m1n1m12ed The penetrat1en represents the effect of the Jet

characteristics on the mixing distance. In Chapter 5 (Section 5.4.1)
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the_dependence of the jet penetration on both the jet and the pipe flow -

.~ characteristics is discussed.
2.2 Jets 1in Crossflow

“Most of-the studies [Baines and Pratte, 1967; Fan, 1967;
Keffer, 1969; Abraham, 1969; Keffer and Baines, 1963; Motz and Benedict,
1970; Lin, 1971; Chan and Kennedy, 1972] on turbulent jets in uniform,
unconfiﬁed crossflows are semiempirical in nature. A summary of pre-
vious work is given by Fan [1967] and Chan and Kennedy [1972]. Some
parts of the }1terature review given here have been abstracted from
these previous reviews.
The mathematical models given in the literature [Fan, 1967;
Abraham, 1969; Motz and Benedict, 19703 Chan and Kennedy, 19721 are
Morton Type [Morton, 1959] integral approaches which require experimental
determination of some unknown parameters such as the entrainment coef-
ficient (Section 2.2.2) and the drag coefficient (Section 2.2.3). These
mathematical models assume similar velocity excess profiles and density
~disparity profiles (if any) in the jet and result in a set of simultan-
eous differential equations. Solution of these equations gives thé tra-
jectory of the jet, the decay of both the velocity excess and the dén—
sity disparity,.and the variation in the nominal radius of the jet. The
nominal radius of the jét is normally assumed to be the'point where'thé‘f
jet velocity excess is some arbitrary fraction df the jet center]ine

velocity excess. The same type of definition is adopted in this study.



Sam11ar1ty prof11es for veIoc1ty excess and dens1ty d1spar1ty
disfhibot1ons-have often been used in the analytical treatment of the
'f1ow of a Jet, after an appropr1ate system of coord1nates was chosen

.'[Ba1nes and Pratte, 796? Fan,'1967 Keffer, ]969 Chan and Kennedy,

.;--19?2 H1rst, 1972] However two 1nherent features of the f1ow, name1y b

nonun1form crossf1ow and the var1at1on 1n the entraTnment around the
per1phery.ofma jet cross.sect1on, make the_assumpt1on of s1m1?ar1ty
profiles notnstrict]y valid. Nevertheless, in this study, similarity
profiies are assumed since it has been shown fn prehious studies that
s1m11ar1ty assumpt1ons produced reasonab]y good agreement between theo-
ret1ca1 pred1ct1ons and expeh1menta1 data . The most common1y used s1n1-
1Iar1ty prof11e 15 the Gauss1an d1str1but1on [Fan, 1967 Keffer, 1969

?Keffer and Ba1nes, 1963 Chan and Kennedy, 19?2], aithough there 15 at

_fieast one case in wh1ch a “top ha*” pro;11e has been used [Carter 1969].

"?2-2-2T;Rébresentation of Entrainmenf-;':‘=*-

Entra1nment E, 1s the change 1n the vo]ume f1ux in the Jet

a1ong the Jet traJectory

i+
. SAENRgT SUUUINL I W WO i 5 ?
]LE : dx1 e pE R s he L a;_ﬂ._: F 3 TCif(ng)_

'“'nhene:d 15 the d1scharge or vo]ume f1ux 1n the Jet and x1 15 the coor—-

ythinate a}ong the Jet tnagectory The grad1ent dQ /dx has frequent]y

_been related to a representat1ve entra1nment ve]oc1ty, u i by
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dqQ. ' ' ' T
= _ &
] dx1- - 2mb Ug (2_2)

where b is the nominal radius of the jet, which is defined quantita-
tively in Section 3.2.3. Thus, by combining Eq. 2-1 and Eq. 2-2, the
entrainment process can also be represented in terms of the representa-

tive entrainment velocity [Morton, 1959], Ugs as
E = 2mb Ug (2-3)
2.2.2.1 Entrainment Velocity in the Case of Stagnant Ambient Fluid

For the case of a free jet in an unbounded stagnant ambient -

fluid, it is well established [Morton, 1959] that

where uj is the jet centerline velocity and a, is an entrainment coef-

ficient. Since the ambient fluid is stagnant at infinity, uj is also a

measure of the velocity difference between the jet and ambient fluid.
2.2.2.2 Entrainment Velocity in the Case of Interacting Crossflow

For the case of a jet in a crossflow, Eq. 2-3 is normally as-

sumed to still be valid, but the formulation of the entrainment velocity,

Ug > has been the subject of much speculation. Even with all this specu-

lation and attention to Ugs the detailed mechanism; of entrainment afe

among the least understood aspetts of the jet in a crossflow.
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?éﬁrlier, the entrainment process in the case of
an 1ntehatf7h§ Efﬁ?ﬁ%fEQ'can be viewed as consisting of two parts;
one part ié dué.éé the difference between the jet velocity and the com-
ponent of_the crossflow parallel to the jet, the other is due to the
normai cpmb?pentfogzthe crossflow.

. ._fF;;i[1967]'represented E in terms of the magnitude of the

vector differencénbé%weén the two characteristic velocities:

(2-5)

whefg ﬁj is tﬁé jet centerline velocity vector, Gg is the crossflow
velocity vector and o is an entrainment coefficient (which is not nor-
ma1}y the same as oy in Eq. 2-4). He therefore had a single entrainment
coefficient representing the combined effect of both aforementioned
typés of enfféinment. In this study, the entrainment mechanism is de-
fined achPdihQitq_Eq; 2-5 following Fan [1967]. This choice is due
mefe1} to the convenience of the form and the success which Fan had for
the situations which he investigated.

| cher investigators have used other representations for Ug -
Fof examp]é; Keffer and Baines [1963] expressed Ug in terms of the scalar
difference of the jet centerline velocity, “j’ and the ambient veiocfty,
U« Others [Lin, 1971; Platten and Keffer, 1968; Keffer, 1962; Hoult:
ep aTﬁjfjgﬁél;giPressed;ue in terms of a lTinear combination of the axial
and:ngﬁma1;gé£;§ﬁénts of fhe vector difference between the jet and the
créssf{ow'vé1oﬁitiesr Thus, they ended up with two coefficients repre-

senting the free-jet type and crossflow-type entrainments. Hirst [1972]
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later assumed that the éntfé?nment into the jet in a crossflow depends
on the Tocal dengiﬁetrié Fﬁoudé;number. He obtained a relation for Ug
involving four entrainment coefficients.

The tendency in the past work has been to consider the entrain-
ment coefficients as constant along the jet trajectory. Abraham [1965]
argued that the entrainment eoefficient could not be assumed constant,
particularly in solving buoyant jet problems. He pointed out that the
behavior of the vertical buoyant jet in a homogeneous stagnant environ-
ment was initially 1like a nonbuoyant jet and later a plume. Since jets
and plumes have different entrainment coefficients, he suggested an ap-
proximate method to account for this variation in the entrainment coef-
ficient. Fan and Brooks [1966] Tater showed that the use of a constant
entrainment coefficient produced as good a fit to data as the use of
Abraham's method. In this study, therefore, the entrainment coefficient,

o, is assumed to be constant along the jet trajectory.
2.2.3 Drag Force on the Jdet

Several of the investigators cited above [Lin, 1971; Platten
and Keffer, 1968; Keffer, 1962; Hoult et al., 1969] have not considered
the influence of the drag in their solutions for the behavior of the jet
in a crossflow. Their main argument for omitting it was that there is
no significant effect of_the drag on the jet after it becomes nearly
parallel to the crossflow.

Some investigators [Fan, 1967; Abraham, 1969; Motz and Benedict,
1970; Chan and Kennedy, 1972], on the other hand, did include the effects
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of both the drag and the entrainment in theiﬁjanafysfsfrEThey treated
the jet as an obstruction in the crossflow. The draﬁitﬁéﬁTWas ﬁepré-

sented as

_ 2
df = Ctpauabdx1 . (2-6)

where dF is an increment of drag force acting on.the elemental jet vol-
ume with a nominal radius b and thickness dxI along the jet axis, Pa is
the ambient density, Uy is the ambient velocity, and Ct is the drag
coefficient.

Abramowich [1963] also treated the jet as an obstruction in
the crossflow and used the same type of definition for the drag as
given in Eq. 2-6. But, unlike other investigators, he did not include
the effect of entrainment in his treatment. Therefore, he obtained drag
coefficients which are much larger than those coefficients observed by
others because the drag coefficients in his representation also reflect
the effect of entrainment.

In this study, the concept of a jet being an obstruction is
employed. Furthermore, Ct in Eq. 2-6 is replaced by CD sin2 g after
Abramowich [1963], where 6 is the jet deflection angle (Fig. 1) and Ch
is a drag coefficient which is assumed to be constant along the trajec-
tory of the jet. Thus, the following relation for the drag force is

used:

2

= . 2 .
dF = CDpaua sin“ 8 b dx (2-7)

1

The quantity Uy sin 8 is the component of the ambient flow normal to the



18

" Jjet axis. The form of Eq. 2-7 assures that dF approaches zero as the ' ’jﬁ_yf =
__Jet becomes aligned with the ambient flow. This fact and the DFeV10u5 (e i
success With the use of expressions such as Eq. 2-7 by other investi-

gators are the reasons that Eq. 2-7 will be used in this study.

2.3 Turbulent Mass Diffusion in Pipe Flow

Considerations in this section relate to the far fﬁe1a.re§ion
and are therefore concerned with pipe flow. None of the considera--
tions relate to the mechanics of jets injected into the flow.
General treatment of the subject of turbu]ent-diffusion may
be found in Bird et al. [1960], Hinze [1959], and Monin and Yaglom
[1972], among others. The mass transport equation for a tracer is ob-
tained froﬁ considering the mass balance of the tracer.. For the case of —
steady, established turbulent pipe flow of an incompressible f?uid,.the -
mass balance eduation in cylindrical coordinates for a %teady*staté-

tracer distribution becomes [Hinze, 1959]

el = grlerne) * - gelepic) R
3x1 ]Bx] Xo 3%9 2 28x2 ; Ty
1 8
o 38x) (2-8)
X5 3

where u is the axial velocity, ¢ is the concentration of the tracer

(mass/volume), and es éz, and e, are the turbulent mass.diffhsfvftiésf'f: 1? _¢i:';i;:;
jn X1 (longitudinal), Xo (radial), and X3 (circumferentigl)f@ihéctfdhs.? .
The nonuniform nature of diffusion coefficients and the axial vé]bcity'-751il~ =
causes difficulty in analytically solving Eq. 2-8 for appropriate bound-

ary conditions.
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£k <L 2 e LTI = i

i -

“Thnll Sie CiMany dinvestigatorsthave solved Eq. 248, which-is-elliptictin -7

“ihs lpatg[g;;byt@aﬁing'asépmpfibns;}nuaﬁdition”to those “inherent=in=the equa- =

R e

tion. Most investigators consider the axisymmetrical case which reduces

Eq. 2¥§'to' _ ;
P LI T I v e R R |
< (cu) = =(ex) +— (e xm) 7% (2-9) - =

-'-ﬁ:_T: 2 & BXT“'“-~ ,.Bx] _]ax1if 532_a§25¢?f%§x2?aﬁi cZi Jeil ool ST

SN P

.ﬁ iIﬁrCérs]aW*aﬁd?déégeri[}965]*andfénank:[1964]5.sevéraT ana};tjcaléézlﬁ;;ﬁf. =

- +tions ‘to Eq. 2-9 have been presented for various boundaty-conq%tjons
'1U5{ﬁg.the assumption of isotropy (i.e., e, = ez), constanﬁ diffusion
.coefficients,.and uniform velocity distribution. These assumptions

Timit the potential applicability of the solutions for-use in practical

- problems. i 7 ! i s e et |
- 7 =Neglecting the effect-of-axial diffusion for-steady;statg é
““conditions, Eq. 2-9 is further réduce_d_to | -
| é-%l—(cu) 3 31‘? %(ezxz%é), 5 ..'..'(2_-1_0).
Jordéh'[196§]=andJBernard-énd;ﬂf}hEJQ;[}950j,3among bthérsi;gdiyed thé_
" ~above equation for a_continuous;center1ine.pojntgsourﬁé inia;fU?T&-' | :
established pipe f10ﬁ. “They assumed the velocity u:and-diffusfgn Eqpf—.h_;_ ?

ficient e2 as constant and obtained-

Vi o e e o0y do b Xo/RY: T el T
T 1 exp (- A0 0T Er e e ST
3V fn§1'“- RéE "-Jg(an)“'- { it

52T Ay st & st i v

where c is the concentration of the tracer normalized with respect to the

cross-sectional average concentration c, u is the cross-sectional average

Nstz Refersnes Raos
University o 1i1inorg
B10§ wemn

208 ¥, Roming Street
Urbahi: TTlomars o s
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velocity, R is the pipe radius, and an-is the n-th positive root of

Jo(R) = 0 | (2-12)
Equation 2-12 is derived from the boundary condition that there be no
radial mass transfer across the pipe wall. For large X4 values (x] > 60R),
the first term of the series in Eq. 2-11 approximates the series sum with
more than 99 percent accuracy. Therefore, for Xy > 60R, neglecting all

but the first term of the series, Eq. 2-11 reduces to

c = 1+exp ( (2-13)

2

2
: eza1x1) Jo(a]xsz)
RSU J

Jordan [1961] also solved Eq. 2-10 for a continuously emitting
axisymmetrftal ring source. Assuming uniform velocity and diffusivity,

he obtained

2
o e,a X, J (o x,/R) J (o R /R)
c = 1+7]exp (- 222 e oone (2-14)
n=1 R"u - Jo(a )

where Ro is the ;ad{us ﬁf.the 1njéction_ring._
As mentioned earlier, analytical integration of Egs. 2-9 and
2-10 is normally not possible except when uniform velocity and diffusiv-
ities are assumed. Thus, several investigators used numerical integra-
~tion techniques to obtafn solutions of Eqs.¥2¢9 and.2f10._ Fahien énd L TR ?

Smith [1955] solved Eq. 2-10 numerically, allowing both the velocity and _E

the radial diffusifity to vary with radial position. They considered a

certerline injection into a fully-established pipe flow. Evans [1966]
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later numer1ca1}y soIved Eq 2- 9 for aL center11ne 3ngect10n 1nt0 a fuITy-

"festeb]lshgg Pipe Flow. He found- that the effect of the term 1nvd¥v¢ng e1'*"ff 5

'in'éqf 2-9 is small compared to other terms - for steady state conditions
and thuS'can be neglected for the range of'Reynotds number (4 x 103 to _

10 ) which he con51dered Seagrave [1960], us1ng a different mathemat1ca1 3

: techn1que arr1ved at the same conc]us1on However, at sma11 Reyno]ds

* number (<4 x 703) RoTey []950] fias shown that the magnitude -of the ax1a1 =

‘diffusion becomes ‘comparable with the magnitude of the convective trans-
port and therefore the axial diffusion term cannot be neglected.” Since
transition from laminar to turbulent flow normally takes place at Reyne1ds
numbers of approximately 2 x_103, this range of turbulent flows for which

““axial -diffusion must be included in is relatively insignificant in many

situations.

2{3.1'ifufbu]ent_Masslbiffusivttf-in Radta1 Direction .

”'"Tﬁe?anaiﬁéy between mass'and mqmentum_transport.in:tutbe]eet:..'
’ piﬁe-?fé@iisfcoﬁmehtj’uéed to féléteithé*tutbuTént*méée:dtffuefbft§ft0i
"““flow ‘characteristics. - Values ‘S0 obtainedfor tﬁe]ﬁidia]tmass:ditfusfv—
ity have been compared with data as discussed below. = i
: Using the Togarithmic velocity distribution and the linear

shear stress variat1on in the rad1a1 d1rect1on, 1t can be shown

[Sch110ht1ng, 1968] that the eddy v15c051uy (or turbulent momentum dtf-le_

fus1v1ty), €5 15

i1

X
e = Ku*R(—E)( 1--2) (2-15)

e et S
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- where' K is von Karman's constant, u, is the shear ve1ocity,;x2;is the
radial distance, aqd R is the radius of the pipe. Sometimes g, the-

cross-sectional average value of €, is used:

e = Kug R/6 (2-16)
Substituting
u, = u /8 - (2-17)

where u is the cross-sectional average velocity and f is the Darcy-

Weisbach friction factor, and assuming K = 0.4, Eq. 2-16 becomes

e = 0.0236 JFuR (2-18)

The turbulent Schmidt number A represents the ratio of turbu-

lent diffusivity of momentum e to turbulent diffusivity of mass €, i.e.,
A o= ele, s o - (2-19)
Thus, from Eqs. 2-15, 2-16, and 2-19, one obtains

Ku,R X

e, = — ) (1--5) - (2-20)

and

ol
1l

Evans [1966] experimentally observed that the turbulent Schmidt
number, A, increased from 0.65 at a Reynolds number of 10,000 to approxi-

mately unity at Reynolds numbers of 50,000 and 100,000. Bonin et al.

0.0236 vF u R/A ey

N |
it b A b




'”g;was se1ected so that the- magn1tude of £ at_the center11ne (U 15 €
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=

1957} a1so found‘that the turbuleﬂt Schm]dt number—was O—65—at Reyners e
-ﬁnumber of-10, OOO However ‘the- hlghest.va1ue observed by them—was 018 .E; _”;
at Reynolds number about 56,000. ;
Evens_[]QGE]'used a parabolic diffusivity distribution across .
the—pipe-radjus_ﬁEq,LZ—ZO);with;k:=;j_tp_meeriEEJ]y;ﬁaﬂiulaieeﬁoggegira-
tion“distrihutions;ﬁ;when:he_combared.theee;wjth some-measurements, he_.
found some'dﬁscreéanties near the:injectok at the pipe.centerr-;HéxtEEh'__
~concluded that a-parabolic diffusivity is present: in the outer han of

_-the:pibe radius but in the ‘inner ha]f,;e falls to some positive value

2
rather than decreasing to zero at the pipe centerline, as would be pre-

_dicted b} Eq. 2-20. This cohc]usion-is_in good agreement with the varia-
tion of ¢ along the radius as given in Schlichting [1968] from Nikuradze's

data for smooth pipes. Thus, in this study, Eq.2-20 is modified as follows:

s KugR-+x, Xo B ';ﬁ-'

e, = — 2 (1 -8 +a(21 - o (2-22)
with

- O:O__ = .-.- L :'_'- - = apd £ it x:g/R ) I'D'-' 5_ L

y e i sz s - maimed i L g i i '___-.__ e
B = if (2-23)

Z A s - . X s
2 '
0.075 (0.5 - —5) X,/R S

:Equat10n 22 g1ves a nonzero value for e, at_the center]ine Equat1on 2-23 .

max
"”;1n;agreement;w1thuthat obtained from N1kuradze-s data, The_average

vaTue';2 from Eq.- 2-22 is

VR
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0.025L: /RR/A- o & —ioe. c2lellivy .o 95 the (2-28)

2.3.2 Turbulent Mass Diffusivify in Circumferential Direction.

Because of the Tack of knowledge on the turbulent momentum

diffusivity in the circumferential direction in pipes, the analogy between

the turbulent transfer of mass and momentum cannot be directly used to
relate the turbulent mass diffusivity in the circumferential direction
to flow characteristics. It will be assumed that turbulent mass diffusiv-
ities in the radial and circumferential directions have similar spatial
variations. Thus, introducing a constant of proportionality (n); these

two diffusivities will be related as
e; = mey (2-25)

where e, and e, are the radial and circumferential diffusivities, respec-
tively. The proportionality constant n was evaluated experimentally as

discussed in Section 5.3.2.
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along thefﬁfﬁéfaiféfﬁiumuch;Ema1leﬁ fhanifhé"aiiaffcon§“3435-5=‘i5;

.Xeétion aﬂgﬁcanitherefore;be'neQTECted?; Bigdact wdlue ohsapeed By Iy

Other assumptions are presented below where they enter into the presen-

tation.

