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ABSTRACT. — We prove the pointwise convergence of weighted
averages %Zﬁ’:l a,g(R"z) where (Z, K, v, R) is an ergodic dynamical
system.The sequence a, is given by expression of the form

H J
a =an(x’ Y1, }’2,---,)’1)= (Hfi(Tbinx)> ° (HgJ(S;lyl))’
Jj=1

i=1

where (b, by, ..., by) € ZH and J is a positive integer.

The functions f; and g; are bounded and the systems (X, F, u,T)
and (Y;,G;,mj, S;) are weakly mixing. © 2000 Editions scientifiques et
médicales Elsevier SAS

RESUME. — Nous montrons la convergence ponctuelle des moyennnes
pondérées

53
- ang(RnZ)
Nn=1

ou (Z,K,v, R) est un systtme ergodique dynamique. La suite a, est
obtenue par des expressions de la forme

H J
@n =y (X, Y1, Y2, .-, Y1) = (Hfi(T”""X)) : (ng(sj’yj))
j=1

i=1
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ol (b, by, ..., by) € ZH et J est un entier positif.

Les fonctions f; et g; sont bornées, les systemes (X, F,u,T) et
(Y;,Gj,m;, S;) sont faiblement mélangeants. © 2000 Editions scienti-
fiques et médicales Elsevier SAS

1. INTRODUCTION

Let (Z,K,v, R) be an ergodic dynamical system on a probability
measure space (Z, K, v) and (a,) a sequence of scalars.

DEFINITION. — The sequence (a,) is a good universal weight for the
. pointwise convergence if for all ergodic dynamical systems (Z,K, v, R)
and all g € L™ the averages

N
) % Za,, g(R"z) converge a.e. (v) when N tends toward infinity.
n=1

This definition was used in [7] where a nice survey of weighted
averages is given (up to 1985).

We are interested in weights selected randomly. In the case a, =
14(T"x), n > 1, where (X, F, u, T)is an ergodic dynamical system and
A a measurable set, it was proved in [4] and [6] that this sequence
provides (a.e. u) a universal good weight for the pointwise convergence.
This sequence (14(7"x)) is a sequence of O and 1. The ergodicity of T
guarantees that for a.e. x this sequence of 0 and 1 has positive density.
We can write these averages as

1 Y 1
1) NZL,(T"x)g(R"z):N > g(RMWy),
n=1 kn(x)XN

where k, (x) is the nth return time of T*x to the set A.

We showed in [2] that much more is true on this kind of return times
property, where a single null set “works” for an uncountable number of
dynamical systems. At the same time the study in [2], motivated by the
range of the functions involved, lead to the introduction of a new maximal
function namely,

#{k: f(T*x) > 1}

N* f(x) = sup —— Z
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The use of this maximal function lead also to the first multidimensional
return time result for L' Bernouilli processes.

In this paper we are interested in extending this [6] result simultane-
ously in two directions. This extension is not just for the sake of gen-
eralization. One of the motivations behind this is primarily the use and
understanding of the structure of pairwise independent joinings and also
to study the possibility of averaging along nonstationary sampling. Let us
consider the simplest case of the averages

1 N
@) 5 2o 1a(T"x)15(T*"x) g (R"2),

n=1

where A and B are measurable sets and (X, F, u, T) is weakly mixing.
(The case T ergodic for the averages in (2) is studied in [1].) By
the “double a.e. recurrence” result obtained in [S] we know that the
averages %Zfl’:l 14(T"x)15(T?"x) converge a.e. to w(A)u(B). This
means that the sequence (14 (7T"x)-1p( T?"x)) also has a positive density.
We can remark that the functions f,: f,(x) = 1,(T"x) - 15(T%"x)
do not necessarily have the same distribution. Hence contrary to (1)
the sequence a,(x) = 14(T"x)15(T?"x) is not given by a sampling
of a stationary process. In [3] we proved that for “many” weakly
mixing systems (X, F, u, T) for all positive integers H, the averages
SN 14, (T"x) 14, (T?x) -+ - 14, (TH"x) converge a.e. to [T/L; u(A;)
(where A;, 1 <i < H, are measurable subsets of X). Such is the case for
K automorphisms (see also [10]) and Chacon famous rank one map. We
will extend this result by showing that for such weakly mixing systems
the sequence a, (x) = Hl.’i A (T biny) is u a.e., a good universal weight.
The proof given in [3] shows that the averages % Zf:’:l ]—L.’i 1 fi(Tbmx)
converge a.e. for all (b, by, ...,by) € Z and if the b; are all distinct
and not equal to zero then the limit is equal to [] [ f; d. To simplify the
notation we introduce the following definition.

