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Abstract. The Riccati equation method is used to study the oscillatory and non-
oscillatory behavior of solutions of linear four-dimensional Hamiltonian systems. One
oscillatory and three non-oscillatory criteria are proved. Examples of the obtained results
are compared with some well known ones.
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1. INTRODUCTION

Let A(t) = (a;u(t))F i1, Bt) = (0ju(t)F k1, C() = (cji(t))F 1, t > to, be
complex-valued continuous matrix functions on [tg,00) and let B(t) and C(t) be
Hermitian, i.e. B(t) = B*(t), C(t) = C*(t), t > to. Consider the four-dimensional
Hamiltonian system

(1) ¢ =At)p + B(t)y,
' V=0 — A ()Y, t>to.
Here ¢ = (¢1,%2), ¥ = (1,1%2) are unknown continuously differentiable vector

functions on [tg,00). Along with the system (1.1) consider the linear system of
matrix equations

(1.2)

o' = A(t)® + B(1)T,
U =Ct)D — A* ()W, t>tg,

where ®(t) and ¥(¢) are unknown continuously differentiable matrix functions of
dimension 2 X 2 on [tg, 00).
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Definition 1.1. A solution (®(t),
(or prepared, preferred) if ®*(¢)¥(t) =

t)) of the system (1.2) is called conjoined
*W)D(t), t = to.

Definition 1.2. A solution (®(¢), U(¢)) of the system (1.1) is called oscillatory
if det ®(t) has arbitrarily large zeros.

v
v

Definition 1.3. The system (1.1) is called oscillatory if all conjoined solutions
of the system (1.2) are oscillatory, otherwise it is called non-oscillatory.

The study of the oscillatory and non-oscillatory behavior of Hamiltonian systems
(in particular of the system (1.1)) is an important problem of qualitative theory of
differential equations and many works are devoted to it (see, e.g., [1], [4], [11]-[14],
[16], [18]-[20] and works cited therein). For any Hermitian matrix H, we denote
by H > 0, H > 0, its nonnegative (positive) definiteness. In the works [1], [4],
[12]-[14], [16], [18]-[20], the oscillatory behavior of general Hamiltonian systems is
studied under the condition that the coefficient corresponding to B(t) is assumed
to be positive definite. In this paper we study the oscillatory and non-oscillatory
behavior of the system (1.1) in the case where the assumption B(t) > 0, ¢ > to, may
be violated.

2. AUXILIARY PROPOSITIONS

Let f(t), g(t), h(t), h1(t) be real-valued continuous functions on [tg, c0). Consider
the Riccati equations

(2.1) Y+ f()y® + g(t)y + h(t)
(2:2) Y+ O+ gty + () =

0, t>to,
0, t>t

VoV

0-

Theorem 2.1. Let equation (2.2) have a real-valued solution yi(t) on [t1,t2)
(to < t1 < t2 < o0), and let f(t) > 0, h(t) < hi(t), t € [t1,t2). Then for each
Yoy = y1(to) equation (2.1) has a solution yo(t) on [ti,t2) with yo(to) = y(0), and
yo(t) = yl(t), te [tl,tg).

Proof. A proof for a more general theorem is presented in [6] (see also [7]). O

Ig,h(f;t)Z/texp<—/tg(s)ds>h(7)d7', t>E& >t
I3 T

Let tg < 79 < oo and let tg < t; < ... be a finite or infinite sequence such that

Denote

ti € [to, 0], K =1,2,... We assume that if {¢;} is finite then the maximum of ¢ is
equal to 79 and if {¢;} is infinite then klim tr = To.
— 00
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Theorem 2.2. Let f(t) >0, t € [to, 70), and

t T
/exp(/ (g(s)—Igﬁ(tk;s))ds)h(r)drSO, t € [tk,tht1), K=0,1,...
tr

tr

Then for every ypy > 0 equation (2.1) has a solution yo(t) on [to, 7o) satisfying the
initial condition yo(to) = Yoy and yo(t) = 0, t € [to, To).

Proof. See the proof in [7]. O

Consider the matrix Riccati equation
(2.3) Z'+ZBt)Z + A*(t)Z + ZA(t) — C(t) =0, t > to.

