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Multivariate Linear Rank Statistics
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For some general multivariate linear models, linear rank statistics are used in
conjunction with Roy’s Union-Intersection Principle to develop some tests for
inference on the parameter (vector) when they are subject to certain linear
constraints. More powerful tests are designed by incorporating the a priori infor-
mation on these constraints. Profile analysis is an important application of this type
of hypothesis testing problem; it consists of a set of hypothesis testing problem for
the p responses g-sample model, where it is a priori assumed that the response—
sample interactions are null.

1. INTRODUCTION

In muiltivariate nonparametric hypothesis testing theory, the role of Roy’s
[14] Union-Intersection (UI-) principle has not yet been examined fully.
Chatterjee and De [5] considered some Ul-rank tests for a bivariate, two-
sample location problem with an orthant restriction. The current authors
|7, 8] generalized this Ul technique to develop asymptotically distribution-
free (ADF) tests for a broad class of restricted alternative problems in
multivariate analysis, with special emphasis on the orthant restriction
problem in the multivariate case. The object of the present investigation is to
examine another application of the theory developed in [7], namely, the
linear equality restriction and profile analysis. Some preliminary results on
multivariate linear rank statistics are introduced in Section 2 and these are
then incorporated in Section 3 in the formulation of a class of Ul-rank tests
for the linear equality restriction problem. As a special case, the profile
analysis problem is treated in Section 4. ADF tests for the profile analysis
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problem, based on U-statistics, were proposed by Bhapkar and Patterson [4].
Their statistics were computationally and analytically complex. The current
approach not only provides comparatively simpler solutions but also more
efficient ones (in the majority of the cases).

2. A CLASS OF MULTIVARIATE LINEAR RANK STATISTICS

We consider the foliowing multivariate (general) linear model:
X; =B +Bley; — €y) + €5 i=l,., N, (2.1)

where B = (B,,...B,) is a p X ¢ matrix and B§" is a p-vector of unknown
parameters, the regressors c,; = (Cy;yss Cyyp)' are specified g-vectors, ¢y =
N~'3¥ ¢, and the g are independent and identically distributed random
vectors (i.i.d.r.v.) with a continuous (unknown) p-variate distribution
function (d.f.) F. As we shall see in Section 3, our main interest lies in
testing hypotheses about B, where there may be some a priori linear
restriction on B. Our proposed tests are based on some linear rank statistics
which we present below. We form the adjusted constants

dyi=N"" ey — &) = [yirror dyig)s 1= Lows N 2.2)

N
Dy = 2 dyidy = (yvoecy) ek =1...a- 23)
i=1
Also, we let X; = (X;,.., X;p)'s i= L., N, and let R;; be the rank of X
among the set (X;,..., Xy;), for i=1,..., N and j = 1,..., p, so that we have a
set of rankings for each of the p coordinates. Then for eachj (1 < j < p), we
consider a set of scores ay,(i), 1 <i< N, defined in the following manner:

ay) =4+ 1) o EoWUy) o N[" g0 @4)

where Uy, < --- < Uyy are the ordered random variables of a sample of size
N from the uniform (0, 1) d.f. and the ¢, are suitable score functions. Then in
a manner similar to Puri and Sen [12], we construct the matrix of linear
rank statistics

Ty= (Tm seees TNq) = ((TNjk))j:1,...,p;k:l,...,q! (2-5)

where

N

Ty = 2 dyiani(Ry;) for j=1L..,p; k=l,..,q (2.6)

i=
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As additional notations, we let Fj;; and F|; ;, be the univariate and bivariate
marginals of F, respectively, for j (#j’) = 1...., p; similar notations hold for
the probability density function f. Finally, we let f(x) = (9/0x) f(x) denote
the p-vector of partial derivatives of f, so that the Fisher information matrix,
of order p X p, for the density f is

1) = [ [ (00} . 2.7)

The assumptions listed below are needed for the asymptotic distribution
theory of T, and for the development of a UI statistic.