3.2.2 Mass and Dens1ty D1spar1ty Conservatidh -5 iy )

M1x1ng of the jet w1th ‘the P1pe f10w can be cons1dered as a —-~.':'- S
binary mixing process."Thus,'forithe jetTCOmponent“of'the mixture;“thé'

following continuity equation may be written [Bird et al., 1960]
; (u ) o vz 1% | : J = : (3-])_
i'4ify i - P, e

where Vi is the i-th component of V Dperator;jui-js the i-th component of
mass averaged velocity vector, Py is the mass=0f'jet cbmponentfheh unit 2277
volume of the mixture,-ahd e is the d1ffu51v1ty along the i- th d1rect1on

and is assumed to be constant. The density o of the m1xture is Sk

with i
.pJ = xDj (3-3)
s = (Toplntnstion stim s = semmreiee e oy ea) s

where Pp is the maSS'of ambinnt component per un1t vc1ume of the m1xture,_

Py is the mass of Jet component per un1t vo1ume of the m1xture, Py is

the ambient dens1ty, and x is the by we1ght fraction of the jet fluid



27

~in the mixture. Thus, combining Eqs: 3523 3-3, and 3-4, it may be'shown
Sl (35)
p
o]
withi L : Srinds g i S e A
QDG m Da:—..-; DJ -_ =

where Ap is the 10631'dehsity disparity associated with the jet and Bo,
is the initial density dlspar1ty "Substituting qu.'3-3 and;3-5 intom_

Eq 3 1, one 0bta1ns .

: ?i(u-ap)--ﬁ':eavap-__ 22 STp srnapiass piviaiy v (3:81;

Equat1on 3 8 is equ1va1ent to Eq “3- 1 and expresses the conservat10n of*h;'
z dens1ty dispar1ty (ﬁp ~In other words, conservat1on of dens1ty d1s- A

L. parity-is- equ1va1ent to conservat10n of mass.

i . Con51der a contro] vo]ume ¥ which is a curved circular cyl1nder
~ whose ends are perpend1cu1ar to the jet axis and whose 1atera1 bouwd—

ary is concentric with the jet axis. Take the volume 1ntegra1 of Eq.

3-8 over this control volume ¥. After using the Gaussian Theorem, the
 result mey'befﬁrfttenjasj;:{”-:fi;fé_ f

o f ﬂpu n; dS j_e Vzﬂpd¥ SR S ST SRR O
== 2 T adad .y‘-.,-_. - - hE g g __'_ 5 LS - - .. :_-.
where S 1is the tota] surface area of the control volume ¥ and nj is the

TR LR FH T TY e o 41 O PO SN DY Loy
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unit normal vector along the j-th direction. There iéfeXperimentaIf'_*'

evidence [Fan, 1967; Keffer, 1969] that the effect of curvature of the
jet trajectory may be neglected. Therefore, the following conversion

formulae may be used:

x1+Ax]' _ I
f( Jdv = f J( ) dAdx, (3-10)
- ¥ X A _ _
x1+&x]
J - - J f ( )dodx, + f ( Inda
S x1 o] A
x1+&x]
) Xytaxy |
- [ [ ¢ seaxg [« het,l T ()
X] (0]

where A is the cross-sectional area of ¥ at any X1 and ¢ is the peri-
phery of ¥ at any axial position. The radius of ¥ is taken large enough
so that Ap = 0. Thus, using the above conversion formulae, Eq. 3-9 can

be rewritten,

x}+Ax]

x1+ﬁx]
J J Apujnjdcde + f &pu1dA]x] = 0 (3-12)
x1 g A

where the term invo]ving_e] has been dropped in accordance with the pre-

~yious assumption. Dividing Eq. 3-12 by &xi and taking the iimit as &x1

approaches to zero, one obtains
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; g W > e -‘ __= = ;
féﬂpan-da dx] -I—ﬂpu1dﬂ _g s B ;J4 f“;q;_-,h;{3-}%} kL
g = - " =R s a4 . }

Since Ap is assumed to d1m1nish to zero on o, Eq. 3 13 reduces to

d R = , _ A e e -
dx, f—-ﬂ_p_%dﬁ =0 T (el
- Integration of Eq.*31]4-gives i 7] Lo ;;
J Apu,dA = constant (3-15)
A .
Eq. 3-15 is the integral form of conservation of density disparity flux.
3.2.3 Flow Establishment Region
1A'defin1£ion'5kefch for this region is shown in Fig._z.:ﬁfHe
- point 0 deffnés the end of the flow establishment regicndwhereas,o‘ js ?
,the 1n3ect10n po1nt _-:”1 < Lgdes ! onae -_f;?”_; ﬁgi5:1i:::,_v ”_ - -ég
App]1cat10n of conservation of dens1ty disparity (Eq 3-15) be-
'tween sections 0 and 0 (F1g 2) g1v35¢i_ V5 n gLty ;~;_;::: ~ylindar
- R :
md” S : ' -
1 Yohey, _JI Uy ApdA g , (3-16)
A -
i TG
ﬂfwhere u0 15 the 1n1t1a1 ve1oc1ty of the Jet and is assumed to be un1f0rm1y 54 § %

d1str1buted Apo is the: 1n1t1a1 density disparity and is also assumed to
be un1form1y d1str1buted d is the d1ameter of the 1nJect10n hole xe Ts

the length of the flow establishment region along the trajectory.
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Potential core

Symmetry
plane

Pipe wall

FIGURE 2: Definition sketch for flow establishment fegion
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At the downstream end af the f]ow estab115hment reg10n‘the pro— ' _frﬁ=?

£ 01,3
o R el

files: of ve10c1ty excess and densxty d1spar1ty are each assumed to he
self-similar. Since there are indications that the Gaussian funct1on

closely approx1mates the ve10c1ty excess and density d1spar1ty prof11es

[Abraham?f1969 Fan, 19675 Hirst, 1972 Keffer, 1969 Motz and Bened1ct

1970 Naudascher, 196?] the fo110w1ng re1at1ons are used (assuming a.

turbu]ent Schm1dt number of un1ty) = : :
o ., 5 _

. : _ . Y
Up =y COS 8 = U exp (- E%J X 2 (3-17)
bo = Do, exp ( - ;§) : | (3—18)

where Uy is the jet velocity at any radial distance Xo from the jet
center1ine,~6 is_the angle of defiectton measured re]atiMQ-tQ;the;Pjpe :
axis,_uT - ha coe_e isiﬁﬁé ve1d;}t§ ékcesag.hs'ia:the centetline Vejocity_
_excess, Ap is the density dﬁsparity'(i;e., the abao1dteuﬁaiUe of the

i sl ety o8 S ey 1 6

density at any po1nt 1n the Jet m1nus the amb1ent den51ty) aa s the
center]1ne dens1ty d1spar1ty, and b is the nom1na1 rad1us of the Jet
uThe n0m1na1 radius of the Jet b, {5 defined as be1ng equa] to V2 a _
where o is the standard deviation of the velocity excess distribution.
Thus, neglecting the variation in the ambient velocity Uy with.x at a

given value of xl, and using the fact that Ug = Uy and Ap &p at

S P T RS Coi P

--ex1-. (1 e, at the end of the und1sturbed core ‘of the JGt}s Eq i ”% ?

3318 becomes ;a ¥a* E;.f_;' : :.1;uhh=;;“ t.ff;'l; _;=: ;5t~~w
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2
ﬂdz _ X2
o i uOApO = [“a| cos 8, + u, exp (- —?J]
A Xy =X b
‘ 1" e
X=X
1 e
%
* Dp, exp (= _3ﬂ dA (3-19)
e

Substituting dA = xzdxzdx3, carrying out the integration in.Eq.'S—TQ'and '

letting b = be at x, = Xa be is found to be

1

b = d/f

_ T
e k/2(k + v%JXI“Xe cos 6_)
a e

(3-20)

where k is the ratio of the initial jet velocity Uy to average pipe veloc-
ity E, and ee is the angle of deflection at the end of the near field
region. | |

Using the experimentally established fact that the density
disparity does not play an important role in the dynamics of the fTow in
thefegion of flow establishment for buoyant jets [Stoy and Ben—Haim;
1973; Nece and Littler, 1973], the data of Fan [1967], and Motz and ‘
Benedict [1970] for nonbuoyant jets in crossflows can Ee used to evaluate

Be, giving

Bq =_ 8, (0.9 - 0.7/k) | (3-21)

where 8 is the initial angle of deflection, which is m/2 for the_pre-;
sent studies. The heg1igib]e influence of buoyahCy é1so means that
these relationships for the flow establishment region are valid for any

inclination of the pipe axis with respect to the horizontal.
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served-for jets in crossflows are smaller

. _The-distanéeséigfb_
- than the corresponding dista;cesmébéerﬁed.fdr7jéés“inlsfégnant ambient
fluids due to the increased entrainment of the ambient fluid when a
crossflow exists [Fan, 1967; Keffer, 1969; Nece and Littler, 1973]. A
study of the data from the same sources [Fan, 1967; Keffer, 1969; Nece,
1973] has further shown that Ay = 3d and Ax % 5d, Qhere_dy and Ax are
the projections of Xg as shown in Fig. 2. A distance df Ax = 5d is neg-
1igibly small compared with the total mixing distance and thus Ax will
be taken as zero; Ay is taken as 3d. Since the dimensions of the jet
near the injection Tlocation is small compared to the pipe radius, the
above values obtained for injections from the flat surfaces are taken

as fixed values. Thus, the calculations for the near field region are
begun at Ay = 3d and Ax = 0 with be and Be given by Egs. 3-20 and 3-21

respectively and the velocity and density disparity distributions given

by Eqs. 3-17 and 3-18.
3.2.4 Near Field Region

A definition sketch for the near field region is shown in Fig.
3. The equations used in this region are conservation of volume flux
(Eq. 3-22), conservation of density disparity flux (Eq. 3-15), and con-
servation of momentum flux (Eq. 3-28). To overcome the difficulties met
in solving-these equatipnsasimu]tahéous1y, integral type équations are
derived, resulting in a sét pf ordinary differéntial equations which can
be integrated numerically. This latter set of equations has been shown

[Fan, 1967; Keffer, 1969] to be a good approximation to the original set
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of point equations (Eqs. 3<15,3-22 '-.'—-’a-'rféil:s‘-‘:éf)ﬁ In the near Field region,

>:the coord1nate axes (x1, XZ’ x3, Fig:® 3) are ﬁef1ned*d1fferentTy‘fr0m

those in the flow establishment reg10n cens1dered in the prev10us sec-

tion. For the near field reg1on Xys Xy “and Xy are a rectanau1ar-set of

a'coordTnates ...... The anaJyt1ca1 cons1derat1ens presented below assumeﬂthat

: ;}the effect of: curvature of the” jet traJectory 1; neg%1g1b1e on- the dy~_ |

=namics- of: the flow. "-Tff” . W S ;-'feiir 2 A =f”f*%=

= The general conservation of volume flux mayrbe'written’-'a's._l

gl 0_ i ; .. S . | ”.(3“22)

_Consider the control volume defined in the preceding section. Inte-

- grating over the control- volume-and-applying Gaussian transformation

Usihg relation 3-11, one obtains -

: x1+Ax]

: 4 e 5 X4
J : J (Uj”j) dcdx] + J u dA]
Xy © A

-hﬁx1

- .Dividing by AXI and‘tak1ng the 11m1t as -Ax, approaches to zero,‘Eq 3 24 -

becomes - LIRSS S ~ ' — _ , FET ByEd aw & : _

0 S (3-24)n

=

4 i e it AL B8 4 m et sy st W bt

L P T |

e
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In Eqs. 3-23, 3-24, and 3;25? the previous definitions for S, A; aﬁd:& _ R

still apply. After rearranging Eq. 3-25 anduﬁéfihing_ue =:-thj; the i 7

result is

d
dx

u,dA = udo = E s x: (3526)
1 : - o
A o

where Ug is the Component of velocity veﬁtdr normal to the periphery o
of the cross-sectional area A, Uy is the component of the velocity vec-
tor along the jet trajectory, and E is the entrainment. The periphery
o is assumed to be circular in shape, and the radius of the circle for
the integration over o is arbitrarily chosen to be /2 b, as is the normal
practice [Fan, 1967; Hirst, 1972; Motz and Benedict, 1970].
Equation 3-26 is the one dimensional form of conservation of -
volume flux; the rate of change of volume flux within the jet along the ' é
trajectory is equal to the lateral inflow or entrainment, E.
The integral form of conservation of density disparity qux_
derived previously (Eg. 3-15) is also applicable in the near field
region; in the derivation no restrictions were made to ]imit:the appli-

cability of the equation in the near field region. Thus, from Eq. 3-15,

f ﬂpu1dA = constant _ (3-27)
Ban 2o &

where

up = u, €0s.8 +uc exp (- ig) ' ”"_-.- (3-28) . .-%
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A A 2
: Spll v el ot Sadae conh oy
.... Al iEdne }___&p___ 4 ';&ps exp. ( & sz__ S .:3.'r“--.-= Lot .':.: L BELT T3
TLRE o R R A R et
_ ot e i st L s - (330)

Equat1on 3 27 mere]y expresses the fact that the den51ty d15par1ty f1ux o
x w1th1n the Jet 15 1nvar1ant or that the mass f1ux must be cohéér}ea“';_;:;ﬁ__

' The steady state momentum equat1on may be wr1tten as [H1nze, :

1959]
Duj 5')_{:]— = Df.] = 3"-; aXJ ['p u'l UJ] : (3“31)

where f is the component of body force along X;s P is the pressure,

ui 1s the turbu]ent f]uctuat1on of x ve10c1ty component and p u1 uj

are the Reyno]ds stresses In Eq 3 31 the v1scous stresses are not

considered since their magnitude is much smaller than the1r turbulent
counterparts | _ :. K j g
| Integrat1ng over the control volume, and app1y1ng the Gauss1an”
; transformat1on to Eq 3- 31 the Xq= and Xo= momentum equations in 1nte- ]

gra] form are obta1ned

xl-component_

% J i e B 'J PLydy = J‘P”tﬁs'* J (= ”1“ )” dig’ Ziadtl
e o e Dl e Tl
xz-component
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J quanS = I-pf2d¥ - [-pn2d5-+ f (-p u2u )n ds *ff-(3—é3):

The x3-momentum equation in integral form vanishes because of the as- -
sumed symmetry condition which impiies that the net momentum flux vector
is in the plane of symmetry (Fig. 3).

It is convenient to consider the conservation of.momenéﬁm along
the x- and y-directions where x is parallel to the pipe axis, and y is
orthogonal to x and is in the plane of the centerline trajectory of the

jet (Fig. 3). The two coordinate systems, namely, (x], X x3) system

and the (x,y) system, are related to each other by the deflection angle

6 so that
%ﬁ— = cos 6 (3-34)
1 :
& oo -
oo = sine (3-35)
1 ' ;

The x- and y-momentum equations in integral form can then be written from

Eqs. 3-32 and 3-33 as
X-component

(f PU U305 dS] cos 6 - (J puzujnjds) sin 8 = l fxd¥
S

f panS cos 6 + ([ pnzds)_sin 8
S S
S

p 5 cos 6 - (J 2anJdS) sin 9 (3-36)



= f f dy¥
S y
(J pny dS) sin 8 = (J pnzdS) cos 6
S ; i ;; T e
gt e _
i ]anJdS ) sin 6 + (i—puéujnde) cos 8 (3-37)

where fx and fy are components of body force in x and y directions,
respectively. Using Egs. 3-10 and 3-11, and then dividing by &x] and
taking the limit as Ax1 appraoches to zero, the integral form of the x-

. momentum equation reduces to:

d 2, .2 _ .
H?T f p(u]+u] ) cos 8 dA = f—p(u1 cos 6 - u, sin 8)ujnjdc
A g
- I-f*dA = 3g_ J p cos 6 dA - f p cos 6 do
|
A A o]
[ == .
+ J [—pu1u3n cos 8 - (-puzuj)nj sin 6]do (3-38)
ag
where Ug is given by Eq. 3-17, and
: u2 = -—l_'!ﬂ sin 8 S T _____— (3‘39)
f =Thpgding i o it = (3-40)

— x

The angle ¢ is the angle between pipe axis and the horizontal defined as
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shown in Fig. 3. Substituting Eqs. 3-28 and 3-39 into the first term on

the right hand side of Eq. 3-38, and dropping u]2 from the right hand side

. - I 2 1
since uy” is much smaller than Uy [Naudascher, 1967; Robertson, 1965],

Eq. 3-38 reduces to

d 2 -
a;;-fpul cos 6 dA = f—puaujnjdc + ffdi % Fe (3-41)
A g A
where
F o= -9 [pcosodi-[pcosedo
X dx1
A g
[
~OU~ N + N, si ~
+ f pu,Usn; cos 8 pU,UsN 5 sin 6 ]do (3-42)
o

Fx contains the terms which cannot be evaluated independently because of
insufficient information. Fx represents the x component of the total
drag force exerted by the ambient flow on the jet. Equation 3-41 is
further simplified by assuming the value of u, on the periphery o can be
replaced by the ambient velocity which would have existed on the center-

Tine trajectory if the jet had not been there:

a%;-[ pu? cos 6 dA = puaE + J fdi + Fx (3-43)
A A

In a similar fashion, the integral form of y-momentum equation becomes

a%— f pu? sin 6 dA = I fydA + Fy (3-44)
1A A
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where

f = &p g cos ¢’ : £ K : : (3-45)

Y
F, = = j%~ [ p sin 68 dA - f p sin 8 do
J u.r\-l 'a s B
— — : _
+ J ('puluj"j sin 6 - pu1anj cos_e)dc ' (3-46?

o

Fy represents the y component of the total drag force exerted on the
'jet.

The simplified equations of coéservation'(Eq. 3-26, 3-27,
3-43, and 3-44) together with corrdinate transformation re]atiohs (Egs.
3-34 and 3-35) constitute the system of équations to be so1ved-siﬁh1-
taneously to define the flow field. The%e éduations are essentially the
same ones which were used by several invéstigators [Fan, 1967; Chan and
Kennedy, 1972] previously. However, in éhe present work; the effect of 

the pipe velocity distribution on u_ is {ncluded in the analysis.

a
The number of unknowns in the above set of equations is greater
than the number of equations by two. Th{s lack of closure necessitates
the use of some kind of phenomenological relationships for the entrain-
ment and drag terms, E and F respective]y.' With reference to the defini-

tions of E and F which were introduced in the preceding Chapter (Egs.

2-5 and 2-7), the following relationships were defined: B

£ = 2nba(ul sin 8 + u2)!/2 (3-47)
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ta1ned in the buoyancy terms

approx1mat1on.

- as uhity i i A ey e

3 2 4 1) and us1ng the p1pe ve}oc1ty d1str1but1on for u

Metz Referencs Loosi
Univarwty o*" Tl“fmi...-:-

43

[ (éu"'ées 6 + us)z eesfe] = Eabu (u inzle*ifigji/? .“:-:-i.

oy AP ek - JE T
+ b g 5= csim @t

ofas, 8

2 o R SN
_de[ 2(2u -ces e‘+ es) sin 8] = e Bl A R
F 5 2 BT = LT ¢ R e 5
= bua 6 ees 8 b P ER (3-55) .
¢ bP(2u cos 8 +u) = constant 112 (3.56Y ..