DEFINITION. — Let (X, F,u, T) be a weakly mixing dynamical sys-
tem. We say that this system is a.e. multiple recurrent if for all H positive

intege'; for all (fl’ fZa LRER) fH) € LOO(M), for all (bla b29 .. '9bH) € ZHr
b; distinct and not equal to zero, the sequence

1 (& H
ﬁZ(Hﬁ(Tbi"x)> converges a.e. to H/fidM-
n=1 i=1 i=1
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As indicated in [3] the problem of the a.e. convergence of the averages

v fare)

was introduced by H. Furstenberg in [8].

Thus by considering weights of the form a, (x) = HiH: 14, (TP"x) we
will get an extension in one direction. This extension already generalizes
our result in [3]. In the second direction we will look at weights of the
form

H J
an(X, Y1, Y2, .-, Yg) = (Hlm (T"""X)> : (ng(S}'yj))
i=1 =1

where (X, F,u,T) is a fixed weakly mixing system a.e. multiple
recurrent and the systems (Y;, G;,m;, S;) are weakly mixing.

4y

The method we will use relies on the following result, on the structure
of pairwise independent joinings.

THEOREM 1. — Let (X1, By, u1, Ty) be an ergodic measure presery-
ing system. Take f € L*>(u) and denote by Pf the projection of f onto
the vector space of those functions whose spectral measure is absolutely
continuous with respect to Lebesgue measure on T and Pk, f the projec-
tion of f onto the Kronecker factor of (X1, By, 1, T1). Let w be a pairwise
independent joining of (X1, B1, i1, T1) with two other ergodic dynamical
systems (Xo, By, 2, Ty) and (X3, B3, 3, T3). Then for all f>, f3 € L™®
we have

[ £ a0 e ey 32,35
=/PK1f(xl)f2(x2)f3(x3)dw(x1,Xz,x3)
+/Pf(xl)fz(xz)f3(x3)dw(xl,xz,x3).

This theorem is essentially a reformulation of Host’s result [9]. The
key observation incorporated in this reformulation is to notice that Host’s
proof can be applied to a single function with singular spectrum instead
of assuming that the entire system has singular spectrum. The weakly
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mixing assumption on the sytems is also dropped. The focus on one
single function is important for splitting a function into the sum of two
functions one having a singular spectral measure the second an absolutely
continuous spectral measure. As in [3] we can then deal with each
function separately. This theorem is in our view of independent interest
as not all pairwise independent joinings are independent.

We want to prove the following result.

THEOREM 2. - Let (X, F, u, T) be an a.e. multiple recurrent weakly
mixing dynamical system, let (A;)1<i<n be measurable subsets of X and
let (b1, by, ..., by) € Z" where the b; are all distinct and not equal to
zero. Then for u a.e. x the sequence a,(x) = (]—Lh;l 1A,.(be"x)),, is a
good universal weight for the pointwise convergence. Furthermore for
such an x, for all ergodic dynamical systems (Z,KC, v, R) forall g € L™
the averages

1 N
— ) a,(x)g(R"z
N,; (R"z)

converge v a.e. to (]—[,H:1 [ 14, dw) [ gdv.

