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Let {X,, n=0} and {Y,, n=0} be two stochastic processes such that Y, depends on X, in a
stationary manner, i.e. P(Y, € A|X,) does not depend on n. Sufficient conditions are derived for
Y, to have a limiting distribution. If X,, is a Markov chain with stationary transition probabilities
and Y,=f(X,, ..., X,.,) then Y, depends on X, is a stationary way. Two situations are
considered: (i} {X,, n=0} has a limiting distribution (ii) {X,, # =0} does not have a limiting
distribution and exits every finite set with probability 1. Several examples are considered including
that of a non-homogeneous Poisson process with periodic rate function where we obtain the
limiting distribution of the interevent times.

Markov chains * limiting distributions * periodic nonhomogeneous Poisson processes

Section 1

Let {X,, n=0} be a discrete time Markov chain with stationary transition prob-
abilities. Consider a process {Y,, n = 0} defined by

Yn :f(Xm Xn+l’--'aXn+k)- (1.1)

It should be emphasized that f and k do not depend upon n. In this paper we
address the following question: under what conditions on the Markov chain {X,, n =
0} and the function f will {Y,, n=0} have a limiting distribution?

As a first example of the above situation, suppose {X,, n =0} is a random walk
ie. Xo=0and X, =Z,+Z,+- - -+ Z, where {Z,, n =0} is a sequence of i.i.d. random
variables. Let Y, = f(X,, X,+1) = X,,+; — X,.. Here {X,,, n = 0} itself does not possess
a limiting distribution (except in the trivial case where Z, =0 w.p. 1 for all n=0),
but {Y,, n =0} does have a limiting distribution (in fact it is a sequence of i.i.d. r.v.)

As a second example consider a nonhomogeneous Poisson process with rate
function A (#). Suppose that A(t) is a periodic function of . Let X,, be the nth event
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occurrence time and let Y, =f(X,, X,+,) = X,.: — X, be the nth interevent time.
Now, {X,, n=0} is a transient Markov chain, but due to the periodic nature of
A(1), one expects {Y,, n =0} to have a limiting distribution. This example is treated
in detail in Example 2 of Section 3.

Though we have stated the problem for a Markov chain {X,, n=0} and its
functional process {Y,, n =0}, the theory that we develop in the next section, in
fact, does not use the Markov property of {X,, n =0} or the functional dependence
of Y, on X,,..., X, The general structure that we assume is as follows:

Let {X,, n=0} be a sequence of random variables and {Y,, n =0} be another
sequence of random variables with the property that

P(Y,e AlX,) does not depend on n. (1.2)

We derive a sufficient condition under which {Y,, n= 0} has a limiting distribution.
Notice that if {X,, n =0} is a Markov chain with stationary transition probabilities
and Y, is defined by (1.1) then condition (1.2) is automatically satisfied.

In Theorem 1 in the next section we state a sufficient condition for the existence
of limiting distribution of {Y,, n=0}. We also show with an example that the
condition is not necessary. In the general setting of the theorem is seems difficult
to derive a useful necessary condition. Even though the condition stated in Theorem
1 is only sufficient, it is nonetheless a powerful tool to unify several cases as is
shown by the material in Sections 3 and 4.

In Section 3 we consider stochastic processes { X,,, n = 0} having a limiting distribu-
tion. From Theorem 1 we obtain Proposition 1 which gives the limiting distribution
of {Y,, n=0}. In Section 4 we consider countable state space stochastic processes
{X,, n=0} which do not possess a limiting distribution and have the property that
{X,, n=0} exits every finite set with probability 1. In Proposition 2 we state a
sufficient condition for { Y,, n = 0} to have a limiting distribution in this case. Several
examples are given to illustrate both the propositions. Although the results are
derived for general stochastic processes, the examples deal with Markov chains
{X,, n=0}. This is purely for the sake of computational ease.