I
ﬂ
o
w
(I)
!

anes wwhkic _QL}{__ 2 & 8¢ o2
dx .s1n 6 _
In obta1n1ng the above set of equat1ons' any 1nf1uence of the var1at1ons*

of dens1ty on the 1nert1a1 terms has been negTected but has been re--

: Th1s is common]y ca]]ed the Bouss1nesq

Furthermore the turbu]ent Schm]dt number has been taken'

g1ves tﬁe“var1a-_}f

tion of u_, b, Apg s and Cq and gives the trajectory of the jet. Equation
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3-53, w1th.appropr1ate 1&1t1a1fc0nd1t1ons (Sect10n 3 2 4. 1), may;ba used -f

to eliminate &p in Eqs 3- 54 and 3- 55 Thus, there are on]y f1ve un- Z

knowns (us, b, 8, X, and y) rema1n1ng in the system of five s1mu1taneous

ordinary differential equations (Egs. 3-52, 3-54, 3-55, 3-57,.3-58).

. !
However, o -and CD must.bezpbtatqed,empiricaliy (SeqtionfS.Q;B%?ﬂfﬁfter'. _:}
solving this system, Ap_ and c_ can be obtained from Eqs,f3-53ﬁanﬂ'§;56i F o E?:i
~with the appropriate initial conditions  (Section 312.4.1).3~1_ st S AT §
3.2.4.1 Initial and Boundary Conditions
The initial conditions given at the end of the flow establish-
ment region are
= A A
Ug = Yy ;
b =:b
e |
£
Gy = o8
8 = ee > at Xy = 0 (3-59) |
1 5|
e," % ¢, :
x =0
A]though the above mathemat1ca1 mode] is eSSent1a11y an 1n1t1a1{”'__::“? =3
va]ue prablem the presence of the conf1n1ng boundary (385" “the pipe- e
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the boundary and the cond1t1on that the rad1a] mass transport must be f_

zero at- the boundary This second cond1t1on w111 be: ca11ed the ref]ec—”

T

t1ve nature of the boundary As—Tong‘as the Jet center11ne stayS'more _,fh;

than SbJJ’ (30) away from the p1pe wa11 these boundary condItlons are
not v1o1ated s1nce at a rad1a1 d1stance of Bo//_ the magn1tude of both
_ve1octty excess ano the concentration can be cons1dered-as diminished to
zero. = f_"' T AR :;_ = i

The fact that the wall confines the flow field jmposes another.
constraint;_name1y'that the total discharge past successive cross sec-
tions along the pipe axis must be constant downstream of the jet. _As

_the JEt entra1ns the ambient f1u1d the d1scharge in the Jet 1ncreases

This 1ncrease in the jet d1scharge w111 be compensated by a reduct1on 1n =

the d1scharge outs1de the Jet For a11 the cases 1nvest1gated exper1—'
. menta11y in th15 work the reduct1on in the discharge is always 1ess than
0.5 percent of ‘the und1sturbed p1pe fTow rate "Therefore in formu]at1ng
the mathematical mode] for”the*near_fie]d'region, the reduction in the

‘pipe discharge=is negléeted, "is Ty -tmiefily Luiled fhn 20 BEL

3.2.4.2 The Definition of the End of the Near Field Region

_,Fe— The end of the ‘near fﬁe]d reg1on He def1ned arbxtrar11y as. the :f

R -

2. or equa] to } percent 5 the “average pi p':veioc1ty and the centerttne T

b
[

r

:
i
.
'
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* density disparity, if any, is-less-than or-equal to 1°percentsof-thed

original value at the injection point, provided that the jet center-
1line is more than 3b//2 distance away from the pipe wall. The condition

on the location of the jet centerline will be met in many cases of prac-

tical interest. If it is not met for some given set of parameters,”that .

particular case cannot be analyzed by the mathematical model presented
in this work. (For jets with a density disparity, a Tlocal densimefric
Froude number defined as Iy = ua/JAps g b7pa could have been used to

define the point at which any density effects have disappeared rather

than using the 1 percent criterion stated above. However, since there is

no data to indicate the appropriate critical value of such a Froude num-

ber, the 1 percent value on Ap was used instead.)
3.2.4.3 Method of Integration

The set of applicable equations have no explicit solution; a

numerical integration is required. The equations were.firSt normalized -

by using initial or average values to give dimensionless parameters as

follows:
- \
Us = us/u
Ua = ua/u
B = 'b/be__ ) _ (é”éo)’
§ == 2ax1/be Sk

e e e VT
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The d1str1but1on of Uy 15 g1ven Jin Eq. 3 76.

venlent form fer numer1ca} 1ntegrat10n PIEES

~dN _ o, _ _ s m
Fo et Rzrcosie + R3 s1n_a :

- - oy | .- Fifta

_l.

‘ala o
nlse
1

SRS U e R T L e

“riwhere pe s i —meispr miv thn menn Fig kg

- 2 | s it i 4 I .
B (2Ua cos 0 + US) ]

¥

N —-_B (Z}E_COS 8+

do =“__1..(R3 cos 0= Ry sin O)/N -

d: = sin Bhe Fecuciius in oz dlsihed

The'setJof”eqdatiohé-(Eqs

-——3 52,_3 54 3 55,_3_5?, and 3 58) were theﬁ transformed 1nto a mere con—ﬁnj'f

(3-63)

=--cos 6 cisshados wiFihe seeetiziodby @ e

v (85 e —_-.;(3%_;55-)

PP TR TP PR, )

s e

L i)
iy e L s
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R3 = D cos-¢ - C, Ug BESinz.e.cos o Fp SEnt wiar(3-70) |
WS it L g
& i e S s SR ¢ "
D = (g b, be/(apa u ))(2Ua.cos 9 + US) (3-71)
CD = 2 CD/(aﬂ) R L (3-72)

The initial conditions at s = 0 are

M(0) = zualS=O cos 8, + k

N(O) = ME(o)

0(0) = e, (3-73)
x(0) = 0

y(0) = 0

where k is the ratio of initial jet velocity to ambient velocity, i.e.,

k = uofﬁ ' : R (3-74)

Equations 3-61 to 3-65 were 1ntegrafed numerically on an IBM 36D/75
digital computer using a subroutine [Ger and Holley, 1974] which is similar
in structure to the subroutine "RKGS" of IBM [1972] and which is based on
the fourth order Runge-Kutta formulae with the modification due to Gills
[IBM, 1972; Collatz, 1960;_M11ne, 1970]. The accuracy and the step size
are automaticaljy_contréi]ed. The integration stops at thé.terminai:pdint

of the near field region.
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--3.2.5 Far Field Region

In the far field region, the study of the behavior of the
tracer is assumed to be the study of mixing of a passive tracer in a "

turbulent pipe flow. In this region, in addition to the asggmptions'

~ cited in Section 3.2.1, it is assumed that there are no residual effects =~

-of the jet and tracer from the near field region other thgﬁ.thé-dig_:;
tribution of the tracer within the cross section at the beginn{ng of
the far field region. In fact, this assumption is the definition 6f
_the far field region. The following assumptions are implications of
the definition of the far field region:
1. There is no appreciable density difference betwéén the jet
fluid and that flowing in the pipe.
2. The pipe velocity profile is fully established and undis-
turbed by the presence of the jet. ' |
3. There is no change in the pressure distribuiiqh_due_tq pre-
sence of jet upstream of the far field region.
4. Disturbances in the turbulence structure dug to presence |
of the jet upstream of the far field region.are dissipated.
The steady state mass transport is mathematically an equilibrium
problem. In other words, with reference to Fig. 4 (note that coordinate
axes are redefined), the equilibrium distribution of conéen#rqtjon cin a
| "doméin D, for a given initial distribution at the end of the_ﬁedk.fie1d
region, is to be determined by solving the differential equéffdﬁ:[ﬁird;f%.:

et al., 1960; Hinze, 1959]
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depends only on the concentration distribution at the beginning of the:.%
far field region and the flow characteristics u, 2,'e§?f
A general treatment of elliptic equations is ava11ab]e in Ames

[]969] Varga [1970], among others [Crank, 1964; Carslaw and Jaeger,

1965; Kantorovich and Krylov, 1964]. Under certain cond1t10ns, anaiyt1ca]; -_';|; '

solutions for Eq. 3-75 are possible [Crank, 1964; Cars]aw and Jaeger,

1965; Kantorovich and Krylov, 1964]. The next subsect1on presents one -

such solution which is useful for this study.
3.2.5.1T An Analytical Solution for a Wall Source

For a continuous point source at the pipe wa11;_Eq. 3-75 hasf
an analytic closed form solution if ambient flow characteristics are such

that

u = u = constant 5'“ -~ (3-78)

€2
Substituting Eqs. 3-78 and 3-79 into Eq. 3-75, and rearranging, one

obtains

9°¢C 1 3c 1 5°¢c u ac
—_—t — 0 = = - = = 0 ! (3-80) -
axg ) x2 xg axg kr ax1 -

This equation will be solved subject to the boundary.conditidns'ofla

unit continuous point source located at Xy = 0, Xy = R,'and g3 =10 ahq_"::

rEu L

%E— 0 (3-81)
2l
XZ - R

= e, =k, = constant ; kb (3-79) =
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©Introdicing the new:variable, t3,the travel timeios oy )~ - ~(5-7A)
o xiT T o 2 5 ~OwTRL S
LI (3-82)
u _*"‘
Eq 3 7? becomes e i} Tl
; ﬁ“;_ 8c. 5 of Bots. 1ReTE AT
o el N DR ol K BE
sz i 2:_ X5 8x3 o B

-This equation now'mathematica11y represents an unsteady diffusion pro-
~blem in two dimensions (X, and x;). The boundary condition-given in Eq.

-3-81 is not affecteo by the change from axia1 distance x1 to travel‘time

t. However, the boundary cond1t1on of a cont1nuous point source is trans-

“-1ine source para]lel ‘to’ the p1pe axis‘at x2 R x3'— D at tE 0—=~Tﬁ1s jf-

.}1ne source at the wa11 must be- 1nf1n1te1y ]ong 1n order to ma1nta1n

" “ithe two d1mens1ona11ty of the prob1em S1nce Eqs 3- 80 and 3-81 are re= _ﬁf"-:

“1Tated to each other by Eq 3 82, the solut1on of Eq 3 80 can be obta1nedf-?""“'ﬂk

-from the solution of. Eq 3-83 replacing t by X s transport s a :4

"“The 1n71n1te|y Tong- Jine source can- be v1ewed as tne superp05|—“_

tion of point sources. For an 1nstantaneous, unit point source at x] =f

& X, =R, x3 ‘0O and t = 0, it has been shown [Cars]aw and Jaeger, ]965]
that the c0ncentrat1oo d1str1but1on 15 g1ven by i S
[ Xz E) } gt Bl R S B 2 2 oF aoivEas Lo
e"p TR ' ';-m exp Ko B3 [l B R o, £ B
| Ga-57 Segi Les [1+Zcosnx3z _xérnm nmnan:’
ZWJWKrt Seco m=1 - (an -n ) J n,m)

el e sy

wreemihif i g g
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where ;?_; .-;5;»,?ai"f" Srsbribet 1%-1;1-;&;7?;;L3-Ef_eﬁg-.-
_kr - Sk L
K: = —& (3-85)
r rZ
X _
X-[ = R T - g S _ : (3-86)
Ry - T e s SR g u
= "% Y T - o ol Reov (3-87)

and B i is the m-th positive root of Jr(a) = 0. Thus, the solution of

3

Eq. 3-83, subject to the aforementioned initial and boundary conditions,

is obtained by integrating Eq. 3-84 over & from -« to +w:

= |—

2
o o exp (=Ko~ J (o X,)
c = —-[& + ] cos n X3 ] 2?’ LiLd (3-88)

rn,mn
==00 = 2 -
n=-e m 1 (an,m n Jn(an,m)

Substituting Eqs. 3-82, 3-85, and 3-86 into Eq. 3-88, the solution of

Eq. 3-80 subject to appropriate boundary conditions is obtained:

_ . exp (- Erféim;l) aﬁsm J, (e Xo/R)
c = -% 1+ Eﬁios n x3m§] (aﬁsm-nz) Jn(an’m) (3-89)
Since

A (2} == (-I)"IJn(z);:. e s | : (3_9q)”_?_

Eq. 3-89 is further simplified to =~ -

k|

o
25|

-}

i

:
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i : __'._‘_ ._:__ e : L 2

gl the s verniahis 572 Z.:k o
- 1 + ] W cos n x3 Z exp (- —= zﬂ_m
e, 0 ' ] : RS w

X

Equat1on 3-91 1s an ana]yt1ca1 so]utIOn of a s1mp]1f1ed form of

d1ffus1dn equation (Eq 3 80) for a contanuous po1nt source at the pipe
wa11 and was used for compar1son w1th the resu1ts of numer1ca1 computa-
t10ns for se]ect1on of the optimum grid size for the finite d1fference

. spheme_used in numerical integration of Eq. 3-75, as discussed beTow.

- - 30,5 ﬁet—h‘dd -;0. £ "Nu'me r‘ICa1 I"._h-t-fe_gr'-a'-t'i'on — =

. In the case where u, 2,.and e3 are arb1trary funct10ns of xz,
an analyt1ca1 squt1on c0u1d not be found Therefore numer1ca1 1nte-
; grat1on was used In thTS study, an a1ternat1ng d1rect1on 1mp11c1t ;
- finite d1fference scheme was used for a number of reasons, the pr1mary

one be1ng the uncond1t1ona1 stab111ty of the scheme [Ames, 1969

S1emons, 1970]. Anether feature ef the method is a reformulation of the

f1n1te d1fference equat1ons so that the algebra1c system generated in

: the numer1ca1 procedure can be eas11y so1ved Further, the method 15_

convergeht fAmes, 1969 Varga, ]962] Jfgﬂ:_ﬁﬁﬁv;:ﬁ J:i"*

In an aiternat1ng d1rect1on 1mp11c1t ‘method, the d1str1but1en

at X1k is used to calculate the distribution at the next downstream

s =

sl -

Sy g b
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'%‘cros

'}v~§id The fo]]ow1ng centraT d1fference re]at1ons were used’Jn

" where
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Then start1ng from x1 k )

obta1ned but this-time only c1rcumferent1a1 dwffus1on is con31dered

The method can be 1terated but 1terat1on was not used 1n th1s study

s der1vat1on of f1n1te dIfference equat10ns ' :;.j.», ffi;fw {97__‘ S

Cons1der1ng on]y advect1on and rad1a] d1ffus1on 1n the f1rst =

ha]f of the a]ternat1ng d1rect1on 1mp]1c1t scheme, a f1n1te deference

) 1+1 ' o
TlEreEnye 30 e (3-95)
fg $ 1 A+1,2,5 Ck*1,8,3 Tk+1,1,3 A

ui(sz

8 i i b i it

T

i
i
2
i
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/
/
6 7

i 7

max _ .~
e —————————) =TS ey e R D s *—.j
max”T' 1max(p1pe wall) 1max+1

AX L AX
2 | 2

~ +- 2

FIGURE 6: Schematic representation of mirror imag
technique _
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In Eq 3 103 when J

i

,1; J_— i 1s repiaced by J and when i '_Jmax

B 1 15 replaced by 1 1in order to cTose the c1rc1e in. the.x-eelhect1on

Equat1ons 3-95 and 3-103 can be rewritten in matrix notation as

SRR

Fk+2:.Clg+2_ o

i g F1 Mmebl r . e

Equat10ns 3= 108 and 3-109 are the f1n1te d1fference equat10ns wh1ch now
represent the differential equation.(Eq. 3- 75) p]us the boundary cond1-'

tion (Eq. 3—77) Knowing the d1str1but1on at x1 k’ the d1str1but1on at ":

iﬂ;

o

x] KFT -1is computed us1ng Eq 3 108 The resuTt of this computatton be~ -f-::

comes the 1n1t1a] d1str1but10n for Eq. 3- 109 The solution of Eq 3- 109
is the d1str1but1on at XI k+2'- The resu1t1ng distr1but1on at x] k+2 qs

then used to be91n the 1ntegrat1en for the next segment ot lengtn zex

"'The 1ntegrat10n proceeds in th1s manner 1n the x] d1rect1on

Any one of the fam1]1ar methods of 50]v1ng a system of T1near i

i 'aTerra1c equat1ons may be app11ed to the solut1on of the f1n1te d1ffer-
ence equations (Egs. 3-108 and 3—109) In this study, the method of
successive e11m1nat10n is used [Kant0r0v1ch and Krylov, ]964]

Numerical 1ntegrat1on of Eqs. 3-108 and 3-109 was carr1ed out &

on an IBM 360/75 d1g1ta1 computer [Ger and Ho]Tey, 1974]. The step 51ze )

B a]ong the x1-ax1s was controTTed automatTcaT]y by assum1ng that the ]ong1--_;;"

'tud1na1 grad1ents woqu decrease as the gradTents w1th1n a- cross sect10n
decreased: The---wmtm]-—-&-x1 step s1ze at the beg1nn1ng of the far f1e1d

region was selected as one pipe radius. As x increased, the ﬂx1 step

MM e i e

s == Ll

ol i b e b it st 2 2
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size was doubled whéﬁﬁthe_range of E values thhin a given croéﬁ—section
bécame ha]f'of the range for which the current 4x, was established. :The
step sizes for Xo and X3 axis were selected as described below.  Inte-
grations were carried out until a predetermined degree of uniformity

within a pipe cross section was obtained.

3.2.5.3 Selection of the Optimum Grid Configuratjon

The optimum grid configuration is the one for which a reason-
able amount of computer time is used to numerically produce concentra—
tion distributions which are within an acceptable tolerance of the true
solutions. The optimum grid configuration'must be selected empirically.
Experimentally recorded concentration distributions cannot be used
for this pfocedure since the circumferential diffusivity is nof known
a priori. Therefore, the optimum grid configuration was selected so .
that the concentration distributions obtained by the numerical inte-
gration of Eq; 3-80 (simplified form of Eq. 3-75) were within an_ac-
ceptable tolerance of the analytical solution given by fq. 3-91. Ciose-
ness of numerical and analytical solutions were checked by

1. Comparison of the standard deviations, o, of the concen-

tration distributions within various cross section along

the pipe axis,

2. The cumulative Toss mg, in total mass flux in the numericai

integration, and

3. The standard error of discrepancy, Sd, between thé ;
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5 3, }4_=numer1ca11y eva1uated concentrq;1on“d1strﬂbutaons_and cor—.. i
-L:f:‘_respond1ng an§1ytjca} so]ut10ns. ;".7?7_ffif"'

The fo11owjng.def1nitions were used:

S P o b (3-110)
e BV Ei e A :
_ (n),5=(a) .
m = 1- (i%ja_uI cli‘ )/Ag % (3-111)
ERRE W TR R e
153
L =X./2R o B o3 (3-113)

where C is the cross sectional average concentrat1on A is_the cross-
sect10na1 area, 1 and j are the indices descr1b1ng the 10cat10n of the .
"j-gr1d polnt c(’; and c(?g ‘are-the concentrat1ons obta1ned numer1ca]1y
'-(superscripf n) and analytically (superscr1pt a), and a1’j'15 area re-
presented by the grid point.. This area is:defined by the perpend1cu1ar .
bisectors of the Tine segments between the grid point and the neighbor-
ing points.