Proof. — Without the loss of generality we can and will assume
that all dynamical systems are “standard” or regular in the following
sense; that each system is of the form (W, B(W), p, P), where W is
compact metrizable, B(W) is the set of borelian subsets of W, p is a
probability measure on B(W) and P a homeomorphism on W. This
setting allows us to use in a crucial way continuous functions. Thus
the system (X, F, u, T) is assumed to be “standard”. We can observe
‘that it is enough to prove that given H a positive integer, fi, f», ..., fu
continuous functions, the sequence a,(x) = (Hfil fi(T?"x)), is a
good universal weight for the pointwise convergence. The general
case for product of characteristic functions follows easily from it by
approximation and the use of the maximal ergodic lemma.

The proof is given by induction on H.

The case H =1
It follows readily from [4] or [6]. The a.e. convergence (v) of the
averages
1N
5 2 (T"x)8(R"2)

n=1
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is clear for the systems (X, F, i, T?), b € Z. Furthermore if T is weakly
mixing and b is not equal to zero then the limit of these averages is equal

to [ fdu [gdv.

The case H positive integer

Let us assume that the theorem holds for H — 1. We are left proving
that it holds then for H. We can remark that our induction assumption
implies that the sequence

3) (f[f(T“"x))n

is a.e. a good universal weight for the pointwise convergence for all
(c2,¢3...,cy) € ZH-! and all functions f, f5, ..., fu € L®(u) (the
¢; are all distinct and none of them is equal to zero). Furthermore the
limit of the averages

is v a.e. (z) equal to [T, [ fidu [ gdv.
We fix now H continuous functions fi, f2,..., fg and (by, by,
.,by) € Z¥ (b; distinct and not equal to zero). By using a countable
dense set of continuous functions in C(X¥), set of continuous func-
tions on X#, and the a.e. multiple recurrence property of the system
(X, F,u,T), we can find a set of full measure X such that for x € X
we have

@) lim— ZF (TPmx, T, ..., TPH"x) = / F(x1, %2, ..., xg)du®

for all F € C(X) where u? is the H -product measure 4 @ U & -+ @ [
on B(X#). In particular we have for x € X

H
©) lim — Z(Hf, (T""x ):H/fidu.
n i=1

By using our induction assumption (3) and the previous argument
for (4) and (5) we can obtain the following;
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(6) there exists a subset of full measure X; C X such that if x € X for
all ergodic dynamical systems (Z, K, v, R) forall G € C(X x Z)

hm ZG T""x, R"7) /G(xl,z)du@)v

for all z in a subset of Z, Z; of full measure, _

(7) there exists a subset of full measure X, C X such that if x €
A&, for all “standard” or “regular” ergodic dynamical systems
(Z,K,v,R) forall Q e C(X¥~! x Z) we have

11m ZQ sz"x Ty, .,Tb”"x,R"z)

=/Q(x2,x3, v xg,)dufiTley

for all z in a subset of Z, Z, of full measure.

We want to show that X = X N X, is the set of full measure for which
the sequence a,(x) = (]_[iH= 1 fi(Th"x)) is good universal. To prove this
we now consider an ergodic dynamical system (Z, K, v, R) that we also
assume to be “standard” or “regular”. It will be enough to show that for
x € X the averages

8 — Z <H fi(Tb"x ) "z) converge a.e. (v) for all g € C(Z).

n=1

Again the general conclusion will follow by density and approximation.
By the spectral decomposition we can write g as the following sum:
g=[gdv+ g5+ Pg where g5 and Pg are L? functions with their
respective spectral measures o,s, op, having the following properties
(a) oys is singular with respect to Lebesgue measure m on T;
(b) opg is absolutely continuous with respect to Lebesgue measure m
onT.
Hence to establish (8) we just need to prove that the limits

©9) lim — Z(Hf, Th"x) )-/gdv,

n=1

(10) lim — Z(];[ (Th"x ) (R"z)
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and

(11) lim — Z(Hf, (TP"x )(Pg)(R"z)

exist a.e. (v).

