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A STUDY OF SATURATED TENSOR CONE FOR
SYMMETRIZABLE KAC-MOODY ALGEBRAS

MERRICK BROWN AND SHRAWAN KUMAR

1. INTRODUCTION

Let g be a symmetrizable Kac-Moody Lie algebra with the standard Car-
tan subalgebra b and the Weyl group W. Let Py be the set of dominant
integral weights. For A\ € Py, let L()\) be the irreducible, integrable, highest
weight representation of g with highest weight A. For a positive integer s,
define the saturated tensor semigroup as

Toi={(A1,.., A, ) € PSP 3N > 1 with L(Np) € L(NA) @ -+ @ L(NA)}.

The aim of this paper is to begin a systematic study of I'y in the infinite
dimensional symmetrizable Kac-Moody case. In this paper, we produce a
set of necessary inequalities satisfied by I'y, which we describe now. Let
X = G™/B be the standard full KM-flag variety associated to g, where
G™" s the ‘minimal’ Kac-Moody group with Lie algebra g and B is the
standard Borel subgroup of G*™®. For w € W, let X,, = BwB/B C X
be the corresponding Schubert variety. Let {e“}y,ew C H*(X,Z) be the
(Schubert) basis dual (with respect to the standard pairing) to the basis of
the singular homology of X given by the fundamental classes of X,,. The
following result is our first main theorem valid for any symmetrizable g (cf.
Theorem [3.3)).

Theorem 1.1. Let (A\1,...,As, 1) € I's. Then, for any uy,...,us,v € W
such that ny, ., # 0, where

uy Us __ § : w w
g7 = nul,...,use s
w

we have
S
S M) | — plwr) > 0, for any a1
j=1

where x; € b is dual to the simple roots of g.

The proof of the theorem relies on the Kac-Moody analogue of the Borel-
Weil theorem and the Geometric Invariant Theory (specifically the Hilbert-
Mumford index). We conjecture that the above inequalities are sufficient
as well to describe I's. In fact, we conjecture a much sharper result, where
much fewer inequalities suffice to describe the semigroup I's. To explain our
conjecture, we need some more notation.
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Let P O B be a (standard) parabolic subgroup and let Xp := G™»/P
be the corresponding partial flag variety. Let Wp be the Weyl group of P
(which is, by definition, the Weyl group of the Levi L of P) and let WF
be the set of minimal length coset representatives of cosets in W/Wp. The
projection map X — Xp induces an injective homomorphism H*(Xp,Z) —
H*(X,Z) and H*(Xp,Z) has the Schubert basis {e}},,epr such that e}
goes to e® for any w € WP, As defined by Belkale-Kumar [BK, §6] in the
finite dimensional case (and extended here in Section 7 for any symmetrizable
Kac-Moody case), there is a new deformed product ®¢ in H*(Xp,Z), which
is commutative and associative. Now, we are ready to state our conjecture
(see Conjecture [7.3]).

1.2. Conjecture. Let g be any indecomposable symmetrizable Kac-Moody
Lie algebra and let (A, ..., s, 1) € P_‘iﬂ, Assume further that none of \j is
W -invariant and p — ijl Aj € Q, where Q s the root lattice of G. Then,
the following are equivalent:

(a) (Al,...,)\s,u)el“s. .

(b) For every standard mazimal parabolic subgroup P in G™" and every
choice of s + 1-tuples (wy,...,ws,v) € (WE)HL such that €% occurs with
coefficient 1 in the deformed product

€t @p - O ep® € (H*(Xp,Z), @),
the following inequality holds:

O Ajwjzp)) — plvzp) > 0, Loor e
j=1

where «;, is the (unique) simple root not in the Levi of P and xp = x;,.

This conjecture is motivated from its validity in the finite case due to
Belkale-Kumar [BK, Theorem 22|. (For a survey of these results in the finite
case, see [Ks|.) So far, the only evidence of its validity in the infinite dimen-

sional case is shown for s = 2 and g of types Agl) and Ag) (cf. Theorems
and B6]). In these cases, we explicitly determine I's and thereby show
the validity of the conjecture.

A positive integer d, is called a saturation factor for g if for any A, A’, A" €
P, such that A—A’—A" € Q and L(NA) is a submodule of L(NA")QL(NA"),
for some N € Z~g, then L(d,A) is a submodule of L(d,A") ® L(d,A").

We prove the following result on saturation factors (cf. Corollaries and
R1).

Theorem 1.3. For Agl), any integer d, > 1 is a saturation factor. For Ag),
4 is a saturation factor.

The proof in these affine rank-2 cases makes use of basic representation
theory of the Virasoro algebra (in particular, Lemma [T]). Let ¢ be the
smallest positive imaginary root of g. To determine the saturated tensor
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semigroup, we show that it is enough to know the components of L(\) ®
L(A2) which are é-maximal, i.e., the components L(p) C L(A1) ® L(\g) such
that L(p+nd) € L(A1)®L(A2) for any n > 0. Let mﬁh)\z be the multiplicity
of L(p) in L(A1)®@L(A2). If L(u) is a §-maximal component of L(A1)® L(\2),

p+nd
then ZHEZSO L(u+n8)®™ 122 is a unitarizable coset module for the Virasoro

algebra arising from the Sugawara construction for the diagonal embedding
g — g@g. Proposition for Agl) (and the analogous Proposition

for AgZ)) determining the maximal d-components plays a crucial role in the
proofs.

Acknowledgements. We thank Evgeny Feigin and Victor Kac for some
helpful correspondences. Both the authors were partially supported by the
NSF grant number DMS-1201310.

2. NOTATION

We take the base field to be the field of complex numbers C. By a variety,
we mean an algebraic variety over C, which is reduced but not necessarily
irreducible.

Let G be any symmetrizable Kac-Moody group over C completed along
the negative roots (as opposed to completed along the positive roots as in
[K3, Chapter 6]) and G™" C G be the ‘minimal’ Kac-Moody group as in [K3,
§7.4]. Let B be the standard (positive) Borel subgroup, B~ the standard
negative Borel subgroup, H = B N B~ the standard maximal torus and W
the Weyl group (cf. [Ks, Chapter 6]). Let U (resp. U~) be the unipotent
radical [B, B] (resp. [B~,B7]) of B (resp. B™). Let

X-qa/B
be the ‘thick’ flag variety which contains the standard KM-flag variety
X =G™n/B.
If G is not of finite type, X is an infinite dimensional non quasi-compact
scheme (cf. [Ka, §4]) and X is an ind-projective variety (cf. [Ks, §7.1]). The
group G™™ acts on X and X.
More generally, for any standard parabolic subgroup P D B, define the
partial flag variety
Xp = Gmin/P’
and
Xp=G/P

Recall that if Wp is the Weyl group of P (which is, by definition, the Weyl
Group Wy, of its Levi subgroup L), then in each coset of W/Wp we have
a unique member w of minimal length. Let W be the set of the minimal

length representatives in the cosets of W/Wp.
For any w € WF, define the Schubert cell:

cb .= BwpP/PcG/P
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endowed with the reduced subscheme structure. Then, it is a locally closed

subvariety of the ind-variety G/ P isomorphic with the affine space A“®), ¢(w)

being the length of w (cf. [K3, §7.1]). Its closure is denoted by X2 which is

an irreducible (projective) subvariety of G/P of dimension ¢(w). We denote

the point wP € CF by . We abbreviate CZ, X2 by C,,, X,, respectively.
Similarly, define the opposite Schubert cell

Cp := B wP/P C Xp,
and the opposite Schubert variety
X}lg =Cv% C XP,

both endowed with the reduced subscheme structures. Then, X7 is a finite
codimensional irreducible subscheme of Xp (cf. [Ks, Section 7.1] and [Ka,
§4]). As above, we abbreviate Cj5, Xj5 by C", X" respectively.

For any integral weight A (i.e., any character e of H), we have a G™"-
equivariant line bundle £5()\) on X associated to the character e of H.
Similarly, we have a G-equivariant line bundle £Lz-(\) on X~ = G/B~
associated to the character e* of H.