.- For pipe Reynolds number- of 100 000 four d1fferent gr1d 51zes -

‘were. tr"|ec[ woid gecy '_'-;:."_'."' s




Number of .
X9
10
10
5
5 _
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Grid Points % AR Sreis-3ert ion

32
16

32
16

There are no significant differences among the different grid sizes as

far as the variation in standard deviation along the pipe axis is con-

cerned (Table 1). However, as shown in Table 2 and Fig. 7, the cumu-

lative loss in total

mass flux for the numerical integration is highly

dependent on the number of grid points along the radial direction; for

the larger number of points, there is less total mass loss. Furthermore,

when the variation i

(Table 3 and Fig. 8), the same conclusion relative to the number of radial

n the standard error of discrepancy is studied

grid points is reached. The optimum was selected as 10 and 32 grid

points along the radial and circumferential directions (1.e;, ﬂxz = W

R/9.5 and Ax, = w/16) and this arrangement was used in all further numer-

3
ical computations.

Table 4.

3.3 Further Remarks

The length of required computer time is shown in

The proposed model to describe the general flow field of a

round, turbulent jet

on the jets in a cro

in a crossing pjpe flow differs from the past wdrk

ssflow in three primary ways:

e

= i s e
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Cumulative l1oss of mass, m

0.015

0.010
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# of grid points
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PR Wil el N -

' : 100 ) 200
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FIGURE 7:

Variation of cumulative loss of mass with L

and number of grid points
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Table 3

Variation in Sd with L

L 5x16 5x32 10x16 10x32°

24 10.0620 0.0299 0.0538 0.0129
44 0.0284 0.0240 0.0184 0.0064
64 0.0226 0.0230 0.0090 0.0053 o
84 0.0214 0.0226 0.0056 0.0052
104 0.0211 0.0224 0.0045 0.0052
124 0.0211 0.0223 0.0042 0.0051
Table 4

Approx1mate Time of Computation for Mixing Distance
of 164 Pipe Diameter

No. of Grid Points t
5 x 16 40 sec. . g Fe
5 x 32 200 sec.
10 x 16 80 sec.

10 x 32 400 sec.
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107
',,d.

Standard error of discrepancy, S4

No. of grid points

X3 i
16

32

16
32
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o

]

— I |
o

0 50 100 150

Dimensionless distance, L §
FIGURE 8: Variation of Sd with L and number of grid points
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1tE:%EéJébpiicaQIe'equations“(Eqs. 3-52 throuéh 3-58) for the

_ near fie]& region were defived frbm the basic governing
point equations so that the meaning of each term is more
clearly defined.

2. The nonuniform velocity distribution of the crossing pipe
flow is considered by letting Uy in Eqs. 3-52 through
3-58 and 3-80 vary-acbeS the pipe according to a poﬁer
law.

3. The turbulence of crossflow is taken into account by the
consideration of a far field region. Also, the effects of
the pipe turbulence in the near field region are inherently
reflected by the experimentally evaluated entrainment and
drag coefficients presented in Section 5.4.3.

There is no precise point at which the change between the near
field and far field regions takes place. There exists a transitional
regime between those two regions in which both the jet characteristics
and the pipe flow turbulence have some influence on the mixing of the
tracer with the ambient flow. Although there is no experimental verifi-
lcation, it is assumed in this study that the jet-induced turbulence loses
its significance at the end of the near field region. Thus, no transi-
tion region is considered. The end of the near field region defines the
beginning of the far field_fegion. In other words, any jet-induced
turbulence or disruption of the"pipeff}bﬁ'veTocjty distribution in the

far field region is assumed to be negligible.
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tanks were used in calibrating the flowmeter. Each tank had been cal-
ibrated in 1000 1b increments %rom 1000 1b through 20,000 1bs-us1ng dead
weight loading. The read-out was accurate to #20 1bs.

A flow straightener was included in the system to suppress any
swirl resulting from elbow C3 (Fig. 9). The flow straightener consisted
of |

1. Four vanes placed in the elbow C3,

2. Seven 10-ft Tong, 1-1/4 in. IPS galvanized steel pipes

(Fig. 9) inserted inside the 6 in. pipe immediately down-
stream of the elbow, and

3. A stack of five pieces of 5/16 in. flattened expanded

metal placed 6 in. apart.
The length of straight pipe between the end of the expanded metal and
the injection point was 76 pipe diameters and was sufficient for decay
of the additional turbulence due to disturbances of the eibow and flow
straightener and for establishment of fully developed turbulent pipe flow
before the injection point [Dryden, 1942; Laufer, 1954].

Sampling stations downstream of the injection point were
located 20 pipe diameters (10 ft) apart. Accessibility to any point in
the cross section at these sampling stations was provided by the support
and the traversing system shown in Fig. 10. The probe (Section 4.2.4.2)
could traverse the entire pipe diameter and its location relative to the
pipe wall could be read to an accuracy of 0.001 ft. The supporting pipe

could be rotated a full revolution about the pipe centerline. This
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pagnotétidn;wés'échieVéd=5imbjyaby rotating-on ihéépipegthreadssﬁndjtated -

“by- T %n Fig: 10.°ndn othET:wOrds;'the’probévagisitouid bEjSEtitQ_anM?-:.ﬁ

angle with the vertical. To muve to a new sampling station, the 5 %t
1dng measurement section was disconnected at point D, the required addi-
“tional Tength of-bipe:was*addeg, the measurement=seciion'waS;reatiaChed
at the end of the pipe, and the diséharge was reset fo the desired va1pe.
The sections were connected by standard screw-on f]anges.
Care was taken to ensure that the inner surface of the pipe at the joints
was as smooth as possible by threading the pipe ends so that the gap at
the joints was at most 1/8 in. Also, each time that pipe sections were
added, care was taken to align the inside surface of the pipes.

The hydraulic roughness of the pipe wall was determined empir-

ically by measuring the head loss over a 90 ft length of pipe and:meésur— :

ing the corresponding discharge. The relative wa11 roughness was found
to be 0.00001 (Fig. 11). Thus, flow was assumed to be in hydraulically
smooth regime. The possible aging of the wall was also checked; no -
“change 1in the wall roughness was observed during an 18 month period
(Fig. 119. ] - o o i 5 4ig

During the 24-month period of testing, the temperature of the
water varied between 20°C and 24°C. This variation was caused by a com-
‘bination of factors: the pipeline was exposed to air, the water was: re-
circulated, there was heating associated with the_pumps,:andfihere;wéfe' 
changes in the témperature bf;the;Sump watet;'HOnéﬁe?fectfof%thgpyaniae
“tion ih temperétﬁﬁe was tﬁ change'the“visCOsify-of-watereand;hence the -

Reynolds number corresponding to a given measured flow rate. With the
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considered to be accurate and was used for calculation ‘of the mean

z‘ve10c1ty"fn the pipe. .-
4.2.3 Tracer Injection
©4.2.3.1 Selection of Tracer '

= In previous experimental determinations of mixing distance due
to different injection systems, several tracers have been used. Radio-
active traﬁers, fluorescent tracers and salt are the mosf common]f used
.tracers. The radioactive tracers (whiéh mostly have relatively short
half-1ife) require a storage of radioactivity. The use of fluorescent
tracers, on the other hand, require the use of detection equipment which
~was not available. Therefore, in this study, sodium chioride (NaCl1) was
used as a tracer material; it was inexpensive and easily abcessible, and
its jonizing nature made it easily detectable. In what follows, sodium

chloride will be called simply "salt.”
4.2.3.2 Tracer Preparation

The salt was dissolved in the 1ab0ratory“5uhp water in prepar-
ing the injection fluid. If salt were the only solute used, the density
of the solution would always be greater than that of the laboratory
water. However, for nonbuoyant jets the density of the injection solu-
tion was to-Be.equa1 to that of the 1ab0ratory water. Thus, methano]

._ was added to méke the_dénsity of the injéétioh stution eqqgi;fd:thei.

density of the laboratory sump water. For buoyant jets, on the other
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> hand; sugar_Qq$ used to obtain a heavier injection solution whenever the;'if 
increageiﬁn tﬁéiaeﬁsity due to salt alone was not enough. The density_-r
of injection_so1ution was measured to within three significant decimal
digits by a-NéstphaT specific gravity balance (Fischer Scientific,
Catalog #2-150).

Since tracer conductivity was the distinguishing property to
be_measuréd during the experiments, the conductivities of the consti-
tJents of the tracer solution were measured with a standard conductivity
probe. It was found that methanol and sugar were essentially nonioniz-
ing. This meant that the increase in conductivity during an experiment

was due only to the salt.
4.2.3.3 Tracer Injection System

Figﬁfe 13 is a schematic diagram of the tracer injection system.
‘The tracef.solution (jet fluid) was.stored in a reservoir (18 x 18 x
18 fng).;_There were two injection circuits. Circuit C1 was used with |
valve VE?Ebmp]eter open (and pump P off and valve VM closed). In
circuit C1, the tracer flow rate was controlled by the metering pump PM
(Chemcon, Series 1140-PVC-135) with the capacity of 50 GPH. The pump PM
was a diaphragm pump which provided alternate suction and discharge
strokes-at a rate of 90 per minute. Therefore, the closed surge tanks
were introéuﬁed into the circuit to damp out the fluctuations in the flow -
assgtiatedswith—the pump characteristics. The pressure gauge attached

to the sécohdlﬁ?bsed surge tank was used to check the steadiness of the

Metz Referencs Roox
University of Iilinois
B10s BCEL
208 N. Romins Strest
Urbana, Illincis 61801
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flow. It was assumed that the flow was steady when the!pré$}ﬁre flucﬁ'“

tuations bécame less than 1 percent of the average p9955ur5}'rkThe re-
sulting jet was visually observed and appeared to bg_sﬁeady.) For flow
rates greater than 300 ml/min, the transient period was short enough
(Tess than 10 min.) to use this circuit. However, flow rates less than

300 ml/min, the transient period was tooc long to use circuit C1. Then,

the circuit C2 was used. (An arbitrary time 1imit was imposed to pre- -

vent putting large quantities of salt into the pipe flow and the sump
while waiting for a steady condition to be reached.) Circuit C2 was '
used with the valve VA closed. The tracer flow rate from the constant-
head tank was controlled by the use of a metering valve VM. (This
circuit was not used for all flows because of the higher head require-
ments for_F]ows greater than 300 mT/mint) _

The flowmeter, FM, was a trif]at;'varfaSIe areé'f}owmeter _
(FP-3/8-25-G-5, Fischer and Porter Company). It was'caTib?ated by ;_

measuring the discharge collected in a ca?ibrated beaker. It was found

that within the range of the change in temperature of the injection fluid

(1°C at most) observed from one experiment to anqther and within the

sensitivity (0.5 percent accuracy) of the flowmeter, a single.calibration

curve was adequate for a series of experimenta1 runs. A new curve was
developed '
1. When the density qf_the injection solution was-changed,
2. When switcﬁing between the two injection cirEUits pre-

" viously described. R L
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The details of the TnJector‘used for Jet 1nJect10ns are- as-*‘;Ei-:;%lﬁi-i.iii5
shown in Fig. 14. The Tength H of the 1BJECtOP was chosen to be ~Tong= S
enough (H./d > 40) to have fu]1y—estab11shed f1ow when the jet entered

the pipe. The flow inside the injection tube was. always turbulent. H'

pressure tap located opposite to the 1nJect10n ho1e was used to v1sua]1y _

check the alignment of the jet with the jet d1scherg1ng into anﬁempty

pipe. : : be muzsifred dirine tntoupersa

In Fig. 15, the injector used for wall source s shown., The' ©Soiuiitn vere o

tracer solution was released exactly from the samé location as the jet™ = =7 "=77

injection. The alignment of wall source probe was checked visually.

4.2.4 Concentration Detection Equipmehf

4.2.4.1 The Overall System

Conductance of a fluid changes as the concentrat10n of 10n1z1ng -

agent (salt) changes. Thus, concentrat1on d1str1but1ons of an 10n1z1ng

agent can be obtained from the measured conduct1v1ty d1str1but1ons The_dl

concentration detection equipment (Fig. 16) for the 1aborat0ry measure-

ments consisted essentiaily of a conduct1v1ty probe wh1ch formed a part

of a Wheatstone bridge circuit.

4.2.4.2 The Conductivity Probe |

The conductivity probe (Fig._1?) constructed for th1s study

consisted of two platinum electrodes df'T/S in.-x 1/8 1n X ]/192 1n

placed 1/8 in. apart at the base of a g]ass tube (Cern1ng Pyrex Brand



L P

5 \ d(injection | -
hole
*—d1ameter)

Pipe wall

"“\
2 b .
AEEQ 4 A 2

““injectfon port

- TlnteFioro.
pipe wall

FIGURE 15: Schematic diagram of simple wall source

"'*bauggaa:geff;r'u‘*

;.' ¢'Fq ..i 0

L LR b e ot

]

;
-1
2
=
==
e
—=F
o
;E
E

S PR



84

FLN2ULD U0L30939p UOLFRUUSBIUOD JO WeBRLp DL3BWAYDS :9] JYNYI4

__ SU938UWI [0 3

: 8qodd (@

. (6L ®4nbLy 935) 31NoULD 8bplug 5y

4914 L|dweaud :g

ABpJ003y Y

9 q v
;




) tvasaiich o

e, i b B e e

1 ! |
, B T
i
1 . !
!
Lo Lot
IHRH FULLH COWPANE
ard, Lantr, U 5.4
Lo
o0
WM
|




86

7740) of 8 mm-outside diameter (Fig. 18). A platinum wire, 0.65 mm in
diameter, was flattened at the one end to 1/192 in. thickness to obtain
the electrodes. The unflattened ends of the platinum wires were butt-
welded by plasma arc to copper wires of the same outside diameter to
form the Teads from the electrodes. These leads, then, were isolated
from one another by glass tubing (Corning Pyrex Brand 7740) of 3 mm out-
side diameter, and 3 mmﬁg1ass tubing was evacuated. The probes had a
total Tlength of approximately 18 in.

Before first use, and later whenever readings become erratic
each probe was cleaned and platinized according to a standard chemical
method as described by Glover [1970]. (See Appendix 1.) The probes

were stored in distilled water when not in use.
4.2.4.3 Bridge Circuit

The probe was connected to the bridge circuit by a two con-
ductor shielded cable. As shown in Fig. 19, the preamplifier supplied
the excitation voltage for the bridge (4.5 volts, 2400 Hz) and received
the input signal of the probe through the bridge circuit. The probe was
connected across the third leg of the bridge. The variable condenser
connected to the Teads A and B and the 2 KQ variable potentiometer in
the third leg of the bridge circuit offered flexibility in the initial
balancing of the bridge circuit. A voltmeter was connected to the -
bridge circuit as shown in Fig. 4 to check the initial balancing of -
the bridge. Furthermore the 10 KQ variable potentiOmeter and 5 KO

resistor connected across the bridge as shown in Fig. 19 provided the

P P SR
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4

possibility to vary the sensitivity of the probé when desired.: The -
bridge was connected to the preamplifier via the signal and excitation
leads (a four conducted shielded cable).

When a probe was immersed in flow with ionized salt in a
grounded pipeline, the potential difference between the pipeline ground
and instrument ground induced a ground loop. To eliminate this problem,
an isolation transformer was installed in the s%gna] circuit of the
bridge as shown in Fig. 19. The bridge and the isolation transformer"

were grounded at the guard shield of the signal and excitatioh Teads.

4.2.4.4 Recording Equipment

A two-channel Sanborn Recorder (Model 296) was used. The
signal out@ut from the preamplifier was continuously recorded on a
sfrip chart. An averaging switch was also available so that the signal
output could be averaged over a one-second period if desired.

Usinglthe R (resistance) and C (capacitance) balance knobs of
the preamplifier final balancing of the overall bridge preamplifier
circuit was accomplished. A voltmeter was connected to the preamplifier

output as shown in Fig. 19 to check the final balancing.
4.2.4.5 Calibration of Probes

Calibration of probes is required to obtain the relationship

between the recorder output and the corresponding tracer concentration.
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and the mass-density p.. Sincej-iﬁ:this 1hvestigat¥on;30h1§533pe$ with

a single relative roughness are considered, the surface'rdughness'hff“

the pipe is not Tisted among the significant pipe flow parameters. The
jet flow, on the other hand, can be characterized by the injection hole
diameter d, the injection velocity Uy and-the difference in~speeific
weight Ay between the jet fluid and the ambient fluid.- ?He"géomefrj and
the orientation of the injection hole are not cited as significant para-
meters since only one type of injection hole (a circular one_perpendicular
to the pipe wall) was used throughout this investigation. In addition

to the jet and pipe flow characteristics, the mixing distance depends on
the degree of completeness of mixing of the tracer which is considered

as adequate. The standard deviation o of the concentration measurements
at a given cross section is used as a measure of degree of completeness | %
of mixing. (A more complete discussion of completeness of mixing and o
is given in Section 4.3.2.) Thus, the relationship among the variables

can be indicated as

Xm = f-l (D; pas u, u, d, u0= Ay, G) (4—])

By application of Buckingham's m theorem and some further manipulations,

Eq. 4-1 can be reduced to a simpler form:

L =f, (D, k, Fys R, o) o o ] Mg iy (4-_2)
where L is the dimensionless mixing djstan;e; 5 lm’ LEE s F 1hé
L= % (4-3)

D
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- *Dé?ﬁs_the;ratio_ofepipe diemeter*tg"the,injectieq;ho1é diéﬁeter;
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D.=D - (4-4)
T : g
k is the. velocity ratio,
k=Y = : 1 5 e e )
R TEE _ |
F, is the densimetric Froude number, Par, 4
i ;.u -
Yo | “Yo
F, = = —
od . . (4-6)
F . #%x d f%EQAgd o f . el
g 2 Pa ' = SR
R is"the Reynolds number,
u Pa D _ _
T is-the‘graﬁitatibﬁalﬁabce1eration5-and Bo,, is. the initial density il

d1spar1ty between Jet and p1pe flow |

i Exper1ments were conducted in f?ows cover1ng a range of con-i
d1t1ons with d1fferent D , k and Eﬁ for R = 60,000, The_dependence of.?
L on Reynolds number w11] be discussed in Chapte} 5. The range of.con-%

ditions covered in this investigation are as shoﬁn in Table 5.

4. 3 2 Measure of Degree of Completeness of the M1x1ng (Adequacy of i

v FnE

_ M1x1ng) anemipatice frmfe o Deacer L)

T P ITIT TIT o ") g Lo

As defined earlief-(Chaptef 1), the mixing distahce‘ieﬂfher .