The limit in (9) exists because of (4). To establish (10) we need to
observe first that given g% € L2(v) we can find a sequence of continuous
function (g;); (g; € C(Z)) such that 3332 llg5 — g;lli < oo. This is clear
by density and approximation. By the maximal inequality we conclude
that forall A > 0

1 o0

2”{21 S‘;P( Zlg —8)(R"2) ) } ;ZIgS—gjlll-

By using the Borel-Cantelli lemma we derive
(12) llmsup Z] ¥ —g)(R'2)|=0 ae. (2).
n M
This equation in turn implies that for any bounded sequence a, (x)

(13) hmsup Z[a,,(x)||(g —g;)(R'2)| =0 ae. (2).
ni=

(The set Z3 on which (13) holds is independent of the sequence a,(x).)
We want to prove (10) by showing that

hm—Z(HﬁT“ )t

n=1

-ty 3 ([0 e

=0 (forzeZlﬂZZOZ3).

We consider the lim sup first.
By using the a.e. (v) boundedness of the sequence

1 N H
N (H fi (Tb""X))gS (R"z)
n=1 \i=1

we can find a subsequence (N (z))x such that
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Ni (@)
1 bin n n
lim N Z (Hf, (T ) (R )_hm Za,,(x)g (R"z)

n 1

(where we denote by a, (x) the quantity [J, f;(T?%"x)).
From the sequence (N} (z)) we can extract by a diagonal process a
subsequence (M} (z)) such that

M ()
Z V Tb]nx szn .,Tan.x, RnZ)

(14) lim TRE

exists for all continuous functions V € C(X¥ x Z). This limit (14)
guarantees by the Riesz representation theorem the existence of a
probability measure w** such that

M (2)

lim Z H(T""x,T""x,...,T"""x, R"7)

M@

= /H(xl,xz, oo, xg, 1) do®F.

We claim that this measure w** is a pairwise independent joining of three
systems (a)(X, B(X), u, T?), (B)(XH1, B(XH1), uf=1, Tb2 x Tb x

- x Tb#), and (y) (Z,K,v, R). Let us see why; (6) and (7) based
on our induction assumption imply that the projections proj),¢)@™**
and projg) ,)w™? are respectively 4 ® v and p~!' ® v. Finally,
(4) guarantees the third projection proj(), s@** to be u. Theorem 1
tells us that

/(ﬁﬁ(xﬂ)gs(t)dw"'zz (ifjl/ﬁdu> (/gsdv) +0

(as P(g5)=0and Pk, (f;) = [ fidw). But [ g5dv =0, hence we have
H

(15) S s - g dw =0
i=1

It remains to show that the integral in (15) is in fact the limsup we started
with. This can be achieved by (13). We know by the construction of w*:*
that for all g; continuous function in C(Z) we have

M (@)

lim 1 S (Hf, (TP7x) >g] (R"2) —/(Hf,(x, )gj(t)dwxz

i n=
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By (13) and for z in Z; N Z; N Z3 we have for a sequence (g;) of
continuous functions such that

o0
> lle* — gl < oo,
j=1

%En]anml |(8° — 8,) (R"2)|| =0.

k=1

lim sup
J n
Thus
H H
hjm/(H fi(xi)) g; () dw™* =/<H fi(xi)>gs(t) dw**
i=1 i=1

because the projection proj,,w** = v and

‘ 1 M{() s H . s
h;?l e Z <1;[1ﬁ(T i x))g (R"z)

n=1

H
= lim / (1}1 ﬁ-(x,-)) g;(t) dw™
H
- / (H f,-(x,-)) ¢5(6) dw.
i=1

Hence for x € X and z € Z3N Z; N Z; we have

E% XN: <ﬁ fi (Tb"”x)) g (R"z) =0.

We can see that a similar argument will give us

N /H
li—m% > (H fi (Tb""X)> g°(R"z) =0.
=1 \i=l
Thus (10) is proved.

To finish the proof of Theorem 2 we need to show (11). We look at the
closed subspace of L?(v), E, of functions & € L?(v) such that o}, < m.
The function Pg belongs to E. To prove (11) it is enough to prove that it
holds for a dense subset of E. This subset is provided by the functions &
such that dojy, = p dm where m is Lebesgue measure and p is a uniformly
bounded function on T, i.e., ||p]lec < C < 00. For each positive integer
N we have



2
p(e)dm
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2 N .
Z an (X) eans

1 1
/‘anzla,,(x)h(R"z) dv:m/ml

1 & 2
< Cﬁi Zl|an(x)| .