By the Bruhat decomposition

P
XP — I—leWP Ow,

the singular homology H.(Xp,Z) of Xp with integral coefficients has a ba-
sis {u(X2)bwewr, where p(XL) € Hyy)(Xp,Z) denotes the fundamental

class of XI. Let {€%},ewr be the dual basis of the singular cohomology
H*(Xp,Z) under the standard pairing of cohomology with homology, i.e.,

e (W(XP)) = 6y, for any u,v € WP,

Thus, €% € H*(")(Xp,Z). If P = B, we abbreviate ¢% by ¢*.

Let A = {aq,...,a,} C bh* be the set of simple roots, {af,...,a)} C b
the set of simple coroots and {s1,...,s,} C W the corresponding simple
reflections, where b := Lie H. Let p € X(H) be any weight satisfying

plaf)y =1, forall 1<i<r,
where X (H) is the character group of H (identified as a subgroup of h*
via the derivative). When G is a finite dimensional semisimple group, p is

unique, but for a general Kac-Moody group G, it may not be unique.
Choose elements x; € b such that

aj(z;) = 0;;, forany 1 <i,j <r. (1)

Observe that x; may not be unique.
Define the set of dominant integral weights

Pri={ANeX(H): May)€Z V1 <i<r},
and the set of dominant integral reqular weights

Py ={\eX(H): \Noy) €Z1 V1 <i <7},
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where Z, is the set of non-negative integers. The integrable highest weight
(irreducible) modules of G™™ are parameterized by P,. For A € Py, let
L(X) be the corresponding integrable highest weight (irreducible) G-module
with highest weight A.

3. NECESSARY INEQUALITIES FOR THE SATURATED TENSOR SEMIGROUP

Fix a positive integer s and define the saturated tensor semigroup I's =

[s(G):

Ty = {(M,..., A5, ) € P§T1:IN > 1 with L(Np) C L(NM)®- - @L(N )}
2)

It is indeed a semigroup by the anlogue of the Borel-Weil theorem for the

Kac-Moody case (see the identity (3]) in the proof of Theorem B.3]). We give

a certain set of inequalities satisfied by I';. But, we first recall some basic

results about the Hilbert-Mumford index.

3.1. Definition. Let S be any (not necessarily reductive) algebraic group
acting on a (not necessarily projective) variety X and let L be an S-equivariant
line bundle on X. Let O(S) be the set of all one parameter subgroups
(for short OPS) in S. Take any x € X and ¢ € O(S) such that the limit
lim;_,0 §(¢t)x exists in X (i.e., the morphism §, : G, — X given by ¢ — 0(t)x
extends to a morphism gx : A — X). Then, following Mumford, define
a number pl(xz,68) as follows: Let 2, € X be the point d,(0). Since , is
G,p-invariant via d, the fiber of I over z, is a G,,-module; in particular, it
is given by a character of G,,. This integer is defined as p™(x,6).

We record the following standard properties of y™(x,6) (cf. [MFK, Chap.
2, §1]):

3.2. Proposition. For any x € X and § € O(S) such that lim;_,o §(t)z exists
in X, we have the following (for any S-equivariant line bundles L, 11,1 ):

(a) p1®82(x,0) = ' (z,0) + p'(,9).

(b) If there exists 0 € HO(X,1L)° such that o(x) # 0, then u“(x,8) > 0.

(c) If u™(x,8) = 0, then any element of H°(X,1L)° which does not vanish
at x does not vanish at limy_,o 6(t)z as well.

(d) For any S-variety X' together with an S-equivariant morphism f :
X' — X and any ' € X' such that lim;_,o 6(t)x’ exists in X', we have
p (2!, 8) = p(f(a'), ).

(e) (Hilbert-Mumford criterion) Assume that X is projective, S is con-
nected and reductive and L is ample. Then, x € X is semistable (with
respect to L) if and only if u“(x,8) >0, for all 6 € O(S).

In particular, if * € X is semistable and 0-fizved, then p"(z,8) = 0.

The following theorem is one of our main results giving a collection of
necessary inequalities defining the semigroup I';.
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3.3. Theorem. Let G be any symmetrizable Kac-Moody group and let (A\q, - - -
Us. Then, for any uy,...,us,v € W such that ny, ., # 0, where

SU L gl — Znﬁmus e¥ e H (X, 7Z),
w

we have

Z Aj(ujx; w(vz;) >0, for any x;,

where x; s deﬁned by the equation ().
Proof. Let
Z:={(G1,-..,7s) € X) :qa X" N Ng X" NX, # 0},

where X~ := G/B™ and g; = g;B~. Then, Z contains a nonempty open set
by Proposition B7l (In fact, by Proposition 3.7 Z = (X ~)*, but we do not
need this stronger result.)

Take a nonzero o € H((X™)* x X, ﬁN)Gmin, where
L= ﬁB*()\l) X KX ﬁBf ()\5) X £B(,LL)

Such a nonzero o exists, for some N > 0, since by [K3, Corollary 8.3.12(a)
and Lemma 8.3.9],

HO((X™)* x X, .cN)Gm’"

(L(
(L<Nu), 1)V ® - @ LINA)'T)
i (L(Np), [L NAl)V ® -+ ®L(NX)V]Y)
~ Homgmin (L(Np), L(NA) @ -+ @ L(N)\s))

# 0, (3)

since (A1,...,As, ) € I's, where, for a G™"-module M, M" denotes the
direct sum of the H-weight spaces of the full dual module M*.
Pick (g1,...,ds) € Z such that o(g,...,3s,1) # 0, where 1 = 1- B. Since

(G1,-..,0s) € Z, there exists uj > uy, - ,ul, > us and v' < v such that
¢ C"1 NN gsC% N C, is nonempty. Now, pick g € G™ such that
gB € g1C*" N -+ N gsC% N Cy. (4)

By Proposition B2, for any § € O(G™"), p*(z,d(t)) > 0, where T =
(G1,-.-,7s, 1) (since o(z) # 0). By the following Lemma [34] applied to
the OPS §(t) = gt®ig~!, we get

Z)\ (ujzi)) — p(v'z;) > 0. (5)
But, by [K3, Lemma 8.3.3],

(u)) 7N <yt ().

sy 1) €

~ Homgmin (L(N )Y @ L(N)Xy)Y @ L(Np),C)
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Thus,
Aj(uhas) < Aj(ujzs).
Similarly,
pu(v'zi) > p(vz;).
Thus, from (@), we get

This proves the theorem. O

3.4. Lemma. Let g € G™™ be as in the equation [ @). Consider the one
pammeter subgroup 5(t) = gt*ig~! € O(G™™). Then,

(a) p=e=X)(g; B, 5(t)) = Nj(ujz:).

(b) B (1 - B,6(t)) = — ('),

Proof. (a) pf5=%)(g;B,6(t)) = pn- ) (g7 g; B, ).
By assumption, gj_1 geU _ugB . Write

gj_lg = bj_u;»pj, for some by € U™, p; € B.

Thus,
1=g" g]b u]p]
Let
A A AT B e | —
bi(t) —bj ujt (u]) (bj) € B™.
Then,

g by (1) = £ () ) ©)
Consider the Gy,-invariant section (via t**) of Lp—(\;) :
&(t) = (tml g_ gjs 1) mod B~
= (t" g1 g;b;(t),\;(bj()™")) mod B™.

Clearly, lim;_,q t* g_lgjbj (t) exists in G by (@).
Now,

A (05(6)71) = Ay (0w ()~ () )
= A (£47).
This gives
uEe= O (g;B7,6(1)) = Aj(uj(x:).
This proves the (a) part of the lemma.
(b) pfsW (1. B, () = 8 (g~ B, ¢%). By assumption,
g€ Bv - B.

Write
g="b'p, forbeUpcB.
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Thus,
1 =g 'o'p.
Let
b(t) = bt ™% ()"t € B.
Now,
#7g1b(t) = % p~ LT (o))" 1p L,
Thus,

limy 0 t% g 1b(t) exists in G™,
Consider the G,,-invariant section (via ¢*7)
6(t) = (t*ig~',1) mod B
= (txig_lb(t),u(b(t))) mod B.

