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Abstract

Following the work of Schur and Coleman, we prove the generalized Laguerre polynomial
L3 (x) = Z}Lo ﬁ%xl is irreducible over the rationals for all n>>1 and has Galois
group A4, if n+ 1 is an odd square, and S,, otherwise. We also show that for certain negative

integer values of o and certain congruence classes of n modulo 8, the splitting field of Lf{’) (x)
can be embedded in a double cover.
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1. Introduction

The nth degree generalized Laguerre polynomial in a variable x and a parameter o
is defined as follows:

W=y (1) S

= n—j 7!

These polynomials were first studied by Poélya and Szegd [14, p. 274]. Various
mathematicians have studied their algebraic properties for certain rational values of
o. Schur [15, No. 67, 70] proved the irreducibility of Lﬁ,“) (x) over Q and computed its
Galois group for o« = 0,0 =1, and o« = —1 —n. Hajir [8] did the same for o =
—2 —n, and Gow [7] computed the Galois group for o = n, assuming L,(qn)(x) is
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irreducible. More broadly, Filaseta and Lam [6] proved that if o is a rational number
which is not a negative integer, L,(f‘) (x) is irreducible for all but finitely many n. In [2],
Coleman calculated the Newton polygon at an arbitrary prime p of the truncated

exponential polynomial,

n

o) = L) = 3 2

=

We begin by observing that Coleman’s method gives a general criterion which

establishes the irreducibility of a large number of LY (x) (see Corollary 9). For the
family o = —3 — n, this method, when combined with an additional criterion of
Filaseta [5] (also based on Newton Polygons), yields irreducibility for all n. We then
apply Coleman’s technique to compute the Galois group for o« = —3 — n.

In the remainder of this work, we study the problem of embedding the splitting

field of LS,“)(x) for various rational « in a double cover. The solution of this problem
is achieved by a theorem of Serre [17] which reduces the problem to the calculation of
the Hasse—Witt invariant of a certain trace form associated to our polynomial, for
which we have available certain complicated but explicit formulas due to Feit [4].

Notation. For any non-zero integer n, and prime p, ord,(n) is the p-adic valuation of
n, so that

n= H pord,,(n).
P

We set ord,(0) = .
1.1. Newton polygons

Given a polynomial f* with coefficients in Q,, we can attach to it, for each prime p,
a geometric object known as the Newton polygon. This object will then specify the p-
adic valuations of each root of f. As we will see below, this data can sometimes lead
us to information about the factorization of f over @, assuming f has rational
coefficients. The reader can find an introduction to this topic in [12] or [18].

Definition 1. Let f(x) = ag + a;x + ax?> + --- + a,x" be a polynomial in Q,[x], with
apa, #0. The Newton polygon of f at p, denoted NP( f, p), is defined to be the lower
convex hull in the Cartesian plane of the points

{(0,0rd,(ao)), (1,0rdy(a1)), ..., (n, ordy(ay)) }.

To construct the lower convex hull, follow this procedure: Plot all the points in the
list above. Rotate the vertical line through (xo, o) = (0, 0rd,(ag)) counterclockwise
until it reaches one of the other points; let (x;,y;) be the furthest point of type
(i,ord,(a;)) that lies on this line. Draw the straight line between (xo, yo) and (x1, y1).
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Now rotate the vertical line through (xi,y;) counterclockwise until it reaches
another point, and call the furthest point along this line (x3,y;). Continue this
procedure until you reach (a,,ord,(a,)). It is clear that the slopes of the line
segments should increase from left to right, and by construction, no two edges have
the same slope. The union of the line segments is the lower convex hull.

The main theorem about the Newton Polygon is

Theorem 2. Let (xo,0), (X1,71), ---, (Xr, yr) denote the successive vertices of NP( f', p).
Then there exist polynomials fi, ..., f, in Qp[x] such that

(M) f(x) =fi(x)fa(x) (%),
(i) the degree of f; is x; — x;_1,
(i) all the roots of f; in Q, have p-adic valuation —(X=2=1).

Xi—Xi-1

Corollary 3 (Coleman). Let d be a positive integer. Suppose d divides the denominator
of each slope, in lowest terms, of NP( f, p). Then d divides the degree of each factor of f
over Q.