Limit theorems have been studied in the literature for the case when {X,, n =0}
is a Markov chain and Y, = f(X,). These limit theorems deal with the partial sums
Y, Y. (See [3].) We are not aware of any theorems for {Y,, n =0} itself. Another
specific problem that has been addressed in the literature is: If {X,, n=0} is a
Markov chain, under what conditions is Y,, = f(X,) also a Markov chain? (See [4].)
In this paper we are interested in the limiting behavior and not the Markov nature
of {Y,, n=0}

Section 2

Let (2, %, P) be a probability space and let (E, &) be a measurable space. Let
{X,, n =0} be a sequence of (E, &) valued random variables on ({2, %, P). Let S be
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a complete separable metric space and let B(S) be its Borel o-field and #(S) be
the space of probability measures on (S, 8(S)). Let {Y,, n=0} be a sequence of
(S, B(S)) valued random variables on ({2, %, P) such that

P(Y,c Alo(X,)) =px,(A) (2.1)
where p.(-) is a mapping from E X B(S) - R such that

forall xe E, p.(-) e HM(S), 2.2)

for all Ae B(S), p.(A) is a measurable function on (E, &). (2.3)

Here, o(X,) denotes the smallest o-field on 2 with respect to which X, is
measurable.

Let $* = #((S) be equipped with the topology of weak convergence. (See [1, 6]).
Recall that u, > u in S* iff for all bounded continuous functions f on § ffdu,~>
§ fdu. S* itself is a complete separable metric space under this topology. (See [6].)
Let B(S*) and #(S*) denote the Borel o-field on S* and the space of probability
measures on (S*, B(S*)) respectively. M(S*) is also equipped with the topology
of weak convergence.

Using (2.2) and (2.3) it can be shown that x - p, is a measurable mapping from
(E, €) into (S™*, B(5™)) and hence px_ is a (S*, B(S*)) valued random variable.
Let I', denote the distribution of py, i.e., for Be B(S*),

I',(B)=P(px,(-) € B). (2.4)

With these notations we have the following

Theorem 1. Suppose
I',>T (say) weakly in M(S*), (2.5)

then Y, converges in distribution to a measure v S* given b
g g y

V(A)=L*;L(A) dl'(n) (Ac®B(S)). (2.6)

Proof. Let f be a bounded continuous function on S and let F: $* > R be defined by

F(u)=J-fd;L. (2.7)

Then, by the definition of weak convergence, it follows that F is a bounded
continuous function. Thus, from (2.5), we get

fF(u)an(u)ﬁJ’ Flu)dl(p). (2.8)

Now

J F(p)dl(u) = E[F(px,(-))1= E ”f(Z)px,,(dZ)}- (2.9)
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From (2.1), (2.2) and (2.3) it follows that

E(f(Y)|a(X,) = ‘[ f(2)px,(dz)

and hence by (2.9)

J F(u) dl(w) = ELEf(Y,)|o(X,)]1= ELf(Y,)] (2.10)

Also,

J‘ F(p) dl"(u)=f {I f(z2) du(Z)} dF(;u)=J f(z) dv(z). (2.11)
* N S

S

The last equality in (2.11) follows from the definition of » for a simple function f
and then, by the usual arguments for a general function f.

Thus from (2.8), (2.10) and (2.11) we have, for all bounded continuous functions
fonsS,

E(f(Yn))—)J’f(z)dV(z) (2.12)
and hence, Y, converges in distribution to ». O
Remark. The condition (2.5) is not necessary as is shown by the following example.
Let E ={0,3, 1} and let {X,, n =0} be such that, for =0,
P(X,,=0)=P(X,,=1) =3, P(X3p0=3=1
Let S={0, 1} and define p.(-) as follows:
({0 =x=1-p.({1}) (xeE).
Let {Y,, n=0} be S valued random variables satisfying (2.1). Then, for all n=0,
P(Y,=0)=EX,=}

and hence, trivially, Y, converges in distribution. However, it is easy to see that I,
does not converge weakly.

The above theorem provides a general framework to study the problems mentioned
in the introduction. In later sections, we discuss several special problems and obtain
sufficient conditions for convergence in distribution of {Y,, n = 0}. In each of these
cases, the results could be proved by alternate techniques, but the above theorem,
whose proof is simple, provides a unified view of the problem.

