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Abstract

This supplement contains three sections. The first section collects the technical
lemmas for short-horizon prediction models with QR-IVX and IVX instruments. The
second section includes the technical lemmas for the long-horizon prediction model
with LHIVX instruments. The third section briefly outlines the notation required for
STUR coefficient heterogeneity with some additional discussion of the associated limit
theory.

Throughout these proofs we use the same notation as in the main paper to which
readers are referred. The technical lemmas given in the following section play central roles
in the proofs of the main theorems in the paper. The IVX instrument is constructed as

t
~ i C
“t = § :R;;ij, Ry, =1 + Ti,;;a C, =c. Iy,
Jj=1

where ¢, < 0 and 7 € (0,1). Therefore, C;! = ¢! - I,,. With a mild abuse of notation, it
is often convenient to treat C;! and ¢, 'I,, equivalently in some of the derivations.
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A Lemmas for Short-horizon Predictive Regression

Lemma A.1 Let Assumptions 1 and 2 hold. As T — oo,

(1) — 7+
sup =0, (T2 ),
rel0] T, 7r|—1 p( )
(2) 14y
sup =0, (T2 ),
rel0] T\ 7r|—1 p( )
®3) _ 7+
sup =0, (T72 ).
rel0A] N7, |71 P ( )

Proof: Write z;_1 = Z (Hm et RTm) Uz + Uy j—1 and define the autocovariance

matrices Iy (h) = E (ugeul,, 5 ) and Tye(h) :=E (uatuat h) We use the initial value
z_1 = 0,x1 in the following derivations although this could be relaxed at the cost of

additional complications.
(i) For n(Tl 2_1, following the decomposition in equation (42) of the main paper in Phillips
and Magdalinos (2009), we have
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where RUF) .— an_:lkJrl Ry, ROD .= Hm I+1 Ry, and rp, := 14 ¢,/T7. From Phillips
and Magdalinos (2009), sup;<;<r Z§;11 Irp. "7t = O (T7). From the definition of RUF),
and setting j = |Tr1| and k = |Tre| with 71, 7o € [0, 1] we obtain
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for both LSTUR and STUR cases. Note that

Z [Tuz ()| p < o0, Z ITua(5)|| p < o0, (1)
h=—00 j=—00
and
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where SuplSi’lST HR(ZJ) HF = Op (1) and Suplgj’kST HR(j’k:) HF = Op (1) NeXt,
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for any & > 0 and a correspondingly large enough b, as T — oo and t = |T'r]| with r € [0, 1].
Combining the above results, as T'— oo and ¢t = |T'r| with r € [0, 1],
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(ii) For 77(T2 %_1, similarly we have
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since supy << Soi_y [rra| T = O(T7), supycicr Yo |REP)|| o = O, (T), and the BN
decomposition in Phillips and Solo (1992) applies. Therefore by equations (1) and (2),
and since supy<; j<r HRW)HF = Oy (1) and sup;<; ;<7 ]rTz\t_Z_l = O(1), we have

) | Tr|~1
sup Hnﬂm 1” =< s ; e PT22 | | Qual
1 |Tr]—-2 |Tr]—
T Z Z Huzkuxk hHF -T—l—op(Tlﬂ)
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= Op(Tlﬂ).

(iii) The proof for the case involving 77&? Ll follows (i), since

t—1 t—1
3 t—1—j / t—1—j
ri—1 = E :RTz (a “aJuaja) Lj—1 ~a (a Eaaa) § :RTZ Tj-1
Jj=1 Jj=1

W) =0, (174).

Remark A.1 An alternative proof of Lemma A.1 is given in Remark A.2, showing iden-
tical stochastic orders for the IVX remainders.

Lemma A.2 Let Assumptions 1 and 2 hold and set t = |Tr| with r € (0,1] as T — oc.

(i) For the IVX residual term 77;272_1

L@ 1
S Mg 1=|7r)—1 ~a ZaGac(r) + Op <Tle>

1

o L
—2c,

(a'Qaq0) Ga,c(T)Ga,c(T)/> , (3)
where Z, =4 N( w) Replace Gyc(r) by Go(r) when C = 0y xp.

(ii) For the IVX instrument Z;_q

c;t 1 _
Z Rt—1=|Tr|-1 = —ﬁﬁT + Op <ﬁ> ~q —C; 1Ga,c(1)v (4)

for the LSTUR case. Replace Gq.(r) by Go(r) when C = Opxr,.

T2+7



Proof: (i) For part (i) of Lemma A.2, in the following proof we set t — 1 = [Tr] —
1 and use the initial condition x_1 = 0,x1 and the exponential representation Rp; =
exp % + In“/%/jﬂf for analytic convenience without loss of generality. Further, let g = v+¢
for small enough ¢ > 0, and, With a mild abuse of notation, we use 7Y to denote the
integer part |7Y], so that T + ﬁ — oo. It follows that Rgz = exp (%Cz) — Opxn
as (), is diagonal with all elements negative by construction. Then, scaling 7752, 2_1 =

Zt VRV (a'ugg) Ty we have

| Tr|
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Since T_I/quw ~ Ggc(r) it follows by continuous mapping that max;<j<r HT‘I/QJU]- H ~
sup,¢(0,1] [|Gae(r)| = Op(1). Then

T9 i
RTg T < exp <T'YCZ> I}l<a%< LTl = 0p(1), (6)
as R%Z = exp (%Cz) — 0,,xn, and
\Tr|—T9
1 Tr|—T9—j
1 > R (dlug) = 0p(1), (7)
j=1

because M — oo for all » > 0. Define the IVX coefficient r7, :== 1+ ¢,/T7. Result
(7) follows because with Ry, = rp.1I, and for all {7 — oo such that F}Tw — oo we have

a'Qaa

Zraty = — Za ua]r?z J W =a N <O, ) , (R-mixing) (8)

—2c,
which is established in the same way as in Phillips and Magdalinos (2007b,a). The R-
mixing property of the weak convergence means that the random element Zr, ;. is asymp-
totically independent of all events E € F, i.e., as T — o0,

Pr{(Zraty € )N E] = Pr{(Zras, € 1) Pr(E]. 9)

In this sense, the random element Z7, ;. effectively escapes from its own probability space
when R-mixing applies; see, Rényi (1963), Hall and Heyde (1980, p. 57), and Cheng and
Chow (2002). Limit theorems with R-mixing such as (8) apply in very general situations,
including martingale CLTs and the CLTs of McLeish et al. (1974), which include the



present example. In addition to (7) we note that for all ¢ > 1 such that tT — 0 we have

T%Z?:l (a’uaj)RtTTz 7= 0p(1). Using (6) and (7), we have, as T — oo,
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Next, since |Tr| —T9 = |Tr| (1 - %) = [Tr](1+ o(1)), it follows that

W2

T=Y22; 1~ Goelr), for all j satisfying |Tr] — T9 < j < |Tr]. (11)

Then, from (5), (6), (8), (10) and (11) we find, as T" — oo,
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which gives the required result. The mixed normal limit theory applies because Z, is
independent of the limit Brownian motions (B.(r), B.(r))’, as we show below, and thus
Z, is independent of the limit process G..(r) which depends only on (B, (r), BL(r))".

To validate the mixed normality in (13) we establish that for r € (0, 1]

= ZJLTQJ a'ti; T%TTJ ] 7

' ZLTTJ B, El'r)

Lyt |7 (B0 .
_ TL% ZJEBJ " | By(r)

The Gaussian limit variate Z, is independent of the Brownian motions (B!, (r), B., (), B (1))’
because of the joint convergence to Gaussian variates in (14) and the zero asymptotic cor-

relation implied by

[Tr]
1 r LTrJ LTrJ [Tr
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(15)



To verify (15) we proceed as follows. First, since Ry, = rp, Iy,
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is a diagonal matrix whose diagonal

To confirm the order of magnitude (16) note that 1-summability >~
TTJ h o(|Tr]—k)C2 /T

—0o0
holds by assumption, and .
elements for h > 0 are

|Tr]—h |Tr]—h Tr|—h) Lz
Z Trl=k) 75 — o(lTr]=-1)7% Z e~ k=175 — o(Tr]-1) 7% 1—cll ch g
k=1 k=1 L—e m7
Tr]-D) & _ (h-1) 2% T
e T T Lo (17)
7 +o(77) Cz

Next, for h < 0 and setting h = —m we have
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S TR T lem S elomg (Tl 1 — e~ (LTrl=m) 7%
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thereby establishing the order of magnitude given in (16). In an entirely similar fashion

we obtain
1 [Tr] . 1 [Tr] 1
/ r|—j / / _ _
E T% z:l (a uﬂ]) T'Te T% z:l(uajvu:cj) =0 (T(l—’Y)/2> - 0(1)7 (19)
= =

and (15) is established. It follows that the limit variate Z, is independent of the limit
Brownian motions (B, (r), B, (r), B} (r))" and hence the process G .(r). Hence, (13)
holds and the stated result (3) is established. The proof of part (i) of Lemma A.2 is then
complete.



2015), w
) and

(ii) For part (ii) of Lemma A.2, similar to Lemma Bl of Kostakis et al. (
have Zle Z—1 = C71T7 (Zr — 21 + x0). Then, from Lemma A.1 zp = ( T3

-1

; :Cﬁ P (T77).

completing the proof.
|

Remark A.2 Lemma A.2 provides an alternative proof of Lemma A.1. As Lemma A.2
(i) shows that

(2) i
sup =0, (T2 ), 20
rel0,1] r LTrl=1 8 < ) ( )

(1)

a similar strategy can be applied to 1, as
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where t = |Tr] and TY9 represents its integer value, as in the proof of Lemma A.2. Taking
Sup,¢o,1] on both sides of (21) shows that

1
bl =0, (r). =

3)

Since 1y, and 7]( )

share the same stochastic order, it follows that

1
bl =0, g

Lemma A.3 Let Assumptions 1 and 2 hold. As T — oo the following results hold:

(i) For the numerator of the IVX estimator

1 1 1 (2)
Z~ Z Z 1
[ 12 i— ot | 12 — T3 — T,i—1 p( )



(i) The standardized sample variance of the IVX numerator satisfies

T
1 ~
Tty E Z-1%4 —7T1+ﬂ, E 212 1+ (E - 1"7Tt 1+ E :77Tt 1%t 1)
t=1

—+

1 2 (27
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(iii) For the denominator of the IVX estimator

T T T
= 1 1 (2) % (1)
/ / /
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Proof: For part (i) of Lemma A.3, the IVX numerator follows part (ii) of Lemma A.2
and has the following decomposition

1
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The stochastic orders of the respective terms in this decomposition of the IVX numerator
follow by Lemma A.1 as
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By (24) and (25) the asymptotic approximation to the IVX numerator then follows

~

T
_ 1 1 2
Zt—1Ug = ﬁ Z Zt—1uot + 7157 Z 775’71)571u0t + 0p(1). (26)
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Part (ii) of Lemma A.3 is a natural extension of part (i).