Now,
p(b(t)) = p(bo't™" ()07
= p(t™"").
This gives
pEPU(1- B, 6(1)) = —u(v' (21))-
This proves the (b)-part and hence the lemma is proved. O

3.5. Definition. For a quasi-compact scheme Y, an Oy-module S is called
coherent if it is finitely presented as an Oy-module and any Oy-submodule
of finite type admits a finite presentation.

An Og-module S is called coherent if Sjys is a coherent Oy s-module for
any finite ideal S C W (where a subset S C W is called an ideal if for x € S
and y < x = y € S), where V¥ is the quasi-compact open subset of X
defined by

v =|JwU B/B.
weS
Let K°(X) denote the Grothendieck group of coherent O g-modules S.

Similarly, define Ko(X) := limy, oo Ko(Xy), where {X,,},>1 is the filtra-
tion of X giving the ind-projective variety structure (i.e., X,, = Ue(w) <n Cuw)
and Ky(X,,) is the Grothendieck group of coherent sheaves on the projective
variety X,,.

We also define

K"™P(X) := Invlt, 0o K*P(X,,),
where K'P(X,) is the topological K-group of the projective variety X,,.

Let * : K*P(X,,) — K%P(X,) be the involution induced from the oper-
ation which takes a vector bundle to its dual. This, of course, induces the
involution * on K*P(X).

For any w € W,

[Oxw] € K()(X)

3.6. Lemma. {[Oxw]}wew forms a basis of Ko(X) as a Z-module.
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Proof. By [CG, §5.2.14 and Theorem 5.4.17|, the result follows. O

For u € W, by [KS, §2], Oxu is a coherent O g-module. In particular, O
is a coherent O g-module.
Define a pairing

— 'l O —

<7 > : KO(X) & KO(X) — Z7 <[S]7 [‘F]> = Z(_l) X(XnaTOTZ- X(S7~F))7
if S is a coherent sheaf on X and F is a coherent sheaf on X supported in
X, (for some n), where x denotes the Euler-Poincaré characteristic. Then,
as in [K4, Lemma 3.4], the above pairing is well defined.

By [KS, Proof of Proposition 3.4], for any u € W,

Extpy (Oxu,0x) =0 Vk # l(u). (7)

Define the sheaf

X
which, by the analogy with the Cohen-Macaulay (for short CM) schemes of
finite type, will be called the dualizing sheaf of X".
Now, set the sheaf on X
€0 = L(pwxe
L(u
= L(—p)Eaty") (Oxu, Ox).

Then, as proved in [Ky4, Proposition 3.5|, for any u,w € W,

("], [0x.,]) = duyw- (8)

With these preliminaries, we are ready to prove the following result.

3.7. Proposition. With the notation as in the proof of Theorem 3.3, Z =
(X7)®, if ¥ occurs in €1 - - - e with nonzero coefficient.

Proof. We give the proof in the case s = 2. The proof for general s is similar.
For u,v € W, express

L(w)=~£(u)+£(v)

Express the product in topological K-theory K'*P(X) of X = G™"/B:
vets = Y. My,

L(w)>L(u)+£(v)
where ¢ := 7% " (7% being the Kostant-Kumar ‘basis’ of KyP(X) as in
[KK, Remark 3.14]) and {4¥ }.,ew is the corresponding ‘basis’ of K*P(X) ~
Z @R(m) K};p(X), cf. [KK, Proposition 3.25]).
Then, by [KK, Proposition 2.30],

R =m?,, it f(w) = L(u) + L(v). 9)

u,v u,v?
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Let A: X — X x X be the diagonal map. Then, by [K4, Proposition 4.1]
and the identity (&), for any u,v,w € W, g1, g € G™",
My, = (€ W] [AOx,])
= ([€" &€ (911,92 1) - (A.Ox,))),
since [(g7 1,95 1) - AvOx,,] = [AOx,,] as elements of Ko(X x X). Thus,

miy = (€ e (9192 1) - (ALOx,)]) (10)
= Z(—l)iX(X' X X,Tm*ioffx;’c (gu X ¢, (91—1792—1) . (A*Oxw)).

Now, by definition, the support of £“ is contained in X" and hence the
support of the sheaf

Oxyx _ _
Si = TOTZ' KX (gu X gv’ (gl 1792 1) : A*OXw)
is contained in
XUx X' (07 921) - A(Xw)), (11)
which is empty if
(1 X") N (g2X") N Xy = 0. (12)
Thus, if the equation (I2]) is true, then the Tor sheaf S; = 0 Vi > 0. Thus,
if the equation (I2) is satisfied,
My = 0.
Now, assume that ¢(w) = ¢(u) + £(v). Then, by the equation (@),
Ny =0,  if the equation (I2)) is satisfied.
But, since by assumption, n;;,, # 0, we see that
(1 X") N (g2 X") N Xy, # 0, for any g1, g0 € G™™,
But since G™in/(G™ N B~) = X, we get the proposition. O

4. TENSOR PRODUCT DECOMPOSITION FOR AFFINE KAC-MOODY LIE
ALGEBRAS

4.1. The Virasoro Algebra. We recall the definition of the Virasoro alge-
bra and its basic representation theory, which we need. The Virasoro algebra
Vir has a basis {C, L, : n € Z} over C and the Lie bracket is given by

Ly L] = (1 — n) Lo + %(m?’ )5y C and [Vir, C] = 0.

Let Virg := CLy®CC'. Then, a Vir module V is said to be a highest weight
representation if there exists a Virg-eigenvector v, € V such that L,v, =0
for n € Zo and U(P,,.oCLy)v, = V. Such a V is said to have highest
weight A € Virg if Xv, = A(X)v,, for all X € Virg. (It is easy to see that
such a v, is unique up to a scalar multiple and hence A is unique.) The
irreducible highest weight representations of Vir are in 1-1 correspondence
with elements of Virg given by the highest weight. Denote the basis of Viry
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dual to the basis {Lg,C'} of Virg as {h,z}. For any u € Virj, denote the
p-th weight space of V by V,,, i.e.,

Vi={veV: X v=pX)v VX € Virg}.

Define a Vir module V' to be unitarizable if there exists a positive definite
Hermitian form (-, -) on V so that (L,v, w) = (v, L_yw) for all n € Z
and (Cv, w) = (v, Cw). It is easy to see that if M is a Vir-submodule of
V, then M~ is also a submodule. Hence, any unitarizable representation
of Vir is completely reducible. Note that for a unitarizable highest weight
Vir-representation V with highest weight A, if v, is a highest weight vector,
then

1
0 < (L_nvo, L_yvy) = (LnL_pv,, v,) = (2n)\(L0)+ﬁ(n3—n))\(C))(vo, Vo)
(13)
for all n > 0. Therefore, both A(Ly) and A(C) must be nonnegative real
numbers.

Lemma 4.1. Let V be a unitarizable, highest weight (irreducible) represen-
tation of Vir with highest weight X.

(a) If N(Lo) # 0, then Vajnn # 0, for any n € Z.

(b) If A\(Lop) = 0 and N(C) # 0, then Viinn # 0, for any n € Zs1 and
Vign = 0.

(c) If N\(Ly) = A(C) =0, then V is one dimensional.
Proof. If A\(Lp) # 0, then by the equation (I3]) (since both of A(Lg) and
MNC) eRy), L_pv, # 0, for any n € Z..

If A(Lp) = 0 and A(C) # 0, then again by the equation (I3)), L_,v, # 0,
for any n € Z~1. Also, L_1v, = 0.