Section 3

In this section we restrict ourselves to the class of stochastic processes {X,,, n = 0}
which possess limiting distributions, i.e. X, converges in distribution to some
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measure 7 as n-00, In the framework of Section 2, suppose that E is a metric
space and € is its Borel o-field. The following is an easy consequence of Theorem
1:
Proposition 2. Suppose that
X~ p, is a continuous function from E into S* and (3.1)
x, converges in distribution to some measure w on (E, €). (3.2)

Then Y, converges in distribution to a measure v on (S, B(S)) defined by

V(A)=J‘ p<(A)dm(x) (AeB(S)). (3.3)

Proof. Equations (3.1) and (3.2) imply that py converges in distribution to I'=
wo(p.)”', which is the same as I', > I" weakly. Hence Y, converges in distribution
to v given by, for Ac B(S),

v(A)= L* p(A)ydI'(p) = J;* p(A)ydmo(p) (p)= J px(A)dw(x). O

We now give two examples illustrating the above result. In the remaining paper, all
finite or countable sets will be equipped with the discrete topology. Our first example
is that of a positive recurrent Markov chain.

Example 1. Let E={0,1,2,...} and let {X,, n=0} be an E-valued Markov chain
with stationary transition probabilities given by

P(X1=k+1‘X0=k)=B (k=1),
P(X;=k-1|Xo=k)=a=1-8 (k=1), P(X;=1|X,=0)=1.
Let S={—1,1} and Y, = X,,,— X.. Then (2.1) is satisfied with

1) =8 (k=1), p{-1H=a (k=1), p({1Hh=1.

Since the sets E and S are equipped with discrete topology, conditions (2.3) and
(3.1) are trivially satisfied. Now suppose a > 8>0. Then {X,, n=0} is positive
recurrent and its stationary distribution is given by

_ _ k

Hence {X,, n=0} converges in distribution to z. Hence, by Proposition 2, Y,
converges in distribution to » where

v({1)=lim P(Y, =)= & pl{1)7=1
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and

v({~1})=lim P(Y,=~1)=}

Thus, Y, converges in distribution to (3,3). Note that Y,, the increment of the
{X.,, n= 0} process, has a stationary distribution independent of «!

Our next example is that of a nonhomogeneous Poisson process.

Example 2. Let {N(t), 1=0} be a nonhomogeneous Poisson process with strictly
positive rate function A(t). Assume that A(#) is periodic with period 7, i.e.,

A{(t+71)=A(t) forallt=0.

Let Z,=0 and Z, be the time that the nth event occurs, i.e.

Z,.=inflt=2Z,: N(t)> N(Z,)}, n=0.

andlet Y, = Z,,,— Z, be the nth interevent time. Now, for0=v, < v, <

P(Zn+l>uIZl:UI, ";Zn:vn)

=P(N(u)=n|N(s):0<s<u,, N(v")=n):exp<—Ju A(s) ds).

Hence {Z,, n = 0} is a Markov chain. As Z, increases with n, it is a transient Markov
chain.

v

Let [x] denote the largest integer =<x and define
X, =Z,—-[Z,/7]".
Also, for t=0, define

A(t)=J'r)«(s)ds.

0

Now, for 0=y <00,
P(Y,>y|Z)=P(Z,.,>Z,+y|Z,)

=exp(—(A(Z,+y) - A(Z,))) = exp(—(A(X, + y) - A(X,))).
For 0= x < 7, let p, denote the probability measure on (R*, B(R")) given by

px{(y, ) =exp(—(A(x+y) = A(x))). (3.4)
Then for Ac B(R™), we have

P(Yn6A|Zn)=P(YHEA‘Xn):pXH(A)

Let E =[0, 7). Equip E with a topology which makes the mapping x - exp(i2mx/ )
a homeomorphism from E onto the unit circle in the complex plane. Thus
x,»x iff exp(i2mwx,/7)->exp(i2nx/7).
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Under this topology E is a complete separable metric space and it can be easily
checked that the mapping x—>px in (3 4) from E - M (R) is continuous.

nnnnnnnnnnnn Aigtrilaas mangiira

VVC blldll 1IowW bllUW Llldl 1/\", Il/U[ LUIIVCIELD lll umuluuuuu I.U SOmMeE measuic
on E. In fact, it can be shown that {X,, n =0} is a Markov chain on E with stationary
transition probabilities given by