For part (iii) of Lemma A.3, the asymptotic approximation to the IVX denominator
is given by

| Z
Tl Z%—l%q

=1

1 & /
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t=1 =773

1 & 1 1

= 7y th_lz_l + (z Za:t_1> <Tx’TCZ—1> + o0, (1)

T
1 1 2) 1
T1+7 th 1Zt 1+ = T2+7 Z:Et 1M C + T%‘W ;xtmt_l

1 1 / —1
2T2+V th 177t 1 "+ (Tg 1;—;ﬂ%—1> <ﬁ$T0z > +op(1), (27)

where the second equality is due to part (ii) of Lemma A.2. The stochastic orders of the

five terms in equation (27) are given below.
First, it can be shown that

|<T2 ;xt 1) <¢1T”“°/TCZ 1>H o < /01 Ga7c<r>dr) GO

in the LSTUR case. When C = 0,,x,, then the same approximation follows replacing
Ga,c(r) and Gy (1) by Go(r) and G4 (1), respectively.

Next, we show the stochastic boundedness of the other four terms of (27):

=0p(1),  (28)
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Consider these expressions in turn, starting with Hﬁ ST w2 H = O, (1). Define
Ry :=1,+ % and apply the recursive formulae
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and 2y = Rp,2i—1 + gy, giving
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/ / / / / at
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Summing equation (30) on both sides and vectorizing the relevant arguments yields
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By Lemma A.1, Phillips and Magdalinos (2009), and Lieberman and Phillips (2017, 2020),
we have

T
1
lor @ 2l = 0, (T5), | S un @201 = 0, (1),
t=1
T T
D et @ uat|| = Oy (T), || w11 @ uae|| = O, (T). (32)
t=1 t=1

By Lemma 3.1 (d) of Magdalinos and Phillips (2009), Cauchy-Schwarz, and Lemma A.1,
we have
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1 1
Combining (31), (32), (33) and (34), it follows that
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Second, to justify HZZ;I xt,m(ﬁiilH =0, (T%+7), we apply the recursions (29) and
2 ..
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By Lemma A.1 and Lemma 10 of Lieberman and Phillips (2020), we have
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By Lemma 3.1 (d) of Magdalinos and Phillips (2009), Lemma A.1, and Cauchy-Schwarz,
it follows that
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Similar to (34), we have

I~ Rr@Rp. — — 1}( ®0)[n2+0 (Tll_vﬂ (40)

Combining (37), (38), (39), and (40) gives
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(41)

and

=0,(1). (42)

2
Z tlnéﬂzl

Third, to justify Zthl mt_lng}zil =0, (T2+7), we use the recursions (29) and 77(1)
RTz”(Tl,Ll + z¢_1, so that

(1)

1 1 a'u t
xtnTt = RTxt—lng“’l)gilRTz + RTxt—lxiffl + uztng"’,)gilRTz + uxtxigfl + 4 (

\/Txt 177’1"% IRTZ

(a’uat)2

2T

2
a’ gy (a'ugt) (1)
—+ \/T — Tt 1CCt 1+ 2,; Tt— 177Tt 1RTZ +

/
Tt—1T¢_1,

giving

Mﬂ

L = Rr @ Rea) S (s 00 )

t=1

T
=<$0®77£r1,2)) 1‘T®77§~)T+ Ry ® I,) Z$t71®$t—1

t=

T T /
au
(I @ 1) > et @ (1) + (1o @ Rrz) S ( ‘“wu) @0,
1

t= t=1 \/T

+ (I ® I )i <a/uat ) ® + (I ® R )Z,T: ((a/uat>2 ) ® (1)

n n Tr—1 Tr—1 n Tz Tr—1 Nri—1
t=1 \/T t=1 2T
4 (a'uqt)? T 1)
a

+ (I, ® 1) Z o -1 ®xi—1+ (I, ® Rry) Z Uzt @ Ny 1 (43)

t=1 t=1

13



By Lemma A.1 and Cauchy-Schwarz we have

H«TOW%E)/ = Op(l)v HxTnéﬂ%“ T1+’y th 117t 1 (TZ)a
T
Z%tﬁ%iil = O ( 2+27) , Zuxtxifl - Op (T) . (44)
t=1 t=1

Again, by Lemma A.1 and Cauchy-Schwarz inequality

T
a’uat ) (1) 1 1+ a/uat /
— 1 | M =0, (T, -1 | x| 2O, (T),
tZ1 ( \/T t Tt—1 P ( ) tzl \/T t t—1 P
a'ugy)?
5 (1) e 20 w0, [ (D)o 2000 0
t=1 —1

Similar to (34), we have

Inz—RT®RTZ:—T1 (In, ®C)[n2+0 (Tll_vﬂ (46)

Combining (43) (44) (45) and (46) then gives

T

T
1 1
s O [ o) = - (e o) Y m @i o), (47)
t=1 t=1

and

=0,(1). (48)

T2+‘Y th 177Tt 1

Fourth, to justify Zthl l’t_177§13 1,1 =0y (T2+7), we apply similar derivations leading

to equation (47), showing that

T

T
1 1y 1 2
Ty ; [:):t—l ® 77%)5_1} =—(L,eCc) T2 ;xt_l ® ((a'uat) iL‘t_l) +0,(1)

= 0,(1). (49)

In the end, combining (27) (28) (35) (41) (47) and (49) gives the approximation in
part (iii) of Lemma A.3 as

1 1 r 1 I (2) c T (1)
~ 2

T 2 AT = Ty Z a1t b g D e F i X i
t=1 = t=1 t=1

T /
1 1 _
T2+7 ZnTt 1T+ (\/TJ/‘T) (Tg th1> C, L op (1)
t=1

:Op( )-

The proof of Lemma A.3 is then complete. B

14



Lemma A.4 Let Assumptions 1 and 2 hold and T — oo.

(i) For the terms of the IVX numerator,

1 & 1
/ Pp—
Ti+y ;Ztlzt—l —p Vez 1= _EQ‘T"M
Zn(z) WD L@ —*( 'Quqa) fi G )G’ J(r)dr, under LSTUR
T2+7 Te-1re-1 7 Yo 20 (a'Qqqa) fo G’( Ydr, under STUR ’

1 i (2) 1 V@ . {—2(13 (Qzaa fo ()d?“ under LSTUR
zn

Zt—1Mpi_1 ™ .
T3+ & Ti-1 — 5 (Qaa) [, G’ )dr, under STUR

(ii) For the terms of the IVX denominator,

| ix Lo ( S G (r)dBL(r) + Qs + fol )(a’Qa:C)dr) LSTUR
t—1 — xrz = 9
T+ -1 ( fo (MABL(r) + Qs + fi} Galr) (@ Qm)dr) STUR
T2+ Tt— 177T,)5/1 V( )7
1 rl /
W o V( v )= Jo Gaelr)Gyo(r)drC,  under LSTUR
T2+v Z””t T 41 ‘ { ~L [} Ga(r)Gly(r)drC, under STUR ’
1 / /
Zﬂft—lngill . Vx(3) _ Czlfo 1CT’(17(3(7')C}CL,C(7“) (a'Yqqa)dr, under LSTUR’
T2+ v K —o Jo Ga(r)Gy(r) (a'Sgqa) dr,  under STUR
where:
1
v = L[ [ GuetGlntr) (aBa ) + / GVl () (0/2aat + A gaa)
—|—/ (Agaa + Agga) G, (7)dr +/ G /Azm) dr] , (50)
0
with C' # Opxy, in the case of the LSTUR regressors and A, => ;2 | E (uatugc t+h)
and
VP = [/G )Gl (r) (a'dBy (7 /G )Gl (1) (@' Quaa + a’ Agqa) dr

1
+ / (Agaa + Agqa) G (r)dr + / Ga(r) (d'A},) dr} : (51)
0
with C' = Oy, %y, in the case of STUR regressors and Af, => ;2 | E (uatu;7t+h).

Proof: (i) For the term Zthl zi—17,_1 we apply a similar decomposition to (31) as

T

[I,2 — Ry, ® Rr,] Z 2t—1 ® 24—1
=1

15



T
=20® 20 — 27 ® 27 + (In®RTz)Zuxt®Zt—l
=1
T

+ (Rr. ® 1) Z Zt—1 @ Uy + Z Uzt @ Ugt, (52)
t—1 t—1

in which ||20®Z()|| = Op(l), ”ZT®ZTH = Op (T7>,

’ZZ:l Ugt @ Zt—IH =0, (T), and HZ?:1 Uzt @ Ugt

C, C, 1
Inz_RTz(X)RTz:_(T,,Y@I +I T +O(T2'y>>

‘ZtT:l 2t—1 @ ugt|| = Op(T), and
= O, (T) by Lemma A.1. Moreover,

leading to the following approximation

T
C. C. 1\ 1
<T7®I +In® +O(T2,y>>T;Ztl®ztl

T
1
=7 Z (Uzt @ Uzt + 20-1 @ Uzt + Uzt @ 2¢-1) + 0p(1). (53)
t=1

The above equation (53) is a Lyapunov equation of the form (I, ® A + A ® I,)vec(X) =
—vec(Q) and if A is stable, the solution for X is given by X = foo eA"Qe N7 dr. Note that

* Sz quly, —, AL, by Phillips and Magdalinos (2009), where Ay, = S25° | E (uwtum_h)
and Qup = Xy + Agy + AL, Then the RHS of (52) is shown to be Qg, + 0, (1). Hence,

Cz

1 > 1
Tty Zsz,i_l —p /0 eC* " el dr = —Z—Qm. (54)
t=1

For the term Zthl 775,12 Z 177;2 7)5 1» a similar decomposition as in (32) applies as

T
[Inz —Rpr, ® RTz Z 5“1)& 1

T
In ® Rrs) Z a'Uat) Te—1) ®?7§’t 1+Z (a'tat) 24-1) ® ((a'uat) me—1) . (55)
t=1 =1

By Lemma A.1 Hn(TQ% (2) H = Op( HnTT ® nTTH =<0y THV) Following Lemma 3.1
(d) of Magdalinos and Phllhps (2009) we have

a Uat) xtfl)

<0, (17,

16



T
Z (a"tar) T1) ® 775“2,171 =0, (T7),

t=1

T
Z a Uat Ti— 1 X ((a/uat) -thl) =0y (T2) .
More specifically, we have for the first term of (56)
1 I T
2
Tz Z 77511,195;571 (1 Uat Z d Uat 2a,t—1$t—1x£,1
t=1 t=1

!