If A(Lp) = MC) = 0, then (by the equation (I3)) again), L_,v, = 0, for
any n € Zx>1. This shows that V' is one dimensional. 0

4.2. Tensor product decomposition: A general method. Let g be the
untwisted affine Kac-Moody Lie algebra associated to a finite dimensional

simple Lie algebra B, ie.,
g=(g®CJt,t7"]) @ Cca Cd.
Let b be a Cartan subalgebra of S Then,

h:i—h®1®CeadCd

is the standard Cartan subalgebra of g. Let § € h* be the smallest positive

imaginary root of g (so that the positive imaginary roots of g are precisely

{nd,n € Z>1}). Then, ¢ is given by 5|g oo = 0 and 0(d) = 1. For any
> aCe

A € Pi, let P(A) be the set of weights of L(A) and let P°(A) be the set of
d-maximal weights of L(A), i.e.,

P°(A)={ ebph*: A€ P(A) but A\+nd ¢ P(A) for any n > 0} .
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For any A\ € X(H), define the d-character of L(A) through A by
CAN = Z dim L(A) x4ns e,

neZ
Since § is W-invariant,
CA N = CAw), for anyw € W. (14)
Moreover, P°(A) is W-stable. It is obvious that
ch L(A) = Z caxe’. (15)
AEPO(A)

By [K3, Exercise 13.1.E.8|, for any A € P(A’) and A” € P, A”+X+p belongs
to the Tits cone. Hence, there exists v € W such that v=1(A” + X +p) € Py.
Moreover, if A” + X\ + p has nontrivial W-isotropy, then its isotropy group
must contain a reflection (cf. [K3, Proposition 1.4.2(a)]). Thus, for such a
A € P(A), ie., if A” + X+ p has nontrivial W-isotropy,

Z e(w)e? N FATP) — g, (16)
weW
Define
P+ = {A€P+A(d) :O}
For any m € Z,, let
P = {A € Py : A(c) = m},
and let
pm . p A pm
+ T i+ +
Then, Pj_m) provides a set of representatives in P_E_m) mod (P N CY).
For any A, A’, A" € P, define
TAA — (X e PO(A') : Jupavn € W and S avp € Z with
A4+ A"+ p=uvpar A(A+p) + Spar 20}

Observe that since A + p 4+ nd € P, for any n € Z, such a vp a» ) and
S a7, are unique by [Ks, Proposition 1.4.2 (a), (b)] (if they exist). Also,
observe that

T[/XV’A” =0, unlessA(c) = A'(c) + A”(c) and A" + A" — A € Q, (17)
where @ is the root lattice of g.
Proposition 4.2. For any A’ and A" € P,
ch (L(A') ® L(A")) = Z ch L(A)( Z E(UAA//’)\)cAr,AeSA,A”A‘S),
Aep(™ reTh A

where m := N'(c) + A”(c).
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SA,A”,)\6

Moreover, Z TN e(va,A7 2 )CA7 € is the character of a unitary

representation (though, in general, not irreducible) of the Virasoro algebra
Vir with central charge

m’ m" m
)

/ + 1" - )
m+g m'+g m+g

dimﬁ-(

where m' == N (c),m” := N'(c) and g is the dual Cozeter number of g.
Proof. By the Weyl-Kac character formula (cf. [K3, Theorem 2.2.1]|) and the
identity (IH), for any A’, A" € Py,

(Z E(w)ewp> ~ch L(A") - ch L(A")

weWw

(5 ) (2 o)

AEP?(A) weW
= D eaa Y e(w)e ™M) by (1)
AEP?(M) weWw

Z Z CAI’)\ Z E‘(’w)ew(v/\v/\”,A(A+p))+SA,A”,A67 by(m)

AeP(m) AeTA’ A weWw
SO DS SRR
AEP(m) AeTA/ A weW
= D D et e(ua e petianal,
(m) weWw A AT
AepP™ W AeTy
Thus,
ch (L(A/) ® L(A//)) - Z ch L(A)( Z €(UA7A”7)\)CA’,)\€SA’A”,>\5)‘
Aep(™ rerd A

To prove the second part of the proposition, use [KR, Proposition 10.3|. This
proves the proposition. O

4.3. Remark. For an affine Kac-Moody Lie algebra g, if we consider the
tensor product decomposition of L(A") ® L(A”) with respect to the derived
subalgebra g’ (i.e., without the d—action) then the components L(A) are

precisely of the form A € A’ + A" + Q, where Q is the root lattice of g (cf.
[KW]). Thus, the determination of the eigen semigroup and the saturated
eigen semigroup is fairly easy for g’.

Let 0 = Zle h;a; be the highest root of E; (with respect to a choice
of the positive roots), written as a linear combination of the simple roots
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{aq,...,ay} of g. Let
14
S = {Z nio; :m; > 0 for any i and 0 < n; < h; for some 0 < i < ¢},
i=0
where hg := 1.

Proposition 4.4. Let g be an untwisted affine Kac-Moody Lie algebra as
above. Then, for any A € Py with A(c) > 0,

Po(A)s = S(A) N P,
where P°(A)y := P°(A)N Py and S(A) ={A—p5:p5€ S}
Proof. Take A € S(A). Then, for any n > 1,

¢
A — (A +nd) Z n,a, —nd = (ng —n)ag + Z (n; — nh;)ag,
i=1
since o := 6 — 6. Now, the coefficient of some «; in the above sum is
negative, for any positive n, since A € S(A). Thus, A + nd could not be a
weight of L(A) for any positive n. Therefore, if A € P(A) N S(A), then it is
d-maximal.
By [Kac, Proposition 12.5(a)|, if A(c) # 0, then S(A) N Py C P(A).
Therefore, S(A) N Py C P°(A)+.
Conversely, take A € P°(A);1. Then, A € P(A)N Py and A+ 6 ¢ P(A).
Express A = A — ngag — Zle n;ay, for some n; € Z. Then,
)4
)\+(5:A— (no—l)ao—Z(m—hi)ai.
i=1
Again applying [Kac, Proposition 12.5(a)], A + § ¢ P(A) if and only if
A+ LA, ie., for some 0 < i < ¥, n; < h;. Thus, A € S(A). This proves
the proposition. O

5. Agl) CASE

In this section, we consider g = 5/[\2 = (@nez Ct"® 5[2) B CcdCd. In this
case h* = Ca® Co @ CAp, where « is the simple root of sly and AOIEEBCd =0
and Ag(c) = 1. Then, Ag is a zeroeth fundamental weight. The simple roots
of ;[; are ag := 6 — « and a7 := «. The simple coroots are ag =c—aV
and oy := aV. It is easy to see that an element of h* of the form mAy + %oz
belongs to Py if and only if m,j € Z4 and m > j.

Specializing Proposition [4.4] to the case of g = 5/[; , we get the following.

5.1. Corollary. For g = EE and A = mAy + ia e P,

PO(A)+:{A—ka,A—l(5—a) kl€Z+andk<§l< 2_‘7}
(18)
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Proof. The corollary follows from Proposition B4l since m1Ag + %2 a + m3d
belongs to Py if and only if m1, me € Z4 and my > mo. U

Let 7w be the projection h* = CAg @ Ca @ C§ — CAy @ Ca..
5.2. Lemma. Let g = g[\g For A = mAg + %a € Py (i.e, m,j € Z, and
m > j) such that m > 0,
m(P°(AN) ={A+ka:keZ}. (19)
Moreover, for any k € Z, let ny, be the unique integer such that A+ka+ngd €
P°(A). Then, writing k = gm + 1,0 < r < m, we have:
np =ny —q(k+71+j). (20)
Proof. The assertion (I9) follows from the identity (IS]) together with the

action of the affine Weyl group W ~ W X (ZaV) on h*, where W is the Weyl
group of sly and Za" acts on h* via:

Toav (1) = p+ np(e)a — [np(a”) + n’u(0))d, forn € Z,p e (21)
Since P°(A) is W-stable, the identity (20) can be established from the action
of the affine Weyl group element T_,,v on A + ko + ngd. O

The value of n, for 0 < r < m can be determined from the identity (IS)
by applying T,v,T,v - s1 to A — ka and applying 1,T,v - s1 to A —1(§ — a),
where s1 is the nontrivial element of W. We record the result in the following

lemma.