?distance:between:the'ﬁnjection;point and some downstream location wﬁere-}_
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i adequaﬁe m1x1ng ‘has’ ‘taken place._ The=standard’ deV1atlon o of the con-
centrat1on dlstr1but1ons norma?rzed with respect to the cross sect10na1_
average concentrat1on at each measurement station were used to eva]uate
the degree of-comp]eteness of the mixing. At a given SECtTOﬂ represented

by the 1ndex K the standard dev1at10n Uk was ca1cu1ated numer1ca11y by -

[Z F Wi 3 | k i ~1:0) ]1X2 | h . _nh;" 94-8)

i’\] 1s.j ) ! (4_9)

.where i and j are the indices describing the position ofuthe neasurement
point, Cy ,i,J is the normalized concentration, W i3 is the weighting
coeff1c1ent wh1ch ref]ects the nOnun1form1ty of ve]0c1ty d15tr1but10n

jand uneven d1str1but1on of the observatton po1nts across ‘a cross sect1on;'

';j is the ve]oc1ty-at the point (i,i), ai,j is the area defined by the
perpend1cu1ar b1sectors of the 71ne segments between the p01nt (i,3) and

:'-the ne1ghbor1ng po1nts, and Q 15 the flow rate 1n “the pre ] n

e A va]ue of zero for the standard dev1at1on Uk wou]d 1nd1cate

“‘cohp1ete mixing. Theoretica11y, this ultimate value of zero is ap-

proached asymptotically, meaning that.an_infinitely_]gng pipe would be .

required for complete mixing to taRE'place (Experimenta?]ys oy ap-

proaches some constant va]ue thCh is governed by exper1menta1 errors. )

e

For pract1ca1 purposes, adequate m1x1ng is def1ned to have occurred when i
FLthe ;tandard deVTat10n Gk 1s smalTer thanISOme spec1f1ed va?ue ~for -

example 0.01.
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4.3.3 Procedure for a Typical Run

First thé.desiﬁed test condftions'(k,rﬂr; Fd) were determined.
From these parameters plus R = 60,000, the required &po, injection rate,
and pipe discharge could be ca1cu1ated. The tra;er solution was pre-
pared to give a_cbncentratién at the_]ést meésurémegt éfation-which
would be large enough to be measured accurately. The sump was mixed to
eliminate fluctuations in background conductivity and tEmperature. A
calibrated probe was piaced in the traversing support and.inserfed into
the pipe flow such that the flow continuéus1y flushed the.vo1umé betﬁeen
the electrodes (i.e., the electrodes were parallel to the pipe axis).
The concentration deteﬁtion circuit, i.e., the bridge circuit, was
balanced at the background concentration of the sump.  Then the tracer
is injected continlously at the pfedetermined constant rate. After
allowing ten minutes for establishment of a steady state, tracer con-
centrations within the-cross section were recorded. The distribution of
measurement points within a cross section was governed by an estimate of
what part of the cross-section would be occupied by the tracer.: (A1
of the data is available separately [Ger and Holley, 1974].) A%ter
the measurements were completed at the first cross section, the flow was
stopped using valve A shown in Fig. 9, the measurement section was re-
moved, the requi}ed addifipnaT pipe length was added being cqfefui to
align the inner pipe surfaces, the measurement section was p]aced at
the end of tHe_pipe, vé]vé A waé reopened, dnd tﬁe probe circuif was

rebalanced at the (new) background concentration. The change in the

P LI
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length ﬁf the pipe line did not significantly affect f%e overall headloss - ..
in the hydraulic circuit and therefore did not alter the discharge.

A typical data record is shown in Fig. 21. The averaging
switch of the preamplifier permitted the fluctuations %n the signal to
be automatically -averaged over a one-second period. Tbis smoothed record
of concentration was used to obtain the time-mean concgntration c as
discussed below. First, the area beneath the record w;s determined'by
counting squares. Then, the apparent time-mean deflection of stylus,
6*, was obtained by dividing the area beneath the record by the time “
span over which recording was made. Since the laboratory water was
recirculated, the salt content of the laboratory water increased slowly
during a run so that it was necessary to make a correction in the back-
ground reading. Therefore 5* was reduced to the time-mean deflection &
corresponding to the tracer concentration by the formufa _

t

* -
s (t) =6 (t)-a H | (4-10)
e

where tr is the time of recording, tb is the time at which the bridgé
was balanced, te is the time of recording the background concentration
at the end of a set of measurements, and A is the deflection of stylus
due to net change in the background concentration during the run. This
correction was applied separately for each run. This correction assumes

a linear variation of the background reading with time. This is

equivalent to a Tinear variation of background concentration. The |
largest change in the background concentration for any test was 1 mg/%
or 2 percent of &*. For any point, the time-mean concentration c

was then computed by
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&t
c =K (Tﬁ) S =% ; -~ (4-11)

where a, is the recorder attenuation used during the measurement and K is

t
the calibration factor to convert from mm-deflection at attenuation 10
to mg/2 concentration of salt.

The temperature of the flow did not vary more than 0.5°C dur-
ing any run. This temperature did not significantly affect the con-
ductivity measurements since a change 0.5°C gives the same conductivity

change as 0.5 mg/2 of tracer and 0.5 mg/% is the Timit of accuracy of

the probe circuit (Section 4.2.4.5).
4,3.4 Coding of the Experiments

Since experimental numbers will be used later to refer to
test conditions, the code for identification of the runs is given here.
The run was designated by two numbers. The first number refers to a
particular set of injection and pipe flow characteristics as summarized
in Table 5, and the second number refers to the distance, in pipe dia-
meters, between the injection point and the section at which concentra-
tion distributions are recorded. For example, Run 13-044 refers to the
measurements made at 44 pipe diameters downstream of the injection point

for Dr =192, k =16, F, = », and R = 60,000. (See Table 5.)

d
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5. PRESENTATION AND DISCUSSION OF RESULTS =~ = === " . =

5.1 Objectives

The primary objective of the experimental work was to evaluate
the mixing distance due to a jet located at the wall of the pipe issuing
perpendicularly in a crossing, fplTy—estabTished ghrbuTent pipe f1qﬁi _Iﬁ _. =10
this chapter, experimental findings and the results of the matheﬁatiéa;m 2
model are presented and discussed. The evaluation of empirical coef-
ficients used in the theoretical analysis is also provide&._ The experi-

mental and numerical results are compared with those previously obtained

for different injection systems by other investigators:
5.2 Centerline Injection

5.2.1 A Relation for Mixing Distances due to a Simple Centerline
Source

As mentioned.ear1ier, the diffusion equation (Eq. 3-75 has an
analytical solution for a simple, nonbuoyant centerline source emitfing
continuously into a fully-established pipe flow if uniform velocity and
radial diffusivity assumptions are made. In Chapter 2 (Eq. 2-11), the -
analytical solution which is applicable for axial distances longer than
30 pipe diameters was shown to be

2
e, oy Xy J (o X,/R)
¢ = 1 [ 21y 0 ;( 2

R? J

0 a1) - ' f%_nif;llafffu

where symbols are as previously defined for Eq. 2-11.
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The definition of standérd deviation, o, when the.yelocity:

is uniform, is

o = [-H € - 1.0)% a1'/? (5-2)
A C )
where A is the cross-sectional area and ¢ is the cross-sectional aver- -

age concentration. Using Eq. 5-1 to evaluate o, one obtéins

]

e ' '
o = L2 axp (-202 -—§~L)(J; Blaz) d)V/2  (5-3)

2 1 o'l

J7(a) R u

where
1
X
. "

Equation 5-3 gives the 1ong1tudinh1 variation of o with the axial dis-

tance for a given set of conditions. Numerical evaluation of the inte-

gral in Eq. 5-3 gives
1 "
J c Jg(q];) dz = 0.0735 (5-5)
0

Furthermore, in Section 2.3.1, it has been shown that the turbulent mass -

diffusivity e, can be expressed in terms of mean fiow characteristics,

for turbulent Schmidt number of unity, as

32 = 0.0256 /F u R (5-6)
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where f is the Darcy-Weisbach friction coefficient. Using Nikuradze's
data [Schlichting, 1968], the following power law type expression can
be established for the friction factor f by curve fitting for Reynolds

numbers varying from 104 to 106 and for smooth pipes:

Substitution of Eqs. 5-5, 5-6, and 5-7 into Eq. 5-3 yields

0.104
o = 2.37 x 100148 LR™"7) (5-8)
or rearranging
L = 6.80 log (&:37) g0-104 (5-9)

In Eq. 5-9, the pipe is assumed to have smooth wall. Evans
[1966] has observed that the mixing distance in a rough pipe is less

than that in a smooth pipe at the same flow rate by the ratio of

{fsmooth/frough’ as previously shown by Taylor [1954]. This is in
agreement with the argument of the exponential function in Eq. 5-3
which shows that L should vary inversely with e, for a given o, or that
L should vary inversely with /f since e, is proportional to /f (Eq.
5-6). Thus, Eq. 5-9 can be rewritten including the effect of pipe

4 6

roughness or variable f for 10" <R < 10”7 as

smooth/f (5-10)

L = 6.80 Tog

where f is the actual friction coefficient.
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Equat1on 5= TO can be used int predtct1ng the mtxtng d}stances

=Nl ek sty S .——\ =
S . s v . than i cl 2= _.._-—.- —
2L - =3 ok
= = i e sitz? - ——

1 -The m1x1ng d1stance is 1arger than 30 p1pe d1ameters, g

£

o= By The tracer TS 1ntroduced as a cont1nuous 51mp1e center—-'

511ne source, c
4.

h SRR

* ddwnstream of the 1n3ect1on po1nt ;L,"* n Sy
For 1arger,Reyno1ds numbers, another 51m1lan-expressdontcoh1dfoefoo¥ )
tained by replacihg EQ.-5=7 by;an appropriate"expression’for-the
_vvariation_of Pl ; s
_5.?.2;hComparj§on of Theory and Experimental ReSults- . :?5“%a}7ﬂ"f Rty

F = i = 1 ¥ B e e

In ngt‘éz, experimeﬁta11y'observed hﬁxihg distancesf?or?a 7;'-511,"

continuous point source of 1n3ectton at the p1pe ceﬂter are compared

hﬁ'w1th the m1x1ng dwstances gnven by Eq 5 10 There are 1arge deV1at70ns

e,

S '1n m1x1ng d1stances observed by d1fferent 1nvest1gators for g1ven G's o

'—-

-';for the same fr1ct1on factor These deV1at1ons are most 11ke1y because

of the difficulty 1n obta1n1ng perfectly axqsymmetr1c cond1t10ns For

exampie when the concentrat1on d1str1but1ons reported by F1]mer and

"'YevdJeV1ch [196?] are- exam1ned, 1t 1s seen: that the bu]k of the in- %

R Y s sc
e ] nT. Has

i Jected tracer moved upward w1th1n Tess than 24 p1pe diameters downstream e

Y “an -—. o -.-"— .-"'—:' *.‘-- *—s_\ "‘;-‘._‘ _-'DL__ :_-..,'._.,..-__

Th1s m1ght have been caused by a possib]e

25

s |l|’J! '|i.’"€

Seatila ST the concentrat1on d1str1butwon remains ax7symmetr1c'?T? 3

A
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' tehﬁérafﬁres3andfbﬁ?due;td-tﬁemweke'etLihe;armfseﬁhﬁftﬁﬁg-the 1n3ect?on =L €[ !

':7tube [FiImerland Yetdjeviqh,_1967];i &nmtheligta of-C]ayton et*ai;_'; _@ji%‘ :
[1968], their:graphS'of'the-measUred~concentretioﬁ dtstribetions ﬁndi—
cate that the dev1at1ons from the- theory can be attr1buted to the
fact that the wake behind the arm support1ng the TﬂJECthﬂ tube m1ght_;' = ; :
have caused the buTk cf’the tracer to move dnto the wake Thus, in ; e ¥ 3
either case,’ the ‘concentration” d1str1but10ns ere Far from Ee}ng ax1sym—
metric and the expéramenta1”m1xmng"d1stance5'shou]d'therefore'be ex= T - )

pected to be greater than those calculated fremiéq. 5-10. "The7m1xiné

distances experimentally observed by Evans [1966] are very close to : f

“‘those of Eq. 5-10. The slight deviationeg however, are probably due

_ to spat1a1 var1at1on of ve10c1ty and d1ffus1v1ty wh1ch have not been

' etaken 1nto account in obta1n1ng Eq 5 10
5.3 _smpte__,_;-sburce at"the Pipe wan_' e o e A R

BT An Emp1r1ca1 Relation for M1x1n9 D1stances Due to a.Swmp1e - j;f ;~'§ I

- Edge Source _ k :

As mentioned ear11er, for a cont1nuous s1mp1e source 1n3ect0r.:_- §

' 1ocated at the wall-of the pipe, ‘Eq. 3- 75 can be solved if it is as- ?
~sumed that the velocity distribution®is uniform and that the radial ;
":ehG%circdmferehtia1-ﬂiffﬂstvities'are'eqqeiiand'uniform1y‘distrtbuted;" ;
"?:t(iﬁe.;fé§?=fe35=_krfﬁr'ThenLene6na1yt1cai:sotdttpe'ﬁS'fQUﬁditb”béifﬁﬁ“"?: = é
2 .:} réuﬁ?h:a-';V,ﬁ:m:;;l:’ B k L d2f;J (a o szT 1

)nmnnm

o= 1+ ) W, COS N Xg ) exp (.Zan i

o 2
n=0 " 3= Ru (an,m n
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with

W= if ' (5-12)

2 n>0

The definitions of symbols are as given for Eq. 3-91. The standard de-.

viation o (Eq. 5—2) becomes

_ > : ) —1/2
& & kL o (o x,/R) 2
o = |+ | [Tw cosnxy ] exp (-0 o) Mmn_nm2 f g7 g
A n=0 " 3m=1 LU -3 (az -nz)J (a. )
A n,m n‘n,m
(5-13)

In the analytical evaluation of the integral in Eq. 5-13 a difficulty

arises, since, unlike the centerline injection case, more than one term
of the series mustbe taken into account even for large L and the entire
expression within the inner brackets must be squared before 1ntegrating.
Therefore, rather than carrying out the integration in Eq. 5-13, it was
assumed that the general form of the relationship among L, ¢ and R for

a simple edge source injection remains the same as the centerline injec-

tion, i.e.,

L = A log (%) R" JF

srn(}othxf (5-14)

where A, I and n are constants yet to be evaluated, as discussed in

the following paragraphs.

The faCtor“mprsmoothxf'in“Eq' 5-14 represents-the variatidn,

of the friction factor and the turbulent diffusion coefficient with
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“= Reynolds number and- wa]i rroughness. Therefare At was: assumed that_n_

=1

shou1d be 1ndependent -of the 10cat1on df the source.~- In other. words,
in. Eq. 5—14, n-was assumed to have a value df:OLTO4 as:in Eq. 5-10.
- In Fig: 23, exﬁerimenta]]y'dbserved mixing~di5tances due

_to & s1mp1e Source: 1n3ectnr 1oeated_at the wall: of the p1pe aresshown .

In this f1gure I} was ca1cu1ated for the data us1ng Eq 4 10 The gen-:'

eral variation of the data points substant1ates the 1ogar1thm1c-denen-
- dence of L on o as-indicated'in'Eq;:SrJ4. - (Equation 5-14 is an equa-
tion of a straiéht Tide'inrthe l"109 (o2 vs.:“L”fp]ane.) ;Using the data
~49n Fig.- 23, the other .unknown constants (A and I of Eq. 5-14) were
eva]uated as follows: I7is <the 1ntercept of - the-stra1ght 11ne at L =
~ 0.- Using the available data as shown in Fig. 23, I was found to be
"-'2 40 Suhst1tut1ng the value of: 1 ‘into Eq. 5-14 with n - 0.104, R

was evaiuated to be 20 5 by 1east square fit. _(A]Q /fsmoothff is the

slope of a 11ne in the 109 ‘g VS. L plane. ) Furthermore tak1nq the émpi- S

r1c&1 nature of the: re]at1on into.account, the power n in Eq 5 14 was R E

rounded off to 0. 10 The result is

' Because of the“empirical_nature of Eq.-5-15, the agreement be-

tween the theory and exper1ments (Fig_'23) is gdod However-sany"use

of Eq. 5- 15—0uts1de the Reynolds number - range of -5, OOG tQ.SOO OOO woufd '

_i:: 1nv01ve extrap01at1on WhiCh has not been ver1f1ed

L S . . ST

T

AL g b e S i e
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the diffusion equation (Eq. 3-75) becomes complicated or perhaps jmbog— -

more convenient to solve the diffusion equation (Eg. 3-75) by numerical

109

5.3.2 Evaluation of n

As stated earlier, if the diffusivities e, and e, are not

equal and uniformly distributed, obtaining an analytical solution of

sib?e,rdepending on the functional form of e, and e,. Therefore, it is

methods. However, a priori knowledge of both the circumferential mass

diffusivity (ea) and the radial mass diffusivity (ez) is essentiai for
the numerical integration of the diffusion equation. It has been as-

sumed (Eq. 2-25) that there is a linear relationship between e, and e,

such that e3/e2 = 1.
The ratio n was determined by matching the numerical solution

(10 grid points along X3 32 grid points along X33 Section 3.2.%.3) and

experimental results for normalized concentration distributions using

‘data from both the present work and from Filmer and Yevdjevich ﬂ1967].

The normalization was with respect to the average concentrationfobtained

from the numerical solution for each measurement station. The numerical -

computations were carried out using the experimentally observed concen-

tration distribution at the first sampling station as the upstream

boundary condition. For the present experiments, the first sampling

station was at four pipe diameters downstream the injection point; for £
F%1mer-and Yevdjevich [1967], it was at 27.4 diameters. For different n
values, concentration distributions were calculated at several down- 1-'
streammiocations corresponding to other sampling stations. It waszas—

sumed that the best n value was the one for which the standard error of

S
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discrepan;y, Sd, between the numerical and experimental normalized
concentration distributions was minimum. The standard discrepancy is
defined as

1/2

s¢ = 1] % wi’j(cg?% - cg?g)zj (5-16)

where w.s. is the weighing coefficient as defined previously (Eq. 4-9),
cg?% and cg?g are the normalized measured and predicted concentrat%ons,
respectively.

The variation in the standard discrepancy with Tongitudinal
position and with various assumed values of n is shown in Figs. 241 25
and 26. As is seen, the best n value is not constant, but rather tends
to increase with distance (L). This tendency is possibly due to the
type of functional relationship (Eq. 2-22) used in representing the spa-
tial variaﬁion of diffusivities. This conclusion is supported by the
observation that the parameter n should depend only on the flow charac-
teristics, and thus should not vary with lTongitudinal position if fhe
actual spatial variations were used. Nevertheless, an average n value
can be obtained by taking the arithmetic means of the minimum n values
(Table 6). This gives n = 1.35. Furthermore, when the variation in the
standard deviation of the numerically obtained concentration distribu-
tions are compared with the experimentally observed variations (Figs.
27 and‘28), it is seen that n values in the range of 1.2 to 1.5 provide
good agreement between calculations and data. Therefore, the n value

was selected as 1.35 for use in the mathematical model for the far, field

region.