Mﬂ

(alFa (1) Gat) Za,t—ll’t—lxéq - ﬁ Z (Q/Agat) Za,t—ll“t—lﬂffeq

= ﬁ
t=1

t

3~
iivgtle

" 1
(a/ A€at) Zay—17-174 4 + Op <Tlg)

T
1 - 1 5
-T2 (a/eaT) (Za,Tile‘éF) T2 Z (a'eat) A (Za,tﬁtzé) + 0, (1)
t=1
1 §T C 2a’u t 2(a/u t)2
a2 (algat) Zat-1Tt-1T4_y —=+ e I,

- T VT T

o~
I

_l’_
-
M=

I~ /
(a 6(JLt) Za,t—luztxtflRTzRTt + T2 § a €at Za,t—1UgtU tRTz
t=1

T
I
S

_l’_
3=
M=

-
Il

1
T
//'\./
(CL Eat) (a uat) uxtl‘t 1RTt + g a 6at a Uat Umtumt
1 t=1

+
3=
M=

t

1~ /
+ (a'€at) Za—1 Rrewi—1ul Ry

3=
[M]=

t

1 ~
== g (a'€at) (a'uat) me—12}_1 + 0p (1)
=1

T2 ZE a'€t) (a"uar)] we1)_y + 0p (1)

1

!

o 3 10 () 2 (o) ()] s+ 0 1)

1

T 1
~a 7 (0/8aat) Y w12y + 0p (1) ~ (a'Aagar) /0 Gao(r)Gl o(r)dr

t=1

17

1
/N
(a Gat) (a Uat) Rpxi—1x;_ Ry + E a €at a Uat Rpxi—quly,
t=1

(56)

(59)



where C # 0y, xn, and

t—1
Zat—1 = Z (a'uq;) rtT_Zl_], rp, =1+ ﬁ (63)
j=1

Line (57) holds by Lemma A.2, (58) follows by the BN decomposition in Phillips and
Solo (1992), (59) follows by integration-by-parts, (60) holds by Lieberman and Phillips
(2020) and Phillips and Magdalinos (2009), and (62) follows by definition of the one-sided
long-run covariance. Similarly,

T2Z auat Ty 117;13 ) ~a'AL, / Ga,c(r (r)dr. (64)

Therefore, by combining (55) and the stochastic orders of the corresponding terms, it
follows that

T
C. C. 1 1 2 2
— <]W QI+ 1I,® T +0 <T27>> ﬁznt(—)l ®77’EF,1)5—1
t=1
T

T
1 1
oty 3 (W) 7e2) © () ) + 2y S () ) © 0

t=1 t=1

—

and

(2) 1
Tzﬂ 77Tt 171

%0 s [ L Gaclr) ()(maaa) dr] ¢C+3ds under LSTUR

% ,C.s { f GG (r) (@ Q) dr] ¢C=*ds  under STUR
B aélcazaa fO ( )dr under LSTUR (65)
T\ - fo )G; (r)dr  under STUR ~

For the term S.7 | 2 177(T% 1> we use the fact that 77(Tt ZJ 1 RtTZJ (a'uqj) xj—1 and
by expansion find that the following decomposition holds approximately

T

12 — Rr: ® Rr] Y 21 @5,
t=1
T

=20 @ 05y — 21 @1y + (Bre © 1) S 21 ® (('tat) we-1) (66)
t=1

T T
+ (In ® RTZ) Zumt ® 775“27,)571 + Z Uzt & ((aluat) -Tt—l) .
t=1 t=1

18



+2v

By Lemma A.l, HzO@Ug%H = O,(1), ‘ZT@)T) H =< 0, ( 2 ) Further, following
Lemma 3.1 (d) of Magdalinos and Phillips (2009) and derivations similar to (62), we

obtain

r 1
7 2 (o) vi) = Kiga [ ) (7
2 0

1
3 Z uztnTt 1> Aa:aa/ G;c (T) dr, (68)
0

where Ay, = > 72| E (umtu;’“_h), and Qg = Azg + Xgzq + AL, From (66) and the
stochastic orders of the corresponding terms it follows that

C. C.
<T7®I +1,® T7+0<T27>) Zzt L

T T T
1 1 1
=5 U ® (w1 (uya)) + —5 Y 21 @ ((Auar) Tro1) + —5 Y Uat @ 77%_1 + 0p(1),
2 =1 T2 33 T2 53
and
(69)
fooo eCZS [fo QmaG;,C(T)dT} e“**ds under LSTUR,
> eCes | (L) aG! (r)dr| eP=*ds under STUR,
fO 0 a
B 26 fo maG’ (r)dr under LSTUR, (70)
N fo QyqaGl(r)dr  under STUR.

(ii) First, for the term Zthl x1—12;_1, we have the following decomposition based on
(31), (32), (33) and (34)

T
1
[I,2 — Rt ® Rr.] — Z (Tt—1 @ 2t-1)
t:l
1< 1 1 <&
:szt71®um+fzuxt®zt71+TZUIMXJUH

+ Z (a;%ta:t 1) ® Uy +Z< a;%t) T 1) ® 21 + 0p(1). (71)

t=1

We derive the limit theory for the elements of (71). Defining A}, = 77| E (uatu; t+h)’
the first three terms of (71) satisfy

1 < 1 & 1 &
T Z a:t_lu;;t + T Z umtz£_1 + T Z umtu;t
t=1 t=1 t=1
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~ / Gac(r)dBlL(r / Gac (1) (' A},) dr + Qag, (72)

by Lemma 3 of Lieberman and Phillips (2020) and equations (18), (19) and (20) of Phillips
and Magdalinos (2009). Also, by Lemma 17 of Lieberman and Phillips (2020), it follows
that

T
Zauatxt L, {fo o(r) (a'34z) adr under LSTUR (73)

fo (r) (¢’Saz) adr  under STUR

Moreover,

T 1
1 5 ((a’uat)xt_1> g { L Goe(r) ('Agy) adr under LSTUR )

Y Go(r) (@' Agz) adr  under STUR

Ing—RT®RTZ:—; (In, ®C)[n2—|—0 <T11_7>] (75)
2), (7

Since Qup = Ygp + Aoy + A
to the required results.

combining the results of (71), (7 3), (74) and (75) leads

ax)’

Second, for the term Zthl xt_m(T2 1);1, based on (41) we need only consider the five

leading terms

T
(In @ 1) > w1 @ ((atar) 2e-1) | (76)
t;l
(In®1n) Yty ® ((a'uar) 71-1) (77)
t=1
R (2)
L) 5 > et @05y, (78)
I :a’u
(I, ® I,) 1) @ ((a'uat) Te—1) (79)
S () @ (e 2
T iy
(I, ® I,) 12 3 (“\/% xt_1> ©ne_). (80)

t=1

Similar to Lemma 16 of Lieberman and Phillips (2020) but in the more complex matrix
case here, the following functional law applies to the matrix form of the term in (76)

—th 17 1 ata / Ga,c(r )( 'dB,( —l—Ama/ G

T2 33

+ / Goe(r)dra' ALy + / Garo(r) Gl o) [ (Aaa + Nyp) d] dr,
0 0
(81)
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where A¥_ is as defined above. The derivation of (81) is provided in Remark A.3 below.

Similar results hold by replacing G, () by G4(r) when C' = 0,,x,,. Moreover, for (77),
we have

I
721%% 1 ata ~ fO Yzat) G ( )dr under LSTUR, (82)
>34 fo Yaa) GL(r)dr under STUR.

Following a similar proof of (62) to (78) and (80) it follows that

9 Agqa) dr under LSTUR
— Z uztn’_(l’z ,1 {f} a ( ))dT under STUR ’ (83)
0 fECL
and
li <a’uat$ ) (2) 1 fo () (7")( Al a)dr under LSTUR (84)
s - JT -1~ fo (r)G".(r) (’AL, ) dr  under STUR °

Then, applying the results of (41), (81), (82), (83), and (84), we find that

W/OIGQ,C(T)G; (r) (d/dBa(r +Ama/ a. dr—I—/ G (r) dra' A%,
+ G () Gl (1) [0 (A + Al) a] dr + /0 (200) Gl + | ' (Aau) Gl ()i
+ /0 el G (1) (a/Saat) dr + /0 e (1) (/A pa) dr

= /0 1Ga,c(r)G;,Ar) (a'dBa(r)) + (Azaa + Agaa) /0 1Gg, ) dr + / Gy (r) dra'A},
[ a6 clr) (ot + ),

Third, for the term S"¢; 2,17y}, it follows that

I,2 — R ® Ry, = — Tl( ®C)[n2+0 (Tll_wﬂ (85)

Combining the above result and (47), we have

T T
1 1 1 _
T2+ § :xt_lné“,iilc T E :xt—lx:‘flccz L+ op(1)
t=1

fo (r) ()d?”CC_1 under LSTUR
fo (r) r)drCC; 1" under STUR °
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(1)

Finally, since n;;_, and 77(3) share the same stochastic order, we have

Ti—1
T2+7 th 17 Tt = th 125 (auarugea) O+ op(1)
fo (r) ( )dr (a'Yqqa) C;L, under LSTUR
fO ()G’ (r)dr (a'Seqa) C71,  under STUR °

Remark A.3 Lemma 16 of Lieberman and Phillips (2020) considers an LSTUR process
in the scalar case. That result can be extended to the matrix case that is needed here, leading
to the general formula (81). To establish the required result, we proceed by decomposing

the matriz sample covariance

T

T o0
1 / _ 1 / F /
— > (dug) g2y = P Y @D Fajeap—j | moazt g, (86)

T34 2 =1\ j=0
into constituent components for each value j = 0,1,2, ..., +00. Let Be, (-) ~ N (Opx1, Xe,aa)
and Be, (-) ~ N (Opx1, Zezz) e the limiting vector Brownian motions associated with par-
tial sums of €qr and ey respectively, and define ¢ zq = E (€g1€,,) = Eévw.
(i) When j =0,
1 !
—3 Z d'F, Ofat fEt—lel ~ / Gae(r) Giz,c (r) (alFa,OdBea (7")) . (87)
0

3

Tz 33

(ii) When j =1,

(a'Faji€ap—1) T—12)_y

C  dugs
Z (a'Fai€at—1 <eXP (T-i- \/a% 11n> $t2+u33,t1>

t

T
=1
C Jdu !
(eXp <T+ ot~ 1 >$t 2+uxt 1)
T

3
1M

~ ‘H
;I

T
1 1 , , 20" U 41
a —3 g aFa 1€a,t— 1 T 9Ty o+ —5 E (a Fa,1€a,t—1)$t—2$t_2 —
T2 =1 T2 =1 \/T
Lz
/ /

+— Y (aFapeap) (weoatly, | + uag 12} o)
T t:1

1
(7‘) (a’FayldBEa (T‘)) + 2/ (CL Fa 126 aaF ) G (T) Gﬁz,c (T) dr

/ dT aFalxeax )""(Fx()zexa a,1d / G (88)
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(iii) When j = 2,
a/ua,t—l
I, Uz, t—2