The solutions Z(t) of this equation existing on an interval [t1,t2) (to < t1 < t2 < 00)
are connected with solutions (¢(t), U(t)) of the system (1.2) by the following relations
(see [11]):

(2.4)  @'(t) = (A(t) + B)Z(1))®(t), D(t1) #0, W(t) = Z()®(t), t € [t1,t2).

Let Zy(t) be a solution to equation (2.3) on [t1,%2).

Definition 2.1. We say that [t1,t2) is the mazimum ezistence interval for Zy(t)
if Zy(t) cannot be continued to the right of ¢; as a solution of equation (2.3).

Lemma 2.1. Let Zy(t) be a solution of equation (2.3) on [t1,t2) and let to < co.
Then [t1,t2) cannot be the maximum existence interval for Zy(t) provided the func-
tion G(t) = fttl tr(B(1)Zo(T))dT, t € [t1,t2), is bounded from below on [t1,12).

Proof. The proof is similar to that of Lemma 2.1 in [11]. O

Assume B(t) = diag{b1(t),ba(t)}, t = to. Then it is not difficult to verify that for

211 212

Hermitian unknowns Z = , equation (2.3) is equivalent to the following

Z12 %22
nonlinear system:
211 +b1(t)2% + 2Rear1(t)z11 + ba(t)]212]2
+ a21(t)z12 + G21(t)Z12 — c11(t) = 0,
(2.5) 219 + (b1 (t)z11 + b2(t) 222 + @11 (1) + aga(t))z12 -
+ a12(t)z11 + a21(t)z22 — c12(t) =0,
2ho + ba(t) 224 + 2 Re aga(t) 222 + by (t)]212]2

+ @12(t)z12 + a12(t)Z12 — c22(t) = 0,
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If ba(t) # 0, t > to, then it is not difficult to verify that the first equation of the
system (2.5) can be rewritten in the form

(2.6) 2y + bi(t)zd + 2Reanr (t)211
az (t) 2 laxn ()
by (t - —en(t) =0, t>to,
+ ba(t)|212 + ba (1) 5o (1) () ) 0
and if, in addition, as1(t)/b2(t) is continuously differentiable on [tg, c0), then by the
substitution
as1 (T
(2.7 s =y - 20

t>t
b2 (t) ) 05
in the first and second equations of the system (2.5), we get the subsystem

|ag: (1) ?
ba(t)

21y + b1(t)27) + 2Rear (t)z11 + ba(t)|y]* — —c(t) =0,

Y+ (br(t)z11 + ba(t)z22 + @11 (t) + aga(t))y

+ (anlt) - gfan (@) o - ()

(dll(t) + Clgg(t)) — Clg(t) =0, t > 1.

@Ql(t)

2(t)
Analogously, if b1 (t) # 0, t > to, then the third equation of the system (2.5) can be
rewritten in the form

~

(2.9) 2’52 + by (t)z§2 + 2Reasgs (t)ZQQ
a(t) 2 |aiz(t)?
J— _ p— >
+b1(t)|212 + b (1) b () co2(t) =0, t=>to,

and if, in addition, a12(t)/b;1(¢) is continuously differentiable on [tg, o), then by the
substitution

alg(t)
bi(t)’

in the second and third equations of the system (2.5) we obtain the subsystem

(2.10) zZ12 =0V — t = to,

2ho + ba(t) 235 + 2 Re aga(t) 222
|a12(t)[?
b (t)
v+ (b1(t)z11 + ba(t) 222 + @11 (t) + a2 (t))v

+ (dgl(t) — zj Eg alg(t))z22 _ (%112(%))/

(a11(t) + aza(t)) —c12(t) =0, &> to.

—+ bl(t)|’l}|2 — - 022(t) = 07

(2.11)

ai12 (t)
b1(t)
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If (z11(¢),y(¢)) is a solution of the subsystem (2.8) on [to,t1) (to < t1 < 00) with
y(to) = 0 and (z22(t),v(t)) is a solution of the subsystem (2.11) on [to,t1) with

v(to) = 0, then by Cauchy formula from the second equation of the subsystem (2.8)
and from the second equation of the subsystem (2.11), we have, respectively,

y(t) = _exp(_ /t:bl(T)zH(T)dT> /t: (exp(/t(: bl(s)zll(s)ds)>/

<G =55 (- [ 0 iy

+ /t: exp <— /Tt(b1(5)211(s) + b2(s)222(8) + a@11(s) + aza(s)) dS)