Assumption 1. The constants in (2.2) and (2.3) satisfy the following:
(i) lim max “dNikl/(dN(kk))l/z} =0; (2.8)

N-oo 1<kgq

(i) hl,im D, = D, which exists and is of full rank q. (2.9)
indeel

Assumption 11. (i) The distribution function F is absolutely continuous
with an absolutely continuous density function f;

(i) f(x) exists and is continuous almost everywhere (a.c.);
(iii) the largest characteristic root of I(f) is finite.

Assumption 1II. The score functions ¢;,, 1<j<p, in (2.4) are
nondecreasing, square integrable, and absolutely continuous inside (0, 1).

Assumption 1V. For each j, 1 € j< p, at least one of the following two
conditions is true:

(i) leinw P AF ()} fi7(x)=0;
(i) —log{f;;(x)} is nondecreasing.

Whenever it is convenient, we shall roll out T, and B into pg-vectors.
Next, we define the p X p matrix v = ((v;.)) by letting

Vij = ﬂ $AF (0} ;4F ;0 (D)} F (%, 9) — 5950 (2.10)

for j, j' = 1,..., p, where

_ 1
¢,=L ¢i(u)du for j=1,.,p. (2.11)
Also, we define the p X p stochastic matrix V, = ((vy;;)), where

Oy =N =1)7" Z {anRyy) — ayHay;(Ryp) — ay;e} (2.12)

i=1
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for j, j' = l...., p, and
N
dy=N""'"Nau(i) for j=1,.,p. (2.13)
i=1
For proofs of any of the following results in this section, we may refer to
[7]. We shall only outline what is essential for the subsequent sections. Now
under H,: p =0,

Vy-5v  and Ty .#,,0,D®v), (2.14)

where ® represents the Kronecker product. We reformulate the model in
(2.1) as

X, =B +dyrA+e, i=1,.,N, (2.15)
where the g; and B"’ are defined as before and A = N'/?B. Then, we frame
Hy: b =0 against an alternative {K,: (2.15) holds for some fixed A # 0}.
The sequence of alternatives {K,} is contiguous to H,, and under {K,},

Vyi-bv  and T, 5/, (DEDADEV), (2.16)

where I' is a diagonal matrix (of order p X p) with elements

Vi = Jol ¢,y yw)ydu, j=1,.,p, (2.17)

and where for each j (= 1...., p) and u € (0, 1),

yiu) = —fm{F[;‘]l(“)}/f[j]{F[}]l(u)}- (2.18)

We also need to estimate I', and for this purpose we borrow some results
from JureCkova [9, 10]. We let B = ((b;,)) be a p X g matrix of real elements
and let X;(B)=X,—B(cy; —¢y), 1 <i<N; corresponding to these new
variables, we define R;(B) as the rank of X,(B) among the set
(X1j(B),..., Xy;(B)), for 1 <i< N and 1 j< p. Then in (2.5) and (2.6) we
replace the R;; with the R,(B) and denote the resultant statistics by Ty (B),
for 1< j< pand 1<k<g, and T,(B) = ((T;(B)). Finally, we let E;, be
the p X g matrix having 1 in the cell (j, k) and O elsewhere, for 1 € j < p and
1< k<g. The estimator of I' we propose is [ = Diag(y;;» 1 < i< p),
where

q
Pni=a" S {Tajn(0) — Ty (Ej)} (2.19)

k=1
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If we let
Uy= D' @) Ty, (2.20)
then under H,: A =0,
Uy 2 4,,0,D7'® (T~ ~YY), (2.21)
and under {K,},
Uy5 40D ® @) (2.22)

3. THE LINEAR EQUALITY CONSTRAINT PROBLEM

We intend to develop a functional statistic form U, in (2.20) to test for
Hy:B=0 against H,: AB=0, (3.1)

where B is defined in (2.1) and A is a full rank, a pg matrix, with a < pg. In
[ 7], we developed a statistic for a more general restricted alternative problem
from U,. However, for the special case in this section, the sophisticated
nonlinear programming approach to locating a UI statistic is not necessary.
Hence, we just demonstrate the UI technique for this special case.