T
1
— Y (' Fagear—2) 1175 4
T2 4o
T
1 , 2C  d (ugt—1 + ugt—2) C
= F B il : A=2) 7 el
= ; (d'Fy2€a—2) <exp ( T + T Zy—3 + exp 7 + T
2C  d (ugt—1 + Ugt— C  dugy— !
+ Ugp-1) - <6XP <T + (as \1ﬁ ol 2)1 > Ti—3 + exp (T + \/a% L ) Ugp t—2 + Ug 1>
T
1 1 2a’ (g t—1 + Ugt—2)
E tz:; (a Fa 2€q,t— 2) Ti— 3$t 3+ T% ; (Q’Fa,ZEa,th) Tt—3Ty_3 a \/T a
1 « 1 «
+*32 (o' Fog€ap—2) w13 (g1 + Uz i—2) 752 (a'Fag€a—2) (Uap—1 + Uz p—2) T}_3
e T2 5
1
oo [ Cue () Gy (1) (a/ FandBe, (1)) + 2 [ FaSea (Far + Fao)'a / G (1) Gl (r)d
0
/ Gac )d?“ (GFQQEeax (Fx,0+Fx,1),) +(Fx0+Fz1 EexaF QG/ G
(89)
Continuing this process from (87), (88) and (89) results in a sequence of matriz compo-
nents from which upon summation we deduce that
i / / ! / / =
3 Z (a uat) Tt—1Ty 1 ™~ Gae(r)Goe(r) | a Z FojdBe, (1)
T2 0 §=0
00 j—1 o /i1 1
+ | FaiSeaa (Z Fipa|+a ) Fk> Seaa (F ja) / Gac (1) Gl (r)dr
j=1 k=0 =1 \k=0 0
1 0o J—1 !
+ Ga,c (T) dr |d Fa,jEG ax ( Fm’k
0 j=1 k=0
0o 7j—1 1
+3 (S ra) montte [ ety
j=1 \k=0
which yields the limiting matriz form of (86) given in (81), viz
—th 1T 1 ata / Gac(r)Gy . )( 'dBa( +Ama/ G’
T2 35
—I—/ Gac(r)dra AL, + / Goc(r)Gl (1) [a’ (Aaa + Afw) a] dr.
0
(90)
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Lemma A.5 Suppose Assumptions 1 and 2 hold. As'T — oo, we have the following limit
theory:

(i) For the IVX numerator,

1 T
Trr Dg—1 2t—1U0t (2)
TI 27 T (2) e MN (02n><17 000 V(YZQ’;/ ‘/Z(g) ) (91)
3 > oi-1 N t—1 %ot Van Vim

where V., Vz(g), and Vn(g) are defined in Lemma A.J.

(ii) For the QR-IVX numerator,

2
V.., VP

Tlﬁ Z?:l 21V (UOtT)
2 2 2
" Zthl W’EF,?&—l‘I/T (uotr) Vz(n)/ Vn(n)

Ttz

~ MN <02n><1, T(l —7')

) , (92)

where V,,, Vz(772)7 and Vn(g) are defined in Lemma A.J.

(iii) For the IVX denominator, then

1

T
-~ 1
TIi+y Zit—lzzls—l ~r Voo = Vzlz + Vm(%) + Vx(g) + §Vx($) + Viemean (93)
t=1

where V‘,ﬁz, Vx(%), x(g) and Vx(g) are defined in Lemma A.J and

é(fol Ga,c(r)dr GQ,C(l), under LSTUR
é(folGa(T)dT G\(1), under STUR

Vdemean =

(iv) For the QR-1VX denominator,

T

1 ~
=5 O Pattre—1 (0) 713y~ puor (0) - VRV, (94)
t=1
where VEHVX .= Vi + Vx(%) + Vx(g) + %Vég). The limiting covariance matrices V.,
Vx(%), Vgc(g) and Vw(g) are defined in Lemma A.J.

Proof: (i) First, we prove the results for the IVX numerator. Define the IVX coefficient
rr, =14 c,/T7 as in earlier derivations. Based on the approximation given in equation
(12) of the proof of Lemma A.2; we have

t—1
I (2 1 (—1—j 1 1
THTW Nri-1= E ]z: (aluaj) Ry, ! \/T%:—l +Op TFTW



where, as earlier in (8),

a' Qe

t—1
Zrat-1 = 1 Z a uaj s Zy =g N (0, > (R-mixing), (96)
2
j=1

—2c,

for all t < T such that 75 — oo as T" — oo. Similarly, we define Zp,; 1 = Ti%zt,l =
1 t—1 t—1—j
¥ > j=1 (Uaj) T, and

t—1

1 1 .
Zrei1= = § ,(Ua:g)TtT =j s T =g N <0n><1, “on Qm) (R-mixing), (97)
2 7 —<«lz
J=1

whose derivation follows part (i) of Lemma A.2, simply replacing a’uq; by uzj. Equation
(97) holds for all t < T such that 7 — oo as T' — co. Then, setting 79 = [T7*¢] as before
for some small € > 0 so that 7} —> 0, summation splitting and subsequent elimination and
replacement of negligible components lead to the following simplified approximation

1 T
—TFy § t=1 At—1U0t % E ?:1 ZTx,t—lu()t 0n><1
T2

VT @ ~a | LF + ST 0 o
23 D1 Tt —1 %0t T 2ot=ro41 Tt—1U0t L Tat—1 2“ = Tt !

1 T
( 7Et 1ZTxt 1UOot

On><1 )
+op(1), 98)
Et | Tt—1U0t ZTa -1 ) T i Ti—10t D a1 P (

( *Zt 1 Tz t—1U0¢

Zt 1 T4 1U0t LT a,t—1

(99)

3 L

since % 221 Ti_1Upt = TT1+g Zt 1 Te—1ugr = Op(T™ 72 ) = 0,(1) justifying (99). To

establish (98) we need to show that —r thl n(T z_luof/ = 0p(1), which follows because
T2 ’

uge is a martingale difference. In particular, using Lemma A.1 we have

T9 T9
2 2

Z H"]’EF,Z_1H2 < E sup ||77’5“,1)5_1||2 — Op(T9+1+“/))

t=1 (=1 1<t<T9

. . gtliy
since sup; <;<7g Hﬁgz_ﬂ’ = O, (T*)/2) | which leads to Zgl ngz_lum = Op(Tg 7

follows that

). It

2 _24y PESES]
= ZnTt 1uot = T X Op (T(Q 2 7)) = op(1),

thereby justifying (98).
Next, from Phillips and Magdalinos (2007a,b, 2009) it follows directly that the first
component of (99) is a sample covariance term whose limit as T'— oo is

T
1

S E z¢—1uos ~ Boz, (1) =4 N (Onx1, 000Vzz) - (100)
2 =1
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The second component of (99) is a sample covariance term whose limit as 7' — oo is

T T 1
1 i1\ [ UotLTat-1
LS o i Zras s = ( > ( , ) - / Gae(r)dBoz,(r)  (101)

t=1

1
=g MN <0m, %(a’ﬂaaa) / Ga,c(r)G&,c(r)dT>
—4Cy 0

= MN (041, 0Vi2)). (102)

The combined sample covariance vector has the following joint limit as T — oo

TL% Zz;l UOtZTm,t—l fol dBOZz (7‘) (103)
~ 1
% Zthl Tt—1U0t LTat—1 Jo Gac(r)dBoz,(r)

(2)
V.. V.
=4 MN | 02,x1, © e = ) 104
d (2 x1, 000 Vz(g)/ ‘/;7(3) > (104)

The asymptotic behavior (103) follows by the weak convergence (100) and the weak conver-
gence to the limiting stochastic integral in (101) combined with the fact that for r € (0, 1]

_1
, L) Gae(r)
1 T
T QZLZGJ u0; Zraj-1| ~ | Boz,(r) ]|, (105)
T3 E]ZBJ U0 LT j—1 Boz, (r)

The mixed normal joint limit in (104) follows from the independence of the limit processes
Ga,e(r) and (Boz,(r), B}, (r))l, which is established below.

The first component of (105) follows from the limit behavior given in equation (7) of
the main paper and by Lieberman and Phillips (2020). The second component follows
because ugjZ7q,j—1 is a martingale difference array with standardized partial sums that
satisfy the central limit theorem T3 Z]EBJ w0j Zra,j—1 ~> N(0, i‘;‘é‘i a’Qqqa), as in Hall and
Heyde (1980, Theorem 3.2) and Phillips and Magdalinos (2007a, Lemma 4.2), with the

corresponding functional limit law T2 E]LZ)J 10; ZTa,j—1 ~ Boz,(r). The limit process

a'Qaaa
—2c,

Byz, is a scalar Brownian motion with the variance matrix o , which follows from

the stability condition

T

1 o

fzz%a,t—lE (ude|Fi1) = ;2 a/'Quqa, (106)
t=1

&bz
since %ZtT:l Z:2Fa,t—1 —p %cza’ﬁaaa, as in Phillips and Magdalinos (2007a, equation

(13)). The third component of (105) follows the same derivation of the second component
through replacing a’uq; by r'ug; where x is any fixed n-dimensional vector. In addition,
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following equation (14), we have

r Tr Tr -
I
Tr |Tr j a
ZL J Uy TZJ —J 7
}j””J - w | Ba(r)| . (107)
1 LTTJ ) B, (r
A ZLTTJ u
L 7y =0 20 i

Then, the joint convergence of (105) follows by standard theory (Ibragimov and Phillips,
2008), the continuous mapping theorem, joint covergence to the Gaussian process in (107),
and the individual convergence results in (105).

The Brownian motion Byg,(r) is independent of the vectorized Brownian motions
(Bo (1), B, (r), B, (r)) because

[Tr]
1 Tr r Tr 1
E Tl § quZTa,j—l ( ZL J a]? L Zg\_ ()J umja L z:]\_':(]J uO]) :O< 17)7
2 =1

and it follows that Bz, is independent of G, .(r), which depends only on (B (), B, (r))".
Similarly, the Brownian motion By, can be shown to be independent of (B.(r), B, (r))" us-
ing the same approach as (108). Then the mixed normality of (104) follows by equivalence
in distribution and asymptotic independence between (B, , B ZI)/ and (B)(r), BL(r), B.(r))".