() + Tt ante) + et + eatr)

o(t) = — exp<_ /t: b (7)222(7) dT> /t: (exp(/t[: ba(s)z22(s) ds)>/

X (6;)221((7_7)) - 2112((:))) exp <— /Tt(b1(5)211(5) + an(s) + a22(5))d5) dr

+ /t: exp (— /Tt(b1(8)z11(8) + by(8)z20(8) + a@11(s) + aza(s)) ds>

(820 1 50 a0+ () ),

From here it is easy to derive the following lemma.
Lemma 2.2. Let b;(t) > 0, j = 1,2, let the functions ai2(t)/bi(t), G21(t)/b2(t)
be continuously differentiable on [to,t1) (to < t1 < oo) and let (z11(t),y(t)) and

(222(t),v(t)) be solutions of the subsystems (2.8) and (2.11), respectively, on [to,t1)
such that z;;(t) 2 0, t € [to,t1), j = 1,2, y(to) = v(to) = 0. Then

w(6)] < M) + / eXp(— / ‘(@ (s) 4 a22<s>>ds)

((@2@)/ am(( e (1) + an(r) + () | dr.

(1)
lu(t)] P( (a11(s) + aza(s))ds
x ((alf((:))) ‘“12(( ))( (1) + an(r) + ea(n)) dr, ¢ € [to, 1),
where
Mt) = mae exp( / t(an(s)+a22(s))ds)(62112((:)) ~ c;?((:)))" —
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Lemma 2.3. For any two square matrices My = (mj;)i—;, Mz (mz»);’j:1 the

ij
equality
tr(MlMQ) = tI‘(MQMl)

is valid.

Proof. We have tr(M;M2) = Z(Z m;kmij) = Z(
j=1 k=1 k=1

2

N1 2
ijkmkj) =
Jj=1

1 mijm}k) = tr(MyM;7). The lemma is proved. O

3. MAIN RESULTS

Let fix(t), j,k = 1,2, t > to, be real-valued continuous functions on [ty, c0).
Consider the linear system of equations

{ 1 = fu(t)pr + fr2(t)en,

(3.1)
P = for(£)p1 + foo(t)1, t = to,

and the Riccati equation

(3.2) Y + fra)y® + (fr(t) = fa2(t))y — fr2(t) =0, t>to.

All solutions y(t) of the last equation, existing on some interval [t1,t2) (fo < t1 <
ts < o0), are connected with solutions (p1(t),41(¢)) of the system (3.1) by the
following relations (see [8]):

(33)  @it) = ga(tr)exp ( [ () + fn(T))dT), o1(tr) £ 0,
Pi(t) =y(t)er(t), teti,ta).

Definition 3.1. The system (3.1) is called oscillatory if for its every solution
(p1(t),91(t)) the function ¢4 (t) has arbitrarily large zeros.

Remark 3.1. Some explicit oscillatory criteria for the system (3.1) are proved
in [10] and [11].

3.1. The case where B(t) is a diagonal matrix. In this subsection we will
assume that B(t) = diag{b1(t), b2(t)}. Denote:
Cjj (t) if bg_j (t) = 07
Xi(t) = 5. (t)]? t=to, j=1,2.
=Y e + lomaa®F ey iy 2
bs—;(t)
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Theorem 3.1. Assume b;(t) > 0, t > ty, and if b;(t) = 0 then as_;;(t) = 0,
j=1,2,t > tg. Under these restrictions, the system (1.1) is oscillatory provided one
of the systems

(3.4;) { @1 = 2Re(az;(t))p1 + bj(t)en,

P = —x;(t)er, t > to,
7 =1,2, is oscillatory.

Proof. Suppose the system (1.1) is not oscillatory. Then for some conjoined
solution (®(¢), U(t)) of the system (1.2), there exists t; > t¢ such that det ®(t) # 0,
t > t1. Due to (2.4), it follows that Z(t) = W(t)®'(t), t > t1, is a Hermitian

le(t) ZIQ(t)) t > tl' Considel"

solution to equation (2.3) on [t1,00). Let Z(t) = (_ ) t)
212 222

the Riccati equations

(3.5) Yy +01(D)y” + 2Rean (t))y + ba(t)]z12(1)

+ a91(t)z12(t) + a21(t)Z12(t) — c11(t) =0,
(3.6) Y +ba()y” + 2(Reaga(t))y + b (1)]z12(1) ]