Hence the sequence ﬁ Zf:’:l a,(x) - h(R"z) converges a.e. (v) to 0.
Finally by a classical argument used in [7] we conclude that the sequence
% Zfl\’:l a,(x)h(R"z) converges a.e. (v) to 0.

I1Im)

In this section we want to show that we can extend Theorem 2 in
another direction. Our goal is to show that weights of the form

([ s(res) (ggj<s7yj>),

where the systems (Y;,G;, S, v;) are generated in the universal way
given in the introduction, are also good universal for the pointwise
convergence

THEOREM 3. - Let (X, F, u, T) be an a.e. multiple recurrent weakly
mixing dynamical system, H a positive integer and let f1, f>,..., fu be
H L% functions. Consider also (b1, by, ...,by) € ZH where the b; are
“all distinct and none is equal to zero. There exists a set X of full measure
such that if x € X then we have the following:

1) For all weakly mixing systems (Y1, G, S1,v1) and g1 € L*®(vy)
there exists a set Y, of full measure such that for y; € Y; we have
the following:

2) For all weakly mixing systems (Y, G, S>, v2) and g, € L*(v)
there exists a set Y, of full measure such that for y, € Y, we have
the following:

J) For all weakly mixing systems (Y;,G;, Sy, vy)andall g; € L*(vy)
the following holds:
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(1) The sequence

H J
an(x’ Y1, ¥2, ---,)’J) = (Hfi(Tbinx)) ’ <ng(S7y1)>
j=1

i=1

is vy (a.e. y;) a good universal weight for the pointwise conver-
gence.

Proof. — For the sake of simplicity we will treat only the case J = 2.
The reader can check that the arguments extend without difficulty to the
general case of J positive integer. As in the proof of Theorem 2 we can
and will assume that all systems are “standard” or “regular”. As the ideas
are mainly the same as in the proof of Theorem 4 we only sketch the
arguments.

Step 1: We use Theorem 1 to guarantee the existence of a set of full
measure X such that if x € X the sequence (]_[iH=1 fi(Th"x)) is u a.e.
good universal.

Step 2: We pick a weakly mixing system (Y1, Gy, Si, v;) and g, €
C(Yy). By the result in [4] or [6] we pick a set of full measure Y; such
that for all y, € Y; the sequence (g;(S7y1)), is a good universal weight.

Step 3: We find subsets X, of X, and Y, of Y | such that the sequence

(s

is good universal for the pointwise convergence. At this stage we pick
any weakly mixing system (Y, G,, v, S;) and g, € C(Y,). We use the
spectral decomposition to write g; as [ g, dv, + g5 + Pg, where 65 Lm
and op,, K m.

The averages for Pg, are handled in the same way (using the series
and a dense subset E, of L%(vy)). For g5 we can consider the lim and
lim. We construct a joining which we make pairwise independent at the
expense of restricting the set Y; and X, but maintaining the total mass to
be equal to 1.

Theorem 2 guarantees the existence of the limit of these averages along
an appropriate subsequence to be equal to zero. Similar arguments for the
lim give the existence of the limit for g5. For the pairwise independence
the three systems considered are (X, B(X), T?' x T? x ... x Tb#),
(Y1, B(Y1), v, 81) and (Yo, B(Y,), v2, S;). The universality property is
also ensured by Step 1 and Step 2.
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Step 4: We proceed similarly as in Step 3, this time to prove
that for appropriate universal subsets of X,, Y and Y, the sequence
(1'[,-1"=1 fi(TP"x)) (g, (ST y1)82(S%y2)) is good universal for the pointwise
convergence. The arguments are the same as previously. We use Step 3,
the spectral decomposition, Theorem 4 and the result in [4] or [6] to prove
as previously the universality property expected.

Remark. — The results in this paper were obtained some years ago.
Since then one extension of Theorem 2 has appeared in [11] for the case
H =0, J any positive integer and S; ergodic.
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