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Three-body interactions play an important role throughout modern-day particle, nuclear, and
hadronic physics; many experimentally observed reactions of interest for testing the Standard Model
result in final states composed of three particles or more. Due to these issues, a full description
of three-body interactions from Quantum Chromodynamics is required. The focus of this project
was to extend previous results for a two-body subsystem with a bound state to include resonance
channels. We first derived a novel single-variable observable, denoted as an intensity distribution,
which is proportional to the probability density of the three-body scattering amplitude. We explored
this distribution in the context of established results for a two-body subsystem with a bound state.
We then implemented a purely resonant two-body Breit-Wigner scattering amplitude and examined
the consequences for the three-body intensity distribution. Finally, we developed a model two-body
scattering amplitude with both a resonant and a bound state and examined the three-body scattering
intensity distribution for this system. For each of these two-body scattering subsystem models,
intensity distributions were computed, resulting in novel graphs of relevant scattering behavior.

I. INTRODUCTION

In this work, recent attempts to obtain three-hadron dynamics from quantum chromodynamics (QCD) using lattice
QCD are expanded. In particular, this work approaches determining relativistic three-particle scattering amplitudes
for three identical scalar particles using the relativistic field theory (RFT) approach, which sums on-shell projected
generalized Feynman diagrams to all orders.

Recent work presented a framework for solving these integral equations for weakly interacting systems (i.e. for
weak short-distance three-body interactions and weak coupling between particles in the two-body sub-channels) [I] as
well as systems in the presence of two-body bound states (i.e. a three-nucleon system where the deuteron, a shallow
bound state between two nucleons, can be formed) [2].

Here we examine two additional cases: a system exhibiting resonant behavior in the two-body sector and a system
with a combination of a shallow two-body bound state in addition to the resonant behavior. Solutions to the integral
equations are obtain by introducing a discretized mesh in momentum space in order to numerically approximate the
integral equations as a system of N linear equations.

In the second case, the presence of the two-body bound state results in a pole singularity inside of the integration
range, which can cause numerical instabilities. We adopt a standard regularization technique by introducing a finite
+i€e to move the pole off of the real axis, thereby avoiding this pole in the integration region. Solutions to the matrix
are then extrapolated to the continuum limit through the parameter .

II. INTEGRAL EQUATIONS

The unsymmetrized three-body scattering amplitude (as presented in Ref. [3]) can be written as:

M (p, k) = DO (p, k) + MG (p, k) (1)

Where the first term, D, represents the sum over all possible pair-wise interactions between the bodies mediated
by one-particle exchanges. Here, k and p are the momenta of one of the hadrons in the initial and final states,
respectively. We refer to this hadron as the spectator, and the other two particles are called a pair. The superscript,
(u,u), indicates the scattering amplitude is unsymmetrized; the fully symmetrized amplitude is obtained by summing
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FIG. 1: Diagrammatic representation of the D% amplitude defined in Eqn. . Black circles represent the on-shell two-
particle scattering amplitude My

over all nine possible combinations of spectator momenta. In addition to the momenta of the particles, the amplitude
additionally depends on the square of the center-of-mass energy, represented by the Mandelstam variable: s = E2,
which is suppressed in the argument list of Eqn. . The second term, M&q;g ) represents short-distance three-particle
interactions, which we hereafter assume the scattering amplitude is dominated by two-body subprocesses and take
the limit as this term approaches zero. Given this assumption, the three-body amplitude is reduced to the ladder

portion as,

I (o) (p, k) = D) (p, k 2
i M (p, K) (p, k) (2)

The expression for the ladder equation which sums over all pair-wise interactions is defined by the integral equation,

d3k’

MG(P’ k/)D(u’u) (K, k) (3)

D) (p,1) = ~Ma(p)G(p. ) Ma () ~ Map) [

Where My, is the two-body scattering amplitude describing interactions between particles in the pair. The energy

of the interacting pair is fixed by the momentum of the spectator, o, = (E — wi)? — k?, where wy = vVm? + k2 and

k = |k|. This ladder amplitude is dependent also on the exchange propagator, G, which describes the long-range
interactions between the interacting pair and the spectator and is defined by,

H(p, k)

Gp,k) = )
(p.k) B2, —m? + ic

(4)