To establish (108), first note that ug is a martingale difference sequence and uot Zrq -1
is a martingale difference array so that, using (96)

] |Tr| [T
E||l—= Z U0j LTa,j—1 Z Uoj
Tz 5
. |Tr) 1 LTTJ
= T Z E (U%jZTa,j—l) + T Z E (UOjUOkZTa,j—l)
j=1 J#k
(7]
T9
= Z UOJZTCLJ 1) +0 < T >
J =T9
(7]
1 19
~ T Z E (u%]) E(Z,)+ O (T) = o(1), (109)
j=Ts

using (96), the R-mixing property of independence of the limit variate Z,, and the fact
that E (Z,) = 0. Next, using (96) again we have

|Tr] |Tr]

E Z uO]ZTa,j 1 Z Ug g
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|Tr] |Tr|

1 1
=7 Z E (uojtsjZraj-1) + 71 . Z E (uojusk Z1a,j-1)
Jj=1 Ji:k=1;j#k
LTTJ 1 [Tr]
~ = Z E (uojuz;) E (Za) + D E(uojtior) E(Za) = Ops1. (110)
Jk=1;j#k
In a similar way, we find that
|Tr| |Tr]
E Z Uoj ZTa,j 1 Z a Uqy
1 [T 1 |Tr]
= T Z E (U()ja/uajZTaJ'_l) + = Z E (qua/uakZTaJ_l)
=1 Jk=15j7#k
LTTJ 1 [Tr]
Z E (uoja'uaj) E (Za) + T Z E (uoja'uar) E (Za) = 0. (111)
Jk=1;j#k

The independence between Byz, () and (Bo(r), BL(r), B,(r))" follows (109), (110) and

) and (Bo(r), By,(r), By(r))" can be
shown. Therefore, the mixed normal limit result (104) now follows from the independence
of the limit processes (Bj, (r), By, (T)), and Gg.(r), thereby establishing part (i) of
Lemma A.5.

(111). Similarly, the independence between Byz, (r

For part (ii), the proof of the QR-IVX numerator follows the same strategy as part
(1), replacing the prediction error ug; by ¥; (ugir). Similarly, a summation split and
subsequent elimination and replacement of negligible components leads to the following

simplified approximation

1 T
ey > i—1 2t—1Yr (uotr) B % ST Zre s 1Y (uorr)
T 2
Tzl.»,Q.W Zt:l 775“’1)5_1 v, (UOtT) % 23:1 TV, (uOtT) ZTa,tfl

) +o,(1). (112)

Next, the sample covariance term has the following limit as T — oo

( Té Zzzl v, (UOtT) ZT:v,tfl ) ( f fO dB‘ll Zz( ) ) (]_13)
0

%23:1 1Vr (Woir) Z1Ta,i—1 r)dBy. z,(r)
) . (114)

The asymptotic behavior (113) follows by virtue of the joint convergence, for r € (0, 1],

V.., Vi

=g MN | Oopx1, T(1 =7
d (2 15 T ( ) Vz(g)/ Vn(g)

1
T_ithTj G (T)
T_§ ZL J\Il (UOJT) ZTa] 1| ~ B\PT a(r) , (115)
T ZJ':O r (Uojr) Zrzj-1 By, z,(r)
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where By, z, (r) and By, gz, (r) are defined similarly to the mean regression case. The
equivalence in distribution (114) follows by the independence of the limit processes Gy ¢ (1)
/ ! /
The weak convergence of the second component in (115) follows because ¥ (ug;r) Z74,j—1
is a martingale difference array with standardized partial sums that satisfy the central
limit theorem T~ % Z]EBJ U, (wojr) Zra,j—1 ~ N0, TT(_I_T) a’Qqqa), with the correspond-

2c,
ing functional limit law T3 Z]LZ)J V. (uojr) ZTa,j—1 ~* Buw,z,(r). The limit process

. . . . . / .
By, 7, is a scalar Brownian motion with variance 7 (1 —7) %“0““, which follows from
z

the stability condition

T(1—17)

o a’'Qqqa. (116)

*ZZTat 1E (97 (uotr) | Fi1) =

The weak convergence of the third component in (115) follows in the same way as before

replacing a'uq; with k'u,; where & is a fixed n-dimensional vector. Similar to (107), we

have
Tr T
ZL J aJTTszJ ] 7
Tr Tr|—j a
Tlg Z;L=1J umjr%,z 1= Z
i% ST e |~ | Ba(r) (117)
ZLTTJ Bm(r)
LTT‘J By, ()
e (o) _

Therefore, the joint convergence of (115) follows by standard theory (Ibragimov and
Phillips, 2008), continuous mapping, joint covergence to the Gaussian process in (117)
and the individual convergences to the corresponding limit processes.

The Brownian motion By, z, (r) is independent of each of the Brownian motions
(B(I,T (r),B.(r),B, (r)) because

1 L)

Tr Tr Tr
Bl Zw (0j7) Zragr | (1 S50 wlys Ay S50 e 2 ST 0 (o))
2

:o(T;) (118)

It therefore follows that By, z, (r) is independent of G, .(r), which depends only on the

vector Brownian motion (B’ (r), B, (r)). Equation (118) is established in the same way
s (108). Similarly, By, z, (r) can be shown to be independent of Gg.(r) by follow-
ing (118). Then, in view of the asymptotic independence of (B} v,z (1), By _z. (7“))/ and
(BY (r), B, (r), Bl (r))’, the joint mixed normality of (115) follows directly.
Finally, for parts (iii) and (iv), the asymptotic theory of the IVX and QR-IVX denom-
inators follows Lemmas A.2, A.4 and the continuous mapping theorem. The proof is then
complete. W

29



Lemma A.6 Suppose Assumptions 1 and 2 hold.

(i) For the short-horizon IVX numerator, as T — oo,

T
% th—lﬂm ~ MN (Onxla a00 (sz + Vn(g) + VZ(??) + Vz(i) ’)) .

2 =1

For the short-horizon QR-IVX estimator, as T — oo,
1 I
ﬁ th—I\IJT(UOtT) ~> MN (Onxl, T (1 — T) (sz + Vn(,s) + VZ(nQ) + VYZ(,,?) /)> .
2 =1

The limiting covariance matrices V., Vn(g), and Vz(g) are defined in Lemma A.J.

(ii) For the sample variance of the short-horizon QR-IVX and IVX numerators, as T —

OO7
1 T
~ ) , ,
Ty Y EFg (VZZ + VP + VP + VP ’) ,
t=1

where the limiting covariance matrices V., VZ(,?) and Vn(g) are defined in Lemma A.J.

(iii) For the denominators of the short-horizon IVX and QR-IVX estimators, we have,
as T — oo:

T
1 ~
Ty E 121~ Vaz,
t=1

for the short-horizon IVX estimator, where V. is defined in Lemma A.5; and

T

1
ZpuOtT,t—l(O)mt—lzfl ~ puOT(O) : VagRlvxy
t=1

T1+y

for the short-horizon QR-IVX estimator, where ngRIVX = V;Clz—i-Vx(%) +Vx($) —i—%Vx(g).

Proof: For part (i) in the case of the IVX numerator, the joint mixed normality of Lemma
A5 yields

T T

1 = 1 1 >

v 2t = —em ) aeruon —mm ) fpg gt + 0p(1)
2 T2 o T2 o

T

s MN (O, 000 (Vas + VD + VD + VD)),
For (i) in the case of the QR-IVX estimator, using ¥, (ug:-) to replace ug, 7(1 — 7) to
replace ogg, and By to replace the Brownian motion By, weak convergence to joint mixed

normality follows from Lemma A.5. Part (ii) follows as a natural extension of (i) and the

mds errors.

30



The limit result of the short-horizon IVX estimators in part (iii) follows directly from
Lemma A.5 (iii) and the representation

T
¢ (1)
T1+’YZ 1Ly = T1+,yzzt 17 + 3+ an 1$t—1+T2+72nTt 11} 1

+2T2+wz77Tt 1T 1+<\F >< th 1>C +op(1).

(119)

The limit results of the QR-IVX denominator in part (iii) follow directly from Lemma
A5 (iii), Lemma A.2 of Lee (2016) and the approximate first-order condition given in

equation (123) below. Using the fact that the QR estimator BOJ is employed in the

VQRIVX

QR-IVX estimation, the limit expression for is free of the term Vgemeqn. M

Lemma A.7 For some constant M > 0,

sup { [ Hr(9) = Hr(0)| = 9] < T M} = 0,(1),

~ Lty

where Hp (V) :=T Zt 1| Zt—1 {\I/ (uOtT — X 1) —Ei_1 [\IIT (uOtT — 19’5(,5,1)] }

Proof: The results follow exactly as in Lemma A.3 of Lee (2016). B

Proof of Theorem 3.1

Proof: Since uniform convergence is confirmed in Lemma A.7, the standard result for

extremum estimation with a non-smooth criterion function holds following Lee (2016).

Let BLT = Aﬁf VX and 307., be a preliminary QR estimator in the following argument.

Define {9\1,7 = (B\l,T - Bl,r)y 1/9\0,7' = (B\O,T - /BD7T> and then

T v
s (Som 1)) (o 62),
1,7 t=1 t=1

where m; (81,) = Zi1¥r (worr (8,)) = %1 (7= 1 (yir < Bor + BiLar1) ), and 1()
is the indicator function. By Theorem 1 of Xiao (2009), the QR estimator 30,7 is V/T-
consistent. Therefore, in the QR-IVX procedure

Zzt 1‘IJ ﬁOT 517’xt 1

(Z/t = Bor — ﬁﬁiﬂtA)

‘+

1 _ ~
= S {1 (worr < (814 = Bi) 1) -1 (u% < (Bor = Bor ) + (815 = Bi) we-1) }
2 =1

T
1 ~
= 1ty E Zt—1€t7 (120)
T2
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where
& = {1 (uotT < ( f; - ﬂi,r) $t—1) -1 (uow < (Bo,r - 50;) + ( f; - 517) xt—1>} :

Taking conditional expectations E;_; (-) and for any possible value of Bt we have

-0, (T”z”) . (121)

~a

T

T
1 _ —~
Ppuor (0) = § 2t—1 </80,’T - 50,7’)
==

1 T
=) [

where the last equality is due to Lemma A.2 and the penultimate equality results from

T
1 ~
TWE zt—1 - Ep1&t
2 =1

Theorem 1 of Xiao (2009). In addition, for any possible value of B -, the conditional
quadratic variation of the objective function is asymptotically diminishing as

T

T
1 > 2 1 =~ 2
s Bt G 0] ¢ [t B (s
=0, ( sup Eé) = 0, (1), (122)
1<t<T

under the v/T-consistency of the preliminary estimator B\O’T. Combining (121) and (122)
shows that (120) is op, (1). Thus, By, does not impact the QR-IVX asymptotics. Based
on Lemma A.7, the QR-IVX objective function is asymptotically approximated as

= 114 > E {‘I’T (Uon - <B\1,‘r - 51,T>I$t71 - <Bo,r - Bo,r>> }

1 _ ~ - N -
= Z Zt-1 {‘I’T (uotT — V] ;1 — 190,T> —Ei (‘I’T (UOtT — V] ;1 — 190;))}

T T
1 _ 1 N . .
- E Ze—1{Vr (uotr) — Ee1 (Y7 (uorr))} + ﬁ g Zi—1Ei—1 (‘I’T (Uon — Yo, — 19/1,T$t—1>>
2 =1

1 ~
+ — ~ Z Zt—1 {\IJT (uOtT>}
==
1 & ~ ~ 1 &
= i Z Zi—1Eq (‘I’r (UOtT — Yo, — 19/1,75515—1)) + Z zZt-1{¥7 (uvoir)} + 0p(1)
T = ==

T T
1 _ LI
e > EaEi (‘I’T <“0tr - 19/1,7%71)) + =) > 71 {0 (uoir)}

2 =1 ? =1

where the third equality comes from Lemma A.7 and the last line is due to v/T-consistency
of the preliminary QR estimator fp . and the uniform approximation of equation (121).
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The term E;_{ <\IJT (u()t.r - 7?’\/177—551671)) can be expanded around ¥, , = 0 as

E:i1 (‘I’r <U0t7- - 7/9\/177%—1))

OE; 1 (¥ — 9 _ ~ —~
= Et—l [1 (uOtT — 19/177_.%'15_1)] ’19177_:0 + ( 1 ( . (UOtT I’Txt 1)) ’191,T=0> ’191,7 + 0p (’191,7) )

o9, ,
where
/ ’ U121
K1 (‘I/T (uotT - 79177%—1)) =7-E (1 (UOtT < 19177%—1)) = T—/ puOtT,t—l(S)dsa
—00

and

O 1 [Vr(uotr — V) ,2e1)] | , 0)

91,7=0 = —L_1Pultr,t—1 .
8’[93,7_ 1 UYULT.