For each b € E?, b # 0, we define the univariate statistic

Uy(b) = (b’UN)/(b’ENb)'/z, (3.2)
where the stochastic matrix X is defined by

Iy= Dﬁl ® (f;lVNfE 1), (3-2)

and Dy, Vy, and [, are defined in (2.3), (2.12), and (2.19), respectively.
From the results in Section 2,

L, -BHEI=D'®@@ ") (3.4)

under H,: A =0 and the contiguous sequence {Ky}, where D, v, and T" are
defined in Assumptions I(ii), (2.10), and (2.17), respectively. Therefore,

Uy(b) - #1((b’A)/(b'Eb)', 1), 3.5)

under H, and the contiguous sequence {K,}.

683/12/2-5
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If we let py(b) be the asymptotic size a test function (0 < @ < 1) which
rejects H,: A =0 for large values of U,(b), then from (3.5),

Plpy(d) = 1| Hy} = P[Uy(b) > 7, |Hy| — @, (3.6)
and the asymptotic power of the test p,(b) is
Plpn(b) =1|Ky] > 1 — &(z, — (b'h)/(b'ED)'?), (3.7)

where @ is the standar normal distribution function and @(z,) =1 —a. Note
that the right-hand side of (3.7) is large if b’A/(b’Eb)"/? is positive and large;
the value of b which maximizes it is b* = MX ~'A, M > 0. With this in mind,
we partition the parameter space 2 (={A € E”?: AA=0}) into subspaces
2(b)={A € EP": A =MZb, M > 0} and define the set B as

B={bEE": ALb=0, b’Eb = 1}, (3.8)

so that 2= {Jyc 2(b). Note that I is unknown, and hence, as in [7], we

define
By=|beE": AL,b=0,b'L,b=1}. (3.9)

Then, analogous to the Type I Ul-test of Roy [14], with the modifications in

[7], we reject Hy: A=0 in favor of H,: AL=0, if py(b)=1 for some
b € B,; this leads us to the Ul-test statistic

Oy =sup{Uyb): b€ B,}. (3.10)

From the theory of Lagrangian multipliers (viz., [1, p. 152]), the solution to
Qy in (3.10) is easily found to be

Qi=Ui{L ' — A'(AL A') ' A} U,. (3.11)

Note that the matrix {£~' — A’(AZA’) ' A} =1—A’(AZA’) ' A is idem-
potent and of rank pg—a. Hence, by an appeal to (2.22), (3.4) and
Lemma 3.1 of Chatterjee and De [5], we arrive at the following.

THEOREM 3.1. Under the sequence of alternatives (K} and the
regularity conditions in Section 2, QX has asymptotically a noncentral chi-
squared distribution with pqg-a degrees of freedom and noncentrality
parameter

82 =A'{E-' — A"(AZA')" '} A, (3.12)

The advantage of using the statistic @2 in (3.11) for the testing problem in
(3.1), instead of using the unrestricted test statistic (viz., [12])

R =ULL;'U,, (3.13)
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is that Q3 is asymptotically more powerful than R}, in the region Q. To force
this point, note that [12] R%, under {Ky}, has asymptotically a noncentral
chi-squared distribution with pg degrees of freedom and noncentrality
parameter A’E ~'A; therefore, if g2 and r2 be so defined that

P{Q*>qL|Hy} =P{R*2rlHo}=a  (0<a<l), (3.14)
then for any A #0, '

P{O*>q2|AEQR} > PR >rL|AEQ) (3.15)

A proof of a result more general than (3.15) is provided in Section 3.2 of
[6]- It may be remarked that in the parametric case (viz., [11]), the current
testing problem can e reduced to testing H,: B, = 0 against H,: B, # 0 after
a proper reparametrization (with B, being a (pg — a)-dimensional vector).
However, in the nonparametric case, the linear rank statistics T, in (2.5) and
(2.6) may not remain invariant under nonsingular transformation on the p
variates. Hence, this reparameterization will generally lead to some lack of
uniqueness in the resulting test statistic. However, given such a reduction, the
theory developed in Sen and Puri [17] will remain applicable and will agree
with the one presented here.