Where b2, = (E —w, —wy)? — (p + k)? and H(p, k) is a cutoff function defined in Ref. [4] as,

H(p, k) = J(op/4m?)J (o /4m?) (5)
0, <0

J(x) =< exp <f%exp [fﬁb, 0<z<1 (6)
1, x>1

In order to reduce the strength of pole singularities arising from two-particle scattering amplitudes with bound
states, we define an amputated amplitude, d, defined by,

D) (p, k) = Mo (p)d™") (p, k) Ma(k) (7)
Inserting Eqn. into Eqn. , we obtain,

d(“’“)(p,k):—G(p,k)_/( 3K G(p, k)Mo (K)d™™ (K k) (8)

27r)32wk/

This equation for d is computationally intensive due to the three-dimensional integral over momenta. Using partial
wave projection over the total angular momentum, J, and limiting ourselves to the J = 0 (or S-wave) component we
can integrate over the solid angle to remove the angular dependence of our integral as,



o0 dk/ le
Gs(p, K )M(K )™ (K, k)

Where the angular integral for Gg gives,

s, dQ
77’6(; k)
47
N 4pk lo (a(p, k) + 2pk + ie (10)

Where a(p, k) = (E — w, — wp)? — p*> — k* — m?. In order to conduct a single-variable study of the three-body
scattering amplitude both below and above the three-body energetic threshold at s = (3m)?, we derive an observable,
denoted as an intensity distribution, which is proportional to the probability density of the three-body scattering
amplitude. The details of this derivation are left to Appendix [C] but the form of the observable is given by,

2 Vs=m) dou 2
)= [oMa)] +2 [ (1)7(5,01)050(5)| Mot 0 (0, 5)|

Vs=m)* 4. Vs=m)* 4. 2

: 2 0(0)) L) (s 5)7(0,5)| Ml 5,00)| (11)

+f dok
4m?2 ™ 4m?2

) = g%ds(op, 0p), and Mp_s3, (0%, 8) = gMa(0y)ds(op, 0x). This expression can be
ob(8) +20pp—34(5) +I3,(s). For any My containing no bound states, the observable

Where (04, 5) = pon(s), Mep(s
=1

given more compactly as I(s)
reduces to I(s) = I3, (s).

III. TWO-BODY SCATTERING AMPLITUDES

We consider three separate toy-models of potential 2-body scattering amplitudes: a narrow bound state, a resonance

channel, and a combined bound state with resonance. We examine each case in turn

A. Bound State
Previous work (see Ref. [2]) introduced a toy model for a two-body scattering amplitude containing a single bound

state given as,
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FIG. 2: Plot of Mz ps with as a function of s/m? for scattering lengths a = {2,6,16}. The vertical dashed lines indicate the

locations of the bou’nd state poles, and the red circle indicates the threshold



Mos ps(k) = Ma ps(ok)
167,/
= VO (12)
—1/a — g5, (o)
Where ¢5,.(0k) = \/or/4 —m? is the relative momentum between the two particles in their center of mass (CM)

frame and the scattering length is a. We can see from Figure [3| this amplitude has a pole on the real oj axis, which
we label as oy, at,

op = 4(m? — 1/a?) (13)
Near the bound state pole, the two-body scattering amplitude has the form,

—g?
lim MQ’BS(O']C) = (14)

Ok—0b O — Op

Where g is the residue at the pole. Equating Eqn. to Eqn. , we can solve analytically for g:

g=8 27\ /oy (15)

a

More details on this calculation are found in Appendix [A]

B. Resonance Channel

A well-known toy model for a two-body scattering amplitude with a resonance is given by the relativistic Breit-
Wigner parameterization,

167\/o)
¥ o | 16
27RS( k) q;k<gk) cotd — zq;k(a’k) ( )
Where,
VOrL(5) Ly,
= - F 6 on
tan o (s) m2 — o (s) 6m o) 4 (oK)

For this work, we choose the parameter my = 2.5 and allowed values for g = {2, 3,4}, which affects the width of the
resonance channel. Due to the lack of a bound state in this two-particle subsystem, there is no fixed on-shell value for
the spectator’s momentum. Therefore we choose the spectator’s momentum such that it lies in the physical region
(above threshold), fix the particle’s energy, and scan in the two-particle subsystem’s total momentum.
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FIG. 3: Plot of M2 rs (A Breit-Wigner scattering amplitude with a resonance channel) as a function of s/m? for g = {2, 3,4}.