Standard error of descrapancy, Sd

111

T T T
Run #
o 1-44 Present work4
0 1-64 R=7.7 x 107)
— A ]-704 =
R _ ;
o =
il _ﬁ
L
Q -
G’ =
F_ p—
S |
o 2.5

0.5 . = 1.0 1.5 2.0

Diffusivity ratio, n-

FIGURE 24: Variation of S, with n



Standard error of descrepancy, Sd

112

1 u T
Run #
e - -
2-44 Present work s
= 2-64 (R = 105) .
i S 2-104 =
(wm] .
ez _d
Ly
el - -
o / - '
= -4
o
o
o

0.5

1.0 1.5

2

Diffusivity ratio, n

FIGURE 25: Variation of S

i
L

Ti

D

thin. 5




"StandardtgrrOP of descre

pancy, Sy

iR

D b

5

0.00

113

W

“Filmer and-
{gvdjeyichJ,

05 har s Tl o e T g

~ _Diffusivity ratio, n -

FIGURE 26: Variation of Sd with n

5.5

s Ciea

Sy e el i s




114

Table 6

Variation of n with L

Reynolds
Number L n
7.7 x 10t 24 0.8
" 44 1.0
" 64 1.5
" 104 1.5
10° 44 1.3
u 64 1.5
u 104 1.5
3.0 x 10° 47.3 1.3
u 74.5 1.4
l 139.3 1.7
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5.4.T"Pre5entatfoﬁ effEiperiméntél RES,TEE TEr T

Coﬁcentration'distributiohs frem-severa1 representative runs
are presented in Figs. 29 to 45.  AT11l data is. ava1]ab1e in tabu]ar form
in a. supplementary pub]1cat1on [Ger and Ho]Tey, 19?4] Theareﬁdits are -

_1n the form OF norma11zed concentrat1on contours. The ndrma1%zation '
was wath respect to the average concentration for each measurement sta-
tion. The location of po1nts where tracer concentrat:ons were measured
is shown to scale in each f1gure InJect1ons were made at the top of

the pipe;_;ih ___Ject1on conditions for each run are g1ven in Table 5

in Sectidn 4.3 T
5.4.9.1 Effect of o -~ - % %  E

Iﬁ.ngs. é9 through_33, the development of mixing.is'demon;'
.§trated for one series of eﬁperimentaf'ruhs-(serfes 06; Tabfer5):-:.
As_defined earlier, thedstandard_deviatipn,_c (Eq._4jlﬁ), of
a concentration distribution is a heasure of the mdxiﬁg;;shaller values
of o”dndicate_more complete mixing in a given cross section.:_Thds, for
a given injection condition, Jonger mixing distances are required-in
order to achieve smaller o values.  This is-demonStrated_ie Figs;'22
and 23 for a siﬁpTe source The same behavior eaﬁ-bejseed in;ngs}.ﬂg,
150, and 51 for jet 1n3ect1ons, as. dxscussed later. | THeorettta11};"the

- Ay

u1t1mate o} va?ue of zero correspond1ng to a comp]ete m1x1ng requ1res an
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0201 . 04075

FIGURE 29: Measured concentration distribution _
o - for run # 06-004 -
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FIGURE 30: Measured concentration distribution
for run # 06-024
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0.994

-~ FIGURE 31: . Measured concentration distribution
: = =~ for rUnl#_06-044
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infinite]y_iong_pipe However, in practice the smaiiest vaiue oF’o
which can be attained is controiied by the magnitude of the exper1menta1

error.

5.4.1.2 Effect gk - o | S

o

For a given ratio D of the pipe: diameter to the 1nJection hole

diameter an 1ncrease in the Jet to ~pipe velocity ratio K |mo11es an

" increase in the momentum fTux assoCiated wi th the'jet relative to the
momentum flux associated with the pipe flow. Thus; as k increases, the

. jet peoetrates furtﬁer into the crossfiow. The'concentration contours at

a distance of four pipe diameters downstream of the injeotion hole de-

monstrate the effect of k on the penetration of the Jet 1nto the Cross-

fiow 1In Figs 34, 35, 36, and 3?,this is_shown for four k vaiues_for

B o= 96. In Fig 34 ( 4),'the jet oeﬁetration is so smaii that the

r
v jet is bare]y transported away from the top of the pioe However, as k _

-

Eincreased to 8 (Fig 35) to 12 (Fig 36),_and further to 16 (Fig 3?)
‘themget was-transported further and further away from the top of the
pioes : . | |

| The position of the jet at toe end of the near fieid region in-
fluences the coocentration distributions in the'far field region. This

is demonstrated {ﬁ Figs. 38 to 41 - For a small k va]ue of 4 the Jet

penetration is smaii"and the maximum concentration stays close to the.

top of the pipe along the pipe 1ength (Figs 38 for L 2& and 39 for )

:.:r...Clu-u e N T

= 84). However, for a larger k value, the Jet overpenetrates (i.e.,

jet penetration is greater than the optimum) and the maximum concentration

sl lbetiot i
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FiGURE 36: Measuked concentration distribution .
for run # 07-004
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FIGURE 38: _Measured concentration distribution
for run # 04-024 i
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Table 7.

Variation of o with k at a Given L Values
' for D_ = 96 :
r
K el
L 4 8 10 ™12 16
2 . 181 145 145 0 1.21 . 0.9
44 - 0.75 0.28 - 0.23 0.18 “~ ™ 0.25
64 ©0.035 0.022 0.061
84 0.10 0.044 0.016 -~ 0.012 0.029
124 0.036 0.019 0.009 0.007 __0.011
164 0.009 0.006 0.005  0.007
Table 8 .
Variation of L with k and o for Dr = 96
L
Series k ~og = 0.01 o= 0.02 o=0.05
04 4 170 144 108 |
05 - 8 148 119 80
06 10 108 83 56
07 12 100 70 48

08 16 127 1046 70
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is ﬂocated at the bottom of the pipe aiong ‘the pipe 1ength‘fF1gs ¢5'for.'f

concentration is not on the p1pe center11ne the max1mum concentrat1on

w111 tend to move toward the p1pe boundary as the- tracer moves along*

the p1pe Therefore, 1t 1s beneftc1a1 to~ have the JEt penetratron 45 5.

near to the oenteri.ne as. poss1b1e 1n orde. to m1n1m1z h*s tendency of

the boundary to attract the maximum concenfratwon The-anldence of thee

jet penetratwon (or k for a given D ) on the concentrat?on dtstr1bu- 3

| t1ons.1s more c]ear]¥:5een when the standard deytation, g (Eq. 4:10),

of concentration distributions are compared at several given locations

- along the eépe lengthwforfdifferent:k va]des (Table 7).=_For the'larger‘ =

L values, the standard dev1at1on o decreases with 1ncrea31ng k unt11
an opt1mum‘k value is reached Further 1ncrease in k' g1ves an’ 1ncrease

in g. S1nce smaller va]ues of g represent better m1x1ng, the opt1mum o

-k value for. wh1ch the o becomes the 5ma11est corresponds to the shortest

_.m1x1ng distance. In other words . there EX75t5 il opt1mum k va]ue Wh1Ch e

g1ves the shortest m7x1ng distance correspond1ng to a g1ven D Thzs
is demonstrated in Table 8, which shows that for D 96 the opt1mum k

value-1s approx1mate1y 12.

5.4.1.3 Ef{ect of Dr

For a g1ven k rat1o “and for a g1ven pipe, a decrease 1n D

(1 e., an increase in 1ngect1on ho1e,d1ameter) 1mp11es an. 1ncrease 1n P

the momentum flux assoc1ated w1th the Jet re]atlve to ‘the: momentum f1ux

24 and 41 for L 84) For any. asymmetr1ca] case where the max1mum.if;f_“

PSPPI R ¢

v s B A

1T T TR R N SRR Y

= nfus

LY

R TN P N e S R S T
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FIGURE 42: Measured concentration distribution
for run # 12-004
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"? of the pipe f19w ~~Therefore, thevvartat1on in Jet penetration and thus A 343

qn m1x1ng dTStance when r =¥5 decreased for-a constant-k s %he~same-
as- when k*is tncreased tor afconstant D~ The concentrat1on contours

at d1stance of four p1oe dtameters downstream of the 1nJect10n port.

_ demonstratentheeeffectjof-D on: the Jet penetrat1on Th15-1s:shown_:=f

r-

-

e -.." ﬂl- .rr\ S
=0 'IH ly 23 \U =

2), the jet penetrat1on ‘was small; the jet'Was'barely trans-"e"

—h

\.{ZI

Zyor.
Y

u || z.—

(D

'“*ported away ‘from the top of: the piper However, ‘when D =96 (F1g 35)

the JEt was transported further away- from the top of the pipe.

5.4.1.4 - Effect of:td'

For a given D and k, an increase in dens1ty d1spar1ty, &p,__

. naturaTTy 1mp]1es an 1ncrease in the dens1ty d1spar1ty fTux assoc1ated _:-n

with. the-aet Thus, as a resu]t of the comblned effects of momentum
and dens1ty d1spar1ty fTuxes the penetratton of the Jet w1TT 1ncrease
as Ap tncreases (prov1ded, of course that the JEt is or1ented 50 that
' the den51ty d1spar1ty fTux adds to the momentum fTux) The reTat.ve

' 1ncrea5e in the penetrat1on of the Jet due to add1t1ona1 efrect of
dens1ty d1spar1ty flux is dependent on the reTat1ve magnitudes of the

momen tum- and dens1ty disparity fluxes of the jet. The densimetric

Froude number (F d’ Eq 4- 6) is representattve of the rat1o of the mo- .

mentum and dens1ty d1spar1ty f]uxes As Fd 1ncrea5es, the reTat1ve'

; swgn1f1cance of the den51ty d1spar3ty on the penetration of the Jet de~ 7

" creases. The concentrat1on contours shown in F1gs 43, 44, and 45

)=an “Fig. 42440, ¥=v1?2;.ﬁ71n.F19§“12: AT

s R 4



136

1629 /

04029 0051 \ “Tu880 /051 00

0,116 06459 06228

0,031 04064
00025

FIGURE 43: Measured concentration distribution.
_for run # 09-004
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FIGURE 44: Measured concentration distribution
for run # 10-004
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s ] =

e SR

- = — [Ee— s

demonstrate- thlS kind. of dependence of. penetrat1on on | P " For.g buoy-

ant Jet hav1ng a Fd of 26 (Fqu 43) “the max1mum concentrat1on 1 trans—;.i';

lported furtber away'fromfthevtop of" the pipe than for a nonbuoyant_Jet e

=

w1th the same k (F1g 34) _For- 1arger dens1metr1c Froude numbers 1

o

52 (Fig. -44) and F*fl ]04 (F]g 45}) no. apprec1ab]e increase 1n penetra— o
t1on was observed as compared to nonbuoyant JEtS w1th the same k (F1gs |

.- 35 e”d,3sl {_Tah1e 9 g1ves a quant1tat1ve compar1son of the 1et pene--

“tration for Var1ous=srtuat1ons : From th1s table, it was conc1uded that

the penetrat1on of the Jet 1s 1ndependent of the buoyancy effects when

Fd is ]arger than about 50. | As can be seen from the cond1t1ons 1nvest1-

'gated (Tab]e 5) there were not enough values of Fd 1ngest1gated-to g1ve
an exact definitﬁon:of the critical T _ Therefore Fd = 50 will be used_
.as an- order of magn1tude 1nd1cat1on for the cr1t1ca1 F Th1s woo1d

; mean that the m1x1ng d15tance is a1so 1ndependent of the 1n1t1a1 dens1tyl

;d15par1ty for densimetric- Froude numbers larger than- 50 The-exper1men-v..l

ta]]y observed var1ations of o w1th k for buoyant JEtS and some compar-i“ T

ab]e nonbuoyant Jets-are shown in F1g 46 The average var1atton in

m1x1ng d1stance between the buoyant’ and nonbuoyant cases 15 more than
10 percent for a den51metr1c Froude number of 26 (Table 10) g However,fi

for densimetric Froude numbers 1arger than 50 the Var1at1on becomes 27 <

,_1ns1gn1f1cant (Tab1e 10)

_5 4, 2 Numer1ca1 work

:—~_-n|=~.—- g Pl
i Luu,_\ -'-';'-‘-i-;

In the case of a Jet 1n3ected perpend1cu1ar1y 1nto a cross1ng

pipe flow, an explicit analytical solution is impossible to obtain

o Wl o

gl s g i

11}idi
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Table 9
Variation of Jet Penetration with Fd and k
for D = 96
r

1 2
F, R (30/ 9,0
26 0.33 g
- 4 0.05 15%
52 0.42
- 8 0 42 100%
104 0.57 S ara
- 16 0.57 100%

1Jp jet penetration in pipe diameters

2N-refers to a nonbuoyant jet GFd = «) and B refers to a buoyant
jet GFd < @), g
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Table 10

Variation of L withF,, k, and o for D, =96

dB

Average
; Devjation
k e FH L LN - LB/LN == Lo
26 128
0.02 & ']461 12.3%
4 0.05 29 ko 11.74 13.6%
26 70
0.10 e L 16.7%
52 122
0.02 2 L 0.8%
8 0.05 Ae = - 2.5% 0.6%
52 52 g
0.10 N 2 0.0%
104 103
0.02 o L 0.0%
16 0.05 104 o 0.0% 0.0
104 47
0.10 . o 0.0%
'Extrapolated

2Subscripts N and B refers to nonbuoyant GFd = =) and buoyant
GFd < =) jets, respectively.
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(Chapte¥'3) Thus, a mathemat1ca% mode], us1ng aunumer1ca1 1ntegrat1on =

schemé was deveIOped to. descr1be the behav1or of the get as d1scussed
in Chapter 3 However, in add1t10n to the geometr1c and dynamlc charac-
ter1st1cs of the jet and the p1pe f1ow at the injection po1nt the mode1

needs three emp1r1ca1 coeff1c1ents o and CD in the near f1e1d reg1on,

and n- 1n the far field region In Sect1on 5:.3:25 eva1uat1on of n ‘was

presented. Eva]uat1on of o and CD is pr0v1ded.1n Sect1on.5}4.3,.be1ow.
For  known a, CD,'and'n, the mixing fbh a jet of knowh:charac-

teristics cah be ptedicted by the“modeT. The predictions of the model

for several situations are provided in Section 5.5.4 (Figs. 49, EQ,

end 51), below, whehe the numerical predtctions are compared with the-

experimental results.
5.4.3 Determination Of;a and Cﬁ

" The entrainment coefticient o (Eq. 2-5) and thehdrag eoetfic~
ient CD (Eq. 2-7) were deterhined by matching the'theoreticeT_andLexperi—
mental results for the normalized concentration distributions at the
first measurement station which was four ptpe diemeters downstreeh of
the Tnjection.port. An independent evaluation of.e and CD~wa5 not pos-
sib]e.: A two-step procedure as described below was used to evaluate o
and CD; In the ftrstﬁétep, inf]uehceucoefficieht a1gqrithm [Beeker and

Yeh, 1972]-was emhloved'to determine the o and CD pair which yiers the 

mIHJmum standard error of d1screpancy between the numer1ca1 and experi-'

P N —— . S

menta1 concentrat1on dlstr1buttons In the eva]uat1on process, -occa-,

sionally certain o and Cp values corresponding to the smallest error
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would produce numerically calculated concentration distributions which
were obviously not in good agreement with the measurements. Therefore,
in evaluating o and CD’ the subjective constraint was placed that the
experimentally and numerically obtained jet centerline locations had

to be in good agreement for the selected o and CD pair. .Thus, in the
second step, a manually controlled trial and éfror prdcess_wés used
to obtain the best pair of o and C, values in the neighborhood of the

o and CD pair determined in the first step of the evaluation process.
Because the experiments were not designed for the determination of o
and CD and because of the subjectivity of obtaining the best o and CD
pair, the accuracy of this procedure is probably at most two significant
digits for a and CD.

The values of coefficient of entrainment, o, and drag coef-
ficient, CD’ were obtained for several injection conditions. A direct
comparison of these values with o and CD values from past work is not
possible since different definitions of these coefficients were employed
by different'investigators. However, some of the available data from
the Titerature could be used to calculate o and CD values in accordance
with the technique of matching described above. The values 6f o and
C. thus obtained are summarized in Figs. 47 and 48, respectively. The

D

entrainment coefficient a and drag coefficient CD were both found to

vary with the velocity ratio k and the injection densimetric Froude

number Fd'

e i b e

Y N -
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5.4.3.1 Entrainment Coefficient

The value of o varied from 0.3 to 0.5 for the range of condi-
tions covered. These values are considerably Targer than the values
used for jets in stagnant environments, which are 0.082 and 0.057 for
simple plumes ( Fq = 0) and simple jets ( Fy = ©), respectively [Abraham,
1969]. The larger o values found here are mainly due fo the increased
entrainment due to interaction of the crossflow. The crossflow type
entrainment (Section 2.1.2.2) is the main contributor to entrainment
for the jets in crossflow. It is possible that the representation of
the entrainment function (Eg. 2-5) could be changed to reduce the range
of o values or ideally to give a constant o for all k and Fd. This pos-
sibility was not investigated as part of this work since the detailed
representation of entrainment was not the primary objective. The value
of o decreases as the velocity ratio k increases for constant Fd (Fig.
47). In the limiting case when k approaches infinity (i.e., for a stag-
nant ambient fluid), o values of 0.057 and 0.082 for simple jets and
simple plumes respectively, appear to be consistent with the values ob-
tained here. The value of o also decreases slightly as the Fd increases

for a constant k (Fig. 47).
5.4.3.2 Drag Coefficient

The drag coefficient CD varies from 0.1 to 3.2 for the range

of conditions covered. CD decreases as the velocity ratio k increases

and as the densimetric Froude number Fd decreases (Fig. 48). This
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Table 117 100’

. Series # g

05
06
07
08“
12

13

14

LOO 00 00 00 DO o6, DO

01 o148 134
. 02 s 119 £330 112 =

A 108 114
02 83 - .93..

017 100 96
02 70 75
.01 =:127- 5= 128
.02 104 107
.01 168 151
.02 146 . 130
01 132 s
S027 N, 1048 " /B
01 . ~]06 " 4 302
.02 8 8l

~ w

~ o

O >

- lsubscript e

- 2Subscript p

refers to expévimgnta1're501fs,

refers to numerical results.

ot M g i s e
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= .
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d!

-+, Table 12 ¢

Ky and;a-for:B} =
Predicted by the Numerical Model

96 as

~__Average -

G - (5 5 Deviation
-k o Fy e Ly - Lp/ty in L
5 0.01 % 134 2.4% © »
D5 i T R ki 3 -
R S 5 g -1.6%
- e - -y 11 pdy T8
got” -t L +0.8% |
16 . - +0.9%
R
: D2 ot 108 :.+0,9% 5

'Subscripts N and B refers to nonbuoyant GFJ =

GFd < ») jets, respect1ve1y

«) and buoyant
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5.4.5 An Empirical Formula for Mixing Distances Due to a Jet
Injection
In Section 4.3.1, it has been shown that the dimensionless
mixing distance L can be related to the jet and pipe flow characteris-

tics by the following expression:
L = ‘f:z (Dr‘3 k, ]Fd, IR, U) (5"17)

In reference to the experimental evidence provided in this study and
elsewhere [Nece and Littler, 1972], the effect of the densimetric Froude
number is insignificant unless it is smaller than 50. Thus, dropping

Fd as a parameter for large values of E‘d, Eq. 5-17 becomes

L = f3 (D, ks R, 0) (5-18)

Any change in k for a given D (or in D, for a given k) pro-
duces a corresponding change in the relative momentum flux of the jet.
The optimum k (or Dr) for a given Dr (or k) actually corresponds to the
optimum relative momentum flux of the jet. In other words, there exists
an optimum momentﬁm fiﬁg.bf the jet relative to the momenfum flux of
the crossing pipe flow for which the jet penetration relative to the pipe
diameter is optimum and the mixing distance is the shortest. The ratio
M of the momentum flux of the jet to that of the cros;ing pipe fioﬁ can
be expressed in terms of k and Dr as

- :__r%u)é | Bl s o emed : S
”
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Introducing-M-into Eq. 5-18, one obtains

L = f, (M, Dr’ R, o) (5-20)

4

In Eq. 5-20, M and Dr represent the effect of the jet on the mixing
distance while R -represents the effect of turbulent transport assoc-
jated with the pipe flow. (Recall that the pipe roughness has been
omitted from the dimensional analysis since only one pipe was used in
the present experiments.)