5.3. Lemma. With the notation as in the above lemma, the value of n, for
any integer 0 < r < m is given by

-7, for0<r<m-—j
N, =
" m—j—2r form—j<r<m.
5.4. Lemma. Take the following elements in Py :

-/

. ,
A =mhAop+ %047 A =m'Ay + %a, N =m"Ag + ‘%a’

where m :=m’ +m” and we assume that m’ > 0. Then,
! " 1
w(T[QvA ) = {N+ha: keZk=3(i—i~5")
1
ork = —3 (j +j/+j”) — 1mod M},

where M :=m + 2. In particular, by the equation (I, TA,’A” is nonempty
if and only if j_j;_jﬁ c7Z.
Moreover, for A\ =N + ka +ngd € T[/XV’A",
T ifk=1G—4—-5") mod M

kfl(jfj’fj”) 3
2
M a¥

51T ke F (G )1 o’ ifk = _% (J+J5" +7") = 1mod M,

M

VAN N =
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where Tyov is defined by the equation ([21)). Further,

(k=30 -7 =) (k+3G+5+5)+1)
= .

SAAT N =Nk +

Proof. Follows from the fact that W :I/Io/ xZa" and that p = 2A¢ + %a. O

We have the following very crucial result.

Proposition 5.5. Fiz A, A" and A" as in Lemmal[54] and asume that j_j;_j” €
Z and both of m’,m"” > 0. Then, the mazimum of{SA,A//7A DS TIJ\\I’A" and e(vp A7 \) = 1}
is achieved precisely when w(A) = N + 3 (j — j' — j") .

Proof. By Lemma [5.4] and the explicit description of the length function of
Thav (cf. [Ks, Exercise 13.1.E.3]),

7'('{)\ S le\\l’An : E(UA,A”,)\) = 1} = {A/ + kol e Z},

where M :=m + 2 and k; := j_j;_j” +IM. Take A = A’ + kjo € 7T(T[/xX AN)
for | € Z. Write k; = qym/ +r; for ¢ € Z and 0 <r <‘m’. Then, by Lemmas
6.2, B3l and B4, for X = A’ + ko (setting J := £=25-1-),

(J+j +IM +r)(J +1M —1r)

m/

SAN A = Ny — + 1M + 1+ j)

Aﬂj—jﬂ)_(j—j%2—jﬂ 7 g

M
:Z2M(1—W)+l(1+j— +ﬁ+—+n”

m/ 4m/
M M, (j—4")72=J"
=M= =)+ 11+ ) = — (= ") = = —— +p(k),
where
r2

p(k‘l) = — —l— ,j + N,

Let P = P, j» : R — R be the followmg function:
_m/ 2 Y
) %—%, if ‘ mTk:‘ %for some k € 27
P(s) = ! o p
(S_Zk) - (m4r_nj, )2, if ‘ mTk; m for some k € 27 + 1.

Let ks € Z be such a k. (Of course, ks depends upon m’ and j'.)

Claim 5.6. P(s) = (s——)forse 4+ Z.

Proof. Clearly, both of P and p are periodic with period m/. So, it is enough
to show that P(s) = p(s — %), for s — % equal to any of the integral points
of the interval [—j’,m’ — j/]. By Lemma [5.3 and the identity (20), for any
integer —j' <r <0,

pr) = e+ 1),
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and for any integer 0 < r < m’ — j/,

r(r+j)
p(r) = v
From this, the claim follows immediately. O

Fix m’ > 0. Let
I:={(t,j,m",j",7) eR’:0<j <m/, 1<m,
0<4"<m",0<j<m +m"}.
Define F: I — R by

F:(t,7,m" 3", j) tzM(l—W)—l—t(j(l——)—l—l—l—wj")

m/
()= —4")
4m/
Thus, F' is a continuous, piecewise smooth function with failure of differen-
tiability along the set

1
+ +P(§ (j—J4") +tM).

1
{(t.4"m" j" ) €T = 5(j =4 —j") +tM € m'Z}.

Claim 5.7. Let A(t) = A(t,5',m", 5", j) := F(t+1,5',m", 3", j)—F(t,j',m", ", ).
Then, on I,
(1) A is a nonincreasing function of ¢
2) A is increasing with respect to j”
3) A is nonincreasing in j
4) A(0) is decreasing in m”
5) A(—1) is nondecreasing in m”.

Proof. We compute and give bounds for the partial derivatives of A, where
they exist.

A(W) = 2M(— )+ (G M1~ ) 14 )
+P(tM + M + %(j — ") = P(tM + %(j —i").
Hence,
OB = M=)+ M(PGM + M + 5~ 1) — PeM + 35— ")
= anra - My oM )
= 2M(1— b1 ; ko),

where k1 := k‘(tH)MJr%(j_j”) and kg := ktM—l—%(j—j”)' Since 2 < k1 — kg, we
see that O;A < 0, wherever 0;A exists. Since A is continuous everywhere



SATURATED TENSOR CONE FOR SYMMETRIZABLE KAC-MOODY ALGEBRAS 18

and differentiable on all but a discrete set, A is nonincreasing in ¢.

M 1 1 1
nAt)=— — = (P AM+M+=(j —5") = P'(tM + =(j — 5" .
0 (0) = 1~ 3 (PO + 30+ 35 - ) = Pad 4 3~ 1)
Now, |P/| < 1,50 2 +1>9;A > M 1 =m42 5
For (3):
M 1 1 1
OA() = 1——+5(P(EM+M+5(j—3") = P'M + 50— "))
M 1 m’ m/
S I (5 VPR
m’ * m/’ < 2 Lt 2 0)
ki — ko
= 1- <0.
5 <0
@) and (@) follow from the following calculation:

M M 1.,

F(E+DPEM 4+ M4 35— ")~ tP (M + 50— ).

Hence,
M 1 N7 . / 1 . -1/
O A(0) = 1—2W+W(J —J)+P(M+§(J—J )
M "
< 1-2= 4+
1/
—m — 4
]
m
and
M M 1,, . 1, .
O A(=1) = —2(1-225) + (1 =22 + W(]N —j)+P'(-M + 50 —3")

M 1., . M 1.,
= _1+2W+W(‘7 —J)—Qﬁ‘i'w(]—])—k‘o
— -k,

Note that kg < —1 since _(j—2j”) - M < —mTI. Thus, 9,»A(—1) > 0. O
Claim 5.8. The mazimum of F' = F(—,j',m".j",j) : Z — R occurs at 0.

Proof. We show that A(—1) > 0 > A(0). Since A is nonincreasing in t, it
would follow that F'(0) > F'(t) for all t € Z.

Let us begin with A(—1). By the previous claim (5.7 A(—1) is as small
as possible when m” =1, 5 =0, and 7 = m/ + 1. So, let us compute with
these values:
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6 1 1 1 1
6 (Am' + 1 —imk)? (24 3w/ + 5 + dm'kg)?
i 1+ / /
m m m
mT, — ]—2/ if kg odd, k1 even
+ 0 if k1 — kg even
% — mT, if k1 odd, kg even.

Note that for m’ > 5, the possible values of (k1, ko) are (1,—1); (1,—2); or
(2,—2). So, the result, that A(—1) > 0, is established by considering such
pairs directly and by cases for smaller m’.

For A(0), we take m” =1, j” =1, and j = 0.

-3(3+m/ 3+m 1
A0) = (M—i—lﬁ- )—i—P( +24m') — P(_i)
3+ 1
-1 wm +2+m') — P(~3)
_ o, 2Btm >+<§+2+m'—%m'k1>2_<%+%m’ko>2
m/ m/ m/!
mTl_]E if kg odd, k1 even
+ 0 if k1 — kg even
%_WT' if k1 odd, kg even.

For m’ > 5, the possible values of (k1,ko) are (3,—1); (3,0); or (2,0). So,
again the result, that A(0) < 0, is established by considering such pairs
directly and by cases for smaller m’. O

This completes the proof of the proposition. O

Remark 5.9. We have shown that F(l,5',m”,j", j) = Saa» for integral
values of [. If [ is not an integer, then \; := A’ + (IM + J)a may not be

in W(le\v’AH), in which case Sj A~ , is not defined. On the other hand, if
A€ ﬂ'(T/[\\,’A”), we note that the equality F (I, 5", m”, j”, j) = Sa a»», holds,
as can be seen by letting k; = [M — %(] + 7" 4 j”) — 1 in the above proof.