So we have

E; [‘I’T(Uon - @117%71)} = —$;_1pu0tr,t71(0)51,7 + 0p(1).

The first-order condition therefore has the approximate form

T T

Op (1) = Z Zi—1¥r (UOtT) + ZpuOtT,t—l (O) zt—lfL{gfl (B\lﬂ' - ﬁl,r) , (123)
t=1

t=1

and for any 7 € (0,1) the limit distributions of Bl,r follows from equation (123) and
Lemmas A.5 and A.6.

In a similar fashion the derivations for the short-horizon IVX estimate follow directly
from the representation of the IVX estimation error and the earlier limit theory for the
components. In particular,

-1
1y (5 1 = I =
T2 <B{VX _ /6’1> — (WZ/1X1> <WZ/1UO> s (124)
and, using Lemma A.6, we have

T T
1 = 1 1 2

Ezl_lﬂo = i1y Z Zt—1U0t + oty ZU(T}_WOt + Op(l)
T =34 =4

s M (Ot o0 (Vaz + V2 + VD + VD)) (125)

1

WZL1X—1 ~» V.. Combining these results, we have

and

14y

T (E{VX _ 51) > MN (om, g0V (sz +VD 4 VD 4 V@ ') (VZ;})’) . (126)

giving the required limit. This completes the proof of Theorem 3.1. B

33



Proof of Theorem 3.2

Proof: Based on the mixed normality of Theorem 3.1 and the asymptotic independence
between the IVX numerator and the IVX denominator, the QR-IVX-Wald and IVX-Wald
tests follow pivotal x? distributions under the corresponding null hypotheses. B

B Lemmas for Long-horizon Predictive Regression

We introduce several random components to facilitate analysis of long-horizon predictive
regression. We define the Gaussian variates (Z%', Z*') driven jointly by taking averages
around the time point t* across the whole prediction horizon k as

!/

1 & 1 & 0. Q
* * N/ X Ta
\/E ‘Z;u,_{v,t*+j7 \/% Z;u;,t*+] ~ (Z:v/,Za /) :dN <02n><1, < Q )> s
Jj= j=

ax Qaa

(127)

for any given t* with t* = |Tr*| and r* € [0,1]. The Brownian motion limit processes
used relevant to the long-horizon predictive regression model, (By (), B, (r), B (r))’, are
driven by partial summations of the innovations over the time horizion T as

R \Tr |~k \Tr|—k !

1 / 1 / ’ I !
— Z U0, i4j> —= Z Uy pii1y —= Z Ugpijo1 | ~ (Bo (), B (r),B,(r)),
\/T t=1 T t=1 \/T t=1
(128)

with index 1 < j < k. The functional limits in (127) and (128) are obtained under the
rate restriction g + % + % — 0.
From (127) and (128), it follows that the two groups of limiting Gaussian variates are

uncorrelated. In particular, for any t* = |Tr* |, t = |Tr] with r* € [0,1] and r € [0, 1],

(z3'.2;") L (By(r),B, (r),B,(r) (129)

/!

1 Z?Zl ul, o j) escape asymptotically from their

as the components (ﬁ Z?Zl Uy, oy ﬁ
own probability space in view of the mixing property. In addition, for any t* = |Tr*| and

r* € [0, 1], we have joint weak convergence of the two groups as

\Tr|—k \Tr|—k !

/ / / /
e Z wo,t+j> = Z Ugt+j-10 /= Z “a,tﬂfl’*Z“xvtww*z%ﬁﬂ
\/T t=1 \/T t=1 \/T t=1 \/Ejzl \/EjZI
~ (Bo (r), By (r), Bl (r), 25", Z%"), (130)

and asymptotic independence between (Z3', Z*")' and (By (r), B, (r), B’ (r))’, as in the
asymptotic zero correlation (129). Based on the joint convergence (130) and asymptotic
independence, the mixed normality of the LHIVX estimator and the pivotal chi-squared
test statistics are established and collected together in the following results.
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Lemma B.1 Let Assumptions 1 and 2 hold. Under the rate condition ‘TC + TW + —0

and since C, = c,I,,, we have the following:

. _ _C Lk Ga,c(r), under LSTUR
(i) For anyt= |Tr| and r € [0,1], i { (r), under STUR °
(ii) i woaringy ' = Op (KT'), and fﬁﬂ S uogkngy | = op(1).
(i1i) Fort = |Tr| with r € [0,1], fT’Y 7%, where Z% is defined in (127), and
Tk /
1 C, k) < C, k)
— z z —p Qua
T ; <\/ET’Y t \/ET'Y t p
(iv) leﬂ ST g gzl —C [ ZE'dBo (1) =q N0, 00092.C52).

(v) For anyt = |Tr] and r € [0,1],

C, 2k (d'Zy) Gge(r), under LSTUR
\fT2+'y77Tt (a'Z})Gy(r), under STUR ’

where Z} is defined in (127).

N Cs T—k 2k 1 fo )(a'Z¥)dBy(r), wunder LSTUR
(vi) = Jarie 2=t okl { I G; (d'Z*)dBy(r), under STUR
Tk g 2k1 Jo (Qzaa) ( YdrC;%, under LSTUR
(vit) kT2+2 t=1 o e {fo Qpqa) GL(r)drC;2, under STUR
1 Tk 2k 2k1 fo o(r) (r)( 'Qgqa) drC;2, under LSTUR
(viii) ET2F2v pIr NTN7t { fo (r) r) (a'Quea) drC 2 under STUR

(iz) For anyt = |Tr] and r € [0,1],

/
C. 3k {(a Y4a@) Ggc(r), under LSTUR (131)

_k:T?nTt - (a'Yqqa) Go(r), under STUR °

T—k 3,k
> it U0, t+k"7 1 '= op(1).

T—k 3k _ 1 1
(x) 31 vou+knry = Op (KT'*7) and so Jerie

Proof: (i) (ii) and (iii) correspond to the results in Lemma A.1 in Phillips and Lee (2013)
simply by replacing J.(r) by G4(r) and G, (r) respectively. Result (iv) follows the same
proof as their Lemma A.2, and (x) follows (ix) and the mds property of ug;.

(v) We use the recursion ng?i = RTzné?’Ll—i—(a/uat) ZT¢_1, so that 775“2,1):+j71 = RTzn%iHﬂ—i—

(@'uq t4j-1) Tt4j—2. Taking summation up to k gives

k
/
77Tt ZnTt+] 1 = Br2 ZnTt-i-] 2+ Z (a “a,tﬂ‘—l) Li4j—2;
j=1
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which implies

k k
2 2 2
I _RTZ Zné“ngj Z auat+] 1 Ttyj—2 — RTzngrﬂ)g_i_k_l‘i‘RTzné“},p
7j=1 7j=1
giving
z 2
s o . au T + 0,(1 132
\/ET¥ ;UT,H-]—l \/ETz ; at+j— 1 t+j5—2 (1), (132)

2 3 !
where \/%Sllpgth Hn(Tg_lH = 0, (%) = 0p(1). Let Ip be such that ﬁ +F =0, so
that

lr
\}E Z (a'vavj1) <$t+j—2/ﬁ> =0, ( lZ) =o0p(1). (133)

Then, setting t = |Tr| with r € [0, 1] and by a summation splitting argument coupled with
elimination and subsequent addition of residual terms, we have the following derivations
for the LSTUR case.

C. Zk )
B 142y Tt+j—1
\/%T 2 =1

_ 1}{? (tatso) (ers-2/VT) + 0p(1)

- 1k éj (0'ttaz+51) (we5-2/VT ) + 0p(1) (134)
1 1=

~ ; ("t r15-1) (Conelr)) = > (a"tat4j-1) (Gaelr)) (135)

_ 1k zk; (@taryj1) (Gaelr)) + 0p (1) (136)

o (4 22) Cualr), (137)

where equation (134) holds due to equation (133), equation (135) holds by the FCLT
developed in Lieberman and Phillips (2020), and equation (136) holds by the fact that

2 3 7
lr/k — 0, \/ﬁ ég =0, (%) = 0p(1) and f ZJ 1@ uqr = O (‘/ﬁ) = 0p(1). The
weak convergence in (137) is established by using (127) and (128). The mixing property of
the weak convergence shows that the random element —~ Z kSJ a’'ug ;-1 1s asymptotically

independent of all events E € F, so that as g + % + T — 0,

1 [ks) Lks]
Pr 7 Za’ua,tﬂ»_l e-|nE| »Pr Za Ugtrj1 € | | Pr[E], (138)
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where s € [0, 1]. In this sense, the random element \F Z i 1 a'ug ;-1 effectively escapes
from its own probability space when the mixing property applies (Rényi, 1963; Hall and
Heyde, 1980; Cheng and Chow, 2002). As discussed in the main paper, limit theorems
with the mixing property apply in very general situations, including martingale CLTs and
the CLTs of McLeish et al. (1974), thereby including the present application. The weak
convergence given in (137) then follows. Setting C' = 0,4, covers the STUR case.