500
— (91/m)?=175
—_ 4001 — (g1/m)?=100
(%))
[\4 — 2 =
+ 300 1 (g1/m)? =125
w0
om
2N~ 200 A
T 100
0 , . ,
0 1 2 3 4 5 6 7 8

s/m?

FIG. 4: Plot of M2 ps+rs, a toy-model two-particle scattering amplitude with both a shallow bound state and a resonance
channel, as a function of s/m? for (g1/m)? = {75,100,125}. The dashed lines indicate the locations of the bound state poles.

C. Combination of Bound State and Resonance Channel

We now consider a generalized form for the two-particle scattering amplitude which exhibits both a bound state
and resonance behavior,

ICQ (O’k)
= 1
Marst 250 = 0, K (o) "
Where the 2-body K-matrix has the form,
2 2

2
mi — Ok my — Ok

And we choose the parameters such that m; = 1.5m, my = 2.5m, g2 = 30m?, and allow g% = {75m?, 100m?, 125m?}.
This results in an amplitude exhibiting the behavior shown in Figure[dl We can then numerically solve for the location
of the bound state by choosing o, such that (1 —ip(cs)K2(03) = 0), which results in the poles as seen in Figure
Near the bound state, the pole on the real axis again takes the form,

2

lim Ms rsyBs(or) = 7 (19)
Ok—>0p O — Op

Where g is the residue at the pole. Solving analytically for g, we find,

Op 4m27(jb Op 4m27m,
&= f16w.@gz(m2 v ; {g%(mg o) < ( ) 2
1

5—o0u) +g3(mi — oy
LR (m? — o) (‘W - m2) } (20)

Where the numerical details are found in Appendix [B] Of particular note for this two-body amplitude, the modifi-
cation of the value for (g;/m)? has the primary effect of moving the depth of the bound state and slightly widening
the pole singularity.

IV. DETAILS OF NUMERICAL METHODS

In order to solve the integral equation presented in Eqn. @, it is necessary to discretize in terms of the spectator
momenta, which we denote with an indexed form as ¥’ — k!, and generate a uniform mesh of values. The minimum
value for the spectator’s momentum is ki, = 0. The maximum value for the momentum is governed by the cutoff



function, H(p, k). The value goes to zero when o, = 0, which then implies k2., = (s—m?)?/4s. The distance between
mesh points is given by the transformation of the differential momentum in the integrand as: dk’ — Ak = k.. (s)/N.
We then discretize Eqn. @ in momenta by,

N-1

A5 ki€, N) = =Cis(pki€) = 3 G -Gs(py Kyl Malkns 9d5™ )k ki, N) (21)
n=0

Where the e-dependence of My is implemented as M(o;€) = M(oy, + i€). We can then solve this equation for d
by writing it as a matrix in the space defined by {k/,} with matrix elements given by,

A, = d" (k,, ki€, N) (22)

Snn

Moving the summation term to the other side,

N—
wu AK' k2, w
- GS p,k 6 Z |:d,(9 7”3/ kp knyeaN)(Skn/,kn + (27_‘_)7:05(]{% aknv )M2( n’;€)dg';;”3/(kn/7kn;€7N) (23)

Where 6, , &, is the Kronecker delta. We can then define a simple linear system to solve for d at arbitrary (p, k)
as,

d"™ (p, k;e, N) = —[B ' Gslpm (24)
kn=p; k, =k

Where B is a matrix whose elements are defined by,

AK k2,
L GS(kn/ ky; )MQ(kn’§€) (25)

Bnn’:(;k/kn—’_i
e (277) Wk,

For calculation of the intensity observable contribution from 3¢ — 3¢, Is,(s), d is averaged over all physical (k, p)
combinations. In the presence of a bound state, the spectator has an on-shell momentum which corresponds to the
bound state pole, which we label as g. We can obtain this value by fixing the energy of the two-particle subsystem
at the bound state pole, the sum of the energies of the two-body subsystem and the spectator particle satisfy the

relation /s = \/op, + ¢2 + /m?2 + ¢2. Solving for ¢ gives:

1
Where \(z,y, 2) = 22 +y? + 22 — 2(zy + x2 + yz) is the Kéllén triangle function. For the I,(s) term, we interpolate
through the matrix to obtain this on-shell value. For the I ;_,3,(s) term, we choose (kK = ¢) and interpolate the

matrix into a vector form over p € {k, }, which is summed over to find I, 5—3,(s). Finally, we directly adopt the
error measurement from Ref. [2] such that nn = 27 Ne,/kmax, where ¢, is given by,

%€<s+m2—%) (27)

A\L/2 (s, Op, m2) (26)

4qs

For the two-body scattering amplitude without bound state pole, we may drop the e-dependence for the two-body
scattering amplitude, as there is no pole in the integration region for My rg. We do, however, still require a well-
defined € due to the definition for Gg given in Eqn. . In the resonance only case, we define ¢ by fixing the energy
of the two-particle subsystem to the two-particle threshold (o fixea = (2m)% = qrs = A2(s, 0% fixed, m?)/21/5).



V. RESULTS

For each of the two-body scattering amplitudes of interest, we calculate the intensity distribution over an appropriate
energetic range.

A. Bound State

Components of Intensity Observable, ma = 2 Components of Intensity Observable, ma=16
I(s)
— 134(S)
— Ippls)
lob-30(S)

I(s)
1 —— r34(5)
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FIG. 5: Plots of I(s) with two-particle scattering amplitude Moz ps as a function of s/m? for scattering lengths (a) ma = 2
and (b) ma = 16. Each case is broken out by individual component contributions to the total intensity distribution. The red
circles indicate the location of the three-body energetic threshold.

In the presence of a two-body bound state, we computed intensity distributions for each of the scattering lengths
of interest. The full results are presented in Appendix however we present two particular cases in Figure |5[ and
plot over the energy range o, < s < 20m? with the overall intensity distribution broken out by component.

As expected, we see only a I, contribution below the three-particle energetic threshold at s = (3m)?. Below
this threshold, there is insufficient energy in the system for three particles to exist independently, therefore the only
physical process allowable requires two of the particles to form a bound state.

For the deeply bound state (ma = 2), above threshold, the I, contribution is non-negligible and monotonically
decreasing. We then also see smoothly increasing contributions from the three-particle component, I3,, and the
exchange component, I,;3,. In contrast, the shallow bound state (ma = 16) has a much smaller binding energy,
and thus less phase space available for the bound state to exist above the three-particle threshold. Therefore, the
contributions from the three-particle and exchange components of the intensity distribution dominate above this
threshold.

B. Resonance Channel

Intensity Observable

2,54

2.01

154

1(s)

1.04
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2
s/m

FIG. 6: Plots of I(s) with two-particle scattering amplitude Mz rs as a function of s/m? for select choices of g.

In the case of the resonance channel alone, the intensity distribution is relatively unremarkable, as shown in Figure|[G]
There is no bound state in the two-body sector, therefore there is only a single contributor to the intensity, I3,. We



see a resonance peak in the vicinity of 13 < s/m? < 15. Increasing the width of the two-body resonance channel by
increasing the value of g has a corresponding effect of increasing the intensity distribution, as expected.

C. Combined Bound State and Resonance Channel

Intensity Observable with varying (g1/m)? Components of Intensity Observable, (g1/m)? =100

— (g/m)?=75 I(s)
— (g2/m)? =100 0.259 — I3(s)
0.25 1 —— (g1/m)? =125 —— Igp(s)
0.201 -

8 10 12 14 16 18 20 8 10 12 14 16 18 20

(a) s/m? (b) s/m?

FIG. 7: Plots of I(s) with two-particle scattering amplitude M2 rs+ps as a function of s/m? for (a) varying (g1/m)? and (b)
broken out by individual component contributions to the total intensity distribution. The red circles indicate the location of
the three-body energetic threshold.

In the case of the combined bound state and resonance channel in the two-body sector, the intensity distribution
for selected values of (g1 /m)? = {75,100, 125} is shown in the left panel of Figure m In the right panel of this figure,
the individual component contributions to the total are shown for the particular case of (g1/m)? = 100.