Now, let us apply the same analysis to the case that e(vpavy) = —1.
By Lemma [5.4] this corresponds to k = —1 (j+4' +j”) — 1 +IM. For
A = N +Fkje, let us denote the function Sy av x by Gz (1) = Gz (L, 5" ,m", 3", j).
Thus, Gz : Z — Z.

5.10. Lemma. Define the function G = G(—,5',m”,j",j) : R = R by

]-I-l

M 7j m 7] 7])'

Then, G|z = Gz.

Hence, Sy v has a mazimum when | =0 orl = 1.
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Proof. By the proof of Proposition and Remark B.9, Sy A7 a4 (j+1)a =
F(l), for A = A" + kja. Since A = A/ + (—% (G+74 +7")—1+1IM)a, by
Proposition b5, Sy a7y = F(I — %) This proves the lemma. O

From Lmma [5.10] and the definition of F, it is easy to see that

1
G(l_t7m/_j/7m//7m//_j//7m/+m//_j)+ _(j/+j//_j) = G(t7j/7m//7j//7j)7

2
(22)
for any ¢t € R. Hence, if the maximum of Gz occurs at 1, it is equal to
1
G(0,m" — 5", m",m" — 3" m' +m" —j) + 55"+ 5"~ J). (23)

2

We also record the following identity, which is easy to prove from the defini-
tion of F.

1
PO, = " = "l " = )+ 5+ = ) = FO,7m", 5, ).
(24)
As a corollary of Proposition and Lemma [5.10 we get the following
‘Non-Cancellation Lemma’.

5.11. Corollary. Let A,A’, A" be as in Proposition [5.0 and let

/ " / "
,uﬁ AT = max {SA,AN,)\ DA€ le\\ AT and e(vaar ) = 1} ,
/ 1 / 12
,a/[; AT~ max {SA,AH,A i A e TX‘ AT and e(vaar ) = —1} .
/ " / "
Assume that ,uﬁ AT = ﬂﬁ AT Then,

A//7A/ _ //7A/
127N N

Proof. We proceed in two cases:

Case I. Suppose the maximum ﬂﬁl’A” occurs when m(A) = A'—(3 (j + j/ + j")+
Da (cf. Lemma [BI0). This means that the d-maximal weights of L(A’)
through A’ — (3 (j + i’ + j”) + 1)a and through A’ +  (j — 5/ — j”) o have
the same § coordinate (cf. Proposition (5. By (next) Lemma (.12 we
know that this occurs if and only if one of the following two conditions are
satisfied: 3 3

W |30 -7 <Fand (i +7)+1< 5, or

(2) 3G +5")+1=30-3")

The latter is clearly impossible, while the former condition is fulfilled

precisely when % (G+7)+1< %’

So, for the equality ,uﬁ/’A” = Iaﬁl’A” in this case, the neccesary and suffi-

cient condition is:

~

.

(G+7") +1< (25)

N —
o |
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Case II. Suppose the maximum ﬂﬁ/’A” occurs when m(\) = A’—(% (G+5+3"+
1 — M)a. Then, by the identities ([23]) and (24]), we get

G(0, m'—j', m//’ m”—j", m'—l—m"—j) = F(0, m'—j', m//, m”—j", m'—l—m”—j).

(26)
So, from the case I, we get in this case I, ,uﬁ AT ﬂﬁl At and only if
1 1
S " — ) (= ) 1< 5~ ). (21)

So, if either of the inequalities (25]) or (27)) is satisfied, then none of them
can be satisfied for the triple (A, A’, A”) replaced by (A, A”, A"). This proves

the corollary. O
Lemma 5.12. Suppose A'— (% (G+7 + ")+ D)a+nd and N'+1 (5 — ' — ") a+
nad are d-mazimal weights of L(A'). Then ny = ny if and only if
Lo <t
2

-/

T, J
and 5(]—1—]”)—1—1§§,

2
or3 (47" +1=350-7"
Proof. Fix an integer n and consider the set P, = {v € P(A’) : ' —v =
ka + nd, k € Z}. We give a description of P, N P°(A’). Clearly, P,
{MNA—a,..., A — (N, a¥)a} for some A = )\, and that this A is uniquely
determined by n (cf. [Ks, Exercise 2.3.E.2]). Suppose that some u € P, is
not §-maximal, then none of {u,...,u — (u,a¥)a} are d-maximal, since if
pu+kd € P(A), then the whole string {u+k9, ..., u+kd—(u, " Ya} C P(A).
In particular, if A — a is d-maximal, then so is A. Hence, gs_oL(A")y = 0
and goL(A’)y = 0. Therefore, \ is the highest weight A’. Thus, P, N P°(A’)
is either empty, or A = A’ (in the case that n = 0), or the set {\, s1\}. From
this and Corollary [5.1] the lemma follows easily. O

6. SATURATION FACTOR FOR THE Agl) CASE

We assume that g = 5/[\2 in this section.

Definition 6.1. Let A’ € P A" € P and A € PI™ ™). Then,
we call L(A + nd) the §-mazimal component of L(A") @ L(A") through A if
L(A+nd) is a submodule of L(A")® L(A”) but L(A+md) is not a component
for any m > n.

Theorem 6.2. Let ', A" A be as in Proposition[5.3 . Then, L(A+nd) is a
d-mazimal component of L(A") @ L(A”) if n = min(nq,n2), where ny is such
that A — A" +n16 € P°(A') and ny is such that A — A’ + nad € P°(A”).

Proof. This follows immediately by combining Propositions .2] and
Lemma [5.4] O

Lemma 6.3. Fiz a positive integer N. Let A € Py and let A € A + Q,

where Q is the root lattice Zow @ 7.6 of;[;. Then, NX € P°(NA) if and only
if A€ P°(A).
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Proof. The validity of the lemma is clear for A € P°(A)4 from Corollary [5.11
But since P°(A) = W - (P°(A)4), and the action of W on b* is linear, the
lemma follows for any A € P°(A). O

Corollary 6.4. Letd, € Z~1. Let A, N', A" € Py be such that A—AN' — A" €
Q and L(NA) is a submodule of L(NA') @ L(NA"), for some N € Zy.
Then, L(d,A) is a submodule of L(d,A") @ L(d,A").

Such a d, is called a saturation factor.

Proof. If A'(¢) =0 or A”(c) =0, then
LINAY @ LINA") = L(N (A + A")),

for any N > 1. Thus, the corollary is clearly true in this case. So, let us
assume that both of A’(¢) > 0 and A”(¢) > 0. Let L(NA + nd) be the -
maximal component of L(NA") @ L(NA") through L(NA), for some n > 0.
For any ¥ € P,, let ¥ € P, be the projection 7(¥) defined just before
Lemma Applying Theorem to A/, A”, A, and observing that

L(T + k) ~ L(T) ® L(ko) (28)

and L(kJ) is one dimensional, we get that there is a d-maximal component
L(A +n0d) of L(A") ® L(A”) through L(A), for some (unique) 7 € Z.
Again applying Theorem to NA',NA” NA, and observing (using
Corollary 5] that
P°(NV) D> NP°(), (29)

we get that L(NA+ Nnd) is the §-maximal component of L(NA")® L(NA")
through L(NA). Thus, n = Nn. In particular,

n > 0. (30)
Let

Z e(va av x)earne SR a0 = Z cpeMAFR=k)? (31)

A AL k€Z
AET?

for some ¢ € Z with ¢y nonzero. By Proposition [£.2] this is the character
of a unitarizable Virasoro representation with each irreducible component
having the same nonzero central charge. Thus, by Lemma 1] for any k > 1,
we get ¢ # 0.

By the above argument, L(d,A + d,nd) is the J-maximal component of
L(d,A") ® L(d,\") through L(d,A). If n = 0, we get that

L(d,A) C L(doN) ® L(d,A").