4. PROFILE ANALYSIS

Profile analysis is a special collection of testing problems for the p-
response g-sample model: X;=cy;,B;, + -+ + ¢y, B, + &, i = L,..., N, where
the B, are all p-vectors, cyy, is equal to 1 or 0 according as the X is from the
kth sample or not (1 <k<gq; 1 <igN), the g are ii.d.r.v’s and the p-
responses on each individual are comparable. We wish to test that the g-
samples are equivalent, with the possible information that the response—
sample interactions are null. Typically, such a case arises in many
educational testing problems. If we define

G=(Ip—l,p—l9—‘lp—l,l) and MI=(Iq—l,q—1’-Jq—l.1) (41)

(where J has all elements equal to 1), then the sample main effects are
mathematically represented by BM and the response-sample interactions by

GBM, where B = (B, ..., B,)-
Profile analysis consists of the following hypothesis testing problems:

HY:GBM =0  against H}Y: GBM #0, (4.2)
H}: PBM=0  against H¥: BM=+0, 4.3)
HY: BM=0 against HY.: GBM #0. 4.4)
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The strategy is to conduct a preliminary test for the response-sample
interaction in (4.2), at significance level a,. If H,¢ is not rejected, then the
testing problem of sample equivalence in (4.3) is conducted at significance
level «,; otherwise, the testing problem in (4.4) is implemented at
significance level a;. The appropriateness and implications of such a strategy
will be discussed alter, after the development of the statistics and their
(asymptotic) distributions.

We let ny,..,n, denote the respective sizes of the g samples with
> _,n.=N. Then for each k, ¢y, = n, /N and we assume that there exist &,:
0 < ¢, <1, such that &y, — &, for k=1,.,q. As in (2.2), we define d,, =
N~ ey, —¢€y), i=1,..,N, so that D, in (23) reduces to
((Cyx(Ok — Thk))), where &y, is the Kronecker delta. Also, D=
limy,, Dy = ((€4(04x — €¢-))).- Thus, Assumption I in Section 2 holds and
we assume that Assumptions II, III and IV also hold. Since D,, (or D) is not
of full rank, we partition c,;, dy;, Dy and D according to the first g — 1
components (i.e., €y; = (€xi1)s Cnig)h

D _ (DN(H) DN(IZ))
=
DN(Z]) DN(ZZ)
and so on), write A = N'/?B and B{"’ = B¢,. Then, (2.15) may be written here
as

X;=PBo" +AMdy,;, +¢, i=1,.,N, (4.5)

where M is defined in (4.1) and the corresponding Dy,,,, is of full rank
{(=¢q — 1). For this model, we may virtually repeat the steps in Section 3 and
arrive at the following. The Ul-statistics for the testing problems in (4.2) and
(4.3) are

0%.1=U;[Dyu;, ® {G'(GI; 'V [ 'G') ' G} Uy (4.6)
and
Q12V,2=U1’V{DN(H)® (f;lvaﬁl)_l} Uy, (4-7)

respectively, where V, and [y are defined in (2.12) and (2.19). The UI-
statistic for the restricted alternative problem in (4.4) is [by (3.11)]

Q/zv.s = Q}zvz - Ql%ll . (4.8)
For the model (4.5), with {K} defined as in after (2.15), we have then
Or. > 1*((p— Dig — 1), 5}),

03,5 X (p(g—1),03)
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and
QI%I.S_Q’XZ(‘I“ 19 5%)’ (4-9)

where the noncentrality parameters 83, 63 and 67 (= 83 — 67) are found by
s;ubstituting the corresponding values of AM, D,,,, I' and v for Uy, Dy,
I'y and V, in (4.6), (4.7) and (4.8).