Proof. Let & be an irreducible factor of f over Q,, and let o be a root of 4. Recall
that ord, () is in 1Z, where e is the index of ramification of the extension Q,(x)/Q,.
Thus, since d divides the denominator of the p-adic valuation of «, d must divide e.
But e divides n = [@,(«) : @,], which is precisely the degree of 7. O

1.2. The Coleman criterion

Here we formulate a criterion restricting the degrees of factors of a polynomial in
Q[x]. This criterion was developed by Coleman [2] and then applied to prove the
irreducibility of

en(x) = L7 (x) = Z X_'J
=0 J:
Write n in base p, labelling only the non-zero digits:
n=>bip" +byp™ + - +byp™, (1)
where 0<b;<p, and n; >n, > --- >n,. Now let ky = 0, and define

ki=bip" +byp™ + - +bp",  1<i<s. (2)

Proposition 4 (Coleman). The vertices of NP(e,,p) are (k;, —ord,(k;!)), for 0<i<s.
Its slopes are

(1)

mi=—t ") 1<i<s. (3)

S - 1)
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The proof is straightforward, using Legendre’s formula: If k =ay+a1jp+ -+ +
agp® is the p-adic expansion of a positive integer k, then

ord, (k) = =T m )

A polynomial of the form f(x) =377, czj';—!j in Q[x] is called Hurwitz-integral
at p if ord,(a;) =0 for 0<j<n. It is called Hurwitz-integral if aje Z for 0<j<n. We
say that f satisfies the Coleman criterion at p if f is Hurwitz-integral at p, and
ord,(a;) = 0 for j = k;, 0<<i<s, where k; is as defined in (2). Furthermore, we say f
satisfies the Coleman criterion if f satisfies the Coleman criterion at p for all p
dividing n.

Remark 5. Note that if f satisfies the Coleman criterion at p, then NP(f,p) =
NP(e,, p). Since f is Hurwitz-integral at p, the vertices of NP(f,p) lie on or above
those of NP(e,,p), and ord,(a;) = 0 for j = k;, 0<i<s, implies that the vertices are
in fact the same.

Proposition 6 (Coleman). Suppose [ satisfies the Coleman criterion at p and p™
divides n. Then p™ divides the degree of each factor of f over Q,.

Proof. Write n as in (1). Since p™ divides n, m<n,. From (3), p” divides the
denominator of each m;. Then by Corollary 3, p™ divides the degree of each factor of
Sfover Q,. O

Theorem 7. If f(x) = aj%j in Q[x] satisfies the Coleman criterion, then f is

irreducible over Q.

Proof. Write n =[] p™, the prime factorization of n. As noted in Remark 5,
NP(f,p) = NP(e,,p) for all p such that n,>0. In particular, their slopes are the
same. By Proposition 6, p™» divides the degree of each factor of /" over Q,, and hence
divides the degree of each factor over Q. Since this is true for all p dividing n, n
divides the degree of each factor of f over Q. [

2. The Irreducibility of L\ > (x)

Since for our purposes we are concerned with Lf,“)(x) when o =—r—1—n
for various non-negative integers r, we introduce a more convenient para-
meterization.
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Notation. For r a non-negative integer, let #)(x) = L,""'"(x). One can check
that

N (n—j4+1)(n—j+2)(n—j+r)x/
7! g

L (x) =
=0

Proposition 8. If p is a prime divisor of n and p does not divide r!, then ¥ ,(1") (x) satisfies
the Coleman criterion at p.

Proof. Clearly, $£lr)(x) is Hurwitz-integral at p, since p does not divide r!. Let j = k;,
as defined in (2). We have

ord,(ax,) = ord,(n — k; + 1) + ord,(n — k; +2) + --- + ord,(n — k; + r).

For i=0,1,...,s— 1, p divides n— k; = b;y1p"+ + --- + byp™. Since p does not
divide 7!, p is certainly not less than r, and thus p does not divide n — k; + [ for
1<I<r. Since ai, = 1, we have ord,(ay,) =0 for 0<i<s. O

Combining this with Theorem 7, we have
Corollary 9. If (n,r) = 1, then £\ (x) is irreducible over Q.
The main result of this section is a strengthening of the above for r = 2, namely

Theorem 10. #?)(x) is irreducible for all n>1.

For n odd, #?(x) is irreducible by Corollary 9. For n = 0 mod 4, we claim that
22)(x) satisfies the Coleman criterion at p =2, and thus is irreducible by

mw, and we wish to show

Proposition 8 and Theorem 7. We have g; =
that ords(a;) = 0 for j = k;, as in (2).