As discussed when the two-body amplitude was introduced in Sectionm the modification of the parameter (g;/m)?
has the primary effect of moving the location and width of the pole singularity corresponding to the bound state in
the two-body sector. In the left panel of Figure (7] increasing the shallow-ness of the bound state creates a larger peak
on the left side of the graph and slightly increases the total intensity of the distribution. Additionally, as (g;/m)?
increases in this range, we see a more pronounced "bump” in the distribution in the range 12 < s/m? < 13.

In the right panel of Figure [7] the individual contributors to the overall intensity distribution are shown. Going
from left to right, there is a peak in the region below the three-body threshold which is driven by the I, component,
since this is the only physical process occurring in this region. There is a "bump” in the distribution in the range
12 < s/m? < 13 (as previously mentioned) which is driven by underlying exchange processes in the 1,3, component.
Finally, there is a pronounced peak near s/m? = 14 which is driven by the resonance channel in the two-body sector,
as similarly seen in the resonance only case.

VI. CONCLUSIONS

In this work, a method for solving relativistic three-body integral equations is adapted from Ref. [2] which allows
for numerical solutions for the three-particle scattering amplitude in an exchange-dominated scattering process. We
derive a suitable single-variable observable, I(s), which averages over the physical momenta for underlying two-body
scattering amplitudes with or without a bound state and is proportional to the three-particle scattering amplitude
probability density. This observable is examined in the context of three toy-model two-body scattering amplitudes:
bound state only, resonance channel only, and a combination of the two. In the combined case, we see a bump in the
overall intensity distribution which is not due to a bound state or resonance channel, but rather, an exchange process
int he two-body sector where a bound state is formed or broken during the scattering event.
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Appendix A: Calculation of Pole Residue in Bound State Case

Recall the model for the bound state only two-body scattering amplitude given by,

167 /o

Masl) = 57 i o0

Near the bound state pole, the two-body scattering amplitude has the form,

2

. -9
lim M2,BS(0'k) =
Ok —>0b Ok — Op

Where g is the residue at the pole. Equating Eqn. (A1) to Eqn. (A2)), we can solve analytically for g:

167 /o

—167a./
~ = lim (ok —op)—tVTE i (o — o)tV Tk
oL—0b —1/a —ig} (or) or—os 1+ iagy, (ox)

Expanding the denominator as a Taylor series at o = 0y,

0
1+ iagy,(ok) = (1 + ia63r, ab)) + (of — ab)—a (1 + zaq%(ab))
O

Op=0p
2

0 .
+ (o — O'b)w (1 + zaq%(ab))
k

Okr=0p

Inserting into Eqn. (A3) and cancelling a factor of (o — ), we obtain,

z‘a% (q§k(‘7k))

Since 9¢3). /0o, = 1/4v/ 01, — 4m?, we can write the residue as,

_92 —167a+/op

Op=0p

g=38

\/W\/Ub(ab —4m?)
m/op(—4/a?)

7

o2
a

(A3)

(A5)



10
Appendix B: Calculation of Pole Residue in Combined Bound State and Resonance Channel Case
Near the bound state, the pole on the real axis again takes the form,

2

: —g
1 = B1
Mo rstps(ok) = —— - (B1)

Where ¢ is the residue at the pole. Solving analytically for g, we find,

. /Cz(ka)
—g*=1 , — B2
g "klgf’b(ak o) 1 —ip(ok)Ka(ow) (B2)
We can then expand the denominator as a Taylor series at o, = oy as,
0 0
1= ip(ox)Kalon) = (1—i 2(00)) + (00 = o) - (1 - ip(ak)lCz(ak)>
Ok or=0p
62
+ (o) — 0p) s (1 - ip(ok)ng(ak)> . (B3)
a(fk. Ok=0pb
Inserting into Eqn. (B2)) and cancelling a factor of (o — o), we obtain,
ICQ Op
gt = —al) (B1)
—ize (plow)alon) ) .
Taking,
wW4m? — o 2 2
p(Uk) — VAT T 9k ’CQ(Uk) — 291 + 292
327 /o} mi — o Mms— O
_ iy/4m?/op, — 1 _ gi(m3 —oy) + g5(m3 — oy)
- 321 — (m o) (m3 —on)
Then the first order partial derivatives with respect to o become,
0 —im? 0 g2(m3 — 01)% + g3(m2 — o1)?
7p(0-k): 3/2 7K2(0’k>: 1( 227 ) 5 22(71 5 )
do, 1670,/ “v/4Am? — oy, do, (mi — ok)*(m3 — o)