P(X,,>y|X,=x)=e"" (e **-B)/(1-B) ifosx<y<nr,
=1-Be*™(1-e *")/(1-B) ifosy=sx<r (3.5)
where B =exp(—A(7)).
Let f( -, x) be the conditional density of X,,,, given X,, = x. Then from (3.5) we get

A(y)exp(A(x)—A(»))/(1-B) if0sx<y<m,

BA(y) exp(A(x)—A(y))/(1-B) if0sy<sx<m (3.6)

f(y,X)={

By a slight modification of the arguments in Example (b) of VIL.7 of Feller Vol. 2
[2], one can show that {X,, n=0} has a limiting distribution. Let g(-) be the limiting
density of X,. Then g(-) satisfies

r‘r
g(y) =J f(y, x)g(x) dx.
Thus

T

g(y)

_ M) exp(=4(y)) Uy
1-B 0

e*g(x)dx+B J

y

e*™g(x) dx]

Now let h(y)=g(y) exp(A(y)). Then

h(y )——)\% [J h(x)dx+B JT h(x) dx].
Differentiating the above equation we get

w0 = (524 000) )

which has a unique solution

h(y)=A(y) exp(A(y)).

Hence we get g(y) = CA(y), the constant of integration C is found by using

L g(y)dy=1

Thus g(y) =A(y)/A(7) (0<y<7) is the limiting density of X,,.
Now, using Proposition 2, we get the following: { Y, n = 0} has a limiting distribu-
tion given by

T

lim P(Y,>y)= J exp(~ (A(x+y)—A(X))HA(x) dx/A(7). (3.7

0
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Section 4

In this section we consider the case in which {X,, n =0} does not converge in
distribution, but {Y,, n =0} does. First we give a general result and then consider
some specific examples.

Suppose that E is a countable set and that

lim P(X,e B)=0 (4.1)

for all finite subsets B of E. Furthermore, suppose that there exists a partition
{E,jeJ} of E, where either J={1,2,...,k} or J={1,2,3,...}, and each E; is a
countable set such that

lim P(X,€ E;))=a; exists (4.2)
and
JjeJ

Now, let {x;}, i=0 be an enumeration of E; and suppose that
fim p., = (4.4)

exists. (Recall that #(S) is equipped with the topology of weak convergence.) With
this structure we get the following

Proposition 3. Let (4.1)-(4.4) hold. Then {Y,, n=0} converges in distribution to v
given by

V(A= L m(A)e (AeB(S)). (4.5)

Proof. The desired conclusion will follow from Theorem 1 if we show that
I,>T in#(5%) (4.6)
where I' is given by

I(B)=Y ls(u)ay (BeB(SH)).

jeJd

Let f be a bounded continuous function on S*. Then

J’de"—deF

< Z, |Ef(px,) Lix,c 60 —f (1) ]

Jje

EU(px) = 5 (e

= .ZJ IE(.f(pX,l)—f(/-"j))l{X"eE,)|+ _Zj V(I‘Lj)”P(Xn € Ej)_aj,

=3 U+ T V] (say). (47)

jelJ jelJ
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Let a] = P(X, € E;). Then

Y |a;'—aj|= Yaj+tY -2 ainrg;

jel jeJ jed jelJ
=2-2% ajra;=>2-27% o;=0. (4.9)
Jjed jed

(By dominated convergence theorem.) Since f is bounded, (4.9) implies that
lim Y} V7=0. (4.10)

n>w jcy

Equation (4.9) also implies that, given &,> 0, there exists a finite subset J, of J such
that,

sup Y a; <g (4.11)

n jeJ;

where J, = J\J,. Equation (4.11) is actually the assertion that L'-convergence implies
uniform integrability.
Next we show that, for jeJ

lim U} =0. (4.12)

n—->o0

Recall that p, - u; as i >0 and f is continuous on S*, so that f(p,,) > f(;). Thus,
given £ >0, there is an i, such that, for all i> i,

f(ps,) —f(w)| < /2. (4.13)
Let B={x;: 1 <i<ig}. Then in view of (4.1), there is an n, such that for n= n,,
P{X,cB}<g/4K (4.14)
where K is such that |f|< K. Then for n= n,, we have
U;' = E{V(Px,,) “f(#j)’l(x,,eaj)}
= E{|f(px,) —f(u)l{lx,emF Lix,cepmil}