By assumption, n = k; = 0mod 4, for 0<i<s. Hence, (n —k; + 1)(n —k; +2) =
(1)(2) mod 4, which implies that w = 1 mod 2.

We are left with » = 2 mod 4. This case requires some additional lemmas.

Notation. For the remainder of the proof, we write n = 2k, where k is odd.

Lemma 11. If 3,@ (x) does not have a factor of degree k over Q, then it is irreducible
over Q.

Proof. Let g(x) be any factor of g’(f) (x) over Q. For any prime p that divides &, by
Proposition 8, NP(#? p) = NP(e,,p). As in the proof of Theorem 7, we can
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conclude that k must divide the degree of g. Hence the only possible degrees for g are
kand 2k. O

To eliminate the possibility of a degree k =4 factor, we apply the following
Lemma due to Filaseta.

Lemma 12 (Filaseta). Suppose ay,ay, ...,a, are integers with |ag| = 1. Let
[ =>q T
=0

Let m be a positive integer <3. If there exists a prime p=>m + 1 and a positive integer r
such that

Pln(n=1)-(n—m+1),
and p" does not divide a,, then f cannot have a factor of degree m over Q.
The proof relies on a theorem of Dumas [3], to the effect that the Newton Polygon

of the product of two polynomials is the Minkowski sum of their respective Newton
Polygons. See [5] for details.

Lemma 13. For n>= 14, there exists a prime p such that #<p<n —2.

Proof. Schur [15, p. 143] proved that for any real number r>29, there exists a prime

p such that r<p<§r. Let r:4<";3). Then for n>39, there exists p such that

2<d(n—3)<p<n—3<n—2. The reader can easily check the lemma for
14<n<39. O

Assume 73> 14. We now show that #?)(x) has no factor of degree k. Let

_(n+1)(n+2)
A_f'

Then we consider

1 n x]
@)= 3200 =3 b

J=0

where b; = A/~ =EU0) for 1 <<, and by = 1. Note that the b; are all integers.
By Lemma 13, there exists a prime p in the set

{n—i—Z n+2
+1,

3 7 —l—2,...,n—3}C{n—k+1,n—k—|—2,...,n}.
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We have

b — {(n + 1)2(n + 2)]"—1.

Since 2p is greater than n + 2, p does not divide n + 1 or n + 2, hence does not divide
b,. Then by Lemma 12, f(x) has no factor of degree k. It is clear that f(x) has no

factor of degree k if and only if #'?(x) has no factor of degree k.
We have now shown that #?(x) is irreducible for all n except for 2, 6, and 10

(recall that n = 2 mod 4). In these cases, Z'?)(x) is irreducible modulo the primes 5,
13, and 109, respectively. This completes the proof of Theorem 10.

3. Galois group calculations

We denote the Galois group of J;")(x) by G,(r). In this section, we describe
Coleman’s calculation of G,(0), and apply his techniques to prove

Theorem 14. For n>1,

A, if n=4k(k+1), for k a positive integer.

S, otherwise.

6,2~ {

We will make use of the following three facts:

Theorem 15 (Jordan). If G is a transitive subgroup of S, which contains a p-cycle for
some prime p strictly between 5 and n — 2, then 4,=G.

See [9, Note C] and [10, Theorem 1] for a proof.

Theorem 16 (Chebyshev [1]). For each integer n=8, there exists a prime number p
strictly between § and n — 2.

Lemma 17. The Galois group of a separable polynomial of degree n is contained in A,
if and only if its discriminant is a square.

In addition, the following formula was computed by Schur [15, p. 229].

Theorem 18. Let A(a) denote the discriminant of LY (x), for € Q. Then

A(ax) = n! H (/’cj)jfl, where ¢; = o +J.
J=1
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3.1. The Galois group of the exponential Taylor polynomials

The following proposition can be obtained as a corollary to Coleman’s calculation
of the Newton polygon of e,(x) at an arbitrary prime p. Again, we write n =
bip™ + bop™ + -+ + byp™, as in (1).

Proposition 19 (Coleman). Suppose p*<n. Then p* divides the degree of the splitting
Sield of e,(x) over Q,.