+ a12(t)z12(t) + a12(t)Z12(t) — c22(t) = 0,

(3.7;) Y +b;(1)y* +2(Reaj; (y +x;(t) =0, j=1,2, t >t
By (2.6) and (2.9), from the conditions of the theorem it follows that

2(t)|z12(6)° + az1 () 212(t) + @21 (H)Z12(t) — e (2),
1(8)|212(8)[* + @12(t) 212(t) 4 a12(t)Z12(t) — c2a (),

xa(t)
xz(t)
Using Theorem 2.1 to the pairs of equations (3.5), (3.71) and (3.6), (3.72) we conclude

that the equations (3.7;), j = 1, 2, have solutions on [t1, 00). By (3.1)-(3.3), it follows
that the systems (3.4;), j = 1,2, are not oscillatory, which contradicts the condition

t >,
t>1

VoV

<b
<b 1-

of the theorem. The obtained contradiction completes the proof of the theorem. [J
Denote I;(§;t) = fgt exp (— th 2(Reayjj(s))ds)x;(r)dr, t = & = to, j =1,2.
Theorem 3.2. Assume bi(t) > 0 (< 0), ba(t) < 0 (= 0), and if b;(t) = 0 then

ajs—;(t) =0, 7 =1,2,t > to; in addition, assume there exist infinitely large se-
quences &0 =tg < &1 < ... <&m < ..., J=1,2, such that

) v f " e ( | @Reay() - (<171, s>>ds) xi(r)dr > 0 (< 0),

&jom Ejom

t € [&m, Ejmt1), m=1,2,3,..., j =1,2. Then the system (1.1) is non-oscillatory.
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Proof. Let us prove the theorem only for the case by (t) > 0, ba(t) < 0, ¢ > to.
The case by(t) < 0, ba(t) = 0, t > to, can be proved analogously. Let (®(t), (1))

10
be a conjoined solution of the system (1.2) with ®(tg) = (O 1) and let [tg,T) be

the maximum interval such that det ®(¢) # 0, ¢ € [to,T). Then by (2.4) the matrix
function Z(t) = ¥(t)p1(t), t € [to,T), is a Hermitian solution to equation (2.3)
on [tg,T). By (2.5), (2.7), (2.8), (2.10), (2.11) it follows that the subsystems (2.8)
and (2.11) have solutions (z11(t), y(t)) and (z22(¢),v(t)), respectively, on [tg, T') with
z11(to) = 1, z22(tp) = —1. We wish to show that

(38) le(t) >0, te [to, T)
Consider the Riccati equations

(3.9) 2 +b1(1)22 + 2Rearr(t)z + ba(t)[y()]2 +x1(t) =0, ¢ € [to, T),
(3.10) 2" +b1(1)2% +2(Reay(t)z +x1(t) =0, t€ [to,T).

By Theorem 2.2, it follows that the last equation has a nonnegative solution on
[to,T"). Then using Theorem 2.1 to the pair of equations (3.9), (3.10) we conclude
that equation (3.9) has a nonnegative solution zo(t) on [tg,T") with zo(¢g) = 0. Then,
since z11(¢) is a solution to equation (3.9) on [tg,T) and z11(to) = 1, we have (3.8).
To show that

(3.11) z22(t) <0, € [to,T),
consider the Riccati equations

(3.12) 2" —ba(t)2® + 2(Reaga(t))z — x2(t) =0, t € [to,T),
(3.13) 2" — ba(t)2* + 2(Reaga(t))z — by (t)|v(t)]? — x2(t) =0, t € [to, T).

By Theorem 2.2 it follows that equation (3.12) has a nonnegative solution z;(t) on
[to,T) with z1(t9) = 0. Then using Theorem 2.1 to the pair of equations (3.12)
and (3.13) we derive that equation (3.13) has a nonnegative solution z3(t) on [to,T")
with z2(tg) = 0. Hence, since obviously —za2(t) is a solution of equation (3.13) on
[to,T) and —z11(to) = 1, we have (3.11). Since by(t) > 0, ba(t) < 0, t € [to,T),
from (3.8) and (3.11) it follows that

(3.14) / (b (T)211(7) + ba (1) 222(7)) dT = 0, ¢ € [to, T).

to
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To complete the proof of the theorem, it remains to show that 7' = co. Suppose
T < oo. Then, by virtue of Lemma 2.1, from (3.14) it follows that [to,T") is not
the maximum existence interval for Z(¢). By (2.4), it follows that det ®(¢) # O,
t € [to,T1) for some T7 > T. We have obtained a contradiction, which completes the
proof of the theorem. O

Remark 3.2. The conditions (1;), j = 1,2, are satisfied if in particular
(=1)7x;(t) = 0 (< 0), ¢ > to.