For the case of simple source injections (Sections 5.2.1 and

5.3.1), it has been shown that Eq. 5-20 assumes the following form:

L = AR" Jog (%)/—‘“fsmooth/f (5-21)

where I is the intercept, A is proportional to the slope of the linear
part of the log o vs. L graph, and R" is derived from the variation of
the inverse sguare roct of the friction factor.

For the case of jet injection, it is assumed that the general
form of the function f4 (Eq. 5-20) remains unchanged, but the para-
meters A and I may be functions of M and Dr' In other words, for jet
injection, it is assumed that

I(M,D )

—YAF _TF (5-22)

- n
L. A(M,Dr) R Tog ( = smooth/f

The logarithmic dependehce of L on o is supported by the straightline

relation between L and log o for small o and large L (Figs. 49, 50, and

B1ds
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The exponent n is assumed to be the same as that given pre-
viously for simple sources (Sections 5.2.1 and 5.3.1). This assump-
tion is based on the following observations:

1. The near field region, where the jet is active, repre-

sents a relatively small fraction of the total mixing
Tength.

2. The major part of the mixing is accomplished by turbu-

lent diffusion associated with the far field region.

3. R" s in Eq. 5-22 to represent the variation of the

friction factor and the turbulent diffusivity with
Reynolds number, and therefore should be the same with
either simple sources or jets.
(The influence of the jet is represented in the dependence of A and I
on M and Dr, as explained below.)

To find the dependence of I on M and D, the intercepts of

P
the straightline parts of the log o vs. L curves for all experimental
and numerical runs were obtained (Table 13) from Figs. 49, 50, and 51
and are plotted in Fig. 52. As an approximation, it was assumed that

I depends only on M and that this dependence could be represented by

the curve in Fig. 52. With increasing momentum flux ratio M the inter-
cept I decreases until the optimum momentum flux ratio (M = 0.0156) is
reached. Further increase in M is followed by an increase in the inter-
cept as the result of overpenetration of the jet.

Once the value of n and the relation between I and M were

known, A could be computed using Eq. 5-22 and the available data. The



157

o i 518, oie DI e e R
- ?ar1at10nqnf I w1th D and M Bt 21
Rt S e e 6 gt
' tesgE TEeT 2126 ¢ 177060 0:0709 i
orimardE 22+ -9 0.0156 -
8E .50 96 0.0278
= Srgor .98 192 0.0017
s Eoen 13E 57 -~ 192++: -0.0069

1
&

0

0

0
0

0
14E 0
N2 0

6N . 0.43

ber @t A 50
o8N 00
CO1eN T
R 1 0
BeCAaN uf Jet 0
L IBN 0
-1 0
41wy fguiztiony”
18N Ln i 0

1IN 0

5 o 48'

192
96
96

7098 Sad -
192
g™

: _af192,?: |

96

.,:iasi

48

©00.0156
1050278+ " tre

0.0213

" 0.0069

0.0156

. 0.0278

T
i
§ =

1E refers to exper1ments

2 2N refers to numer1ca1 work

it
b B e

it e o s i o




Intercept, I

S O O O O 0 o O S

e BABT, 5 &, BBl etrr o o G0one, 0.03 0.0 -

5

1

g 96 Numerical
A 192 results

96  Experimental.
192" ¥ resulte~st |

> O

0.

1

—

- -
@

— -

0:5

froa— -
)

e —

— s

— —

Per— -

Momentum flux ratio, M o

FIGURE 52: Variation of I with M and Dr

s | {1 1




159

resu1ts are g1ven “in Table 14 and F1g 53 Ithen be seén fr0m5Fig

i

53 that there 1s no ev1dence to 1nd1cate 5 dependence of A on e1ther M"'

or Dr' Therefore A Was assumed to be constant, A the average vaTue;of:

A was found to be 24 70 wrth a standard dev1ation Tps of 2 }5 Tﬁe

Therefore, to be on the conservatlve s1de in predlct1ng m1x1ng d1stances . ;

assoc1ated with -a Jet 1n3ect1on, A+ T rather;than A is used 1n_Eq.
"5-22. K 0.
I- Thus, Eq. 5-22 becomes

0.10
mooth/

L - 2.9R
In using this egpression the_variation of the intercept I with M is
.;obta1ned from the curve 1n F1g 52 The mixing d1stances pred1cted |
by Eq '5~23 are compared W1th the ava71ab]e numerical and exper1menta]
 data as shown in r1g.'54 -As is seen, the ca
_enve1ope of the-po1nts For 90 percent of the cases, the pred1ctzons
of Eq. 5-23 are 1arger than ‘the numer1ca1]y or exper1menta11y obta1ned

m1x1ng d1stances Furthermore the cases for wh1ch the predict1ons are

smaller than the observations are of less pract1ca1 interest since the

momentum flux ratio M 1s smaller than the opt1mum value. On the average,,_

the predlcted values of L from Eq 5-23 are 10 percent 1arger than the

| m1x1ng dTStances to be expected

i bub 2compeeison.of-DifferentisﬁngleePoint injectton!Scheme55;;f“.;f'-o.y.T

Figure 55 shows the variation of o with L for three different

Tog (1/0) /F ' e {8y

<y ] gt 1= e e )

PG CR TNES [T, T 0 ST

BN 1 By
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Table 14_
Variation of A with M, Driand o as Computed
from Eq. 5-22
Series A o Dr _ M

27.26 0.01

4E? 27.00 0.02 96 .0017
26.09 0.05
27.11 0.0T

5E 26.11 0.02 96 .0069
23.79 0.05
23.32 0.01

6E 22.26 0.02 96 .0109
22.09 0.05
24.84 0.01

7E 22.41 0.02 96 .0156
24.48 0.05
24.92 0.01

8E 24.80 0.02 96 .0278
23:33 0.05
26.94 0.01

12E 27.37 0.02 192 .0017
26.09 0.05
24.18 0.01

13E 22.82 0.02 192 .0069
23.79 0.05
24.88 0.01

14E 26 26 0.02 192 .0156
26.96 0.05

; 24.54 0.01 ) ;

5N2 -24.58 0.02 96 .0069
24,98 0.05 ; R
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Table 14 (Continued)

Series A g Dr M
_ 25.09 0.01
18N 25.62 0.02 - 48 0.0156
' 27.48 - 0.05 -
21.78 0.01
19N 21.46 0.02 48 0.0278
20.66 0.05

'E refers to experiments.

2N refers to numerical work.
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FIGURE 54: Comparison of Eq. 5-23 with experimental and
numerical results
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types of single-point injections,_qaﬁe]yia.centerliﬁé¥source, a wall
source, and a jet perpendicular to the pipe wall. For a centerline
source, the figure shows both a calculated curve for an assumed axisym-
metrical situation and an empirical curve.

The simplest tracer source is a simple source located at the
pipe wall, but this results in the Tongest mixing distance as compared
to mixing distances for other injection schemes (Fig. 55).' The mixing
distance can be reduced by using a simple centerline source. However,
practical difficulties in obtaining perfectly axisymmetric conditions
usually cause mixing distance to be greater than that calculated for a
centerline source (Section 5.2.2). On the other hand, further reduc-
tions in mixing distance as compared to a wall source can be obtained
by using a jet rather than a simple source located at the wall of the
pipe. It has been shown that the mixing distance for a jet perpendi-
cular to the wall could be minimized if the ratio M of momentum fluxes
of the jet and the pipe flow is optimum. In Fig. 55, the mixing dis-
tance for a jet with optimum M is also shown. As is seen, the shortest
mixing distance for the sing]e-point injection considered is the jet in-
jection at the optimum M ratio. The reduction in mixing distance of
approximately 50 pipe diameters has been observed by using a jet as
compared to a simple edge source. The mixing distance for the jet in-
jection is not as small as that for the calculated curve for a ceﬁter-
Tine injection; however, the symmetrical case is very difficult to ob-
tain and therefore should not enter a' realistic coﬁpaﬁ?gan of physically

achievable situations for practical applications.

e e
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The numericai mode1 deve]oped to s1mu1ate the behavror of a7

buoyant or-a nonbuoyant Jet Tocated at the p?pe wa11 and-1ssu1ng perpen-'
d1cu1ar1y into the cr0351ng pipe flow successfu]ly predicts. the resu?t— -

ing mixing (Section 5.5.4). Furthermore, it was found that a re1at1on

of;théjform (?q? Seﬁﬁ)h'

Ci i Eiad 109“/0) FooaTe e P gy

'cah be used'inapredtcting'the1mix1ng'distanoe-fofeeach-offthe:afore;"

] ment1oned injection schemes The parameters . A and_h correspondlng
to each injection scheme were e1ther theoret1ca1]y or emp1r1ca11y deter-
mined and- are summar1zed in Tab1e 15.° The agreement between Eq 5—14
and the experimental f1nd1ngs are good for a s1mp1e edge source and for
a jet located at the p1pe waIT 1f Fd _50; As can be seen from F1g 55
there are s1gn1f1cant d1stance5 betweer the Lheoret1Ca1 curve for a B
-~center11ne 1n3ectlon and the experwmenta] results. This is due to the

: fact that the theoret1ca1 representat1on assumes ax7symmetry whereas
this is- pract1ca11y 1mposs1b1e to ach1eve phys1ca11y (as prev1ou51y men- .
t1oned in Section 5.2. 2) Therefore, 1f the theoret1ca] values for A
and I are-used in Eq 5 24, the pred1cted va1ues of L are too small-as
compared to the data. On the other hand, if Eq 5-24 is used to gtve
emp1r1ca] va]ues of A and I, it is found that these values are d1fferent'
- for d1fferent 1nvest1gators (and d1fferent center11ne 1n3ectwon systems),
Therefore, the use of Eq 5 24 fo: the pred1ct1on of L for center11ne

v s Tl n

1n3ect1ons ek O L f'im-eii-~eaﬂame¥ff--?“5-- 4

Metz Refers
nas Ro
thveheltv of Iligégis'
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Tbana, Iliinoig 61301
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.- Table 15 .

Constants A, I, and n of Eq. 5-24

Type of Injection A I n o,
Simple Edge Source 20.50 2.4 0.10 0.10
Simple Centerline Source 6.80 2.37 0.104  0.10
Jet Injection 26.85 I =1(M); 0.10 0.05

Figure 52
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—

S1nce Eq 5- 24 g1ves a 11near re]at1on between L and’?og g,

-'1t cannot be app11ed over the fu11 range of L and va?ues See, For ¥
example, F1gs. 22, 23, 49, 50, and 51. For large o va]ues'(1 e. ,.for

' sma11 L) Eq 5 24 cannot be app11ed Table 15 gives upper limit, Gu’ |
| for the app11cab111ty of Eq 5-24 for each injection scheme. Further-
more, o values, whach are caTcuTated from Eq. 5-24 but wh1ch are: sma]]er '
than the exper1menta1 accuracy of the concentrat1on detect10n have no
'pract1ca1 va]ue “In cther words, the accuracy of the measurement sets

‘forth a 10wer 11m1t of o thCh 'should be ca]cu1ated from Eq i 24
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6. APPLICATIONS

Knowledge of the behavior of a jet injected into a crossing,
fully-established pipe flow has direct applications in -numerous ways.
In this chapter, the application to two major-areas of practical inter-

est is illustrated.
6.1 Use of Jet Injections in Discharge Measurements in Pipes

One major area in which the knowledge of the mixing distance
for a jet injection has direct application is the use of tracer techni-
ques for discharge measurements in pipes. As described earlier (Chapter
1), tracer techniques are based on the mass balance of tracer between
the injection location and a section of the pipe where the tracer is
adequately mixed so that measuring the concentration at any point in
the cross section is equivalent to measuring the average concentration.

With reference to discussion 1in Chapter 1, the mass balance
of tracer can be written as

c -
0 o

Q = qf ] (6-1)

c-c
p

where Q is the unknown flow rate in the pipe, gq is the volumetric in-
jection rate, cp is the background concentration of tracer in the pipe
flow, o is the concentration of tracer in the injection 501ut70n, and
c is the tracer concentration in the pipe flow afﬁer adequate mixing

has been achieved. Equation 6-1 assumes that the tracer is conservative.

[f the available pipe length downstream from the injection point is
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;-:Tonger:thén the mixing distance needed for adequate mixing to take
place, Q can be obtained by measuring the concentration at only one
point in the cross section. Since the mixing distance required for a
jet injection has been shown to be shorter than that for a simple sourcé
at the‘wa11 (Chapter 5), the use of a jet as a tracer source can in-

crease the applicability of the tracer technique in discharge measure-

ments in pipes. : - 4
6.1:1 A Procedure for Short Pipes

If the available pipe length downstream of the injection point
is too short to make use of a simple source, a jet injection can be used
to shorten the required mixing distance. The shortest mixing distance
for a jet injection is achieved when the jet is injected with optiﬁum
momentum-flux ratio (M = 0.0156) as discussed in Chapter 5. Howeve},
unless the flow rate in the pipe is known, the optimum injection rate
cannot be determined a priori. Therefore an iterative procedure (és
described below) is needed to determine the optimum injection rate and

the flow rate in short pipes.

Step 1. Select the desired degree of completeness of mixing o. This,
of course, influences the accuracy of determination of Q. Using the
“selected value of o, the design capacity (or expected maximum flow rate

in the pipe) Qo the pipe diameter D, and the smoother end of the.

possible range for wall roughness, estimate the mixing distance L (Eq. -

5-26) for a jet injection with an assumed optimum flux ratio M = 0.0156.
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Use Table 15 to determine the appropriate values of A, n, and I to be
used in Eq. 5-26 in estimating L. The mixing distance L is the mini-
mum distance required between the injection hole and the sampling port
to assure the adequate level of mixing for the entire range of flows ex-
pected in the pipe. Therefore, the sampling port should be located a
distance L or greater downstream from the injection port. The actual

distance (LI) to the sampling port should be as large as feasible.

Step 2. Determine the density Py of the pipe fluid and the background

concentration Cp'

Step 3. Select the ratio of injection rate q to the pipe flow rate Q.
Since Eg. 5-26 which is used in estimating mixing distances has been
verified oh]y for q/Q <0.05, q/Q should not be greater than 0.05. This
ratio will, of course, ultimately influence the value of g and the re-

quired injection equipment.

Step 4. Select the desired value of ¢ within the measurement range of
the concentration detection device to be used. (The value c is the con-
centration of tracer in the pipe flow after adequate mixing has taken
place.) Having ¢ selected, the concentration o for the injection solu-

tion can be determined by rearranging Eq. 6-1 to give

c. = —mt+C (6-2)

Prepare:{heiinjebtion'so1ution so that the concentration of tracer in
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the solution—is equal to > given by Eq. 6-2. Then determine p , the

density of the injection solution.
Step 5. The momentum flux ratio M (Eq. 5-19) can be written as
Moo= 2 @p )2 (6-3)

Rearranging Eq. 6-3, one obtains

Vpofoa M

S V1) (6-4)

Determine Dr from Eq. 6-4 for M = 0.0156 and q/Q of Step 3. Then, the

injection hole diameter d is determined from Eq. 6-5;
. o B -
d 5 (6-5)

Select the closest commercial pipe size to this d and correct Dr’ q/Q,
and Cq values. First, using the selected injection hole diameter, ob-
tain Dr ratio from Eq. 4-4. Then using this Dr ratio and M = 0.0156

determine q/Q from Eq. 6-3. Finally, determine o from Eq. 6-2 for this
q/Q.

Step 6. Estimate the discharge in the pipe. Call this first estimate
Q1. Q] is less than or equal to Qmax of Step 1. Then using q/Q of

Step 3 and this Q1 ﬂetehmine the first trial injection rate gy -

‘Step 7. Inject the solution through the injection hole into the pipe

flow at a rate 9, of Step 6 for long enough to assure the concentration
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P s

at the injection port has reached to a steady value. Measure E]:at.;ﬂqe{ than the mixin

the sampling port. This value of'Eﬁ is not necessari1y'equaT to the:=---

true c since the actual M value for the injection may not have beenkias

equal to the optimum value and therefore the requiredfdegreerof mixihg Ll

may not have taken place.

Step 8. Replacing ¢ in Eg. 6-1 by E}, calculate a second estimate 0,
for the flow rate in the pipe. Then using this Q, and.actual q, of
Step 6 determine M2 from Eq. 6-3. Check that q1/02 < O.bS and-the densi-

metric Froude number (Eq. 4-6) for 9 is greater than 50.

Step 9. Calculate the mixing distance L2 (Eq. 5-26) corresponding to -~ - 7

Q2 and M2 of Step 8. The appropriate values of constants A, n, and I

in Eg. 5-26 are given in Table 15. If L2 is 1ess§than or equal to Efﬁ
of Step 1, the prescribed degree of completeness of mikiﬁglwaé actually
achieved and therefore 02 is the true discharge. éoh_the other'ﬁand;”ﬁf_

L2 > Ly, replace 01 of Step 6 by Q2 of Step 8 and?répeatﬁstep5;5 through- -

9.  This can be done in as many cycles as nECessa}y;!but hOrmaI1& cﬁ1y5°-F*i" )

two or three trial injection rates are needed in order to bbtain Q. the |

The accuracy of this method depends on the steadiness and ac-
curacy of q (as well as the accuracy of concentration and density deter-

minations). Clayton et al. [1968] give detailed conSidérafionito ;

several aspects of the accuracy. L e 3y

An example is provided below to demonstratéstﬁeiprocedufe.ﬁéslTﬁ3tanﬁ?"

cribed above. In order to provide realistic numbers, the numerical



_results_of those measurements.
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=

" tiyatmes i “the examp1e are either’ Eafian d1rect1y “from -the actaal measure-;

-

& ments made dur1ng exper1menta1 program or_are 1nterpo1ated from the :jﬁe 

G 01 .' - o : g . k o) :

D = 0.5 ft

Soog TS 1.0007cfs e T e Al

max _ | :
. Range of wa]} roughness:  Smooth to 0.0001. Therefore

“'f = femooth

For a jet injection with optimum momenfum flux ratjo (M =
© 7 0.0156)7the values
A= 269 T

=5
il
o
i —
o

*‘afe read from Table 15. Therefore

St Car 5060 [ 1.0 x 0.5 _5]'“-t-*]og‘( 22). [ g0 56
2 ] L ( 0 5 ) A i N - . o

oo

$ (The samp11ng port was 1ocated S0 that LI = 124.)

B s ? g/cc 837 B v ning _LI.;' s T

0 mg/ﬂ (In the'experimeota1 program, the concentration

w -

i

g
e -:‘.p : o
“'detect1on equ1pment was. ba]anced at the background 1eve1 and

therefore background read1ng was a1ways equa] to zero Nor~*V};

T T arT o m AT

': _i: ’ }ma]]y C ‘_# E} } '—'::*E"J. L -____-_‘=:__, Lien et = '-_:'_._\_ .,._:'_. }_-.1. JL :_ et e SR S
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ottt b I bt e ke
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Step 3.

Step 4.

‘Step 5.

Step 6.

Step 7.

Step 8.
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0
S
Fan]
I
i
(aw]
o
e
—
e
.. R
i
o,
|
i

c = 30 mg/L
_ 30.0 - 0.0 - :
% * Too0013 + 0.0 = 23000 mg/%
O 1 g/cc. (In the experimental program, the density of

injection solution was controlled and therefore p_ = po_.
0 a

Normally the density of injection solution would be greater

than the ambient density because of addition of the tracer.)

D. = /0.0756 x 171 /0.0013 = 96
4 s 9§§ = 0.052 ft = 1/16 in. (In the experimental pro-

gram, the injection port was constructed so that the injec-

tion hole diameter was exactly 1/16 in.)