Proof. If p*<n, we must have k<n;. So p¥ divides the denominator of the first slope
my = %, as calculated in (3). Let o be a root of e,(x) such that ord,(«) = —m;.
By the proof of Corollary 3, p* divides the degree of the extension Q,(x)/Q@,, and
hence p* divides the degree of the splitting field of e,(x) over Q,. O

Corollary 20. Suppose 5<p<n is a prime number. Then G,(0) contains a p-cycle.

Proof. By the previous proposition, p divides the degree of the splitting field of e, (x)
over @, which in turn divides the degree of the splitting field of e,(x) over Q. Thus p
divides the order of G,(0). Cauchy’s theorem implies that G,(0) contains an element
of order p. Since p>7, the only elements of order p in S, are p-cycles. [J

Combining the facts above, we have that for n>8, G,(0) = A4, if the discriminant
of e,(x) is a square, and G,(0) = S, otherwise. This allowed Coleman to prove the
following theorem, which Schur [15, No. 67] had previously obtained using other
techniques.

Theorem 21 (Schur, Coleman). For n=8§,

A, if n=0mod4,

G,(0) = { .
S, otherwise.
The following was obtained by Schur’s method, and will be useful to us later.
Theorem 22 (Hajir [8]). For n>=14,

G(1) = {An if n=1mod4,

S, otherwise.

3.2. Proof of Theorem 14

Essentially the same argument as above applies in our case. First, suppose n> 14
and p is a prime satisfying %< p<n— 2, which exists by Lemma 13.
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Proposition 23. The Galois group of J,(f) (x) contains a p-cycle.

Proof. It suffices to show that #?)(x) satisfies the Coleman criterion at p. Indeed,
we would then know that the Newton polygon at p of 3512) (x) is the same as that of
en(x) (see Remark 5). The proofs of Proposition 19 and Corollary 20 clearly apply to
any polynomial whose Newton polygon at p coincides with that of e,(x), giving us
that G,(2) contains a p-cycle.

To show that £?)(x) satisfies the Coleman criterion at p, we note that the
p-adic expansion of n is p' + (n — p)p°, since n<2p<p?. In this case, we have
ko =0, ki =p, and k, =n. We must show that ord,(ai,) =0 for i =0, 1, and 2,

where a; = w Since 2p>n + 2, it is clear that ord,(ay) = 0. Now consider
a, = =222 Gince n— p+ 1 and n— p + 2 are both less than n, ord,(a,)>0

implies that p=n—p+1 or p=n—p+2, ie, p="F or p =28 which is not
possible. Finally, a, = 1, and the proof is complete. [

Hence, for n>14, we have that G,(2) is 4, if the discriminant is a square, and S,
otherwise.

Notation. For a,b in Q, we write a~b if a = bc? for some ¢ in Q.

Using Theorem 18, we calculate:

n
A(=3—n)=n ][ /7 (=3 -n+))""
=1

j=

=nl- 232" (=1 = n)(=n) e (—4)"H(=3)"!

n(n—1)

=22.3% 0 (=1) 2 (n+ 1)) (n—1)4"2 300
If n is odd,

n(nz—l)(n + 1)[
2

A(=3—n)~(-1)

Regardless of sign, 4(—3 — n) cannot be a square for n odd, since for n> 14 there is a
prime p such that p divides (n + 1)!, but p? does not.
If n is even,

{(n—l—l) if n=0mod4,
—(n+1) if n=2mod4.
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Obviously, 4(—3 — n) is not a square for n = 2 mod 4. For n = 0 mod 4, it is easy to
check that n + 1 is a square if and only if n = 4k(k + 1) for some positive integer k.

To complete the proof of Theorem 14, we must only check the cases 1 <n<13. The
argument above holds for » = 10 and 11, since for these values of n there is a prime p
in the desired range. For n<9, the statement can be verified using the PARI routine
polgalois. Finally, for n = 12 and n = 13, it suffices to check that in both cases,
NP,(£?(x)) has one slope whose denominator is divisible by 7. From the proof of
Corollary 3, we deduce that p =7 divides the order of G,(2), and hence 4, is
contained in G,(2) by Theorem 15.

4. The embedding problem

In this section, we describe Feit’s application of a theorem of Serre to certain
generalized Laguerre polynomials, which allowed him to construct explicitly fields
with Galois group isomorphic to the double cover of 4,, for certain values of n. Refer
to [4] for details.