(vi) For the LSTUR case,

T—k T—k 2k \
C. o g2t = <U0,t+k> —Canp
Yy =S
VET e TR vT ) \VEr:*

t=1
W/ dBy(r)G,, (1) (d'Z}),

and for STUR, — e St uo ek~ [y dBo(r)Gl(r) (d'Z7).
(vii) By (v) and the functional limit theory in (127)—(130), we have

T—k

1 Zk 2,k 1
KT3+27 2 tM7
T—k /
1 C, _C
== C_]' k 72’ 27k C_].
Z (fT'Y > ( S Tt )
1 T—k 1 k ) & i ,
! t41—2 _
T vk A\ Ve )= ) ¢ 139
’ T t=1 \/E;U%H_J 1 <\/EZ (a’ Ua,t+1 1) \/T ) 2 ( )
101 & Lk i ,
g 2| Jp 2 W e [ 2 (R B2 0% (140
‘T & ka_; o (1) €xtrj—1 (\/E;(a (1) €a41-1) T ~2 (140
T—k k /
1 . Tiyj—2 5
~a T 2 % ;Fm (1) €x445—1 (Efz,t+j—1Fé (1) a) \/jT C;
1Tk E I xé+]_2 |
:Tt:1 k;Fx(l)E(ﬁxt—f—j 1€, 115-1) Fu ( )GW C;
1 T—k 1 k / ) x:t+j—2 B
T EZFx(l)((Gx’tﬂ_le“vtﬂ'*l) —E (ea4j-1€0015-1)) Fo (D a VT C;
t=1 j=1
(141)
1
W/ (Qzaa)G;7c(T)dTC;2. (143
0

In the above derivation, (139) holds due to (iii) and (v), (140) holds due to the Beveridge-
Nelson decomposition (Phillips and Solo, 1992), (141) holds since

k

]' ! /
sup % E (E6I7t+j—1€a,t+jfl - €$7t+j—16a,t+jfl) =0, (1),
1<t<T—k K =
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and (142) holds by a summation splitting argument coupled with elimination and subse-
quent addition of residual terms as in (v).
(viii) By (iii) and the functional limit theory in (127)-(130), we have
T—k

1 2k 2k
LT2+27 N7 ¢
t—1

_ —~( -C. 2 k —Cy ok -1
- Z nTt Cz
T2+7 VET2 7
1 fl i x 1 & T
452 ’ t+1-2
Z a Ua,tﬂel) —F Z (a Ua,t+l—1)
t= 7=1 \/T
1

= VT

a T 2 b Tia]—9

+ t+1—

\/%221( /F ( )Ea,t—l-j—l) \/]— Z Ea AH— 1) \/T

= =1

!/

c! (143)

%\

/

0—2

?
ol

@
M|~
Sl-

i
5

(144)

v
Eal

Titj—2 Liyj—9 _
(0'Fo (1) €atj1€p i Fy (1) @) =22 2H2 ) 072

1 I a1 VT T

S]
el
| =

v
ko

/
Tpyj—2 Lppj—2 _
(a/Fa (HE (ea,t+j—1€g,t+j—1) Fé (1) a) as] 2] C; 2

VT VT

I
N =
T =
M= 5

Cc2 T—k 1 k / , , Tiyjo x:f+j—2
+ % — k;( 1) (€atj—1€0ssj-1 — Beaprjr€ns11) Fo(1)a) T
1 (S 1 : Tpaio Ty
k ) LeaaFy (1) @) =22 €2 40, (1 145
t:1 L ]Z; caaly (1) ) JT T > p (1) (145)
1
~a Gaac(r)G:l,c(r) (a/Qaaa) dT‘CZ_27 (146)
0

where X 4, follows the defintion in Remark A.3, (143) holds due to (iii) and (v), (144)
holds from the Beveridge-Nelson decomposition (Phillips and Solo, 1992), (145) holds
because

k

1
sup - Feq ttj—160 4471 — €attj1€n i =0, (1
1§t§$—k L ];( ait+j—1€q t4+j5—1 at+j—1 a,t—l—j—l) p( )7
and (146) holds by using a summation splitting argument coupled with elimination and
subsequent addition of residual terms as in (v).
3)

(ix) We use the same approach as in (v), employing the recursion Nry = RTZn(Tz 1+
(a’uat)Ql‘tfl, and summation up to k,

k
3 2
77Tt Z 77T i1 = B Z 77(T 1)t+j—2 + Z(alua,tﬂ‘—l) Tt+j—2,
=1
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leading to

k k
(3) 3 3
I - RTz Z Nrtrj—1 = Z a Ua,t+j5— 1 l’t+j—2 - RTZ”;’Z_i_k_l + RTzﬂ(T;,p

7j=1
giving
k k
C 3 1
-— T anf,z)w—l = Z(“/“a:tﬂfl)%tﬂ% +op(1),
kT2 =1 kT2 j=1
since ﬁ SUPy << Hng’z_lH =0, (%) = 0p(1). Again, with the facts that ;- + LN
and
C, &
— 23 (@uasni)’ (wees2/VT) = 0,(1), (147)
7j=1

and setting |T'r| = ¢, we have

k

C. 1<
- THQW anﬂ-_l = % Z (alua,t+j—1)2 ($t+j—2/ﬁ> + 0p(1)
2 j:1

1

<.
Il

I
=
-

<
I}
}ﬂ

(@' uaij1)’ (wers2/VT) +0p(1) (148)

@2
| =
M-

<
I
N

??‘\H

k
(a'Sqqa) G Z [ a'Uqgpyj—1) a'Zaaa} Ga,c(r)

(a/Zaaa) Ga,c(r) +op (1)

I
x| =
M-

Jj=lr
1 k 1 lr—1
- % Z (G/Eaaa) Gavc(’r) - E Z (alzaaa) Ga,c("“) + Op (1) (149)
J=1 j=1
~a (alzaaa) Ga,c(r)y (150)

where equation (148) holds due to (147) for LSTUR and equation (150) follows because
Ir/k — 0. Setting C' = 0,,«,, delivers the results for STUR. B

Lemma B.2 Let Assumptions 1 and 2 hold. Under the rate condition \TC =+ Tv + — 0

and since C, = c, I,

T—k
1
\[T - Z o t+k:zt - MN (lem (VZgH + Vn(g),LH + Vz(g),LH + Vz(g),LH /) 0’00) 7
2
(151)
where
Vz%zH = chz_2a (152)
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V@LLH (a'Qgqa) fo ()Gl (r)drC;2, under LSTUR (153)
7777 ' (a'Qqqa) fo (r Gfl( )drC;2, under STUR ’
and
(2),LH | Qma fo r)drC; 2 under LSTUR
Van . a) [} G’ drC’ 2 under STUR (154)
0
Proof: The LHIVX numerator has the following asymptotic approximation
-
=kt
=i, Z U0,t4+-k 2k
VET2 Y o
1 T—k 1 T—k
— k1 2,k 1
= \/ET%JW tz_; U t4k2;  + W tz_; Uot+kT7, T Op (1) (155)
!/ /
Cz_l T—k 1 k Cz_l T—k 1 k ) Terjs
~a — Uot+k | == Ug t+5—1 - Uot+k | —F— a Ug t45—1
1 T—k k ! c-1T=k

~a — \/ZT Z UQ,t+k \}Z z,t+j—1 -

t=1 =1 t

3

(156)
k
i 1 /
U, 4k > dugrrjor |
1 VT \/Ejzl )
(157)

where equation (155) is due to Lemma B.1 (ii), (iv), (vi) and (x), and equation (156) is
due to Lemma B.1 (iii) and (v), equation (157) follows by a summation splitting argument
coupled with elimination and replacement similar to that in Lemma B.1 (v) and the fact
that LTTJ;j —2 _ U;TJ +o(1) as j < k and + + % — 0. To establish mixed normality we
show joint convergence of the leading terms to a stochastic integral and provide asymptotic

equivalence between this stochastic integral form and the joint mixed normal distribution.
For this purpose the following sufficient conditions are needed. First, we need to show the

~ ~ /
following joint weak convergence to the vector Brownian motion (BSZ’m (r),Bgy. (r))
|Tr]— 1 k
\ﬁ Zt J uO,t-&-k (ﬁ Zj:1 uw,t+j—1>
ZLT J —k u 1 Zk / .
\f Ot+k \ /5 2uj=1 @ Yat+j—1

BSZI (T) o Qg Qgaa
~ < Eaza (T) =N 0(n+1)><17 000 a/Qaz G/Qaaa (158)

for any 7 € [0, 1]. Then, based on the joint weak convergence to (B (-), B (-), BL (:), Zx', Zx")
n (130), the continuous mapping theorem is applied and the following joint convergence
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is shown to hold

—k
f ZLT W Uo,t+k <ﬁ 2?21 U:c,t+j—1) ~

By, (1)
\T7 |~k 1k , e
d S s (G aaten) | (RS
\% t=1"  UO,t+j i By (r) (159)
szTrJ kux,t+j—1 By (r)
B, (1)

f ZLTTJ ok U t+5—1

~ ~ /
Second, we need to demonstrate the independence between (BSZ/x (r),Bgy, (r)) and
(Bo (r), B, (r), Bl (1)) as defined in (158) and (128) respectively:

(Bsz. (1), Big, (1) L (Bo(r), BL () By (). (160)

Based on the joint convergence of (159) and the zero asymptotic covariance between the
Gaussian variates, asymptotic independence follows. The joint convergence of (159) and
asymptotic independence in (160) then imply the asymptotic equivalence between the
limiting integral and the mixed normal representation, as in the following

%Ztﬁk 0.t+k (ﬁZf 1um+j—1> ( f ngZ (") ) (161)
he

th 1 uOt—i—k\/»(\lfzk 1auat+] 1) dBSZ ( )
V;LZH V'Z( ),LH
=4 MN <O2n><17 (V,Z(g),LH/ Vn(%)’LH 000 | (162)
in which VL V(Q) and V( VEI are defined by (152), (153) and (154) separately. The

details showing the joint convergence of (159) and the asymptotic independence of (160)
are presented below.

First, equation (158) follows by the Cramér-Wold device and the functional limit law
that accompanies the MGCLT in Hall and Heyde (1980, Theorem 3.2) and Pollard (1984,

!/
. k k .
Theorem VIIL.1). Since <u07t+k (ﬁ ijl u;tﬂ-fl) s U0 4k (% ijl Uiz,tﬂ'—la)) is a
martingale difference array, we choose any n-dimensional real-valued vector b} > Opx1
and any positive real number b5 and apply the MGCLT to the sequence

k
1 1
LH o ! /
ZH o = |0 | = D wwarg1 | 05 | == D duagrjn | | ok

Then, using the MGCLT as in Lemma A.2 of Phillips and Lee (2013) and Kostakis et al.
(2015) it follows that

T—k

\FZZt—l—k yuogrk ~ N (0, Vzo0)
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where VI = bY/Qub% + b7 'Queabl + b5a’Qurbt + bsa'Qaqabl.  Parallel to the short
horizion case, the corresponding functional law (158) holds due to the stability condition
for {Z#Hk 1 tT lk, viz.,
1 T-k
Z t+k 1) Etﬂcfl (“8,t+k) —p o00Vz ",
=

where ZT F (ZEh_ 1) —p VEH as shown in Lemma A.2 of Phillips and Lee (2013),
and

T—k T—k T—k

1 1
T > (ZHi 1) Hvr = Z (255 1) (Hitr — 000) + % > (2 1)2
=1 =1
oo = k
a% t+k 1) _>p a0 V7",
=1
since H T k (ZtL_gC 1) (Hyip — UOO)H = sup; HZtLJer 1“2‘% ;‘F:_lk Hiyp — 000’ =0, (1).