<2KP(X, € B) +§ P(X, € E\B)

<g/2+¢e/2 (by (4.13) and (4.14))
=g

This proves (4.12). Now, for a given £ >0, define £,= ¢/2K. For this g, get J, and
J, as above, so that (4.11) holds. Then

Y Uis )Y Uj+te,. (4.15)

jeJ jeJo
Since J, is finite, we have, using (4.12) and (4.15)
limsup 3 Ul<e (4.16)

n-»o jeJ
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Since £> 0 is arbitrary, this shows that
lim ¥ Uj=0.

n—>o oy

In view of (4.8), (4.9) and (4.10) we get

lim

n—-»aoo

Ide,,—deF‘ =0
which implies I, > I weakly, and this completes the proof. [
We now take two examples illustrating the above proposition.

Example 3. Consider the same Markov chain {X,, n=0} from Example 1, and
suppose a < . Then {X,, n=0} is a transient Markov chain and hence (4.1) holds.

Since lim; .« px = p, where u({1}) =8 and u,({—1} = @, the conditions of Propo-
sition 3 are satisfied if we take E,=FE and x;;=i (i=0). Then Y,=X,,,—- X,
converges in distribution to w,, i.e.

ELTOP(Yn=1)=B, 'l'i*r{_loP(Y,,=—1)=a.
Example 4. Let E ={(j, i): j, i integers, 0= j<i<oo}. Let {X,} be a Markov chain
with state space E and stationary transition probabilities given by
P{X,. =(1,i+1)|X,=(0,i)}=1, i=0.
P{ X, =(+1,i+1)|X,=0, )}=8 0<j=<i<om.
P{X,.=(G-1,)|X,=0,i)}=a, 0<j<i<co.

Where a+ 8 =1, 0<B <a < 1. For this chain all states are inessential, as (j, i) >
(+1,i+1) but (j+1,i+1)4(,i). Hence {X,, n=0} is transient and (4.1) is
satisfied.

Let {Y,, n=0} be a real valued process such that the conditional distribution of
Y, given X,, = (j, i) is normal with mean j+ 1/(i+ 1) and variance 1/(j+ 1) +27". Thus

1 1 )
n=Nlj+— —+27'
DPq.iy (J i+ l’]+l >
where N(u, o°) denotes the normal distribution with mean u and variance o on
(R, B(R)).
Now let J={0,1,2,3,...} and

E ={(, i): i=J}.

Also let x;=(j,j+i) be an enumeration of E. Then from the properties of the
normal distribution it follows that

1
limp, =N\|j—).
i3 P, <]j+1)
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Now let Z,=j if X, € E, It is easily seen that Z, itself is a Markov chain with
stationary transition probabilities as described in Example 1. Thus

lim P(X, eE)—llm P(Z,=j)=m

n-—>oo

where

et et o

Thus Z;O:O a; = 1 and hence (4.2) and (4.3) hold. Hence, by Proposition 3,{Y,, n= 0}
converges in distribution to a measure v given by

B Xa-B(B 1
v="a NG ”ﬂ?w( >N<’J+1)

Section 5

The results in Sections 2, 3 and 4 can be extended to continuous time stochastic
processes in a straightforward manner. Extension of the results in Section 4 to more
general state spaces seems possible but presents many technical difficulties. The
results in Section 4 also suggest a relationship between our approach and the
boundary theory for Markov chains, but at this stage we have not been able to make
it precise. It should be mentioned that the result in Section 3 about the periodic
nonhomogeneous Poisson processes is of interest in itself.

The problem considered in this paper is of interest in the theory of partially
observable processes. In this context one can think of {X,, n = 0} as the core process
and {Y,, n = 0} as the observation process. (See [5]). For example X, may represent
the ‘state’ of the internal components of a machine at time n while Y, may represent
its ‘performance’, which may be the only observable quantity about the machine.
The limiting behavior of the observation process {Y,, n=0} is obviously of
importance in the design of the machine.
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