4.1. Feit's Formula

To describe the setup, we follow Section 2 of [4] closely. Let f(x)eQ[x] be a
monic, irreducible polynomial of degree n. Then we have a field FE =
Q[x]/(f(x)) ~Q(0), where 0 is a root of f. On the other hand, if E is a finite
separable extension of Q, then £ = Q(0) for some 0 in E. Thus E~Q[x]/(f(x)),
where f(x) is the minimal polynomial of 6 over @, so E can be viewed as an n-
dimensional vector space over Q.

Given any o in such a field E, let Trg/g () be the trace of the “multiplication by o’

map. The function ou—»TrE/@(ocz) is a non-degenerate quadratic form on E with
values in @, which we will denote Q(f). This is the quadratic form that appears in
Serre’s Theorem.

Definition 24. Write /(x) = [[._,(x — 0;), where 0; = 0. For all ¢ such that 1 <7<n,
define the ¢ x n matrix

A= A(f) = (@) = (0;7"), 1<i<t, 1<j<n
The matrix 4, is known as the Vandermonde matrix for f, and

det(4,) = [ (0 - 0).

i<j
Furthermore, define

D, = Dz(f) = AIA,T
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and

One checks immediately that

Proposition 25. The matrix for Q(f) with respect to the basis {1,0,...,0"'} is
precisely D,,.

Furthermore, we have the following:

Theorem 26. Suppose A,#0 for 1<t<n. Then Q(f) is equivalent over Q to

ax? + -+ ayx2, where a; = Ay = n, and a, :ﬂ,for 2<t<n.

Let (K", Q) be a non-degenerate quadratic module over the field K, where K
is either Q, for a prime p, or R, which corresponds to p = co. If Q is equivalent

to bix? +byx3 + -+ +b,x2 over K, then the Hasse-Witt Invariant of Q is
defined by

where (-, -) , denotes the Hilbert symbol at p. It can be shown that the Hasse-Witt

invariant does not depend on choice of orthogonal basis. For details, see [16]. For p a
prime or p = o0, let &,(f) denote the Hasse—Witt invariant of Q(f) considered as a
quadratic form over Q,.

Theorem 27. Define Ay = 1 and suppose that A;#0 for 1 <t<n. Then
n—1 n
&p(f) = <—17H Aj) {H (4‘1174‘j)p}
J=1 p LU=l
for all primes p and p = 0.
Feit studied generalized Laguerre polynomials in particular, and was able to

derive an explicit formula that enables us to calculate their Hasse—Witt invariants.
The result is

Theorem 28 (Feit). Let 4,(x) be 4,(f) for f(x) = L,(f)(x), as defined above. Then for
1<t<n,

A(2) = H Je) "D where ¢ = o + .

j=n—t+1
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4.2. Serre’s Theorem

For n>35, A, will denote the double cover of A4,, i.e., the group for which there
exists a non-split exact sequence

1-2/22 - A,— A, — 1.

The group A, is unique up to isomorphism. See [11] for details. On the other hand,

S, has two non-isomorphic double covers, which we denote by S,* and S,~. In both
cases, we have a non-split exact sequence

1-2/2Z7—-S,* »8,—-1.

The distinction between the two groups has to do with transpositions in S,.
Transpositions lift to elements of order 2 in S, ", i.e., the preimages of transpositions

in S,* have order 2. In S,,~, transpositions lift to elements of order 4. More details
can be found in [13].

Theorem 29 (Serre [17]). Let L be the splitting field of f € Q[x], and let G be the Galois
group of L over Q. Fix GS S, where n is the degree of f, and let G* be the inverse
image of G in S,*. Then the following are equivalent:

(1) There exists a quadratic extension field M of L which is a Galois extension of Q
with Gal(M/Q) ~G*.
(i) &(/)(£2,44), =1 for all primes p and p = .

An alternate proof can be found in Ledet [13]. For simplicity of notation, we
define

y;(f) = Sp(f)(Z, An)[ﬂ
and
S5 (1) = 6p()(=240),.

Remark 30. If GS A,, then G is isomorphic to G~, and we need only consider G,
the inverse image of G in 4,. Note that in this case, 4,(f) is a square, so Io(f) =

Sy (f) =& (f)-

Feit applied Serre’s Theorem to L,(,“) (x) for o = 1 via Theorem 28, and Hajir [8] did
the same for 3,@ (x) with r = 0 and 1. Continuing along this line, we will prove the
following:

Theorem 31. The splitting field of 3,(12) (x) can be embedded in a field M with Galois
group isomorphic to A, if and only if n = 4k(k + 1), for k a positive integer.
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In light of Serre’s Theorem and Theorem 14, this follows from the proposition
below, coupled with the following observation: If n = 4k(k + 1) for a positive integer
k, then n+ 1 is an odd square, and 7 is congruent to 0 modulo 8.