Therefore the product rule gives,

0

doy,

‘ 1 2(m3 — o)* + g3(m} — op)?
P Ok g 5 SVam? — o (2 5 .
(p(or)a()) ){ ﬁ( 2(m3 — ox)? + g3(m? w)

T 16m\/oR(m2 — %) (m2 —ox) | 2 (m2 — o) (m2 — oy,)

~ ey 0 =)} @

Therefore, after minor algebraic rearrangements, the full analytic expression for the residue at the pole becomes,

opV4Am?2 — oy 9, 9 oy
gi(my —op) | ——5——~

2
g°- = —16m\/op
gi(m3 — 0v) + g5 (mi — o)
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Appendix C: Derivation of Intensity Observable

For the three-body case, the probability density for scattering is proportional to,

(Vs—m)? do, (vVs—m)? doy,

Probability o / —p(op)T(0p, $)p(ok)T (0K, 5) ‘Mg((fp, ok)
0 T Jo n

(C1)

‘ 2
Where,

i k
i T(s,01) =

" 16mw\/ox 8m/s
Since, in this regime, M3(op, o) = Ma(op)ds(op, ok)Ma(oy), we can denote Eqn. (C1)) as I(s) and expand as,

(C2)

(Vs—m)® do, (Vs—m)? doy, 2
o= [ [T e ey s)plan) (o) Mao) Malor)ds oy )

™

From the two-body unitarity condition, we have Im Ms(oy) = p(ok)‘/\/lg(ok)f. For the two-body amplitudes
containing a bound-state pole (e.g. Ms s and Ms rsips), we can expand the imaginary part of the two-body
scattering amplitude over the region of interest as,

2
Im Ma(0) = g*m6(0 = 03) + plow) [ Ma(ow) | ©(c — 4m?) (C3)

Where the first term is the contribution from the pole in terms of the residue, and the second term contains a
Heaviside function to include contributions from the physical region where o) > 4m?. Inserting this expansion into

Eqn. 7

2
I(s) = 7'2(0'b, 3)94’ds(0'b, Ub)’
(vVammy® doy, 5 2
* 2/ TT(U’“’S)T(%’S)Q p(ok) dS(JbaO'k)MQ(Uk)‘
4m?

2

(vs—m)? doy, (v/s—m)? do
+/ — 7pp(0p)7—<apa5)p(0k)T(Uk7S)‘MZ(UP)M2(Jk)dS(Up;Uk)
4

m?2 ™ 4m?2

Recognizing 7(0p, s) = pp(s), Mub(s) = g2ds(0p, 0p), and Mpps3,(0k, 8) = gMa(ok)ds(op, o)), We can express

Eqn. (C4) as,

(Va-m)? g
I(s) = ’pg‘,b(s)/\/lwb(s)‘2 4 2/ %p(ak)T(s,ak)p¢b(s)’M¢b_>3¢(ak,s)

4m?

(vs—m)? do (Vs—m)? do
v L p(oy)0(01)7 (07, )7 (08, )| M (07, 5,)
4

’ 2
i (C5)

m?2 ™ 4m?2
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Appendix D: Bound State Only Additional Figures

Components of Intensity Observable, ma =2 Components of Intensity Observable, ma =2
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FIG. 8: Plots of I(s) with varying underlying two-body bound state scattering lengths in the two energetic ranges of interest,
as a function of s/m?. Each case is broken out by individual component contributions to the total intensity distribution. The
red circles indicate the location of the three-body energetic threshold.

Above we have the full results for each of the scattering lengths of interest. The panels on the left are plotted over
the symmetric energy range about the three particle energetic threshold given by oj, < s < 2(3m)? — 05. The panels
on the right extend the upper energy range to a fixed value of s = 20m?2. Going from top to bottom, we show results
for each scattering length ma = {2,6,16}.

With increasing scattering length, the binding energy of the bound state decreases, and therefore we see the
contributions from the I, components weaken. In particular, we note the phase-space available for the bound state
in the case of ma = 16 is insignificant enough that the I3, and I, 53, components dominate the intensity distribution
above the three-particle threshold.
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