If 7 > 0, then d,n being > 1, by the analogue of (31l for d,A’,d,A” and
doA, L(d,A) C L(d,A") ® L(d,A"). (Here we have used that Lo = —d+p on
any g-isotypical component of L(A’") ® L(A”) with highest weight in A 4 Z4,
for a number p depending only upon A, A’ and A”, cf. [KR, Identity 10.25
on page 116].) This proves the corollary. O
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Remark 6.5. We note that L(2A¢—0) is not a component of L(Ag)®L(Ag) (cf.
[Kac, Exercise 12.16]). But, of course, L(2Ap) is a d-maximal component.
By the identity (BII), we know that L(2d,A¢ — d,0) must be a component
of L(d,Ap) ® L(d,Ay), for any d, > 1. So d, can not be taken to be 1 in
Corollary

7. A CONJECTURE

In this section, G is any symmetrizable Kac-Moody group. We recall the
following definition of the deformed product due to Belkale-Kumar [BK].
(Even though they gave the definition in the finite case, the same definition
works in the symmetrizable Kac-Moody case, though with only one param-
eter.)

7.1. Definition. Let P be any standard parabolic subgroup of G. Re-
call from Section 2 that {€}3},,cyr is a basis of the singular cohomology
H*(Xp,Z). Write the standard cup product in H*(Xp,Z) in this basis as
follows:
€p-€p = Z Ny w€p, for some (unique)ny/, € Z. (32)
wewPr
Introduce the indeterminate 7 and define a deformed cup product ©® as fol-
lows:
€O e = Z 7-(Wlfﬂrf1p—UF1p—p)(vﬂp)nluv’vellg, (33)
weWwPr
where xp = >, ca\a(p) Tis A(P) is the set of simple roots of the Levi L
of P and, as in Section 2, A is the set of simple roots of G.
The following lemma is a generalization of the corresponding result in the
finite case (cf. [BK, Proposition 17]).

7.2. Proposition. (a) The product ® is associative and clearly commutative.
(b) Whenever ny, is nonzero, the exponent of T in the above is a nonneg-
ative integer.

Proof. The proof of the associativity of ® is identical to the proof given in
[BK, Proof of Proposition 17 (b)].

(b) The proof of this part follows the proof of [BK, Theorem 43]. Consider
the decreasing filtration A = {A;, };m>0 of H*(Xp,C) defined as follows:

A, = EB Cep.
weW P (p—w=1p)(zp)>m
A priori {A, };m>0 may not be a multiplicative filtration.

We next introduce another filtration {F;,}m>0 of H*(Xp,C) in terms
of the Lie algebra cohomology. Recall that H*(Xp,C) can be identified
canonically with the Lie algebra cohomology H*(g,[), where [ is the Lie
algebra of the Levi subgroup L of P (cf. [Kg, Theorem 1.6]). The underlying
cochain complex C* = C*(g,[) for H*(g,[) can be written as

C* = [A*(g/1)*]' = Homy (A*(up) ® A*(uj),C),
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where up (resp. up) is the nil-radical of the Lie algebra of P (resp. the op-
posite parabolic subgroup P~). Define a decreasing multiplicative filtration
F = {Fm}m>0 of the cochain complex C*® by subcomplexes:

Fm := Homy A (uP.) @A (uP). —,C |,
@sﬂsm—l /\(5) (up) ® /\(t) (Up)

where A2, (up) (resp. /\ZS)(u]_D)) denotes the subspace of A*(up) (resp. A®(up))
spanned by the h-weight vectors of weight 8 with P-relative height
htp(B) =[ B(zp) [= s.
Now, define the filtration F = {F,, }m>0 of H*(g,) ~ H*(Xp,C) by
Fon := Image of H*(F,,) — H*(C*®).
The filtration F of C*® gives rise to the cohomology spectral sequence { E; },>1
converging to H*(C*) = H*(Xp,C). By [Ks, Proof of Proposition 3.2.11],
for any m > 0,

E' = @ [HY(up) © Hy(up)]'
s+t=m
where H{,, (up) denotes the cohomology of the subcomplex (/\Zs) (up))* of the
standard cochain complex A®(up)* associated to the Lie algebra up and sim-
ilarly for H (.t) (up). Moreover, by loc. cit., the spectral sequence degenerates
at the E; term, i.e.,
=B (34)

Further, by the definition of P-relative height,

[H{,)(up) ® H('t)(u;)][ #0=s=t.
Thus,

E* =0, unless m is even and
In particular, from (34]) and the general properties of spectral sequences (cf.

[K3, Theorem E.9|), we have a canonical algebra isomorphism:

gr(F) ~ P [H],,) (up) @ HE,, (up)] (35)
m>0

where [H (m) (up)®H (m) (up)] ' sits inside gr(F) precisely as the homogeneous

)
part of degree 2m; homogeneous parts of gr(F) of odd degree being zero.
Finally, we claim that, for any m > 0,

Following Kumar [K;], take the d-0 harmonic representative §* in C'*® for
the cohomology class €. An explicit expression is given in [K;, Proposition
3.17]. From this explicit expression, we easily see that

A C Fopn, for all m > 0. (37)
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Moreover, from the definition of A, for any m > 0,

An =#{we Wt (p—wtp)(xp) = m}.
m+1

Also, by the isomorphism (B5) and [K3, Theorem 3.2.7],

dim

dim Fom_ _ #{weW?: (p—wp)(zp) =m}.

2m—+1
Thus,
. -Am . Jfém
dim = dim = . 38
A1 Fom+1 (38)
Of course,
Ao = Fo. (39)

Thus, combining the equations (37), (38) and (33), we get (B8]). It is easy to
see that the filtration {Foy, }m>0 is multiplicative and hence so is { Ay, }im>o0-
This proves the (b) part of the proposition. O

The cohomology of X p obtained by setting 7 = 0 in (H*(Xp, Z)RZ[7],®)
is denoted by (H*(Xp,Z), o). Thus, as a Z-module, it is the same as the
singular cohomology H*(Xp,Z) and under the product ® it is associative
(and commutative).

The following conjecture is a generalization of the corresponding result in
the finite case due to Belkale-Kumar [BK, Theorem 22].

7.3. Conjecture. Let G be any indecomposable symmetrizable Kac-Moody
group (i.e., its generalized Cartan matriz is indecomposable, cf. [Ks, § 1.1])
and let (A1,...,As, 1) € Pj“. Assume further that none of \; is W-
invariant and [ — ijl Aj € Q, where Q) is the root lattice of G. Then,
the following are equivalent:

(a) ()\1,...,)\8,/1) el.

(b) For every standard mazimal parabolic subgroup P in G and every
choice of s + 1-tuples (wy,...,ws,v) € (WE)FL such that €% occurs with
coefficient 1 in the deformed product

ept g - O ep® € (H*(Xp,Z), @),
the following inequality holds:

(Z )‘j(wj:EP)) - M(U:EP) >0, (1(1131;1,...,103,1}))
=1

where o, is the (unique) simple root in A\ A(P) and xp = x;,.

7.4. Remark. (a) By Theorem [3.3] the above inequalities I7 are

(W1 yws,v)
indeed satisfied for any (\1,...,As, u) € Ts.
(b) If G is an affine Kac-Moody group, then the condition that A € Py is
W-invariant is equivalent to the condition that A(¢) = 0.
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7.5. Theorem. Let g = g[\g Let \,p,v € Py be such that \+p—v € Q and
both of A(¢) and p(c) are nonzero. Then, the following are equivalent:

(a) (}\”u,,V) S F2-

(b) The following set of inequalities is satisfied for allw € W and i = 0, 1.
AMz;) + p(wzi) — v(wz;) = 0, and
Mwz;) + p(z;) — v(wz;) > 0.

In particular, Conjecture 1s true for g = EE and s = 2.
Proof. By Lemma [5.2] there exist (unique) ny,n9 € Z such that
v—p+nid € P°(N), and v — A+ nad € P°(p).

