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Abstract. We investigate the starlike, convex and close-to-convex functions of complex
order involving generalized multiplier transformations by means of the Hadamard product.
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1. INTRODUCTION

Let A denote the class of functions of the form:
(1.1) f(2) :z—f—Zakzk,
k=2

which are analytic in U = {z € C: |z| < 1}. A function f € A is said to be starlike
of complex order b (b € C* = C\ {0}) if 271 f(2) # 0 and

(1.2) Re{1+ %(z}fég) ~1)} >0,

and is said to be convex of complex order b (b € C*) if f'(z) #0 (2 € U) and

(1.3 Re{1+ 358} >0
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We denote by Sg(b) and Ky(b) the subclass of A consisting of functions which are
starlike of complex order b and the subclass of A consisting of functions which are con-
vex of complex order b, respectively. Furthermore, let S7(b) and K;(b) denote the
classes of functions f € A satisfying

zf'(2) .
(1.4) ‘f(z) —1‘<|b|, beC*,
and

zf"(z) .
(1.5) ‘f,(z) ‘<|b|, be Cr,

respectively.
We note that S7(b) C S§(b) and K;(b) C Ko(b) (see [6]),

(1.6) f € Kob) & 2f € S5(b), becC*
and
(1.7) FEKi(b) & zf € S7(b), beC".

The class Sg(b) was introduced and studied by Nasr and Aouf (see [7] and [8]),
the class Ko(b) was introduced by Wiatrowski (see [13]) and the classes S7(b) and
K (b) were introduced by Choi (see [6]).

Remark 1.1. Putting b = 1 —a, 0 < a < 1, we have the known class
Sl —a) = S*(a) (Ko(1—a) = K()), where S*(a) (K («)) denotes the usual class
of starlike (convex) functions of order a (see [9]).

In [6], Choi introduced the class Cy(b, d) of complex order b (b € C*) and complex
type d (d € C*) defined as follows.

A function f € A is said to be in the class Cy(b,d) (b,d € C*) if there exists a
function h(z) € Si(d) (d € C*) satisfying the condition

E(ZfTZ)
b\ h(z)

Remark 1.2. We note that Cy(b,1) = C(b) is the class of close-to-convex func-
tions of complex order b (b € C*) which was introduced by Al-Amiri and Fernando
(see [1]), Co(1 — a,1 — B) = C(a, B) (0 < o, < 1) the class of close-to-convex
functions of order a and type 8 studied by Aouf (see [3]), and Cy(1,1) = C the class
of close-to-convex functions.

(1.8) Re{1+ —1)}>0, zel.
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For functions f € A given by (1.1) and g € A given by
o0
(1.9) g(z)=z+ Zbkzk,
k=2

we define the Hadamard product (or convolution) of f and g by

(1.10) (f*g)(z —z—l—Zakbkz * f)(2).

Catas et al. (see [4]) motivated the multiplier transformation by the operator
I"A\): A—-A(neNyg=NU{0} ={0,1,2,...}, A >0, ] > 0) of the infinite series

(1.11) ") f(z) = 2+ Z(%)nawk.

It follows from (1.11) that I°(\, 1) f(2) = f(2),
DI A Df(2) = 1= (DI (A D f(2))

for all integers n; and ns.

For different values of I, n and A, the operator I"™(\,l) generalizes many others,
see cf. [2], [5], [11] and [12].

If f is given by (1.1), then we have

(1.12) I"(A D) f(2) = (X0 = f)(2),
where
(1.13) ehi(z) =2+ Z(%)nzk

In this paper, we investigate the starlike, convex and close-to-convex functions
of complex order involving generalized multiplier transformations by means of the
Hadamard product.

To prove our main results, we need the following lemmas.

Lemma 1.1 ([10]). Let ¢(z) and g(z) be analytic in U with ¢(0) =
¢'(0) # 0 and ¢'(0) # 0. Further, let for every o (|o| =1) and o (|o| = 1)

¢(z)*( )g(z);éO, zeU*=U\{0}.

Then for each function F'(z) analytic in U and satisfying the inequality Re{F'(z)} > 0,

GFG)Y .
Re{ Gr i }>o, €.

g(0) = 0,

1+ ooz
1—-o0z

z € U, we get
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Lemma 1.2 ([10]). If ¢(z) is convex and ¢(z) is starlike in U then for every
function F(z) analytic in the unit disc U and satisfying the inequality Re{F'(z)} > 0,

(6 Fg)(2)
re{ G000

z € U, we get
}>m zel.

2. MAIN RESULTS

We assume in the reminder of this paper that b € C*, n € Ng, A > 0,1 > 0, z € U*,
h(z) € S5(b) andf(z) is defined by (1.1).

Theorem 2.1. Let f(z) € S§(b) and let

1+ ooz
1l—0z

(2.1) Pri=) x (T )bf (=) # 0.

Then
I"(ADf(2) € So(b)
for every o (lo| = 1) and o (|o| = 1).

Proof. It is sufficient to show that for every o (Jo] = 1) and ¢ (Jo| = 1),

Lrz(I"(N\Df(2)
Since
Lrz(I"(N\Df(2) o, Lt D(=f(2))
23 1+ D) 1) =1+5( "N fG) 1)

_ o) * (- Df(2) +2f'(2))
Ph1(2) xbf(2) ’

in Lemma 1.1, we see that

Re{l—k%(%—l)} >0,

which completes the proof of Theorem 2.1. O
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Putting [ = 0 in Theorem 2.1, we get

Corollary 2.1. Let f(z) € S§(b) and

D;L(1+gaz

1—0z

Then
xf(z) € S5(b)

for every o (Jo| =1) and ¢ (|o| = 1).