Denote:

) = (0 (300 + [ oo (= [ (o) + (o))
X ((dm(t))/ + a1(7) (a11(7) + aze(r)) + 012(7)) ‘ d7>2

bg(t) bQ(T)
a 2
- e

w0 = o) (w0 + [ (- | (@11(s) + aza(s)) )

. ((alz(t)),+ e (@n(r) + a22(7')) + 612(7)) ‘ d7>2

bi(t) bi(7)
a1z ()
— b1 (t) — C29 (t),

t t
Lia(&t) = / exp (—/ 2(Reaj;(s)) ds> Xj2(T)dr, t=E&>t, j=1,2.
I3 T

Theorem 3.3. Let the following conditions be satisfied:
(1) bj(t) > O,t > to, j = 1,2;
(2) the functions aq2(t)/b1(t) and a21(t)/b2(t) are continuously differentiable on
[to, 00);
(3) there exist infinitely large sequences {50 =to < &1 < ... <&m < ..., 5 =1,2,
such that

t T
/ exp</ (2Reaj;(s) — Ij12(&5,m, 5)) ds) Xj+2(7)dT <0, € [&m,&jmr1)s
&jm &im

m=1,2,3,...,j=1,2.
Then the system (1.1) is non-oscillatory.
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t t
Proof. Let Z(t) = (fu() #12( )> be the Hermitian solution of equa-
Zlg(t) Zgg(t) 1 0
tion (2.3) on [tg, T') satisfying the initial condition Z(tg) = (O 1), where [tg,T)

is the maximum existence interval for Z(t). Due to (2.4), to prove the theorem it is
enough to show that

(3.15) T = .

By (2.5), (2.7), (2.8), (2.10), (2.11), from conditions (1) and (2), it follows that
(z11(1), z12(t) + G21(t)/b2(t)) and (z22(t), z12(t) + a12(t)/b1(t)) are solutions of the
subsystems (2.8) and (2.11), respectively, on [tg,T). To show that

(316) Zjj (t) >0, te [to,T),

assume it is not so. Then there exists 71 € (to,T") such that

(317) le(t)ZQQ(f,) >0, te [tQ,Tl), le(Tl)ZQQ(Tl) =0.

Without loss of generality we may take that a12(to) = a21(tp) = 0. Then by virtue
of Lemma 2.2, from (3.17) it follows that

a21 (t

~—

‘212(15) +

exp(— / (@n1(s) + aa(s)) ds)
< (( b?((:)) ) + ‘ZI((TT)) (@11(7) + ass (7)) — cm(f)) ‘ dr,

exp<— / (ans(s) + aa(5)) ds)

(220 4 22D a0 ) )

dr, te [to,Tl).

Hence

ba(t)
(0120 + G2 - 2L ) <), te T,
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By virtue of Theorem 2.1 and Theorem 2.2 and from condition (3), it follows that
the Riccati equations

(318) =+ bu(1)2” + 2(Reans(1)= + ba(t)] z12(r) + C;Q;é’;)‘ - '“i;&)' —en(t) =0,
(319) '+ bo(t)2 + 2(Rean(t)z + by (1) 1a(r) + ‘;1128 ‘2 - |a228|2 o) = 0,

t € [to,T1), have nonnegative solutions z;(¢) and z5(t), respectively, on [tg, T1) with
z1(tg) = za(to) = 0. Obviously z11(t) and z22(¢) are solutions of equation (3.18)
and (3.19), respectively, on [to,T1]. Therefore, since z;;(t9) = 1 > z;(to) = 0,
j = 1,2, due to the uniqueness theorem z;;(¢t) > 0, t € [to,T1], j = 1,2, which
contradicts (3.17). The obtained contradiction proves (3.16). From (3.16) and con-
dition (1) it follows that

t

(3.20) [ 0ren() + ba)zm(r)dr 20, te fto, 7).
to

Suppose T' < oco. Then by Lemma 2.1, from (3.20) it follows that [to,T) is not

the maximum existence interval for Z(t), which contradicts our assumption. The

obtained contradiction proves (3.15). The theorem is proved. g

Remark 3.3. Condition (3) of Theorem 3.3 is satisfied if in particular x;(¢) < 0,
t>to,j=1,2.