For the sake of comparison, we now develop an equivalent set of statistics
under a normality assumption. Suppose that g ~.#,(0,¥) where ¥ is a
known p X p matrix of full rank. It is not essential that the covariance
matrix W be specified (cf. [6, Sects. 4.6 and 5.6]; however, we make this
simplifying assumption because we are only interested in asymptotic
comparisons. From (4.5) and the maximum likelihood estimator (MLE)
of AM,

N

5;NM = (S Xidllvi(l)) D/;(ln)’ (4-10)
1

i=
the likelihood ratio statistics for the three testing problems of (4.2)-(4.4) are

Wi = (GyM)' [Dyqy ® {G'(GY¥G') ™ G}|(AyM), (4.11)
Wia=@GyM) {Dy,, @ ¥} AyM) and Wi =Wi,— Wy, (4.12)

respectively. Each of these statistics has an exact chi-squared distribution
with an appropriate noncentrality parameter, found by substituting A for fw,
and degrees of freedom (p —1)(g — 1), p(¢ — 1) and (g — 1), respectively.
Their asymptotic distributions remain the same even if the €; have non-
normal distributions, but with finite second-order moments (see, [16]). Thus,
individually, the asymptotic relative efficiency (ARE) of Q , with respect to
Wy, (t=1,2,3) can be computed simply by the ratio of the corresponding
noncentrality parameters (see [13, Sect. 3.8]). However, in general, these
depend on the direction of A and, in many cases, one may have to be
satisfied with some lower or upper bounds easily obtainable from the charac-
teristic roots of the two matrices appearing in the noncentrality parameters.
In general, the rank statistics fare quite well compared to their parametric
counterparts, more noticably for distributions with heavy tails. In particuiar,
if the €, have normal distribution and for the rank procedure, we use the
normal scores (i.e., in (2.4), we take ¢,(u) = @ ~'(u), the inverse normal d.f.),
then this ARE is equal to 1.

The rank statistics set for profile analysis provides a suitable alternative to
the likelihood ratio tests because (i) it is ADF, (ii) it is computationally
simple on a computer and (iii) it fares well with regards to asymptotic
power. Although the U-statistics set for profile analysis, proposed in (4],
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also has the properties (i} and (iii), it is nearly impossible to make any type
of analytical power comparison with the likelihood ratio type tests.

We now return to the question of whether or not there is any advantage of
using the strategy decision rule for testing sample differences. For
convenience, let us assume that we are using the asymptotic analogues Q?,
Q2 and Qj of the rank Ul-statistics Q3 ,, O , and Q} ; in (4.6)-(4.8); these
statistics have exact chi-squared distributions, given by the right hand sides
of (4.9). If P, denotes the probability under appropriate null hypothesis and
we define the s, by

a,=PyQ}>s,} for t=1,2,3, (4.13)
then the overall significance level of the strategic decision rule is

O‘:PO{Q%?suQ§>52}+P0{Q§<Sn Q§>ss}- (4.14)

We would like to compare a with a,, because Q% would be the statistic used
for testing sample differences if no attention were paid to the response—
sample interaction. Note that Q7 = Q% + Q3 and Q, and Q, are independent.
Hence, if we set o, =a, (a reasonable condition since Q2 and Q3 test the
same null hypothesis), then by (4.13), (4.14) and the fact that s, +5; > 5,,
we have

a=Po{Qf + Q%?szs Q%)sl} + ay(1 —ay)
=a1Po{QT +Q§>slef>sl} +a,(1 —a,)
>a,a,+0,(1 —a))=a,. 4.15)

This shows that a, the overall significance level for the decision rule, is larger
than a,, the significance level for just testing (4.3). However, if the difference
is small enough [as is usually the case, see Sen and Saleh [18]), the decision
rule would still have a power edge over Q2 [because of (3.14) and (3.15)).
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