Putting I = 0 and A = 1 in Theorem 2.1, we get

Corollary 2.2. Let f(z) € S;(b) and

DH(M)bf(z) £ 0.

1—0z

Then
D" f(z) € S5(b)

for every o (o] = 1) and ¢ (Jo| = 1).

Putting A = 1 in Theorem 2.1, we get

Corollary 2.3. Let f(z) € S;(b) and

i (R Y05 # 0.

1—0z

Then
11" f(z) € S5(b)

for every o (o] = 1) and ¢ (Jo| = 1).

Putting I = A =1 in Theorem 2.1, we get

Corollary 2.4. Let f(z) € S;(b) and

In(w)bf(z) £0.

1—0z

Then
Inf(z) € S5(b)

for every o (o] = 1) and ¢ (Jo| = 1).

Jbf(2) £ 0.
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Corollary 2.5. Let ¢} () be convex and let f(z) € S7(b), [b| < 1, where ¢¥ ()
is given by (1.13). Then I™(\,1)f(z) € S§(b).

Proof. From the hypothesis, we have
f(z) € S7(b) € §7(0) = 5", b <1,

where S* denotes the class of all functions in A which are starlike (with respect to
the origin) in U. By applying Lemma 1.2 and in view of Theorem 2.1, we have the
desired result immediately. O

Theorem 2.2. Let f(z) € Ko(b) and

1"\, 1)(

14 00z

27 )bz '(2) # 0.

Then
I"(N, 1) f(2) € Ko(b)

for every o (o] = 1) and o (Jo] = 1).
Proof. Applying (1.6) and Theorem 2.1, we observe that
f(z) € Ko(b) & 2f'(2) € S5(b) = I"(A, D)z f'(2) € S5(b) = 2(I"(N\, 1) f(2))" € S5 (D)
& I"(A 1) f(2) € Ko(b),
which evidently proves Theorem 2.2. Il

Taking [ = 0 in Theorem 2.2, we get

Corollary 2.6. Let f(z) € Ko(b) and

r(E ey 21

Then
3 f(z) € Ko(b)

for every o (o] = 1) and o (Jo] = 1).
Taking [ = 0 and A = 1 in Theorem 2.2, we get

Corollary 2.7. Let f(z) € Ko(b) and
D" (FE2 )b p'(2) # 0

1—0

Then
D" f(z) € Ko(b)

for every o (o] = 1) and ¢ (Jo| = 1).
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Taking A = 1 in Theorem 2.2, we get

Corollary 2.8. Let f(z) € Ko(b) and

1 (9212 £ 0

Then
Il f(2) € Ko(b)

for every o (lo| = 1) and o (|o| = 1).
Taking [ = A =1 in Theorem 2.2, we get

Corollary 2.9. Let f(z) € Ko(b) and

1, (S22 b2y (2) # 0.

1—o0z

Then
Inf(z) € KO(b)

for every o (o] = 1) and ¢ (Jo| = 1).

Corollary 2.10. Let ¢} ,(z) be convex and let f(z) € Ki(b), [b] < 1, where
©X 1 (2) is given by (1.13). Then I"(\,1)f(2) € Ko(b).

Theorem 2.3. Let f(z) € Cy(b,b) and

(=)« (T2 Yom(z) 0.

Then
In(>‘7 l)f(Z) € CO(ba b)
for every o (o] =1) and ¢ (|o| = 1).

Proof. By Theorem 2.1, we have that if h(z) € S§(b), then I" (A, 1)h(z) € S§(b).
It is sufficient to show that

RQ{H%(—Z(;:((AA:;))/{((;)) —1)} >0, zel.

Since
Lrz(I"(\ D f(2) LI\ D(zf(2))
g ( "N Dh(2) ~1)=1 E(W_l)
_ PRaz) x (b= Dh(z) +2/'(2))

Sﬁf\b,z( z) * bh(2) ’
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putting ¢(2) = ¢% ;(2), g(2) = bh(z) and

in Lemma 1.1, we see that

Re{l—k%(%—l)} >0,

which completes the proof of Theorem 2.3.
Taking | = 0 in Theorem 2.3, we get
Corollary 2.11. Let f(z) € Cy(b,b) and

n(1l+ 00z
DA(l

)bh(z) £ 0.

— 0z

Then
DY f(z) € Co(b,b)

for every o (o] = 1) and ¢ (Jo| = 1).

Taking [ = 0 and A = 1 in Theorem 2.3, we get

Corollary 2.12. Let f(z) € Cy(b,b) and

D"(ll‘:gjj)bh(z) £ 0.

Then
D" f(z) € Cy(b,b)

for every o (o] =1) and ¢ (|o| = 1).

Taking A = 1 in Theorem 2.3, we get

Corollary 2.13. Let f(z) € Cy(b,b) and

Then
I'f(2) € Co(b,b)

for every o (o] = 1) and ¢ (Jo| = 1).
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Taking [ = A = 1 in Theorem 2.3, we get
Corollary 2.14. Let f(z) € Cy(b,b) and

1 o2
I, (%) bh(z) # 0.
Then
I,f(z) € Cy(b,b)
for every o (|lo| =1) and ¢ (|o| = 1).
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