01 = 0.313 cfs < 1.0 cfs é
q = 0.0013 x 0.313 = 0.00041 cfs |
¢, = 40.7 mg/% ?
Yo £~ - 23000 - 40.7 _ ; : §
0, = 0.00041 22080 80-F - 0,231 cfs |
M, = (969%%$1-x 96)% x 1/1 = 0.02893 g
q
ﬁl- = 200921 - 0.0018 < 0.05
2 . B
' 0.00041 4
- X (0.0052)° ?
- Ky T e i =Y
S SR BT N T i ) “f‘g'

1
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St R ST C TR C O "—e“' -
1St O1i < Ljiam 126195 (208 2312x 0.5 1975 1060 () = 1dgeasire-
_ " 0a8) T BB b s
i R | x 10 . % Spverpalevog Frem mAT oo
L

Step sa..-Qg‘ = 0.231 cfs
- 70;0013 X 0.231 = 0.00030 cfs
* Step 7a. ‘T, = '29 1 mg/R

Step 8a. 0y = 0. 00030 2380? 2.1 - 0.237 cfs

1]

0000030 X 96)2.

0.237 - x 1/1 = 0.0156 .

_M:=(

q :
2 - 0.00030 _ 4 40013 < 0.05

0, ° .30.237
. 00080 ; 5 h
T (0.0052)° L £ T8
'/-l%l x 32.2 v 0.0052 -
| - 10.237:x 0. 5 0.1 0.2 G
Step 9a. Ly =f'26.9 | 5 ;5) Tog (___T) =71108
, - - “1/40:5)% %10 "

: L3 < LT

Therefore 03 = 0-23? cfs s the true discharge in the pibe When the

- flow rate obta1ued by the procedure described above 15 cowpared w1th

the discharge Q= O 235 cfs g1ven by the f]ow meter 1n the exper1ment5,_

_'1t 15 seen that the dev1at10n 15 Iess than 1 percent of the 1atter

smaTly » _-.

The f1rst assumed 01 made the actual M greater than the opt1-

mum. Thus, the jet actually overpenetrated and the measured c1 was

s i T A I B by 0 i e i b iy R
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: ‘theref5ra greater than-the true c since in this examp]e,.the measure-

~ ment port was Togated on the opposite side of the pipe from the injec-
tiﬁn port.

This procedure is somewhat complicated in that it may require
the use of more than one injection rate and corresponding multiple
measurements of_E&. However, thfs method_is needed only for cases
where the mixing distance required for a simple source injection exceeds
the avaiTab]e pfpe length. Of coﬁfse, the potential advantages of this
“method can be weighed against multi-point injections [Clayton et al.

1968] and other measurement techniques.
6.1.2 A Procedure for Long Pipes

if the available length downstream of the injection point is
not restricted, a conventional simple source injection can safely be
used. However, the use of a jet injection may be preferred since the
initial mixing in the near field region adds a sort of safety factor to
~assure complete mixing in a shorter distance as compared to a simple
source.ihjection. A procedure.ié described.bé1ow for the use of a jet
as a tracer source when there is no restriction on the pipe length down-

stream of the injection point.

Step 1. Select the desired degree of completeness of mixing o. Using

the selected value d% o, the design capacity (or expected maximum flow

rate in-thé_pip;};Qha;),;Ehefpipej;iaﬁéter D, and the smoother end of the

possible range for wall roughness, estimate the mixing distance L for a
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_tzsimple source ihjéctfép3ffphJEQiiﬁfééf__Use;TiﬁiE?15 -tOidéferﬁine”the

appropriate values of A, n, and I to be used in Eq. 5-26 in'estimétiﬁg Ly

Because L is. the longest mixing distance to be expected at all flow
rates smaller than Qmax the comp1ete_m1£ing is-assured at the sampling
-étatioh;. In other words, the sampling port should be located at Teast

a distance L downstream from the injection hole.

jStéhs 2f£hrough 7. mFoﬁ]ow Steps 2 through 7 of the procedure described
for short pipes in'théVQFéteding section.’

Step 8. Using E% of Step 7 as ¢, calculate Q, as the flow rate in the
pipe. '

. An eXamb]e is prov{ded below to demonstrate the procedure des-
cribed above. TheinUmékica1"va1ues in:the'examp]é are directly taken

from the measurements made during the experimental program.

Step 1. o = 0.01
| Y Q.. = 0.625cfs
max
D = 0.5 ft
: Range of wall roughness: Smooth to 0.0001. Therefore
Tags fsmooth' _
.~ For a simple edge source, the values

s A == -20.5:;'; B oy .j_ w mglar o the experimenis,
sgan them $i «Qu1QLion-ds lezs tham | percent.ef  ¢: léﬁ;:“!“

.-' E; 2_'..4 =t _— =

|
H.
]

are read from Table 15. Therefore

bt b R R e g
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0.10
0.625 x 0.5 2.4
L~wi - 20580 feee ) log (S )F /T
'L = 164 pipe diameters
Step 2. & % g6
C = 0.0 mg/&
b g/
Step 3. 9/Q, = 0.0013 < 0.05
Step 4. . c- = 30.0 mg/% -
_ 30,0 - 0.0 _
cO = 0.0013 23000 mg/2
P = 1 g/cc
Step 5. DP = /0.0156 x 1/1 / 0.0013 = 96
d e 9;%, = 0.0052 ft = 1/16 in.
Step 6. Q.i = (0.156 cfs
C].I = (0.0013 x 0.156 = 0.00021 cfs

1

“Step 7. EH' 19.9 mg/%

1/1 x 23000 - 19.9
19.9

0.00021 0.236 cfs

O
™2
1]

Step 8.

Therefore the flow rate in the pipe is 0.236 cfs. When the flow rate
obtained by the procedure described above is compared with the discharge
Q = 0.235 cfs given by the flow meter, it is seen that the deviation is

less than 1 percent of the latter.
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6.2 Use of a Pipe Segment as a Mixing Chamber

A second major area in which the knowledge of the mixing dis-

tance for a jet injection has direct applications is in using a pipe
segment as a mixing chamber. For example, chlorination of a water supply
can be performedlin a segment of the main prior to any branching rather
than in a specifically designed facility. The length of the pipe which e
is required prior to any branching in order to prevent excessive or -

deficient chlorination in branches can be determined from the present

work. (Of course, required contact time must be considered in addi-
tion to the mixing distance.) Similarly the chemical neutralization of ;;;_
ecologically harmful waste materials from an industrial plant can be |

accomplished in a segment of pipe. The present work_can be used to

determine the length of the pipe required befo;é discharging into a oo
body of water or atmosphere. In what follows a typicaT design procedure

for the use of a pipe segment as a mixing chamber is provided.

6.2.1T A Typical Design Procedure

This example considers a main water supply main which is ==

3.0 ft in diameter. The maximum flow rate is 50 cfs.

Step 1. Using the maximum Q, obtain the mixihg distance L required for
a jet injection with optimum momentum flux ratio of M = 0.0156. The

mixing distance is ca1cu1ated.by using Eq. 5—26.: The appropriate values

of A, n, and T"of Eq. 5-26 are found from Table 15 as ~—
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26 .90 _ _':= SOUPTE 3 ‘-5‘_—--‘ 7 _.'-- or '“ (N : :‘ ;.-.-1.._ Tat

K= s Taae
n = O-]O = ”'mq_:' w3 2SO . . Sk - _h: Tabe gt il
1 = 0.22

Then select the required degree of completeness of mixing, say gi= 0.01,-5020

Using the smoother end of the range of the wall rggghness;determine the:

-Sayg in-this particu1ar-ex—u:;

friction factor of the pipe for'Q”:.Qmax’
ample, that. smoother end of the range of the wa11 roughness 15 a smooth
boundary; therefore,- se]ect the p1pe fr1ct10n factor correSpond1ng to

the hydraulically smoath f]ow For Q 50 c¢fs and ¢ = 0. 01, one obtains

~.0.10
L = 26.9 log (g g$)( e )
- - T (3)2 :
L = 155 pipe diameters.

Therefore, the first branchfng should not bé before 155'p1pe diéme£ér§:¢“'
downstream of the'injection.poiﬁt;“ For somé chemica1s, a contact:f{me
is required, so that additional distance must be provided so that the
chemical ndt only becomes adequately mixed but also has sufficient.coh-
tact time before any branching. This:édditiona] distance'LC can be cal-
culated from Eq. 6-7 using the required contact time tc and the average_
pipe velocity u;

6 c

L. = ut/D = Qt/(AD) = ) ©(6-7)
Say, for the additive considered in this example tCLis 100-sec, then
L o 10 x-100% 47
c T 2
7 (3)
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=

THerefdre.the 1nJect10n por‘t should'be at 1east 155 + 47.= 202 pipe

_diameters upstream df the f1rst_branch1ng,___ W n_f:__'.

Step”2. . Select the. rat1o of TnJeCtloﬂ rate q to the p1pe f]ow rate Q

""0.Q01 ws—seTected1 Thus, & o Q= Q , 4= SO X 0'001 2§ Og ”cfs

r L vl
;__Tnen,-Cd]cu1a;e:xhejinjectﬁqgjnd]e;diamegenjd;fndn Eq3'5-5 aSr;__ --_{;' P LT

1 qu = D 05 a/Q- shouid be smal?er than 0.05. Say, a typ1ca1 va]ue of

; Step_3 Determ1ne the f1ow dens1ty p 5 say 1 g/cc, and the background

1n the 1n3ect1on so]ut1cn for q/Q of Step 2 from Eq 6~ 2,_say c oy :

Step 4 Obtawn the reTat10nsh1p between the injection so1ut1on density

P

_'S1nce Eq. 5-26 wh1ch is used in estimating L has been verified on1y for —f

max
LETA 5 ve i'_'i'f

__concentrat1on Cp’ say 2 mg/ﬂ Then obtaTn the concentrat1on cf tracer

_10 mgXl then

tprpnng Boozfmg/i_

s=dmtn g

: Th1s ca1cu1at10n 1mp11es that part of the necessary concentrat1qn c 1s hs

-

"be1ng supp11ed by the background ccncentrat1on cp Thus, 1f <y is”f*

var1ab]e,;the~m1n3mum Gy shou]d be used

T al
HLTS

Pq and the concentrat1on of tracer’ <, in the jngect10n_solut1on, say
- . 6 k 2 . : .

T

= ° (1 +-f6(c0)) with felcy) = 10" =0 5 P
= 0.0156,-9/Q of Step 2, and ¢, of ten 3 from_Eq- 6-4-65"'"

d = 3/125.4 = 0.0239 ft = 0.287 in.

co.ﬂ Then determjne:br,jfdf. s e el

1wl il ] iR -

itaala] bom il s

sl !-ulh_c... S

b et e AR iy [

o B oy e ot i bl
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Select the closest commercial pipe size to this d and correct all pre-
vious values as shown below.
The closest commercial pipe size is 1/4 in. Using d = 0.250 in. =

-0.0208 ft, obtain Dr ratio as

Dr = 3/0.0208 = 144

Then using M = 0.0156 and Dr = 144 obtain oA and q/Q from Eqs. 6-2 and

6=4 by trial and error as

q/Q = 0.00087
Co = 9200 mg/2

Thus, for Q = Qmax
q = 50 x 0.00087 = 0.0435 cfs.

Therefore, for a maximum flow rate of 50 cfs with a background concen-
tration of 2 mg/%, an injection solution containing 9200 mg/% tracer in- ?
jected at a rate of 0.0435 cfs through an injection hole of 1/4 in. 1in |
“diameter will provide a flow containing 10 mg/% of additive plus a 100
sec contact time before any branching 202 or more pipe diameters down-
stream of the injection port.

This example has assumed that D is fixed. If a length of 202
diameters is not available, then the determination of D giving consider-
ation to mixing and contact time could be part of the design process. A

"reduction in D would reduce the abso1ute length required for mixing but

Y | SV S DU S

would increase the distance required for contact time since a sma11er D

would give a larger velocity for a fixed discharge. Thus, the guestion
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=of whether_D should be. 1ncreased or- decreased depends on whether_m1x1ng

oor contact time is the major contr1butor to the reduwred Tenqth

For many cases, the discharge in the main wi11 vary with time.

-However, if the rate of variation With time ﬁs”re1ati§e1y sma1T, the

flow at a-given time can be treated as steady Thus:for smaTTer flow

: rates (p%eefded Lhat the rate of var1at1on in d1scharge is sma11)

”keep1ng the q/Q" rat10 at the des1gn va1ue w111 assure that the momen-

“tum f]ux ratio wii1'a1ways-be equa1 to the optimum value. .-The q/Q. ~
ratio can be kept constant by varying the injection rate q w1th ~varying
flow rate in the pipe. This can be achieved automat1ca1iy_bx_measur-

ing the flow_rate in the main and using an autbmatﬁc.cohtrdl mechahism

to regu]ate q.. The discharge Q can be monitored by any of the standard

hydrau1Tc methods” er the cencentrat1on after m1x1ng can be used a8 Ak

indication of Q as.d1scussed prev1ous1y If the concentrat10n is used
- the stability of the contre1-circuit would have to be analyzed cons1d—
ering-thé-possib]e rate-bf change of Q and the flow (lag) time between
the 1n3ect1on port and the 1ocat10n at wh1ch the concentrat1on measure-
| ment is made As is seen frem Eq. 6 2 the concentrat1on of add1t1ve
:1n the 1n3ect1on so1ut10n need not be changed since o depends on q/Q
rather than-the absotute va1ue of the*f1dw rate 1n the-pipe

: The power requ1rement of the pump te be used in pump1ng the

1r3ect1en solution 1nt0 the p1pe can be ca]cu1ated by .

55 908
]

{11

4

_'—_HP= 550\,\, mmatar’d from Fo.

where HP is the required horsepower, i is the specific weight of the

- (6-8)

TN (R S .
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* injection solution, g-is the volumetric injection rate_.corresponding to

+ MH (6-9)

where p/y is the piezometric head at the injection port in feet, hL is
the head loss in the injection circuit in feet, and
AH = -89 . | (6-10)
'Wzgd4
AH represents the additional head required to maintain the jet in-
jection. The increase in power associated with AH can be determined

from Eq. 6-8 by replacing H with AH. For this example, the increase in

power requirement was found to be 1.25 horsepower.
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7*."*{:0NC-LUS_10N5 AND RECOMMENDATIONS * /="

Exper1menta?, ana]yttcal and numertca] resu1ts are summar1zed

in Chapter 5

Based on these results, the fo11ow1ng conc]us1ons about

the behav1or of a buoyant or nonbuoyant Jet 1n3ected perpend1cular1y

L

~_into a cr0551ng, fu11y estab11shed turbulent p1pe fiow can: “be “drawn.

The behav1or of the Jet 1s 1ndependent of the 1n1t1a1
dens1ty dtspar1ty at the 1n3ect1on port for Jet dens1metr1c
Froude numbers greater than about 50. (There were not
enough experiments to determine precteely the cr1t1ca1
dens1metr1c Froude number.) In-any event, un]ess the
dens1metr1c Froude number 1s c]ose to un1ty, the primary
govern1ng parameter w1th respect to the Jet behav1or is the
-momentum flux ratio, wh1ch is def1ned as the rat1o of ~ :
momentum flux of ‘the jet at the 1n3ect1on port to the
momentum f1ux of the amb1ent f]ow : lherefore, 1n most
cases, any add1t1ona1 expense of a]ter1ng the natura1
buoyancy of the Jet 1n order to add buoyancy to the

momentum wou]d not produce a s1gn1f1cant change in the

mixing distance.

By dividing the analysis into regions a good representationl_

of the f]ow was ach1eved The near f1e1d region in wh1ch

the Jet is act1ve represents a very small fract1on (1ess_

= “than 2. percent)- of the total mixing. d1stance However,

the initial jet mixing and the jet penetrat1on (advect1on

e, B

hiapreerrmger s ina i
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of jet away from the wall of the pipe) in-the  near-field
region are responsible for the reduction in the mixing
distance. The major part of the mixing is accomplished by
turbulent diffusion associated with the far field region.
At a given pipe flow rate, the mixing distance is shorter
than that for a simple source injection. This reduction
in-the mixing distance associated with the use of a jet

as a tracer source depends on the momentum flux ratio M.
There exists an optimum momentum flux ratio for which the
reduction in mixing distance is maximized.

For momentum flux ratios of the order of.magnitude of the
optimum the jet in the near field region does not contact
the pipe wall. As Tong as thé jet in the near field region
does not contact the pipe wall, the mathematical model
based on the numerical integration of conservation of
momentum flux, conservation of voiume flux, and conser-
vation of mass flux equations is capable of describing the
behavior of a jet with or without buoyancy injected into a
fully-established pipe flow. The model can be used in
predicting mixing distances required for both buoyant and
nonbuoyant jet injections.

The semi-empirical relation
5 n 1/2
L = Alog (I/o) R (f_ . /F) : _ (7-1)

can be used in predicting mixing distances required for a
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simple edge source and a honbuoyahé jet injections. The
symbols are defined previously (Eq. 5-14) and appropriate
values of A, I, and n are given in Table 15 and accompany-
ing discussion.

The knowledge of the circumferential mass diffusivity is
important in many respects. Assuﬁing that the mass
diffusivities in radial and circumferential directions have
similar spatial variations the ratio of circumferential
diffusivity to radial diffusivity was estimated to be 1.35.
However, this result is far from being conclusive because
of the fact that experiments were not specifically designed

for evaluation of diffusivities.

Based on the results of this study the following investigations

are suggested:

1.

2.

The mechanics of the interaction of a jet and a crossflow
should be studied in a more detail to bring out a better
understanding of the entrainment mechanism.

A more detailed study of the far field region could provide
better information on the circumferential diffusivity.
Effects of bends and changes in pipe cross section in the
far field region on the mixing distance should be studied.
In some pfactica? cases of interest where a jet can be

used as a tracer source the receiving flow is Taminar.
Therefo%e,Tthe'behavior'of a jet 1njeéﬁéd'into a laminar

pipe flow should be studied.
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APPENDIX 1. = -

Platinizing Procedure [Glover, 1970]

The circuits for cleaning and platinizing the electrodes are

shown in Figure Al. The main difference between these two circuits is

the polarity of the battery. Preparation of the solutions is described

at the end of this section.

Preparation of the electrodes for the platinizing process

consists of the following steps:

1.

w

Heat the platinum-foil electrode white hot, permit the
electrode to cool, and then-thorough]y wash it with
distilled water.

Wash the glass beaker and probe electrodes thoroughly with
distilled water. '

2 r R, TV S | P I Y -
11 5 N sulphuric acid solution, and

Fill the beaker with a
place the platinum-foil elgctrode in the beaker.

Adjust the variable resistor shown in Figure Al-a for
maximum resistance.-

Connect both electrodes of the probe as shown in Figure

A1 and submerge the electrodes in the solution. After the
electrodes are submerged, adjust the variable resistance
until the meter indicates a current of 5 milliampers.
Continue the c1eaning process for approxjmate1y two miﬁutes

and then remove the electrodes and piéfiﬁﬁm?Féii and wash

them thoroughly with distilled water.
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IT1I. Preparation of the Chloroplatinic Acid

Dissolve 1/8 oz. (3.45 g.) of chloroplatinic acid (platinic
chloride crystal) and 20 mg. of lead acetate (crystal) in 100 cc. of
distilled water. The platinic chloride crystals must not be exposed to
air before use because they are very hygroscopic. Similarly, the pre-
pared solution must be kept in a tightly closed container when not in

use.