In proving this proposition, we will often make use of the standard properties of
the Hilbert symbol, as listed in [4, p. 235]. Some elementary steps will be left to the
reader.

Proposition 32. Suppose n = 0 mod 4. If for all primes g = 3 mod 4 such that q divides
n+1,ordy(n+1) = 0mod 2, then

1 if n=0mod 8,
(x)) = (_17_1)1; if n=4modS8.
Proof. Set A, = A,(—3 — n). By Theorem 28,
Ar=n'(n—1)""(n+1=1)- (=3)"1 (=42 (=(t+ 1)) (4)

Write

n—1
=1 odd ¢ even t
~{(=1)in(n —2)--4-21{ (= 1)4)
~nn—2)-4-2.
Due to the multiplicative properties of the Hilbert Symbol, we may write

n
n 2
H A1, 4 H i1, Aog—242k) -
=1

k=1

Define Z():(—I,H’;;ll 4,),, and zx = (Ao-1, Aop-24%),, for 1<k<3. So, by
Theorem 27,

g
2 —
Sy (x) = (2,An)p11_[02k

We calculate:
Azk—1~(*l)k71n(n72)~~(n+272k) 462k,
Ny~ (1K= 1) = 3) - (n+ 1= 2k) -3 -5 (2k + 1),

Ao~ (=D =) (n=3) - (n+3 = 2k)-3-5---(2k — 1),
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so that for 1 <k <7,
Ze=((=1)""nn—2) - (n+2-2k) - 462k, —(2k + 1)(n+ 1 = 2k)),. (5)

The involution kﬁ% has the unique fixed point 4 on the set {1, ,%} Write

‘ &~

4
9;(5?(2)()6)) = Z()ZnZn (2,4,) H ZkZn_2k 2
One can check that zpz,_o 2k =1 for 1<k<” . Using (4), (5), and the fact that
(=1,2), =1 for all prlmes p and p = oo,we calculate:
H
20z = (=Lin(n—2)-4-2),- (=1, (=1) 4 n(n—-2)-6-4),
H
:(_17_1 4 )p7
- (2,4,),=(=2,—(n+1)), - 2,n+1),
=(=1,=(n+1)),.

Thus,

(-Ln+1), if n=0modS§,

FHLO () = { (—=1,—(n+1)), if n=4mods8.

Now we need the following lemma, the proof of which is left to the reader.

Lemma 33. For m a positive integer, (—Lm)p =1 for all p if and only if for every
prime ¢ = 3mod 4, ord,(m) = 0 mod 2.

Observing that (=1, —(n+1)), = (=1,-1),- (=1,n+1)
plete. O

,» the argument is com-

4.3. Summary of known results

The following tables provide a summary of calculations of the Hasse—Witt
invariants for £ (x) known to the author. The entries in bold indicate results

concerning A,, as opposed to S,* (see Section 3). Unless otherwise indicated,
calculations can be found in [19]. Note that the entries in Table 2 are easily obtained
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Table 1
Values of 5’;(3’;’) (x)) for some congruence classes of n modulo 8

nmod 8 r=0 r=1 r=2
1° 1°(=1,n+1),°
1 1
2 1 1
3 1
4 (71,71)1,‘ (71,7n71)p
5 (—1,—1)[,"‘
6 (71,71)1, (-1 71)11
7 (_17_1)p

“Due to Hajir [8].
P Corresponds to A, if n = 4k(k +1).
“Is trivial if for all primes ¢ = 3 mod 4 such that g|n + 1, ord,(n + 1) = 0 mod 2.

Table 2
Values of 5’;(3’;’) (x)) for some congruence classes of n modulo 8

nmod 8 r=0 r=1 r=2

0 1 1

1 1

2 (71,71)p (71,7n71)p
3 (—1,—l)p

4 (71,71)p (71,71)1,

5 (—1,—l)p

6 1 (~Ln+1),°
7 1

4Corresponds to A, if n = 4k(k + 1).
P1s trivial if for all primes ¢ = 3 mod 4 such that g|n + 1, ord,(n + 1) = 0mod 2.

from those in Table 1, since

Sy (f) =95 () (=1, 1),
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