3.2. The case where B(t) is nonnegative definite. In this subsection we will
assume that B(t) is nonnegative definite and 1/ B(t) is continuously differentiable on
[to,00). Consider the matrix equation

321)  VBOX(A®)VBE) - VB®)) = At)V/BE) — VBE), t>to.

Obviously this equation has always a solution on [a,b] (C [tg,00)) when B(t) > 0,
t € [a,b] (X(t) = B7L(t), t € [a,b]). It may have also a solution on [a,b] in some
t t bi(t) O
cases when B(t) > 0, t € [a,b] (e.g., A(t) = <a10( ) GQO( )>, B(t) = < 15 ) 0>,
b1(t) > 0, t € [a,b]). In this subsection we also will assume that equation (3.21) has

always a solution on [tg,00). Let F(t) be a solution of equation (3.21) on [tg, 00).
Denote

(3.22) P(t) = F(t)(A(t)\/B(t) — v/B(t)
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Corollary 3.1. The system (1.1) is oscillatory provided one of the equations
(323;) Y +2(Rep;i())er + X (e1 =0, j=1,2,t>to

is oscillatory.

Proof. Multiply equation (2.3) on the left and on the right by 1/ B(t). Taking
into account the equality (\/B(t)Z\/B(t))/ = /Bt)Z'\/B(t) + \/B(t) Z\/B(t) +

\/B(t)Z\/B(t),, t > to, we obtain

(3.24) V' +VEL P )V +VPt)—Q(t) =0, t=tg,

where V' = /B(t)Z+/B(t). This equation corresponds to the following matrix
Hamiltonian system

(3.25)

' =P)®+ T,
U = Q(t)D — P*()T, t> 1.

Suppose the system (1.1) is not oscillatory. Then by (2.4), equation (2.3) has a Hermi-
tian solution Z(t) on [t1,00) for some ; > to. Therefore, V(t) = \/B(t)Z(t)\/B(t),
t > t1, is a Hermitian solution of equation (3.24) on [t1,00) and hence the sys-
tem (3.25) has a conjoined solution (®(t¢), ¥(¢)) such that det®(¢) # 0, ¢t > t It
means that the Hamiltonian system

{¢—P®w+%
Y =Q(t)p — P*(t)y, t = to,

is not oscillatory. By Theorem 3.1, it follows that the scalar systems

©1 = 2Rep;;(t)p1 + Y1,
Y] = —X;(t)e1, t > to,

j = 1,2, are not oscillatory. Therefore, the corresponding equations (3.23;), j = 1, 2,
are not oscillatory, which contradicts the conditions of the corollary. This completes
the proof. O
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Denote:

M(t) = Tgl[gft] exp<—/ (P11(s) +P22(8))d8) (p12(7) — P21(7))

(0 = (0 + /

)

v (= [ a(5)+ puato) )

2
X By + Par (7)1 (7) + pas(r)) + (J12(T))‘ dT> Cpn(®F — an(t):

w = (T + [ (- | ' p1a(s) + pals) )

% (Plo() + pra(r) (B () + paa(r)) + qu(r))\ dr)

— p12(®)* = qoa2(t), t = to;
R t t
Liyo(&,t) E/ exp(—/ 2(Repj;(s)) ds)%ﬂ_g(T) dr, t>&>ty, j=1,2.
13 T

Theorem 3.4. Let the following conditions be satisfied:
(1) B(t) =0, t > to;
(2") equation (3.21) has a solution F(t) on [tg, 00);
(3") the functions p12(t) and po1(t), defined by (3.22), are continuously differentiable
on [tg, 00);
(4") there exist infinitely large sequences &0 = to < &1 < ... < &jm < ... such
that

t T
/ exp (/ (2Rea;;(s) — Ijx2(&m, 9)) ds) Xj+2(1)dr <0, t€[&m, &mt1)s
&im

&jm

m=1,23..,j=12
Then the system (1.1) is non-oscillatory.