Let n := min (n1,n2). By our description of the J-maximal components
as in Theorem applied to A, /i, 7 and using the identity (28), we see
that L(v 4+ nd) is a d-maximal component of L(A) ® L(u). Thus, by the
equation (29)), for any N > 1, L(Nv 4+ Nnd) is a J-maximal component of
L(N)) ® L(Np). In particular, by Proposition and Lemma 47

L(Nv) C L(NX) ® L(Np) for some N > 1 if and only if n > 0. (40)

By [Kac, Proposition 12.5 (a)], if a weight v+ ké € P(\) (for some k € Z),
then v € P(A). Thus,

n >0 if and only if v € (P(X) + p) N (P(p) + A). (41)

We next show that
PO = (A +Q)NCh (42)

where Cy\ = {y € b* : Aa;) — y(wz;) > 0 forall w € W and all z;}.
Clearly,

PA) Cc(A+Q)NCh.

Since A + @ and C'y are W-stable, and A + @ is contained in the Tits cone
(by [Ks, Exercise 13.1.E.8(a)]), A+ Q)NCrx=W - (A+Q)NCxN Py).

Conversely, take v € (A 4+ Q) NCy\ N Py. Then, (A — v)(z;) > 0 and
(A —=7)(c) = 0 and hence A — v € ®;Z;a;, i.e., A > 7. Thus, by [Kac,
Proposition 12.5(a)|, v € P(A). This proves ([42)). Now, combining (40)), (4]
and ([@2), we get L(Nv) C L(NA)® L(Np) for some N > 1 if and only if for
allw e W and ¢ = 0,1,

A@i) = (v = p)(wai) 2 0, and p(z;) — (v — A)(wz;) = 0.

This proves the equivalence of (a) and (b) in the theorem.
To prove the ‘In particular’ statement of the theorem, let Py (resp. Pp)

be the maximal parabolic subgroup of G = SLy with A(Fy) = {a1} (resp.
A(Py) ={ap}). For any n > 0, let

Wy, = ... 808150 (n-factors) and v, :=...s159s1 (n-factors).
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Then, by [K3, Exercise 11.3.E.4], H*(G/Fy) has a Z-basis {€p, }n>0, where
€, = e‘,gg. Moreover,

En . Em _ n—+m en—i-m
Py “Py — n Py
n-+m

In particular, e, appears with coeflicient one in €} - €5 if and only if at
least one of n or m is 0. -

By using the diagram automorphism of SLg, one similarly gets that H*(G/P;)
has a Z-basis {€p, }n>0, where € := €}, with the product given by

n-+m
€p, - €p = < >e7}§jm.
n
Moreover, from the definition of the deformed product ®g, clearly
0 0
€p, @0 €p, = €p, " €

and similarly for P;. From this the ‘In particular’ statement of the theorem
follows. O

7.6. Remark. (1) It is easy to see that if A = md for some m € Z, then the
equivalence of (a) and (b) in the above theorem breaks down.

(2) Though we have proved Conjecture [7.3] for SL, only for s = 2, it is
quite likely that a similar proof will prove it for any s (for SLo).

8. THE Af) CASE

By a method similar to that of Agl), we handle the Ag) case, with minor
modifications where necessary. Write h = Cc @ Ca¥ & Cd and h* = Cwy @
Ca @ C§, where a(a¥) =2, §(d) =1, wo(c) = 1, and all other values are 0.

Then (b, {ag := § —2a, a1 := a}, {a := c—3a",af = a"}) is a realization

of the GCM
2 -1
—4 2

of A§2). The fundamental weights are wy and w; = %wo + %a. This eas-
ily allows one to compute the dominant J-maximal weights. Analogous to
Corollary .11 we have the following:

8.1. Lemma. Let A be a dominant integral weight. Then, the dominant
d-maximal weights of L(\) are the dominant weights of the form

Pon{A—jo, A\+kQ2a—0), \+a—0+1(2a—9) : j,k,l € Z>o}.
Moreover, P°(X) is the W -orbit of the above.
Again, to determine the saturated tensor come, it is enough to describe
the §-maximal components. Thus, to determine the d-maximal components,

by virtue of proposition [£2] we must find the highest J-degree term in
ZAeTJJ\V,AH E(UA,AH,)\)CA/)\eSA)A”»AJ. This computation is done in a somewhat
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similar manner as in the Agl) case, but there are some important modifi-
cations. First, we need to use two different piecewise smooth functions to
describe the §-maximal weights of L(\). An upper function AT interpolates
the §-maximal weights which are in the W-orbit of the dominant weights of
the form

{)\—ja,)\+k(2a—5) Zj,kGZZ()},

while another function A~ interpolates the §-maximal weights in the W-orbit
of the dominant weights of the form

{)\—ja,)\+a—5+l(2a—5) Zj,ZEZZO}.

Now, all of the arguments made in the EE case must be made for two
extensions of Sy a» ) to non-integral values, using A™ and A~ respectively.
Let A := mowop + miw1, A" := mywo + mjwy, and A” := m{wy + mfw;. The
following result is an analogue of Proposition and Lemma .10 for the
Ag) case.

Proposition 8.2. Let A, A, A" be as above. Assume that both of A'(c) and
A'(c) >0 and A — N — A" € Q, where Q = Za + 74 is the root lattice of

A" of the set

A/ A//
{SAAH’)\ WS TA B E(UA,AH’)\) = 1}

Ag) . Then, the mazimum ,uf’

’ 1"
occurs when A = A + £ (m1 —m) —m{)a mod C§. The mazimum T

of the set

A/ A//
{SAAH,)\ T AE TA S E(UA,AH’)\) = —1}

occurs when A = A — (3(m} + m{ + m1) + 1)a mod C§ or when A\ =

AN — (A(m) +m{ +m1) —2(A'(c) + A(c) + 1)) mod C4.

8.3. Corollary. Let A, A, A" be as in Proposition[8.3. Assume further that
N(e) > 2, N'(c) > 2, m,m]| #1. Then, z'f,uﬁ AT ﬂﬁ A" e have

AII Al _A// Al
127N 27N

The proof of Corollary B3l requires a description of the situations in which
,uﬁ AT = ﬁﬁ A" We reduce these situations to certain cases, and show that

in most of these cases, if the roles of A’ and A” are interchanged, then (as in
the sly case) the equality does not occur. In the remaining cases, we show
that A'(c) <2, A"(c) <2, m| =1, or m] =1.

Theorem 8.4. Let A, ', A" be as in Proposition[82. Then, L(A +nd) is a
d-maximal component of L(A") @ L(A”) if n = min(nq, n2), where ny is such
that A — A" 4+ n16 € P°(A') and ngy is such that A — A"+ nad € P°(A”).

Lemma 8.5. Fir a positive integer N. Let A € Py and let A € A + Q.
Then, NX € P°(NA) if and only if X € P°(A).
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Combining the above results, we get a description of I's, which is identical

to that of sl (cf. Theorem [T.5]).

8.6. Theorem. Let g = Agz)‘ Let A\, u,v € Py be such that \+p—v € Q
and both of A(c) and p(c) are nonzero. Then, the following are equivalent:
(a) (A, p,v) € T'a.
(b) The following set of inequalities is satisfied for allw € W and i = 0, 1.

AMz;) + p(wzi) — v(wz;) = 0, and
Mwz;) + p(z;) — v(wz;) > 0.
In particular, Conjecture 1s true for this case as well for s = 2.

The ‘In particular’ statement of the above theorem follows by using the
description of the cup product in the cohomology of the full flag variety of
Ag) given by Kitchloo [Ki].

It is clear that if the level of L(A’) or L(A”) is zero, then the tensor
product has a single component. Thus, it is already saturated. Assume now
that the levels of both of L(A’) and L(A”) are > 0. Then, since there are
representations of level %, the conditions of Corollary [R.3]are satisfied for any
NA, NN, NN with A — A" — A” € Q, provided N > 4. Hence:

Corollary 8.7. For Ag), 4 s a saturation factor.

8.8. Remark. When the Kac-Moody Lie algebra g is infinite dimensional,
then the saturated tensor semigroup I's is not finitely generated, for any
s > 2. Thus, it is not clear a priori that there exists a saturation factor for
such a g.
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