Second, the Brownian motion Bj, (r) is independent of each of the Brownian motions
(Bo (1), B, (r), B!, (r)) because

|Tr|—k 1 |Tr|—k
Ug,t+5—1 ’ /
u C— a'u , U , U
\Tr )k i LT k;
~E U SUAEA ) )€ , € F (1), u
VDD z( i ) 2 sk L), i)
(163)
1 |Tr]|—k Z* / / / )
~ f Z E( CLZ* >E(a Fa (1) €a,t+kUO0,t+k> €$’t+kFa: (1) U, t+k> uO,t—i—k) =0
t=1
(164)

where (163) is due to the Beveridge-Nelson decomposition (Phillips and Solo, 1992), and
(164) is due to the zero asymptotic covariance shown in (129) and the mixing property of
the limit variates (Z%', Z* ')’ given in equation (127). It follows that <§E§Z’z (r) ,ESZ’G (r))l
are independent of Gy . (1), which depends only on (B, (r), B, (r))". Weak convergence to
the limiting stochastic integral in equation (161) then follows directly from standard theory
(Ibragimov and Phillips, 2008). The equivalence in distribution between the stochastic
integral and the mixed normality in equation (162) follows by the asymptotic independence
in equation (164). W

Lemma B.3 Suppose Assumptions 1 and 2 hold. Under the rate condition, TV = + TW +
k

7 — 0

T )

(i) T1+'Yk2 Zt 1 $tzt "= _%chz_l'
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(i) oy STk gkl fo (r) ()aer*1 under LSTUR,
Tk? £at=1 tnTt fo (r)G.(r)drC;1,  under STUR.

T—k  k, 2k
0, 3“ - i1 xtnTt'—op(l).

3.k 1 fo (7) ( ) (a/Ygqa) drC; Y, under LSTUR,
(iv) T2+wk2 Zt 1 $t77Tt { fo (F)G(r) (¢'Seqa) drCS,  under STUR,

Proof: (i) To simplify derivations it is assumed that the matrix C is proportional
to the identity matrix and it is sometimes convenient to employ % and C% to denote C 1

and C; ', Let RU+7#) .= [T/ "1 Ry, and Ry := I, + C/T and then

T—k Tk [ k& k !
k_kt __

E Ty 24 E g Ti4j5—-1 E Zt+i—1

t=1 j=1

i=1

T—k [ k /t+5-2 k t+i—1 !
Z Z ( Z R(t+j,s)um+ux,t+j_1> (Z Z Rt+z—1 = ) _
=1

j=1 \ s=1 i=1 I=1

Using LL to represent terms of lower order compared to the leading term, we have

k t+j—2 k t+i—1 /
E [xfzf ’] =K Z < Z R(t+j’s)ua:s+ux,t+j—1> <Z Z Rt—i—z 1— l )

s=1 i=1 [=1

i=1 [=1

k t+j—1 k t+i—1 !
NE{(Z RLFI1=sy (ZZRt-Hll )

k t+j—2 ‘ tHl kE t+i—1 !
+E RtJr]flfs am u Rt+l 1—- l
2o 2 ) G

m=s+1

[/ &k t+j—2 . tj—1 (a'Fy (1) ko t+i—1 !
1030 i (D SELEUEER P N0 ol oy
j=1 s=1

m=s+1 =1 [=1

T k t4+j—1 ‘ k t+i—1 !
—E {(Z Z Rf;g—l—sum <Z Z RtTJ;iq—zuml) +LL
j=1 s=1

i=1 [=1

ok _ pk
= Qe ((i RT)) (1 RTZ) {(RTRTZ)O + (RTRTZ)l + ...+ (RTRTZ)til}

. (R Re (R (- RE) |
I~ Rp) (1 Rr.) o+ (1= R (1- R i
=:AA+ BB+ LL,

. t+4,s t+j—1—s Tt+5—1 a'u t+j—1—s t+j—l—s s ttj—1 d'u
since Rt19:5) ~, R, | 511 €XP \/%m ~q Ry + Ry > m s+1 \/a’m +

. . , 2
RtTﬂ*l*S Zf:i;il % where Ry = I, + % First, for term AA, since g + T +
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% — 0, R%Z — 0pxpn and Rl} ~ exp (C%), thus
_( $aw )\ 1y k k 1— (RyRy.)"
Ad = (CCZ) T (1= RE) (1 RE.) S RrRr.
Q, 1 — (RrRy.)
~zr )ity (1 — RE — = 2E A (1 1)).
(00 ) ( RT){ = RrRp. [(ToL)

Note that 77 (1 — RyRr.) = —C. — 725 + &%= = ~C. + o(1) and (RrRr.)" = 0pxn
where t is sufficiently large since prz — 0,,xn. Therefore

AA = <Q >T”27 (1-R%) {Ho(l)} (1+0(1)),

ccC, —C. +o(1)

with l—RZ}N —%C’. As T — oo,

AA Q. 14 o0(1 Qpo
= () oo { Y av oy - 22

and AA = O, (k:TQV). Next, for the term BB, we have

1— RE! ~Ry! L L= (RrR o
T+ _ T Rr — Tz Rp, Tt RrRr,
< > { ) 1—RT T ]-_RTZ ]-_RTRTZ e
T k T k 140
T ( EV) - T
~(cg) i Ze (- (o)) - 25 (- (o) )+ it
T © T k o2 |2 C3 i3 C k2
since kQ{ —C(l—exp(CT))} = @{—CT—TW_TW-F...} = —R—357F —
062 ;{; 4=k %’%2 1o (%) If T2 5 0, it follows that

Qe \ i B C T+ BB [ Qu,
BB = <C’C’z> T T 5 +o(1) + 2 Op(1) p = 2Ty 50 + 0p(1).

Since v is a choice parameter in constructing the IVX instrument and + is selected so that

T;;M — 0, the term BB dominates the term AA, and the lower-order term LL can be

shown to have the stochastic order O, (kTQ"V + k3T7*1). Therefore,

T—-k

1 1 _
2Ty Yt = — 520 ' op(1).
t=1

(ii) By standard functional limit theory we have, as T' — oo,

1 iy 1 Tk 1 C /
k 1t/ k P 1.k 1
- pRplt! 2 L, B o
k2T2+'y — tnT,t T Z <]€\/T t> <kT;+7nT7t)
fo ac( Ydr -C;! under LSTUR
fo )G (r)dr-C;1 under STUR
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as required.
(iii) The proof follows as in Lemma B.1, showing that

75 () (i) <o

(iv) Similar to (ii), by the functional limit theory in (127) and (128) we have, as
T — oo,

T—k T—k /
1 ko3tr_ 1 Z Ly C: 3k o1
k224 — T, = k:\/fxt 7kT%+V77T,t z

{ (a'Egqa) fo )G’ o(r)dr-C;t under LSTUR,

k 2.kt
Lt Tt

]{:2T2+7 —

— (a'Eqqa) fo G’( Ydr -C;! under STUR.

Lemma B.4 Suppose Assumptions 1 and 2 hold. Under the rate condition that - 7+ 7% \F
+ — 0, we have:

~k
T1+”/k2 Z AL (165)
where
T _(_ . / Gaclr r)dr - C—/ Goclr )(aZaaa)d>.Cz—1’

(166)

in the LSTUR case; and

1 1 1 / / -1
T .= —§me o 5 Ga(T)G(l(T) (CL Eaaa) dr ) - Cz ’ (167)
0

i the STUR case.

Proof: The proof follows from Lemma B.3 and the continuous mapping theorem. W

Proofs of Theorems 3.3 and 3.4

Proof: The proofs follow directly from the continuous mapping theorem, the mixed
normality in Lemma B.2, the asymptotic independence in Lemma B.2, and the weak
convergence of the denominator in Lemma B.4.
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C Notation for STUR Coefficient Heterogeneity

For notational ease the predictive regression model in the main paper uses a homogeneous
coefficient vector (a; = a for all i) for the stochastic STUR regressors. As indicated in
the main paper, this formulation can be generalized to allow for heterogeneous coefficient
vectors at the cost of some additional notational complexity. In such cases we have vectors
a; # a; for at least two indexes (¢,7). A more convenient matrix notation is introduced
to accommodate this extension. Upon doing so, the proofs of the results in the paper
proceed as before.

The extended data generating process (DGP) for the STUR/LSTUR regressors has
the following explicit form

Ty = Rypywe—1 + gy,

where
I+ & + Dat + 2at for LSTUR,
RTt = V
I, + f + 2 Sl for STUR,
and Dy := diag {a|uat, ..., ajuqt} with {a;};—, a collection of p-dimensional real-valued

vectors. Define 1,,«1 and 11y, as the n-dimensional column and row vectors of ones. Al-
lowing for weak dependence in the same manner as the main paper we define the instan-
taneous and long-run covariance matrices related to full set of innovations (uoy, u;;t, u;t)/
as follows:

g00 = E (u%t) 5 Zzax =K (Uztu;t) y Z:aa =K <lv)at]-n><111><nbat) 5

o0 o0

Dy = Z E (umtuzt) ﬁCLa = Z E (Datlnxlllxnba,t—h) )
h=—00 h=—o00
0 - o0
Apz = ZE (uxtu,xt) y Mo = ZE (Datlnxlllana,t—h> )
h=1 h=1
Qpe = Ago +A;‘z + Yz, ﬁaa :Kaa +K/a +§$ T ﬁk - Aza +K2; +§;a7
00
Taa =E <Datlv)at> Z E( at-Dat h) ) T ZE (DatDa,tfh) .

Under Assumption 1 and employing the Beveridge-Nelson decomposition and functional
limit theory in the usual way Phillips and Solo (1992) we have

—/
1 (T's] U; Bo(s) 030 20 éOa
ﬁ Z Ugj ~ (S) =BM Az Qe Qaal,
. = —_— 7/ —
J=1 Daj “Laxa DBa( ) 1,1 Ago Qxa Qua
where BM signifies vector Brownian motion, Ay := > ;2 (E <u0tu;,t_h> Do =Y 0 E (lu)atlnxlu;’t_h),

Qo 1= > E (um . 11anfl7t_j>. With this result and notation, Theorems 3.1 and

j=—o0
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3.2 still hold, leading to mixed normal asymptotics for the short-horizon IVX and QR-
IVX estimators and delivering pivotal chi-squared limit theory for the given test statistics
under the null of no predictability.
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