t t

Proof. Let Z(t) = (fll( ) z12( )> be the Hermitian solution of equation (2.3)
Zlg(t) Zgg(t) 1 0

satisfying the initial condition Z(tg) = (0 1), and let [to,T) be the maximum

existence interval for Z(t). Then V(t) = /B(t)Z(t)y/B(t) is a solution of equa-

tion (3.24) on [tg,T). Without loss of generality, we may assume that B(fy) =
1 0 1 0

( ) Then, V(tg) = ( ), and similarly to the proof of Theorem 3.3, we

0 1 0 1
can show that

(3.26) /t trV(r)dr >0, te€to,T).

to
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By virtue of Lemma 2.3 we have tr V(t) = tr(B(t)Z(t)), t € [to,T). From this and
from (3.26) it follows that

(3.27) /t w(B(r)Z(r))dT > 0, € [to,T).

To complete the proof of the theorem, it remains to show that 7' = co. Suppose
T < oo. Then, by virtue of Lemma 2.2, from (3.27) it follows that [to,T") is not
the maximum existence interval for Z(t), which contradicts our assumption. This
contradiction shows that T' = oo, and the theorem is proved. O

Example 3.1. Consider the second-order vector equation
(3.28) "+ K(t)p=0, t=to,
p(t) 10i L .
0 g2 ) p(t) = prsin(Ait + 01) + pasin(Aat + 62), t > to, pj,

A; #0,0;, 7 =1,2, are real constants such that A; and A, are rational independent.

where K(t)

0 1
C(t) = —K(t), t > to. Hence, by Theorem 3.1, equation (3.28) is oscillatory provided

the scalar system

1 0
This equation is equivalent to the system (1.1) with A(¢t) = 0, B(t) = ( ),

w1 = ¢17
Y1 = —u(t)e1, t=to,

is oscillatory. This system is equivalent to the second-order scalar equation
P +u(t)pr =0, >t

which is oscillatory (see [9]). Therefore, equation (3.28) is oscillatory. It is not
difficult to verify that the results in works [2], [3], [5], [15], [17] are not applicable to
equation (3.28).

Example 3.2. Let

(3.29) B(t)—<1 1) t > to.

1 1 1 0
Then B(t)_g(l 1>,\/B(t)/ZO,t2to,andF(t)—\/ﬁ(O 1),t2to,is

a solution of equation (3.21) on [tg, 00),

. ail (t) + alg(t)au(t) “+ a9 (t)
(330 PO = (G0 + onshon(t) + oni))
(331) Q(t) = (Cu(t) + 2Re Clg(t) + ng(t)) (t), t > 1.
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Assume
(3.32) an(t) + alg(t) = agl(t) + Clgg(t) =0, t=tp.

Then taking into account (3.30) and (3.31) we have X1(t) = X2(t) = —c11(t) —
2Reci2(t) — caa(t), t = to. Therefore, by Corollary 3.1, (3.29), and (3.32), the sys-
tem (1.1) is oscillatory provided the scalar equation

@1 (t) — (c11(t) +2Recia(t) + caz(t))p1(t) =0, t = to,

is oscillatory.

Assume now:

(3.33) a11(t) + a12(t) = a21(t) + az2(t) =

a—«

c11(t) + 2Recia(t) + c2a2(t) = o

0 <a<1,t>1. Then taking into account (3.30) and (3.31), it is not difficult to
verify that Y3(t) = Y4(t) = (a? — a)/t? < 0, t > 1. Hence, by Theorem 3.4, (3.29)
and (3.33) the system (1.1) is non-oscillatory.

Now assume:

(041) an(t) + alg(t) = agl(t) + azg(t) > 0,1t 2> to;

(a2) a11(t) + a12(t) is increasing and continuously differentiable on [tg, 00);

(a3) [(a11(t) + a12(t)) + c11(t) + 2Recra(t) + c22(t)|/(a11(t) + a12(t)) < A = const.,
t > 1.

Then taking into account (3.30) and (3.31) it is not difficult to verify that Y3(t) <
A—(c11(t)+2Recra(t)+eaa(t)), Xa(t) < A=(c11(t)+2Recia(t)+ca2(t)), t = to. There-
fore by virtue of Theorem 3.4, (3.29), and conditions (ay)—(as), the system (1.1) is
non-oscillatory.

Remark 3.4. Under the restriction (3.29), det B(t) = 0, t > to, the results
of works [1], [4], [12]-][14], [16], [18]-[20] are not applicable to the system (1.1)
with (3.29).
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